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I'maBa 1

CopTupoBKn

Tyx mpabsa da depunupanme 3adawama copmupane, 0bO3HAMEHUAMA U KAKGO € UHGEPCUA

1.1 HawmBHH COPTHPOBKH

1.2 MergeSort

1.3 HeapSort

1.3.1 IlpumopurerHa omairka, OIupaMuIa.

[MpropuTerHa omarka e HapuIaMe abCTPAKTHA CTPYKTYPa JTAHHU, KOSITO ChbXPAHSIBA, MHOXKECTBO OT
obekTn S, Bcekn ejeMenT Ha S e aBoiika or Buga (key, value). Bwpxy npuopurerHara onamka ca jgedu-
HUpaHU MoHe jaBe omeparun — Insert(S, el), KosiTo 700aBsI HOB €JIEMEHT B CTPYKTypaTa U (QyHKITHSITA,
ExtractMax(S), KoaT0 BpBINA €1€MeHTa, ¢ HAl-roIsaM K049 key U TO M3TPUBA, OT CTPYKTypaTa.

Beposatao Ttasm ctpykTypa e duaa gedpuHUpaHa 38 MbPBUTE OMEPAMOHHNA CHCTEMY, KOUTO Ca YIIPaB-
JISBAJIN PeJia Ha M3I'bJIHEHUETO Ha rpymna mnporecr (jobs) BBPXY CIOJEICH KOMIIOTHD € BPEME/IE/IEHE.
TakbB KOMIIOTHD U3MIBAHABA B JIAJEH MOMEHT €IWH TPOIEC (3aJaHue), HO MHOrO moTpedurenn mo-
JlaBaT CBOWTE 3aJaHUsI 33 H3IILJIHEHHE, KaTO BCAKO 3aJaHue nMma mpuopurer key. Korato Tekymmsar
MPOITeC 3aBbPINU Wi Ob/e MPEeKbCHAT, IIAHUPAINATA TPorpaMa Ha cucremara job scheduler w3smuaa
3aJaHHEeTO ¢ Haf-TOIIM IPUOPUTET OT OIMAIIKATa U 0 CTapTHpa. AKO TEKYIIUAT IIPOIEC € OMI IPEKbC-
HaT, TOH Cce BM'bKBa B OITalllKaTa, 3a Jdd 9aKa IIOC/JIeJBAIll0 BKJIIOYBAHC. KOF&TO B cucreMaTa IOCT'bIIN
HOBO 3aJlaHUe, TO Ce BKapBa B IPHOPUTETHATA OIAIIKA.

Hyma vsikoko HamBHA peain3allii Ha IIPHUOPUTETHATA OIlAIKa:

e AKo chXpaHsBaMe ejleMeHTuTe 0T S B 0GMKHOBEH MAaCUB WM CIIUCHK, mporeaypara Insert(S, el)
e ce nsnbansBa 3a Bpeme O(1), a ExtractMax(S) — 3a speme O(n).

e Axo chxpaHgBame ejemMeHTHTE OT S B COPTHPAH CIUCHK, nponeaypara Insert(S,el) me ce us-
mbiasBa 33 Bpeme O(n), a ExtractMaz(S) — 3a Bpeme O(1).



I'ZIABA 1. COPTHPOBKH 3

IIpn HAMBHUTE peAIM3AINY [IOHE €/IHA OT JIBETE OCHOBHU ONIEPAINHTE Ce U3I'bJIHIBA OABHO — 33 BpEMe
O(n).

TTo-fouy Tme omuImem Haif-ekaTa v Hafi-n3noa3Bana eeKTHBHA peaTn3alis Ha TPHOPUTETHA OTalll-
Ka: Td ce Hapuva aponvna upamua (binary heap). Ilpu Hest 1BeTE OCHOBHM ONEPAIAN OTHEMAT BPEME

O(lg(n)).

Huso 0 >
/ \
HrBO 1 >
e \ / \
HHBO 2 » (D
|
HHBO 3 » (H )8 I)9 J )10

@Durypa 1.1: [lomrbaHeHO IBOUYHO IHPBO: BCHYKY HUBA Ca 3AITbJIHEHHN C U3KIIOYEHNE HA TOCTETHOTO,
KbJIETO Ca 3albJIHEHN HAKOJKO BbpXa ILJIHLTHO B JSBATa YacT Ha HUBOTO.

JIBOMYHO mBPBO IIe HAPUYIaAMe KOPEHOBO IbPBO, BCEKH BPbX ¥ HA KOETO WMa Hal-MHOTO B3 HACJIE/I-
HMKAa, KOUTO Ille Hapu4aMe JisiB U JeceH CUH Ha V.

[MonbJiHEeHO JBOMYHO JABPBO Ile HApUYAMe JBOMYHO IbPBO, 33 KOETO BCHYKK HUBA (HUBO € MHOXKeC-
TBO OT BbDPXOBE, PABHOOTAAJECUCHU OT KOPEHA) Ca 3aIrbJIHEHE, ¢ U3K/IIOUEHHE Ha TOCTEAHOTO, KOETO €
YACTUYIHO 3aIIbJIHEHO, OTJISIBO HaJsACHO (BuK Purypa [1.1)).

OOHKHOBEHO JbPBETATA CE MIPEJICTABAT B IIAMETTa Ha KOMIIIOTbHPa C IIOMOIINTA Ha YKA3ATEIN MEXKIY
BBPXOBETE, KOUTO MPECTABAT OPHEHTHPAHUTE pedpa Ha ThPBOTO.

HOH'bJ'[HeHOTO ABOMYHO ABPBO MOXKe [Ja Ce€ IIpeaCTaBU ITO-UKOHOMHWYHO — B O6I/IKHOB€H MaCHB, BCECKH
BPBX Ce Pas3losiara B eJJeMeHT Ha MacuBa ¢ HOMEDP, KOWTO ce TIoJIydaBa TaKa: BLPXOBETE ce HOMEPUPAT OT
KOPEHa K'bM CJIEJIBAIIMTE I'0 HUBA IOCJIEI0BATETHO — KakTo € nokazano vHa @urypall.Il Kopenbr punarn
nMa HOMEp 1, JeBUAT My CHH MOJydaBa HOMED 2, JECHUIT — 3, BbPXOBETE OT 2-PO HUBO IOJIYIaBAT
HoMepa oT 4 110 7, BbPXOBETE OT HUBO Kk TOJIYIABAT HOMEPA OT 2F o 2k 1.

JlecHo ce cbbpassBa, Ue TMpM TaKaBa HOMepAIUs €A B CUJIA CJAETHUTE 3AaBUCUMOCTU MEXKY BPbX
C HOMED { W CBbP3aHUTE C HEro: HErOBMAT POJUTE] UMa HOMEep |i/2], jieBusiT My CMH mMa HOMEp
24, a gecHuar — 2¢ + 1. Ilo-HararbK IMe o3HavYaBaMe HOMEpaTa Ha POJHUHUTE HA BPBHX C HOMEDP 1%
cvorBeTHO ¢ parent(i), left(i) n right(i). Taxnoro uzuncassane e jecHo (poranus Ha GuToBeTe Ha i
eJTHA TIO3UITHS HAJISICHO WJIN HAJIABO ¢ momucBane Ha 0 win 1) U B IpaKTHYeCKa pean3alnst CJejiBa j1a
ObIaT U3YUCIABAHN TTPAKO WIN JePUHUPAHN KATO MAKPOCH.

OueBnHO € CBINO, Ue TMOMLIAHEHO IHPBO C N BhPXA ITe 3aeMe eTeMeHTHTE Ha MACHBa C TTOCTIeT0Ba-
TesiHM HOMepa oT 1 110 n. 3a ynobCTBo e CbKpalliaBaMe BPbX ¢ HOMED ¢ /10 'BPBX 4.

ITomrbpBOTO, TIOPOJICHO OT BbpXa i Ie o3uadaBame ¢ [[i]]. Oupenensame ro raka:

e AKO BBPXBT @ € JINCTO, [[i]] CbabpKa €IMHCTBEH BP'BX 0.

e AKO BbPXbT § nMa Hacae HuIM (HacaeHNK ), [[i]] € KOpeHOBO ABPBO € KOPEH BPbBX i, JABO MO/
abpeo [[left(i)]] m agcao momabpeo [[right(i)]].

Beuakn IIOPOJCHHU IMOAABbPBETaTa Ha IIOII'bJIHEHO ABHPBO Ca IIOI'LJIHEHH JbpBETa.

IlonbyiHEHO ABLPBO € N BbpXa MMa TOUHO parent(n) = |n/2] Bbpxose ¢ Hacaeanunn. Tosa ciensa
or dakra, e GpyHKuuATa parent(i) e MOHOTOHHO PACTAINA: BbPXbT N 1€ MUMa POJUTEN C Hafi-roJsm
HoMep. Ot pasencTBoTo n = [n/2] 4+ [n/2] ciensa, 1e mucrara B IbPBO € N BbPXa ca [n/2].
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Ile cbxpansame crpykrypata S B macuB A[l...n|, 3aemHo ¢ 6postd size, KOHTO Ie OTIUTA KOJIKO
eJIeMEeHTa, B Ja/eH MOMEHT Ca BhTPe B IpHOpUTeTHATa, onalika. OQueBuamno B S MoxKeM 12 BKapaMme Haii-
MHOTO N ejleMeHTa. EjleMeHTHTe py mpakTHYecKa peaansanus ca oT Buma (key, value), KaTo mMame
quHeliHa Hapenba mo key. 3a mpocToTa Ire mpejmosiaramMe, de key e Isiio 9UCI0 U e MPOIyCKaMe
value.

h-uneepcus me HapuIame nBoika wHIekcen (i,7),0 < j < i < size, TakaBa, Ue j ce HAMHUDA HA TSI
OT { HArope K'bM KOPEHa Ha NOI'bJIHeHoTO abpBo u Ali] > A[j].

IIle kaspame, ue S e nupamuda, Korato 3a BCako 1,1 < i < Size € U3ILJIHEHO HEPABEHCTBOTO

Ali] < Alparent(i)).

Jlema 1.1. S e nupamuda <= B S nama h-unsepcuu.

Zoxasamencmeo:

— Bcekn 'bT 0T BPbX HArope KbM KOPEHa B MOI'bJIHEHOTO JIbPBO Ha S IOcelnaBa pacTdina peuia
croifnocTn Ha Kitoudose B A: ako (vy,v2,...,v;) € TAKbB II'bT, 338 BCEKH JBA CbCEJHH BbPXa B HETO
viy1 = parent(v;) n Afv;] < Alvi11], B TakaBa peguia Hama h-urBepcun.

<= Ilo Tpusmannus wor (i, parent(i)) asama h-uasepcus, ciaegosarento Ali] < Alparent(i)]. O

Ot nemara ciaensa, 4e B KOpeHa Ha NUPAMEATA CTOMHOCTTA HA KJIIOYA I1E € MAKCUMAJIHA.
@urypa npeacrass nupamuga ¢ 10 exemenra.

Macusbr A cbbpxka enementure (16,13,9,8,11,7,4,5,7,10). Toii He e copTUPaH, HO TTMPAMUIATHO-
TO CBOMCTBO € U3I'bJIHEHO: BCEKH €JIEMEHT e II0-MaJI'bK WJI paBeH Ha poauTesis cu. KopeHbT ¢bIbpKa
MAKCUMAJIHUS €JIEMEHT.

HrBO 0 » (116 )1
7N
HUBO 1 > (13)2 9)3
SN SN
HIBO 2 > 8 )4 11 )5 7)6 4 )7
L/
HUBO 3 > 5 )8 7)9 10 ) 10

Durypa 1.2: llupamuga. Bbe Bcekn BpbX € m3nmucana CTONHOCTTA HA KJIOYA, & BCTPAHU € U3MHACAHA
TO3UITUATA Ha BbpXa B MacuBa A.

Ha mpeanosokuM, de B MUpaMuIa CMe MPOMEHHIN CTOWHOCTTa (Ha KJII0Ya) B €JWH OT BbDXOBETE.
ToraBa e BB3MOKHO MHPAMUTAIHOTO CBOMCTBO ma ce mapymm. Hapwaame To3m BpbX deexmen, a
oIy IeHaTa CTPYKTypa nupamuda ¢ dederm.

Qopmanua nedunuius: Kazpame, ye S e nupamujia ¢ jedekT ¢, KOraro ¢ y4acrsa BbB BCUYKHU h-

WHBepcuu Ha S.

Jlema 1.2. Hexa S e nupamuda c dedpexm i. Tozasa e sapro edno om deeme mespdenua:

1. Beuuru h-unsepcuu 6 S ca om euda (i,7), Kamo j e 6psx no nems Hazope om i KoM KOPEHQ.

2. Beuuku h-unsepcuu ¢ S ca om euda (j,1), kamo j e nacaednur (cun usu npanaciednur) wa i (j
e om noddspsomo [[i]] ).




I'ZIABA 1. COPTHPOBKH 5!

Loxasamencmeso:

Jla pomycuem, de mma h-mHBepCcud HA ¢ C HETOB HAC/JEIHWK j1, U JPyra, ¢ HeroB 06obIeH pomwres
(pommren win mpapoauten) jo. OT Te3n nBe h-maBepcum ciensar Hepasencrsara Alji] > Ai] > Alja].
[TeTar Harope KbM KOpEHA OT ji I MUHE bPBO Tpe3 4, a mocje u npe3 jo. Okaspa ce, 4e ABOHKaTa
(J1,J2) obpasysa h-uHBepcusi, KOETO € TIPOTUBOPEYHE. O]

Jlemara maBa sicHa XapakTepusanust Ha JedeKT B mupaMuIa;

B cayqait 1. pedextnr e mo-rojisim or HAKOH 06001meH pogures. [lle mapuuame To3u ciaydait degerm
nazope. CreiHATA IPOCTA MPOTIEAYpPa HaMaJllsd Opos HA h-unBepcuuTe npu aedeKT HArope BbB BbPXa i

STEPUP(A, 1)
1 swap(Ali], Alparent(i)])

Kopexmuocm: Ilo mbrs KbM KOpeHa Hafi-MaJIbK € MPEKUST POJUTEN, T.e. BbpXoBere i u j = parent (i)
obpazysar h-waBepcusa n pazMsHaTa Ha CTONHOCTUTE UM YHUINOKABA Ta3W h-WHBEPCHS.

B nombpeoro [[f]] npeau pasMsinara HaMa Apyru h-mHBepcHu U pasMsHaTa HsMa Ja Ch3/a/le HOBU:
TeeKTHT e MO-TOJIsIM OT BCHYKH eJIeMeHTH Ha [[j]] u cien pasmsHaTa Toii ce 0OKa3Ba Ha BbPXa Ha IO/
J'bPBOTO, a cTofiHoCTTa Ha A[j] mpenn pasmsHaTa € M0-ToJsSIMa 0T BCUYKU HACAEJHUNM B HO/bPBOTO
[[¢]] (3ammoro He e B h-uHBepcus ¢ T4X) U cae/] pasMsiHATa TS Ce OKa3Ba HA BbpXa HA TOBa MOIIBLPBO.

CuetoBaTeTHO CJIe/l pa3MsiHATA IIe OCTaHAT h-WHBepcHH caMO MeXKIy BPbX j (HOBOTO MSCTO Ha
nedekra) u Heroute 0600menn poauTesnu (Te3um h-mHBEpCUM Ce 3ama3BarT TP PA3MAHATA). O

3a Ja yHUIIOKUM BCUYKU h-mHBepcuuTe npu deexm naz2ope BbB Bbpxa ¢, TpAOBa ja MECTUM IIUK-
JUIHO fedeKTa HArope, TOKATO M39e3He:

MovVEUP(A, 1)
1 while (i > 1) A (A[i] > Alparent(i)]) do
2 swap(Ali], Alparent(i)])
3 i < parent(i)

Kopekrhocrra na MoveUp cineasa ot csoiictBoro Ha StepUp na usgura gedekTa Ha €JHO HUBO I10-
630 10 Kopera. Tbit kKaTo 6posiT Ha HUBATA B TOMBbJIHEHOTO IbPBO He HaJIBUINABa lg(n), CI0KHOCTTA

Ha MoveUp e O(lg(n)).

B cayuait 2. ma gema [1.2] me xazsame, ue e Hasmie degexm wadosy. Takbe medekT TOTHBA €THO
HUBO HAJIOJY TIPU CJIJHATA TPOCTa, mporeaypa (npesmosarame, ge nedekta € BbB BPbX @ U TOH nMa
JiBaMa CHUHA):

STEPDOWN(A, 1)
1 if Afleft(i)] < A[right(i)]
2 swap(Ali], A[right(i)])
3 else swap(Ali], Alleft(i)])

Kopexmmnocm: Hle pasruename camo ciygas koraro Alleft(i)] < Alright(i)], apyrusr e cumerpuyes.

Alright(i)] e Haif-rosieMusiT OT BCHYKM HACJIEIHWIM HA 4, 3aI[0TO B MO bpBeTaTa Ha JIBaTa CHHA
HsMa h-mHBepCHUH, CIeI0BATEIHO CHHOBETE € MAKCHMAJIHU B CBOUTE IO ILPBETA U IPOBEPKATA Ha PeJl
[ nokasea, Y€ AeCHUAT CUH € IO-TOJISIM OT JIeBUSI.

Bopxosere i u j = right(i) obpasysar h-unsepcust (i e medpekTen, a j € MAKCUMAJIEH) W Pa3MAHATA
Ha CTOWHOCTHTE UM IIE s YHHUIIOXKU.

Tbit KaTO JECHUAT CHUH TIPU Pa3MsiHATA OTHBA B KOPEHA Ha MOJIbPBOTO [[i]], BCHUKH WHBEpCHE HA
KODEHA C JIEBUTE My HAC/IEJHWUIIN Ie N3IE€3HAT.
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Beuukn h-unBepenn Mexay mederTa m HACIEIHANNTE HA, j I Ce 3aMA34T, HO 1eeKTHT CAn3a eIHO
HWBO HaJ0Jy, Ha MSCTOTO HA JECHUHA CA CHUH.

CrneroBaTeTHO €€/ Pa3MAHATA M€ OCTAHAT h-WHBEpCHH CaMO MEXKJy BPbX j (HOBOTO MSCTO Ha
nedeKTa) M HErOBUTE HACJICTHUIIH. O

Ba ga yHHIIOXKMM BCHYKK h-mHBepcuu npu dediekm 1adosy BbB BbPXa i (AKO mMa Takmpa), TpsdBa
Jla MECTUM IMKJIUIHO JedeKTa HAJI0y, JTOKATO N39e3He:

HEAPIFY(A, 1)
1 Nolnversions + FALSE
2 repeat

3 if (left(i) < size) A (Afi] < Alleft(i)])

4 largest < left(i)

5 else largest < 1

6 if (right(i) < size) A (A[largest] < Alright(i)])
7 largest < right(i)

8 if largest #1i

9 swap(Ali], A[largest))
10 i < largest
11 else Nolnversions < TRUE

12 until Nolnversions

Kopexmmuocm: J1oka3aTeacTBOTO IIe M3BBPINNM 10 WHIYKINS CIPSIMO JhJIOOUHHATA HA TTOTbPBOTO
[[¢]], mpm W3MCKBaHETO BCEKM I'bT KOraTo M3IbJHsABaMe pej (2 i na yuacra BbB Bcuukn h-urBepcun B
noIbpBOTO [[i]] m croitHocTTa Ha pomenuBara Nolnversions na e FALSE.

OdeBuHO, KOTaTO i € JIUCTO (IbAO0OUMHATA Ha TTOIbPBOTO € ), B HEro He MoKe J1a mMa h-uHBepcwn),
AJITOPUTHMBT IIe MPUKIIOYN PadOTaTa CH.

Heka gababounnara na nogabpsoro [[i]] e k + 1. AnropurbMbr nposepsiBa jajin ¢ uMa CUHOBE U
h-uasepcun. CpaBHSBaHETO HA CTOMHOCTHTE BB BPBX ¢ U CHHOBETE € JOCTATHIHO, Thil KATO B MOJ-
JybpBeTaTa Ha CHHOBETE HsIMa h-MHBEPCUHM M Te Ca MaKCHMAJHU eJeMEeHTH B CBOUTE IO/ IbPBeTa.

Yenoruero largest # i Ha pej [8 e usnbineno rouno koraro B [[i]] uma none 1 h-uuBepcus, BbPXbT
largest e MO-rOJIEMHUAT CHH U pa3MsHaTa Ha CTORHOCTHTE Ha BbpxoBeTe ¢ U largest e cBajgn nedexra
eJIHO HUBO HAJO/TY (BHK PA3ChIKJEHUATA 3a KOpekTHOCTTa Ha StepDown).

Ha pen i npuema CToWHOCT largest, ToBa € HOBOTO MaCTO Ha nedekTa (ako BbhoOIe nma aedekt),
npomensmBara Nolnversions 3amassa croitiocrta cu FALSE, a nbpiboannara Ha MOLIBPBOTO [[i]] €
Bede k. [lukb/IbT 1M1e ce n3IrbAHn OTHOBO, HO ChIVIACHO WHIYKITMOHHOTO TIPE/IN0/I0KeHne 1eDeKTHT 11e
U3e3HE.

Yeaosuero largest # i Ha pej |8 He € U3N'BJIHEHO TOYHO KOraTo B H0abpBoTo [[i]] Hama h-unsepcuu.
Torasa npomensmBara Nolnversions npuema croiinoct T'RUE n u3mbjHEHUETO HA HPOrPAMaTA IIIE
3aBbPINU C YHUIIOKEH JeDeKT. O

BposiT usnbaHeHNsT Ha IUKbIA repeat e Hali-MHOTO TbJO0OYHHATA Ha MO IBPBOTO [[i]], Tasu aba6o-
quna e |1g(n) —1g(i)], 3a ckopocrra Ha Heapify no-nararsk e noassame dunara onenka O(lg(n/i))
wim no-rpybara O(lg(n)).

Cera Beue MoxkeM j1a jgeduanpamMe DYHKINATE, KOUTO PEATUIUPAT TPUOPUTETHA OTIAIIKA UDPEe3 TMHPa-
mua. Onpemenuxme o-rope CTPYKTypaTa S Karo JBoiika oT MacuBa A ¢ n eJleMeHTa U TPOMEHJINBATA,
Stze, KOSATO CbXpaHsBa OPOST eJIEMEHTH B OIAIKATA.

CREATEHEAP(A)
1 size+ 0
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INSERT(A, el)
1 if size<n
2 size <+ size+1

3 Alsize] + el

4 MoveUp(A, size)

5 else

6 PRINT ’ERROR: heap overflow!’
EXTRACTMAX(A)

1 if size >0

2 el + All]

3 A[l] < Alsize]

4 size <— size — 1

) if size >0

6 Heapify(A,1)

7 return el

8 else

9 PRINT "ERROR: heap is epmthy!’

1.3.2 Asaropursm HeapSort

AnropurbMbr HeapSort, KakTo u peaansaiiusita Ha TPUOPUTETHA, OTAIIKA, UPE3 MUPAMUIA Ca TPeJ-
gioxkenu ot J. W. J. Williams npe3 1964 1.

WNnesita Ha anropuTbMa € IPOCTa — I'bPBO I'bXaMe BCUYKH eIeMeHTH Ha MacHBa B TPUOPATETHA, OIalll-
Ka, MOCe I'M M3BaXKaaMe euH 10 efuH. [Ipy u3BaKIaHeTO HA-HAIPE e MOJYyYUM Ha-roIeMudT
€JIEMEHT, IIOCJEe BTOPHUA II0 TOJEMWHA W T.H., TOECT IOPEIUIIATa MOJIYyUYeHA IPU W3BAXKIAHETO IIIE €
COpTHPAHA.

Moxem ga peasm3upame n gapere dasm HA AJTOPUTHMA 3 PabOTIT HA MICTO — JacT oT 0bpaboT-
BAHHUAT MACHB IIIe € JBOMYHA MHPAMUIA, 8 OCTAHAIATA JACT I ChIbp:Ka HeoOpaboTeHnTe eleMeHTH
npe3 dazara Ha U3rpaXKaHe HA MUPAMUIATA, WM BEYE COPTUPAHWTE €JIEMEHTH Ipe3 (a3ara Ha U3-
BaXK/JAHETO HA €JIEMEHTHTE OT ITHPAMIIATA.

Qazara Ha U3rpazk/jaHe ce peajusupa c uporeaypara Movelp, onpejiesiena B IipejiHATA CEKITUS:

BuiLDHEAPO(A[L...n])
1 size+ 0
2 while size <n do
3 size < size+1
4 MoveUp(A, size)

KopekrHocTTa ciieiBa 0T BEpHOCTTA HA CJI€IHATA IPOCTa MBapUaHTa: [IpH BCAKO U3IIbJIHEHUE Ha Pejl
macusbr A[l ... size] e mupamua.

Croxuocrra Ha BuildHeap0 e ©(nlgn).

IIpes cobmmara 1964 1. Robert W. Floyd npemrara ajroputsMm 3a M3rpa)kJaHeTO Ha TUpaMUIa C
JIMHENHa, CJI02KHOCT:

BUILDHEAP1(A[L...n])
1 size+ n

2 for i + parent(n) downto 1
3 Heapify(A,i)
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Kopexmnocm: Ille mokaxXeM BepHOCTTa HA WHBAPHAHTHOTO CBOMCTBO: IIpm Bedko JocTurane Ha pen
noyrbpeerara [[k]], nopogenu or Bbpxose ¢ Homepa ¢ < k < m ca nmpamuam (He Chabpxkar h-
HHBEDCHH ).

IIpu obpBOTO JOCTHTAHE HA THKbBIA ¢ = parent(n). OyHKIUsATa parent ¢ MOHOTOHHO DATCAINA,
CJIeZI0BATEIHO BbPXOBETe k, 3a KOMTO ¢ < k Ca JMCTa B HOI'bJIHEHOTO ABOMYHO JbDPBO, 3aIUCAHO B
macuBa A (i e BbPXbT ¢ Hadi-rosisiM HoMep, KOiTo nMa Hacaeauuim). Ciie/] KaTo ca JmcTa, Mo IbpBeTara
[k]] ca u nupamum.

KOI‘aTO Ce H3IIbJHABA TAJIOTO Ha HUKDLJIA 3d HAKAKBO 'L’, HEerosuTe HacJaeJHNIINM MMAT II0-TOJIeMN
HOMepa U OT BEPHOCTTa Ha MHBapHaHTaTa cJejBa, de HOJIbpBeTaTTa UM ca nupaMmuad. [1oanbpBoTo
[¢] e e nnpamuua ¢ gedexr i, Ha pes [3[ To3u gedexr me Gbie nonpasex or npouesypara Heapify.
Taka me ce rapanTHpa BEPHOCTTAa Ha MHBAPHAHTATA CJICJ HAMAIAHETO Ha | C eIUHUIA W CJICIBAIIOTO
JOCTUIAHE HA HAYA/I0TO HA LUKbJIA.

ITpu nociaeanoro npemunasane upes peg [3| npomennusara ¢ we crane 0, nporpamara e 3aBbpiu,
OT BEPHOCTTA Ha WHBapWaHTaTa cieisa, de 3a 0 < k nmomgbpsoro [[k]] e mupamuaa, Ho 3a k = 1 ToBa
HOJIbPBO € HEeJUIT MacuB A. O

Caootcrnocm: TpuBnasina ropua rpanuia 3a ciaoxkuocrta O(nlgn) cienpa or cioxuocrra Ha Heapify,
W3YHCIEHA B IPEIHATA CEKITHSI.

MozkeMm na mampasuM 110-huHa OmeHKa, Kato ordereM 4e Heapify crapTupana BbpXy eJeMeHT i MMa
caoxuoct O(k), kbaero k e gbabounnara (6poum n KopeHa) Ha moAbLPBOTO [[7]].

ITpn amanmza HA KOPEKTHOCTTA MO-TOPEe TMOKa3axMe, 9e OT MOHOTOHHOTO HAPACTBAaHE HA (DYHKITHU-
darta parent cieiBa, e BbpXoBeTe ¢ HOMepa 1...parent(n) uMaT HACTEIHUIN, & BbPXOBETE-JIHCTA,
ca parent(n)...n. C apyru aymm 6posT Ha MO bpBETATA B NMUPAMUAATA C IbAOGOYMHA MOHE 2 €

parent(n) = |5 |, a Tua ¢ gpaGounna 1 can — [5].

ITax 0T MOHOTOHHOCTTaA Ha parent CleaBa, 9€ BLPXLT ¢ HAH-TOIAM HOMED H IIOIILPBO ¢ AbAOOYMHA
3 me e parent(parent(n)) = ||, cieposarenno nogybpserara ¢ ababounna noue 3 ca ||, a Tua ¢

Aba6ounna 2 ca TouHO | 5] — | ]

C MHIYKITHT MOXKEM 3 JJOKAyKeM, 9e OpOosiT Ha MO IbPBETATA B OMJIHEHOTO IHPBO Ha MHPAMHUIATA
¢ babounna k me e [ 57| — |55 -
Hexka ¢ e koncranrara or acuMurorudsara oueHka Ha Heapi fy, roect spemero 3a pabora na Heapi fy
BBPXY €JIEMEHT ¢ C JbJIO0UNHA Ha MO IbPBOTO k € He moBede oT ck.
Cywmapuoto Bpeme 3a paborara Ha BuildHeapl 1o BCuyku BbPXOBE C 1bJA00UNHA K 111€ € OrpAHUYeHO
n n
or uspasa ck(| sz ] — |55 ])-

Croxuocrra Ha BuildHeapl e cyma 1o k Ha uzpasa no-rope:

llgn]
n

T(n) < e klgr) = 5]
k=2

Mozxem da 3aMECTHM JidBaTa CyMa C IIO-TOJIdgMa:

T(n) < ey k(5] = L5e))

k=1

lopnara cyma e xpaiina (nposepere camu!). Beekn unen ot Buma |55]) (ocsen mbpeus, 3a k = 0)
Ce Cpema Ba MbTU — HAll-HAIPE] CbC 3HAK MUHYC un KoedumeHT k, CJae TOBA C MOJOKUTENICH 3HAK
u Koecdurient k + 1. Cwhbupaiiku jBeTe CperraHus, Ie MOJYyYUM BCEKU OT “ieHOBeTe ¢ KoedurieHT 1
(BKJIFOUMTE/IHO U II'bPBUS), TaKa MOJIYYaBAME MO-IIPOCTA CyMa:
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n

7

T(n)<c) |

k=0

[\)

IIpemaxBame 3aKpBIIEHNETO U TOJYIaBaAMe MO-TOJISIMAa CyMa, KOSITO TpecMsaTaMe:

O

Croxnocrra va BuildHeap0 B cpeauus caydail ¢bino e jguHeitHa. ToBa cienBa 0T NPOCTH CTATUCTH-
Jecku cbobpazkeHust, a KoHcTanTtara u e majka. C BuildHeap no-gosty 1ie O6ejieskuM HAKOSL OT JIBETE
IpoLEeAYyPH 3a M3rpakJaHe Ha NUPAMUAATA, TbHA KaTO € Bb3MOXKHO B IPAKTUYCCKHA Peaad3aluu 14
6be mpeamnodeTena Kosd Ja € 0T TsX.

Bede moxewm ja onumem ajropurbma HeapSort:

HEAPSORT(A[L...n])
1 BuildHeap
2 for i<+ n downto 2

3 swap(A[1], Ali])
4 size +— size — 1
5 Heapify(A,1)

KopekTHOCTTa ClIemBa OT BEPHOCTTA Ha CACIHATA, MHBAPHAHTA: IIpM BCAKO HM3I'BLJIHEHHE Ha PEI
macupbT A[l ... size] e nupamuia, a nogmacusbr Alsize+1...n] e cOpTUPAH U BCHUKHUTE MY €JI€MEHTH
ca TO-TOJIEMH WJIM PABHHU HAa eJeMeHTnTe Ha mojMacusa A[l . .. sizel.

Croxuocrra Ha HeapSort e O(nlgn). Toit He n3mon3Ba 1ombIHATETHA TaMeT (OCBEH MaJbK OpOif
JIOKAJTHI HpOMeHﬂI/IBI/I). A.HI‘OpI/IT"bM’bT HE € CTa6I/I.HHa COPTUPOBKaA, IIPHU BCAKAa KOHKPETHA PEAJIU3AINA
na BuildHeap n Heapify necHo ce cTpou KOHTPAIIPUMED.

1.4 QuickSort

Ajropurbmbr QuickSort e mpemmoxkern ot C. A. R. Hoare npes 1962r. Toit, kakro u MergeSort e
peanm3anug Ha cxemara 'Paznensit u Biajeii’, Ho npu daszaTa Ha pa3jie/isiHe Ce IpuUJiara mo-puHa uesi:

Pasgensne: u3bupa ce cueruaien ejeMeHT splitter (paseauTes) U MaCHBBT, KOATO COPTHpaMe ce
IIPEHAPEXKTA TAKa, Y€ OTIIBO J1a Ca €JIEMEHTUTE MO-MAJIKU OT PA3Je/UTE/Id, IOCHE CAeIBa Pa3le/mTe-
JIAT, & HAJSICHO OT HEr0 Ce Pas3moJiaraT OCTAHAJMTe TO-roJeMu uin pauu Ha splitter erementnu. ToBa
pa3MecTBaHe 3a MOAMHTEPBAJ Ha MACHBa ce M3BLPINBA OT mporeaypara Partition, omucana mo-Ioy.

PemaBaue Ha nmoazagaunte: [Ipu tasu (aza MaIKUTE eIEMEHTH HAJTSIBO OT PA3JEJUTENsT U TOJIe-
MUTE, KOUTO Ca HAJIsICHO OT HErO Ce COPTUPAT MOOTAETHO C PEKYPCUBHO M3BUKBAaHE HA TPOIEIypaTa
QuickSort, onucua no- 101y, KOATO ChIo 00paboTBa MOIUHTEPBAJ HAa MacuBa, Koiito coprupame. Cop-
THUPOBKATA HA [IeJIMsl MAacHB Ce U3BbpINBa ¢ n3Bnkpane QuickSort(A,1,n).

ObeauuaBane: Tasu dasza e e HeOOXOAMMA, Thit KATO PEAUIATA OT MAJIKH COPTUPAHU EIEMEHTH,
CJAeIBAHU OT PA3JSJIUTENsl, CAEIBAH OT TOJEMUTE COPTUPAHU €JIEMEHTH € OKOHYATEIHATa, COPTUPAHA,
noapesda HA eTeMeHTHTe Ha BXOJIHUST MAaCHB.

PARTITION(A[L,2,...,n]: array; [, h: indices in A)
1 splitter < Alh|
2 p+ 1
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3 fori<+ [ to h—1

4 if Ali] < splitter

5 swap(A[i], Alp)
6 p+— p+1

7 swap(Alp], Alh])

8 return p

Kopexmnocm: VHBapraHTa Ha NuKbJa: Ilpu Bcako qocTuraHe Ha pen , noamacusbr All,p — 1] ¢b-
J'bPIKA, €JIEMEHTH, O-MAJKH OT PA3AeTuTeNsI, a ToaMacuBbT Alp, i — 1] - mo-rosiemu win paBHHU.

Jloka3zBaHeTo HA BEPHOCTTA HA MHBAPUAHTHATA (DOPMYJI4 I1€ OCTABUM HA UWTATEssI, OCTABA CaMO [
oTOeIEKIM, Ue CJIe]] TIPUKIII0YBAHE Ha [IUK'bIIA, SWap-bT HA pej [7] 11ie PasnooKy pasge/uTe s TOTHO
MEXKIY MAJKUTE U TOJEMHUTE eJIeMEHTH Ha 00paboTBaHus MOIMACHB. O

OueBuHo ciaoxkHOCTTA Ha Partition e jnHeiiHa CHpsAMO pa3Mepa Ha I0oJAMACHBa, KOiiTo o6paborsa,
Iopaju HAJIHNIUETO Ha eIUHCTBEH IIHKbJ B KONTO ce BbPINAT KpaeH OPoil CMETKM.

Tazu Bepcus va Partition e npemioxkena ot Nico Lomuto, npe3 1984r. Ta e mo-kparka u yao0Ha 3a
JIOKAa3BaHE Ha KOPEKTHOCT, HO MO-0aBHa (M3I'bIHABA TTOBEYE KOMAHN SWAP) OT OPUTUHATHATA BEPCHsT
na Hoare.

QUICKSORT(A[L,2,...,n|: array; [, h: indices in A)

1 ifl<h

2 m < Partition(A, [, h)
3 QuickSort(A,l,m — 1)
4 QuickSort(A,m + 1, h)

Kopexmnocm: Tpsabpa ma mokaxkeM, de alrOPUTHLMBT U3I0¥KEH MO-TOPe COPTUPA TTOIMACHBA, 331a7eH
oT rpanumnure [ u h.

Jlokaz3aTeICTBOTO MOXKE Ja Ce M3BBLPINN 0 UHAYKINS CIPSIMO pa3Mepa Ha Pas3TJIerk JaHus MOIMACHB
k = h—1+1 u pazcwxaennsd 3a Opost M PABMOIOKEHUETO HA MHBEPCUUTE CJIE] BCAKA CTHITKA, & MMEHHO:

1. Cnen wsmbanenuero wa Partition BHaMma Ja WMa WHBEPCHH MEXJY MabK €JIeMEHT HAJsBO OT
pazIenTeNs U TOJAIM, KOWTO € HaJIACHO OT HETO.

2. PexypcupauTe u3BukBaHus Ha QuickSort wbK 1me yHUITOXKAT UHBEPCUUTE MEYKTY JTBOUKNUTE MATKHI
eTeMEHTHN OTJIABO M MEXKJy JBOMKWTE TOJEMH OTASCHO, 3apaju WHAYKIMOHHOTO TPEITIOI0KEHNE Ue
nmporpaMara e paboTu KOPEKTHO 33 MO-K'bCH TI0/IMACHBU.

3. Karo pesysiitar B Kpad Ha aJIrOPUTbMa BCUYKK UHBEPCHUU I M3IYE3HAT, T.€. MOJMACUBLT INE €
COPTUPAH. O

Caooicroem: QuickSort B mommsa caydait uma cioxuoct O(n?) - Moxke ma ce caydn splitter Bumarn
Jla, IMa eKCTPEMaJIHA CTOMHOCT 3a MHTEPBAJIa, KONTO ce pasjesis Ha JiBe oT upouexypara Partition.

Hamnpumep xorato BxogHuaT Macus e coprtupad, Partition BuHary me m30umpa 3a pasjieanTesn Hail-
TOJIEMUAT €JIEMEHT B MOAMacuBa, KoiiTo obpaborsa. Torasa rogemure enemenTn e ca (), a mMajkuTe
¢ 1 mo-MaaKo OT pasMepa Ha TMOMACHBA, W PEKypeHTHaTa (opMy/Ia 3a CJI0KHOCTTa 11e Obae T'(n) =
T(n—1)+cn, ¢ perenne O(nQ). CBIOTO II1E Ce CIYUYN U KOTATO BXOJHUST MACHUE € COPTUPAH B HAMAJISII
pel 1 m300II0 B CAyIanTe KOraTo OposT Ha HHBEPCUUTE B HErO € MHOI'O MaIbK WJIH IIbK MHOTO TOJISIM.

B 1031 cMUCHJT MHTEpECEH € aHAJIM3BT HA CPEeIHATA, CIOKHOCT (average case complexity).

Heka oznaunum ¢ T'(n) cpexnara ciaoxuoct. Ako Partition pasmens Macusa A B nosuriust k, 1me numame
pasercrBoro T'(n) = T(k — 1)+ T(n — k) + O(n). Ja npexcrasum O(n) BbB Buga c(n + 1).

Tonexe k 1ie 06x0xk1a ¢ paBHa BepoaTHOCT 1/n crofiHocTuTe or 1 10 N, MaTEMaTHIECKOTO OYaKBaHe
3a T'(n) me Obe:
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n—1
2 .
T(n) = n;T(z)+c(n+1) (1.1)
Yuuoxkasame [LI] mo n:
n—1
nT(n) =2 T(i)+cn(n+1) (1.2)
i=1
Sammceame zan— 1
n—2
(n—=1)T(n—1)=2) T(i)+cn(n—1) (1.3)
i=1
Cera m3BaxKgame or 1.2}
nT(n)—(n—1)T(n—1)=2T(n—1) + 2cn (1.4)

Caen npexsbpisne Ha T'(n — 1) oTasicHo u geeHe Ha n TOJTydaBaMe:

) = "L rm 1) 12 (1.5)

n

Pemasame [LH cbe 3amecTBate:

T(n) = n;:l(nﬁ T(n—2)+2c)+2c
= ZiiT(n—Q)—i—?c(l-i-nTH)
- ZtiT(n—2)+20(n+1)(Tl_1|_1+i)
:Z—_F;T(n—3)+20(n+l)(n_1kl—i—i—knil)

n+1 1
T(n) = (n+1)T(0) +2¢(n+1) ) -

T(n)=(n+1)T(0)+ 2c(n+ 1)Hpy1
T(n)=(n+1)T(0)+ 2¢(n + 1)O(1g(n))
T(n) = O(nlg(n))

ITo-rope ¢ H, e o3HaveHa cyMaTa Ha XapMOHUYIHUS PEJI.

1.4.1 IlIpeaumcrBa m memocrtarbiim Ha QuickSort

Ha npsB moryies nsriexa, ve QuickSort e mo-ciab aaropursm or MergeSort m HeapSort. OcroBa-
HUATA 38 TOBa Ca:

1. MergeSort u HeapSort umar rapanTtupana ciaoxuocr O(nlgn), a QuickSort moctura Tasm caox-
HOCT B CpeJHAS CTy9ail, HO B Hai-momms crydaii caoxuocTTa My e O(n?).
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2. MergeSort e crabuirra coprupobka, a HeapSort me w3mosssa pombiauuTenna mamer. QuickSort
He e crabuaHa cOpTHPOoBKA 1 m3noa3sa namer O(n) B jommst caydail (Torasa Ime WMa N PEKypPCUBHU
W3BUKBAHUs, KOUTO 3a€MAT TTAMET OT CTEKa).

Hsxon aBropm (mait-sewe Robert Sedgewick [I]) tebpasar, ge QuickSort mma mo-maska KOHCTaHTA
Py ACUMIOTOTHYHATA, oTleHKa, oT MergeSort uw HeapSort.

IpuawrauTe 32 mo-6aprara pabora Ha MergeSort u HeapSort, KakTo v Bb3MOXKHE TEXHUKH 38 10106~
DSIBAHETO HA TE3W JIBa AJATOPUTHMA Ie 00CHINM Ha IPYTO MSICTO (6epoammo 6 npedhume dee cexyuu,
Koumo owe we ca nanucany !).

HeapSort npu pabora ¢ mHakoaKO HuBa Ha mamerTta (6bp3a m GaBHA) € TO-Ciabd OT JAPYTUTE B3
ANTOpUTHhMa TOpaan (hakTa, de HEMpeKbCHATO 00paboTBa PasHU eJEMEHTH TI0 ISIIaTa ThJIKWHE Ha
macuBa, a MergeSort u QuickSort o6paboTBar Kbeu MOAMACUBA HAKYT, KOETO TH CbIJIACYBa, J00pe ¢
aIropuTMUTE 33 paboTa c cache/swap mameru u 6ydepu.

Ocgen ToBa HegocTarbiuTe Ha QuickSort Morar ma ObaaT KOPUTHpaHU (HIKOUW HAITBJIHO, JAPYTH
YACTHYHO), KAKTO III€ MOKAYXKEM B CJIEBAIIATA CEKIUSI.

1.4.2 Ilomobpenus ua QuickSort

1. YckopsiBaHe Ha pa3JaeJasaHeTo:

[IbpBOTO TIpaKTHYECKO MOAOOPEHNE HE 3aCATa HEIOCTATHK HA aJIrOPUTHMA, TO € BCHITHOCT OPUIH-
HaJHaTa MIporeaypa mo pasaendde na Hoare:

HOARE _PARTITION(A[L,2,...,n]: array; [, h: indices in A)
1 splitter < Alh|
2 i+ -1
3 j+« h
4 while TRUE do
5 repeat
6 14 141
7 until A[i] > splitter
8 repeat
9 j+— j—1
10 until (A[j] < splitter) V (j < 1)
11 ifi<j
12 swap(Afi], A[j)
13 else swap(Ali], A[h])
14 return 1

AHamM3BbT 32 KOPEKTHOCT Ha TOpHATa MPOIEeAypa € TO-CI0YKeH OT BepcusTa Ha Lomuto w 1me s
OCTAaBUM Ha, YUTATEN.

Bpogar cpasmenmns Ha eeMeHTH a IBATA AJITOPUTHLMA 33 Pa3esdHe e MPUOIN3UTETHO paBeH. Aro-
purbMbT Ha Hoare mpasu cpesro 0kosio 1.5 bTH TO-MAJIKO CDABHEHUSI U yBEJUIABAHUS /HAMAJISTHUST
Ha mHaekcHu. Bpoar swap-oe npu Lomuto chBmaza ¢ 6post Ha MajakuTe exementH, npu Hoare ToBa e
HposAT Ha NOJIEMUTE €JIEMEHTH, KOUTO 3aeMaT II'bPBOHAYAIHO MeCTaTa HA MaJKU €JIEMEHTH, T.€. CPEJTHO
e 2-rbTu mo-0'bP3 M0 TO3U MOKA3ATE.

2. Hamangane Ha n3mnoJ3BaHaTa [IAMET:

KaxTo Gemre orbena3ano mo-rope, B JIOMUs CAydail OposiT Ha PEKYPCHUBHUTE M3BUKBAHUT MOXKE 18
nocrurte O(n), CbOTBETHO JIObIHATETHO U3MI03BaHaTa maMeT crasa O(n), KaTo cTaBa JyMa 3a CTe-
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KOBa ITaMeT.

B msikon omepannonHu cucteMu (nau codTyepHU Cpey B MO-00MIMs Caydaii) MOKe J1a UMa Orpa-
HUYEHWs 33 pa3Mepa Ha CTeka. B TakaBa cpejia MONaJaHeTo B JIONIN CJy4ail He camo Ie yBeInyn
U3TI0/I3BaHaTa ITaMeT, & MOXKE Jla MPEeJN3BUKa MPEIrbJBAaHE Ha CTeKa U NPeKbCBaHE Ha U3N'bJIHEHUETO
Ha aJrOPUTbHMA.

Permennero wa T03u mpobsem e M3MOI3BAHETO HA Omamkosa pekypcus (tail-pekypcus). Tosa e Tex-
HUKA 33 3aMsTHA Ha PEKYPCHBHO W3BUKBAHE C IIHKbJI, KOTATO PEKYPCHBHOTO U3BUKBAHE € B Kpast (OMalll-
kara) HA geduHUIMATA HA TPONeypa uan pyHKnug. Hakon KOMIMIATOPU M MHTEPIPETATOPH ABTO-
MaTU3WpaT TaKaBa 3aMsHa, HO Ta3W Bb3MOXKHOCT € CBbp3aHa C M3UCKBAHUS KbM CTeKa M KOMaHJINTe
3a yHnpaBJeHUEe Ha KOHKPETHATAa apXWTeKTypa Ha M3YNCJIUTETHATa CUCTEMA.

Hama na obcwbixmave B meraiiim TeXHUKATA HA OMAIMKOBATA PEKYPCH, CAMO IIE MTOKAXKEM KaK T Ce
mpuaara KbM aaropurbMa QuickSort. ANTOpHTHMBT 3aBDPINBA ¢ PEKYPCUBHO OGpBINEHIE KbM cebe
CH, TOECT, HAJIAIE Ca YCAOBUS 3a MPUIATAHE HA TEXHUKATA.

Ero kak u3riexga Moguduimpana Bepcus Ha aJITOPUTHMA:

TAILRECO QUICKSORT(A[L,2,...,n]: array; [, h: indices in A)
1 whilel < h do

2 m <+ Partition(A, 1, h)
3 TailRec0_QuickSort(A,l,m — 1)
4 I+~ m+1

Hosara Bepcust TailRecO0  QuickSort m3pbpIiBa ¢bImTe H3IUCIEHIs KATO OPUTHHATHATA (T0KaXKeTe
ToBa!), HO PaBM PEKYPCUBHO W3BUKBAHE CAMO TIPU COPTHPAHETO HA JIEBUs MOJAMHTEPBAJ (EIEMEHTHTE
MO-MAaJIKW OT pasjeurens splitter).

Bce omme cbInecTByBa pUCK J1a TOTAJJIHEM B JIOII CJIydaif, IpH KOWTO JeCHUs WHTEpBaJ (KOWTO obpa-
foTBaMe B IUK'BJI) [1a CE€ CIY4BA 1A € KPATHK, a JeBuAT (KoiTo 06paborBamMe peKypCUBHO) /14 € bIbT
" Ja TOJIYYAM MHOTO HUBA Ha PEKYPCHBHU M3BUKBAHIS.

Perennero e pekypcuBHOTO OOPBINEHHE [[a Ce MPABH K'bM IO-K'bCHS HOJUHTEPBAJ, & IO~ TbJITHAT
Jga ce o6paboTBa B IMKbJ Ype3 MeXaHW3Ma Ha OlAIIKoBaTa PeKypcus. ToBa € Bb3MOXKHO, HOHEXKE
HsMa 3HaYeHNEe B KAaKbB DeJl COPTHpPaMe MAJKATe U TOJIEMUTe eIeMEHTH CJIe] Da3/Ie/IgHEeTO CIPSIMO
splitter u MOXKeM j1a pasMeHsIMe pejla Ha PeKypcuBHUTE u3BukBaHus Ha, QuickSort B opurmnajHus
anropurbM. Taka Ipu BCAKO PEKYyPCHBHO H3BHKBAHE PAa3MepbHT Ha 00pPaOOTBAHUS MACUB IIe HAMAJISABA
MIOHE HAMOJOBUHA 1 TbJIOOUNHATA Ha N3moa3Banus crek e 6bae O(lg(n)).

Ero momudukanusTa, Kosito rapantupano msnoassa O(lg(n)) monbinurensa mamer:

TAILREC _QUICKSORT(A[L,2,...,n|: array; [, h: indices in A)
1 whilel < h do
2 m < Partition(A, 1, h)
3 ifm—-Il<h—m
4 TailRec_ QuickSort(A,l,m — 1)
) I+~ m+1
6 else TailRec QuickSort(A,m + 1, h)
7 h+~ m-1

3. Cayyaen n360p Ha pa3/IeJTUTEJ:

Jlomugar cioyuait mpu paborara Ha anropurbma QuickSort Bb3HMKBA KOraTo M3OpaHUAT pa3ieiu-
Ten splitter wMma ekcTpeMasiHa Man OJM3KA 0 eKCTPeMaJHa CTORHOCT (T.e. TOW € Hal-MaJKUAT, HAW-
TOJIEMUAT WK OJU3bK JI0 TSIX €JeMEHT B W3CJIeIBaHUsT WHTepBaJI). Torapa WHTEPBAIBLT ce pas3/esis Ha
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eJTHa MHOTO MaJIKa, 1 JIPyra MHOTO TOJISIMA YaCT, U IPU CEPHst OT TAKUBA A0WY PA3IEIAHNS CJI0KHOCTTA,
mapactsa 70 O(n?).

Ha mpaxTrka wecto ce cayusa moTpeburendar ga Momaje KbM COPTUPAIUIT AJTOPUTHM BEUE COp-
TupaHn macus. Ho ToBa e TouHo Hail-nomugT ciaydait 3a agropurbma QuickSort, B Heroeara ocHoBHA
peann3alnys, W37I0KeHa B HAYAJI0TO HA Ta3MW IJ1aBa.

Mozke ma TPUIOKWM HAKAKBA CTPATErus 3a n3bsarBaHe Ha MOA00HA HEMPUATHA CUTYAITMS, TPUMEPHO
dyuxnusara Partition na us3bupa 3a splitter He KpaeH, a cpejieH ejgemenT. ToraBa Bb3HUKBA Jpyra
OITACHOCT: XaKep, 3aI03HAT C JeTaiJii HA HaIlaTa peaju3anud Jia 110/a/e KaTO BXOJHW JAHHU TakKa
IOJ/IpeJieH MacuB, ue HoBaTa Hu hyHKius Partition Bunaru ga n3bupa 3a splitter MaKCUMaHUST €JIeMEHT
Ha 00paboTBaHWs WHTEPBAJ U OTHOBO 1 HU BKAPAa B JIOIIMS CJIydail.

Enno or Bb3moxkHauUTE CpeacTBa 33 MPEIOTBPATIBAHE HA HEITPUATHUTE CUTYAINN, OMUCAHU TI0-TOPE,
e na u3bupame cayuaer ejeMeHT 3a pazjesure. Toea Moxke na craHe BbB dyHKiugra Partition —
usbupame ciayqaen ungekc ¢ (I < i < h), n paborum ¢ pazaemuren splitter = Ali]. Ipyr ynoben meros
e Tper HAYAJI0TO Ha COPTUPOBKATA J1a pasbbpKaMe CAydaiiHO eJJeMeHTUTe Ha BXOJHUS MacuB A.

Texuukara Ha u360p HA CJIyUYEH pa3jeauTes] He HAMAJIsiBa BEPOSTHOCTTA 33 BJIM3aHE B JIOII CJIy4ail,
TSI TIPOMEHS JIOIIHsI CJTydaii OT MpeIBAPUTENHO COPTUPAH MACHB B ApyT (cayvaiino Hapesen). Tsa mpe-
JIOTBPATSBA BB3MOXKHOCTTA 32 XaKePCKa aTaKa, CTUTA XaKepbT Jla He 3HAae KaKBa CIydaiiHa Topeaura
U3Mo/I3BaMe 3a n36opa Ha paszgenuTes (Win 3a pazdbPKBAHETO HA MACHBA B HAYAJOTO).

4. Tlo-mo6bp pa3aeauTe.

Mevana Ha MacuUB OT YMCJIA 1€ HAPUYAME TO3U €JIEMEHT, KOUTO 3aeMa CPeIHATa MO3UIUT B COP-
THpaHUd MacCWUB, T.e. eJleMeHT, KOMTO e MO-TOJIM WM PaBeH Ha ITOJOBUHATA eJIeMeHTH Ha MacuBa U
MO-MaJI'bK UJIM PABEH HA JIPYTraTa [0JIOBUHA.

Aurropurbmbr QuickSort poctura Hafi-rosgMa e(PeKTUBHOCT KOraTo PasfeuTe T € OJIn3bK 10 Me-
JaHaTa. CprBa Cl, KOTaTO BXOOAHUAT MACUB € CPaBHUTEJIHO T'OJIAM, J1a B3eMEM HAKAKBO KOJUYIECCTBO
HETOBHU €JIEMEHTH, Ja HAMepUM TdaXHaTa MeanaHa U Ja s uzbepeMm 3a paszaenuren. Mma manc Taka
MBYUCJTCHUS PABTENTATEN T1a e To-0T1M30 710 CHITMHCKATA MEINAHA U TI0-Tajed OT KPAWIIATa Ha MacHBa.

Hait-npocrusar cayuaii na Takasa mogndukanus (Hapuda ce cpeden om 3) e 1a ce B3emar 3 eJleMeHTa
(mpumepro A[l], A[|(I + h)/2]], Alh], nam obK 3 crydaitHo n30paHn) U CPEJHUSAT O TOJEMHHA Ja Ce
MOJI3BA 33 Pa3/e/IUTeIL.

ITpu obuxkHOBeH W360P HA pa3meanTes TOM € C PABHA BEPOATHOCT KO /13 € OT eJIEMEHTUTE HA BXOITHUST
MaCHB OT 7 eJIEMEeHTa, a MAaTeMATHIeCKOTO OYaKBaHE 3a pasMepHUTe Ha MOJUHTEPBAINTE (MaJbK U
TOJISAM) CJIEJ] PA3JIENSTHETO € ChbOTBETHO %n " %n.

IIpm m360p ma pazmesmren mo MeToma cpeder om 8 CHLOTBETHHTE OYAKBAHHAA CA i7’L 148 Qn KOoeTo
16 16"

npub/nKaBa MaJko (Ha %671) pasmenTeNsd J0 MeIUaHATA.

BepositHOoCTTa OGMKHOBEHMST pa3JIe/UTel Ja € MOMaJHe CJe]| Pa3jiesstHero B mosunus 1...71 (1a e
B JIeBHA Kpail Ha Macupa, O/IM30 0 MuHEMaTHATa crofinoct) e Pr[Partition(A,1,n) < i = L. Tlpu
MeToa cpeden om § CLOTBETHATA BEPOSTHOCT e orpaHudena oT ¢(L)? sa HsKaKBa KOHCTAHTa ¢, KOETO
3HAYUTENHO HAMAJISBA MIAHCA Ja Ce IIOJIydd MHOrO JI0IO pasjesnsiHe. Cbliure PAa3ChiKACHHUs BAXKAT U

3a JIeCHUA Kpail Ha MacuBsa.

Otre m0-7106pu pe3y/ITaTy Iie ce MoaydaT, ako ce M30Upa pajieinTes OT MMO-TOJsIMa M3BAIKa ([IpH-
MEDHO CPEJIeH 0T 5 ujn 7), HO M3YUC/ISIBAHETO HA TAK'bB PA3JE/UTe/ U3UCKBA, JOI'bLIHUTEJHO BPEME U
MOZKe Jla ce II0JI3Ba CaMO KOI'aTO BXO/HUS MHTEPBaJ € [OJdM.

5. MaJjaknTe nmoaMacuBmu ce coptupar ¢ InsertionSort.
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Koraro B HstKoil ToIMacuB ocTaraT okoso 10 emementa, 6bp3ute aaropurmu (QuickSort, MergeSort,
HeapSort) ca mo-needrektusan or InsertionSort, Thit KaTo MPABAT MHOTO PEKYPCUBHYU M3BUKBAHUS
kbM cebe cu (QuickSort, MergeSort), win pasmecrsar Heedexrusro enementure cu (HeapSort).

AgroputbmbT InsertionSort e Maako mo-6bp3 3a MaabK Opoit etemenTn n QuickSort Moxke 1 ce Mo-
mudumpa Taka, e Koraro 06paboTBaAHNAT MHTEPBAJ CTAHE TO-KhC OT HaKakBa KoHcTaHTa (CemKynk
npenopsaBa 10-16), Toit ma 6bae coprupan ¢ InsertionSort.

6. KomOuHupaHe ¢ ApyT aJropuTbM:

Nznor3Banero Ha CaydaeH pasfenuTes nmomara Ha aaropurbma QuickSort ma mw3berte BiIm3aHeTO B
JIOITHUS CJIyYail TIpU HAKOW OOMYadHM CAydad Ha BXOIHW MAHHW WM MPU XAKEPCKa 370ymorpeba, HO
HapyIIaBa CBOWCTBOTO onpeneﬂeHOCTEI (IeTepMUHUPAHOCT) HA aJITOPUTHMA.

II'esHOTO M30sATBAHE HA JIOMNA CAyYail U 3ama3BaHETO HA OMPEJIEHOCTTA Ce MOCTUTA Ype3 KOMOUHU-
panero Ha QuickSort ¢ apyr anropurbm (Ha npakTuka ce monssa HeapSort). B mHawanoro copruposkara
3arousa ¢ ajropurbMa QuickSort, karo ce cienn pazMepa Ha W3CIEIBAHUS UHTEPBAJ U TbJIDOUNHATA
Ha pekypcusaTa (nam 6posi Ha UTEPAIMUTE MPY TIPUIATAHe HA OTANTKOBA PeKypcns). AKO pasMepbT Ha
WHTepBaJIa He HAMaJIsiBa 3HAYUTEIHO DU HAapacTBaHE Ha JbJO0OUYMHATA HA PEKYypCHUsi, CAeIBa, Ye CMe
BJIE3JIM B JIOIIWs CJydail — TOraBa OCTaBalusaT nHTepBaa ce coprupa ¢ HeapSort. ITogobna cxema ce
IpHUara B ChBpeMeHHara ajaropurMmudia budamoreka STL 3a esmka C++.

! OnpemenenocTTa m3ncKBa MpY BCSKO CTAPTHPAHE C EIHW U CHIIN JAHHY AITOPATHMBT 4 JaBa €IUH U ChI Pe3yiI-
TaT ¥ Ja NPOBEXKIA M3IUNCICHUATA 10 eJHAKbB HadmH. B Hammar cay4ait QuickSort Bumarm me mogpexxma KOPEKTHO
BXO/IHUS MACHUB, HO U300DBT HA CIydaeH Pa3ie/nTesI e JOBee 10 PA3JINTIHN BPEMEHA 3a U3II'b/IHEHNE U [0 €BeHTYAJIHO
pa3MecTBaHe B M3XOmHUs (DAl HA €JIEMEHTH C €THAKHB KJIIOY.
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