NP-IBbJHU 3AJAYHU

HNPUMEPHO KOHTPOJIHO Ne 5 110 “/IM3AMH U AHAJIN3 HA AJITOPUTMU” — CY, DMHU
(3A CIIEHUAJIHOCT “KOMITNIOTBPHU HAYKHN”, 1. IIOTOK, ®EBPYAPHU — IOHU 2019 T.)

3amauya 1. Pasriexname 3aqayata 3a pa3no3HaBaie LongestCycle:
— Bxox: HeopuenTHpan TerioseH rpad G u momoxxutenHo uncio K.
— Bronpoc: G chabpika v MPOCT IIUKBJI, YUUTO pedpa uMat Teria cbe coop > K ?
EnuH nuxsa € mpocTt, ako He TOBTapsi BbPXOBE.
Hoxaxerte, ye LongestCycle e NP-mbiHa 3agaya.

3agaua 2. Pasrnexpaame 3aqadara 3a pasno3HaBaHe ManyKnapsacks:
— Bxox: nBe uenn nonoxurenau uucia K u C;
u macuB A[l..n] ot nenu nomoxurenaHu yucia, N> 0.
— Bonpoc: Moxe mu A[l...n] na ce pa3dbue Ha K Henmpa3HU MyJITHMHOXKECTBA,
BCSIKO OT KOUTO Cbe coop < C ?

Bceku enement Ha macuBa A[l...n] TpsOBa 1a MpUHAIICKH HA €IHO U CaMO €THO
MYJITUMHOXKECTBO. BBITpekn ToBa rOBOpYM 3a MYJITHMHOXECTBA, a HE 32 MHOKECTBA,
Thi kato MacuBbT A[l..n] MoXke Aa ChabpiKa MOBTOPEHUS, TOSCT €ICMEHTH, KOUTO
MMaT pa3jIuYHU WHISKCH, HO paBHU CTOMHOCTH. [lopamu ToBa MOXKe Ja ce CIydH
HSKOE MYJTHUMHOXKECTBO JIa ChIBbPKa €IHA U ChIa CTOMHOCT HSIKOJIKO IBTH; TOTaBa
TS y4acTBa ChC CHIMUS Opoit chOUpaeMu.

Kazano Heopmasino, 3amavyara ManyKnapsacks 3ByYH Taka:

MOJKe Id N mpeameTa ¢ aafaeHu teriaa A[l...n] ma ce mpeHecat ¢ moMoiira Ha
K panumu ¢ eqnaksu kananutetn C, ako BbB BCsAKa paHHUIIA TPSOBA J1a CIOKUM
TOHE €IVH MIPEeaMET?

Jlokaxere, yue ManyKnapsacks e NP-mbiHa 3agada.

3agaua 3. Pasriexjaame 3ajauyara 3a pano3HaBaHe NonEmptyRows :
— Bxon: wsno nonoxutenHo uucino K
u neomyHa Mmatpuna A[l..n][1..m] ¢ m creaba u N pena.
— Bwopoc: CeuiectByBar nu K crbinba Ha Marpunata A, TakuBa ye
noamarpuuara, odpazyBana oT Te3u K cTbii0a u Bcuukure N peaa Ha A,
ChAbpKa €IMHUIIA BbB BCEKH CBOU pef?
Hokaxere, yue NonEmptyRows € NP-mbiaHa 3agaya.

3angaua 4. PazriexngaMe 3aadara 3a pa3no3HaBaHe SumMatrix:
— Bxoa: msmo yucmo S>0 u matpuma B[1..n][1..m] ¢ m cTeaba u n pena,
ChCTaBEHA OT I1€JTM HEOTPUIIATCITHU YHCIIA.
— Bonpoc: Moxe i1 1a ce u3dbepaT N yucia, o €IHO OT BCEKH pej Ha MaTpuuata B,
Taka, 4ye cOOpbT Ha 30paHuTe N 4Yucia J1a € paBeH Ha S ?

Hokaxere, yve SumMatrix e NP-mbiHa 3agayva.



PEINEHUA

3apauya 1. e nokaxem, ye LongestCycle e NP-TpyaHa 3amaya, ¢ moMoIra Ha
oJIMHOMHaNHa peaykius: HamiltonianCycle o LongestCycle, KBIETO
HamiltonianCycle e 3amayara 3a pasno3HaBaHe JaJIM JaJ€H HEOPUEHTHUPAH
HerersioBeH rpad G chAbp)Ka XaMHJITOHOB ITUKBJI, TOSCT IIMKBJ, KOUTO NMpeMHUHaBa
TOYHO BEJHBXK IPe3 BCEKH BpbX Ha G.

OnucaHue Ha pEeayKIUATA:
HamiltonianCycle (G: HeopueHTHMpaH HeTerJiloBeH I'pad C n BLPxa)
1) O6xoxmamMe G M mapaMe TeIJio 1 Ha BCAKO pebpo.
2) K < n
3) return LongestCycle (G, K)

JI0Ka3aTencTBOTO 32 KOPEKTHOCT HA PEAYKIUATA C€ ChbCTOU OT JBE YACTH:

— Ilapamerpute G m K, c¢ xouto m3BukBaMe (pyHkmusata LongestCycle,
MMart JIOMyCTUMU CcToMHOCTU. JleicTBuTenHO, K = N € MOJIOKUTEIIHO YHCIIO.
I'padbr G oTHauano € HEOPUEHTUPAH U HETETIIOBEH, ajia Cie/ KaTo ro 00X0auM
1 gaaem terio 1 Ha pedpara My, G cTaBa TermoBeH rpad (1 ocTaBa HCOPUECHTHPAH).

— O@yHkuugaTa HamiltonianCycle Bpblua npaBuiieH pesyarar. HancTtuHa,
¢yrkiuaTa HamiltonianCycle (G) Bpblna CTORHOCT “UcTHHA”
§ (or pen Ne 3 na anropurbma)
¢ynkiuaTa LongestCycle (G, K) Bpblla CTOMHOCT “UCTHHA”
) (oT ompeneneHUETo Ha 3aadaTta LongestCycle)
G chabpprka MPOCT MUKBJI, YUUTO pedpa uMart Teria che coop > K
0 (ot pen Ne 2 na anropursma: K = n)
G chabprka MPOCT MUKBJI, YUUTO pedpa UMAT Teria cChe coop > N
U (ot pen Ne 1 Ha anropurbMa: cOOPHT OT TErIaTa Ha pedpara € TEXHUAT Opoii)
G chabpprka MPOCT MUKBI ¢ TTIOHE N pedpa
U (3a Bceku nukba OposT Ha pebpara € paBeH Ha OpOs Ha BLPXOBETE)
G chappxa MPOCT HUKBI € TTOHE N BhpXa
U (mpocTusar HuKBI He MOBTaps BHPXOBE, 3aTOBA MMA HAl-MHOIO N BbpXa)
G chappxa MPOCT MUKBI ¢ TOYHO N BhpXa
{ (or onpeneneHneTo Ha IPOCT UKL M OT N = Opost Ha BbpxoBeTe Ha G)
G chabppka IUKBJI, MUHABAIIl TOYHO BEHBXK Mpe3 BCEKH BpbX Ha G
U (ot ompenenenneTo Ha XaMUITOHOB LUKBIT)
G chabppka XaMUAITOHOB IUKBIL.

U 1oii, pynkiuara HamiltonianCycle (G) Bpblua CTOMHOCT “UcTUHA” <>
rpa@pr G chabpka XaMHITOHOB LHMKBI. TOBa ChbBHaAa C ONpPENEIEHUETO
Ha 3agayata HamiltonianCycle, clemOBaTeNHO PEAyKUUATA € KOPEKTHA.



brep3una Ha peaykmusata: Penykiusara ce ceton oT pemoBe Ne 1 1 Ne 2
Ha QyHKIuATa HamiltonianCycle. Peq Ne 1 ce usmbiHsaBa 3a JTUHEHHO BpeMe:
®(Mm+n), KpAETO M U N ca CHOTBETHO OpoAT Ha pedpata W OpPOSAT HA BHPXOBETE
Ha rpada G. BuabT Ha 00X0k1aHETO (B MIMPHUHA WM B IHI00OYNHA) HIMA 3HAUYCHHUE.
Pen Ne 2 ce uzmbiaHsBa 3a KOHCTaHTHO BpeMe: © (1) . O01moTo BpeMe Ha peayKIusTa
¢ paHo Ha ®O(M+n) + O(1) = O(M+n). To e NUHEHHO, 3HAYH TIOJTUHOMHUAITHO,
CJIeOBATEIHO PEIYKIUATA € JOCTAaThYHO OBp3a.

C ToBa noKazaxMe, 4e airOpuTMHYHATa 3aj1a4a LongestCycle e NP-tpyana.
OcraBa fa jokaxeM, ue Ts npuHauiesxku Ha NP, ToecT npeyiokeHo pelieHue Moxe
na ObJie MPOBEPEHO 3a MOJIMHOMHUAIHO Bpeme. EcTecTBeHo, penienue Moxe 1a Obie
IPEJIOAKEHO caMo IIPU OTrOBOp “Zla” Ha BBIpOCa Ha 3a7adara, T.e. korato rpa@st G
ChIIbpPKa MPOCT LUKBJI, YUUTO pedpa umar terna cbe coop = K. Haii-ectecTBeHo e
cepTu(uKaThT na ObAe THPCEHUAT MPOCT IIUKBI, HAMpP. CIUCHK OT BHPXOBETE MY.

[IpoBepkara Ha NPENITIOKECHOTO PEUICHUE MOXKE J1a CE U3BBPIIN HAIIPUMED TaKa:
CheckLongestCycle (

G: HEeOpMEeHTMPAaH HeTeIJIOBeH I'pad C n BBPXA;

K: noJoxmreJIHO UMCJIIO;

C: CHOMCBK OT BBPXOBE C IBJKMHA L — MNPENnojiaraeMuaT LMKDBII)
1) if L > n
2) return false
3) if cnmcwpxbT C CchObPXa MNOBTOPEHUS
4) return false
5) if uma mBa nopedHu BBpxa oT C, Mexdy KOMUTO HAMa pebpo B G
6) // TOCJIemHUST U MNBPBUAT BPBX OT C CBIIO Ca MNOpenHU
7) return false
8) S <« cbopa OT IOBLIIXMHUTE Ha pebpaTa MexIy BCEeKM IBa

IIopeHrM BBpPpXa OT C, BKJI. IIBPBUMA U IIOCJIEIOHNMA BPBX
9) return (S > K)

C pen Ne 5 mpoBepsiBame N1l MPEJIOKEHUAT IUKBII C€ ChCTOU OT pedpa Ha rpada G,
a ¢ pen Ne 3 mpoBepsiBame aanu HUKBABT € mpocT. C penose Ne 8 u 9 mpoBepsiBame
nanu cOOphT S OT IBIDKUHUTE Ha pebpara Ha mukbia C e mo-roysiMm uiau paBeH Ha K.
[Ipennoxenoro pemienue C e mpaBUIIHO TOraBa M caMO TOTaBa, KOraTO BCUYKH TE3H
MPOBEPKU MUHAT YCIICITHO; B IPOTUBEH CIIydail TO € TPEIIIHO.

Axo L > n, To oT npunnuna na {upuxse ciaensa, ue mUKwsIbT C OBTapst BHPXOBE
Ha rpada G, ciemoBaTeTHO HE MOXKe Ja Oble mpocT. ToBa 060CHOBaBa KOPEKTHOCTTA
Ha penoBe Ne 1 u Ne 2. ANropuTbMbT € KOPEKTEH M 0€3 TAX, HO TAXHOTO HAJIMYME
CIIECTSIBA BpEMeE, KAKTO I11€ BUJIUM IO-/10Y.



Ananmu3 Ha Obp3oaeiicTBueTo: OT penoBe Ne 1 m Ne 2 cmenBa, ue mpu L > n
anropuThMbT CheckLongestCycle HMMa KOHCTaHTHa BpeMeBa cioHOCT: O (1) .

[Ipu L < n ce m3nbansBaT u apyrute penose. [IposepkaTta Ha pex Ne 3 MoxkeMm j1a

2
U3BBPIIUM 3a BpEME O(L ) HalnpuMep KaTro CpaBHUM BCEKH JiBa eineMeHTa Ha C.
[IpoBepkara Ha pex Ne 5 m3uckBa egHOKpaTHO OOXokKgaHe Ha BbpxoBeTre OT C,
a 3a BCEKHM OT TAX — OOXO’K/JaHEe Ha CIUChKA Ha M3JIM3ALIUTE OT Hero pedpa Ha G;
B Hail-mommsi ciiydail ce 00xokaaT Bcuuku pebpa Ha G mo JBa mMbTH (IO BEIHBK
3a BCEKM OT Kpaullara); TOBa MpaBU OOLIO0 BpeMe O(L+m) 32 Ta3u IPOBEpPKA.

[Ipecmsatanero Ha cOopa S ot pen Ne 8 M3UCKBa CHIIOTO BpeMe (M MOXKE J1a CTaHe
B paMKHTE Ha CBIIOTO O0XOXIaHe, NMPU KOSTO Ce MpaBu MpoBepkara oT pex Ne 5).
[TpoBepkara Ha HepaBeHCTBOTO Ha pex Ne 9 m3pa3xoaBa KOHCTaHTHO Bpeme: O (1).

OO6IIOTO BpeMe Ha aNrOPHTHMA € PaBHO Ha O(Lz) + O(L+m) = O(L2 + m), KOETO

€ paBHO Ha O(n 24 m) , Thid kato L < n. (MmeHHO TyK ca Bakuu pegoBe Ne 1 u Ne 2.)

N 1hi1, CheckLongestCycle ce HU3MBJIHABA 32 HE MOBEYE OT KBAAPATHUYHO,
CJIeIOBATEIHO TOJIMHOMHUAIHO BpeMe. 3aToBa 3amadata LongestCycle e ot NP.

[Ifom 3amauata LongestCycle e oT NP u e NP-tpynna, To T4 € NP-mrbiHa.

3amaua 2. UYe ManyKnapsacks e NP-tpyana 3amada, ciienBa ¢ MoMoOIITa Ha

MOJIMHOMMAJHA peaykuus: Partition o ManyKnapsacks. Tyk Partition
¢ 3ajlayaTa 3a pas3rno3HaBaHe Jajau MHOXecTBO A[l...N] OT meaH MOJIOKUTEITHN YKCIIa
MO3KeE J1a ce pa30ue Ha JIBe YacTu C paBHU cOOPOBE.

Onurcanue Ha peayKIUATA:

Partition (A[1l...n]: array of positive integers)

1) C « 0

2) for i « 1 to n do

3) C« C+ A[i]

4) if C is odd // Heueren cbop He MOXe Ia ce pasdue
5) return false // Ha nBa paBHu cbopa OT LEeJM UYMuCa.
6) C « C / 2

7) K « 2

8) return ManyKnapsacks (A[1...n], K, C)

I[OKaBaTeJ'ICTBOTO 34 KOPEKTHOCT Ha pCAYKOMATA CC CbCTON OT ABC YACTH:

— O®ynkmusata ManyKnapsacks ce U3BUKBA CaMO C JJOMTYCTUMH CTOMHOCTH —
eI oJIokuTenHN yrcna. [lo-cnenuanno, mapamerspsbT C € 1510 YKcIIo, 3ai0To
nenenuero Ha 2 (Ha pen Ne 6) ce u3mbiaHsBa camo ako C e Ouiio 4eTHO Ipeu ToBa.
— OyHknuaTa Partition Bpblla npaBWieH pe3ynrar. Mma nBa ciydast.



[IppBU ciy4ail: cOOPBT HA €IEMEHTUTE HA BXOJHHUS MACHB € HEYETHO YHUCJIO.
ToraBa npomennuBata C mma HeYeTHA CTOMHOCT Ha pe Ne 4 oT anropuThMa, 3aToBa
ce m3nbJHABA pex Ne 5 m anropursMbT Bpbina false, Toect Thpcenoro pa3duBane
HE ChIIecTBYBa. [lefiCTBUTENHO, BCSIKA OT MpENIoJiaraeMHUTe JBE YacTh OM MMana
IIEJIOYUCIICH c0op (ThH KaTo chOMpaeMuUTe ca 1M YKCiia), a Thi KaTo JiBaTa cOopa
TpsiOBa ma ca paBHH, To C TpsOBa ga Obae yaBOeHATa CTOMHOCT Ha BCEKH OT TiIX,
T.€. YeTHO 4KcIo. 3aToBa pu HedeTHo C HsMa pa3OuBaHe ¢ paBHU cOOpOBE, TOECT
GbyHKIUATA MPAaBUIHO BpbIa cToiHOCT “HencTrHa” (false).

Bropu cnyuait: cOOpBT Ha BCUYKU €JI€MEHTH Ha BXOJHUS MAacHB € YETHO YHCIIO.
Torasa pascexaaBame 1Mo CJICIHUS HAYWH:

¢ynkmuara Partition (A[1...n] ) BpbIa cTOMHOCT “UcTHHA”
U (ot pen Ne 8 na anropurbma)
ManyKnapsacks (A[1...n], K, C) Bpblua CTOMHOCT “UcTHHA”
) (OT ompeeneHNeTo Ha 3a1adaTta ManyKnapsacks)
A[1...n] cepa3dusana K Henmpasuu MyITUMHOKECTBA, BCAKO Che coop < C
0 (ot pex Ne 7 na anropurema: K =2)
A[1...n] cepa3buBa Ha ABE HEMPA3HU MYJITUMHOXKECTBA, BCAKO Che cOop < C
U (o pemoBe Ne 1 — Ne 6: C = momyc60opa Ha BCUUKH YHCIIa OT MacuBa A)
MHOXeCTBOTO A [1...n] ce pa3OuBa Ha ABE HEMPa3HU MYJITHMHOKECTBA,
BCAKO ChC COOp, HEHAAXBBPJIALL MOJOBUHATA OT cOOpa HAa BCHYKHM YKMCJIAa HA A
{ (cTporo HepaBeHCTBO € HEBB3MOKHO)
MHOXeCTBOTO A [1...n] ce pa3OuBa Ha ABE HEMPa3HU MYJITHMHOKECTBA,
BCSIKO ChC COOp, PaBEH Ha MOJIOBUHATA OT cOOpa Ha BCUYKH YKCIIa HA A

)

MHOXeCTBOTO A [1...n] ce pa3OuBa Ha ABE HENPAa3HH MYJITHMHOXKECTBA
C paBHH cOOpOBe.

U 1o, pyskuusara Partition (A[1...n] ) BpbLIa cTOMHOCT “UCcTHHA”

< MHOXKeCTBOTO A[1...n] ce pa3buBa Ha IBE HENPA3sHH MYJITHMHOXECTBA

c paBHH cOopoBe. ToBa chBmaja C ONPEACIICHUETO Ha 3ajgadata Partition,
CIIEOBATEIIHO PEAYKIMATA € KOPEKTHA.

bbp3uHa Ha penykuusTa: Penykuusta ce cbetou oT peioBe Noe 1 — Ne /7
Ha (QyHkuATa Partition. HukeasT oT pemoBe Ne 2 — Ne 3 mpecmsra cOopa
3a uHeHO Bpeme: O (Nn). JIpyrure onepaTopu W3MCKBAT KOHCTaHTHO Bpeme: O (1).

OomoTo Bpeme Ha penykiusarae ©O(n). To ¢ nMHEWHO, 3HAYM MOJIMHOMHAIHO,
CJICIOBATEITHO PEIYKIUATA € IOCTATHhYHO Obp3a.



C ToBa nokazaxme, 4e 3amayata ManyKnapsacks e NP-tpynna. OcraBa
na ce yBepuM, ue T4 npuHaminexu Ha NP, Toect mpennoxkeHo pelieHue Moxke Ja
ObJIe TPOBEPEHO 3a MOJMHOMMAIHO BpeMe. Pemienne Moxke ga ObAe MPEasioKeHO
caMo IpU OTTOBOP “Aa” Ha BBIIPOCA Ha 3a]a4aTa, T.€. KOTaTo BXOJHUST MacUB MOXKE
na O6pmae pa3out Ha K mMyntumHOXKecTBa, BCIko ¢be coop < C. Haii-ecrectBeHO €
ceptuduKaThT Ja ObJIe THPCCHOTO pa3duBaHe, Hanmpumep Macus Parts[l...n], xpaeTo
Parts[i] ¢ HoMepbT Ha MyITUMHOXKECTBOTO, Chabpxamto A[i]. C npyru aymu, Parts|i]
€ HOMEPBT Ha paHUIIATa, B KOSATO € CIOXeH mpeaMeT Ne i, u TpsOBa 1a € 110 YHUCII0
ot 1 1o K Bxi. IlpemnoxeHo pemeHue MoXe J1a ce MpOBEpU HAIIPUMEP TaKa:

CheckManyKnapsacks (
A[l...n], Parts[l...n]: arrays of positive integers;
K, C: positive integers)

1) if K > n

2) return false

3) W[l...K]: array of positive integers // total weights
4) for p < 1 to K do

5) Wlp] « 0

6) for i « 1 to n do

7) p <« Parts[i]

8) if p > K

9) return false

10) Wlp] <« wlp] + A[i]
11) if Wwip] > C

12) return false

13) for p « 1 to K do

14) if wip] =0

15) return false

16) return true

C pen Ne 8 mpoBepsiBame nayiv cepTU(DUKATHT ChAbPKA HEBAIMIHU CTOMHOCTH;
aKo € Taka, ¢ peq Ne 9 ob6siBsaBame ceptudukaTa 3a HeBaauaeH. B pegose Ne 6 — Ne 10
HaTpynBaMe ChOMpaeMuTe B ChOTBETHHUS cOOp (mpeamer Ne i otuBa B panuna Ne p),
clIeJl KaTo MPEABApUTEIIHO CME HYyJIHpalin BCHYKH cOopoBe (pemoBe Ne 4 — Ne 5).
C pen Ne 11 npoBepsiBame J1aiu TETJIOTO HA PAHUIIATA, B KOSITO TOKY-IIO CM€ CJIOMKHUIIN
MpeaMeT, HaIXBBPJs KalnaluuTeTa; ako € Taka, ¢ momoinra Ha pea Ne 12 oTxBbpIisiMe
MPEIOKEHOTO peleHne. AKO HaKpasi Cce OKa)ke, 4e MMa Ipa3Ha paHuIla, OTXBBHPIISIME
npeioxkenoro pemenue (pexose Ne 13 — Ne 15). B npoTuBeH ciyuaid mpeajioKeHOTO
pelIeHre U3IThIHSIBA BCHUKHA N3UCKBaHUS, 3aTOBa IO ipueMame (pex Ne 16).



Criopen; TOpHHUS aHAJIHW3 AJITOPUTHMBT 3a MPOBEPKAa Ha IMPEIIOKECHO PEIICHHUES
e xopekTeH u 0e3 pegoBe Ne 1 u No 2. Toii € KOpPEeKTeH U C TsX, 3amoTo mpu K > n
IIOHE €/THA PaHHWIIA € IIpa3Ha, a TOBa HE Ce JIONMyCcKa OT YCIIOBUETO Ha 3ajgavara. Toect
npu K > N e curypHo oTHampen, Y€ BBIPOCHT Ha 3amadata ManyKnapsacks
¥Ma OTIOBOP “He”, 3aTOBA € M3JIMIIHO JIa U3CJIeIBaMe MPEIJI0KEHOTO PEIICHHE.

Penoe Ne 1 u Ne 2 ca crnokenu ¢ men Obp3oxaerictBue. TpuTe mociie1oBaTeTHu
[UKBJIa UMaT BpeMmeBH cioxHoctd O (K) u ©(Nn), mopaau KoeTo BpeMETO Ha IS
anroputbM ¢ O (K +n) B Hali-momms ciaydail — KOTaTO MPEJIOKEHOTO PEIICHHE
¢ BapHo. Ako K e MHOro mo-royiiMo ot N, BpemeBata ciaoxknoct (K +n) = 0 (K)

¢ mcepnoiuHeitHa, 3amoTo K e CTOHHOCT, a He Ib/DKMHA Ha BXoja. JIbDKHHATA
Ha yncinoto K (Opost Ha mudpure my) e log K, 3atoBa ©(K) e excroHeHImamHa

CIIOKHOCT. TOeCT anropuThbMBT 32 IPOBEPKA HA MPEUIOKEHO perieHne ou 6un 6aBeH
npu rossiMo K, ako ru Hsamaie pegoe Ne 1 u Ne 2. OGaue npu HaIMYMETO HA TE3U
JIBa pela M3BOJIUTE OT aHAJIM3a ce MPOMEHST Taka: nmpu K > N anroputrbmMbT paboTH
orpanudeHo Bpeme O (1), Twit kaTo n3nmmu3a ot pexn Ne 2; a mpu K < n ciiokHOCTTA MY

o Bpeme ¢ ®(K +n), HO cera ToBa He e mpobiem, Thit kato O (K +n) = O(n).

OKOH‘-I&TGJIHO, AJI'OPUTBMBT 3a IIPOBCPKA HA IIPCAIOKCHO PCHICHUC IIPHUTCKABA
HI/IHeﬁHa, CICA0BATCIHO ITOJIMHOMHATIHA BPCMCBA CJIOKHOCT: @(n) . 3aToBa 3aJgadarta

ManyKnapsacks e ot NP.

[Ilom 3amauata ManyKnapsacks e ot NP u e NP-tpyana, to s € NP-mbiHa.



3agaua 3. Ille nokaxeMm, ye NonEmpt yRows € NP—prz[Ha 3ajJada, ¢ ImoMolImTa Ha
NOJIMHOMHMAJIHA PEAYKLIMS: DominatingSet o NonEmptyRows, KBACTO
DominatingSet € 3ajgayara 3a pas3lo3HABAHE JAJIi HEOPUECHTHUPAH HETETJIOBCH
rpap G mma JOMHHHpANIO MHOXECTBO ¢ He moBeue oT K Bbpxa (MHOXecTBO D,
TaKOBa Y€ BCEKH BPBHX, KOUTO HE € oT D, e cBbp3aH upe3 pedpo ¢ HIKoW BpbX OT D).
OnucaHue Ha pEeayKIUATA:
DominatingSet ( G: HeopmeHTUpPaH HeTeIJIOBeH Tpad C N BBPXA;
K: LAJ0 IOJIOXMTEJHO YMUCJIIO)
All...n][1...n] <« maTpmuara Ha cwcercTeaTa Ha G
for i <~ 1 to n do
Ali][i] « 1
return NonEmptyRows (A[1...n][1...n], K)

)
)
)
)

1
2
3
4

HOK&S&TGHCTBOTO 3d KOPCKTHOCT Ha pCAYKIUATA CC CbCTOU OT ABC YaCTHU!

— Ilapamerpute A u K, c xouto nzBukBame pyHKusITa NonEmpt yRows,
uMat gomyctumu croiHoctu: K e msuio yucno, K > 0, a marpunara A e
JBOMYHA, 3aIII0TO MEK/Ty BCEKH JIBa BbpXa Ha rpad Wim uMa pedpo, WK HIMa.

— O@yHkuugaTa DominatingSet Bpblua npasuieH pesyarar. HanctuHa,

¢yrkuaTa DominatingSet (G, K) Bpblua CTOMHOCT “UcTHHA”
U (or pen Ne 4 Ha anropursma)
GyrkiuaTa NonEmptyRows (A, K) Bpblla CTOMHOCT “UCTHHA”

II (OT OIIPEZICIICHUETO Ha 3aJ1a4aTa NonEmptyRows)
cpimectByBar K cThiaba Ha marpurata A, TakuBa dYe MojaMarpuliaTa, oopazyBaHa
or te3u K crbnba v BcuukuTe N pena Ha A, ChIbpika €IMHUIIA BEB BCEKU CBOU pell
U (or penose Ne 2 u Ne 3 ma anropurbma: A[i][i] =1 3a Besko i)
cpimectByBar K cThiaba Ha marpuriata A, TakuBa dYe MoaMarpuiiaTa, oopazyBaHa
or te3u K crbiba u apyrute N — K pena Ha A, chabpka €IMHUIIA BbB BCEKU CBOM pejl
(“mpyrute N — K pena” ca peloBeTe ¢ pa3IMuHUA HOMepa OT u3dpanute K cThi0a)
0 (ot pex Ne 1 Ha anropursMma)
cbiiectByBar K Bbpxa Ha rpadga G, TakuBa ue Bceku OT npyrute N— K Bbpxa
€ CBBp3aH upe3 pebpo ¢ HAkoW oT Te3m K Bbpxa
§ (oT onpeneneHneTo Ha JOMHUHUPAIIO MHOKECTBO)
G chabppka TOMUHUPAIIIO MHOKECTBO ¢ HE TToBede oT K BBpxa.

U Toii, pyrkimara DominatingSet (G, K) Bpblna CTOMHOCT “UcTHHA” <
rpadppr G CchABpkKa NOMHUHMPAIO MHOXKECTBO ¢ He mosede or K Bbpxa. Tosa
CBHBIIJIa C BBIPOCA HAa 3ajadata DominatingSet, T.e. peAyKuusTa € KOPEKTHA.



bwvp3una Ha penykuusara: Penykiusita ce cbeton oT pemoBe Ne 1, No 2 u No 3
Ha Qynkuuara DominatingSet. Peg Ne 1 u3uckBa kBagpaTudHO BpeMe: ®(n2),

a MUKBJIBT Ha penoBe Ne 2 u Ne 3 — nuneiHo Bpeme O (n). ITopagu ToBa 00HIOTO
BpEME Ha peIyKIHsITa € @(nz). To e KBapaTUYHO, 3HAYM MOJMHOMHUAIHO, TOECT
PEaYKIMATA € JOCTaThuHO OBp3a.

JloTyk qoKazaxme, 4e airopuTMuyHara 3agaya NonEmptyRows e NP-tpyana.
OcraBa na nokaxem, ye T npuHamiexku Ha NP, Toect npenoxkeHo perieHue Moxe
na ObJie TPOBEPEHO 3a MOJIMHOMUAIIHO BpeMe. Penienne Moxke fa 0bjie mpeasioxkeHo
camo mpu OTroBop “ma” — korato A cbabpka noaxomsanu K creinbda. Ceprudukar
MOJKe J1a ObJIe MHOXKECTBOTO OT MHACKCUTE MM (CIHMCHK WM Joruuecku macus C).

[TpoBepkara Ha MPEATOKEHOTO PEIICHUE MOXKE [Ia CE M3BBPIIH HAIPUMED TaKa:
CheckNonEmptyRows (A[1...n][1...n], K, C[1...n])
1) cnt « O

2) for j « 1 to n do

3) if c[j]

4) cnt < cnt + 1

5) if cnt # K

6) return false

7) for i <« 1 to n do

8) hasl <« false

9) for j <« 1 to n do

10) if c[j]and 2[i][5] =1

11) hasl « true // A uma enmuHuua B pexnm N i
12) if not hasl

13) return false // A HaMa enuHmUlla B pen N i
14) return true

C penoBe Ne 1 — Ne 6 mpoBepsiBame 1aiiv MPEI0KEHUTE CTHIOOBE ca TOUHO K.
C penoe Ne 7 — Ne 13 mpoBepsiBame Janu MoaMarpuiiata, ooOpasyBaHa OT

npemtoxxernTe K cToiida, Chabpika €IMHUIIA BbB BCEKH CBOU pell. AKO HAKOE

OT TE3H JIBC M3UCKBAHUS HE € CITa3eHO, OTXBBPJISIME MPEII0KEHOTO PEIICHUE

(penoBe Ne 6 u Ne 13). B npoTuBeH city4yail peyIo’)KEHOTO PEIICHUE OTTOBAPS
Ha BCHMYKHU M3UCKBaHMUsI, 3aT0Ba ro npuemame (pex Ne 14).

Ananu3 Ha Obp3ozaeiicTBueTo: [lopanu nBara BIOKEHH IUKBJIA TPpOBEpKaTa
o 2
Ha cepTu(dUKaTa U3MCKBA BpEME, KOETO € Hall-MHOT'O KBaJ[paTUYHO: O(n ) ,

CJI€JIOBATEIHO MTOJMHOMHUAIHO. 3aTOBa 3ajjadata NonEmpt yRows € OT NP.



3apaua 4. Ille nokaxkem, ye SumMatrix e NP-TpymHa 3amada, ¢ momoIlnra Ha

IIOJIMHOMHAIHA peAayKmusa: SubsetSum o SumMatrix, KbpaeTo SubsetSum
€ 3aJauaTa 3a pas3lO3HABaHE JaIM JAJICHO ISUI0 HEOTPUIATEIIHO YUCIO S MOXKe
na ce oOpa3yBa Karo cOOp OT HSAKOM eleMeHTH Ha jaaneH macuB A[l..Nn] ot nemwn
IIOJIOKUTEIIHUA YHCIIa.

Onucanue Ha PeAYKITUATA:
SubsetSum (A[1...n], S)
1) B[1l...n][1...2]: array of non-negative integers // m = 2

2 for k < 1 to n do

Blk][1] « Alk]
B[k][2] « O
return SumMatrix (B[1...n][1...2], S)

)
)
)
)

HOK&S&TGHCTBOTO 3d KOPCKTHOCT Ha pCAYKIUATA CC CbCTOU OT ABC YaCTHU!

— Ilapamerpute B u S, ¢ xouto m3BukBame ¢pyHKuusITa SumMatrix,
UMaT JOMYCTHMH CTOWHOCTH: S € 110 4yucio, S > 0, a marpumara B
CE€ CbCTOU OT II€JIM HEOTPULIATEITHU YHCIIA.

— ®ynknuara SubsetSum Bpbla NpaBuieH pesynrar. Haucruna,
¢yukuusara SubsetSum (A, S) BpbIIA CTOWHOCT “UCTHHA”

U (ot pen Ne 5 na anropursma)
¢yukuuara SumMatrix (B, S) BpblIa CTOWHOCT “UCTHHA”

0 (OT ompemencHUETo Ha 3a1adaTa SumMatrix)
JUCIOTO S MO’Ke Ja ce oOpa3yBa KaTto cOop oT N yucna,
B3€TH IO €IHO OT BCEKHU peJl Ha MaTpuiara B
§ (ot pen Ne 4 na anropurbMa: HyJIeBUTE CHOMPAaEMH HE BIMSAT Ha cOOpa)

JUCIOTO S MOJKE Jla ce 00pa3yBa KaTto cOOp OT HAKOJIKO YHCIIa,
B3E€TH OT IIBPBUS CTHJIO HAa MaTpuiiata B

U (ot pen Ne 3 nHa anropursma)
4UCI0TO S MOXKe J1a ce 06pa3yBa KaTto cOOp OT HAKOJIKO €JIeMEHTa Ha MacuBa A.

U 1o, pyskuusara SubsetSum (A[1...n)], S) Bpblla CTOMHOCT “UCTUHA”

<> YUCI0TO S € cOOp OT HAKOJIKO ejleMeHTa Ha MacuBa A. ToBa TBbpICHHE ChBIAIA
C OIIPENCIIEHNETO Ha 3a7a4aTa SubsetSum, TOECT peayKLUusaTa € KOPEKTHA.

bbp3una Ha penykuusTa: Pemykuusita ce cberom oT pemoBete Ne 1 — Ne 4
Ha ¢QyHKIMATa SubsetSum. [{ukeasT usnckBa Bpeme O(N), KOETO € JUHEWHO,
CJICIOBATEITHO TOJMHOMHAIHO. ToBa 3HA4M, Ye PEAyKIHATa € JOCTaThYHO OBbp3a
3a [EINTE Ha JI0Ka3aTeJICTBOTO.



JloTyk pokazaxme, 4e anropuTMu4Hara 3amada SumMatrix e NP-tpymna.
OcTaBa na nokaxkem, ue Ts mpuHaiesku Ha NP, ToecT mpeiokeHo perieHne Moxe
1a ObJie MPOBEPEHO 3a MOJMHOMHUATHO BpeMe. Pemenne Mosxe 1a Obae mpeioKeHo
caMoO IpW OTroBop “ma”, T.e. Koraro Marpuiara B chabpika moaxoasmy N yucia.
Haii-ecrecTBeHO € cepTUHUKATHT Ja ObJIe MaCHB OT MHIEKCH Ha cThiiooBe C [1...n]:
C[i] e HoMepbT Ha CcTHIOA, OT KOHWTO € B3eTO ChOMpaemMoTO B I-THS pen Ha B.

ITpoBepkara Ha MPEAIOKEHOTO PEIIEHUE MOXKE [1a CE U3BBPLIM HAPUMED TaKa:

CheckSumMatrix (B[1l...n][1...m]: non-negative integers
S: non-negative integer;
C[l...n]: array of positive integers)

1) sum « O

2) for i « 1 to n do

3) j « Cc[i]

4) if § > m

5) return false

6) sum <« sum + B[i][7]

7) return (sum = S)

C pen Ne 4 npoBepsiBame 1ainu cepTUPHUKATHT ChIbPIKa HEBAIMJICH WHEKC Ha CTHIIO.
C nukbiia crOupame npeuioKeHuTe eneMeHTH Ha Matpuniata B. Hakpas (pen Ne 7)
MpoBepsIBaMe JaJlv Ce€ T0JIy4aBa >KeJIaHusaT coop S.

Ananu3 Ha Obp3ogeiicTBueTo: [lopanu nukbiIa mpoBepkara Ha cepTudukara
M3UCKBA BpEME, KOETO € Hall-MHOTO JIMHEWHO: O(n) , CJIEZIOBAaTEIHO MOJUHOMHAIHO.

3aroBa 3agayara SumMatrix e ot NP.

[Ilom 3amauata SumMatrix e ot NP u e NP-tpynna, To 151 € NP-mbiiHa.

CXEMA 3A TOYKYBAHE

Bcska 3amaua HOocH 25 TOYKH, pa3NpeiesICH IO CIEAHUS] HAUWH:
— 34 OIIMCAHMWE HA PEAYKLHUATA: 5 TOUKH;
— 34 JI0Ka3aTeJICTBO Ha KOPEKTHOCTTA HA PEAYKLIHATA: 5 TOUKH;
— 32 aHaJIM3 Ha OBbP30JEHCTBUETO HA PEAYKIUATA: 5 TOUKH;
— 34 ChCTAaBSAHE HA AITOPUTHM C OJMHOMHUAIHA CIIOKHOCT
3a MpOBEpKa Ha MPEIJIOKEHO pelleHre (cepTudukar): 5 TOUKH;
— 3a aHaju3 Ha OBP30JIeHCTBUETO HA AITOPUTHMA 32 IPOBEPKA: 5 TOUKHU.

Toect 15 Touku ca 3a qoka3BaHe, ye aNropuTMuyHara 3ajaada € NP-tpyaHa,
a 10 Touku ce JaBar 3a I0Ka3aTEJICTBO, Y€ TS MpUHAIEKH Ha Kitaca NP.



