COPTUPAHE U TBPCEHE

MPUMEPHO KOHTPOJIHO Ne 2 T1O “IU3AMH U AHAJIM3 HA AJITOPUTMHA” — CY, ®MHU
(3A CIIEHAAJIHOCT “KOMITIIOTBPHU HAYKHN”, 2. IOTOK, ®PEBPYAPU — IOHU 20191T.)

3abenexcka: YTOUHSABaWTE UMETO Ha BCEKU M3IOI3BaH aJiTOPUTHM 33 COPTHPAHE WIH ThpceHe!

3apaua 1. YucnoBust macuB A[1l...n] cbappka IBIDKUHATE HA 7 GuiaMa (M3MEPEHU B CEKYH]IN).
HNmame M cekyHIM W MCKaMe Ja M3rieJjaMe Bb3MOXKHO Hai-roysiMm Opoil ¢puiMu 3a ToBa BpeMe.
[Ipemnoxere anroputbM 3a MoAO0P Ha GUIMHUTE C BpemeBa CIoKHOCT O(7) B HAM-TIOMINS CITydaid.
a) Onuuiere aaropurbMa Cc TyMH. (15 Toukn )
0) AHaM3UpaiTe BpeMeBaTa CIOXKHOCT Ha aJlTOPUTHMA. (10 Touku )

3agaya 2. MacuBbT OT OPOOHH MONOXKUTETHH uncha A[l...n] cbabpka paanycuTe Ha 1 3BE3[IU.
ACTPOHOMBT, U3BBPIIHII HAOIOICHUATA U PECMATAHMSITA, MPEATIOAra, Y¢ HIKOU OT Te3U OOCKTH
MOJKE J1a ca IBOMHUIIM — 00pa3u Ha ellHa U ChIla 3Be3/1a, Ch3JaJCHU OT IPaBUTALIMOHHA JIEIa.
[Tomornere Ha acTpoHOMa Ja HaAMEpH MPEAToaraeMUTEe TBOWHHUIIA, KaTO ChCTABUTE AJITOPUTHM,
KOHTO mpoBepsBa 3a Bpeme O(n log n) B Hali-nmommwms ciy4aid Jainu U3MEXIy AaJleHUTE PalnycH
¥Ma JIBa, YMATO pa3yinka He HAAXBBPISA 3% OT mo-Mankus paanyc. (AKO MMa HAKOJKO MOIXOISIIN
JBOMKH 3BE3/IU, TOCTATHYHO € AITOPUTHMBT J1a U3BE/E €Ha OT T€3H IBOMKU.)

a) Onumiere anropuThbmMa Ha TICEBOKOI. (15 Touku )
0) Ananu3upaiTe BpeMeBara CI0KHOCT Ha allTOPUTHMA. (10 Toukn )

3agpaya 3. Heka A[l..n] e normyecku macuB, eaeMeHTHT A[1] e uctuHa, a mpKk A[n] € mBXKa.
[Ipennoxere Hall-ObpP3 aNTOPUTHM 3a HAMHpAHE Ha JIBa MOCIEAOBATEIHH E€JIEMEHTa, OT KOUTO
IIBPBUAT € UCTHHA, a BTOPHUIT — JIbXKa. AJIITOPUTHBMBT J1a BPbIA MO-MaJKHs OT JBaTa MHACKCA.
Camo Hail-0bp3 aIrOpUTHM HOCH TOYKH!

a) Onumiere anropuThbMa Ha TICEBOKOI. (15 ToukH )
0) AHanu3upaiiTe BpemeBara CII0KHOCT Ha alrOpUThMa. (10 Toukn )
3apaua 4. MacuBbT A[l..n] chabpka LENM 4YuCiIa — BB3PACTUTE HA HIKOJKOCTOTHUH Jela

B roauHu. ChcTaBeTe ayropuThbM, KouTo 3a BpemMe O(n) m30bupa meT Jerna Taka, 4e pas3jihKaTa
BBHB BB3PACTUTE HA HA-TOIIMOTO U HAal-MaIKOTO OT M30paHuTe Aera fa ObJje MUHUMAITHA.

a) Onurere anropuThmMa Ha TICEBIOKOI. (15 ToukH )
0) AHanu3upaiiTe BpemMeBara CII0KHOCT Ha alrOpUThMa. (10 Toukn )



PEIMEHMWA

3agauya 1. 3a ga usriename Hail-MHOro (GpUIMH 3a JaJeHOTO BpeMe M, u3bupame Ha-KbCUTE.
Upes coptupane Ha GUIMUTE HE MOXKEM Ja MOCTUTHEM JIMHEWHA CIOXKHOCT, 3aTOBA CE OTKa3BaMe
0T coptupanero. Bmecto ToBa nznonssame arcopumwvma PICK ¢ cvuemanue ¢ 06ouuno muvpcene.
[To-koHKpeTHO:
1) Hamwupame meananata Ha JbJDKMHUTE Ha GuiamuTe nocpeactsom aaropurbma PICK.
2) Pa3pensime ¢punMuTe Ha KbCH U ABJITH CIIPSIMO MEMAHATA: cllaraMe KbcuTe (puiamu
BJISIBO OT MEJIMaHaTa, a AbJIrure — BAsAcHO. (CMATaMe U MeuaHaTa 3a KbC (PHUIIM.)
AKO MMa HSKOJIKO (uiMa C Ib/DKUHH, paBHM Ha MeIuaHaTa, TO HAKOM OT TAX
ciarame cpejl KbCHUTe, a Ipyrd — Cpej IBbJITUTe (PUiIMu, Taka ye JBara [oJMacuBa
(Ha KbCHUTE U HA ABITUTE (PUIMH) J1a UMAT PaBEH WJIU MOYTH paBeH Opoil eeMEeHTH
(IBIKMHUTE HA JBaTa MOJMAacHBa Jla Ce pa3nyaBaT Hall-MHOTO C €AMHULIA).
3) IIpecmstame c6opa S OT ABDKMHHUTE Ha KbcuTe puiamu. Pasrinexaame Tpu ciryyas:
a) Ako S = M, uie rnegaMe BCUYKU KbCU QUIIMM U CaMO TAX; Kpail Ha alropuThma.
0) Ako S > M, To BpeMeTo, C KOETO pasIiojarame, He CTUTa JIOPH 3a KbCUTe (PHIIMH.
3aroBa ce OTKa3BaMe OT ABJITUTE (UIMU U U3MBJIHIBAME AJITOPUTHMA PEKYPCUBHO
BBPXY MAacHBa OT KbCUTE (PUIIMH, KaTO 3ama3BaMe CTOMHOCTTa Ha M.
B) Ako S <M, TO BpeMeTO, KOETO UMaMe, € TIOCTaThbYHO 33 BCUUKU KbCH (HUIMH,
a BEpOSATHO IIIe OCTAaHE BPEME U 32 HAKOU OT ABJITUTE (DUIMH.
3aroBa pelaBame, 4e 1€ rieiaMe BCHUKU KbCH (PUIIMH,
U M3MBJIHSABAME AITOPUTHMa PEKYPCHUBHO BbPXY MAaCHBa OT JABJITUTE (DUIIMH,
kato nonaBame M —S Bmecto M. ToecT BpeMeTo, KOETO HU OCTaBa,
CJIeJ] KaTO CME M3TJIeIald BCUUKH KbCH (HIIMH, CITYKH KaTo OTpaHUYCHUE
pu U300pa Ha IBJITH QUIMHU.

JIbHOTO Ha pekypcusTa e mpu n < 2. Axo n = 0, aropuTbMbT TpsIOBA Ja BbPHE Mpa3eH CIUCHK
IIpu n = 1 rnename enWHCTBEHUs (PUIAM caMO aKko IBbJDKMHATa Ha (uiIMa He HajaBuIaBa M.

[Tpu n = 2 rnegame mo-KbCHs PHUIM, aKO TBJDKMHATA My HE HaJBUIIaBa M; a 1mociie — TO-IbJITHS,
aKo JAbJDKMHATAa My HE HAaJIXBBpJI OCTaBalOTO BpeMe (M MUHYC IBbJDKMHATA HA MO-KbCUSA QHIM).
Tepcum BpemeBata ciokHOCT 7'(n) Ha alropuTbMa B HaW-JIOIIUS CIy4aid: KOraTo alropUThbMbT

[P 4]

HE TIoTajia B MOATOYKa “a” Ha Touka 3. dyukuusara 7'(n) yaoBIETBOPSABA PEKYPEHTHOTO YPaBHEHHE

T(n) = T(%] + O(n).

I[CHCHI/ICTO Ha IBC UJIBa OT TOBA, Y€ IPU PCKypCUATAa ABJLDKMHATA HA MACHBAa HaAMAJIsIBa [IBa IIbTH,
3al0TO pa3AeNsiHeTO Ha (QUIMUTE HAa KbCH U JBITM CE€ M3BBPIIBA OTHOCHO MeJIHaHaTa.
KoeduuuentsT npen HeumszBecTHata (YHKIMS B JsCHAaTa CTpaHa HAa ypaBHEHHUETO € €AMHUIIA,
MOHEKE C€ M3IBJIHSIBA CaMO €IHO OT PEeKYPCHBHHM W3BHUKBAHHUS B MOATOYKKA “0” m “B” Ha T.3:
HE € Bh3MOXHO COOpBT S J1a ObJIe €THOBPEMEHHO MO-TOJISM U MO-MaJIbK OT CTOMHOCTTa Ha M.
CBOOOJHUAT 4JI€H Ha YpPaBHEHUETO € OOIIOTO Bpeme, u3paszxoaBaHo or anroputbma PICK,
pasnensHeTo Ha (UIMHTE HAa KbCH U ABIATH COPSIMO MeAHMaHaTa, ChOMpPAaHETO Ha ABIKUHUTE,
MapKHpaHeTo Ha (Gpuiamu nanu mie ObAaT riaefanu. Beska oT Te3u CTHIIKK W3KUCKBA JTMHEWHO BpeMe,

3aToBa M OOIIIOTO UM BpPEeMeE € JIMHEHHO: O(n).

[Tony4eHOTO pEeKypeHTHO ypaBHEHHE pelllaBaMe C MacThp-Teopemara, OTKBICTO HaMUpaMe, ue
BpeMeBaTa CII0KHOCT Ha aJlrOpPUTHhMa B Hal-JIOMIMS ciydai ¢ muHeiHa: 7'(n) = O(n).



3agauya 2. Coprupame MacuBa ¢ HIKOU Obp3 ATOPUTHM, HALIPUMED C RUPAMUOATIHO COPMUPAHe.
AXO MacHBBT ChABpPKa ONN3KH CTOWHOCTH, TO CIIE/I COPTHPAHETO TE IIIe Ce OKaXKaT €IaHa 10 ApYyTa.
3aroBa CJICa COPTHPAHCTO € MJOCTATBbYHO Ja IMPOBCPUM I[BOI‘/JIKI/ITG OT CBCCAHHU CIICMCHTH.
3a 1a MOXXKEM Jja oTIeyaTaMe OPUTHMHAJHHUTE WHJAKECH Ha €JIEMEHTUTE, pa3MecTBaMe HHICKCHUTE
3aCJHO CBC CTOMHOCTUTE Ha eJIEMEHTHUTE. 3a neiara ¢b3gaBaM€ AOIIBJIHUTCICH MAaCHUB OT 06€KTI/I,
BCEKH OT KOWTO NpHUTEX,aBa [BE IOJIETa — CTOHHOCT W HWHICKC HAa CBHOTBETHHUS €IEMEHT
OT BXOAHHA MAaCHUB.

IlceBnokon:

STARS (A[1...n])
B[1l...n]: array of pairs <key, index>
for k <~ 1 to n do
B[k]. key « A[k]
Blk]. index <« k
HeapSort (B[1l...n]) // copTupaHeTo e mno kJjodyobeTe (key)
for k < 2 to n do
if B[k].key < 1,03 x B[k-1]. key
print B[k]. index
print B[k-1]. index
return true // HamepeHa e nonxondima IOBOMKA BBE3IM.

print "Hama"
return false // Hama nonxomsma IBOMKA 3BE3OM.

AHanu3 Ha BpeMmeBaTa CIOKHOCT Ha anropurbma: Hail-mommsar cimyuail e, korato MacuBbT A
HE CHIbpKa TMOAXOJAIIA IBOMKA €JIEMEHTH WJIM TakaBa JBOHKa 0Opa3yBaT Hal-TOJEMHTE YHCIIA.
Bpemero 3a uHuIManu3upaHe Ha MOMOIIHUS MacuB B e ©(n), MUPaMUAATHOTO COpPTHpaHE
u3pasxonBa Bpeme O(n log n), a BpemeBaTa CIOKHOCT Ha IMKBIa € O(n). 3aToBa 00LIOTO Bpeme
Ha 1enus aropuTeM ¢ O(n log n). O4eBUIHO MOMOIIHUAT MacUB B He yBeln4aBa MOPSIbKa
Ha BpeMeBaTa CJI0KHOCT.

3amaua 3 ce pemana 3a Bpeme ©O(logn) ¢ momorra Ha deouuno mwupcene:

Problem3 (A[1...n]) // n > 2, A[1] = true, A[n] = false
first « 1
last < n

while last > first + 1 do
first +last

2
if A[mid] = true

first <« mid
else

last « mid
return first

mid <«

Taxka ce mpoBepsIBaT IBJITU CMETKHU MO HAKOS GopMyIa.
AKo mocneaHusT pen (OTTOBOPHT) € BepeH, mpruemMame,
Ye CMETKUTE Ca BEPHH (BBIPEKU Y€ HAKOJIKO T'PEIIKH
MOTaT Jila C€ YHHUIOXKAT). AKO OTTOBOPBHT € TpeIleH,
THPCUM KbJe € Tpeukara. [IpoBepsiBame mbpBUS pen:
aKo € TpelleH, 3HauM Tpelikata € B caMOTO Hayalo.
AKO € BepeH, HaMmupame rpelikaTa ¢ ABOMYHO ThpPCEHE.
Taka cu crecTsiBaMe MpoBepKaTa Ha ISUIOTO PellIeHuE:
MpOBEPSIBAME CaMO OTJIEITHU PEIOBE OT PEUICHUETO.




3agauya 4. Bw3pacture Ha nenara ca Majiku ueiad uvciaa — or 0 go 17 Bkmrouutenso. Mma camo 18
pa3’IMYHU CTOMHOCTH Ha BB3pAcTTa, KOETO € MHOr0 IO-MajKo OT Oposi Ha jaenara (HSKOJIKOCTOTHH).
3aToBa MOXEM Ja U3I0JI3BaMe copmupane upe3 opoene. Ciej COPTUPAHETO AenaTa ¢ OJU3KU Bb3pacTU
uABaT €IHO JI0 APYro. 3aToBa € JOCTAaThbYHO Ja MPOBEPUM CaMO METOPKUTE OT IMOCIEAOBATEIHH JEla.
B ycnoBuero Ha 3amayara He € yka3aH uaeHTudukarop Ha nenara (ume, EI'H wim Hemo apyro),
€TO 3alll0 IIIe MOCoYBaMe Jierara ¢ TeXHUTe uHaekcu B Macusa A[l...n]. CoptupaHero pa3mecTBa Jerara,
3aroBa B apyr macus B[1...n] mie ma3uM mbpBOHAYATHUTE UHACKCH.

Problem4 (A[1...n])
C[0...17]: array of lists // mMacup OT CIOMUCBLUM
for p < 0 to 17 do
Clp] « empty list // mpaseH chnucbk
for k < 1 to n do
C[A[k] ] .Append (k) // moBapsme mHpmexca k B kpas Ha cmmcbka C[A[k]]
B[1l...n]: array of integers // MacuB OT IBPBOHAYAJHUTE MHIEKCHU
J o« 1
for p < 0 to 17 do
while C[p] is not empty do
k < Clp] .ExtractFirst // 4YeTeM U uU3TPMBaMe IBPBMA eJIeMeHT OT cmmcbka C[p]
Al3] «p
B[] « k
j(—j-l—l
minDiff <« +o
for j <« 1 ton - 4 do // TBPCHMM IeT Iela C Hali-Majlka BBb3pacToBa pasiuka
currentDiff « A[j + 4] - A[7]
if currentDiff < minDiff // HaMmepeHa e mo-mofpa MeTopka nela
minDiff <« currentDiff
minIndex < jJ
for j « minIndex to minIndex + 4 do // usBexmamMe HaM-pmofpaTa [NeTopkKa

print B[7] // oTmneuyaTBaMe NbLPBOHAYAJHMUTE MHIEKCU

AHanu3 Ha BpeMeBara CII0KHOCT Ha aJroOpUThMa:
— IIspBusaT ukba for — to3u, koito naummanusupa macusa C[0...17] ¢ npa3Hu cruchin — U3HCKBA
KOHCTaHTHO BpeMe O (1). TeopeTH4HOTO OCHOBAaHHWE 3a TO3M U3BOJ €, Y€ OposAT Ha moBTOpeHHsTa (18)
Ha TSUI0TO HA LUKBJIA HE 3aBUCH OT N. OT MpakTUYecKa TJieJHAa TOYKA € Ba)KHO OLIE BPEMETO Ha LIMKBJIA
Jla € MHOTO Mo-Majko oT N. ToBa M3MCKBaHE CHIIO € U3IIBIHEHO, 3alI0TO OposAT Ha moBTopeHusTa (18)
€ MHOTO MO-MallbK OT IBhJDKMHATA N Ha BXOAHHUS MacuB (IO yCIOBHE N € HSIKOJIKOCTOTHH).
— Bropusrt uukbsa for — 1031, KOHTO MOMBJIBa CHUCHIUTE — H3pa3xojaBa Bpeme O (N): TOIKOBa OTHBA
3a eTHO 00X 0 MaHe Ha MacuBa A[l...n].
— Tperusat uukba for — TO3W, KOWTO 3a€THO C BJIOXEHHUs Kb while npesanuca macuBa A [1...n],
HOAPSKIANKN JieraTa 1Mo Bb3pacT — HU3pa3xojBa Bpeme O(N), 3aI0TO HaW-BBTPEUIHUTE ONEPATOPU
C€ M3MBJHIBAT TOYHO N MBTU: 1O BEJHBXK 33 BCSKA CTOWHOCT HA MPOMEHJIMBATA |, KOSATO Ce yBelUYaBa
C €IMHUIIA Ha BCSKA CTHIIKA, 3aMI04YBaliku OT |1 U JocTUraiku 10 N.
— TsanoTo Ha 4eTBBPTUS LUKBJI for — KOWTO ThpcH Hall-MaskaTa Bb3pacToBa pa3iuka — C€ U3IbIHIBA
ToYHO N — 4 = O(N) mbTH, 3aTOBA UMa JIMHEHHA BPEMEBA CII0)KHOCT.
— Iletusat uuksa for — TO3HM, KOKTO OTIIEYaTBa HAMEpeHaTa IeTOpKa — MMa BpemeBa ciioskHocT O (1):
OposT (5) Ha MOBTOPEHUATA HA TSUIOTO MY HE 3aBUCH OT N M € MaJKO YKCIO (MHOTO TMO-MAaJKoO OT N,
KOETO € OT MOpPsIbKa Ha HAKOJIKOCTOTHH).

OKoHYATeIHO, BpeMeBaTa CII0KHOCT Ha anroputbMa ¢ ©(1) + @(n) + ®(n) + O(n) + ®(1) = B(n).



3alesexkn mo pemeHuero Ha 3ana4ya 4. Ilo Ta3u 3agada ca Bb3MOXKHM PA3IUYHU ONTHUMHU3ALINH.
Tyk me ru 00chbAUM HaKpaTKo.

[Iom BB3pacTuTe Ha Aenara ca e yucia ot 0 7o 17 BKIOYUTETHO, TO MO MpHUHIMIA Ha Jupuxie
cleqBa, 4e ako UMa moHe 73 zena (a Mo ycloBUE T€ ca HSIKOJIKOCTOTHUH), TO MEXKIY TSAX IIe ce HaMepsT
MOHE TIET Ha €IHaKBa Bh3pacT. ToBa ompocTsaBa Bropara (asza Ha aaropurbma (ChIIMHCKOTO COPTHPAHE):
HE € HY)XHO Ja mpoMmeHsMme macuBa A[1...n]. BMecto ToBa € moctarbuno aa ooxoaum cruchiute Clp]
€IMH TI0 €/IMH, I0KaTO OTKPHEM CIHCHK C JIBDKUHA TIOHE 5 (HEMPeMEeHHO MMa TakbB). Taka crmectsBame
MPEATNOCIEHUS IIUKBI — OOXO0XKIaHETO Ha copThpanus MacuB A[l..n] B ThpceHe Ha Hail-Maika
BB3pacTOBa pasznuka. BpemeBara ClI0HOCT Ha aIropuThMa OcTaBa JMHelHa: O (1), TOeCcT He ce MPOMEHS
M0 TIOPSABK, 00aue KOHCTAHTHHUAT MHOXKHTET TPEJ # HaMajsiBa, Th KaTO OTMAIAT HAKOHW OICpaIliy
OT aIropuThMa. 3aTOBA Ta3U MaJIKa ONTUMU3ALINS HOCH JOMBIHUTEIHHN 3 TOYKH.

MHOro mo-chIIeCTBEHa ONTUMHU3ANNS Ha BpEeMeBaTa CIOKHOCT — I10 MOPSIbK! — IIe MOCTHTHEM,
aKo Ce CEeTUM, Y€ € JOCTAaThUHO Jla U3CeBaMe Bb3PACTUTE CaMO Ha IbpPBUTE 73 JAela: KakTo Ka3zaxme,
MEXIy TSAX ChC CUTYPHOCT WMa TOHE IET Ha €JHAa W ChINa BB3pacT. Kak TOYHO mie TW H3CIieBame,
€ moapoOHocT. BaxkHoTo e, ue 6posAT UM 73 He 3aBUCH OT 7 (M € MHOTO MO-Mal’bK OT HAKOJIKOCTOTHH),
Taka 4€ TO3M aJrOPUTHM MMa KOHCTaHTHAa BpeMmeBa CIIOKHOCT: @(1). OTkpuBaHETO Ha TOBa pELICHHE
YABOSIBA TOUKHUTE (3@ BCAKO OT JABETE TOTyCIOBHS).

OO0patHo, CIIETHOTO pEIlIeHHE, BHIIPEKH Y€ MMa JIMHEWHA BpEeMeBa CIIOXKHOCT, € HEeMpO(EeCHOHATHO,
3aTOBa HOCH caMO 4 TOYKH (110 2 TOYKH 3a BCSIKO MOAyciaoBue): 18 mbTu 00x0kmaame macuBa A[l..n] —
M0 BEIHBK 3a BCSAKA BBH3MOKHA BB3pacT. Crmpame THhPCEHETO MPU MBPBOTO OOXOXKIAHE, MPU KOETO
yCIeeM Ja OTKpUEM IIeT Jiella Ha ChbOTBETHATa Bbh3pacT. B Hali-nomms ciydail ToBa o0xoxaaHe e Obae
nmocneaHoTo (ocemMHaaeceroto). CiaoxHocTTa € nuHeHa (18 77), 06aue KOHCTAaHTHUAT MHOXKHUTEI € TOJISIM
(TIpaBUM TBBP/IE MHOT'O 0OXOXIaHHS HA MaCUBA).





