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o PesynTtath ot KOHTPOJSIHO 5
o 0Ob6obweHn pesyntatu
o Wanut / OueHaBaHe

e Tpeta nekuma 3a rpadu
o [lpobnema 3a MMHMMAIHO NOKPMBALLO ObPBO N MOTUBALMA
o Anroputbm Ha Npum
o  AnroputbM Ha Kpyckan



KOHTpOSIHO 5

e 20 KOHTPOJIHU Ca aHyNuUpaHW 3apaan HecnasBaHe Ha rnpasuaTa 3a
npucbCcTBME B 3anaral
e CpepgHa oueHka - 9.4/20
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Tekywun pesyntaTtm KOHTPOSIHO 1-5




Obo0bLweHne - oLueHKn 10 MOMEeHTa

e 187 cTygeHTa CbC Tekylla oueHKa OT KOHTPOSHU >= 2.5
e 47 cTyaeHTa C TeKyLla OLEHKa OT KOHTPOJSTHK >= 5.5 (53 TOYKM nnn noseye)

TeKyLwy OLEHKM OT JOMALLHW:

e [onam nNpoueHT oT JoMalLUHUTE ca Nogo0OHW, KOETOo Hanara 3a CbMHUTENHUTE
JoMaLlHK Ja ce NpoBefe 3alluTa crief KoaTo Aa ObaaT BbBEOEHN TOYKUTE

OT TAX
e ToyHMAT hopmaT Ha 3alimTaTa e ObAe YTOYHEH cneasallarta ceamumua.



KakBo cneasa?

e 10.01.2018 - KOHTPOMHO 6 - MMHMMAIHO MOKPMBALLO ObPBO N TbPCEHE Ha

Han-KpaTbK NbT B rpady
e 17.01.2018 - KoHTpOMHO 7 - nperoBopHu1 3aga4u

o 27.01.2018 - n3nut

o TecT c NnpeaAnMHO 3aTBOPEHN BbNPOCK C MHOXXECTBO BEPHU OTrOBOPU - 75 MUH
o 3apauu - 75 MuH

[lomaluHo 11 cbe cpok ao 12.01

JlomawHo 12 cbe cpok go 19.01



MunH1ManHO NoKpuBaLlo
ObPBO Ha rpad

MINIMUM SPANNING TREE



[Tpobrem:

[aneH rpad ga ce TpaHcdopmmpa KbM ObpBO(4a HAMA LUUKNKU B rpadoa)
OCTaBAWKM B rpada Takmea pebpa, 4e cymaTta UM ga € MMHMMarHa.

*pasrnexgame npobrnema 3a HeHaco4eH rpad c Terna no pebparta



Def. A spanning tree of G is a subgraph T that is:
« A tree: connected and acyclic.
« Spanning: includes all of the vertices.

graph G

spanning tree T



ToBa NokpmBallo AbpPBO nn € ?
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Let 7T be a spanning tree of a connected graph G with V vertices.
Which of the following statements are true?

A. T contains exactly V-1 edges.

Removing any edge from T disconnects it.

B
C. Adding any edge to T creates a cycle.
D

All of the above.

spanning tree T of graph G



Input. Connected, undirected graph G with positive edge weights.

Output. A spanning tree of minimum weight.
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minimum spanning tree T

(weight=52=4+6+10+5+11+9+ 7)
Brute force. Try all spanning trees?



Network design

http:/ /www.utdallas.edu/~besp/teaching/mst-applications.pdf



Medical image processing

MST describes arrangement of nuclei in the epithelium for cancer research

http:/ /www.bccrc.ca/ci/ta01_archlevel.html



Applications

MST is fundamental problem with diverse applications.

Cluster analysis.

Real-time face verification.

LDPC codes for error correction.

Image registration with Renyi entropy.

Curvilinear feature extraction in computer vision.

Find road networks in satellite and aerial imagery.

Handwriting recognition of mathematical expressions.

Measuring homogeneity of two-dimensional materials.

Model locality of particle interactions in turbulent fluid flows.

Reducing data storage in sequencing amino acids in a protein.
Autoconfig protocol for Ethernet bridging to avoid cycles in a network.
Network design (communication, electrical, hydraulic, computer, road).
Approximation algorithms for NP-hard problems (e.g., TSP, Steiner tree).

http:/ /www.ics.uci.edu/~eppstein/gina/mst.html

http:/ /www.utdallas.edu/~besp/teaching/mst-applications.pdf




Cut property

Def. A cut in a graph is a partition of its vertices into two (nonempty) sets.

Def. A crossing edge connects a vertex in one set with a vertex in the other.
Cut property. Given any cut, the crossing edge of min weight is in the MST.

crossing edges connect
gray and white vertices

minimum-weight crossing edge
must be in the MST



Cut property: correctness proof

Def. A cut is a partition of a graph’s vertices into two (nonempty) sets.
Def. A crossing edge connects two vertices in different sets.

Cut property. Given any cut, the min-weight crossing edge ¢ is in the MST.
Pf. [by contradiction] Suppose e is not in the MST.
« Adding e to the MST creates a cycle.
« Some other edge fin cycle must be a crossing edge.
* Removing fand adding e is also a spanning tree.
+ Since weight of ¢ is less than the weight of f,
that spanning tree has lower weight.
« Contradiction. =

the MST does
not contain e

adding e to MST
creates a unique cycle



Greedy MST algorithm

- Start with all edges colored gray.

« Find cut with no black crossing edges; color its min-weight edge black.

+ Repeat until V-1 edges are colored black.
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an edge-weighted graph
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Greedy MST algorithm: correctness proof

Proposition. The greedy algorithm computes the MST.

PE
« Any edge colored black is in the MST (via cut property).
- Fewer than V-1 black edges = cut with no black crossing edges.
(consider cut whose vertices are any one connected component)

=N

a cut with no black crossing edges fewer than V-1 edges colored black




Anroputbm Ha Kpyckan

e CopTupame Bcuyku pebpa B HapacTBall, pes.

e [lokaTo nokpmBawloTo AbpBO HaAMa V-1 pebpa
o Wabupame cneapawo no-ronemmnHa pedpo ot rpada
o AKO TO He cb3daBa UMKbIT CbC BeYe n3dbpaHnte pebpa 3a NoKpMBaLLOTO AbPBO, BKOYBaAME
pebpoTo KaTo YacT OT NOKPMBALLOTO AbPBO



Anroputbm Ha Kpyckan - oemo

http://www.cs.princeton.edu/courses/archive/fall18/cos226/demos/43DemoKruskal
Jpdf



Kruskal’s algorithm: correctness proof

Proposition. [Kruskal 1956] Kruskal’s algorithm computes the MST.

Pf. [Case 1] Kruskal’s algorithm adds edge e = v—w to T.
« Vertices v and w are in different connected components of 7.
Cut = set of vertices connected tov in T.

By construction of cut, no edge crossing cut is in T.
No edge crossing cut has lower weight. Why?

Cut property = edge ¢ is in the MST.

add edge to tree



Kruskal’s algorithm: correctness proof

Proposition. [Kruskal 1956] Kruskal’s algorithm computes the MST.

Pf. [Case 2] Kruskal’s algorithm discards edge e = v—-w.
 From Case 1, all edges in T are in the MST.
« The MST can’t contain a cycle. =

adding edge to tree
would create a cycle




Kruskal’s algorithm: implementation challenge

Challenge. Would adding edge v—w to tree T create a cycle? If not, add it.

Efficient solution. Use the union—find data structure.
« Maintain a set for each connected component in 7.
« If vand w are in same set, then adding v—w would create a cycle.
« To add v—w to T, merge sets containing v and w.

Case 2: adding v-w creates a cycle Case 1: add v-w to T and merge sets containing v and w



Kruskal’s algorithm: running time

Proposition. Kruskal’s algorithm computes MST in time proportional
to Elog V (in the worst case).

RE
operation frequency time per op

same as Elog V

SORT 1 ElogE < if no parallel edges
UNION Vil log V1
FIND 2E log V7

1 using weighted quick union



Prim’s algorithm

 Start with vertex 0 and greedily grow tree T.
« Add to T the min weight edge with exactly one endpoint in T.
« Repeat until V-1 edges.

an edge-weighted graph
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AnropuTtbm Ha [lpum - gemo

http://www.cs.princeton.edu/courses/archive/fall18/cos226/demos/43DemoPrim.pd
f



Prim’s algorithm: proof of correctness

Proposition. [Jarnik 1930, Dijkstra 1957, Prim 1959]
Prim’s algorithm computes the MST.

Pf. Let e=min weight edge with exactly one endpoint in T.
Cut = set of vertices in T.

No crossing edge is in T.

No crossing edge has lower weight.

Cut property = edge e is in the MST. =

edge e = 7-5 added to tree

O
®



Minimum spanning trees:

Challenge. Find the min weight edge with exactly one endpoint in T.

How difficult to implement?

A 1

B. logE
C. YV

D. E

1-7 is min weight edge with
exactly one endpoint in T
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Prim’s algorithm: lazy implementation

Challenge. Find the min weight edge with exactly one endpoint in T.

Lazy solution. Maintain a PQ of edges with (at least) one endpoint in T.
- Key = edge; priority = weight of edge.
* DELETE-MIN to determine next edge e =v-w to add to T.
 If both endpoints v and w are marked (both in T), disregard.
¢ Otherwise, let w be the unmarked vertex (not in 7):
— add eto Tand mark w
- add to PQ any edge incident to w (assuming other endpoint not in 7)

1-7 is min weight edge with
exactly one endpoint in T

priority queue
\of crossing edges
0.19
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Prim’s algorithm: lazy implementation demo

« Start with vertex 0 and greedily grow tree T.
« Add to T the min weight edge with exactly one endpoint in T.
« Repeat until V-1 edges.

0-7 0.16
2=-30 0.17
1-7 0.19
0-2 0.26
5-7 0.28
1-3 0.29
=5 =032
2-7 0.34
4-5 0.35
1-2 0.36
4-7 0.37
0-4 0.38
an edge-weighted graph 6-2 0.40
3-6 0.52
6-0 0.58
6-4 0.93



Lazy Prim’s algorithm: running time

Proposition. Lazy Prim’s algorithm computes the MST in time proportional
to E log E and extra space proportional to E (in the worst case).

>

minor defect

DELETE-MIN /A log E

INSERT E log E



Prim’s algorithm: eager implementation

Challenge. Find min weight edge with exactly one endpoint in T.

Observation. For each vertex v, need only lightest edge connecting v to T.
« MST includes at most one edge connecting v to 7. Why?
« If MST includes such an edge, it must take lightest such edge. Why?




Prim’s algorithm: eager implementation demo

» Start with vertex 0 and greedily grow tree T.
« Add to T the min weight edge with exactly one endpoint in T.
« Repeat until V-1 edges.

0-7 0.16
2=3 017
1-7 0.19
0-2 0.26
5-7 0.28
1-3 0.29
1-5 0.32
2-7 0.34
4-5 0.35
1-2 0.36
4-7 0.37
0-4 0.38
an edge-weighted graph 6-2 0.40
3-6 0.52
6-0 0.58
6-4 0.93



Prim’s algorithm: eager implementation

Challenge. Find min weight edge with exactly one endpoint in T.

/ PQ has at most one entry per vertex

Eager solution. Maintain a PQ of vertices connected by an edge to T,
where priority of vertex v = weight of lightest edge connecting v to T.
* Delete min vertex v; add its associated edge e =v-w to T.
« Update PQ by considering all edges ¢ =v-x incident to v
— ignore if xis already in T
— add x to PQ if not already on it
— decrease priority of x if v—x becomes lightest edge connecting xto T

.19
.26 <«—— red: on PQ
.29
.38
.28
.58
.16
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black: on MST



Prim’s algorithm: Complexity

Depends on PQ implementation: V INSERT, V DELETE-MIN, < E DECREASE-KEY.

unordered array

binary heap log V log V log V ElogV
d-way heap loga V dlogs V loga V ElogevV
Fibonacci heap ary log V71 1t E+VlogV
T amortized
Bottom line.

« Array implementation optimal for complete graphs.

- Binary heap much faster for sparse graphs.

« 4-way heap worth the trouble in performance-critical situations.
- Fibonacci heap best in theory, but not worth implementing.



ToBa e BCUYKO 3a OHEC.

KakBo cneaga:

e Jlekumns 4 3a rpacpu. Onnepos n XaMmnToHOB LUKUKBLN B rpadd. eduHnumnsa Ha

NP complete npobnem. KoHTponHo 6.

e [lperoBopHa nekumnsi Ha matepuana. NpnmepHN NHTEPBIO BLIPOCH.
KoHTponHo 7

e 27.01.2018 9:00 nanut



