COPTUPAHE U TBHBPCEHE

INPUMEPHO KOHTPOJIHO Ne 2 110 “/IM3AHH U AHAJIN3 HA AJITOPUTMU” — CY, DMHU
(3A CIIEHUAJIHOCT “KOMIIIOTBPHU HAYKHN”, 1. IOTOK, ®EBPYAPU - IOHU 2019T.)

3abenesicka: YTOUHSBAWTE IMETO HA BCEKH M3IOJ3BAH aJITOPUTHM 3a COPTHPAHE WIIH ThpceHe!

3amaua 1. YuuTtenka B AeTcKa rpajJiiHa MCKa Jia Kyl 'b3eiu 3a K jena. B marasuna uMa N me3ena,
kato N > k. IIwp3enure umar pasnuueH Opoil yacTu. YuuTenkaTa McKa Jia Kylu TakuBa K mb3ena,
4ye pas3iudkara B Opos Ha yacTUTe UM Ja € MUHMManHa. [lo-rouno, ako M u M ca cbOTBETHO
MaKCUMaJIHUIT ¥ MUHUMAJIHUAT Opoil yacTu cpen 3akyrnenure K me3ena, TpsiOBa pasnukara M —m
na 0bJie BB3MOXKHO Hal-MalIka.

a) CobcraBere anropuTbM ¢ Bpemena ciaoxnoct O(n log n) B Haii-nomms ciyyail. AIrOpUTbMBT
TpsiOBa J1a BphIllA Hali-MajKaTa Bb3MOXKHA CTOWHOCT Ha pa3iukara M —m.

Onuurere anropuTbMa Ha IICEBAOKO/ KaTo (yHKIHUS OT BUAA
Puzzles (A[1...n]: array of positive integers, k: positive integer)
Bxomuu nanHu: K € 110 MOJIOKUTEITHO YHCIIO — OpOSIT Ib3€NU, KOUTO TPsOBa Aa ObAaT KyICHH;

N € [sJ10 MOJOXKUTCIHO YUCIO — 6pOflT Ha IIB3CJIMTC B Mara3nHa, B CHJIa € HCPABCHCTBOTO N > k,
A e mMacuB oT N OCJIN IIOJOXKHUTCIIHN YHCJIa — 6p0${T Ha 4aCTUTC, OT KOUTO CC€ CbCTON BCCKU ITB3CII.

W3xox (BbpHATa CTOWHOCT): 1510 HEOTPHUIIATEITHO YK CIIO — Hali-MaikKaTa Bb3MOXKHA paziuka M —m,
KbZeTO M ¥ M ca ChOTBETHO MAKCHMAJIHUAT U MUHUMAJIHUAT OpOi YacTu cpej KyrneHuTe K mp3ena.
He e HyHO anropuThbMBT Ja 1eyaTa WHIEKCUTE Ha 3aKYMEHUTE Mb3EIH.

M3nbaHeTe alropuThMa CThIIKA 10 CThIKA ¢ Bxoauu panau: Kk =3; A =(110; 20; 60; 80; 50).
[TokaxkeTe MEXIMHHUTE pE3yATaTH (CJIe BCSIKA CTHIIKA) M KpailHUs pe3ynTar (BbpHaTaTa CTOHHOCT).

O6sicuere kou K mb3ena TpsOBa ma ObIAT 3aKyNeHHW, 3a Ja CE MOJIYyYH THPCEHHAT MUHHMYM.
O06sicHeHneTo TpsiOBa /1a BayKu B 00LIuUs ciiy4ail U fa ObJie OHArJeAeHO C MPUMEPHUTE BXOAHU JaHHU

OT TpeANIITHAS a03aIl. (10 Toukn)

6) Jlokaxere, 4e mocTaBeHaTa anropuTMuuHa 3aj1a4a usucksa Bpeme Q(nlogn). (15 roukn)

3ama4a 2. MacubT A[1...n] chbabpka FONEMUHHUTE Ha N Pa3IMYHU KHUTH (B Opoil GaifToBe).

HNmame Qramika, kosaTo nmodbupa makcumym X Oaiita uadopmarus. CbecraBere Obp3 alropuThM
3a U300p Ha MaKCHMaJeH Opoil KHHUTH, KOUTO MOTaT Ja ce 3amumar Ha ¢uramkara. Hsaima cMuchn
Jla 3amMcBaMe €Ha KHHUIra HIKOJKO MbTH: MCKaMe MaKCHMalleH Opoil paziuunu KHUTH.

AJII‘OpI/IT’bM’bT TpﬂGBa Ja HaMHupa HEC CaMO MAaKCUMaJIHHA 6pOI7I KHUTHU, HO U CaMHUTC KHHIH.

Onumere anropuTeMa C JyMH M IO JEMOHCTPHUpAWTE C MOAXOMAIIM NPHUMEPHH JaHHHU.
JleMoHcTpanusATa TpsiOBa Ja MOKa3Ba KaKTO MEXIUHHUTE CMETKH, Taka U KpalHUS pe3yiTar.
AHanu3upaiWTe BpPEMETO Ha M3IBIHEHWE B HaW-momwMs ciydail. He ce mpuemar anroputmu
0e3 KOpEeKTEH aHaJu3 Ha BpeMeBaTa CII0XKHOCT.

AXO MakCHUMajJHaTa BpeMeBa CIIOKHOCT Ha anroputbMa ¢ O(n), mie moiaydute 25 TOUKH.
B mpotuBen caywaii, ako makcumaiaHara ciaoxHocT ¢ O(n log n), me monyunte 10 TOUKH.

[To-6aBHU aNrOPUTMHU HE HOCST TOUKH.



3agaua 3. /[Be 11e/M MOJIOKUTETHH YHUCIIA 1II€ HapruiaMe OJJ00HH, aKo ChBIAAaT
clie/l 3auepTaBaHe Ha mocieaHuTe ase nudpu (Hampumep 391452 u 391418).

a) Hanen e macus A [1. .. n] OT LIEJIY ITOJIOKUATEIHN YUCIIA.
CncTaBere anroputhbM, Koito 3a Bpeme O(n 10g n) Hamupa aBe mogo0HU Ynca,
CTOSIIY Ha pa3JIUYHA MECTa B MacHBa.

Ornuiere anropuTbMa Ha MCEeBIOKO] KaTo (YHKIHS OT BHJIA
FindSimilarNumbers (A[1...n]: array of integers)

BXOI[HI/I JaHHU. MaCHB A ot n OCJIN ITOJIOXKHUTEIIHHU YHCJIa.

W3xon (BepHaTa cToiiHOCT): false — ako A He chabpka MOAOOHU 4YMcia; true — ako ChabpiKa
B®B BTOpHSI CiTy4aid allrOPUTHMBT Ja OTIIEYAaTBA CTOMHOCTHTE HA HAMEPEHHTE JIBE TIOJJOOHH YKCIIa.

W3mbiiHETE alropuThMa CThIIKA IO CThIKA ¢ BXoAHu Aannu: A = (9104; 7208; 3015; 7241).
[Tokaxxere MEKIUHHUTE PE3yNITaTH (CIEa BCAKA CTHIIKA) M KpalHUsS pe3yiTar (BbpHaTaTa CTOMHOCT

U JIBETE OTIEeYaTaHH YUCIIa, aKO UMa TaKHUBa). (10 Toukm)
0) Jlokaxere, 4e OCTaBeHaTa aJrOPUTMUYHA 331a4a u3ncksa Bpeme Q (n log n). (15 Toukn)
3agaua 4. MacubT B [1...n] chbabpxka Ternara Ha N npeamera (B KMIOTPaMu), a HUE MOXKEM

na HocuM Haii-mHoro K kumiorpama. ChcTaBeTe Obp3 alropuThM 3a n300p Ha MakCHMaJieH Opoii
MPEIMETH, KOUTO MOKEM JI1a IIPEHECEM HaBETHBK.

AJ'IFOpI/IT’LM’bT Tpﬂ6Ba Ja HaMHpa HE CaMO MAaKCHUMAJIHUS 6p01>i, HO U CaMUTC MNpPCIMCTH.

Onumiere anropuTbMa ¢ AYMH M TO JIEMOHCTPUpAWTE C MNOIXOJSAIIM HPUMEPHH JaHHH.
JleMoHcTpanusTa TpsOBa Ja MOKa3Ba KaKTO MEXIUHHUTE CMETKH, Taka M KpalHUS pe3yiTar.
AHanu3upaiTe BpPEMETO HA M3IBIHEHWE B Hal-momwMs ciydail. He ce mpuemar anroputmu
0e3 KOpEeKTEH aHaJi3 Ha BpeMeBaTa CII0XKHOCT.

AKO MakCHMMajJHaTa BpeMeBa CIIOKHOCT Ha amropuTbMa ¢ O(n), mie moiaydute 25 TOUKH.
B mpotuBen caydaii, ako makcumaiHara ciaoxHocT ¢ O(n log n), me monyunte 10 TOUKH.

[To-0aBHU aNrOpUTMHU HE HOCST TOUKH.

He ce 3auuTaT pemieHusi, KOUTO He OTTOBAPAT HA U3UCKBAHUATA!



PEIMNEHMUA
3agaua 1.

a) Mznomn3Bame HiIKOs Obp3a COPTUPOBKA, HAIIPUMEDP MUPAMUAATHOTO COPTUPAHE.

Puzzles (A[1...n]: array of positive integers, k: positive integer)
Sort (A) // HeapSort wmmmu MergeSort, mmm QuickSort
minDiff <« +
for i <« 1 to n+tl-k do
currentDiff « A[i+k-1] - A[i] // M - m
if currentDiff < minDiff
minDiff <« currentDiff

bestStart <« 1 // KynyBaMme Ob3ejiUuTe
print bestStart // or N bestStart mo N bestStart+k-1 BxII.
return minDiff // (ToBa ca HOMepaTa MM CJiell COPTMPaHEeTO) .

AHanu3 Ha anropuTHMA: COPTHPaHeTo M3pasxonsa Bpeme O (N log N) B wHaii-nomms cioywaii,
00X 0KIaneTo Ha coptupanus Macus — @ (n); obmo: O (n log n).

Hemonctpanus Ha aaroputbMa ipu K =3 u A =(110; 20; 60; 80; 50).
1) Coprupame macuBa: A = (20; 50; 60; 80; 110).
2) Cpasnssame pasnukute ot Buga A[i +k—1] —A[i], Toect Ali+2]-A[i]:
A[3]-A[1] = 60-20 = 40;
Al4]-A[2] 80-50 = 30;
A[5]-A[3] = 110-60 = 50.
Haii-mankara oT Te3u pa3nuku ¢ paBHa Ha 30.
3) Toga e Haii-MaJikaTa Bb3MOYKHA Pa3IMKa MEKIY MAKCHMATHUS M MUHUMAIHHS OpOi YyacTu

Ha TpH Irb3ena: 30 yacTu (CTOMHOCTTA, BbpHATA OT allrOpUTHhMa). MUHUMYMBT Ce JOCTUTa,
KaTo 3aKyIHM BTOPHUSI, TPETHUSI U YETBBPTHS Mb3esl — Te3u ¢ 50, 60 u 80 mb3ena cbOTBETHO.

0) M3non3BaMe penyKius OT aropuTMUYHaTa 3aj1ada ElementUniqueness
(mpoBepka 3a JHIca Ha MOBTOPEHUS).

ElementUniqueness (A[1...n])
k <« 2

if Puzzles (A[1...n], k) > 0
return true

else
return false

bvp3una na penykuusara: Pemykiusara ce CbCTOM OT MPUCBOSIBAHETO Kk <— 2 ¥ OT IMpoBepKara
i BbPHATATa CTOWHOCT € MoNoKuTeNnHa. U 1Bete neiicTBus u3nckBar KoHctanTtHO Bpeme O (1) .

IMonexe 1 < N log N (kenanara jonHa rpaHUIa), TO PEAYKIHUATA € T0CTATHYHO Obp3a.

Kopexmnocm na penykuusita: AKo Hali-Malkara pas3jiika Mexay Opos Ha 4YacTUTE Ha JBa ITb3ela
€ paBHa Ha HyJa, TO UMa II'B3EJIH ¢ paBeH Opol YacTH, TOECT MMa MMOBTOPEHUSI.

OOpaTtHo, ako Hali-MaJIkaTa pa3iuKka MeXay Opos Ha 4YacTUTE Ha JBa Ib3eJa € MOJIOKUTETHA,
TO U APYTHUTE Ca MOJIOKUTEITHH, 3aTOBA HsMA ITB3€JIM C paBeH Opoil yacTu, TOeCT HAMa MOBTOPEHUSI.



3a nga ObJe pENICHHeTO HAIBJIIHO TOYHO, TpsOBa N1a ObJC MOMPaBEH CICAHHIT HEAOCTATHK.
Bxomgnute naHHu Ha 3ajayata ElementUniqueness Morar a ObAar BCSAKAKBH LIETH YUCIa —
II0JIO)KUTETHHU, OTPULIATENIHN, HYIU. A BXOJHHUTE JJaHHU Ha 3ajadata Puzzles IO YCIOBUE ca
caMmo TMOJOXUTEIHU LEeJM YHcia. 3aToBa MPH Ta3u PEAYKIMS MMa OMACHOCT Ja ObJaT MoJaeHU
HEJIONYCTHMHU BXOJIHU JIaHHU Ha (QyHKnusAta Puzzles. ToBa MOXe Ja ce MOINpaBH: HAMHpaMe
Hal-MaJIKOTO YHCJIO BHB BXOOHUA MAaCHUB U IO U3BaXJaM€, HAMAaJICHO C €AMHHUIlIA, OT BCUYKH YHCJIa
(Taka Te cTaBaT IMOJIOKUTEIIHU). AKO HAl-MaJKOTO YHCIIO € HalmpuMep —7, TO OT BCHYKH YHCIIA
H3BaXKIaMe —8, ToecT JoOaBsIMe 8.

ElementUniqueness (A[1...n])
min <« A[1]
for i < 2 to n do

if A[i] < min

min « A[i]

min < min - 1
for i < 1 to n do

A[i] « A[i] - min
k <« 2

if Puzzles (A[1...n], k) > 0
return true

else
return false

bvp3una Ha penykumsra: G)(n) 3apaaM JaBara InociuenoBarenHy nukbia. [lonexxe N < N Iog n,
TO peAYKIHSTA € JOCTAThYHO Obp3a.

Kopexmnocm na penykuusra: [IpubaBsHeTo Ha 10CTaTh4YHO TOJIIMO YUCIIO FapaHTHpa, Y€ BCUUKU
Yuciaa B MacHBa Ca CTAHAIM MOJOXKHUTEIHM, TOECT (PYyHKIUATa Puzzles mMoOiydaBa JOMYCTUMH
BX0JHU AaHHU. OT ;pyra crpaHa, CbOMpPaHETO Ha €IHO U ChHIIO YUCIIO C BCUUKM YUCIIa B MacuBa
3amas3Ba TEXHWUTE pa3jMKH, a 3Ha4Yu 3ala3Ba U BbpPHATaTa CTOMHOCT OT Puzzles, mopaau KOETO
MO>KEM Jla C€ TO30BEM Ha Pa3ChKIEHUATA OT IPEIUIIHATA CTPAHUIIA.

[IpoOneMbT ¢ HETOMYCTUMHTE CTOMHOCTH Ha Puzzles MpeACTaBisiBa JIOTUYECKAa THHKOCT,
Mopajii KOETO ce NMpUeMaT U pelleHus, B KOUTO TO3U Mpobiem He e 3abenssaH. Pemienus, B KOUTO
poOIeMBbT € 3a0ems13aH U OTCTPAHEH, HOCAT AOIBJIHUTEIHU 15 TOUKH.

Banaqa 2 MoXe Ja 6’52[6 peuicHa 1Mo pa3JiM9YHu HAYHUHHU.

ITvpeu Hauun: dpe3 HAKOA OT ObP3UTE COPTUPOBKH, HAIPUMEP MTUPAMUTAIHOTO COPTUPAHE.

1) Coptupame KHUTHUTE, T.€. MOApPEXKIaMe (aliIoBETe B pacTsIl Pe Ha Pa3MEPHUTE UM.

2) Kommpame (aitioBere BbpXYy (hamikara, KaTo 3arouyBaMe OT Hal-MaJIKUTE U TTPOIbKaBamMe
MOCJIEIOBATEIIHO JI0 U3YEpPIIBaHE HAa CBOOOJHOTO MSICTO WIIM JI0 M3UepIiBaHe Ha (ailioBere.
Ta3u cThIIKa ce pean3upa ¢ IUKbI, B KOUTO 00X0KJaMe COPTUPaHUsS MacuB A U HaTpylBaMe
cOopa Ha eJIeMEeHTUTE MY, JI0KATO TH U3YEPIIUM WIIH JOKATO COOPHT UM HaAXBBPIU X.

AHanu3 Ha anropuThbMa: copTupaHeTo u3ucksa speme O (N 10g N) B Haii-nomms coyuaii,

00X 0KIAHETO ¥ CyMUPAHETO Ha copTupanus macus — @ (N); obmo: O (n log n).



Bmopu nauun: 6e3 coptupane. Bmecto ToBa usnonzsame anropurbma PICK.

1) Hamupame mennaHaTa Ha MacuBa A ¢ nomoira Ha anroputbma PICK.

2) Paznensme (aitioBere Ha roJeMU M MAJIKA OTHOCHO Me/IHaHaTa.

3) Ilpecmsitame cOopa Y OT rOJIEMHHUTE HAa MAJIKUTE (paitiioBe.

4) Ako Y = X, xonupame BCHUKH MaJIKH (paiiioBe, OTKa3BaMe ce OT BCHUKHU royieMu. Kpaii.

5) Ako Y > X, oTka3Bame ce OT BCHUKHU ToJjieMd (ailjioBe U peKypCUBHO W3BUKBAME AJITOPUTHMA
BBpPXY MaJKUTE (aiiyioBe, KaTo u3noia3Bame chinus kananuteT X . Kpaii Ha anropuTbma.

6) Ako Y < X, xonupame BCHYKH MaJKH (pailJioBe U peKYPCUBHO M3BHKBAME ajirOPUTHMA BbPXY
rojeMute (aiiyoBe, KaTo U3Moia3BaMe octaHanus KanaureT X —Y B ponsita Ha X. Kpaii.

JxHOTO Ha pekypcusaTa e ipu N = 1. Torasa cpaBHsBaMe KananuTera X Ha (amikara
cpasmepa A [ 1] Ha enuncrenus daiin: xomupame daiina, ako u camo ako A [1] < X.

Amnanu3 Ha anroputhMa: Half-nomusar cioyyait e, korato crbiika Ne 4 He ce U3IIBJIHIBA, TOECT
Ha BCEKH €Tall aJITOPUTbMbT U3IbJHIBA WK CThIIKA Ne 5, win cTbhika Ne 6.

Crorku Ne 1, Ne 2, Ne 3, oTka3BaHETO U MpueMaHeTo Ha ¢aitioBe B cThIKH No 5 1 Ne 6 —
BCUYKH TE€3H OIEPALMU U3MCKBAT uHeHHO Bpeme ® (N). Ot aBeTe peKypCHBHU W3BUKBAHKSA
B cTBHIIKU Ne 5 u Ne 6 ce U3MbJIHSABA CaMO €HOTO; BCSIKO OT TAX PabOTH BHPXY MOJOBHHATA MACHUB,
3aI0TO pa30MBAaHETO HA MAacHBa HA TOJIEMH M MAJIKU CTOMHOCTH € U3BBPIICHO CIIPSIMO MEIUaHaTa.
ETo 3a1mmo BpemeBara Cii0KHOCT Ha aJrOPUTHhMa yIOBIETBOPSIBA PEKYPEHTHOTO YPaBHEHUE

T(n) =T 2 +0®M).

Ot TpeTusi ciy4aii Ha MacTbp-TeopeMaTa CJe/iBa, Ye peleHneTo Ha ypasaenuero e 1 (n) = O(n),
TOECT aITOPUTHMBT UMa JIMHEWHA BPEMEBA CIIOKHOCT.

JemoncTpanus Ha anroputmure. Heka A = (50; 20; 80; 10) m X = 45,

ITvpsusim aneopumvm coptupa macusa: A = (10; 20; 50; 80). Ilocne 3amouBa
Ia cbOupa €JIeMEHTHTE My, KaTO CpaBHsBAa IOJyYE€HHUTE CyMH ¢ Kamamutera X = 45!
10 <45, cnenosarenHo (aitnbT ¢ pazmep 10 Oaiira me Ob1e KOMUpPaH,

10 + 20 = 30 < 45; cnenoBatenHo U GailnbT ¢ pazmep 20 OaiiTa e 6bJe KONMUPAH;
obaue 30 + 50 = 80 > 45, crnexoBaTenHo 3a Apyrute ¢ailyioBe HAMa 10CTaTHUHO MSCTO.
W3Boa: Moxem na konvpame Haili-MHOTO /iBa (paiina — te3u ¢ ronemunu 10 u 20 Gaiira.

Bmopusam aneopumvm Hamupa menuaHata 35 u pa3ouBa macuBa: A = (20; 10 | 50; 80).
CO6opsbT oT paszmepute Ha Masikute daitmoee Y = 20+ 10 = 30 < X = 45.
3aroBa aNrOPUTHEMBT KONUPA JIBaTa MAJKH (aiijia 1 IpeMHUHaBa PEKYPCUBHO KbM H3CIICIBAHE
Ha rojemure ¢aiinose, KaTo cera pasmnoiara ¢ karnauter X —Y = 15. Tosa e HoBoTO X,
a HoBusT MacuB A = (50; 80). Herosara meauana ¢ 65, pazouaneroe A = (50 | 80),
cOopbT OT pazmepute Ha Mankute daiimose e Y = 50 > X = 15, 3aroBa anropuTbMbT
ce oTka3Ba oT rosiemus aiin (¢ pasmep 80). Ciensa pekypcus BbpXy II'bpBaTa M0oJIOBHHA
OT MacHuBa, TOECT HOBUAT MacuB € A = (50), kamauuTeTbT OcTaBa chIMAT: X = 15.
JlocTurHaTo € ABHOTO HAa PEKYpCHsTa — MACHUB C AbJDKUHA eauHuna. HepasencrBoro 50 > 15
M0Ka3Ba, ye eMHCTBEHUAT OcTaHall (aill He Moke J1a Ob/ie KOMHMpaH.

N3Box: Moxem ma konmupame Hail-MHOTO JiBa (paitita — te3u ¢ ronemunu 10 u 20 Gaiita.



3agaua 3.

a) M3non3Bame HAKOs Obp3a COPTUPOBKA, HATPUMEP MUPAMUAATHOTO COPTHPAHE.

FindSimilarNumbers (A[1...n]: array of integers)

Sort (A) // HeapSort wmmmu MergeSort, mmm QuickSort
for k < 2 ton

if |a[x]/100] = [alk-1]/100]

print A[k], A[k-1]
return true // uMa NOOOBHM UMCIIa
return false // HaAMa NONOBHM YMCIIa

AHanu3 Ha anropuThma: coprupaHeTo uzpasxoasa Bpeme ©O(nlog n) B waii-nowms cnydaii,
006Xk IaHeTo Ha coprupanus macus — @ (n); o6mo: O (n log n).

JemoncTpanus Ha aaroputbMa pu A = (9104; 7208; 3015; 7241).

1) Coprupame macuBa: A = (3015; 7208; 7241; 9104).

2) TlocnemoBaresiHO CpaBHsIBaME YaCTHUTE MpH JeiaeHue Ha 100, 3akpbIriicHH Ha0Iy,
toect unciaara 30, 72, 72 u 91:

— Ha IIbpPBUS U BTOpUS eneMeHT: 30 # 72;
— Ha BTOpHS U TPETHS eleMeHT: 72 = 72.

3) Tyk adropuThbMbT MPEKHCBA THPCEHETO, Thi KaTO € HaMepuII o 00U uncna: 7208 u 7241.
ANTOpUTHMBT OTIIeuaTBa Te3M ABe uncia (7208 u 7241) u Bpsbina true.

0) M3non3Bame penyKuus OT aropuTMUyHaTa 3aj1ada ElementUniqueness
(mpoBepka 3a JHIca Ha MOBTOPEHUS).

ElementUniqueness (A [1. . .n] : array of integers)
for k < 1 ton

Alkx] « 100 x A[k]
return not FindSimilarNumbers (A [1. . .n] )

[ukbbT, yMHOKABaKH unciaTa mo 100, qoGaBs Mo aABe Hy/IM B Kpast Ha Beako yucio. [locme
Te3H HYJM ce npeHedpersar oT FindSimilarNumbers, KaKbBTO U AITOPUTHM J1a CMe U30paiu
3a pelaBaHETO Ha 3ajadarta (3alloTo TakaBa € JepUHUIMATA Ha camaTa 3agada). CrieqoBaTerHo
anropuTbMbT FindSimilarNumbers (KOWTO M Ja € TOH) CpaBHSBAa OPUTHHAIHUTE YHCHIA,
T.€. PEAYKLHATA € KOpEeKmHd.

[To-popmanno, ako A [l. . .n] € MacuBbT, NoAaJeH Ha ElementUnigqueness, Torasa
€ B CWjla CjlelHaTa €KBUBAJIEHTHOCT:

A [1] = A [j] < yucimara 100 x A [1] u 100 x A [j] ca TOJI00HM.
OTTyk cienBa Ipyra eKBUBaJIEHTHOCT:

BXOJHHUTE NaHHU HA ElementUniqueness CbhABPXKAT IIOHE ABE PABHU YUCIA <>

BXOJHHTE JIaHHU Ha FindSimilarNumbers ChIbpXKaT MOHE BE MOAOOHU YUCIIA.
Tasu eKBUBAJICHTHOCT € (hopMaJieH U3pa3 Ha KOPEKTHOCTTA Ha PEAYKIIHITA.



Penykuusra ce cbcTou OT:
— Kb, KOUTO 00X0K/1a MacuBa M yMHOKaBa unciara no 100 — tosa usucksa Bpeme O (N);

— NPECMSATAHETO HA OTPULIAHUETO HA BhPHATATA CTOMHOCT — TOBa M3ucKkBa Bpeme O (1).

CriemoBaTeTHO 00IIIOTO BPEME Ha PEAYKIIUATA € @(n) . Ilomexke N < N Iog N, TO peaykKnusaTa
€ JIOCTaTh4YHO OBp3a 3a LETUTE Ha JI0KA3aTEICTBOTO.

3a nga ObJe pENICHHeTO HAIBJIHO TOYHO, TpsOBa N1a ObJC MOMPABEH CICAHHIT HETOCTATHK.
Bxomgnute naHHu Ha 3amavyata ElementUniqueness Morar Ja ObAar BCSKAKBH LIEIH YUCIa —
MIOJIOKUTEITHH, OTPHUILIATEIIHU, HYJIU. A BXOJHHUTE NAaHHHM Ha 3amavara FindSimilarNumbers
ca caMo TOJIOKHUTEIIHU LEeJIM YKicia. 3aToBa MPH Ta3u PelyKIHMsS MMa OMAacHOCT Ja ObJaT MojaeHu
HEJONMYCTUMU BXOAHM JaHHU Ha ¢QyHKIuATa FindSimilarNumbers. ToBa moxe ma Obae
npeaoTBpPaTCHO IO CJICOHUSA HAYWH!: Hal-MaJIKOTO YHCJIO BBHB BXOAHHWA MaCuB, HAMaJICHO C 1,
ro W3BaXJIaMe OT BCHUYKH 4YHcia (Taka TE CTaBaT MOJOXHUTEIHH). AKO Hal-MaJIKOTO YHCIIO
€ HampuMep —7, TO OT BCUYKH YHCIia H3BaXKaaMe —8, ToecT nobassime 8.

ElementUniqueness (A[1...n])
min <« A[1]
for k < 2 to n do

if A[k] < min

min <« A[k]

min < min - 1
for k <~ 1 to n do

Alk] « 100 x (A[k] - min)
return not FindSimilarNumbers (A [1. . .n] )

Bvpsuna wa penykuusara: ©(N) s3apaau asara mociaemnoBareaHu mukbiaa. [lonexe N < nlogn,
TO peAYKIHMTA € JOCTAaThbYHO Obp3a.

Kopexmnocm na penykuusta: [IpuGaBsHeTo Ha JOCTATHYHO TOJSIMO YUCIIO TApaHTUPA, Y€ BCUUKU
Yyclia B MacuBa ca CTaHaJIM MOJIOXKUTEIHH, ToecT PpyHKuuATa FindSimilarNumbers nomry4aBa
JOMYCTUMH BXOAHU JaHHU. OT pyra cTpaHa, CbOMPaHETO Ha €IHO U CHIO YUCIO C BCUUKU YHCIIa
3ama3Ba TEXHUTE Pa3JIMKH, a 3HA4UM 3ama3Ba U BbpHATaTa CTOMHOCT OT FindSimilarNumbers,
IOpaay KOETO MOXKEM J1a CE ITI030BEM Ha Pa3ChKICHUATA OT IIPENUIIHATA CTPAHUILIA.

[Tpo6ieMbT ¢ HEAOMYCTUMUTE CTOWHOCTH Ha FindSimilarNumbers e Ioruyecka ThHKOCT,
MOopajy KOETO ce MpHeMaT U pelieHus, B KOUTO TO3U MpolieM He e 3abens3aH. Pemienus, B KOUTO
npoOIeMbT € 3a0ems3aH U OTCTPaHEH, HOCAT AOMBJIHUTENHA 15 TOUKH.

3apaya 4 moxe aa ObJe pelieHa mo pa3inyHd HadYuHH.

ITvpeu nauun: upe3 HAKOS OT ObP3UTE COPTUPOBKH, HAIPUMEP THUPAMHUIATTHOTO COPTUPAHE.

1) Coprtupame mpeaMeTHTe, T.€. MOAPEKAaMe TH B PACTSIIL PEJl Ha Terjara uM.

2) ToBapum npeaMeTHTe, KaTo 3alloyBaMe OT Hail-IEKUTe U MpoabJKaBaMe MOCIeI0BATENIHO,
JIOKATO TH U3YEPIHUM UJIU 10 HAIXBBPJISHE HA MAaKCUMaIHOTO Jomyctumo terio K.
Ta3u cThlKa ce pean3upa ¢ IUKbI, B KOUTO 00X0KJaMe COPTUpaHUs MacUB B U HaTpynBaMe
cOopa Ha elIeMEeHTHTE MY, IOKaTO T U34EePIHM WU J0KaTO COOpBT UM HaaxBbpiu K.

AHanus Ha anropuThbMa: CoOpTUpaHeTo u3ncksa BpemMe O (N 10g N) B Haii-nomms cnyyaii,
00X0KIAHETO ¥ CyMUPAHETO Ha copTupanus Macus — @ (n); obmo: O (n log n).



Bmopu nauun: 6e3 coptupane. Bmecto ToBa usnonzsame anropurbma PICK.

1) Hamupame mennaHaTa Ha MacuBa B ¢ nomoira Ha anroputbma PICK.

2) PazzensMe npeaMeTUTe Ha JIEKH M TSKKH OTHOCHO MEIHaHaTA.

3) IIpecmsaTame coopa L oT Ternara Ha JCKUTE MPESIMETH.

4) Ako L = K, ToBaprM BCHYKH JIEKH [TPEIMETH, OTKa3BaMe Ce OT BCUYKH TeKKH. Kpaii.

5) Axko L > K, oTka3zBame ce OT BCHUYKH TEKKH IPEAMETH H PEKYPCUBHO M3BHKBaMeE arOPUThMa
BBPXY JICKUTE MIPEAMETH, KaTO u3noiizBame chius kanauuretr K. Kpaii Ha anroputbsMma.

6) Axo L <K, ToBapuM BCHYKH JIEKH MPEIMETH U PEKYPCUBHO W3BUKBaME AJITOPUTHMA BbPXY
TEXKKHUTE MPEIMETH, KaTo u3noia3BaMe octanaius kananuter K — L B ponsita na K. Kpaii.

JIbHOTO Ha pekypeusaTa e ipu N = 1. Torasa cpasHsaBame kananutera K ¢ ternoro B [ 1 ]

Ha eJIMHCTBEHHs NIPEIMET: TOBAPHM MHpeaMeTa, ako U camo ako B [1] < K.

Amnanu3 Ha anroputhMa: Hali-nomusar cinyyait e, korato crbiika Ne 4 He ce U3IIBJIHIBA, TOECT
Ha BCEKH €Tall aJITOPUTbMbT U3IbJHIBA UK CThIIKA Ne 5, win cTbhiika Ne 6.

Crpnku Ne 1, Ne 2, Ne 3, oTka3BaHETO U TOBAPEHETO HA MpeAMETH B CTHIKUA No 5 1 No 6 —
BCUYKH TE€3H OIEPALMU U3MCKBAT inHelHo Bpeme O (N). Ot aBeTe peKypCHBHU W3BUKBAHKSA
B cThIKHU Ne 5 1 Ne 6 ce M3MBJIHABA CaMO €THOTO; BCAKO OT TAX pabOTH BbPXY MOJIOBUHATA MAaCHUB,
MOHEXE pa30MBAHETO HA MACHBA HA TOJIEMH M MAJIKU CTOMHOCTHU € U3BBPIIECHO CIPIMO MEIUaHaTa.
ETo 3am10 BpeMeBaTta Ci10:KHOCT Ha ajJropuThMa yJIOBIETBOPSIBA PEKYPEHTHOTO YPaBHEHUE

TM) =T g + o).

Ot TperHs ciiydail Ha MacThbp-TeopeMara Cie/iBa, 4e pelieHneTo Ha ypasaeruero e T (n) = O(n),
TOECT AJIrOPUTHMBT MMa JIMHENHA BPEMEBA CIOKHOCT.

Jemonctpanus Ha anroputmure. Heka B = (50; 20; 80; 10) m K = 45,

ITvpsusim aneopumvm coptupa macua: B = (10; 20; 50; 80). Ilocme 3amouBa

a cbOupa €JIEMEHTHTE My, KaTO CpaBHsBa IOJy4YeHHUTE CyMH ¢ Kamamurtera K = 45:

10 <45, cnenoBarenHo npeaMeTHT ¢ Terno 10 kr e 0b/1e HaTOBapeH;

10 + 20 = 30 < 45; cnemoBarenHO U MpeaMETHT ¢ Tersio 20 KT mie ObJ1e HAaTOBAPEH;

obaue 30 + 50 = 80 > 45, cnegoBaTeNHO 3a IPYTUTE MPEAMETH HsIMaMe JT0CTaThYHO CUJIH.
N3Boa: Moxem j1a HaTOBapyM Hali-MHOTO JiBa IipeaMeTa — Te3u ¢ Terna 10 u 20 kunorpama.

Bmopusam aneopumvm Hamupa menuaHata 35 u pa3ouBa macuBa: B = (20; 10 | 50; 80).
COopsT OT Termara Ha Jiekute ipenmetn e L = 20+ 10 = 30 < K = 45.
3aroBa aNrOpUTHEMBT TOBAPH JIBaTa JICKHU MPEIMETa U IPEMUHABA PEKYPCUBHO KbM H3CIIECIBAHE
Ha TeXKHUTE MPEeIMETH, KaTo cera pasnoiara ¢ kananurer K — L = 15. Tosa e HoBoto K,
a HoBusaT MacuB B = (50; 80). Herosara meauana e 65, pazouaneroe B = (50 | 80),
cOopbT OT Ternara Ha jgekute npeamern e L = 50 > K = 15, 3aToBa alropursMbT
ce oTKa3Ba oT Texkus nmpeameT (¢ terso §0). CrieBa peKypcHs BbpXY II'bpBaTa IMOJIOBHHA
OT MacHuBa, TOeCT HOBUAT MacuB € B = (50), kamauurteTsT ocTaBa chmmsT: K = 15.
JloCcTUTHATO € JbHOTO Ha PEeKypcusiTa — MacHB ¢ AbJDKKMHA enquHuna. HepasenctBoro 50 > 15
MOKa3Ba, Ye SAMHCTBEHMST OCTaHAI IIPEAMET He MOJKe J1a O'b/Ie HAaTOBapeH.

W3Boa: MoxeMm 1a HaTOBapuM Hal-MHOTO /iBa IpeaMera — Te3u ¢ tervia 10 u 20 kunorpama.



