
!"#$%&'(')*+',-%./*%0"**%*12324#)*+',

5/*%blossom algorithm%'6%,1%,47#"'./$%'1%7",)/%./*#"3%0#"%2#16."82.'17%$,9'$8$%$,.2/'176%#1%7",)/6:
The ,47#"'./$%;,6%+*<*4#)*+%=3%>,2(%?+$#1+6%'1%@AB@-C@D%,1+%)8=4'6/*+%'1%@ABE:CFD% G'<*1%,%7*1*",4%7",)/
G = H!-%"I-%./*%,47#"'./$%0'1+6%,%$,.2/'17%#%682/%./,.%*,2/%<*".*9%'1%!%'6%'12'+*1.%;'./%,.%$#6.%#1*%*+7*%'1%#
,1+%J#J%'6%$,9'$'K*+:%5/*%$,.2/'17%'6%2#16."82.*+%=3%'.*",.'<*43%'$)"#<'17%,1%'1'.',4%*$).3%$,.2/'17%,4#17
,87$*1.'17%),./6%'1%./*%7",)/:%L14'(*%='),".'.*%$,.2/'17-%./*%(*3%1*;%'+*,%'6%./,.%,1%#++M4*17./%2324*%'1%./*
7",)/%H=4#66#$I%'6%2#1.",2.*+%.#%,%6'174*%<*".*9-%;'./%./*%6*,"2/%2#1.'18'17%'.*",.'<*43%'1%./*%2#1.",2.*+
7",)/:

N%$,O#"%"*,6#1%./,.%./*%=4#66#$%,47#"'./$%'6%'$)#".,1.%'6%./,.%'.%7,<*%./*%0'"6.%)"##0%./,.%,%$,9'$8$M6'K*
$,.2/'17%2#84+%=*%0#81+%86'17%,%)#431#$',4%,$#81.%#0%2#$)8.,.'#1%.'$*:%N1#./*"%"*,6#1%'6%./,.%'.%4*+%.#%,
4'1*,"%)"#7",$$'17%)#43/*+",4%+*62"').'#1%#0%./*%$,.2/'17%)#43.#)*-%3'*4+'17%,1%,47#"'./$%0#"%$'1M$%&'()
$,.2/'17:CPD%N6%*4,=#",.*+%=3%N4*9,1+*"%Q2/"'O<*"-%08"./*"%6'71'0'2,12*%#0%./*%"*684.%2#$*6%0"#$%./*%0,2.%./,.
./'6%;,6%./*%0'"6.%)#43.#)*%;/#6*%)"##0%#0%'1.*7",4'.3%R+#*6%1#.%6'$)43%0#44#;%O86.%0"#$%.#.,4%81'$#+84,"'.3-
,1+%'.6%+*62"').'#1%;,6%,%="*,(./"#87/%'1%)#43/*+",4%2#$='1,.#"'26:RCSD

@ N87$*1.'17%),./6
F T4#66#$6%,1+%2#1.",2.'#16
P !'1+'17%,1%,87$*1.'17%),./

P:@ ?9,$)4*6
P:F N1,436'6
P:P T'),".'.*%$,.2/'17
P:S &*'7/.*+%$,.2/'17

S U*0*"*12*6

G'<*1%*%V%H!-%"I%,1+%,%$,.2/'17%#%#0%*-%,%<*".*9%+%'6%exposed%'0%1#%*+7*%#0%#%'6%'12'+*1.%;'./%+:%
A path in  *%'6%,1%alternating path-%'0%'.6%*+7*6%,"*%,4.*"1,.*43%1#.%'1%#%,1+%'1%#%H#"%'1%#%,1+%1#.%'1%#I:%
An augmenting path ,%'6%,1%,4.*"1,.'17%),./%./,.%6.,".6%,1+%*1+6%,.%.;#%+'6.'12.%*9)#6*+%<*".'2*6:%
A matching augmentation%,4#17%,1%,87$*1.'17%),./%,%'6%./*%#)*",.'#1%#0%"*)4,2'17%#%;'./%,%1*;%$,.2/'17

:

N%$,.2/'17%#%'6%$,9'$8$%'0%,1+%#143%'0%./*"*%'6%1#%#M,87$*1.'17%),./%'1%*:CEDCBD%W*12*-%*'./*"%,%$,.2/'17
'6%$,9'$8$-%#"%'.%2,1%=*%,87$*1.*+:%5/86-%6.,".'17%0"#$%,1%'1'.',4%$,.2/'17-%;*%2,1%2#$)8.*%,%$,9'$8$
$,.2/'17%=3%,87$*1.'17%./*%28""*1.%$,.2/'17%;'./%,87$*1.'17%),./6%,6%4#17%,6%;*%2,1%0'1+%./*$-%,1+%"*.8"1
;/*1*<*"%1#%,87$*1.'17%),./6%,"*%4*0.:%&*%2,1%0#"$,4'K*%./*%,47#"'./$%,6%0#44#;6X

!!!"#$%&'!!()*+,!G-!./.0.*1!2*03,./4!M!5/!G
!!!6%&$%&'!2*7.282!2*03,./4!M*!5/!G
9:!function find_maximum_matching;!G-!M!<!'!M*
9=!!!!!P!!!find_augmenting_path;!G-!M!<
9>!!!!!if P!.?!/5/@A2+0B!then
9C!!!!!!!!!!return find_maximum_matching;!G-!*842A/0!M!*15/4!P!<
9D!!!!!else
9E!!!!!!!!!!return!F
9G!!!!!end if
9H!end function

&*%6.'44%/,<*%.#%+*62"'=*%/#;%,87$*1.'17%),./6%2,1%=*%0#81+%*00'2'*1.43:%5/*%68="#8.'1*%.#%0'1+%./*$%86*6
=4#66#$6%,1+%2#1.",2.'#16:

G'<*1%*%V%H!-%"I%,1+%,%$,.2/'17%#%#0%*-%,%-./00/1 2%'6%,%2324*%'1%*%2#16'6.'17%#0%345657%*+7*6%#0%;/'2/
*9,2.43%4%=*4#17%.#%#-%,1+%;/*"*%#1*%#0%./*%<*".'2*6%+%#0%./*%2324*%H./*%-80%I%'6%682/%./,.%./*"*%*9'6.6%,1
,4.*"1,.'17%),./%#0%*<*1%4*17./%H./*%0)%1I%0"#$%+%.#%,1%*9)#6*+%<*".*9%$:

Y*0'1*%./*%contracted graph *9%,6%./*%7",)/%#=.,'1*+%0"#$%*%=3%2#1.",2.'17%*<*"3%*+7*%#0%2-%,1+%+*0'1*
./*%contracted matching#9%,6%./*%$,.2/'17%#0%*9%2#""*6)#1+'17%.#%#:

*9%/,6%,1%#9M,87$*1.'17%),./%'00 *%/,6%,1%#M,87$*1.'17%),./-%,1+%./,.%,13%#9M,87$*1.'17%),./%,9%'1%*9
2,1%=*%lifted%.#%,1%#M,87$*1.'17%),./%'1%*%=3%81+#'17%./*%2#1.",2.'#1%=3%2%6#%./,.%./*%6*7$*1.%#0%,9%
(if ,13I%.",<*"6'17%./"#87/%+2%'6%"*)4,2*+%=3%,1%,))"#)"',.*%6*7$*1.%.",<*"6'17%./"#87/%2:CZD% [1%$#"*%+*.,'4X

'0%,9%.",<*"6*6%./"#87/%,%6*7$*1.%:5!5+25!5$%'1%*9-%./*1%./'6%6*7$*1.%'6%"*)4,2*+%;'./%./*%6*7$*1.
u !5;5:95!5<<<5!5$95=5!5$%'1%*-%;/*"*%=4#66#$%<*".'2*6%:9%,1+%$9%,1+%./*%6'+*%#0%2-%;5:95!5<<<5!5$95=-
7#'17%0"#$%:9%.#%$9%,"*%2/#6*1%.#%*168"*%./,.%./*%1*;%),./%'6%6.'44%,4.*"1,.'17%H:9%'6%*9)#6*+%;'./
"*6)*2.%.#% -% I;

'0%,9%/,6%,1%*1+)#'1.%+2-%./*1%./*%),./%6*7$*1.%:5!5+2%'1%*9%'6%"*)4,2*+%;'./%./*%6*7$*1.
u ---> ( u' ---> <<<5!5+95=%'1%*-%;/*"*%=4#66#$%<*".'2*6%:9%,1+%+9%,1+%./*%6'+*%#0%2-%;5:95!5<<<5!5+95=-
going from  u'  to +9%,"*%2/#6*1%to ensure

 I:

5/86%=4#66#$6%2,1%=*%2#1.",2.*+%,1+%6*,"2/%)*"0#"$*+%'1%./*%2#1.",2.*+%7",)/6:%5/'6%"*+82.'#1
is at the /*,".%#0% ?+$#1+6\%,47#"'./$:

5/*%6*,"2/%0#"%,1%,87$*1.'17%),./%86*6%,1%,89'4',"3%+,.,%6."82.8"*%2#16'6.'17%#0%,%0#"*6. >%;/#6*%'1+'<'+8,4
."**6%2#""*6)#1+%.#%6)*2'0'2%)#".'#16%#0%./*%7",)/%*:%[1%0,2.-%./*%0#"*6.%>%'6%./*%6,$*%./,.%;#84+%=*%86*+
to 0'1+%$,9'$8$%$,.2/'176%'1%='),".'.*%7",)/6%H;'./#8.%1**+%0#"%6/"'1('17%=4#66#$6I:%[1%*,2/%'.*",.'#1
the ,47#"'./$%*'./*"%H@I%0'1+6%,1%,87$*1.'17%),./-%HFI%0'1+6%,%=4#66#$%,1+%"*28"6*6%#1.#%./*%2#""*6)#1+'17
2#1.",2.*+%7",)/-%#"%HPI%2#1248+*6%./*"*%,"*%1#%,87$*1.'17%),./6:%5/*%,89'4',"3%6."82.8"*%'6%=8'4.
by an '12"*$*1.,4%)"#2*+8"*%+'62866*+%1*9.:CZD

5/*%2#16."82.'#1%)"#2*+8"*%2#16'+*"6%<*".'2*6%+%,1+%*+7*6%%%'1%*%,1+%'12"*$*1.,443%8)+,.*6%>
as ,))"#)"',.*:%[0%+%'6%'1%,%."**%?%#0%./*%0#"*6.-%;*%4*.%@//);+=%+*1#.*%./*%"##.%#0%?: %[0% =#./%:%,1+%+
are in the same ."**%?%'1%>-%;*%4*.%A&0)8BC%;:D+=%+*1#.*%./*%4*17./%#0%./*%81']8*%),./%0"#$%:%.#%+%'1%?:

!!!!"#$%&'!!()*+,!G-!2*03,./4!M!5/!G
!!!!6%&$%&'!*842A/0./4!+*0,!P!./!G!5)!A2+0B!+*0,!.I!/5/A!I58/J
KL:!function find_augmenting_path;!G-!M!<!'!P
KL=!!!!F!!!A2+0B!I5)A?0
KL>!!!!8/2*)M!*11!NA)0.3A?!*/J!AJ4A?!./!G-!2*)M!*11!AJ4A?!5I!M
KLD!!!!for each!A7+5?AJ!NA)0A7!v do
KLE!!!!!!!!3)A*0A!*!?./41A05/!0)AA!O!v!P!*/J!*JJ!0,A!0)AA!05!F
KLG!!!!end for
KLH!!!!while!0,A)A!.?!*/!8/2*)MAJ!NA)0A7!v!./!F!Q.0,!distance( v, root( v ) )!ANA/!do
KLR!!!!!!!!while!0,A)A!A7.?0?!*/!8/2*)MAJ!AJ4A!e!S!O!v-!w!P!do
K:L!!!!!!!!!!!!if w!.?!/50!./!F then
!!!!!!!!!!!!!!!!!!!TT!w!.?!2*03,AJ-!?5!*JJ!e!*/J!w'?!2*03,AJ!AJ4A!05!F
K::!!!!!!!!!!!!!!!!x!!!NA)0A7!2*03,AJ!05!w!./!M
K:=!!!!!!!!!!!!!!!!*JJ!AJ4A?!O!v-!w!P!*/J!O!w-!x!P!05!0,A!0)AA!5I!v
K:>!!!!!!!!!!!!else
K:C!!!!!!!!!!!!!!!!if distance( w, root( w ) )!.?!5JJ!then
!!!!!!!!!!!!!!!!!!!!!!!TT!U5!/50,./4V
K:D!!!!!!!!!!!!!!!!else
K:E!!!!!!!!!!!!!!!!!!!!if root( v )!"!root( w ) then
!!!!!!!!!!!!!!!!!!!!!!!!!!!TT!WA+5)0!*/!*842A/0./4!+*0,!./!X! !O!e!PV
K:G!!!!!!!!!!!!!!!!!!!!!!!!P!!!+*0,!;!root;!v!<!#!VVV!#!v!<!#!;!w!#!VVV!#!root;!w!<!<
K:H!!!!!!!!!!!!!!!!!!!!!!!!return P
K:R!!!!!!!!!!!!!!!!!!!!else
!!!!!!!!!!!!!!!!!!!!!!!!!!!TT!Y5/0)*30!*!Z15??52!./!G!*/J!155M!I5)!0,A!+*0,!./!0,A!35/0)*30AJ!4)*+,V
K=L!!!!!!!!!!!!!!!!!!!!!!!!B!!!Z15??52!I5)2AJ!ZB!e!*/J!AJ4A?!5/!0,A!+*0,!v!#!w!./!T
K=:!!!!!!!!!!!!!!!!!!!!!!!!G’, M’!!!35/0)*30!G!*/J!M!ZB!B
K==!!!!!!!!!!!!!!!!!!!!!!!!P’!!!find_augmenting_path;!G’-!M’!<
K=>!!!!!!!!!!!!!!!!!!!!!!!!P!!!1.I0!P’!05!G
K=C!!!!!!!!!!!!!!!!!!!!!!!!return P
K=D!!!!!!!!!!!!!!!!!!!!end if
K=E!!!!!!!!!!!!!!!!end if
K=G!!!!!!!!!!!!end if
K=H!!!!!!!!!!!!2*)M!AJ4A!e
K=R!!!!!!!!end while
K>L!!!!!!!!2*)M!NA)0A7!v
K>:!!!!end while
K>=!!!!return!A2+0B!+*0,
K>>!end function

Examples

5/*%0#44#;'17%0#8"%0'78"*6%'4486.",.*%./*%*9*28.'#1%#0%./*%,47#"'./$:%Y,6/*+%4'1*6%'1+'2,.*%*+7*6
that are 28""*1.43%1#.%)"*6*1.%'1%./*%0#"*6.:%!'"6.-%./*%,47#"'./$%)"#2*66*6%,1%#8.M#0M0#"*6.%*+7*
that causes the *9),16'#1%#0%./*%28""*1.%0#"*6.%H4'1*6%T@^%_%T@FI:

`*9.-%'.%+*.*2.6%,%=4#66#$%,1+%2#1.",2.6%./*%7",)/%H4'1*6%TF^%_%TF@I:

!'1,443-%'.%4#2,.*6%,1%,87$*1.'17%),./%a!%'1%./*%2#1.",2.*+%7",)/%H4'1*%TFFI%,1+%4'0.6%'.%.#%./*%#"'7'1,4%7",)/
H4'1*%TFPI:%`#.*%./,.%./*%,='4'.3%#0%./*%,47#"'./$%.#%2#1.",2.%=4#66#$6%'6%2"82',4%/*"*b%./*%,47#"'./$%2,11#.
0'1+%,%'1%./*%#"'7'1,4%7",)/%+'"*2.43%=*2,86*%#143%#8.M#0M0#"*6.%*+7*6%=*.;**1%<*".'2*6%,.%*<*1%+'6.,12*6
from ./*%"##.6%,"*%2#16'+*"*+%#1%4'1*%T@Z%#0%./*%,47#"'./$:

Analysis

5/*%0#"*6.%>%2#16."82.*+%=3%./*%E&BAF8:'1%B)&B'FG8)(;=%0812.'#1%'6%,1%,4.*"1,.'17%0#"*6.:CcD

A%."**%?%'1%*%'6%,1%alternating tree%;'./%"*6)*2.%.#%#-%'0
?%2#1.,'16%*9,2.43%#1*%*9)#6*+%<*".*9%@%2,44*+%./*%."**%"##.,
*<*"3%<*".*9%,.%,1%#++%+'6.,12*%0"#$%./*%"##.%/,6%*9,2.43%.;#%'12'+*1.%*+7*6%'1%?-%,1+
,44%),./6%0"#$%@%.#%4*,<*6%'1%?%/,<*%*<*1%4*17./6-%./*'"%#++%*+7*6%,"*%1#.%'1%#%,1+%./*'"%*<*1
*+7*6%,"*%'1%#:

A%0#"*6.%>%'1%*%'6%,1%alternating forest%;'./%"*6)*2.%.#%#-%'0
'.6%2#11*2.*+%2#$)#1*1.6%,"*%,4.*"1,.'17%."**6-%,1+
*<*"3%*9)#6*+%<*".*9%'1%*%'6%,%"##.%#0%,1%,4.*"1,.'17%."**%'1%>:

?,2/%'.*",.'#1%#0%./*%4##)%6.,".'17%,.%4'1*%T^A%*'./*"%,++6%.#%,%."**%?%'1%>%H4'1*%T@^I%#"%0'1+6%,1%,87$*1.'17
),./%H4'1*%T@ZI%#"%0'1+6%,%=4#66#$%H4'1*%TF^I:%[.%'6%*,63%.#%6**%./,.%./*%"811'17%.'$*%'6% :%d'2,4'%,1+
e,K'",1'CAD%6/#;%,1%,47#"'./$%./,.%2#16."82.6%$,9'$8$%$,.2/'17%'1% %.'$*:

Bipartite matching

5/*%,47#"'./$%"*+82*6%.#%./*%6.,1+,"+%,47#"'./$%0#"%$,.2/'17%'1%='),".'.*%7",)/6CBD%;/*1%*%'6%='),".'.*:
As ./*"*%,"*%1#%#++%2324*6%'1%*%'1%./,.%2,6*-%=4#66#$6%;'44%1*<*"%=*%0#81+%,1+%#1*%2,1%6'$)43%"*$#<*
lines B20 _%TFS.

Weighted matching

5/*%$,.2/'17%)"#=4*$%2,1%=*%7*1*",4'K*+%=3%,66'71'17%;*'7/.6%.#%*+7*6%'1%*%,1+%,6('17%0#"%,%6*.%#% ./,.
)"#+82*6%,%$,.2/'17%#0%$,9'$8$%H$'1'$8$I%.#.,4%;*'7/.:%5/*%;*'7/.*+%$,.2/'17%)"#=4*$%2,1%=*%6#4<*+
by ,%2#$='1,.#"',4%,47#"'./$%./,.%86*6%./*%81;*'7/.*+%?+$#1+6\6%,47#"'./$%,6%,%68="#8.'1*:CED  Kolmogorov
)"#<'+*6%,1%*00'2'*1.%fgg%'$)4*$*1.,.'#1%#0%./'6:C@^D

?+$#1+6-%>,2(%H@AA@I-%RN%74'$)6*%#0%/*,<*1R-%'1%>:h:%i*16.",b%N:W:G:%U'11##3%h,1b%N:%Q2/"'O<*"-%H&0)/@I5/E
#8)(%18)&C8.5,@/'@811&B'5JJJ5K5L/..%C)&/B5/E5,%@0/B8.5M%1&B&0C%BC%0-%f&[-%N$6.*"+,$%,1+%`#"./MW#44,1+-
N$6.*"+,$-%)):%PF_ES

@:%

?+$#1+6-%>,2(%H@ABEI:%Ra,./6-%."**6-%,1+%04#;*"6R:%L8B8A<5N<5#8)(:%17X%SSA_SBZ:%+#'X@^:S@EPjf>dM
@ABEM^SEMS:

F:%

?+$#1+6-%>,2(%H@ABEI:%Rd,9'$8$%$,.2/'17%,1+%,%)#43/*+"#1%;'./%^-@M<*".'2*6R:%N/:@B8.5/E5M%0%8@C(5/E5)(%
O8)&/B8.52:@%8:5/E5P)8BA8@A05P%C)&/B52:%69X%@FE_@P^:

P:%

Q2/"'O<*"-%N4*9,1+*":%L/1-&B8)/@&8.5QG)&1&R8)&/BS5,/.I(%A@858BA5"EE&C&%BCI:%N47#"'./$6%,1+%f#$='1,.#"'26:
24:%Q)"'17*":

S:%

i#<k6K-%ik6K4lb%a48$$*"-%d'2/,*4%H@AcBI:%#8)C(&B'5?(%/@I:%N(,+m$','%h',+l:%[QT` ABPM^EMS@BcMc:E:%
h,")-%U'2/,"+-%R?+$#1+6\6%`#1MT'),".'.*%d,.2/'17%N47#"'./$R-%L/:@0%5O/)%0<5T<5L<52%@4%.%I HaY!IB:%
5,"O,1-%U#=*".-%RQ(*.2/3%`#.*6%#1%?+$#1+6\%[12"*+'=4*%Q/"'1('17%T4#66#$%N47#"'./$%0#"%G*1*",4%d,.2/'17R-
L/:@0%5O/)%0D5U%G8@)1%B)5/E5L/1G:)%@5PC&%BC%D5,@&BC%)/B5TB&+%@0&)I HaY!I

Z:%

h*13#1-%f4,'"*b%i#<k6K-%ik6K4l-%RN47#"'./$'2%Y'62"*.*%d,./*$,.'26R-%?%C(B&C8.5M%G/@)5LPJ?MJ3V7JWXD
U%G8@)1%B)5/E5L/1G:)%@5PC&%BC%D5,@&BC%)/B5TB&+%@0&)I

c:%

d'2,4'-%Q'4<'#b%e,K'",1'-%e'O,3%H@Ac^I:%KB5Q;!7Y3"=58.'/@&)(15E/@5E&BA&B'518Z&1:1518)C(&B'5&B5'%B%@8.
'@8G(0:%F@6.%N118,4%Q3$)#6'8$%#1%!#81+,.'#16%#0%f#$)8.*"%Q2'*12*-:%[???%f#$)8.*"%Q#2'*.3%a"*66-%`*;
n#"(:%)):%@Z_FZ:

A:%

h#4$#7#"#<-%e4,+'$'"%HF^^AI-%RT4#66#$%eX%N%1*;%'$)4*$*1.,.'#1%#0%,%$'1'$8$%2#6.%)*"0*2.%$,.2/'17
,47#"'./$R-%#8)(%18)&C8.5,@/'@811&B'5L/1G:)8)&/B-%1%H@IX%SP_BZ

@^:%

U*."'*<*+%0"#$%R/..)6Xjj*1:;'(')*+',:#"7j;j'1+*9:)/)o.'.4*VT4#66#$p,47#"'./$q#4+'+VZPZAFScF^R

f,.*7#"'*6X% G",)/%,47#"'./$6 d,.2/'17

5/'6%),7*%;,6%4,6.%$#+'0'*+%#1%E%Q*).*$=*"%F^@B-%,.%F@XPF:
5*9.%'6%,<,'4,=4*%81+*"%./*%f"*,.'<*%f#$$#16%N.."'=8.'#1MQ/,"*N4'(*%i'2*16*b%,++'.'#1,4%.*"$6%$,3
,))43:%T3%86'17%./'6%6'.*-%3#8%,7"**%.#%./*%5*"$6%#0%L6*%,1+%a"'<,23%a#4'23:%&'(')*+',r%'6%,%"*7'6.*"*+
.",+*$,"(%#0%./*%&'('$*+',%!#81+,.'#1-%[12:-%,%1#1M)"#0'.%#"7,1'K,.'#1:

that the path is alternating   ( now the vertex  v '  is  exposed  and


