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Chapter 1

1D Finite elements�Introduction

1.1 Piecewise polynomials in a single variable. In-

terpolation, L2-projection, a priori error esti-

mates.

In FEM, we look for the best approximation of a certain kind (piecewise polynomial)
to the solution of a given di�erential problem. Before we consider this question, let
us discuss the approximation of a given function that is known. The ideas that we
shall study are fundamental for FEM and we shall meet them repeatedly during the
course.

There exist two main ideas�interpolation and �nding the best approxima-
tion with respect to a given norm. We shall discuss them consequently, since
they are both important for what follows.

The functions that we shall use for approximation in the present course will
be piecewise linear polynomials. On one hand, they are simple enough, so that
we can work with them easily. On the other hand, they are su�ciently �exible to
approximate functions with complex behaviour.

Let us formulate the following very general problem

Given the function u ∈ V , �nd the function uh ∈ Vh, a piecewise poly-
nomial, that is �close� to u.

Let for the time being think of the function u as su�ciently smooth (e.g., in-
�nitely di�erentiable, V ≡ C∞[a, b]). We shall specify this question later. The
formulated problem is fundamental for the approximation theory. We want to ap-
proximate a given (in some sense, complex) function u from the in�nite-dimensional
space V with something simpler, in an appropriately chosen �nite-dimensional sub-
space Vh ⊂ V . The bene�t of working in a �nite-dimensional space is that we know
the form of all functions in it. They can be represented as

∑n
i=0 aiϕi(x), where

{ϕ0(x), . . . , ϕn(x)} form a given basis of the space. In other words, every function
can be de�ned by choosing n+ 1 numbers a0, . . . , an and the question for �nding a
speci�c function is reduced to �nding (a0, . . . , an) ∈ Rn+1. Taking into account the
latter, we �rst need to clear out the structure of Vh and choose an appropriate basis
to work with.

We shall present the ideas, using the space of piecewise-linear functions. All the
ideas can be easily generalized for higher-degree polynomials.
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1.1.1 The space of linear polynomials P1. Interpolation.

In order to discuss the usage of piecewise-linear functions, let us �rst consider the
space of linear polynomials

P1 := {p(x) = a0 + a1x : (a0, a1) ∈ R2}.

The simplest basis of P1 is {1, x}. Nevertheless, it is not always the most con-
venient one. As we know, every line can be uniquely determined by two arbitrary
points. Let us, e.g., choose the points (x0, q0) and (x1, q1). The polynoimal, passing
through those points satis�es the linear algebraic system

p(x0) = a0 + a1x0 = q0,

p(x1) = a0 + a1x1 = q1

or, written in a vector-matrix form,[
1 x0

1 x1

] [
a0

a1

]
=

[
q0

q1

]
.

The latter system has a Vandermonde matrix, which is well known to have poor
properties in numerical computations, especially for higher dimensions. It would be
much more convenient if we chose the basis {ϕ0(x), ϕ1(x)}, such that the system[

ϕ0(x0) ϕ1(x0)
ϕ0(x1) ϕ1(x1)

] [
a0

a1

]
=

[
q0

q1

]
had a diagonal matrix. This gives us the reason to choose the basis functions ϕi(x),
i = 0, 1 in such a way that

ϕi(xj) =

{
1, i = j,

0, i 6= j.

We shall call such a basis an interpolation or nodal basis. In this particular case,
the nodal basis is given with the Lagrange basis polynomials:

ϕ0(x) =
x− x1

x0 − x1

, ϕ1(x) =
x− x0

x1 − x0

.

The graphs of the basis functions have the following form:

Φ1Φ0

x0 x1
0.0

0.2

0.4

0.6

0.8

1.0
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Then, if we have a function u(x), which is given, we obtain

uI(x) = u(x0)ϕ0(x) + u(x1)ϕ1(x).

uI

u

x0 x1

uHx0L

uHx1L

1.1.2 The space of piecewise-linear polynomials Vh. Interpo-

lation.

It is clear, however, that if want to approximate a given function with complex
behaviour over a large interval, this cannot be achieved using a linear function.

A standard idea in numerical analysis is to divide the interval into subintervals
and approximate in each subinterval individually, e.g.:

x1 x2 x3

This leads us to consider the space of piecewise-polynomials (in this case, linear).
Let us have the nodes x0 < x1 < · · · < xn chosen and let hi := xi − xi−1, Ii :=
[xi−1, xi], i = 1, n. We shall call the subintervals Ii elements. We de�ne

Vh := {p(x) ∈ C[a, b] : p(x) ∈ P1 for x ∈ Ii, i ∈ 1, n}.

The nodal basis of this functional space must look as follows:
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ΦnΦn-1Φ2Φ1Φ0

x1 x2 x3 xn-2 xn-1 xn
x

0.2

0.4

0.6

0.8

1.0

Φ

Those are the so called �hat�-functions. We can analytically de�ne them as

ϕi(x) =



x− xi−1

xi − xi−1

, x ∈ Ii,

xi+1 − x
xi+1 − xi

, x ∈ Ii+1,

0, otherwise.

(1.1)

Obviously, this de�nition should be trivially modi�ed for the �rst and the last basis
functions.

A very important property of the functions ϕi(x) is that they have a �nite
support, i.e. they have non-zero values only over two elements:

supp ϕi(x) = [xi−1, xi] ∪ [xi, xi+1], i = 1, n− 1,

except for the �rst and the last basis function, whose support is the �rst and the
last element, correspondingly.

Thus, the interpolant of the function u(x) at the nodes x0, . . . , xn is

uI(x) =
n∑
i=0

u(xi)ϕi(x).

1.1.3 A priori error estimates for interpolation with functions

from P1

One of the main questions that we shall deal with in this course, is about obtaining
a priori error estimates for a given approximation. One of the norms, most widely
used for estimating the error, is the L2-norm. It gives an idea of the �average
magnitude� of a given function:

‖v‖L2(I) =

(∫
I

v2dx

)1/2

.

We shall prove the following estimates
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Proposition 1. The interpolant uI ∈ P1 for the function u in the interval I = [a, b]
satis�es

‖u− uI‖L2(I) ≤ Ch2‖u′′‖L2(I),

‖u′ − u′I‖L2(I) ≤ Ch‖u′′‖L2(I)

for �xed constants C and h := b− a.

Proof. Let us denote the error by

e(x) := u(x)− uI(x).

We want to estimate the L2(I)-norm of the error, i.e√∫
I

e2(x)dx.

For this purpose, we shall �rstly estimate the error at an arbitrary point x. We
have

e(x) = e(x0) +

∫ x

x0

e′(x)dx

=

∫ x

x0

e′(x)dx

≤
(∫ x

x0

1dx

)1/2(∫ x

x0

e′2(x)dx

)1/2

(Schwarz inequality)

=
√
x− x0

(∫ x

x0

e′2(x)dx

)1/2

≤
√
h

(∫ xn

x0

e′2(x)dx

)1/2

=
√
h‖e′‖L2(I).

Therefore,
e2(x) ≤ h‖e′‖2

L2(I).

Integrating both sides of the latter inequality, we obtain

‖e‖2
L2(I) ≤ h2‖e′‖2

L2(I),

i.e.
‖e‖L2(I) ≤ h‖e′‖L2(I).

We similarly derive
‖e′‖L2(I) ≤ h‖e′′‖L2(I).

The di�erence lies in the fact that the equality e′(x0) = 0 does not hold. Using the
Rolle's Theorem, however, we know that there exists a point ξ ∈ (x0, x1), such that
e′(ξ) = 0. Then, we can write

e′(x) =

∫ x

ξ

e′′dx̃

and proceed as we did above.
Using the fact that e′′ = u′′ − u′′I = u′′, we conclude the proof.
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Remark 1. We have proved the estimates for C = 1. Nevertheless, we leave the
constant C, since this is the general form of the estimates we shall obtain.

Remark 2. Let us note the important fact that the error estimate for ‖u−uI‖L2(I)

is of an order, higher with one than the estimate for the derivative of the error.

1.1.4 A priori error estimate for interpolation with functions

from Vh

As we shall repeatedly see during the course, working with piecewise polynomials
can be reduced directly to working with polynomials in each of the subintervals.

Proposition 2. The interpolant uI ∈ Vh satis�es

‖u− uI‖L2(I) ≤ Ch2‖u′′‖L2(I),

‖u′ − u′I‖L2(I) ≤ Ch‖u′′‖L2(I)

for given constants C and h := maxhi.

Proof. Obtaining the estimates is straightforward by examining the error over each
subinterval and applying the previous proposition. We consecutively obtain

‖u− ui‖2
L2(I) =

n∑
i=1

‖u− ui‖2
L2(Ii)

≤
n∑
i=1

Cih
4
i ‖u′′‖2

L2(Ii)

≤ Ch4

n∑
i=1

‖u′′‖2
L2(Ii)

= Ch4‖u′′‖2
L2(I),

where C := maxi=1,nCi, h := maxi=1,n hi.
By taking square roots of both sides, we obtain the �rst inequality in the propo-

sition. Analogously, we obtain the second one.

Remark 3. In order to derive the estimate, we have used the crucial fact that we
can compute the square of the L2-norm over I as the sum of the squares of the
L2-norms over all elements. We speci�cally note this fact, since we will be using it
often.

1.1.5 L2-projection

As we shall see, the interpolation theory is fundamental in the theory of FEM.
The idea of FEM itself, however, is much more related to the other main approach
to approximating functions�looking for the best approximation with respect to a
given norm. In particular, in this section, we shall be interested in obtaining the best
approximation with respect to the L2-norm since it can be computed algorithmically.
We, therefore, formulate the following problem:
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Given the function u ∈ L2(I), �nd uh ∈ Vh, such that

‖u− uh‖L2(I) → min
uh∈Vh

.

Let us remind that the space L2(I) is de�ned as

L2(I) :=

{
u :

∫
I

u2dx <∞
}

and is equipped with the norm

‖u‖2
L2(I) :=

∫
I

u2dx.

A crucial fact about the space L2(I) is that we can de�ne the L2-norm via the scalar
product

(u, v) :=

∫
I

uvdx,

i.e. ‖u‖2
L2(I) := (u, u).

The advantage of having a scalar product, de�ned in the space, is
that it introduces geometry. In particular, we can de�ne the notions of
angles, orthogonality, and projections. Using this fact, we can approach the
question of �nding the best approximation in the following way.

The natural �candidate� for being the best approximation of u from Vh is the
orthogonal projection of u, i.e. the function uh ∈ Vh, such that

u− uh ⊥ v, ∀v ∈ Vh,

or, which is the same,
(u− uh, v) = 0, ∀v ∈ Vh. (1.2)

u

uh ∈ VhVh

u- uh
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Best approximation result. A priori error estimate.

Before we proceed with giving an algorithm for computing uh, we shall �rst prove
that this is indeed the best approximation and derive an a priori error estimate.

Proposition 3 (Best approximation result). The orthogonal projection uh is the
best approximation of u from Vh with respect to the L2(I)-norm, i.e.

‖u− uh‖L2(I) ≤ ‖u− v‖L2(I), ∀v ∈ Vh. (1.3)

Proof. We have

‖u− uh‖2
L2(I) =

∫
I

(u− v + v − uh)(u− uh)dx =

∫
I

(u− v)(u− uh)dx.

In the latter equality, we have used the fact that v−uh ∈ Vh and u−uh ⊥ Vh. Now,
we apply the Schwarz inequality and obtain

‖u− uh‖2
L2(I) ≤ ‖u− v‖L2(I)‖u− uh‖L2(I).

Dividing both sides to ‖u− uh‖L2(I), we obtain the proposition.

Using the latter proposition, we can easily obtain an a priori error estimate for
the L2-projection.

Proposition 4. For the L2-projection uh, the following error estimates hold:

‖u− uh‖L2(I) ≤ Ch2‖u′′‖L2(I),

‖u′ − u′h‖L2(I) ≤ Ch‖u′′‖L2(I).

Proof. The estimate (1.3) holds true for every v ∈ Vh. We can, therefore, use it
with v ≡ uI , for which we already have an error estimate. We obtain

‖u− uh‖L2(I) ≤ ‖u− uI‖L2(I) ≤ Ch2‖u′′‖L2(I).

Analogously, we obtain the estimate for the derivative of the error.

Remark 4. The orthogonality and the best approximation result (and, thus, a
priori error estimate) are closely related. We shall prove that the approximation
obtained with FEM is �the orthogonal projection� of the unknown function in Vh.
We will obtain analogous results to the ones in the present section, but they will be
with respect to the so-called energy norm or, more generally, H1-norm. Therefore,
the �natural� a priori error estimates will be with respect to those norms.

Remark 5. In order to use the best approximation result for obtaining a priori error
estimates, in general, we shall need error estimates from the theory of interpolation.
We shall later formulate, prove, and use a result (the Bramble�Hilbert lemma) that
is much more general than the a priori error estimates for 1D linear interpolation
that we derived in the previous subsection.
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Computing uh

We are now ready to develop an algorithm for computing uh. The problem (1.2) is
equivalent to the problem for �nding uh ∈ Vh, such that

(uh, v) = (u, v), ∀v ∈ Vh.

Using the fact that we work in a �nite-dimensional space, the latter will be satis�ed
if

(uh, ϕi) = (u, ϕi), i = 0, n.

Taking into account that we know the form of uh =
∑n

j=0 qjϕj(x), where ϕj(x)
are the hat-functions, and the linearity of the scalar product, we �nally obtain the
following linear algebraic systems for the unknown coe�cients:

n∑
j=0

qj(ϕj, ϕi) = (u, ϕi), i = 0, n

or, written in a vector-matrix form, (ϕ0, ϕ0) (ϕ0, ϕ1) · · · (ϕn, ϕ0)
...

...
. . .

...
(ϕ0, ϕn) (ϕ1, ϕn) · · · (ϕn, ϕn)


 q0

...
qn

 =

 (u, ϕ0)
...

(u, ϕn)

 . (1.4)

This is, actually, the most general form of the system that would be
obtained when we look for the orthogonal projection of a given function
u in the subspace, spanned by ϕ0, . . . , ϕn, with respect to a scalar product, de�ned
in the space. In our particular case, i.e. looking for the L2-projection in Vh, we
obtain


∫
I
ϕ2

0dx
∫
I
ϕ1ϕ0dx · · ·

∫
I
ϕnϕ0dx

...
...

. . .
...∫

I
ϕ0ϕndx

∫
I
ϕ1ϕndx · · ·

∫
I
ϕ2
ndx


 q0

...
qn

 =


∫
I
uϕ0dx
...∫

I
uϕndx

 .
For short, we write the system as

Mq = b,

where M is the so called global mass matrix and b is the global load vector.
Therefore, in order to compute the unknown coe�cients, we need to assemble

the matrix M and the vector b and solve the system. We shall use the fact that the
basis functions of Vh have �nite support, in order to compute M and b e�ciently.
Since ϕi has non-zero values only over Ii and Ii+1 it makes sense to write M as a
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sum of matrices, containing integrals over each element individually, i.e.

M =
n∑
i=1


∫
Ii
ϕ2

0dx
∫
Ii
ϕ1ϕ0dx · · ·

∫
Ii
ϕnϕ0dx

...
...

. . .
...∫

Ii
ϕ0ϕndx

∫
Ii
ϕ1ϕndx · · ·

∫
Ii
ϕ2
ndx



=



∫
I0
ϕ2

0dx
∫
I0
ϕ1ϕ0dx 0 · · · 0 0∫

I0
ϕ0ϕ1dx

∫
I0
ϕ2

1dx 0 · · · 0 0

0 0 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 0 0
0 0 0 · · · 0 0


+



0 0 0 · · · 0 0
0

∫
I1
ϕ2

1dx
∫
I1
ϕ1ϕ2dx · · · 0 0

0
∫
I1
ϕ2ϕ1dx

∫
I1
ϕ2

2dx · · · 0 0

...
...

...
. . .

...
...

0 0 0 · · · 0 0
0 0 0 · · · 0 0



+ · · ·+



0 0 0 · · · 0 0
0 0 0 · · · 0 0
0 0 0 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · ·

∫
In
ϕ2
n−1dx

∫
In
ϕn−1ϕndx

0 0 0 · · ·
∫
In
ϕnϕn−1dx

∫
In
ϕ2
ndx


.

Of course, in practice, it would be absolutely impractical to store all those matrices
in the sum, having most of their elements equal to zero. Thus, we only compute
the 2× 2 non-zero blocks and put them �at the correct places� in M . This process
is called assembling the global mass matrix.

The element mass 2× 2 matrices can be de�ned as follows:

mi =

[ ∫
Ii
ϕ2
i−1dx

∫
Ii
ϕi−1ϕidx∫

Ii
ϕiϕi−1dx

∫
Ii
ϕ2
i dx

]
=
hi
6

[
2 1
1 2

]
.

The last equality can be easily shown and we leave it as an exercise. We shall com-
pute particular element mass matrices, when we discuss the solution of di�erential
equations with FEM.

We can proceed analogously for the load vector b, by introducing

bi =

[ ∫
Ii
ϕi−1udx∫
Ii
ϕiudx

]
.

We formulate the following general algorithm for obtaining the best approxima-
tion of a given function u ∈ L2(I) with respect to the L2-norm.

13



ALGORITHM (COMPUTING L2-PROJECTION):

1. Discretize the interval I by introducing the mesh x0 < x1 < · · · < xn, Ii :=
[xi−1, xi], hi := xi − xi−1.

2. De�ne the nodal basis ϕi(x), i = 0, n, the hat-functions.

3. Implement functions, computing the element mass matrices, Mi, and element
load vectors, bi.

4. Assemble the global mass matrix M and load vector b.

5. Solve the linear algebraic system Mq = b.

6. Using the solution q, obtain

uh =
n∑
i=0

qiϕi(x).

Let us remark that qi = uh(xi) are exactly the values of uh at the nodes.

q0

q1
q2

qn

uh

x0 x1 x2 ... ... xn

In order to get further intuition about what we have discussed so far,
before you proceed, see the worked-out examples in Section 1 of the notes
from the exercise classes.
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1.2 FEM for 1D problems with homogeneous Dirich-

let boundary conditions. Variational formula-

tion. Ritz�Galerkin method. A priori error

estimate in energy norm. Discretization and

derivation of a linear algebraic system. Gen-

eral boundary conditions.

1.2.1 General idea of the method.

We are now ready to apply the ideas, introduced in the previous section, to solving
di�erential equations. We shall present the ideas over a simple example. We consider
the di�erential problem

− u′′(x) = f, x ∈ (0, L),

u(0) = u(L) = 0,
(D)

where f ∈ L2(I) is a given function, I := [0, L]. Stated otherwise, we are looking
for a function u from the space

D = {v ∈ C2(0, L) ∩ C[0, L] : v(0) = v(L) = 0}

that satis�es the di�erential equation. We shall call such a function a strong
solution or a classical solution of the di�erential problem (D).

Our approach will be to obtain an integral problem that has the same solution,
since working with integrals has certain bene�ts in complex geometries, discretized
by using arbitrarily-shaped objects (e.g., triangles). In those cases the classical
�nite-di�erence methods have serious drawbacks. On the other hand,
it makes no di�erence whether we compute an integral over rectangles
(from a rectangular mesh), or over other domains. We can accomplish this
by using the idea we had for the L2-projection. That is, we shall require that the
error (i.e., the di�erence between the left-hand side and the right-hand side in the
di�erential equation, −u′′ − f) be orthogonal to �every v�. We realize this idea in
the following way.

Let us take an arbitrary function v that we shall call a test function and take
the scalar products of both sides of the di�erential equation with v. We obtain

(−u′′, v) = (f, v)

or, which is the same, ∫
I

−u′′vdx =

∫
I

fvdx.

Let us consider the integral on the left-hand side in the latter equation and use
integration by parts, in order to accomplish two things:

• make the left-hand side �more symmetric�;

• decrease the order of the derivatives in the equation and, thus, relax the
requirements on the admissible functions u.
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Thus, for the left hand-side we obtain∫
I

−u′′vdx =

∫
I

u′v′dx− u′(1)v(1) + u′(0)v(0).

In order to simplify the expression further, we require that the test functions also
satisfy the boundary conditions, i.e. v(0) = v(1) = 0. This leads to a very useful
simpli�cation, but is also perfectly natural to have the test functions v and the
unknown function u be from the same space (and, thus, satisfy the same require-
ments).

We have, thus, obtained the following integral problem that we shall refer to as
the variational form or the weak form:

Find u ∈ V , such that
a(u, v) = F (v), ∀v ∈ V, (V)

where the bilinear form a(u, v) and the linear functional F (v) are de�ned as follows:

a(u, v) =

∫
I

u′v′dx, F (v) =

∫
I

fvdx.

We shall de�ne the space V to be the largest functional space, for which this problem
makes sense, i.e.

V =

{
v : v′ exists (in a weak sense),

∫
I

v2 <∞,
∫
I

v′2 <∞, v(0) = v(L) = 0

}
=: H1

0 .

Remark 6. Before we proceed, we need to make a couple of remarks:

• The space H1
0 is an example of a Sobolev space. We shall discuss this question

in much more detail later in the course. In particular, we shall introduce the
notion of a weak (generalized) derivative;

• We have explicitly required that the functions in this space satisfy the Dirichlet
boundary conditions, because we have used this fact in order to obtain the
variational formulation. This is a very subtle moment and we shall have a
special lecture on the subject;

• Obviously the space V ≡ H1
0 is �larger� than D. On one hand, this is good�if

(D) has a solution, it is contained in H1
0 and is, thus, a solution of (V). On

the other hand, the problem (V) in general is not equivalent to (D). However,
we shall prove under certain conditions that the problem (V) has a unique
solution. Thus, if (D) has a solution, the two problems are indeed equivalent.
Otherwise, the solution of (V) will be called a weak solution;

• In the variational formulation (V), we require that the unknown function u
and the test functions v are from the same space V ≡ H1

0 (Galerkin method).
This seems the natural thing to do and we also used it as a justi�cation for
imposing the conditions v(0) = v(1) = 0 on the test functions. This, however,
is not necessarily the case always. When the two spaces are di�erent, we have
the so called Petrov�Galerkin method. For the time being, we shall only be
interested in the Galerkin method, i.e. the two spaces being equal.
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Unfortunately, we cannot solve the problem (V), in general. Therefore, we shall
look for an approximate solution in a �nite-dimensional subspace of H1

0 (a problem
that can be solved). In particular, we shall look for a piecewise-linear function
with zero values on the boundaries, i.e. we shall solve the so-called Ritz�Galerkin
problem:

Find uh ∈ Vh,0 ⊂ H1
0 , such that

a(uh, v) = F (v), ∀v ∈ Vh,0, (R.�G.)

where
Vh,0 := {v ∈ Vh : v(0) = v(L) = 0} = span(ϕ1, . . . , ϕn−1).

Taking into account that we work in the �nite-dimensional space Vh,0, it is su�cient
to satisfy

a(uh, ϕj) = F (ϕj), j = 1, n− 1.

Further, using the form of the approximate solution, uh(x) =
∑n−1

i=1 qiϕi(x), we
obtain the following linear algebraic system for the coe�cients qi: a(ϕ1, ϕ1) a(ϕ1, ϕ2) · · · a(ϕ1, ϕn−1)

...
...

. . .
...

a(ϕ1, ϕn−1) a(ϕ2, ϕn−1) · · · a(ϕn−1, ϕn−1)


 q1

...
qn−1

 =

 (f, ϕ1)
...

(f, ϕn−1)

 .
(1.5)

We shall write the latter system compactly as

Mq = f,

where M is the so-called sti�ness matrix

M =


∫
I
ϕ′21 dx · · ·

∫
I
ϕ′1ϕ

′
n−1dx

...
. . .

...∫
I
ϕ′1ϕ

′
n−1dx · · ·

∫
I
ϕ′2n−1dx

 .
Solving the system with respect to q, we obtain the desired approximate solution.

Before you proceed, see the worked-out examples in Section 2 of the
notes from the exercise classes.

1.2.2 A priori error estimate in energy norm

In order to use the idea of substituting the problem (V) with the problem (R.�G.),
we need to prove that this method is convergent, i.e. uh → u as h → 0. This is
directly related to obtaining a priori error estimates for u− uh.

If we compare (1.5) to (1.4), we can note that the two are very much alike.
Actually, since the bilinear form a(·, ·) is symmetric and positive-de�nite, we can
de�ne the following scalar product and corresponding norm:

< u, v >E:= a(u, v) =

∫
I

u′v′dx, ‖u‖2
E := a(u, u) =

∫
I

u′2dx.

They are called energy scalar product and energy norm, respectively. Then, the
matrix of the system (1.5) is a Gram matrix with respect to the energy scalar
product. Two consequences follow:
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• The Ritz�Galerkin problem has a unique solution;

• One can prove an orthogonality result and a best approximation result (with
respect to the energy norm), from which an a priori error estimate and con-
vergence follow.

Remark 7. In general, the bilinear form needs not be symmetric and it does not
de�ne a scalar product. We shall discuss the more general case later in the course.

Proposition 5 (Galerkin orthogonality). The �nite element approximation uh sat-
is�es

a(u− uh, v), ∀v ∈ Vh,0.

Proof. For the solution u of the variational problem (V), we have

a(u, v) = F (v), ∀v ∈ H1
0 ⊃ Vh,0.

For the solution uh of the Ritz�Galerkin problem, we have

a(uh, v) = F (v), ∀v ∈ Vh,0.

Therefore, subtracting the latter two equations and using the linearity of a(·, ·), we
obtain

a(u− uh, v) = 0, ∀v ∈ Vh,0.

Remark 8. The obtained result is very general. It obviously holds true for every
bilinear form a(·, ·) and every functional F (·).

Remark 9. Since for our model problem the bilinear form a(·, ·) de�nes a scalar
product, we have proven that uh is the orthogonal projection of u in Vh,0 with respect
to the energy scalar product < ·, · >E:

< u− uh, v >E= 0, ∀v ∈ Vh,0.

In general, when the bilinear form is not symmetric, the Galerkin �orthogonality� is
not really a orthogonality with respect to some scalar product. This result, however,
will still allow us to obtain a priori error estimates.

Now, as before, the best approximation result follows directly:

Proposition 6 (Best approximation result). The �nite element solution uh is the
best approximation of u with respect to the energy norm, i.e.

‖u− uh‖E ≤ ‖u− v‖E, ∀v ∈ Vh,0.

Proof. We obtain consecutively

‖u− uh‖2 =

∫
I

(u− v + v − uh)′(u− uh)′dx

=

∫
I

(u− v)′(u− uh)′dx (Galerkin orthogonality)

≤ ‖u− v‖E‖u− uh‖E (Schwarz inequality).
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Proposition 7. We are now ready to derive an a priori error estimate. We have

‖u− uh‖E ≤ ‖u− uI‖E = ‖(u− uI)′‖L2 ≤ Ch‖u′′‖L2 .

Two questions immediately follow from this error estimate.

1. We have proven convergence for the derivatives, u′h → u′ as h → 0. Do we
have convergence for the approximate solution?

2. Can we prove second order convergence for uh → u in L2-norm that holds for
the L2-projection?

We can answer the �rst question a�rmatively, since u(0) = uh(0) = 0 and we
have convergence for the derivatives. therefore as h→ 0, the following hods:

uh(x) = uh(0) +

∫ x

0

u′hdx→ u(0) +

∫ x

0

u′dx = u(x).

Concerning the second question, it is not so trivial. We shall prove in a few
lectures that under certain conditions (but not in the most general case) second-
order convergence can be shown to hold in L2-norm.

1.2.3 FEM in 1D with more general boundary conditions

We shall now consider one more example, with which we shall illustrate the case of
Robin boundary conditions.

− (au′)′ = f, x ∈ (0, L),

au′(0) = κ0(u(0)− g0),

− au′(L) = κL(u(L)− gL),

(D)

where a(x) > 0 and f(x) are given function, κ0 > 0, κL > 0, g0, gL are given
constant parameters.

We derive the corresponding variational problem by multiplying both sides with
an arbitrary test function v and integrating over I := [0, L]. For the left-hand side,
lhs, using integration by parts, we obtain

lhs = −
∫
I

(au′)′vdx =

∫
au′v′dx− a(L)u′(L)v(L) + a(0)u′(0)v(0).

Here comes the di�erence with the case of Dirichlet boundary conditions. In this
case, we know something about u′ and, therefore, can include the boundary condi-
tions in the variational form. We obtain

lhs =

∫
I

au′v′dx+ κL(u(L)− gL)v(L) + κ0(u(0)− g0)v(0).

By leaving on the left-hand side only the terms that include the unknown function,
we obtain the following variational problem.

Find u ∈ H1, such that

a(u, v) = F (v), ∀v ∈ H1, (V)
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where

a(u, v) :=

∫
au′v′dx+ κLu(L)v(L) + κ0u(0)v(0),

F (v) :=

∫
I

fvdx+ g0v(0) + gLv(L).

Since in the derivation of the variational form, we didn't impose any explicit
conditions on the test functions v, we can work in the space H1. As we shall discuss
in more detail later in the course, the fact that we have included the boundary
conditions in the variational form means that the solution will automatically satisfy
them. Therefore, if we have Dirichlet boundary conditions, we impose them
in the functional space (e.g., we work in H1

0), but if we have Neumann or
Robin boundary conditions, we need not care about them and solve the
problem in H1.

Further, we approximate the variational problem (V) by searching an approx-
imate solution in the subspace Vh := span(ϕ0, . . . , ϕn). We obtain the following
problem.

Find uh ∈ Vh ⊂ H1, such that

a(uh, v) = F (v), ∀v ∈ Vh. (R.�G.)

Rewriting the latter as a linear algebraic system with respect to the unknown coef-
�cients in the representation uh =

∑n
i=0 qiϕi(x), we obtain

Mq = f,

where

Mij :=

∫
I

aϕ′iϕ
′
jdx+κLϕj(L)ϕi(L) + κ0ϕj(0)ϕi(0),

fi :=

∫
I

fϕi(x)+κLgLϕi(L) + κ0g0ϕi(0).

Let us note that the red terms give non-zero contributions only for i = j = 0 and
i = j = n.

Since we have seen that the general approach is basically the same, no matter
what the speci�c problem is, we formulate the following algorithm.
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ALGORITHM (GENERAL STEPS OF 1D FEM):

1. Obtain the variational formulation of the original di�erential problem. De-
termine the functional space, where (V) is solved, carefully, keeping in mind
that homogeneous Dirichlet conditions need to be explicitly included in the
de�nition of the functional space.

2. Discretize the domain by introducing the mesh x0 < · · · < xn and de�ne the
�nite dimensional subspace Vh.

3. Formulate the Ritz�Galerkin problem and obtain the linear algebraic system
Mq = b,

4. Compute M and b. In practice, this is achieved by computing local element
matrices/vectors and then assembling the global ones.

5. Solve the linear algebraic system to obtain q.

6. The approximate solution is

uh =
n∑
i=0

qiϕi(x).

It is easy to obtain an a priori error estimate in this case as well. Since the
bilinear form a(·, ·) is again symmetric, we can de�ne the energy scalar product and
corresponding norm in the following way:

< u, v >E:=

∫
I

au′v′dx+κLu(L)v(L)+κ0u(0)v(0), ‖u‖2
E :=

∫
I

au′2dx+κLu2(L)+κ0u
2(0).

Obviously, the Galerkin orthogonality holds for the above-de�ned energy scalar
product and, thus, we shall proceed with establishing the best approximation result.

Proposition 8 (Best approximation result). ‖u− uh‖E ≤ ‖u− v‖ for all v ∈ Vh.
Proof. We have

‖u− uh‖2 =

∫
I

a(u− uh)′(u− v + v − uh)′dx+ κL(u(L)− uh(L))(u(L)− v(L) + v(L)− uh(L))

+ κ0(u(0)− uh(0))(u(0)− v(0) + v(0)− uh(0)).

From the Galerking orthogonality, it follows that the red terms sum up to zero and,
therefore,

‖u− uh‖2 =< u− uh, u− v >E≤ ‖u− uh‖E‖u− v‖E.

Now, the a priori error estimate follows easily. We obtain consecutively

‖u− uh‖2
E ≤ ‖u− uI‖2

E

=

∫
I

a(u− uI)′2dx+
���

���
���

��:0

κL(u(L)− uI(L))2 +
��

���
���

��:0
κ0(u(0)− uI(0))2

≤ max
I
a‖(u− uI)′‖2

L2

≤ Ch2‖u′′‖2
L2
.
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1.3 A priori error estimates in H1 and L2 norms.

Nitsche's trick.

1.3.1 Error estimates in H1-norm. Coercivity and continuity

of the bilinear form.

As we can see from the above discussions, it is very natural to obtain a priori
error estimates in the energy norm. Unfortunately, this has some drawbacks. First,
the bilinear form does not de�ne a scalar product and, thus, a norm, if it is not
symmetric. Furthermore, the energy norm is problem-speci�c, which means that
concrete computations should be carried for each individual problem.

Instead of using the energy norm, we shall further show that error estimates in
the H1-norm can be obtained just as easily, but do not have the same drawbacks.
Furthermore, they are in some sense equivalent to the estimates in energy norm.
The H1-norm is de�ned as

‖u‖2
H1 :=

∫
I

(u2 + u′2)dx.

It is a natural measure for the magnitude of an element u from H1, taking into
account that we require that the elements in H1 satisfy∫

I

u2dx <∞,
∫
I

u′2dx <∞.

We shall introduce the ideas, using the �rst model problem, which we re-state
here for convenience:

− u′′(x) = f, x ∈ (0, L),

u(0) = u(L) = 0.
(D)

The corresponding variational problem is:
Find u ∈ H1

0 , such that
a(u, v) = F (v), ∀v ∈ H1

0 , (V)

where

a(u, v) =

∫
I

u′v′dx, F (v) =

∫
I

fvdx.

It turns out that if the bilinear form is coercive in H1, then we can obtain an
error estimate in H1-norm, directly from the error estimate in energy norm.

De�nition 1. The bilinear form a(·, ·) is said to be coercive in the functional space
V if

a(u, u) ≥ α‖u‖2
V

for some constant α that is not dependent on u.

Even though we still need to check that the bilinear form in (V ) is indeed coercive
in H1, let us, for the time being, assume that it is. Then, we can straightforwardly
derive an error estimate in H1-norm, using what we know for the error in energy
norm. We obtain consecutively

‖u− uh‖2
H1 ≤ Ca(u− uh, u− uh) = C‖u− uh‖2

E ≤ Ch2‖u′′‖2
L2
.
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Therefore, an equivalent a priori error estimate holds in H1-norm:

‖u− uh‖H1 ≤ Ch‖u′′‖L2 . (1.6)

Actually, the estimate (1.6) has a further bene�t. If we have convergence in H1

norm, i.e. if we can show that

‖(u− uh)‖H1 → 0,

then it follows that both∫
I

(u− uh)2dx→ 0 and

∫
I

(u− uh)′2dx→ 0.

Stated otherwise, the following holds true:

‖u‖2
H1 = ‖u‖2

L2
+ ‖u′‖2

L2
.

We have, thus, already proven the following error estimate for our model prob-
lem.

Proposition 9. For the �nite element solution uh of the variational problem (V),
the following a priori error estimate in H1-norm holds:

‖u− uh‖H1 ≤ Ch‖u′′‖L2 .

We, nevertheless, are interested in obtaining error estimates even in the case
when the bilinear form is not symmetric and, thus, we cannot de�ne the energy
norm like we have done so far. It turns out that the coercivity allows us to directly
obtain a �best approximation�1 result. Indeed, we will prove the following.

Proposition 10. For the �nite element solution uh ∈ Vh of (V),

‖u− uh‖H1 ≤ C‖u− v‖H1 , ∀v ∈ Vh,

holds true.

Proof. Using the coercivity of the bilinear form and the Galerkin orthogonality (that
is a general result and, thus, not problem-dependent) we consecutively obtain:

‖u− uh‖2
H1 ≤ Ca(u− uh, u− v + v − uh)

= Ca(u− v, u− uh)

= C

∫
I

(u− v)′(u− uh)′dx ≤ C

√∫
I

(u− v)′2dx

√∫
I

(u− uh)′2dx

≤ C‖u− v‖H1‖u− uh‖H1 .

In the latter inequality, we have used the obvious fact that∫
I

(u− v)′2dx ≤
∫
I

[
(u− v)2 + (u− v)′2

]
dx.

1The inverted commas are used, because we won't really obtain a best approximation result,
but a similar one, which will be su�cient for our purposes.
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Remark 10. Let us note that in the latter proof, we have used the speci�c problem
in the row that is coloured in red. If we change this row with the following abstract
condition on the bilinear form (we shall call the bilinear forms that satisfy this
condition continuous in H1):

a(u, v) ≤ C‖u‖H1‖v‖H1 ,

we shall again obtain the statement of the proposition. Therefore, the statement of
the proposition holds for all bilinear forms that are coercive and continuous in H1.

1.3.2 Poincar�e inequality in H1
0

We are now ready to deal with the question of showing coercivity in H1
0 . This is

obviously needed for obtaining the �good� a priori estimates, in H1-norm. A crucial
result from the theory of Sobolev spaces that will allow us to do so is the so-called
Poincar�e inequality.

Proposition 11 (Poincar�e inequality). For every function u ∈ H1
0 (I), the following

inequality is valid: ∫ 1

0

u2dx ≤ C

∫ 1

0

u′2dx.

Proof. We shall �rst estimate u(x) and then square and integrate both sides. We
have

u(x) =��
�*0

u(0) +

∫ x

0

u′(x)dx

≤

√∫ x

0

1dx̃

√∫ x

0

u′2dx̃

≤
√
x

√∫ 1

0

u′2dx̃.

Therefore,

u2(x) ≤ x

∫ 1

0

u′2dx

and, integrating both sides, we �nally obtain∫ 1

0

u2(x)dx ≤ 1

2

∫ 1

0

u′2dx.

Remark 11. Note that the Poincar�e inequality holds only in H1
0 . We shall later

formulate a similar result in H1, a so-called Poincar�e�Friedrichs inequality.

Remark 12. We have proven the Poincar�e inequality with C = 1/2. One can
derive a better result for the constant, C = 1/6 if the right boundary condition is
also used (see the second set of additional problems). Nevertheless, the constant is
not important for our purposes and, thus, we shall not care about obtaining sharper
estimates for the constant.
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Since we are heading towards the main part of the course, i.e. dealing with 2D
problems, let us take this opportunity and prove the Poincar�e inequality in 2D, as
well.................................

Now, we are ready to prove that the bilinear form in the model problem (V) is
coercive. We have

‖u‖2
H1

=

∫
(u2 + u′2)dx ≤ C

∫
u′2dx+

∫
u′2dx = Ca(u, u).

Therefore, all the results, we obtained based on the coercivity of a(·, ·), are valid.

1.3.3 Error estimates in L2-norm. Nitsche's trick.

As we have shown, the best approximation to u from Vh is the L2-projection and the
convergence is of second order as h→ 0 (w.r.t. the L2-norm). The following natural
question arises�if we are not interested in the approximation of the derivative, can
we show a second-order convergence in L2-norm for the FEM solution. It turns out
that this is the case under the assumption of full regularity for the exact solution:

‖u′′‖ ≤ C‖f‖L2 .

This result, however, cannot be shown to hold true, solely based on interpolation
theory (as we did for the error estimate in energy norm and H1-norm). It is ob-
tained by using the so-called Nitsche's trick. That is, we consider the following dual
problem to (V):

Find (̂u) ∈ H1
0 , such that

a(v, û) = (u− uh, v), ∀v ∈ H1
0 ,

i.e. we solve the same variational problem, but for the right-hand side we choose
the error u− uh.

Then, since the variational equality holds for every v, then, in particular, it holds
for v = u− uh and we obtain

‖u− uh‖2 = a(u− uh, û)

= a(u− uh, û− ûI) (Galerkin orthogonality)

≤ C‖u− uh‖H1‖û− ûI‖H1 (coercivity)

≤ Ch‖u′′‖L2h‖û′′‖L2 (Error estimates for u− uh and û− ûI)
≤ Ch2‖u′′‖L2‖u− uh‖L2 (Full regularity assumption).

Remark 13. Let us note that for the particular model problem that we considered,
the requirement for full regularity is satis�ed, because −u′′ = f .
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Chapter 2

2D Finite elements

2.1 Piecewise linear polynomials in two variables.

De�ning piecewise polynomials is directly related to the domain discretization.
Therefore, we shall begin our study with this question.

2.1.1 Triangulation

Let Ω ⊂ R2 be a bounded region with polygonal1 boundary ∂Ω.

De�nition 2. A triangulation K in Ω is a set of triangles τ , such that Ω = ∪τ∈Kτ
and the intersection of any two triangles is either a common edge, or a common
vertex, or empty.

Let us consider as an example the following discretization of the Black Sea.

As the triangulation is generated, to each of its nodes (i.e., each vertex of a
triangle) and to each element (i.e., each triangle) a number is assigned, as shown
below (we shall further use the notation N1, . . . ,NN for the mesh nodes):

1The boundary can certainly be (and in most practical situations will be) non-polygonal. This
will not change the algorithm of FEM. The discrete problem is still solved over the introduced
mesh. It, however, gives an approximation of the real domain. Therefore, this fact must be taken
into account in the error estimates. We shall deal with it in the second part of the course.
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In order to derive error estimates, we are interested in measuring the size of the
mesh. Thus, we need some characteristic length hk for each element τk. We de�ne
hk to be the length of the largest side of the respective triangle and h := maxhk is
a global measure for the size of the triangulation. Further, we de�ne

βk =
hk
ρk
,

the so-called chunkiness parameter, where ρk is the radius of the inscribed circle.
It is a measure of the quality of triangulation. As we shall see, we need to control
the magnitude of βk, in order to obtain good approximations. Stated otherwise, we
do not want �too extreme� shapes in the triangulation�too wide or too narrow (in
both cases βk is large):
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ρ

ρ

h

An example for a bad triangulation is the following:

Obviously, as we decrease h, then near the left vertex of the triangular domain,
βk becomes larger and larger.

Usually, we represent and store a triangulation in the memory by two matrices�
of the nodes and the elements, respectively. E.g., the following triangulation:

E1

E2

E3

E4

E5

E6

N1 = (0, 0)

N5 = (1, 1)

N8 = (1, 2)

N4 = (0, 1)
N6 = (2, 1)

N3 = (2, 0)N2 = (1, 0)

N7 = (0, 2)
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could be stored in the memory in the following way:

nodes =



0 0
1 0
2 0
0 1
1 1
2 1
0 2
1 2


, elements =


1 2 4
2 5 4
2 3 5
3 6 5
4 5 7
5 8 7

 .

Having numbered each node and each element, the order of the rows in the two
matrices correspond to nodes (their coordinates) and elements (the indices of the
nodes that de�ne the corresponding element). Also, information about the bound-
aries must be given in a similar way.

Now, that we have given a few examples of triangulations, let us give an example
of a triangular discretization that is not a triangulation:

The problem of this discretization is that one cannot ensure continuity of the piece-
wise linear function�there is one linear function on the left of the main diagonal,
but two di�erent ones on the right.

There exist various packages that generate triangulations for given regions. Nev-
ertheless, constructing a discretization with good quality is still a di�cult problem,
especially in 3D domains with complex geometries. In this course, we shall assume
that the triangulation is given and will not deal with the subject of generating a
mesh.

Before we continue, let us just make the following remark.

Remark 14. The region Ω can be discretized using di�erent shapes, e.g. quadri-
laterals, curvilinear triangles, etc. We shall deal with the possibilities in the second
part of the course. The algorithm of FEM is, however, unchanged no matter what
elements are used.
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2.1.2 2D linear polynomials

The space of linear polynomials in 2D over a domain Ω is de�ned as

P1(Ω) := {a0 + a1x1 + a2x2, (x1, x2) ∈ Ω, a0, a1, a2 ∈ R}.

For our purposes, we shall be interested in Ω being a triangle. Without loss of
generality, let us consider the reference triangle:

τ

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

We can transform any arbitrary triangle into the reference triangle with a simple
linear change of variables. We shall do this often, as it will be our general approach
when we need to compute something (integrals, in particular, over an arbitrary
element τ).

Over the reference triangle, we introduce the following nodal basis:

Ψ1(x1, x2) = 1− x1 − x2,

Ψ2(x1, x2) = x1,

Ψ3(x1, x2) = x2.

Out[24]=

We shall call those three functions shape functions for the reference linear
triangular element. Then, we can write the interpolant uI of a given function u as

uI = q1Ψ1 + q2Ψ2 + q3Ψ3,

where q1, q2, q3 are, as usual, the values at the three nodes (qi = u(Ni), i = 1, 2, 3).
An example for the linear interpolant of a given function is depicted below:
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u
uI

2.1.3 2D piecewise linear polynomials

Given a triangulation K of Ω, we de�ne the space of continuous piecewise linear
polynomials

Vh(K) := {v ∈ C(Ω) : v|τ ∈ P1(τ),∀τ ∈ K}.

An example graph of a piecewise linear function is given below:

We can again introduce a nodal basis {ϕk}Nk=1, such that Vh = span{ϕ1, . . . , ϕN}.
It is a little bit harder to de�ne analytically the hat-functions in 2D and, thus, we
will only illustrate one basis function graphically:
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Nevertheless, a computer program can be easily implemented that computes those
functions (see the exercise classes). It is important, however, to note that

supp ϕk = ∪{τ ∈ K : Nk is a vertex of τ}.

Stated otherwise, over each element the only basis functions that are
di�erent than zero are the ones that correspond to the vertices of the
triangle.

2.1.4 L2-projection

As we have already seen, the important question from the point of view of FEM
is how to obtain an orthogonal projection of a given function onto Vh. Thus, we
shall again (as we did for the 1D case) consider the question of obtaining the L2-
projection. I.e., given a function u ∈ L2(Ω), we look for uh ∈ Vh, such that

(u− uh, v) = 0, ∀v ∈ Vh.

Obviously, a linear algebraic system, analogous to (1.4) is the general form of
the system for the unknown nodal values. In particular, for the 2D case, we have

∫∫
Ω
ϕ2

1dΩ
∫∫

Ω
ϕ2ϕ1dΩ · · ·

∫∫
Ω
ϕNϕ1dΩ

...
...

. . .
...∫∫

Ω
ϕ1ϕNdΩ

∫∫
Ω
ϕ2ϕNdΩ · · ·

∫∫
Ω
ϕ2
NdΩ


 q1

...
qN

 =


∫∫

Ω
uϕ1dΩ
...∫∫

Ω
uϕNdΩ

 .
Of course, we shall again compute the mass matrix M and the load vector b by
using element-wise computations. We shall illustrate the idea on the basis of the
following example. Consider the following triangulation of the rectangular domain
Ω:
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τ1

τ2 τ3

N1 = (0, 0)

N5 = (0, 2) N4 = (2, 1)

N3 = (2, 0)N2 = (1, 0)

For the thus-introduced mesh, we have the following mass matrix:

M =

∫∫
Ω

 ϕ2
1 ϕ2ϕ1 · · · ϕ5ϕ1
...

...
. . .

...
ϕ1ϕ5 ϕ2ϕ5 · · · ϕ2

5

 dΩ.

Taking into account that

supp ϕ1 = τ1 ∪ τ2, supp ϕ2 = τ2 ∪ τ3, supp ϕ3 = τ3, supp ϕ4 = τ1 ∪ τ2 ∪ τ3, supp ϕ5 = τ1,

we can write M as a sum of three element matrices:

M =

∫∫
τ1


ϕ2

1 0 0 ϕ1ϕ4 ϕ1ϕ5

0 0 0 0 0
0 0 0 0 0

ϕ4ϕ1 0 0 ϕ2
4 ϕ4ϕ5

ϕ5ϕ1 0 0 ϕ5ϕ4 ϕ2
5

 dΩ +

∫∫
τ2


ϕ2

1 ϕ1ϕ2 0 ϕ1ϕ4 0
ϕ2ϕ1 ϕ2

2 0 ϕ2ϕ4 0
0 0 0 0 0

ϕ4ϕ1 ϕ4ϕ2 0 ϕ2
4 0

0 0 0 0 0

 dΩ

+

∫∫
τ3


0 0 0 0 0
0 ϕ2

2 ϕ2ϕ3 ϕ2ϕ4 0
0 ϕ3ϕ

2
3 ϕ3ϕ4 ϕ3ϕ4 0

0 ϕ4ϕ2 ϕ4ϕ3 ϕ2
4 0

0 0 0 0 0

 dΩ

=: Mτ1 +Mτ2 +Mτ3 .

Each global element matrix has 3 × 3 non-zero elements and, therefore, we only
need to compute those 3× 3 (local) element mass matrices and, when assemble the
global mass matrix, to add them at the correct places. It can be shown that

Mτ =
1

12

 2 1 1
1 2 1
1 1 2

 |τ |.
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For our example, we have, therefore

Mτ1 =
1

12

 2 1 1
1 2 1
1 1 2

 , Mτ2 =
1

24

 2 1 1
1 2 1
1 1 2

 , Mτ3 =
1

24

 2 1 1
1 2 1
1 1 2

 .
Taking into account that the matrix, representing the elements in the triangulation
is

elements =

 1 4 5
1 2 4
2 3 4

 ,
we can assemble M in the following way (colours show the contributions from each
element matrix):

M =
1

12


0 + 2 + 1 0 + 1/2 0 0 + 1 + 1/2 0 + 1
0 + 1/2 0 + 1 + 1 0 + 1/2 0 + 1/2 + 1/2 0
0 0 + 1/2 0 + 1 0 + 1/2 0
0 + 1 + 1/2 0 + 1/2 + 1/2 0 + 1/2 0 + 2 + 1 + 1 0 + 1
0 + 1 0 0 0 + 1 0 + 2

 .
Analogously, we can assemble the global load vector.

We can formulate the following general algorithm for computing the L2-projection.

ALGORITHM (L2-PROJECTION IN 2D):

1. Compute(assemble) M and b. For this purpose, iterate for k over the rows of
the matrix elements:

1.1 Compute the element mass matrix mτk and the local load vector bτk ;

1.2 Add mτk and bτk to the corresponding positions (that are written in the
k-th row of elements) in M and b;

2. Solve the linear algebraic system Mq = b;

3. The L2-projection of u is, thus,

uh =
N∑
i=1

qiϕi(x1, x2).

Remark 15. The algorithm we formulated is not speci�c for 2D. It only requires
that the discretization is stored in the memory as descried above. Furthermore, it
allows for arbitrary elements (not only linear triangular elements).

2.1.5 A priori error estimates

In order to generalize the a priori error estimates that we know for the 1D case, we
need to �rst introduce some additional notation. Let

α = (α1, α2)
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be a multiindex and let |α| := α1 + α2. We denote

Dαu :=
∂|α|u

∂α1x1∂α2x2

.

We de�ne the Sobolev norm in the space Hk(Ω):

‖u‖2
Hk =

∫
Ω

∑
|α|≤k

|Dαu|2dΩ.

We also de�ne the Sobolev semi-norms:

|u|2Hk =

∫
Ω

∑
|α|=k

|Dαu|2dΩ.

We shall write explicitly several norms and semi-norms:

• In 1D:

‖u‖2
H0 ≡ ‖u‖2

L2
=

∫
I

u2dx;

‖u‖2
H1 =

∫
I

(u2 + u′2)dx, |u|2H1 =

∫
I

u′2dx;

‖u‖2
H2 =

∫
I

(u2 + u′2 + u′′2)dx, |u|2H2 =

∫
I

u′′2dx.

• In 2D:

‖u‖2
H0 ≡ ‖u‖2

L2
=

∫
Ω

u2dx;

‖u‖2
H1 =

∫∫
Ω

[
u2 +

(
∂u

∂x1

)2

+

(
∂u

∂x2

)2
]
dΩ,

|u|2H1 =

∫∫
Ω

[(
∂u

∂x1

)2

+

(
∂u

∂x2

)2
]
dΩ;

‖u‖2
H2 =

∫∫
Ω

[
u2 +

(
∂u

∂x1

)2

+

(
∂u

∂x2

)2

+

(
∂2u

∂x2
1

)2

+

(
∂2u

∂x1∂x2

)2

+

(
∂2u

∂x2
2

)2
]
dΩ,

|u|2H2 =

∫∫
Ω

[(
∂2u

∂x2
1

)2

+

(
∂2u

∂x1∂x2

)2

+

(
∂2u

∂x2
2

)2
]
dΩ.

The following proposition is a generalization of the result we proved for the linear
interpolant in 1D.

Proposition 12. The following a priori error estimate holds for the linear inter-
polant uI ∈ P1 of a given function u:

‖u− uI‖L2 ≤ Ch2|u|H2 ,

‖∇(u− uI)‖L2 ≤ Ch|u|H2 .
(2.1)
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We shall not prove this result at the time being since we will prove a more
general one later in the course. Using those estimates, however, we are ready to
derive error estimates for the L2-projection uh, as well. First, we can prove a best
approximation result, using the orthogonality in L2-norm.

Proposition 13. The L2-projection in Vh (the function uh) is the best approxima-
tion of u with respect to the L2-norm, i.e.

‖u− uh‖L2(Ω) ≤ ‖u− v‖L2(Ω),∀v ∈ Vh.

Proof. We have

‖u− uh‖2
L2(Ω) =

∫∫
Ω

(u− uh)(u− v +���
�:0

v − uh)dΩ

≤ ‖u− uh‖L2(Ω)‖u− v‖L2(Ω).

Then, the a priori error estimate for the L2-projection follows in the usual way.

Proposition 14. The following a priori error estimates hold for the L2-projection
in Vh of a given function u:

‖u− uh‖L2(Ω) ≤ Ch2|u|H2(Ω),

‖∇(u− uh)‖L2(Ω) ≤ Ch|u|H2(Ω).

Proof. We shall prove the �rst inequality. The second one follows similarly. We
consequtively obtain, using (2.1):

‖u− uh‖2
L2(Ω) ≤ ‖u− uI‖2

L2(Ω)

=
∑
τ∈K

‖u− uI‖2
L2(τ)

≤
∑
τ∈K

Ch4
τ |u|2H2(τ)

≤ Ch4
∑
τ∈K

|u|2H2(τ)

= Ch4|u|2H2(Ω)

Before you proceed, see the worked-out examples in Section 3 of the
notes from the exercise classes.

2.2 FEM for 2D stationary problems

2.2.1 Preliminaries from vector calculus

In order to generalize the ideas that we presented for the 1D case, we shall need
several notions from vector calculus.

36



The analog of the ordinary di�erential operator (actually, one of the analogs)
for higher-dimensional problems is the ∇ operator. We de�ne it in Cartesian coor-
dinates as follows:

∇ :=

(
∂

∂x
,
∂

∂y

)
.

The latter operator can be applied to di�erent objects (scalars, vectors).
If we apply it to the scalar function u, we obtain

∇u =

(
∂

∂x
,
∂

∂y

)
u =

(
∂u

∂x
,
∂u

∂y

)
,

the so-called gradient vector. Let us remind the following important facts about
the gradient vector:

• it points in the direction of fastest increase of the function u;

• the projection of ∇u onto a direction d (unit vector) is the directional deriva-
tive in that direction, i.e.

∂u

∂d
= ∇u · d.

The ∇ operator can be applied to the vector function j = (jx, jy) in two di�erent
ways: ∇· j or ∇× j. Both of them have important physical interpretations. For the
time being, we shall be interested only in the �rst one, i.e. we shall consider the
divergence

div j := ∇ · j =

(
∂

∂x
,
∂

∂y

)
· (jx, jy) =

∂jx
∂x

+
∂jy
∂y

.

The divergence can be interpreted physically as the net out�ow per unit area at a
given point.

Having this in mind, the following fundamental theorem for the integral calculus
of vector functions can be justi�ed on an intuitive level:

Proposition 15 (Divergence theorem). Let Ω be a compact subset of Rn that has a
piecewise smooth boundary ∂Ω. If F is continuously di�erentiable function, de�ned
in an open region that contains Ω, then∫

Ω

∇ · FdΩ =

∫
∂Ω

F · nds,

where n is the outer normal.

The physical intuition behind this theorem is the following. The out�ux at each
point needs to result in an in�ux at a �neighboring� point. Therefore, the sum of
all out�ows inside Ω must be equal to what goes out of the boundary ∂Ω.

In particular, we will be interested in using this theorem for F = jv, which
will give us an analog to the Integration by parts theorem for higher-dimensional
problems. We shall formulate it in 2D. Taking into account that∫∫

Ω

∇ · (jv)dΩ =

∫∫
Ω

(∇ · jv + j · ∇v)dΩ,

we obtain the following integration by parts formula.

Proposition 16 (Integration by parts formula). Under the assumptions of the Di-
vergence theorem, the following relation holds true:∫∫

Ω

∇ · jvdΩ = −
∫∫

Ω

j · ∇vdΩ +

∫
∂Ω

(j · n)vds.
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2.2.2 FEM for 2D stationary problems with homogeneous

Dirichlet boundary conditions

We begin presenting the ideas over the following relatively simple example:

−∆u = f, in Ω,

u = 0, on ∂Ω,
(D)

where ∆u = ∇ · (∇u) is the Laplace operator (or Laplacian). The considered
di�erential equation is the so-called Poisson equation.

In order to obtain the variational form of the di�erential problem, we take the
scalar products of both sides of the di�erential equation with a test function v and
obtain

(−∆u, v) = (f, v).

For the left-hand side, using the Integration by parts formula, we obtain consecu-
tively

(−∆u, v) =

∫∫
Ω

−∇ · (∇u)vdΩ

=

∫∫
Ω

∇u · ∇vdΩ
���

���
���

�:0, if we require v ∈ H1
0 (Ω)

−
∫
∂Ω

(∇u · n)vds.

Thus, we have obtained the following variational problem:
Find u ∈ H1

0 (Ω), such that

a(u, v) = F (v), ∀v ∈ H1
0 (Ω), (V)

where

a(u, v) :=

∫∫
Ω

∇u · ∇vdΩ, F (v) :=

∫∫
Ω

fvdΩ.

Discretizing the domain Ω, by introducing the triangulation K, we formulate the
corresponding approximate problem:

Find uh ∈ Vh,0(K), such that

a(uh, v) = F (v), ∀v ∈ Vh,0(K). (R.�G.)

Remark 16. We can now understand why it is important from a theoretical point
of view to have Ω with polygonal boundary. In the opposite case K might not be
the same as Ω and, therefore, Vh,0(K) might not be a subet of H1

0 (Ω). This would
be one of the �variational crimes� that we shall discuss in the second part of the
course. In those cases, we will need to work a little bit harder, in order to show
convergence of the method.

On the other hand, from an algorithmic point of view, nothing would change
if Ω has an arbitrary boundary. We would still need to solve the linear algebraic
system that follows below.

Using the fact that Vh,0 = span{ϕ1, . . . , ϕNinter
}, where ϕ1, . . . , ϕNinter

are the
hat-functions, corresponding to the interior nodes of the triangulation, and uh(x) =∑Ninter

j=1 qjϕj(x), we obtain the equivalent problem:
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Find (q1, . . . , qNinter
) ∈ RNinter , such that

Ninter∑
j=1

a(ϕj, ϕi)qj = F (ϕi), i = 1, Ninter.

Substituting with the speci�c bilinear form, we obtain the following linear alge-
braic system with respect to the unknown coe�cients, Mq = b:

∫∫
Ω
∇ϕ1 · ∇ϕ1dΩ · · ·

∫∫
Ω
∇ϕ1 · ∇ϕNinter

dΩ
...

. . .
...∫∫

Ω
∇ϕNinter

· ∇ϕ1dΩ · · ·
∫∫

Ω
∇ϕNinter

· ∇ϕNinter
dΩ


 q1

...
qNinter

 =


∫∫

Ω
fϕ1dΩ
...∫∫

Ω
fϕNinter

dΩ

 .
Here, M = M1 is the sti�ness matrix.

2.2.3 A priori error estimate

Of course, the Galerkin orthogonality holds:

a(u− uh, v) = 0, ∀v ∈ Vh,0(K)

and, furthermore, the bilinear form de�nes a scalar product:

< u, v >E:= a(u, v) =

∫∫
Ω

∇u · ∇vdΩ

and the corresponding energy norm

‖u‖2
E := a(u, u) =

∫∫
Ω

(∇u)2dΩ.

Thus, we can proceed in the usual way and obtain a Best approximation result in
energy norm and, subsequently, an energy-norm error estimate:

‖u− uh‖E ≤ Ch|u|H2 .

In this section, however, we shall derive the more generalH1-norm error estimate
(which in this case is equivalent to the energy-norm estimate). As we have discussed,
the important properties that we would like to be satis�ed by the bilinear form
a(·, ·) are coercivity and continuity in H1. Let us check if they are satis�ed for the
particular problem.

First, coercivity in H1 means

a(u, u) ≥ C‖u‖2
H1 .

We have

‖u‖2
H1 =

∫∫
Ω

[u2 + (∇u)2]dΩ

= ‖u‖2
L2

+ ‖∇u‖2
L2

≤ C‖∇u‖2
L2

+ ‖∇u‖2
L2

(using Poincar�e inequality)

= Ca(u, u).
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Thus, we have established coercivity of a(·, ·) in H1.
Furthermore, we can show that it is also continuous in H1, i.e.

a(u, v) ≤ C‖u‖H1‖v‖H1 .

Indeed, we consecutively obtain

a(u, v) =

∫∫
Ω

∇u · ∇vdΩ

≤

√∫∫
Ω

(∇u)2dΩ

√∫∫
Ω

(∇v)2dΩ (using Schwarz inequality)

≤

√∫∫
Ω

(
u2 + (∇u)2

)
dΩ

√∫∫
Ω

(
v2 + (∇v)2

)
dΩ

= ‖u‖H1‖v‖H1 .

Having established coercivity and continuity, we can obtain an upper estimate
of ‖u− uh‖H1 in the usual way.

Proposition 17. For the FEM solution uh, the following result is valid:

‖u− uh‖H1 ≤ C‖u− v‖H1 , ∀v ∈ Vh,0.

Proof. Considering an arbitrary function v ∈ Vh,0, we get

‖u− uh‖2
H1 ≤ Ca(u− uh, u− v + v − uh) (using coercivity)

= Ca(u− uh, u− v) (using Galerkin's orthogonality)

≤ C‖u− uh‖H1‖u− v‖H1 . (using continuity).

Dividing both sides to ‖u− uh‖H1 , we obtain the desired result.

Using the latter result with v = uI , we obtain the following.

Proposition 18. For the FEM solution uh, the following a priori error estimate
holds:

‖u− uh‖H1(Ω) ≤ Ch|u|H2(Ω).

Proof. Using Proposition 17, we have

‖u− uh‖2
H1(Ω) ≤ C‖u− uI‖2

H1(Ω)

= C(‖u− uI‖2
L2(Ω) + ‖∇(u− uI)‖2

L2(Ω))

= C
∑
τ∈K

(
‖u− uI‖2

L2(τ) + ‖∇(u− uI)‖2
L2(τ)

)
.

Now, from (2.1), it follows that for su�ciently small h

‖u− uh‖2
H1(Ω) ≤ C

∑
τ∈K

h2
τ |u|2H2(τ) ≤ Ch2|u|2H2(Ω).

Remark 17. Basically, in the latter proof we have used the main approach under-
lying FEM�we have decomposed the piecewise-linear problem into a sum of linear
problems over each element and, at the end, we assembled back the global problem
over Ω.
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2.2.4 FEM for stationary 2D problems with more general

boundary conditions

Let us now consider a problem with the more general Robin boundary conditions.
We shall also include in the problem formulation a (possibly) variable coe�cient
α = α(x, y) ≥ αmin > 0:

−∇ · (α∇u) = f, x ∈ Ω,

−n · (α∇u) = κ(u− g0)− gN , x ∈ ∂Ω,
(D)

where n is the outer normal to the boundary.
In order to obtain the variational form, we multiply both sides with a test

function v and integrate. For the left-hand side, we obtain

−
∫∫

Ω

∇ · (α∇u)vdΩ =

∫∫
Ω

α∇u · ∇vdΩ−
∫
∂Ω

n · (α∇u)vds

=

∫∫
Ω

α∇u · ∇vdΩ +

∫
∂Ω

[κ(u− g0)− gN ]vds.

In the latter inequality, we have used the Robin boundary condition. By leaving on
the left-hand side only the terms that contain the unknown function u, we obtain
the variational problem:

Find u ∈ H1(Ω), such that

a(u, v) = F (v), ∀v ∈ H1(Ω), (V)

where

a(u, v) :=

∫∫
Ω

α∇u · ∇vdΩ +

∫
∂Ω

κuvds, F (v) :=

∫∫
Ω

fvdΩ +

∫
∂Ω

(κg0 + gN)vds.

The corresponding Ritz�Galerkin problem is:
Find uh ∈ Vh(K), such that

a(uh, v) = F (v), ∀v ∈ Vh. (R.�G.)

Here, Vh = span{ϕ1, . . . , ϕN}, where we have used the hat-functions, corresponding
to all nodes in the triangulation K.

Following the same path as usual, we obtain the linear system Mq = b, where

M =


∫∫

Ω
α∇ϕ1 · ∇ϕ1dΩ · · ·

∫∫
Ω
α∇ϕ1 · ∇ϕNdΩ

...
. . .

...∫∫
Ω
α∇ϕN · ∇ϕ1dΩ · · ·

∫∫
Ω
α∇ϕN · ∇ϕNdΩ


+


∫
∂Ω

κϕ1ϕ1ds · · ·
∫
∂Ω

κϕ1ϕNds
...

. . .
...∫

∂Ω
κϕNϕ1ds · · ·

∫
∂Ω

κϕNϕNds


and

b =


∫∫

Ω
fϕ1dΩ
...∫∫

Ω
fϕNdΩ

+


∫
∂Ω

(κg0 + gN)ϕ1ds
...∫

∂Ω
(κg0 + gN)ϕNds

 .
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Note that we have decomposed the matrix M into a sum of the sti�ness matrix and
a matrix, corresponding to contributions from the boundary conditions. We have
proceeded analogously with the load vector b. This has certain bene�ts from an
algorithmic point of view that we shall discuss later.

Since in this case the variational problem is solved over H1 and the Poincar�e
inequality does not hold, we still don't have the machinery to show coercivity of the
bilinear form and, thus, derive an a priori error estimate in H1-norm. For the time
being, we will con�ne ourselves to presenting only an energy-norm error estimate.
It is based on the usual Best approximation result. Let us just remark that for the
variational problem (V) the bilinear form again de�nes an energy scalar product

< u, v >E:= a(u, v) =

∫∫
Ω

α∇u · ∇vdΩ +

∫
∂Ω

κuvds

and we can de�ne the energy norm

‖u‖2
E := a(u, u) =

∫∫
Ω

α(∇u)2dΩ +

∫
∂Ω

κu2ds.

Proposition 19. For the FEM solution uh, the following holds true:

‖u− uh‖E ≤ ‖u− v‖E, ∀v ∈ Vh.

Proof. We obtain consecutively

‖u− uh‖2
E = a(u− uh, u− v +���

�:0, Galerkin orthogonality
v − uh)

=

∫∫
Ω

(√
α∇(u− uh)

)(√
a∇(u− v)

)
dΩ +

∫
∂Ω

(√
κ(u− uh)

)(√
κ(u− v)

)
ds

≤

√∫∫
Ω

α
[
∇(u− uh)

]2
dΩ

√∫∫
Ω

α
[
∇(u− v)

]2
dΩ

+

√∫
∂Ω

κ(u− uh)2ds

√∫
∂Ω

κ(u− v)2ds

=:
√
A
√
B +

√
C
√
D.

We are now left to prove that
√
A
√
B +

√
C
√
D ≤

√
A+ C

√
B +D = ‖u− uh‖E‖u− v‖E.

If we square both sides of the inequality, we obtain

AB + CD + 2
√
ABCD ≤ (A+ C)(B +D)

or, which is the same
2
√
ABCD ≤ AD +BC.

The latter is obviously satis�ed due to the inequality between the geometric mean
and the arithmetic mean. Thus, we have established the statement of the proposi-
tion.

Therefore,
‖u− uh‖E ≤ ‖u− uI‖E ≤ Ch|u|H2
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Chapter 3

Practical aspects of FEM.

Element-wise computations.

From our discussion so far, we should be aware that the application of FEM for a
given di�erential problem follows the next 5 steps:

1. Write the di�erential problem in its weak form (V);

2. Subdivide the region Ω into triangles (or, e.g., quadrilaterals);

3. De�ne the test space V as the span of appropriately chosen basis functions
(in what we have discussed so far, hat function);

4. Derive the Ritz�Galerkin problem over the �nite-dimensional space Vh and
the corresponding linear algebraic system Mq = b;

5. Assemble M and b and solve the system.

All the computations are in step 5. But the �rst four steps determine whether
the method will be e�cient and accurate for our speci�c problem. In particular,
the discretization and the choice of the �nite-dimensional space Vh matter a lot.

We have already covered the basic ideas, underlying the �rst four steps. Now,
we need to deal with the question of computingM and b in practice. We shall work
one element at a time for reasons that we explained when we considered assembling
the mass matrix for the L2-projection.

We shall follow the same approach we have embraced from the beginning of the
course��rst, we shall obtain some intuition over a 1D example, and then generalize
in 2D.

3.1 Element-wise computations in 1D

We shall present the ideas over a much more general example than we have done so
far:

− (αu′)′ + βu = f, x ∈ (0, 1)

u′(0) = u′(1) = 0,
(D)

where α(x) ≥ αmin > 0 and β(x) are su�ciently smooth known functions.
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Basically, any linear second-order boundary-value problem for ODE can be put
in the above form (the so-called divergence form). What is important to note is that
we have imposed homogeneous Neumann boundary conditions. This is the easiest
problem from computational point of view and, thus, we begin with it. Note that
here we don't discuss the well-posedness of the problem. We are only interested in
the formal computation of the global matrix and load vector of the resulting system
and considering Neumann boundary conditions is a good place to start from.

In order to discuss the computational aspects of FEM, we need to �rst derive
the linear algebraic system. Here, we shall only sketch the derivation and focus
on what happens after that. First, we derive the weak form in the usual way and
obtain the following:

Find u ∈ H1, such that

a(u, v) = F (v), ∀v ∈ H1, (V)

where

a(u, v) =

∫
I

(αu′v′ + βuv)dx, F (v) =

∫
I

fvdx.

Introducing a (not necessarily uniform) mesh 0 = x0 < · · · < xn = 1 and denoting
hi := xi − xi−1, Ii := [xi−1, xi], we de�ne Vh := span{ϕ0(x), . . . , ϕn(x)}. I.e., we
have the full basis, which consists of hat-functions, corresponding to all nodes from
the mesh.

Thus, the corresponding Ritz�Galerking problem becomes:
Find u ∈ Vh, such that

a(uh, v) = F (v), ∀v ∈ Vh. (R.�G.)

Finally, we derive the linear algebraic system Mq = b, where

M =


∫
I
(αϕ′20 + βϕ2

0)dx · · ·
∫
I
(αϕ′0ϕ

′
n + βϕ0ϕn)dx

...
. . .

...∫
I
(αϕ′nϕ

′
0 + βϕnϕ0)dx · · ·

∫
I
(αϕ′2n + βϕ2

n)dx


is the sum of the mass matrix M0 and the sti�ness matrix M1:

M0 =


∫
I
βϕ2

0dx · · ·
∫
I
βϕ0ϕndx

...
. . .

...∫
I
βϕnϕ0dx · · ·

∫
I
βϕ2

ndx

 , M1 =


∫
I
αϕ′0

2dx · · ·
∫
I
αϕ′0ϕ

′
ndx

...
. . .

...∫
I
αϕ′nϕ

′
0dx · · ·

∫
I
αϕ′n

2dx

 .
As we have already discussed, in order to take advantage of the �nite support of
the basis functions, we decompose those matrices as sums over the elements:

M0 =
n∑
i=0

M0
i,glob :=

n∑
i=0


∫
Ii
βϕ2

0dx · · ·
∫
Ii
βϕ0ϕndx

...
. . .

...∫
Ii
βϕnϕ0dx · · ·

∫
Ii
βϕ2

ndx

 ,

M1 =
n∑
i=0

M1
i,glob :=

n∑
i=0


∫
Ii
αϕ′0

2dx · · ·
∫
Ii
αϕ′0ϕ

′
ndx

...
. . .

...∫
Ii
αϕ′nϕ

′
0dx · · ·

∫
Ii
αϕ′n

2dx

 .
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Let us, �rst, show how, using the latter, to assembleM0. AssemblingM1 follows
the same path. We know that the i-th global element matrix M0

i,glob has only 2× 2
non-zero elements,

M0
i,glob =



0 · · · 0 0 0 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 0 0 · · · 0
0 · · · 0

∫
Ii
βϕ2

i−1dx
∫
Ii
βϕi−1ϕidx 0 · · · 0

0 · · · 0
∫
Ii
βϕiϕi−1dx

∫
Ii
βϕ2

i dx 0 · · · 0

0 · · · 0 0 0 0 · · · 0
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 0 0 · · · 0


,

because of the �nite support of the hat-functions:
We, therefore, need to compute only the 2× 2 (local) element mass matrices:

M0
i =

[ ∫
Ii
βϕ2

i−1dx
∫
Ii
βϕi−1ϕidx∫

Ii
βϕiϕi−1dx

∫
Ii
βϕ2

i dx

]
. (3.1)

We can do this directly, because we have analytic de�nitions for ϕi−1(x) and ϕi(x) in
Ii (see (1.1)). Nevertheless, this approach would cause us problems in 2D, because
we haven't given an analytic de�nition for the hat functions in 2D. Furthermore,
the integrals will need to be computed over arbitrary triangles, which might cause
di�culties. Thus, we shall present here the general idea. That is, we shall �rst make
a change of variables that transforms Ii into the reference element I := [0, 1].
Over the reference element, all computations will become straight-forward.

It is obvious that the following change of variables will do the work:

x = xi−1 + ξhi.

Then, the interval x ∈ [xi−1, xi] is transformed into ξ ∈ [0, 1]. Furthermore, we have

ϕi−1(x) = ϕi−1(xi−1 + ξhi) =: ψ0(ξ) = 1− ξ,
ϕi(x) = ϕi−1(xi + ξhi) =: ψ1(ξ) = ξ,

dx = hidξ.

The choice of the functions ψ0 and ψ1 is correct because they are linear for ξ ∈ [0, 1]
and satisfy the same conditions as ϕi−1, ϕi, respectively, in the nodes xi−1 and xi.
The functions ψ0 and ψ1 are called shape functions. We have, obviously (and for
obvious reasons!), obtained the nodal basis of P1.
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Changing the variable in (3.1), we obtain

M0
i = hi

∫ 1

0

β(xi−1 + ξhi)

[
ψ2

0 ψ0ψ1

ψ1ψ0 ψ2
1

]
dξ

= hi

∫ 1

0

β(xi−1 + ξhi)

[
1− 2ξ + ξ2 ξ − ξ2

ξ − ξ2 ξ2

]
dξ.

(3.2)

Analogously, we obtain for the element sti�ness matrix

M1
i =

1

hi

∫ 1

0

α(xi−1 + ξhi)

[
ψ′20 ψ′0ψ

′
1

ψ′1ψ
′
0 ψ′21

]
dξ

=
1

hi

∫ 1

0

α(xi−1 + ξhi)

[
1 −1
−1 1

]
.

(3.3)

In the latter, we have used the fact that

dϕj
dx

=
dϕj
dξ

dξ

dx
=
dϕj
dξ

1

hi
, j = i− 1, i.

Remark 18. We can also write the following

M0
i = hi

∫ 1

0

β(xi−1 + ξhi)Ψ
TΨdξ,

M1
i =

1

hi

∫ 1

0

β(xi−1 + ξhi)Ψ
′TΨ′dξ,

where Ψ = (ψ0, ψ1).
This vector form is very useful, because it can be shown to hold for any shape

functions (e.g., if we work with piecewise quadratic functions, we would obtain
Ψ = (2ξ2 − 3ξ + 1,−4ξ2 + 4ξ, 2ξ2 − ξ) for the shape functions). This is connected
to one of the bene�ts of FEM�we can derive results that are independent on the
speci�c choice of elements and reuse them in di�erent particular cases.
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Let us consider two speci�c examples, in order to illustrate the ideas.

Example. Let α ≡ 1, β ≡ 1 hold. Then, for the element mass and sti�ness matrices
from (3.2) and (3.3) we obtain, correspondingly,

M0
i =

hi
6

[
2 1
1 2

]
, M1

i =
1

hi

[
1 −1
−1 1

]
.

Example. Now, let α and β be arbitrary functions. Then, the integrals cannot be
computed analytically and we need to use quadrature formulas. For this example,
we shall use Simpson's rule:∫ b

a

F (x)dx ≈ b− a
6

[
F (a) + 4F

(
a+ b

2

)
+ F (b)

]
.

Then, from (3.2), we obtain

M0
i ≈

hi
6

(
β(xi−1)

[
1 0
0 0

]
+ 4β(xi−1 + hi/2)

[
1/4 1/4
1/4 1/4

]
+ β(xi−1)

[
0 0
0 1

])
.

For the element sti�ness matrix, using (3.3), we have

M1
i ≈

1

6hi

[
1 −1
−1 1

] (
α(xi−1) + 4α(xi−1 + hi/2) + α(xi)

)
.

Let us note that when computing the integrals approximately, we need to choose
a quadrature formula, having at least the same order of convergence as
the FEM approximation. We shall get back to this question in much more detail
later in the course.

Having obtained the element mass and sti�ness matrices, we can assemble the
global matrices in the usual way. We formulate the following algorithm for comput-
ing M .

ALGORITHM (ASSEMBLING GLOBAL MATRICES AND LOAD
VECTORS):

1. Implement functions that compute the local element matrices and load vectors
(those functions are speci�c for each particular problem);

2. Implement a function for assembling the global matrix M and the global load
vector b. For this purpose, iterate over the elements and for each element:

2.1. compute the element matrices and vectors, using the functions in 1;

2.2. add the results at the correct places in M and b.

3.2 Element-wise computations in 2D

3.2.1 Preliminaries from Multivariable Calculus

We shall �rst remind a few fundamental results from multivariable calculus, con-
cerning change of variables. Consider the following change of variables

x = x(ξ, η),

y = y(ξ, η).
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For what follows, let us think that the change is linear (this case will be of interest
for us), even though the results are valid in the general case.

Proposition 20 (Chain rule). For su�ciently smooth functions, the following holds
true:

∂u

∂x
=
∂u

∂ξ

∂ξ

∂x
+
∂u

∂η

∂η

∂x
,

∂u

∂y
=
∂u

∂ξ

∂ξ

∂y
+
∂u

∂η

∂η

∂y
.

Proof. We shall prove the �rst equality. The second is analogous. We linearize u
and obtain (using standard notation)

∆u =
∂u

∂ξ
∆ξ +

∂u

∂η
∆η +O(|2|).

We divide both sides to ∆x and let ∆x→ 0 to obtain the �rst equation.

Proposition 21. Let E be the image of a given region Ω under the transformation.
Let

J = det


∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

 .
Then, ∫∫

Ω

udΩ =

∫∫
E

u(x(ξ, η), y(ξ, η))|J |dξdη.

Proof. The only real challenge in proving the statement is to �nd the relation be-
tween dΩ and dξdη. Consider an in�nitesimal rectangle, de�ned by dξ and dη,
which is the image of dΩ under the transformation with respect to the new vari-
ables. Taking into account that linear change of variables preserves parallelism, dΩ
must be a parallelogram.

Ξ

Η

x

y

10

1

dΞ

dΗ

dW

drΞ

drΗ

(Ξ,Η) r=x(Ξ,Η)i+y(Ξ,Η)j
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We can parameterize the boundary of the parallelogram as

r = x(ξ, η)i+ y(ξ, η)j,

where ξ, η lie on the boundary of the rectangle in ξ − η. Therefore, for the sides of
the parallelogram, we obtain

drξ =

[
∂x

∂ξ
i+

∂y

∂ξ
j

]
dξ

and

drη =

[
∂x

∂η
i+

∂y

∂η
j

]
dη.

Therefore,
dΩ = |drξ × drη| = |J |dξdη.

3.2.2 Model problem

Now, we are ready to discuss how the linear algebraic system is assembled in 2D on
the basis of the following example.

−∆u = f, in Ω,

∂u

∂n
= 0, on ∂Ω.

(D)

The corresponding Ritz�Galerkin problem, obtained in the usual way, is (Check!):
Find uh ∈ Vh, such that

a(uh, v) = F (v), ∀v ∈ Vh, (R.�G.)

where

a(u, v) =

∫∫
Ω

∇u · ∇vdΩ, F (v) =

∫∫
Ω

fvdΩ.

We are, therefore, interested in solving the linear algebraic system M1q = b,
where

M1 =

∫∫
Ω

 ∇ϕ1 · ∇ϕ1 · · · ∇ϕ1 · ∇ϕN
...

. . .
...

∇ϕN · ∇ϕ1 · · · ∇ϕN · ∇ϕN

 dΩ, b =

∫∫
Ω

 fϕ1
...

fϕN

 dΩ.

3.2.3 Computing the element matrices

In order to implement FEM, derived in the previous section, in practice, we need
to assemble the sti�ness matrix and the load vector. We do this, as usual, working
one element at a time. We have

M1 =

∫∫
Ω

 ∇ϕ1 · ∇ϕ1 · · · ∇ϕ1 · ∇ϕN
...

. . .
...

∇ϕN · ∇ϕ1 · · · ∇ϕN · ∇ϕN

 dΩ

=
∑
τ∈K

∫∫
τ

 ∇ϕ1 · ∇ϕ1 · · · ∇ϕ1 · ∇ϕN
...

. . .
...

∇ϕN · ∇ϕ1 · · · ∇ϕN · ∇ϕN

 dΩ.
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Therefore, we are interested in computing the following 3×3 matrices (containing
the only non-zero elements in the global element matrices):

M1
τ =

∫∫
τ

 ∇ϕk · ∇ϕk ∇ϕk · ∇ϕl ∇ϕk · ∇ϕm
∇ϕl · ∇ϕk ∇ϕl · ∇ϕl ∇ϕl · ∇ϕm
∇ϕm · ∇ϕk ∇ϕm · ∇ϕl ∇ϕm · ∇ϕm

 dΩ,

where the element τ is de�ned by nodes k, l,m with coordinates (xk, yk), (xl, yl),
(xm, ym).

We shall make those computations by making a transformation to the standard
element:

xl xmxk

yl

yk

ym

x

y

Ξ

Η

0 1

1

This has serious bene�ts. First, the shape functions are well-known and do not
depend on the coordinates of the vertices. Furthermore, quadrature formulas can
be easily found for the standard element.

The change in question is[
x
y

]
=

[
xl − xk xm − xk
yl − yk ym − yk

] [
ξ
η

]
+

[
xk
yk

]
. (3.4)

Exercise. Derive the change of variables, by taking into account the correspondence
between points with (x, y)-coordinates and (ξ, η)-coordinates.

Based on Section 3.2.1, we need to make some computations, in order to be
ready to make the change for the gradient and the integral. By di�erentiating (3.4)
with respect to ξ and η, we correspondingly obtain

∂x

∂ξ
∂y

∂ξ

 =

[
xl − xk
yl − yk

]
,


∂x

∂η
∂y

∂η

 =

[
xm − xk
ym − yk

]
.
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Therefore

J =


∂x

∂ξ

∂y

∂ξ
∂x

∂η

∂y

∂η

 =

[
xl − xk yl − yk
xm − xk ym − yk

]
.

The latter is needed for the change under the integral.
We also need to be able to make the following change: ∂

∂x
∂

∂y

 =

 ∂ξ

∂x

∂η

∂x
∂ξ

∂y

∂η

∂y




∂

∂ξ
∂

∂η

 .
By di�erentiating (3.4) with respect to x and y and then using Cramer's rule, we
obtain  ∂

∂x
∂

∂y

 =
1

det J

[
ym − yk yk − yl
xk − xm xl − xk

]
︸ ︷︷ ︸

B


∂

∂ξ
∂

∂η

 .
Having the above results in mind, we are ready to compute the elements of M1

τ .
All of them have the form ∫∫

Ω

∇(x,y)ϕα · ∇(x,y)ϕβdΩ,

where α, β are among k, l,m. Making a change to the standard element, we obtain
consecutively∫∫

Ω

∇(x,y)ϕα · ∇(x,y)ϕβdΩ =

∫∫
Ω

([
∂
∂x
∂
∂y

]
ϕα

)
·
([

∂
∂x
∂
∂y

]
ϕβ

)
dΩ

=

∫∫
E

(
1

det J
B

[ ∂
∂ξ
∂
∂η

]
ψα

)
·
(

1

det J
B

[ ∂
∂ξ
∂
∂η

]
ψβ

)
| det J |dξdη

=
1

| det J |

∫∫
E

(
B∇(ξ,η)ψα

)
·
(
B∇(ξ,η)ψβ

)
dξdη

=
1

| det J |

∫∫
E

(∇(ξ,η)ψα)TBTB∇(ξ,η)ψβdξdη,

where ψα, ψβ must be interpreted in the following way: ϕk → ψ0, ϕl → ψ1, ϕm →
ψ2.

Therefore, the matrix M1
τ is

M1
τ =

1

| det J |

∫∫
E

(∇Ψ)TBTB∇Ψdξdη,

where Ψ = (ψ0, ψ1, ψ2) and

∇Ψ =


∂

∂ξ
∂

∂η

 (ψ0, ψ1, ψ2) =


∂ψ0

∂ξ

∂ψ1

∂ξ

∂ψ2

∂ξ
∂ψ0

∂η

∂ψ1

∂η

∂ψ2

∂η

 =

[
−1 1 0
−1 0 1

]
.
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For the load vector, we obtain

bτ =

∫∫
τ

f(x, y)

 ϕk
ϕl
ϕm

 dΩ =

∫∫
E

f(x(ξ, η), y(ξ, η))ΨT |det J |dξdη.

As a separate example, we shall show that we can analogously compute an
element mass matrix. The following equality obviously holds:∫∫

Ω

ϕαϕβdΩ =

∫∫
E

ψαψβ| det J |dξdη,

and, therefore, the local mass matrix is

M0
τ = | det J |

∫∫
E

 ψ2
0 ψ0ψ1 ψ0ψ1

ψ1ψ0 ψ2
1 ψ1ψ2

ψ2ψ0 ψ2ψ1 ψ2
2

 dξdη
= | det J |

∫∫
E

ΨTΨdξdη.

Exercise. Make the necessary computations to show that the latter result agrees
with what we stated in Section 2.1.4 for Mτ .

3.2.4 Element-wise computations for more general boundary

conditions

For more general boundary conditions, there might be additional contributions to
the left-hand side matrix and the load vector that include integrals over the bound-
ary. Consider the following example

−∇ · [(x2 + y2 + 1)∇u] = f, x ∈ Ω,

−(x2 + y2 + 1)
∂u

∂n
= u, x ∈ ∂Ω.

(D)

The corresponding variational problem becomes (Check!):
Find u ∈ H1(Ω), such that

a(u, v) = F (v), (V)

where

a(u, v) =

∫∫
Ω

(x2 + y2 + 1)∇u · ∇vdΩ +

∫
∂Ω

uvds, F (v) =

∫∫
Ω

fvdΩ.

Approximating the latter variational problem in the �nite-dimensional subspace Vh,
we obtain eventually the linear algebraic system

(M1 + Γ)q = b.
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Here, M1 and b are the sti�ness matrix and load vector. We have already shown
in the previous section how to assemble those. Let us consider the matrix

Γ =

∫
∂Ω

 ϕ2
1 ϕ2ϕ1 · · · ϕNϕ1
...

...
. . .

...
ϕ1ϕN ϕ2ϕN · · · ϕ2

N

 ds.
Following our usual procedure, we can write it as a sum over all boundary segments
γ in the triangulation:

Γ =
∑
γ

∫
γ

 ϕ2
1 ϕ2ϕ1 · · · ϕNϕ1
...

...
. . .

...
ϕ1ϕN ϕ2ϕN · · · ϕ2

N

 ds.
For the local matrix that corresponds to the boundary segment γ(lm), de�ned by
nodes l = (xl, yl),m = (xm, ym), we are interested only in the 2×2 non-zero elements

Γlm =

∫
γ(lm)

[
ϕ2
l ϕlϕm

ϕmϕl ϕ2
m

]
ds.

We make a change of variables, so that the segment, de�ned by nodes l,m is trans-
formed into the standard 1D element, ξ ∈ [0, 1], over which the basis functions
ϕl, ϕm are transformed into ψγ,0 = 1 − ξ and ψγ,1 = ξ. The change of variables is
obviously [

x
y

]
=

[
xl
yl

]
+ ξ

[
xm − xl
ym − yl

]
and, therefore,

ds =
√

(xm − xl)2 + (ym − yl)2dξ.

For the local matrix, we �nally obtain∫
γ(lm)

[
ϕ2
l ϕlϕm

ϕmϕl ϕ2
m

]
ds =

∫ 1

0

[
ψ2
γ,0 ψγ,0ψγ,1

ψγ,1ψγ,0 ψ2
γ,1

]√
(xm − xl)2 + (ym − yl)2dξ

3.2.5 Quadrature formulae for the standard triangular ele-

ment

In order to compute the local element matrices and load vectors, we need to com-
pute integrals over the standard triangle. Here, we summarize several quadrature
formulas:

Nodes Weights Exact for polynomials of degree
(1/2,1/2) 1/2 1

(0,0),(1,0),(0,1) 1/6, 1/6, 1/6 1
(1/2,0),(1/2,1/2),(0,1/2) 1/6, 1/6, 1/6 2

(0,0), (1,0), (0,1) 3/120, 3/120, 3/120 3
(1/2,0),(1/2,1/2),(0,1/2) 8/120,8/120,8/120

(1/3,1/3) 27/120
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Example. If we compute approximately the matrix

M =

∫∫
E

 ψ2
0 ψ0ψ1 ψ0ψ1

ψ1ψ0 ψ2
1 ψ1ψ2

ψ2ψ0 ψ2ψ1 ψ2
2

 dξdη,
using the second formula, we obtain

M ≈ 1

6

 1 0 0
0 0 0
0 0 0

+
1

6

 0 0 0
0 1 0
0 0 0

+
1

6

 0 0 0
0 0 0
0 0 1

 .
Exercise. Which formula would guarantee exact computation of the integral in the
last example?

3.3 Imposing Dirichlet boundary conditions

When we have Dirichlet boundary conditions, there is a certain inconvenience, when
we try to assemble the linear algebraic system. Usually, we write the matrix of the
system as a sum of element matrices. The latter are computed by making a change
to a standard element, in order to unify the computations. However, when Dirichlet
boundary conditions are imposed, the variational problem is solved in H1

0 , i.e. the
basis functions, corresponding to boundary nodes, are excluded. Let us reconsider
the 1D example from Section 1.2.1. We need to solve the system

∫
I

 ϕ′21 · · · ϕ′1ϕ
′
n−1

...
. . .

...
ϕ′1ϕ

′
n−1 · · · ϕ′2n−1

 dx
 q1

...
qn−1

 =

∫
I

f

 ϕ1
...

f, ϕn−1

 dx.
If we start computing the element matrices as usual, then the matrix that corre-
sponds to element I1 is di�erent than the rest, because there is only one non-zero
element (

∫
I
ϕ′21 dx). The same holds for the element matrix for In.

In order to be able to use our general approach, in practice we assemble the
matrix as usual (as if we had Neumann boundary conditions) and obtain an (n +
1)× (n+ 1) linear system:

∫
I

 ϕ′20 · · · ϕ′0ϕ
′
n

...
. . .

...
ϕ′0ϕ

′
n · · · ϕ′2n

 dx
 q0

...
qn

 =

∫
I

f

 ϕ0
...
ϕn

 dx.
Let m̃ij and b̃i, i = 0, n, j = 0, n, denote the elements of the so-obtained matrix
and right-hand side vector, correspondingly.

Only then, we impose the boundary conditions by changing the �rst and last
rows of the system as well as the �rst and last column as follows:

1 0 · · · 0 0
0 m̃11 · · · m̃1,n−1 0
...

...
. . .

...
...

0 m̃n−1,1 · · · m̃n−1,n−1 0
0 0 · · · 0 1


 q0

...
qn

 =


0

b̃1
...

b̃n−1

0

 .
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The change in the columns is made, so that the structure of the matrix is kept
symmetric.

If the boundary conditions are not homogeneous, but

u(0) = uleft, u(1) = uright,

then the system becomes
1 0 · · · 0 0
0 m̃11 · · · m̃1,n−1 0
...

...
. . .

...
...

0 m̃n−1,1 · · · m̃n−1,n−1 0
0 0 · · · 0 1


 q0

...
qn

 =


uleft

b̃1 − m̃10uleft − m̃1nuright
...

b̃n−1 − m̃n−1,0uleft − m̃n−1,nuright
uright

 .

We can proceed analogously in the 2D case, by changing the rows and columns
of the matrix, that correspond to the boundary nodes, after we have assembled as
if there were Neumann boundary conditions.
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Chapter 4

FEM for time-dependent problems

Until now, we have only considered stationary problems. This is, in some sense,
natural, since FEM is usually a method for spatial discretization. We shall now see
what can it give us for time-dependent problems. We shall discuss the ideas on the
basis of two examples�the linear 1D di�usion equation and the 2D wave equation.
Thus, by the end of this section we will have covered the main linear second-order
linear PDEs that serve as a foundation for many mathematical models, used in
practice. We shall postpone the transport equation until the second part of the
course, since there are certain problems, concerning solving it numerically.

Furthermore, we shall only consider homogeneous Dirichlet boundary conditions
in our examples, since our focus will be on the time-dependent part of the problem.
We already know what to do in cases when the boundary conditions are di�erent.

4.1 FEM for the 1D linear di�usion/heat equation

We consider the following di�erential problem over the domain x ∈ I := [0, L],
y ∈ J := [0, T ]:

∂u

∂t
− ∂2u

∂x2
= f,

u(0, t) = u(L, t) = 0,

u(x, 0) = u0(x).

(D)

We proceed in the usual way to obtain the variational formulation. We multiply
both sides with a test function v and integrate with respect to the spatial
variable.

For the left hand-side we obtain

lhs =

∫
I

(
∂u

∂t
− ∂2u

∂x2

)
vdx

=

∫
I

∂u

∂t
vdx+

∫
I

∂u

∂x

∂v

∂x
dx−

�
�
�
��

0, if ∀t ∈ J, v(·, t) ∈ H1
0 (I)

∂u

∂x
v

∣∣∣∣L
0

.

Then, the variational problem becomes:
For every t ∈ J , �nd u(·, t) ∈ H1

0 (I), such that(
∂u

∂t
, v

)
+ a(u, v) = F (v),∀v ∈ H1

0 , (V)
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where

a(u, v) :=

∫
I

∂u

∂x

∂v

∂x
dx, F (v) =

∫
I

fvdx.

Remark 19. In the variational equation, we treat t as something �xed and then
we want to solve the variational equation for every �xed t. Thus, in some sense, we
have decomposed the problem into a spatial and a time-dependent problem.

Remark 20. Note that the left-hand side is not symmetric anymore.

Further, we discretize the spatial domain in the usual way (i.e., we ob-
tain a semi-discretization of the numerical domain I × J) and look for an
approximate solution of the form

uh =
n−1∑
j=1

qj(t)ϕj(x),

which is a piecewise-linear polynomial for every �xed t. In the latter, ϕj(x), j =
1, n− 1 are the hat-functions, corresponding to the internal nodes of the discretiza-
tion of I. Then, we can approximate the variational problem (V ) with the following
one:1

For every t ∈ J , �nd the function uh, such that Vh,0 3 uh(·, t) =
∑n−1

j=1 qj(t)ϕj(·),
and (

∂uh
∂t

, v

)
+ a(uh, v) = F (v), ∀v ∈ Vh,0. (R.�G.)

This leads to the equivalent semi-discrete problem:
For every t ∈ J , �nd (q1(t), . . . , qn−1(t)) ∈ Rn−1, such that

n−1∑
j=1

(ϕj, ϕi)
dqj
dt

(t) +
n−1∑
j=1

a (ϕj, ϕi) qj(t) = F (ϕi), i = 1, n− 1.

If we denote q(t) = (q1(t), . . . , qn−1(t))T , we can write the problem compactly as

M0dq

dt
+M1q = b, (4.1)

where M0 and M1 are the usual mass and sti�ness matrices, respectively, and b is
the usual load vector. The di�erential problem can be closed with

q(0) = q0,

where q0 are the coe�cients in a piecewise linear approximation uh,0(x) of u0(x).
For instance, we can choose uh,0(x) to be the piecewise-linear interpolant or the
L2-projection of u0(x) onto Vh,0. We shall discuss this in a little more detail when
we discuss stability and convergence.

Thus, using FEM for the time-dependent problem, we have obtained
a spatial discretization and we have reduced the original PDE boundary-
value problem to an initial-value problem for a system of ODEs. In this

1It would be more correct to call the obtained semi-discrete problem a Faedo�Galerkin formu-
lation, but we shall continue to use the abbreviation R.�G.
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case the ODEs are linear, since the original problem is also linear. A remarkable
fact is that in the ODE problem the same mass and sti�ness matrices take part.

We shall give two examples, concerning how we can solve numerically the arising
ODE system (4.1). For simplicity, we shall assume that f does not depend on time
and, therefore b is constant.

Example. Let us introduce the uniform time discretization

0 = t0 < · · · < tm = L

and let τ be the time discretization step. If we use the backward Euler method, we
obtain

M0Qi+1 −Qi

τ
+M1Qi+1 = b,

whereQi is the approximate solution at time ti, i = 0,m− 1. We start withQ0 = q0

and then solve the resulting system on each time layer.

Example. Using the improved Euler method, we obtain the following Crank�
Nicolson scheme. The di�erence with respect to the previous example is that the
linear algebraic system that needs to be solved on each time layer is

M0Qi+1 −Qi

τ
+M1Qi+1 +Qi

2
= b.

In both examples, we have approximated the ODE system and obtained a linear
algebraic system that needs to be solved.

Actually, we can use any numerical method for �rst-order ODEs (e.g., Euler
methods, Runge�Kutta methods, Adams-like methods, etc.), if we put the problem
in the appropriate form.

Inverting the mass matrix, however, destroys its sparse structure. One possible
solution to this problem that is done from practical considerations, is the so-called
mass lumping. This means to add all o�-diagonal elements of the mass matrix to
the diagonal one and, thus, obtain a diagonal approximation to the original matrix.
Then, inverting it, will also result in a diagonal matrix.

4.2 Stability and convergence for the semi-discrete

problem

One key concept, concerning the numerical solution of time-dependent problems is
the one of stability. We need to understand what is the e�ect of some errors that
are introduced in the computations (e.g. round-o� errors, approximation errors,
etc.) on the �nal result. We consider the e�ect of the non-exact representation
of the initial data and right-hand side for the example problem from the previous
section (the boundary conditions were homogeneous there and can, therefore, be
represented exactly). Let us remark that an error can be obtained at any time-layer
(not only in the initial data), but we can use the same results with this time-layer
as �initial�.

In this section, ‖ · ‖ will mean the L2-norm.
First, we shall prove that the following stability result holds true.
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Proposition 22. For the FEM solution, it holds that

‖uh(·, t)‖ ≤ ‖uh(·, 0)‖+

∫ t

0

‖f(·, s)‖ds,

i.e. it is stable with respect to initial conditions and right-hand side.

Remark 21. Before we prove this result, let us �rst clarify what it means. Let us
consider the solution ũh of the semi-discrete problem with slightly perturbed initial
data ũh(x, 0) and right-hand side f̃ . Then, the di�erence between the two solutions
uh− ũh satis�es the problem with initial data uh(x, 0)− ũh(x, 0) and right-hand side
f − f̃ and is, therefore, bounded by

‖uh(·, t)− ũh(·, t)‖ ≤ ‖uh(·, 0)− ũh(·, 0)‖+

∫ t

0

‖f(·, s)− f̃(·, s)‖ds.

In this sense, small perturbations in the initial data and right-hand side (e.g. from
round-o� errors) have small e�ect on the solution and it is stable.

Now, we are ready to continue with the proof of the stability estimate.

Proof. Since (R.�G.) holds for every v ∈ Vh,0, it holds, in particular, for v = uh, i.e.∫
I

(u̇huh + (u′h)
2)dx =

∫
I

fuhdx ≤ ‖f‖‖uh‖. (4.2)

Let us work a little with the left-hand side. We obtain consecutively∫
I

(u̇huh + (u′h)
2)dx =

∫
I

[
1

2

∂(uh)
2

∂t
+ (u′h)

2

]
=

1

2

∂

∂t
(‖uh‖2) + ‖u′h‖2

≥ ‖uh‖
∂‖uh‖
∂t

.

From the latter inequality and (4.2), we obtain

∂‖uh‖
∂t

≤ ‖f‖.

Now, using the triangle inequality, the statement of the proposition follows directly.

For the classical �nite di�erence methods, it is well-known that

consistency + stability = convergence.

It turns out that we can show the same here.

Proposition 23. For the FEM solution, it holds that for every t ∈ J ,

‖u(t)− uh(t)‖ ≤ Ch2

(
‖u′′0‖+

∫ t

0

‖u̇′′(·, s)‖ds
)
.
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Proof. As we mentioned, convergence is a result of consistency and stability. We
shall incorporate this idea by decomposing the error into two parts:

u− uh = (u−Rhu)︸ ︷︷ ︸
consistency

+ (Rhu− uh)︸ ︷︷ ︸
stability

=: ρ+ θ,

where Rhu is the so-called Ritz projection of u onto Vh,0, i.e.

((u−Rhu)′, v′) = 0, ∀v ∈ Vh,0.

Our reasoning behind the above representation of the error is the following. We
shall show that we can approximate u with something (the Ritz projection) from
Vh,0 (consistency of (R.�G) with (V)) and then we shall show that, starting close
to the Ritz projection, we stay close to it (stability) and, therefore, stay close to u.
Stating the same thing in a formal way, we shall bound separately ρ and θ by using
approximation theory and our stability result, respectively.

First, for the Ritz projection, taking into account that it is actually the solution
of the model problem in Section 1.2.1, we have the following result (see Section
1.3.3) for su�ciently regular problems:

‖ρ(·, t)‖ ≤ Ch2‖u′′(·, t)‖

= Ch2

∥∥∥∥u′′(·, 0) +

∫ t

0

u̇′′(·, s)ds
∥∥∥∥

≤ Ch2

(
‖u′′0(·)‖+

∫ t

0

‖u̇′′(·, s)‖ds
)
.

Considering θ, let us note that it is a solution of (R.�G.) with right-hand side f = −ρ̇
(Check!). Thus, it satis�es the stability estimate

‖θ(·, t)‖ ≤
∫ t

0

‖ρ̇(·, s)‖ds+���
��:

0, assuming that uh(·, 0) = Rhu0(·)
‖θ(·, 0)‖

=

∫ t

0

∂

∂t
‖ρ(·, s)ds‖

≤ Ch2

∫ t

0

‖u̇′′(·, s)‖ds.

Remark 22. From the above proof, it follows that the best initial condition for the
semi-discrete problem is the Ritz projection of u0(x). In order to guarantee second-
order accuracy, we need to either use this initial condition or an initial condition
that approximates the Ritz projection with second-order accuracy.

Remark 23. We can use what we know about the FEM solution of the correspond-
ing stationary problem (i.e. the Ritz projection), in order to study the convergence
for the time-dependent problem. Therefore, we shall concentrate on studying the
error for the stationary problems.

Remark 24. We have derived stability and convergence results for the semi-discrete
solution (for which FEM is responsible). In order to obtain convergence for the
fully-discrete solution, we must also ensure that the numerical method, used for
time-discretization, is stable and has an appropriate convergence rate.

We can also derive similar stability results in other norms, e.g. H1-norm.
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4.3 FEM for the 2D linear wave equation

Let us now consider a 2D example, as well.

∂2u

∂t2
− c2∆u = f, in Ω× J,

u = 0, on ∂Ω× J,
u = u0, in Ω for t = 0,

∂u

∂t
= v0, in Ω for t = 0.

(D)

Since there is nothing really new, we shall only sketch the FEM formulation.
Using our standard procedure, we obtain the following variational problem:
For each t ∈ J , �nd u(·, t) ∈ H1

0 (Ω), such that(
∂2u

∂t2
, v

)
+ a(u, v) = F (v), ∀v ∈ H1

0 (Ω), (V)

where

a(u, v) = c2

∫∫
Ω

∇u · ∇vdΩ, F (v) =

∫∫
Ω

fvdΩ.

We approximate (V) with the problem
For each t ∈ J , �nd uh =

∑Ninter

j=1 qj(t)ϕj(x) ∈ Vh,0(K), such that(
∂2uh
∂t2

, v

)
+ a(uh, v) = F (v), ∀v ∈ Vh,0(K), (V)

where ϕ1(x), . . . , ϕNinter
(x) correspond to the interior nodes of the triangulation K

and Vh,0(K) = span(ϕ1(x), . . . , ϕNinter
(x)).

Using the ansatz form of uh, we obtain the following semi-discrete problem�an
ODE system for the unknown coe�cients (q1(t), . . . , qNinter

(t))T =: q(t).
For each t ∈ J , �nd q(t), such that

M0d
2q

dt2
+M1q = b.

The mass matrix and the load vector have their usual forms. The elements of the
sti�ness matrix are

M1
ij = c2

∫∫
Ω

∇ϕi · ∇ϕjdΩ.

We can reduce the latter system to the following �rst-order ODE system:

dq

dt
= ξ,

M0dξ

dt
= −M1q+ b.
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Chapter 5

Îáùà òåîðèÿ íà ÌÊÅ çà

åëèïòè÷íè çàäà÷è

Àáñòðàêòíàòà âàðèàöèîííà ïîñòàíîâêà, êîÿòî ðàçãëåæäàìå, å ñëåäíàòà.

Íåêà V å Õèëáåðòîâî ïðîñòðàíñòâî ñ âúâåäåíî ñêàëàðíî ïðîèçâåäåíèå (·, ·)
è ïîðîäåíà îò íåãî íîðìà ‖ · ‖. Íåêà a : V ×V → R å áèëèíåéíà ôîðìà, êîÿòî å

(i) êîåðöèòèâíà âúâ V , ò.å. ∃α > 0:

a(u, u) ≥ α‖u‖2, ∀u ∈ V ;

(ii) íåïðåêúñíàòà âúâ V , ò.å. ∃C0:

a(u, v) ≤ C0‖u‖‖v‖, ∀u, v ∈ V.

Íåêà F : V → R å ëèíåéíà ôîðìà (ëèíååí ôóíêöèîíàë), êîéòî å

(iii) íåïðåêúñíàò âúâ V , ò.å. ∃Λ:

F (v) ≤ Λ‖v‖,∀v ∈ V.

Òúðñèì u ∈ V :
a(u, v) = F (v), ∀v ∈ V.

5.1 Ñúùåñòâóâàíå è åäèíñòâåíîñò íà ðåøåíèåòî

íà âàðèàöèîííàòà çàäà÷à

Proposition 24 (Riesz Representation Theorem). Íåêà V å Õèëáåðòîâî ïðîñòðàíñòâî
ñ âúâåäåíî ñêàëàðíî ïðîèçâåäåíèå (·, ·). Òîãàâà âñÿêà íåïðåêúñíàòà ëèíåéíà
ôîðìà F : V → R ìîæå äà ñå ïðåäñòàâè ïî åäèíñòâåí íà÷èí âúâ âèäà

F (·) = (v, ·)

çà íÿêîå ôèêñèðàíî v ∈ V .
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Proof. Åäèíñòâåíîñòòà ñå äîêàçâà íåïîñðåäñòâåíî. Äà äîïóñíåì, ÷å èìà äâå
òàêèâà ïðåäñòàâÿíèÿ:

F (·) = (u1, ·) F (·) = (u2, ·).

Òîãàâà (u1 − u2, v) = 0 çà âñÿêî v ∈ V è ñëåäîâàòåëíî u1 − u2 = 0.
Îñòàâà äà äîêàæåì ñúùåñòâóâàíåòî íà òàêîâà ïðåäñòàâÿíå. Àêî F (·) ≡ 0,

òâúðäåíèåòî î÷åâèäíî å èçïúëíåíî ñ v = 0. Èíà÷å, N (F ) 6= V è ñëåäîâàòåëíî
èìà íåíóëåâè åëåìåíòè â N⊥. Íåêà èçáåðåì á.î.î. u0 òàêà, ÷å F (u0) = 1. Òîãàâà

F (u− F (u)u0) = 0, ∀u ∈ V,

ò.å. u − F (u)u0 =: w ∈ N è u ìîæå äà ñå ðàçëîæè ïî ñëåäíèÿ íà÷èí íà
êîìïîíåíòè â N è N⊥:

u = w + F (u)u0.

Ñëåäîâàòåëíî, êàòî óìíîæèì äâåòå ñòðàíè ñ u0 ∈ N⊥, ïîëó÷àâàìå

F (u) =
(u, u0)

(u0, u0)
.

Òàêà äîêàçàõìå òåîðåìàòà ñ v = u0
(u0,u0)

.

Proposition 25 (Lax�Milgram Theorem). Íåêà V å Õèëáåðòîâî ïðîñòðàíñòâî
ñ âúâåäåíî ñêàëàðíî ïðîèçâåäåíèå (·, ·) è íåêà a(·, ·) å áèëèíåéíà ôîðìà, êîÿòî
å íåïðåêúñíàòà è êîåðöèòèâíà âúâ V . Íåêà F (·) å ëèíåéíà ôîðìà, êîÿòî
å íåïðåêúñíàòà âúâ V . Òîãàâà ñúùåñòâóâà åäèíñòâåíî ðåøåíèå u ∈ V íà
âàðèàöèîííàòà çàäà÷à

a(u, v) = F (v), ∀v ∈ V.

Ïðè òîâà å â ñèëà ñëåäíàòà àïðèîðíà îöåíêà çà óñòîé÷èâîñò:

‖u‖V ≤
Λ

α
.

Èäåÿ íà äîêàçàòåëñòâîòî. Ùå ïîêàæåì îñíîâíàòà èäåÿ íà åäíî îò äîêàçàòåëñòâàòà
çà ñúùåñòâóâàíå è åäèíñòâåíîñò, êàòî ùå ïðîïóñíåì íÿêîè äåòàéëè, êîèòî
èçèñêâàò ïî-çàäúëáî÷åíè çíàíèÿ îò òåîðèÿòà íà Õèëáåðòîâèòå ïðîñòðàíñòâà.

Òúé êàòî F (·) å íåïðåêúñíàòà ëèíåéíà ôîðìà, ñúùåñòâóâà b ∈ V òàêîâà, ÷å

F (v) = (b, v), ∀v ∈ V.

Îñâåí òîâà a(u, ·) å íåïðåêúñíàòà ëèíåéíà ôîðìà âúâ V è ñëåäîâàòåëíî ñúùåñòâóâà
w =: Au ∈ V , òàêà ÷å

a(u, v) = (Au, v), ∀v ∈ V.

Ìîæå äà ñå äîêàæå, ÷å îïåðàòîðúò A å ëèíååí è íåïðåêúñíàò. Òîãàâà âìåñòî
âàðèàöèîííàòà çàäà÷à ìîæåì äà ðàçãëåæäàìå ëèíåéíîòî îïåðàòîðíî óðàâíåíèå

Au = b.

Çà äà äîêàæåì, ÷å ïîñëåäíîòî èìà ðåøåíèå å äîñòàòú÷íî äà äîêàæåìRange(A) ≡
V . Ïîñëåäíîòî ñå ïîëó÷àâà êàòî ñëåäñòâèå îò ôàêòà, ÷åN (A) = {0}. Äåéñòâèòåëíî,
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äà äîïóñíåì, ÷å z ∈ N (A). Òîãàâà îò êîåðöèòèâíîñòòà íà áèëèíåéíàòà ôîðìà
èìàìå

α‖z‖2 ≤ a(z, z) = (Az, z) ≤ C0‖Az‖‖z‖
è ñëåäîâàòåëíî

‖z‖ ≤ C0

α
‖Az‖ = 0 =⇒ z = 0.

Îñòàâà äà äîêàæåì åäèíñòâåíîñòòà. Íåêà Au1 = b è Au2 = b, ñëåäîâàòåëíî
A(u1 − u2) = 0. Îòíîâî èçïîëçâàìå êîåðöèòèâíîñòòà è ïîëó÷àâàìå

α‖u1 − u2‖2 ≤ a(u1 − u2, u1 − u2) ≤ ‖A(u1 − u2)‖‖u1 − u2‖ = 0.

Ñåãà ùå èëþñòðèðàìå íà áàçàòà íà íÿêîëêî ïðèìåðà êàê òåîðåìàòà íà Lax�
Milgram ìîæå äà ñå èçïîëçâà çà äîêàçâàíå íà ñúùåñòâóâàíå è åäèíñòâåíîñò íà
ðåøåíèåòî íà äàäåíà åëèïòè÷íà çàäà÷à.

Example. Ðàçãëåæäàìå óðàâíåíèåòî íà Ïîàñîí ñ ãðàíè÷íî óñëîâèå íà Äèðèõëå:

−∆u = f, x ∈ Ω,

u = 0, x ∈ ∂Ω.

Ñúîòâåòíàòà âàðèàöèîííà çàäà÷à å ñ

a(u, v) = (∇u,∇v), F (v) = (f, v),

êàòî Õèëáåðòîâîòî ïðîñòðàíñòâî å V = H1
0 (Ω). Áèõìå ìîãëè äà íîðìèðàìå

òîâà ïðîñòðàíñòâî, èçïîëçâàéêè åíåðãåòè÷íà íîðìà èëè H1-íîðìà. Ðàçáèðà ñå,
ùå èçïîëçâàìå òàçè íîðìà, êîÿòî ùå íè äàäå ðåçóëòàòà ïî-ëåñíî. Çíàåì, ÷å
îáèêíîâåíî ðåçóëòàòèòå èçëèçàò ïî÷òè íåïîñðåäñòâåíî â åíåðãåòè÷íàòà íîðìà
è çàòîâà ùå èçïîëçâàìå íåÿ:

‖u‖2
E =< u, u >E= a(u, u).

Ùå äîêàæåì, ÷å çà âàðèàöèîííàòà çàäà÷à ñà â ñèëà óñëîâèÿòà íà òåîðåìàòà íà
Lax�Milgram:

(i) Êîåðöèòèâíîñò íà áèëèíåéíàòà ôîðìà âE-íîðìà ñëåäâà äèðåêòíî îò äåôèíèöèÿòà:

a(u, u) ≥ α‖u‖E
çà α = 1. Ïîñëåäíîòî íåñòðîãî íåðàâåíñòâî âñúùíîñò å âèíàãè ðàâåíñòâî.

(ii) Íåïðåêúñíàòîñò íà áèëèíåéíàòà ôîðìà âE-íîðìà ñëåäâà âåäíàãà îò íåðàâåíñòâîòî
íà Ê.-Á.-Ø.:

a(u, v) =< u, v >E≤ C0‖u‖E‖v‖E,
êúäåòî C0 = 1.

(iii) Íåïðåêúñíàòîñòòà íà ëèíåéíàòà ôîðìà ïîëó÷àâàìå, êàòî èçïîëçâàìå íåðàâåíñòâîòî
íà Poincar�e (äà çàáåëåæèì, ÷å ñìå â ïðîñðòðàíñòâîòî H1

0 ):

F (v) = (f, v) ≤ ‖f‖L2‖v‖L2 ≤ C‖f‖L2︸ ︷︷ ︸
Λ

‖v‖E.

Ñëåäîâàòåëíî óñëîâèÿòà íà òåîðåìàòà ñà èçïúëíåíè è âàðèàöèîííàòà çàäà÷à
èìà åäèíñòâåíî ðåøåíèå.
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Remark 25. Äà îáúðíåì âíèìàíèå, ÷å â ñëó÷àèòå, êîãàòî áèëèíåéíàòà ôîðìà
äåôèíèðà ñêàëàðíî ïðîèçâåäåíèå, ñúùåñòâóâàíåòî è åäèíñòâåíîñòòà ñëåäâàò
äèðåêòíî è îò òåîðåìàòà íà Riesz. Äåéñòâèòåëíî, îò íåÿ ñëåäâà, ÷å ñúùåñòâóâà
åäèíñòâåí åëåìåíò u ∈ V òàêúâ, ÷å

F (v) =< u, v >E= a(u, v), ∀v ∈ V.

Ñåãà ùå ïðèâåäåì ïðèìåð, â êîéòî ãðàíè÷íèòå óñëîâèÿ íå ñà íà Äèðèõëå.
Çà òàçè öåë ùå íè áúäå íåîáõîäèìî îáîáùåíèå íà íåðàâåíñòâîòî íà Poincar�e,
êîåòî äà å âàëèäíî â H1. Ùå ïðèâåäåì äâå íåðàâåíñòâà, êîèòî ñà èçïúëíåíè çà
âñÿêî u ∈ H1(Ω):∫

∂Ω

u2ds ≤ C‖u‖2
H1(Ω),∫∫

Ω

u2dΩ ≤ C

{∫∫
Ω

|∇u|2dΩ +

∫
∂Ω

u2ds

}
(Íåðàâåíñòâî íà Friedrichs).

Äîêàçàòåëñòâîòî íà òåçè äâå íåðàâåíñòâà â 1D å ïîñòàâåíî êàòî çàäà÷à âúâ
âòîðèÿ ñïèñúê îò äîïúëíèòåëíè çàäà÷è.

Â ïî-îáù âèä ìîãàò äà ñå çàïèøàò ñëåäíèòå åêâèâàëåíòíè íåðàâåíñòâà

‖u‖2
L2(∂Ω) ≤ C‖u‖2

H1(Ω),

‖u‖2
L2(Ω) ≤ C

(
‖∇u‖2

L2(Ω) + ‖u‖2
L2(∂Ω)

)
,

‖u‖2
L2(∂Ω) ≤ C

(
‖u‖2

L2(Ω) + ‖∇u‖2
L2(Ω)

)
.

Ïîñëåäíèòå íåðàâåíñòâà ñà îò ò.íàð. íåðàâåíñòâà çà ñëåäàòà (Trace inequali-
ties), òúé êàòî äàâàò âðúçêà ìåæäó ïîâåäåíèåòî íà ôóíêöèÿòà ïî ãðàíèöàòà íà
îáëàñòòà (íåéíàòà ñëåäà âúðõó ãðàíèöàòà) è ïîâåäåíèåòî �è â îáëàñòòà.

Example. Ðàçãëåæäàìå óðàâíåíèåòî íà Ëàïëàñ ñúñ ñìåñåíè ãðàíè÷íè óñëîâèÿ:

−∆u = 0, x ∈ Ω,

u = 0, x ∈ ΓD,

n · ∇u = gN , x ∈ ΓN ,

êúäåòî gN ∈ L2(ΓN).
Ñúîòâåòíàòà âàðèàöèîííà çàäà÷à ñå ïîëó÷àâà çà

a(u, v) = (∇u,∇v), F (v) = (gN , v)L2(ΓN )

â Õèëáåðòîâîòî ïðîñòðàíñòâî

V = {v ∈ H1(Ω) : v|ΓD
= 0}.

Êîåðöèòèâíîñòòà è íåïðåêúñíàòîñòòà íà áèëèíåéíàòà ôîðìà â åíåðãåòè÷íà
íîðìà ñëåäâàò íåïîñðåäñòâåíî, òúé êàòî îòíîâî áèëèíåéíàòà ôîðìà äåôèíèðà
åíåðãåòè÷íîòî ñêàëàðíî ïðîèçâåäåíèå.

Ùå ïîêàæåì íåïðåêúñíàòîñòòà íà ëèíåéíàòà ôîðìà. Ïîëó÷àâàìå ïîñëåäîâàòåëíî

F 2(v) = (gN , V )2
L2(ΓN )

≤ ‖gN‖2
L2(ΓN )‖v‖2

L2(ΓN ) (Ê.-Á.-Ø.)

≤ C‖gN‖2
L2(ΓN )(‖v‖2

L2(Ω) + ‖∇v‖2
L2(Ω)) (Friedrichs)

≤ C‖gN‖2
L2(ΓN )‖v‖2

E (Poincar�e).
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Ñåãà ùå äàäåì ïðèìåð, â êîéòî ùå ïîêàæåì óñëîâèÿòà íà òåîðåìàòà íà
Lax�Milgram â H1-íîðìà.

Example. Ðàçãëåæäàìå ñòàöèîíàðíîòî óðàâíåíèå íà òîïëîïðîâîäíîñòòà

−∆u+ pu = f, x ∈ Ω,

n · ∇u = 0,x ∈ ∂Ω,

êúäåòî p ∈ L2(Ω), p(x) ≥ p0 > 0.
Ñúîòâåòíàòà âàðèàöèîííà çàäà÷à ñå ïîëó÷àâà çà

a(u, v) = (∇u,∇v) + (pu, v), F (v) = (f, v)

â Õèëáåðòîâîòî ïðîñòðàíñòâî V = H1(Ω). Äà ïðîâåðèì óñëîâèÿòà íà òåîðåìàòà.

• Êîåðöèòèâíîñò íà áèëèíåéíàòà ôîðìà. Ïîëó÷àâàìå ïîñëåäîâàòåëíî

a(u, u) = (∇u,∇u) + (pu, u)

≥ ‖u‖2
L2(Ω) + p0‖∇u‖2

L2(Ω)

≥ min{1, p0}︸ ︷︷ ︸
α

(
‖u‖2

L2(Ω) + ‖∇u‖2
L2(Ω)

)
= α‖u‖2

H1(Ω).

• Íåïðåêúñíàòîñò íà áèëèíåéíàòà ôîðìà:

a(u, v) = (∇u,∇v) + (pu, v)

≤ ‖∇u‖L2(Ω)‖∇v‖L2(Ω) + ‖p‖L∞(Ω)‖u‖L2(Ω)‖v‖L2(Ω)

≤ max{1, ‖p‖L∞(Ω)}
(
‖∇u‖L2(Ω)‖∇v‖L2(Ω) + ‖u‖L2(Ω)‖v‖L2(Ω)

)
≤ C0‖u‖H1(Ω)‖v‖H1(Ω).

Ïîñëåäíîòî íåðàâåíñòâî ñå ïîëó÷àâà ïîäîáíî íà äîêàçàòåëñòâîòî íà Òâúðäåíèå 19.

• Íåïðåêúñíàòîñò íà ëèíåéíàòà ôîðìà:

F 2(v) = (f, v)2 ≤ ‖f‖2
L2(Ω)‖v‖2

L2(Ω)

≤ ‖f‖2
L2(Ω)

(
‖v‖2

L2(Ω) + ‖∇v‖2
L2(Ω)

)
= Λ2‖v‖2

H1(Ω)

çà Λ = ‖f‖2
L2(Ω).

5.2 Àïðèîðíè îöåíêè íà ãðåøêàòà çà ÌÊÅ çà

àáñòðàêòíàòà âàðèàöèîííà çàäà÷à

Ñúîòâåòíàòà àáñòðàêòíà ôîðìóëèðîâêà íà ÌÊÅ çà àáñòðàêòíàòà âàðèàöèîííà
çàäà÷à å ñëåäíàòà:

Òúðñèì uh ∈ Vh ⊂ V , êúäåòî ïðîñòðàíñòâîòî Vh å êðàéíîìåðíî, òàêà, ÷å

a(uh, v) = F (v), ∀v ∈ Vh.
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Îñíîâíèÿò ðåçóëòàò, íà êîéòî ñå îñíîâàâàò àïðèîðíèòå îöåíêè íà ãðåøêàòà,
êàêòî çíàåì, å îðòîãîíàëíîñòòà ïî Ãàëüîðêèí. Ùå ïðèâåäåì ðåçóëòàòà òóê
îòíîâî.

Proposition 26 (Galerkin orthogonality). Â ñèëà å

a(u− uh, v) = 0, ∀v ∈ Vh.

Proof. Îò âàðèàöèîííàòà çàäà÷à è çàäà÷àòà íà Ðèòö�Ãàëüîðêèí çíàåì, ÷å

a(u, v) = F (v), ∀v ∈ V,
a(uh, v) = F (v), ∀v ∈ Vh.

Âàäåéêè ïî÷ëåííî äâåòå âàðèàöèîííè òúæäåñòâà, ïîëó÷àâàìå òâúðäåíèåòî.

Òîãàâà ìîæåì äà îöåíèì ãðåøêàòà íà ðåøåíèåòî, ïîëó÷åíî ïî ÌÊÅ, ñ ãðåøêàòà
íà àïðîêñèìàöèÿ çà êîé äà å äðóã åëåìåíò íà êðàéíîìåðíîòî ïîäïðîñòðàíñòâî
Vh, áëàãîäàðåíèå íà ñëåäíèÿ ðåçóëòàò.

Proposition 27 (Ëåìà íà C�ea). Çà âñÿêî v ∈ Vh å â ñèëà îöåíêàòà

‖u− uh‖V ≤
C0

α
‖u− v‖V .

Proof. Çà äà äîêàæåì òâúðäåíèåòî, ùå èçïîëçâàìå êîåðöèòèâíîñòòà è íåïðåêúñíàòîñòòà
íà áèëèíåéíàòà ôîðìà. Ïîëó÷àâàìå ïîñëåäîâàòåëíî

‖u− uh‖2
V ≤

1

α
a(u− uh, u− v + v − uh)

=
1

α
a(u− uh, u− v)

≤ C0

α
‖u− uh‖V ‖u− v‖V .

Êàòî äèðåêòíî ñëåäñòâèå ïîëó÷àâàìå, ÷å ìîæåì äà îöåíèì ãðåøêàòà íà
ðåøåíèåòî ïî ÌÊÅ ñ ãðåøêàòà íà èíòåðïîëàíò îò Vh:

‖u− uh‖V ≤
C0

α
‖u− uI‖V .

È òàêà, çà äà ìîæåì äà íàïðàâèì îöåíêà íà ãðåøêàòà, èçïîëçâàéêè ïîñëåäíîòî,
íèå òðÿáâà äà èìàìå ïîäõîäÿù èíñòðóìåíò îò òåîðèÿ íà àïðîêñèìàöèèòå. Ìíîãî
ñèëåí ðåçóëòàò å ëåìàòà íà Bramble�Hilbert.

Proposition 28 (Ëåìà íà Bramble�Hilbert). Íåêà τ å ðåôåðåíòíà åäèíè÷íà
îáëàñò â Rn. Íåêà q(u) å ôóíêöèîíàë â Hk+1(τ), çà êîéòî:

(i) q(u+ v) ≤ q(u) + q(v) (sublinearity);

(ii) |q(u)| ≤ C‖u‖Hk+1(τ) (îãðàíè÷åíîñò);
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(iii) q(u) = 0, aêo u ∈ Pk.

Òîãàâà ñúùåñòâóâà êîíñòàíòà CB òàêàâà, ÷å

|q(u)| ≤ CB|u|Hk+1(τ).

Êàêòî âèäÿõìå, çà äà ïðèëîæèì ëåìàòà íà C�eà, íè å íåîáõîäèìà îöåíêà çà
‖u− uI‖H1(Ω). Ùå ïðèëîæèì ñòàíäàðòíèÿ ïîäõîä íà ÌÊÅ, êàòî çàïèøåì ‖u−
uI‖2

H1(Ω) =
∑

τ∈K ‖u− uI‖2
H1(τ), a ðàçñòîÿíèÿòà â ñóìàòà îöåíèì, êàòî íàïðàâèì

ñìÿíà êúì ñòàíäàðòíèÿ åëåìåíò. È òàêà, ïúðâî ùå çàïî÷íåì ñ îöåíÿâàíåòî
íà ‖∇(u − uI)‖L2(E) è ‖u − uI‖L2(E), êàòî çà öåëòà ùå èçïîëçâàìå ëåìàòà íà
Bramble�Hilbert.

Proposition 29. Íåêà uI å èíòåðïîëàíò íà u, êîéòî å ïî ÷àñòè ïîëèíîì îò
Pk. Òîãàâà

‖u− uI‖L2(E) ≤ C|u|Hk+1(E)

è
‖∇(u− uI)‖L2(E) ≤ C|u|Hk+1(E).

Proof. Ùå äîêàæåì ïúðâîòî íåðàâåíñòâî. Âòîðîòî ñå ïðîâåðÿâà àíàëîãè÷íî.
Ðàçãëåæäàìå

q(u) :=

{∫∫
E

(u− uI)2dξdη

}1/2

.

Ùå ïðîâåðèì, ÷å óñëîâèÿòà íà ëåìàòà íà Bramble�Hilbert ñà èçïúëíåíè:

• Sublinearity:

q(u+ v) =

{∫∫
E

(u− uI + v − vI)2dξdη

}1/2

= ‖u− uI + v − vI‖L2(E)

≤ ‖u− uI‖L2(E) + ‖v − vI‖L2(E)

= q(u) + q(v);

• Îãðàíè÷åíîñò:
q(u) = ‖u− uI‖L2(E)

≤ ‖u‖L2(E) + ‖uI‖L2(E)

≤ C‖u‖Hk+1 .

Â ïîñëåäíîòî íåðàâåíñòâî èçïîëçâàõìå ôàêòà, ÷å ‖u‖L2(E) ≤ ‖u‖Hk+1(E),
êàêòî è

uI(x) =
k+1∑
i=1

u(Pi)ϕi(x)

≤ max
x∈E
|u(x)|

k+1∑
i=1

ϕi(x)

≤ C‖u‖Hk+1(E) îò ëåìàòà íà Ñîáîëåâ (âæ. Ïàðàãðàô 5.4)

êúäåòî ϕi(x) îáðàçóâàò èíòåðïîëàöèîííèÿ áàçèñ, îòãîâàðÿù íà âúçëèòå
Pi, i = 1, k + 1.
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• Î÷åâèäíî q(u) = 0, àêî u ∈ Pk.

Òîãàâà óñëîâèÿòà íà ëåìàòà íà Bramble�Hilbert ñà èçïúëíåíè è òâúðäåíèåòî å
äîêàçàíî.

Ñåãà âå÷å ñìå ãîòîâè äà äîêàæåì îñíîâíèÿ ðåçóëòàò îò òàçè òåìà.

Proposition 30. Íåêà uI , ïî ÷àñòè ïîëèíîì îò Pk, å èíòåðïîëàíò íà ôóíêöèÿòà
u, êîÿòî å äîñòàòú÷íî ðåãóëÿðíà. Òîãàâà ñà â ñèëà ñëåäíèòå àïðèîðíè îöåíêè:

‖u− uI‖L2(Ω) ≤ Chk+1|u|Hk+1(Ω),

‖∇(u− uI)‖L2(Ω) ≤ Cβhk|u|Hk+1(Ω),

êúäåòî β å ãîðíà ãðàíèöà íà hτ/ρτ , à h := maxτ∈K hτ .

Proof. Êàêòî îòáåëÿçàõìå, êëàñè÷åñêàòà èäåÿ â ÌÊÅ å äà ñâåäåì çàäà÷àòà,
êîÿòî å ïîñòàâåíà âúðõó îáëàñòòà Ω, äî çàäà÷à âúðõó åëåìåíòèòå, ñëåä êîåòî
äà �àñåìáëèðàìå� ðåçóëòàòèòå. Èìàìå

‖∇(u− uI)‖L2(Ω) =

(∑
τ∈K

∫
τ

|∇(u− uI)|2dτ

)1/2

=

(∑
τ∈K

‖∇(u− uI)‖2
L2(τ)

)1/2

.

Äîñòàòú÷íî å äà îöåíèì Qτ (u) := ‖∇(u− uI)‖L2(Ω). Çà òàçè öåë ùå èçïîëçâàìå
ëåìàòà íà Bramble�Hilbert è ñëåäîâàòåëíî òðÿáâà äà íàïðàâèì òðàíñôîðìàöèÿ
êúì ñòàíäàðòíèÿ òðèúãúëåí åëåìåíò. Íåêà åëåìåíòúò τ å îïðåäåëåí îò âúçëèòå
(xk, yk), (xl, yl), (xm, ym). Òîãàâà ñìÿíàòà íà ïðîìåíëèâèòå, êîÿòî òðàíñôîðìèðà
τ â ñòàíäàðòíèÿ òðèúãúëåí åëåìåíò, å[

x
y

]
=

[
xk
yk

]
+B

[
ξ
η

]
,

êúäåòî

B =

[
xl − xk xm − xk
yl − yk ym − yk

]
,

âèæ ïàðàãðàô 3.2. Îñâåí òîâà, ∇xu = B−T∇ξu è ∇ξu = BT∇xu. Äà îáúðíåì
âíèìàíèå, ÷å âñè÷êè åëåìåíòè íà ìàòðèöàòà B ñà ïî ìîäóë ïî ìàëêè îò hτ .
Íåêà îçíà÷èì îùå J := det B.

Òîãàâà

Qτ (u) =

{∫
E

‖B−T∇ξ(u− uI)‖2
2|J |dξdη

}1/2

≤ ‖B−T‖|J |1/2︸ ︷︷ ︸
Òóê âëèçà ãåîìåòðèÿòà

{∫
E

|∇ξ(u− uI)|2dξdη
}1/2

︸ ︷︷ ︸
Ùå èçïîëçâàìå Bramble�Hlibert

.
(5.1)

È òàêà, ùå îöåíèì âñåêè îò ìíîæèòåëèòå â ïîñëåäíîòî ïîîòäåëíî.

• Çíàåì, ÷å äåòåðìèíàíòàòà ìîæå äà áúäå èíòåðïðåòèðàíà ãåîìåòðè÷íî
êàòî ëèöå. Äåéñòâèòåëíî, çà ëèöåòî íà τ èìàìå

|τ | =
∫
τ

dτ =

∫
E

|J |dξdη =
1

2
|J |.
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Ñëåäîâàòåëíî
|J | = ρτ (hk + hl + hm)

è
2ρτhτ ≤ |J | ≤ 3ρτhτ .

• Çà íîðìàòà íà B−T èìàìå ïî äåôèíèöèÿ

‖B−1‖ := sup
ζ∈R2

‖B−1ζ‖
‖ζ‖

. (5.2)

Îò äðóãà ñòðàíà, çà ïðîèçâîëíî ζ å èçïúëíåíî

‖B−1ζ‖2 =

∥∥∥∥ 1

J

[
ym − yk xk − xm
yk − yl xl − xk

] [
ζ1

ζ2

]∥∥∥∥2

≤ 2

|J |2
(ζ1hτ + ζ2hτ )

2

≤ 4h2
τ (ζ

2
1 + ζ2

2 )

|J |2

=
4h2

τ‖ζ‖2

|J |2

Çàìåñòâàéêè ïîñëåäíîòî â (5.2), ïîëó÷àâàìå îêîí÷àòåëíî

‖B−1‖ ≤ 1

ρτ
. (5.3)

• Äà îòáåëåæèì, ÷å ïî ïîäîáåí íà÷èí ñå ïîëó÷àâà è ‖B‖ ≤ h, êîåòî ùå
èçïîëçâàìå ìàëêî ïî-êúñíî.

• Çà ïîñëåäíèÿ ìíîæèòåë â Qτ (u) îò ïðåäõîäíîòî òâúðäåíèå èìàìå

‖∇ξ(u− uI)‖L2(E) ≤ C|u|Hk+1(E) ≤ Chk+1|J |−1/2|u|Hk+1(τ). (5.4)

Ïîñëåäíîòî ñå îñíîâàâà íà ñëåäíîòî íàáëþäåíèå

‖∇ξu‖L2(E) = ‖BT∇xu‖L2(E) ≤ ‖BT‖‖∇xu‖L2(E) ≤ Chτ‖∇xu‖L2(τ)|J |−1/2.

Ñ äðóãè äóìè çà âñÿêî ïðèëàãàíå íà äèôåðåíöèàëíèÿ îïåðàòîð ïðè ñìÿíàòà
�ñå ïîÿâÿâà� BT , ò.å. �èçëèçà� ïî åäíî h. Òúé êàòî â |u|Hk+1 ó÷àñòâàò
ïðîèçâîäíèòå îò ðåä k + 1, ïîëó÷àâàìå îöåíêàòà (5.4).

È òàêà, çàìåñòâàéêè (5.3) è (5.4) â (5.1), ïîëó÷àâàìå

‖∇(u− uI)‖L2(τ) ≤ C
1

ρτ
|J |1/2hk+1

τ |J |−1/2|u|Hk+1(τ).

Ñ òîâà äîêàçàõìå âòîðîòî íåðàâåíñòâî îò òâúðäåíèåòî.
Ïî ïîäîáåí íà÷èí ñå ïîëó÷àâà è ïúðâîòî íåðàâåíñòâî. Åäèíñòâåíàòà ðàçëèêà

å, ÷å ïðè ñìÿíàòà îò τ êúì ñòàíäàðòíèÿ åëåìåíò íå èçëèçà B−T , ïîðàäè êîåòî
ïîëó÷àâàìå è îöåíêà, êîÿòî å ñ åäèí ðåä ïî-âèñîêà.
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5.3 Èçñëåäâàíå íà ÌÊÅ çà îáùàòà åëèïòè÷íà çàäà÷à

Ðàçãëåæäàìå îáùàòà åëèïòè÷íà çàäà÷à ïðè ãðàíè÷íè óñëîâèÿ íà Äèðèõëå,

∇ · (−K(x)∇u+ b(x)u) + q(x)u = f(x), x ∈ Ω ⊂ Rd,

u(x) = 0, x ∈ ∂Ω,
(D)

êúäåòî d = 1, 2, 3 å ðàçìåðíîñòòà íà çàäà÷àòà, à K(x) ∈ Rd×d e ïîëîæèòåëíî-
îïðåäåëåíà ìàòðèöà, ò.å. ξTK(x)ξ ≥ k0ξ

Tξ çà âñÿêî ξ ∈ Rd è íÿêîÿ ïîëîæèòåëíà
êîíñòàíòà k0.

Êàòî óìíîæèì äâåòå ñòðàíè ñêàëàðíî ñ òåñòîâà ôóíêöèÿ v è èíòåãðèðàìå
ïî ÷àñòè ëÿâàòà ñòðàíà, ïîëó÷àâàìå ñëåäíàòà âàðèàöèîííà çàäà÷à:

Äà ñå íàìåðè u ∈ H1
0 (Ω) òàêà, ÷å

a(u, v) = F (v),∀v ∈ H1
0 (Ω), (V)

êúäåòî

a(u, v) =

∫∫
Ω

[(
K(x)∇u− b(x)u

)
· ∇v + q(x)uv

]
dΩ,

F (v) =

∫∫
Ω

fvdΩ.

Proposition 31. Çà âàðèàöèîííàòà çàäà÷à (V), ïðè ïðåäïîëîæåíèÿ

(i) K(x) e ïîëîæèòåëíî-îïðåäåëåíà ìàòðèöà, ò.å. ξTK(x)ξ ≥ k0ξ
Tξ çà

âñÿêî ξ ∈ Rd è íÿêîÿ ïîëîæèòåëíà êîíñòàíòà k0,

(ii) q(x) + 1
2
∇ · b(x) ≥ 0, çà âñÿêî x ∈ Ω

âèíàãè ñúùåñòâóâà, ïðè òîâà åäèíñòâåíî, ðåøåíèå. Ïðèáëèæåíîòî ðåøåíèå
âúâ âèä íà ïî ÷àñòè ïîëèíîì îò Pk, ïîëó÷åíî ïî ÌÊÅ, èçïúëíÿâà ñëåäíàòà
àïðèîðíà îöåíêà íà ãðåøêàòà:

‖u− uh‖H1(Ω) ≤ Cβhk|u|Hk+1(Ω).

Ïðè òîâà, àêî òî÷íîòî ðåøåíèå èçïúëíÿâà óñëîâèå çà ïúëíà (åëèïòè÷íà)
ðåãóëÿðíîñò, ò.å.

|u|H2(Ω) ≤ C‖f‖L2(Ω), ∀f,

òî å â ñèëà
‖u− uh‖L2(Ω) ≤ Cβhk+1|u|Hk+1(Ω).

Proof. Íåïðåêúñíàòîñòòà íà áèëèíåéíàòà ôîðìà è äÿñíàòà ñòðàíà ñå ïðîâåðÿâàò
ëåñíî, êàòî ñå èçïîëçâà íåðàâåíñòâîòî íà Êîøè�Áóíÿêîâñêè�Øâàðö. Òóê ùå
ïðîâåðèì, ÷å ïðè íàïðàâåíèòå ïðåäïîëîæåíèÿ, áèëèíåéíàòà ôîðìà å êîåðöèòèâíà.
Äåéñòâèòåëíî, èìàìå

a(u, u) =

∫∫
Ω

[(K(x)∇u− b(x)u) · ∇u+ q(x)u2]dΩ,

≥
∫∫

Ω

[k0(∇u)2 − (b(x)u) · ∇u+ q(x)u2]dΩ.
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Èçïîëçâàéêè èçâåñòíîòî òúæäåñòâî

−ub · ∇u = −1

2
∇ · (bu2) +

1

2
u2∇ · b,

ïîëó÷àâàìå ∫∫
Ω

−ub · ∇u = −1

2

∫∫
Ω

∇ · (bu2)dΩ +
1

2

∫∫
Ω

u2∇ · bdΩ

=
���

���
���

�:0
−1

2

∫
∂Ω

(bu2) · nds+
1

2

∫∫
Ω

u2∇ · bdΩ.

Òîãàâà

a(u, u) ≥
∫∫

Ω

[
k0(∇u)2 +

(
q(x) +

1

2
∇ · b

)
u2

]
dΩ

≥ k0‖∇u‖2
L2(Ω)

≥ C‖u‖2
H1(Ω).

Çà ïîñëåäíîòî íåðàâåíñòâî å èçïîëçâàíî íåðàâåíñòâîòî íà Poincar�e.
È òàêà, îò òåîðåìàòà íà Lax�Milgram ñëåäâà ñúùåñòâóâàíå è åäèíñòâåíîñò

íà ðåøåíèåòî íà âàðèàöèîííàòà çàäà÷à. Ïðè òîâà å â ñèëà ëåìàòà íà C�ea, ò.å.

‖u− uh‖H1(Ω) ≤
C0

α
‖u− uI‖H1(Ω), ∀v ∈ Vh,

îòêúäåòî ïîëó÷àâàìå àïðèîðíàòà îöåíêà íà ãðåøêàòà âH1-íîðìà, êàòî èçïîëçâàìå
Òâúðäåíèå 30.

Çà äà äîêàæåì îöåíêàòà â L2-íîðìà, ùå ïðèëîæèì òðèêà íà Nitsche. Ðàçãëåæäàìå
äóàëíàòà çàäà÷à íà (V):

a(v, û) = (u− uh, v), ∀v ∈ V.

Â ÷àñòíîñò çà v = u− uh èìàìå

‖u− uh‖2
L2(Ω) = a(u− uh, û)

= a(u− uh, û− ûI)
≤ C‖u− uh‖H1(Ω)‖û− ûI‖H1(Ω)

≤ Cβhk|u|Hk+1(Ω)h|û|H2(Ω).

Ïðè ïðåäïîëîæåíèå çà ïúëíà ðåãóëÿðíîñò å èçïúëíåíî |û|H2(Ω) ≤ C‖u−uh‖L2(Ω)

è òâúðäåíèåòî å äîêàçàíî.

Remark 26. Çà äà áúäå åôåêòèâíà îöåíêàòà, å íåîáõîäèìî òðèàíãóëàöèÿòà
äà ñå ïîñòðîÿâà ïî òàêúâ íà÷èí, ÷å β äà ñå êîíòðîëèðà. Òîâà îáèêíîâåíî
ñå ïîñòèãà ÷ðåç êîíòðîëèðàíå íà ìèíèìàëíèòå úãëè íà âñåêè îò òðèúãúëíèöèòå.
Òîâà îáÿñíÿâà è êàçàíîòî çà òðèàíãóëàöèÿòà â ïàðàãðàô 2.1.1.

5.4 Èçáðàíè òåìè îò òåîðèÿòà íà Ñîáîëåâèòå è

Õèëáåðòîâèòå ïðîñòðàíñòâà

Òóê ùå ïðèâåäåì íÿêîè îáçîðíè ñâåäåíèÿ îò òåîðèÿòà íà Ñîáîëåâèòå è Õèëáåðòîâèòå
ïðîñòðàíñòâà, íà êîèòî ñå îñíîâàâàò íÿêîè îò òåîðåòè÷íèòå ðåçóëòàòè, ðàçãëåäàíè
äîòóê.
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Ïî-äîëó V ùå áúäå äàäåíî ëèíåéíî íîðìèðàíî ïðîñòðàíñòíî ñ íîðìà ‖ · ‖
îñâåí àêî íå å êàçàíî íåùî äðóãî.

De�nition 3. Êàçâàìå, ÷å ðåäèöàòà ϕ0, ϕ1, ϕ2, . . . å ðåäèöà íà Êîøè (ôóíäàìåíòàëíà
ðåäèöà), àêî çà âñÿêî ε > 0 ñúùåñòâóâà n ∈ N òàêà, ÷å ‖ϕk −ϕl‖ < ε çà k, l > n.

De�nition 4. Êàçâàìå, ÷å ëèíåéíîòî íîðìèðàíî ïðîñòðàíñòâî V å Áàíàõîâî
(ïúëíî ìåòðè÷íî) ïðîñòðàíñòâî, àêî åäíà ðåäèöà å ñõîäÿùà òîãàâà è ñàìî
òîãàâà, êîãàòî å ðåäèöà íà Êîøè.

Example. Ïðîñòðàíñòâîòî Rn, íîðìèðàíî ñúñ ñòàíäàðòíàòà Åâêëèäîâà íîðìà,
å Áàíàõîâî ïðîñòðàíñòâî.

Example. Ìîæå äà ñå ïîêàæå, ÷å ïðîñòàíñòâîòî C(Ω) îò íåïðåêúñíàòèòå â
îáëàñòòà Ω ôóíêöèè, íîðìèðàíî ñ ðàâíîìåðíàòà íîðìà, å Áàíaõîâî.

Example. Ïðîñòðàíñòâîòî Q íå å Áàíàõîâî, òúé êàòî â íåãî èìà �äóïêè�. Ïî-
òî÷íî ìîæåì äà íàìåðèì ðåäèöè íà Êîøè (îò ðàöèîíàëíè ÷èñëà), êîèòî íå
ñà ñõîäÿùè â Q (ñõîäÿùè ñà íàïðèìåð â R). Òàêúâ ïðèìåð å ðåäèöàòà îò
ïðèáëèæåíèÿ íà

√
2 äî ïúðâèÿ, âòîðèÿ è ò.í. çíàê ñëåä äåñåòè÷íàòà òî÷êà.

Â ïúëíèòå ïðîñòðàíñòâà èìà �õóáàâà� òåîðèÿ çà ñúùåñòâóâàíå, åäèíñòâåíîñò,
ñõîäèìîñò è ò.í. Ïðèìåð çà òàêúâ ðåçóëòàò å òåîðåìàòà çà íåïîäâèæíàòà òî÷êà
îò êóðñà �×èñëåíè ìåòîäè íà àíàëèçà�, êîÿòî ñå îáîáùàâà â òåîðåìàòà íà Áàíàõ
çà ïðîèçâîëíî Áàíàõîâî ïðîñòðàíñòâî.

Îñîáåíî äîáðà ñòðóêòóðà èìàò ïðîñòðàíñòâàòà, â êîÿòî å âúâåäåíà ãåîìåòðèÿ
(ïîñðåäñòâîì ñêàëàðíî ïðîèçâåäåíèå).

De�nition 5. Êàçâàìå, ÷å ëèíåéíîòî ïðîñòðàíñòâîòî V e ïðåäõèëáåðòîâî ïðîñòðàíñòâî,
àêî â íåãî å âúâeäåíî ñêàëàðíî ïðîèçâåäåíèå.

Íàé-îñíîâíèÿò ðåçóëòàò â ïðåäõèëáåðòîâèòå ïðîñòðàíñòâà å íåðàâåíñòâîòî
íà Êîøè�Áóíÿêîâñêè�Øâàðö.

Proposition 32 (Íåðàâåíñòâî íà Êîøè�Áóíÿêîâñêè-�Øâàðö). Çà âñåêè äâà
åëåìåíòà u, v íà ïðåäõèëáåðòîâîòî ïðîñòðàíñòâî V å â ñèëà

|(u, v)| ≤ ‖u‖‖v‖.

Proof. Çà âñÿêî ðåàëíî α å â ñèëà

(u+ αv, u+ αv) = (u, u) + 2α(u, v) + α2(v, v) ≥ 0.

Ñëåäîâàòåëíî äèñêðèìàíòàòà íà ïîëó÷åíèÿ êâàäðàòåí òðè÷ëåí å íåïîëîæèòåëíà,
ò.å.

(u, v)2 ≤ (u, u)(v, v).

De�nition 6. Êàçâàìå, ÷å ïðåäõèëáåðòîâîòî ïðîñòðàíñòâî H å Õèëáåðòîâî
ïðîñòðàíñòâî, àêî H å Áàíàõîâî.

Çà íàøèòå öåëè íàé-âàæíèòå Áàíàõîâè è Õèëáåðòîâè ïðîñòðàíñòâà ñà ôóíêöèîíàëíèòå
ïðîñòðàíñòâà îò èíòåãðóåìè ôóíêöèè.
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De�nition 7. Äåôèíèðàìå ïðîñòðàíñòâîòî Lp(Ω) := {v : Ω → R : ‖v‖Lp(Ω) <
∞}, êúäåòî

‖v‖Lp(Ω) =

{∫
Ω

|v|pdΩ

}1/p

, p <∞, ‖v‖L∞(Ω) = sup
x∈Ω
|v(x)|.

Ìîæå äà ñå ïîêàæå, ÷å ïðîñòðàíñòâàòà Lp ca Áàíàõîâè çà âñÿêî p, íî åäèíñòâåíî
çà p = 2 ñúîòâåòíîòî ïðîñòðàíñòâî L2 e Õèëáåðòîâî.

Â Õèëáåðòîâèòå ïðîñòðàíñòâà Lp ôóíêöèèòå ïî ïðèíöèï íå ñà äîñòàòú÷íî
ðåãóëÿðíè, çà äà ãîâîðèì çà ïðîèçâîäíè â êëàñè÷åñêèÿ ñìèñúë. Ïî òàçè ïðè÷èíà
ñå âúâåæäàò ò.íàð. îáîáùåíè (ñëàáè) ïðîèçâîäíè. Òóê ùå óòî÷íèì òîâà ïîíÿòèå.
Êîãàòî îáîáùàâàìå äàäåíî ïîíÿòèå â ìàòåìàòèêàòà, òðÿáâà äà èçïúëíèì äâå
íåùà:

• äåéñòâèòåëíî äåôèíèöèÿòà äà îáîáùàâà êëàñè÷åñêîòî ïîíÿòèå (ò.å. òî äà
å ÷àñòåí ñëó÷àé íà îáîáùåíèåòî);

• äà ñå çàïàçâàò �õóáàâèòå� ñâîéñòâà îò ãëåäíà òî÷êà íà òåîðèÿòà, êîÿòî
ðàçãëåæäàìå.

De�nition 8. Íåêà u ∈ L1
loc(Ω) å äàäåíà ôóíêöèÿ. Êàçâàìå, ÷å ôóíêöèÿòà

∂xiu = ∂u
∂xi
∈ L1

loc(Ω) å îáîáùåíà (ñëàáà) ïðîèçâîäíà íà u, aêî∫
Ω

∂xiuϕdΩ = −
∫

Ω

u∂xiϕdΩ, ∀ϕ ∈ C∞0 (Ω).

Ìîæå äà ñå ïîêàæå, ÷å ôîðìóëàòà çà èíòåãðèðàíå ïî ÷àñòè, êàêòî è îñíîâíèòå
ñâîéñòâà íà äèôåðåíöèàëíèÿ îïåðàòîð ñå çàïàçâàò ïðè îáîáùåíàòà ïðîèçâîäíà.
Òîâà ñå îñíîâàâà íà ôàêòà, ÷å èíòåãðóåìèòå ôóíêöèè ìîãàò äà ñå àïðîêñèìèðàò
ñ ãëàäêè òàêèâà, íî òîçè âúïðîñ èçëèçà èçâúí ðàìêèòå íà íàñòîÿùèÿ êóðñ.

Example. Äà ðàçãëåäàìå ôóíêöèÿòà

u =

{
x, x ≥ 0,

0, x ≤ 0,

äåôèíèðàíà â èíòåðâàëà [−1, 1]. Ïðåñìÿòàìå∫ 1

−1

uϕ′dx =

∫ 0

−1

uϕ′dx+

∫ 1

0

uϕ′dx =

∫ 1

0

xϕ′(x)dx = −
∫ 1

0

ϕdx.

Ñëåäîâàòåëíî, àêî ôóíêöèÿòà u èìà ñëàáà ïðîèçâîäíà, òî òîâà òðÿáâà äà å
òàêàâà ôóíêöèÿ u′, çà êîÿòî∫ 1

−1

u′ϕdx =

∫ 1

0

ϕdx. ∀ϕ ∈ C∞0 .

Òàêàâà ôóíêöèÿ äåéñòâèòåëíî ñúùåñòâóâà, íàïðèìåð ôóíêöèÿòà íà Heaviside:

u′ = H(x) =

{
0, x ≤ 0,

1, x > 0.
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Remark 27. Äà îáúðíåì âíèìàíèå, ÷å ñëàáàòà ïðîèçîäíà å îïðåäåëåíà ñ òî÷íîñò
äî ñòîéíîñòòà �è âúðõó ìíîæåñòâî ñ ìÿðêà 0. Òîâà íå å ïðîáëåì, òúé êàòî â
ïðîñòðàíñòâàòà Lp òàêèâà ôóíêöèè ñå èäåíòèôèöèðàò.

Remark 28. Ñëàáàòà ïðîèçâîäíà ñúâïàäà ñ êëàñè÷åñêàòà ïðîèçâîäíà â òî÷êèòå,
êúäåòî u å äèôåðåíöèðóåìà â êëàñè÷åñêèÿ ñìèñúë.

Remark 29. Íàëè÷èåòî íà �÷óïêè� â ãðàôèêàòà íà ôóíêöèÿòà, êàêòî âèæäàìå,
íå å ïðîáëåì çà ñúùåñòâóâàíåòî íà ñëàáà ïðîèçâîäíà. Ñëåäîâàòåëíî ôóíêöèèòå-
êîëèáêà, êîèòî ñà îñíîâíè çà öåëèòå íà íàñòîÿùèÿ êóðñ çà äåéñòâèòåëíî H1-
ôóíêöèè.

Example. Íåêà ðàçãëåäàìå ôóíêöèÿòà íà Heaviside H(x). Àêî òÿ èìà ñëàáà
ïðîèçâîäíà, òîâà òðÿáâà äà å ôóíêöèÿ H ′ òàêàâà, ÷å çà âñÿêî ϕ ∈ C∞0 å â ñèëà∫ 1

−1

H ′ϕdx = −
∫ 1

−1

Hϕ′dx = ϕ(0).

Ãîðíîòî èíòåãðàëíî òúæäåñòâî ñå èçïúëíÿâà îò δ-ôóíêöèÿòà íà Äèðàê, íî òÿ
íå å äîñòàòú÷íî ðåãóëÿðíà, çà äà óäîâëåòâîðÿâà ïðèâåäåíàòà äåôèíèöèÿ.

Ôóíêöèè, â êîèòî èìà òàêèâà �ñêîêîâå� íå ñà äèôåðåíöèðóåìè è
â ñëàá ñìèñúë.

Êàêòî âèäÿõìå â ðàìêèòå íà êóðñà, âàæíî óñëîâèå çà ôóíêöèèòå, ñ êîèòî
ðàáîòèì â ÌÊÅ, å òå äà èçïúëíÿâàò îïðåäåëåíè èçèñêâàíèÿ çà ñúùåñòâóâàíå
íà ïðîèçâîäíè (â ñëàá ñìèñúë), çà äà èìàò ñúîòâåòíèòå âàðèàöèîííè çàäà÷è
ñìèñúë. Åòî çàùî åñòåñòâåíèòå ïðîñòðàíñòâà, â êîèòî ðàçãëåæäàìå çàäà÷èòå, ñà
Ñîáîëåâèòå ïðîñòðàíñòâà. Òîâà ñà ïîäïðîñòðàíñòâà íà Lp, â êîèòî ôóíêöèèòå
èçïúëíÿâàò îïðåäåëåíè óñëîâèÿ çà ñúùåñòâóâàíå íà ñëàáè ïðîèçâîäíè.

De�nition 9. Ñîáîëåâîòî ïðîñòðàíñòâî W p
k (Ω) ñå ñúñòîè îò òåçè ôóíêöèè,

êîèòî çàåäíî ñúñ ñëàáèòå ñè ïðîèçâîäíè Dαu îò ðåä |α| ≤ k ñà Lp(Ω)-ôóíêöèè.
Êàçàíî èíà÷å,

‖u‖W p
k
<∞,

êúäåòî

‖u‖W p
k (Ω) :=

∑
|α|≤k

‖Dαu‖pLp(Ω)

1/p

, 1 ≤ p <∞.

Ïðîñòðàíñòâàòà, êîèòî ñå ïîëó÷àâàò ïðè p = 2 ñà Õèëáåðòîâè ïðîñòðàíñòâà.
Çà äà ñå ïîä÷åðòàå òîçè ôàêò, îáèêíîâåíî ñå èçïîëçâà îçíà÷åíèåòî W 2

k =: Hk.
Òàêà íàïðèìåð íîðìàòà â ïðîñòðàíñòâîòî Hk(I) ñå ïîðàæäà îò ñêàëàðíîòî
ïðîèçâeäåíèå

< u, v >:=

∫
I

(uv + u′v′ + · · ·+ u(k)v(k))dx.

Â ñèëà å ñëåäíèÿò ðåçóëòàò (Ëåìà/Òåîðåìà íà Ñîáîëåâ çà âëàãàíèÿòà), êîéòî
ùå ïðèâåäåì áåç äîêàçàòåëñòâî.

Proposition 33 (Ëåìà íà Ñîáîëåâ). Íåêà n = 1, 2, 3 å ðàçìåðíîñòòà íà äàäåíà
çàäà÷à. Àêî u ∈ Hk(Ω) è k > n/2, òîãàâà u å íåïðåêúñíàòà è

max
x∈Ω
|u(x1, . . . , xn)| ≤ C‖u‖Hk(Ω).
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5.4.1 ÌÊÅ è ãðàíè÷íèòå óñëîâèÿ

Îñòàíà äà êîìåíòèðàìå âúïðîñà çà ãðàíè÷íèòå óñëîâèÿ è ïî-òî÷íî âúïðîñà
çàùî íÿêîè ãðàíè÷íè óñëîâèÿ íàëàãàìå åêñïëèöèòíî âúâ âàðèàöèîííàòà çàäà÷à
(ùå ãè íàðè÷àìå ãëàâíè ãðàíè÷íè óñëîâèÿ), à çà äðóãè (ùå ãè íàðè÷àìå
åñòåñòâåíè ãðàíè÷íè óñëîâèÿ) � íå.

Proposition 34. Ïðîñòðàíñòâîòî

V := {v ∈ H1(Ω) : ∇v · n = 0 âúðõó ∂Ω}

íå å Áàíàõîâî.

Proof. Äîñòàòú÷íî å äà äàäåì åäèí ïðèìåð. Äåôèíèðàìå ðåäèöàòà

vi(x) :=

{
x, x ≤ 1− 1

i
,

1− 1
i
, x ≥ 1− 1

i
.

Î÷åâèäíî òîâà å ðåäèöà íà Êîøè íî òÿ íå å ñõîäÿùà âúâ V, òúé êàòî ïðîèçâîäíàòà
íà ãðàíè÷íàòà ôóíêöèÿ ïðè x = 1 å 1 (íàïðàâåòå ÷åðòåæ!).

Proposition 35. Ïðîñòðàíñòâîòî H1
0 å Áàíàõîâî.

Proof. Ùå äîêàæåì â 1D. Çà âñåêè äâà åëåìåíòà vn, vm íà H1
0 å â ñèëà

|vn(x)− vm(x)|2 =

∣∣∣∣∫ x

0

(vn − vm)′dx

∣∣∣∣2
≤
∫ x

0

|(vn − vm)′|2dx

≤ ‖vn − vm‖2
H1 .

Íåêà {vi} å ðåäèöà íà Êîøè â H1
0 . Òîãàâà

‖vn − vm‖H1 → 0

è ñúùåñòâóâà ãðàíèöà íà òàçè ðåäèöà â H1. Îò äðóãà ñòðàíà, ïîêàçàõìå, ÷å

‖vn − vm‖H1 ≥ max
x∈I
|vn(x)− vm(x)| = ‖vn − vm‖C[a,b]

è ñëåäîâàòåëíî ðåäèöàòà å ðåäèöà íà Êîøè â C[a, b] è íåéíàòà ãðàíèöà å íåïðåêúñíàòà
ôóíêöèÿ v òàêàâà, ÷å v(0) = 0.

È òàêà, àêî â H1 íàëîæèì åêñïëèöèòíî ãðàíè÷íè óñëîâèÿ, â êîèòî ó÷àñòâàò
ïðîèçâîäíè, òî ïîëó÷åíîòî ïðîñòðàíñòâî íÿìà äà áúäå Õèëáåðòîâî è öÿëàòà
òåîðèÿ, êîÿòî ðàçâèõìå, íå áè áèëà â ñèëà. Îêàçâà ñå îáà÷å, ÷å åêñïëèöèòíîòî
íàëàãàíå íà òåçè óñëîâèÿ íå å è íåîáõîäèìî. Ôàêòúò, ÷å ñìå ãè èçïîëçâàëè
ïðè ôîðìóëèðàíåòî íà âàðèàöèîííîòî óðàâíåíèå, îçíà÷àâà, ÷å òå ùå áúäàò
àâòîìàòè÷íî èçïúëíåíè îò ðåøåíèåòî íà âàðèàöèîííàòà çàäà÷à. Ùå èëþñòðèðàìå
èäåÿòà íà áàçàòà íà ñëåäíèÿ ïðèìåð.
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Exercise. Êîÿ å äèôåðåíöèàëíàòà çàäà÷à, êîÿòî, ïðè ïðåäïîëîæåíèå çà äîñòàòú÷íà
ðåãóëÿðíîñò íà ðåøåíèåòî, ñúîòâåòñòâà íà ñëåäíàòà âàðèàöèîííà çàäà÷à:

Äà ñå íàìåðè u ∈ H1(I) òàêà, ÷å

a(u, v) = F (v), ∀v ∈ H1(I),

êúäåòî

a(u, v) = −
∫
I

u′v′dx, F (v) =

∫
I

fvdx.

Óïúòâàíå. Èíòåãðèðàéòå ïî ÷àñòè a(u, v) è èçïîëçâàéòå ôàêòà, ÷å èíòåãðàëíîòî
òúæäåñòâî å èçïúëíåíî çà âñÿêî v. Èçáåðåòå ïîñëåäîâàòåëíî òåñòîâè ôóíêöèè,
êîèòî ñå íóëèðàò íà äâåòå ãðàíèöè, íà ëÿâàòà ãðàíèöà, íà äÿñíàòà ãðàíèöà.
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