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CbAbP2KAHUE

(4.3 AnaropmT™Mu, TOJI3BAIIN CAYYaiiHa TOPEINTI

[U3mo13BaHa aurepaTtypal




I'maBa 1

BbBenenne

3amouHax Te3W 3aIUCKU MPHU TMOATOTOBKATA MU 3a M3MUTA 3a TJI. acucTeHT KbM Dakyarera mo Ma-
remarnka n Mudopmarnka (PMU) wa Coduiickusa yausepcurer mpes nposerta Ha 2012r.

ITle ce ommram ma T# pasmupsa MO BpeMe Ha MpemogaBaneTo Mu B Kypca 'Chb3maBame u W3CaeIBaHe Ha,
anropuTmu’ (TOBa e MMETO, KOETO MU XapecBa, opuinaanoro uMe e 'In3aiin u aHa m3 Ha ajropur™un’,
cbkpareno JTAA).

Tlo-romsmara gacT or MarepuaJsa e mpepasKas3 Ha 9acTh OT KHUTHTE MocoUueHn B OubsmorpadmsTa.
Hafuisiram Ha Temu, KOUTO He ca M3JI0KEHU WM ca cJIabo 3acTblleHn B yuebHUIMTE, TyOIUKYyBaHU HA
OBATAPCKHT €3WK.

Hagssawm ce 3amuckure ja 0baaT MOJE3HA HA CTYAEHTHATE, KOUTO n3ydasar Kypca JIAA u Ha BCcHuKwH,
KOUTO U3MUTBAT ECTETUYECKA HACIAA OT 3aHUMAHUSATA C aJTOPUTMU.

CkeJtera
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1.1 O06o03HaueHuda

CobBerBaMe uuTaTesst WHPBO Ja mpouere yueObnnka va K. Manes [I], 3a 1a e 3amosuaT ¢ repMuHuTe
u 0603HaUEHNATA, OOMYIANHN TIPY OMUCBAHE HA JUCKPETHU CTPYKTYPH U AJTOPUTMHA.

Eto kparko n3bposiBane Ha MaATEMATHYIECKH TTOHSITHS W 00JIaCTH, KOUTO TTOJI3BAME:

MuoxkecTBa U OTEPAIME BbLPXY MHOXKECTBA, JEKAPTOBO MPOU3BEIEHNE, PeIAIlnd, PeJallnd Ha €KBU-
BAJIEHTHOCT W Ha 9acTUYHA Hapenda, DYHKIIMKM HAJT MHOXKECTBA.

Kombunaropuka. Uzbpourentna kombunaropruka. OCHOBHE KOMOWHATODHU KOH(DUTYPAIIHH.

I'pacbu, myarurpacu un xuneprpacu. [Ibrumia, npoctu mbTHIa, KOHTYPH 1 Tk B rpacdu. CunHa u
caaba cBbp3aHOCT Ha opueHTupanu rpacdu. Jlombanenus na rpadu. Oupersasane Ha rpadu. Inpsera.
OilytepoBu TUKIM 1 XaMUJITOHOBH ITUKJIU.
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1.2 HWHcTpyMeHTHU 3a aHAJN3 HA aJTOPUTMUTE

1.2.1 AcCuUMITOTHMYHU HOTAIUN

DyHKIMATE [O-J0JIy Ca aCUMITOTUIHO HOJIOKUTENHH, IpUMepHo IngVn, n > ng — g(n) > 0
©(g(n)) ={f(n) : Ing,3e1 > 0,3c2 > 0,Yn, n > ng — c19(n) < f(n) < cag(n)}

O(g(n)) ={f(n): Ing,3ec > 0,Yn, n >ng — f(n) <cg(n)}

Q(g(n)) ={f(n) : Ing,3c > 0,Yn, n > ng = cg(n) < f(n)}

o(g(n)) ={f(n) : Ve > 0,3ng,Vn, n >ng — f(n) <cg(n)}

w(g(n)) ={f(n) : Ye > 0,3ng,Vn, n > ng — cg(n) < f(n)}

IToapobHO ¥ SICHO M3JI0XKEHWe Ha CBOfCTBAaTA HA ACHMMITOTHYHUTE HOTAIMU € JAJeHO B KHUTraTa C
perenn 3aja4un Ha Munko Mapkos [2].

ACHMIOTOTHYIHUTE HOTAIMH Ca METOT 33 MpubImKeHo bopasene ¢ pyaknun. Maedara e ma canrame jBe
by TpUOJIU3UTENTHO PABHE, KO C€ PA3INIaBaT C MHOKHUTE HAKAKBA KOHCTAHTA [IPU HAPACTBAHE
Ha apryMEeHTa.

Tosa mpubimkeno npeacraBsgae € yaobHO IPU OIEHKA HA CJA0XKHOCTTA Ha, aJCOPUTMUTE.

Koncranrara, KkogTo urnopupame nMa CMUCH/Ia HA PA3/AUKA B XapiyepHaru miardopMu HA KOUTO
W3I'bJIHABAME €JJH U CDbII aJITOPATHM.

Jpyra naTEpnpeTalus e, ye Ta3u KOHCTAHTA CKPUBA Pa3JiNKaTa B €(PEKTUBHOCTTA HA KOMITHJIATOPA
IIPU TIPEBOIA HA, €JIHa, IIPOrPaMa OT €3WK Ha BUCOKO HMBO K'bM MAIlIMHEH KO,

1.2.2 MacTtbp Teopema

Heka e maneno pexypenrno orromenune 1'(n) = aT'(n/b) + f(n), a > 1,0 > 1. B caegnure 3 cayvas
OTHOIICHNETO MMa PCIICHUEC:

1) f(n) = O(n'°897¢) 33 naxoe £ > 0. Torasa T'(n) = O(n'°89).

2) f(n) = ©(n'°8» ). Torapa T'(n) = O(n'°&*1gn).

3) f(n) = Q(n'°82*¢) 33 maxoe ¢ > 0. Heka 3¢ < 1,3Ing,n > ng — af(n/b) < cf(n). Torasa
T(n) = O(f(n)).

JoKazaTe/ICTBOTO U3CJIe/IBa HUBATA B PEKYPCUBHOTO JbpBO, nopojeno ot 1'(n). U36possar ce Bb3-
JUTe W JIObJHUTEHATa pabora, 3anagena or f(n).

1.2.3 JluHeiiHU peKypEeHTHU OTHOINEHUs C KpaiiHa mcropus

XOMOTEHHO PEKYPEHTHO OTHOIIEHUE: Ay = C1Gpn—1 + C20n—2 + +++ + CLQp_k.

XapaKTepucTHYHO ypaBHEHHe 3a oTHOmeHneTo: xF — cjzk 1 — couh=2 —

cii— =0
Heka aq,as, ..., as ca pasanyHnTe KOpEHN Ha yPABHEHHETO C KPaTHOCTH ki, y . ki = k.

Torapa 0ob61I0TO pelrerne ce 3a7aBa 0T POPMYJIATA:
S
— n
ap = E Pi(n)a;
i=1

KbeTo Pj(n) ca mosuroMu ot crened < k;. O6II0 Te nMaT TOIHO k KoedHIeHTa, KOUTO MOTAT 14 Ce
OnpeseaT ako 3HaeM mbpeuTe k wiena Ha peaunara (ag,ai, ag, ... ).
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JlokazaTeJICTBOTO MOXKe /I3 Ce M3BBLPINHN TaKa:

1) IIpoBepsiBame, e ako o € KOPEH Ha YPABHEHUETO, d,, = ' € pellleHne Ha PEKYPEHTHOTO OTHOIIIe-
HUE.

2) Ako « e KpaTeH KOpeH, ToraBa M d, = NQ' e pelenue, 3aIoTo (@ € KOPEH HA yPABHEHWETO 34,
IIPOM3BOIHATA Ha XapPaKTEePUCTHUIHUS MOIUHOM. IIpaBuM Tasu cMeTka 3a MHOTOKPATEH KOPEH.

3) Ot 1) u 2) nonyuasame BemaKy 6a30Bu perenns n/a?, j < k;. Tesu pemtennst ca k wa 6poit u ca
JIMHEWHO HE3ABUCUMMU, a 0DITIOTO PeIleHne e TaxHa, JuHelHa kKombuuannsa. Koedurenture B mmHeitHaTa,
KOMOWHAIMSA Ce OIPEIENIAT eJIHO3HAYHO OT I'bpBuTe k diena. JInHelHATa HE3aBUCHMOCT 3a Pa3JINIHU
pellenus ciefiBa OT CBOWCTBATA HA MATPUIATA Ha BaumaepMOH1, (IIpy KPATHU KOPEHW MAK CE IOy IaBa
JIMHeHA HEe3aBUCHMOCT).
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1.3 CrpyKTypm OT JaHHU

Crek, onarika, COUCbK.

CrpykTypure oT JaHHU ca OJOKOBE 3a epeKTUBHA peaju3alius Ha aaroputvu. OOMKHOBEHO HIMAT
CAMOCTOSATETHO 3HAUEHNE.

Korato ru mom3Bame, Tu pasriexkgaMe KaTo YePHA KyTH C MPEIBAPUTETHO YTOBOPEHW METOIAN 33,
noctbi (uHTepdeiicn). Takapa abcTpakTHa CTPYKTypa MOXKE J1a UMa PAa3JUYHU KOHKPETHH Deasin3a-
TN,

ITpu peammszanugaTa UM IHK ONpenesgMe BbTPEITHATA CTPYKTYpPa u ePeKTUBHOCTTA HA OTIACTHUTE
AJITOPUTMH 38 CTPYKTYPAaTa.

1.3.1 IlpmopumTeTHa omarmrka: nmpaMmuiga

[Tpuopurernara omarrka e abcTpakTHA CTPYKTYPa, B KOATO BKapBaMe obexkTn oT tutia r =< key, value >,
a m3BJMIaMe ekcrpemasieH 00ekT. Tyk 1me obcbxKIaMe u3BJIUYaHe Ha 0DEKT ¢ MAKCUMAJIEH KJIHOU, aJl-
ropuTMuTe Npu padoTa ¢ MUHUMAIEH CA AHATOTHUIHU.

MeromnTe 3a pabora ¢ TPUOPUTETHA, OMAIIKA, CA:
1. Insert(r) BkapBa HOB OOEKT B OTIAIIKATA
2. Extract _maz n3Baxja obekTa ¢ MaAKCUMAaJIeH K04
3. Get _max Bpbina obekTa ¢ MaKCHMaJIeH K09 (6€3 1a TO Bl OT CTPYKTypaTa)
4. Modify(i,new key) npomens karoua Ha 00EKT, KOWTO Ce HAMUDA HA TO3UIUA 1.

HOC.HQ,Z[HI/IHT METOI U3UCKBA ITO-CJIOZKHU BPH3KU MEXKAY OCHOBHUAT aJITOPUTHM U CTPYKTYpaTa.

ITpu HamBHUTE peanm3anuyu eJHATa OT JABETE OCHOBHU ONeparmn € ¢he crokaocT O(n), Kbaero n e
bposar Ha obpaboreHuTe 0O6EKTH.

Hait-gecto n3norssanara edekTuBHA peannsanus e (ABowdHa) nupaMua (binary heap).

IInbTHO JBOMYHO JBPBO 1€ HAPDHYAMe TAKOBA KOPEHOBO JIBOMYHO JIBPBO, NPH KOETO BCEKH CJIOM
OCBEH MOCJIeIHAAT € HACUTEH, & B TIOCJEHAS CA 3aI'bJIHEHN JIEBUTE BhPxoBe. TakoBa IbPBO € N BHPXa
ce pasmosiara B obukHoBeH Macus A[l..n] Taka: koperbsr e B A[l], HacaenaunuTe My ca B A[2], A[3],
rexaure Hacaeauunm B A[4], ..., A[7] u 1.8.

B IJI'BTHO ABOUMYHO ABbPBO HOMEPATA Ha POJHMHUTE HA BPDHX 1 Ce M3YUCTIBAT TaKa: poauTesIAT My €
P(i) = | 5], neBuar my cun e L(i) = 2i, a gecauar R(i) = 27 + 1.

Cuoit ¢ momep k (kopena e B cioit 0, Jemara My B €j10ii 1) ce CbCTOM OT BCHYKH BBPXOBE, IUUTO
HoMepa ce 3anucBar ¢ k + 1 mudpu B JBOMYEH 3amuc: KOpeHbT uMa HOMep 1, menara my 10 n 11,
TexuuTe gena 100,101,110,111 u T.1.

1.3.2 Henpecu4aiiin ce MHOXKECTBA

Heka X = {x1,x9,...,2,} e mHO)ECTBO OT 00ekTH, a S = {S1,S2,...,S;} e AuHaMu4HO pazbusaHe
Ha X Ha HelrpecHdally ce I0JMHOXKecTBa. MHoxkKecTBaTa 0T pa3duBaHeTo 11 0TbK/IeCTBIBaMe ¢ HIKOIl
TexeH esieMeHT (npejcrasuren) y; € S;.

Pasrnexgame coenaure onepamun Haa obexktn o X:
Make _set(x) cb3maBa MHOXKECTBO B pa30MBAHETO C €JMHCTBEH €JIEMEHT U IIPEJCTABUTEI I.
Find_set(z) BpbIa MpeIcTaBuTeT HA MHOXKECTBO OT pa3bHBAHETO, KOETO ChIbPKA .
Union(x,y) obexunsiBa MHOXKECTBATA, ChIIbPXKAII T 1 .

ITIpeamosarame, e ce W3BLPINBAT M W3BUKBAHWUA HA HAKOA OT 3-T€ OMEPAINM, KATO MbLPBO CE BU-
ka n mbtn Make set(x), 3a ma ce cb3gaje HAYaJHO pa3OMBaHe, a CJIeJl TOBA B MIPOM3BOJIEH el Ce
Bukar apyrure 2 onepaunun. Ouesugno Union(x,y) Moxe Jla ce M3IIbJHE CAMO 1 — 1 I'bTH, [OCJE B
pa3buBaHeTO UMa, CaMO €THO MHOYKECTBO.
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Peaymmszanun:

1) Coucbim. 3a BCAKO S; TPABUM JIMHEEH CHUCHK OT 0GEKTHUTE MY, OT BCEKH ODEKT MMa JIMHK KbM
HAJYAI0TO, OT HAYAJOTO MMa JIMHK KbM Kpasi. [Ipu Takasa crpykrypa Find_set(x) uw Make set(x)
e ce m3mrbaagBar 3a O(1). Ako peammsupame Union(z,y) Taka, de 1a 3a/€NBa MO-KbCHST CIIUCHK KbM
MO-/UbJITHs], BCEKU 00EKT mie Obe mpeMecTBan Hai-MHOTrO 1g(n) mbTh (MHOXKECTBOTO My 1€ HAPACTBA
MoHe JBOITHO). AMopTH3mpaHara cyma Ha Te3u pasdmectsanusa e O(nlg(n)) 3a BemukuTe omepanuu
Union(z,y). Obmara cioKHOCT npy m u3BMKBaHus Ha 3-Te oneparuu me 6bae O(m + nlg(n)).

2) Kopenosu abpeera. 3a BCAKO S; MPABUM KOPEHOBO JTbPBO OT OOEKTHTE My, KODEHBT € MpeJIC-
TABUTEJ HA MHOXKECTBOTO W counu cebe cu, mojrbpKame arpuOyT panr r(S;), KOUTO UMa CMHUCHI Ha
I'bJIOOYMHA HA KOPEHOBOTO mbpBo. Ilpu civBane HA abpBEeTa KOPEHA HA TBPBOTO C MO-Ma/IbK PAHT Ha-
couBaMe K'bM KOpeHa Ha JApyroro. Taka ocurypsBame MaKCHMaeH pacTexk Ha paxra mo 1g(n). Apyrara
TEXHUKA € KOMIIPECHsl Ha I'bTUIIATA, - IPU u3rbanerne Ha Find _set(x) npu 00X0KIaHETO HA TS OT
2 JI0 KOPEeHa MPEHACOYBaAMEe BCUIKHU O0EKTH 10 TO3M MbT /13 COYAT K'bM KODPEHA:

Find_set(x)
1) if  # x.parrent
2)  x.parrent < Find_set(xz.parrent)
3) BbpHU z.parrent

ITo/3BaHeTO HA PAHTOBE W KOMIIPECHPAHE Ha ILTHUINA 3a¢JHO JABAT aMOPTH3MPAHO BpPEME IIPH 1M
u3BnkBanus Ha 3-te onepaiun O(ma(n)), kbaero a(n) pacre MHOrO GaBHO, Ts € CXOJHA ¢ obpaTHa
dbyuxius Ha Akepman u 3a Bcudkn 0003pumu caydau «(n) < 5.
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Anropntmu BbpPXy rpadpnm

2.1 IlIpexacraBsHuga Ha rpadu

5. Anropurmu BbpXy rpadu. Ilpencrapgaua Ha rpadu — cpaBHUTEJIeH aHaan3. O0x0xK-
naHe Ha rpadu B HIMpUHA U B AbJjOouynHA. V3unciauresnnu npobdsiemu, cBex/iaim ce A0
00x02K1aHe B IMMAPUHA WA B AbJOOUYUHA.

Heka G(V,E) erpad u |V|=n, |E| =m.

G e navren (dense), korato m = (n?). G e paspemen (sparse), koraro m = O(n). Moxe 1a uma n
MEeXKIMHHE CbCTOsHMsI. MHOTO airopuTMu BbPXy rpadu ca Hali-eeKTUBHU B CJIydas Ha ILIHTEH UJIN
paspemen rpad.

IIpeacrassne na pebpara E:

1) Marpura ua cbeencrsa (106po npu wibTeH rpad).
2) Cuucbiu wa cwheeacrsa Adj(v), v € V (no6po npu paspenen rpad).

CpaBHsIBaHe Ha JIBETE MPEJICTABSIHUS - 3a€MaHa [IAMET, CKOPOCT Ha OIepalliiTe, BKAPBAHE HA TEIJIOBA
dyHKIMA ¥ Apyru arpubdyTu B IPEJICTABAHETO U IIP.

2.2 Oo6xoxgaHe HaA rpadu

OoxoxkgaHe Ha rpad e aTrOPUTMUYIHA, CXeMa, 338 CHCTEMATHYHO TMOCEIAaBaHe Ha BCHUKN BbhPXOBE Ha
rpada u eBeHTyaHO 00X0XKJaHe Ha pebpara Mmy. Moxke ma mMa caMOCTOATEIHO 3HAYEHUE, KO THPEKTHO
pelliaBa moCTaBeHATA 334398, a MOXKEe J1a, € 9aCT OT TO-CJIOXKEH aJTOPUTHM.

2.2.1 OO6xoxaaHe B MIUPUHA

O6xoxkpane B mupuna (Breadth-first search, BF'S):

Taszu cxema pasbuBa rpada Ha HEBA (CI0€Be) Ha TOCTUKUMOCT CIIPSIMO TPEBAPUTETHO H30paH BPbX
s. llpmnara ce KakKTO 3a OPUEHTWPAH, TAKA ¥ 34 HeopueHTHpPaH rpad.

Ba Bceku BPBX v moIbpKaMe arpubyrute nBaT (651, CUB, YepPeH) v.C, PA3CTOSTHUE OT W3TOUHUKA
v.d ¥ TIpeIecTBeHNK 7[v]. AJTOPUTHMBT U3M0/13Ba OOMKHOBEHA OMAIiKa ().

CoiectBenn 3a paboraTa Ha aaropuTbMa ca Beroere (6e3 uepHust) u onamkara Q. Pascrosausra
v.d ¥ KOPEHOBOTO JHPBO T €A TOJE3HN PE3YITATH.

Anropurbm BFS(G(V, E),s):
1) for v € V do v.c <= white; v.d < oo; wv] <~ NIL
2) s.c + gray; s.d + 0
3) Q.Init; Q.EnQueue(s)
4) while Q # 0
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) u<+ Q.DeQueue
) for v e Adj(u)
7) if v.c = white
) v.c < gray; v.d < u.d+1; 7v] < u
) Q.EnQueue(v)
A)  wu.c + black

NuBapuanTa: B nukbia Ha pes 4) BCHUKKM CUBM BbPXOBE €a TOYHO BbPXOBETE OT omamkara (.

JokazarencTBo: Becekn Bpbx mpeMunaBa npe3 ChCTOgHU O/ — CUB — U€PeH, KATO Te3U MPex0oan
Ca CHHXPOHM3WPAHU C BKAPBAHETO U W3KAPBAHETO OT ONAIIKATA.

Ckopoct: Beekn BpbX ce BKapBa Hali-MHOIO BeJHbrK B ONalllKaTa U IIOCIe ce BaJu, a pebpara,
U3/IM3aIM OT HETO ce 00paboTBaT BeJHbXK Ha Pej §), caemoBareHo ckopocrra € O(n 4+ m).

ITamer: 3a paborara cu anropuTbMbLT M3M013Ba O(N) KIETKH JObJIHATE/IHA TAMET 33, ChbXPAHEHHEe
Ha 3-Te aTpubyTa HA BbpXOBeTe (I[BeTa € 33 bJuKuTe/eH! ).

Pazcrostnusa: BepHu ca cieHUTE TBbPIEHUS:
1) Croftrocrra Ha v.d PacTe MOHOTOHHO 10 PEJIa HA I'bXaHe B onamkara (. (MHIYKIHs 10 OITaIKATa).
2) BbB Beekn MomeHT vp.d < vp.d + 1, KBJIETO U] € TbPBUAT, & Uy € HOCJTEJIHUAT BPBHX B OMAIIKATA.
3) v.d e HAW-KPATKUAT BT OT § JIO0 BCEKH BP'BX ¥ IPU eJIUHWYHE TbJIKUHU HA pedpaTa, a m € KOPEHOBO
J'bPBO, MPEJCTABAIIO Hali-KPATKUTE MHTAIA (MHIYKIHs 110 v.d).

Ynorpeba:

Jleka mogudukanms na BF'S pasnozuasa gamu sxogausat rpad G e aByjenen (AByIBETEH) U pa3Ies
BBPXOBETE Ha 2-Ta Jsa.

ITon3Ba ce B GBbp3UTe BApMAHTU HA ThPCEHE HA MAKCHMAJEH TOTOK 33 MOCTPOSBAHE HA CJIOECTA
MpexKa.

Ilpu eguanynn nhakuHN Ha, pebpara BE'S e Hali-Obp3ugar aJlrOpuThM 3a HaMUPaHe Ha HAW-KPaTKU
I'BTHUINA OT U3TOYHUK S JI0 APYTUTE BbPXOBE.

2.2.2 (OO0xoxKgaHe B ObJOOYMHA

O6xoxknane B abibouanna (Depth-first search, DFS):

O06UKHOBEHO Ta3H CXEMA, Ce T10JI3Ba BbPXY OPUEHTUPAH I'Pad C HAKOJKO CUJTHO CBbP3aHU KOMIIOHEHTH.
3aroBa TUIIMYHATA, Pean3allisi CTPOU MOpa OT JibpBeTa Ha, gocTuKuMocT. Ilpucsiny arpubyru va DF'S
ca nBeThT, T (TOBA Mail He ce ToM3Ba 7) W 2 BPeMEeHa 3a BCEKW BPBX U - BPEMe Ha OTKpUBaHe v.d U
BpeMe Ha 3aKpHuBaHe v.f.

Anropursm DFS(G(V,E)):

1) for v € V do v.c < white; w[v] < NIL
2) time < 0

3) for v € V if v.c = white

4)  DFS wisit(G(V,E),v)

DFS wisit(G(V, E),u)

1) time < time + 1
2) u.c < gray; u.d < time
3) for v € Adj(u) if v.c = white
4) 7]+ u
5) DFS wisit(G(V,E),v)
6) time < time + 1

)

7) u.c < black; u.f < time

Tazu peau3aiiust U3MOI3BA PEKYPCHsT, HO OU TpsiOBAJIO Ja Moxke KaTo BF'S na ce HanmpaBu B IIUK'BI,
caMmo dUe Jia W3MOJI3Ba CTeK BMECTO OMaITKa.
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MuBapuanra: Becuaku cBY BbPXOBE €A TOYHO BbPXOBETE OT CTEKA HA PEKYPCUBHUTE W3BUKBAHIS
na DFS _ wisit.

JokazaTescTBo: Becexkn Bpbx mpeMunaBa npe3 ChCTOTHU O/ — CUB — U€pPeH, KATO Te3U MPexX0oan
Ca CMHXPOHM3WUPAHU C BIM3AHETO W W3AN33HETO B PEKYPCUBHO M3BUKBAHE.

CkopocT: 3a BCeKH BPbX e BUKa TOUHO BelHbK DF'S  wvisit (koraTo e 6s1), a pebpara, u3an3aiim
oT Hero ce o6paborBar BeJHbK B IMKbIa 3-5) Ha DF'S  wvisit, ciegosarento ckopocrra e ©(n + m).

ITamer: 3a paborara cn ajropuTbMbT U303 O (N) KIETKN J0I'bIHATENHA AMeT 33 ChXPaHeHHe
Ha aTpubyTuTe HA BbpXOBeTe U cTeka Ha DF'S  wvisit (1iBeTa e 3abiaKuTeseH! ).

Knacudukanusa wa pebpara:
A) IbpBeHo e pebpo or Tekymusa KbM 01 BPbX, O Te3u pebpa BbPBU PEKYPCHATA.
B) O6parHo e pebpo or 6s1 KbM CHB BPBX, T€3U pebpa 3aTBapsiT MHKJIH.
C) Pebpo Hampe 1 CBbpP3Ba BPbX € HEMOB HACAEIHHUK B IOIILPBO HA AJrOPUTHMA.
D) Pebpo macrpanum MOKpHUBAa OCTAHAJIWTE CJIydad - MOYXKE Ja € Bpb3Ka KbM HIKOH JpPYr BPbX B
IOAABPBOTO Ha aJITOPUTbMa, WJIN BPb3Kd K'bM BeU€ M3CJACABAHO IIOAbPBO.

Pebpara or Bug C) u D) cBbp3BaT TEKYIUAT BPHX ¢ Y€PEH BPbX.

Jlema 3a ckobutre: 3a Bcekwy JBa Bbpxa U, v € V cjejHATA BEPUTA HEPABEHCTBA € HEBbH3MOXKHA:
u.d < vd < u.f <v.f, nwim kazano HedopMaIHO, BpEMEHATa HAa OTKPUBAHE W 3aKPUBAaHE HA BPbHX Ca
KaToO CKO6I/I B IIPABUJIHO HAIlMCaH aPUTMETUYECH U3Pa3.

JokazareacTBOTO Cje/Ba OT PEKYPCUBHATA HPUPOJIA HA aIropurTbma, Karo joinyckame u.d < v.d
¥ pazriexjgame 2 moacaydas - v.d < u.f, B ko#iTo ciaegasa v.f < wu.f, MI0TO v € HACAETHWK Ha, U U
IO M3CTeBAME M3ISIIO TIPEJIN J1a CMe 3aBbLPIININ U3CTAeABaHeTo Ha u. Jpyrusar cayuaii - v.d > u.f
AUPEKTHO HapPYyITaBa BHIPOCHATA BEPUTrda HEPABEHCTBA.

Jlema 3a 6enusar obt: OT u 70 v WMa TbT B ropara, KosaTo crpou DFS <= B MowmenTa u.d Ha
JIOCTUTAHE Ha, % UMa IIbT 0T OeJTM BbpPXOBE OT U JI0 V.

JokazareacTBo: — CJ€/IBa OT JIOTHKATa Ha aJrOPUTHbMA, <— JIOKa3BaMe OT MPOTHBHOTO, B3EMaMe v
Jla e Hai-0JIM3KUg 10 U, J0 KOWTO He HOCTHUIa I'bT B ropara U MUCIUM KaKBO craBa, koraro DFS
JOCTHUTHE BbPXa MPEANIeCTBAIN ¥ 10 BeIns IbT.

Jlema 3a meopuenTHpanusaT rpad:
Axo rpadbr e neopuentupan, DFS orkpusa camo pebpa or suga A) u B).

Hokazarescreo: Heka ((u,v) € E) A (u.d < v.d). Or nemara 3a ckobure ciezapa, de v.f < u.f.
AKO anropuThLMBT cpelnHe Hafi-Hanpes pebporo (u,v), Tpsabsa v a e 61 (MHaue Ie ce OKazke, e 110
BpEMe Ha W3CIEIBAHETO HA v e 6mi1o obpaboreno pebporo (v,u)) - cayqait A). Ako wbk Hall HAIpes ce
obpaborn (v,u), u e cus - cayqait B).

Caencrsue: Maska momudukanust #a DF'S Hamupa IUKbJI B HeopueHTupas rpad 3a speme O(n).
Tpukbr e ga ycerum, ue HA-MHOTO 1 pebpa Ime u3cjeapamMe J0 HAMUPAHETO Ha ITUKb/IA.

DAG napuuame opumentupan rpad 6e3 mukau. Beeku DAG mpejcraBa dacTuaHa Hapeada, KOSITO
MOKe JIa, Ce Pa3Iupu J0 bjiHa Hapenba. TakoBa pasmupsBane HApUYaMe TOIOJOTUYHO COPTUPAHE.

Jlema DAG:
Ipadbr G e DAG <= DFS nycnar sbpxy G He orkpusa pebpa or Buja B).

JlokazareacTno:
— akKo uMma obparHo pebpo, 1e uMa u 1uKba B G.
+ ako uMma nukba B G, npociaensiBave kKak DF'S wsciienBa BbpXoBeTE MY W IE MMOJIYy9UM 0OPATHO
pebpo.

Anaropursm TopologicalSort(G(V,E))
1)l <~ NIL (Il e 0OGUKHOBEH CIIUCHK )
2) NssukBame DF'S, npu BCAKO M39UCAABAHE HA V. [ IhbXaMe v B HAYAJOTO Ha [.
3) | cbabprka TOMOIOTHYIHA Hapeaba Ha BbpxoBeTe Ha G.

Kopekruoct: Heka Topological Sort uzciaensa pedbpo (u,v). Or gema DAG cremasa, de 1O He €
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0bpaTHO, TOECT ¥ € WU OsIT WM 9epeH BpbX. AKO v e 6s1, me 6be peKypCUBHO U3CJIEABAH W OT
JeMara 3a ckobure 1ie nMame u.d < v.d < v.f < u.f. AKO TIbK e YepeH, TOH e Beue NMPUKJIIOYEH, a
u e ome cuB, caemoBareano v.f < wu.f. U 3a npara ciydas moaydasame (u,v) € E — v.f < u.f,
CJIEIOBATETHO CIUCHKBT | 3a7aBa haHaTa Hapeada (B HEro ca BCMYKHM BbPXOBE U B HAMAJISI Dl Ha

v.f).
OsnauaBaMe u ~» v, KOTATO UMa I'bT OT U JIO V.

BbpxoBere u M v ca CHJIHOCBBP3aHU, KOTaTo U ~> ¥ U U ~» 1. CHIHATAa CBBP3AHOCT € pesallis Ha
CKBUBAJICHTHOCT, 1€ HapHUIaMe KJIaCOBEeTe ¥ Ha €KBUBAJIEHTHOCT CHUJIHO CBBbP3aHU KOMIIOHEHTH (Strongly
connected component, SCC') na rpada G.

AKo KOoHJEH3MpaMe CHTHOCBbLP3aHUTEe KOMIOHeHTH Ha rpad G, nonydenust rpad e DAG (ryii e
OYEBUJIHO).

O6nbpuar (rpamcrnonnpan) rpad na G(V, E) me mapuaave rpadsr G (V, ET), 3a xoiiro pebpara, ca
naobparno: ET = {(u,v) : (v,u) € E}.

CmmenkbT Ha cbeeacrsa na G (V, ET) moxe ma ce moctpon 3a Bpeme ©(n+m), a CHIHOCBbP3aHATE
kommonenty Ha G u GT ca enan u Cbiy.

Agropurbm SCCsearch(G(V, E):
1) Ilyckame DF'S Bopxy G u npasum cnuchbk [ 3a V' B HamMassr pes o v. f.
2) Mocrposisave GT (V, ET).
3) Myckame DFS supxy GT(V, ET), kaTo B OCHOBHUST MY IIWK'bJI BaJIMM BhDXOBETE OT [.
4) Besko TOIIBPBO B TIOJyUeHATa TOPa Ha JOCTUKUMOCT € CHJIHO CBbp3aHa KOMIIOHEHTA.

Ilo mony mpenmosarame, ue arpudbyrture v.d u v.f ce OTHACAT 3a I'bPBOTO U3MbJaHenue Ha DF'S B

anropursma SCCsearch(G(V, E).
Heka d(C) = min{v.d : v € C}, f(C) =maz{v.f :v e C}, kpaero C C V.

Jlema 3a KoMIOHEHTHTE:
Heka C' u C' ca pasauunu CUiHo CBbp3anu Kommonentn va G u pebporo (u,v) uszauza or C' u Bausa

B C'. Torasa f(C) > f(C").
JoxazareacTtro: Pazrinexgame 2 caydad.

AKO anropuThMbBT ILPBO AocTura Bphx o € C, Toil me obukosan u asere komnonentu C' u C’ goxaro
uscaeasa x (Tyil ciaenBa or JieMara 3a Oesust BT U 3a ckobute u ot gedunnnmsata #Ha SCC'), 3HaIH
Benukn v. f, v € C' me ce okaxar no-manku or z.f, cregosareano f(C) > f(C").

Axo nbk mbpeuar DF'S gocrura naii-nanpes y € C7, Toil 1me 3aBbpIiy U3CICABAHETO HA, Y, 8 BCHUKH
Bbpxose oT C e ca ome Genn, 3amoTo HaMa obT oT y 10 C' (konaensupanusT rpad e DAG). Hak
cien Tosa e novne nicreasane Ha O, snaqan nak f(C) > f(C7).

Crencreue GT: B obnpuaruar rpad G (V, ET) e sapno obparnoro mepasencrso. B nero SCC' ca
cbinmuTe kKaro B G, HO pebparta B KOHJIeH3UpaHusaT rpad ca HaobpaTHO.

Kopekruoct na SCCsearch: Pasriexgame paborara Ha pen 3), ram sropuar DF'S paboTu BbPXyY
GT(V,ET), 3anousaiiku oT Bbpxa, ¢ MAKCHMAJIHO . f, Toect 0T KoMmoHenTa (1, OT KOATO He W3/IM3aT
pe6pa KbM JApyru KoMmoHenTH B o6bpraTuar rpad (Creacreme G7). Taka aaropuTbMbT e Ch3Iae
MOJBPBO, ChbpKAIO ToUHO BbpxoBere or (. B ocrapamusar rpad ca 3amazeHu ChIUTE yCJAOBUS,
3aIoTo BbpxoBeTe oT (| ca YepHW W HAMA, Ja Ce€ pPa3[JIekKJIAT MoBeYe, a B | OCTABAIIUTE BHPXOBE
CTOAT HApeJeHu 110 HamaJsiBaHe Ha v.f. CeioBaTe/sHO Ha CeBallaTa, CTbIKA 11 O'blie 0TI/ eHa,
HoBa koMnoHeHTa Cy 1 T.H. CTPOTOTO [TOKA3ATEJCTBO € C UWHIYKIUS 10 OPOSIT k Ha OTIeJIEHUTE CUITHO
CBBP3aHN KOMITOHEHTH.

Caoxnoct vHa SCCsearch: O(m + n)
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2.3 MuHumMaJJHO MOKPUBAIIO JTbPBO

Heka G(V, E) e meopuentupan rpad c rerioa dyukmus w : E — R. Heka |V| =n, |E| =m.

Hckame 1a HAMEPUM MUHUMAJTHOTO (CIIpsiMO TersioBaTa (byHKIus w) nokpusaro abpso T(V, Er) 3a

G.
Te xazBame ue A C E e xybaBo MHOKECTBO 0T pebpa, ako A e TOIMHOKECTBO Ha HAKOE MUHUMAJTHO
TMTOKPHBAIIO THPBO.

Ile kazBame, we pebporo (u,v) pasmmpsiBa xybaBoro MHONKecTBO A, ako A U {(u,v)} e xybaso
MHO>KECTBO 0T pebpa.

Jlema MST _cut 2.1. Hexa A e zybaso muooicecmeo, SUT =V, SNT = 0 e paspes na G, 3a xotmo
ue S, veT — (u,v) ¢ A Hexa (u',v") e nati-nexomo pe6po, xoemo cespssa S u T. Toeasa (u',v")
paswupasa mnoscecmsomo A.

Jloxasamencmeo: omyckame mpornsrOTO, nobassame pebporo (u',v") kbm MST-To, KoeTo mokpusa A,
MPaBUM MUKBJI U CMgHa Ha peOpo mpe3 paspesa ¢ (u',v') u mojaydasaMe MO-J€KO JTHPBO. O

Agropursbm 2.1 Bazor anropurbm 3a Hamupase #Ha MST

1. procedure MST(G(V,E),w) > (G e HeopueHTHPAH rpad ¢ Terna
2 A+

3 while [A] < |V|—1 do

4: TbpcuM pebpo (u,v) Koero pasmmpsiBa A

5 A+ AU{(u,v)}

6

return A

Kopexmnocm: VnBapuanra Ha mukbaa: A e xybaBo MHOXKeECTBO 0T pebpa.

Nckamero HOBOTO pebPO ma € pasIIMpaBaIlN0 TapaAHTUPA JUMNCATA HA IMUKbLI. 1Ipu BCAKO mObsABIHE
HpOST Ha HECBBP3AHUTE KOMIIOHEHTH ITe HaMaJisaBa ¢ 1, T.e TouHOo n— 1 IbTH I1e nMa ToHe 2 KOMITOHEHTa,
M 1€ MOXKe, ChIVIACHO MEeXaHu3Ma Ha JieMa Jla ce HaAMepH pasmmpsdBaIno pedbpo m Jo0aBgHeTo My
Jla 3aMa3yW BEPHOCTTa Ha MWHBAPUAHTATA.

Hakpas A me crame 7LpBo U BCHYKO e Hapen ! O
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2.3.1 AuaropurnbMm Ha Kpyckan

Tosu anropurbMm m30mpa Ha-TIEKOTO Pedpo, Koero pasmmpasa A. 3a ma paborm edeKTmBHO, aj-
) )
TOPUTHMDBT HOJI3Ba CTPYKTYpa 'HEMPEeCHIaIld ce MHOXKECTBa ', KATO 0DEKTHTEe B Hesd Ca BbpPXOBeTe Ha,
rpadpa, a MHOXKeCTBaTa OT pa3bUBaHETO Ca AbpBerara B ropara A:

Agaropursm 2.2 Kpyckasn: HaMupa MUHUMAJIHO TIOKPUBAIIO THPBO

1. procedure M ST Kruskal(G(V,E),w) > GG e HeopueHTHpPaH rpad ¢ Teria
2: A @

3 for v € V do Make_ set(v)

4: Sort(E) order by w(e)

5: for (u,v) € E do

6 if Find_set(u) # Find_set(v) then

7 A+ AU{(u,v)}

8 Union(u,v)

9

return A

Caootcroem: Tlpu nosnssate Ha eheKTUBHA CTPYKTYpa, CJI02KHOCTTa Ha LuK'bJa B petose [H8le O(ma(n)),
KbeTo a(n) pacre MHOrO 6aBHO (3a HPAKTHIECKN BB3MOKHHUTE 3a1adn a(n) < 5). CaoxHOCTTA HA
copruposkara B pe [l e O(mlg(m)) = O(mlg(n)), koero jJOMUHUPA AJIIOPUTHMA. O



I'VIABA 2. AJIFOPUTMUI BbPXY I'PAOH 15

2.3.2 AuaropurbMm Ha IIpum-Apuuk

To3u anropurbM e omwcaH Hail-Hanpem B 4emko HaywHo crnucamue or Vojtéch Jarntk mpes 1930.
[To-kbcuo wHezaBucumo e onucan or Robert C. Prim npe3 1957 u oraoso ot Edsger Dijkstra npes 1959.

Toszu anropursM crpon A cBbp3aHo (PaCTINo AbPBO) U W30HPa Hali-TeKOTO pebpo, KOETOo € B pa3pesa,
obpasysan or bpxosere B A: V4 n ocrananmre Bbpxope Vi =V \ Vy.

3a Bceku BPbX 0T v € V3 umMa CMUCBI A2 CIEJUM CaMO HAf-IeKOTO pedpo, KOeTo mujaBa OT JIbp-
Boro T4(Vy4, A), 3amoro ocrananmure mo-TexkKH pebpa HsaMma na Obaar w3bparu. la ozmagnm ¢ Q4
MHOXKECTBOTO OT Te3n pebpa, Te ca Hail-MHOTO N Ha OPOil.

Koraro rpadbr G(V, E) e mrbren, Haii-edpekTuBHATA, PeATH3AIMA € 13 MPEACTAaBUM () 4 UPE3 MACHB.
[IbpBusAT BpbX B ABPBOTO MOXKEM jia u30epeM IIPOU3BOJIHO, O3HAYaBaMe ro ¢ r. 3a BCEKU BPbBX U IIE
nojgabpkame 3 arpudyra: v.key e e Te)ecTTa Ha Hall-JIEKOTO pedpo, CBbP3BAIN0 ¥ CbC CTPOSIIOTO
ce IbPBO, V.7 I € BbPXDLT OT AbPBOTO, 33 KOWTO MEHHMYMa ce gocrura miu NI1L, a v.marked e e
true ako BbPXBT € Beue BKJUYEH B AbPBOTO U false, ako ote He e.

Taxa gpoiikara < v, v.m > TIpeacTaBa pebPo oT () 4.

B kpas ma anropuTbMa JbPBOTO Iie ce ¢heron oT pebpata A = {(v,v.7)|v € V '\ {r}}, a Tersoro ua
pebpo (v,v.7) e 6bae v.key.

Agropurbm 2.3 [lpum-ApHuk: HaAMUpa MUHUMAJIHO [TOKPHUBAIIO JTbPBO

1: procedure M ST PrimA(G(V,E),w,r) > (G e HeoOpHUeHTHPAH rpad ¢ Teraa
2 for v eV do > Hauaysiaw mpucBosBanust
3 v.key < 0o

4 v NIL

5: v.marked < false > Beruku BLpXOBe ¢a U3BBLH IbPBOTO
6 r.key < 0 > 3amouyBaMe Jia CTPOUM JbPBOTO OT BPBX 7T
7 ent <0

8 while cnt < n do > cnt 6pou BBbPXOBETE B I'bPBOTO
9 U 4— Miny, ey {v : v.Mmarked = false} > u e Ha Hal-J1eKoTO pedbpo B cpe3a
10: u.marked < true > BrurtouBaMe © B THPBOTO
11: for v € {z|((u,z) € E) A (x.marked = false) A (w(u,z) < z.key)} do
12: v.key  w(u,v)
13: VT U

Caootcnoem: Ouesuano O(n?). O
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Koraro rpadbr He e miIbTeH, no-eheKTHBHO € Jla MPEJCTaBUM ()4 Upe3 MIPUOPUTETHA OmaIka (mu-
pamuja):

Agropursbm 2.4 [pum-Apruk: HaMUpa MUHUMAIHO TOKPUBAIIO THPBO

1. procedure M ST PrimB(G(V,E),w,r) > (G e HeopueHTUPAH rpad ¢ Terna
2 for v eV do > Hauayiaw mpucBosiBanust
3 v.key < oo

4 v NIL

5: r.key < 0 > 3anouBame J1a CTPOUM JBPBOTO OT BPBX T
6 for ve V do

7 Q.Insert(< v.key,v.m,v >)

8 while Q # 0 do

9: u 4+ Q.Extract _min
10: for v € {z|((u,z) € E) A (z € Q) N (w(u,z) < z.key)} do

11: v.key  w(u,v)

12: VT < U

13: Q.Move_up(< v.key,v.w >)

Caooicnocm: Ako nonssame JBOMYHA HUPAMUJA LIPU peaju3aundara Ha @, pej [7| me ce u3irbiHu 3a
O(nlg(n)), MUKBIBT 3a0YBAIL OT peJ (8[111e ce M3IIbIHU N 'BTHU, CJIETOBATETHO DEJl @] e ¥Ma CyMapHa
coxuoct O(nlg(n)), a penosere [L1{13|me ce n3mbanaT 10 BenHbK 32 Beako peGpo Ha G. ExnoxparHo
usnbaHenne Ha pej (13| crasa 3a speme O(lg(n)), a Benuky n3nbarerns Ha peg |13[ e gagar caoxHOCT
O(mlg(n)), KoeTo TOMUHUPA ISIaTa CJAOKHOCT U € CHIIOTO KATO B OIMMCHATA [TO-TOPE PEATH3AINS Ha
asropuTbma Ha Kpyckad.

Ako nonssame nmpavuia va Pubonaun, Becnuku u3mbaHenus Ha pen 13| me nagar caoxuocT ©(m)
W TOTaBa OINEHKATa 33 CJI0XKHOCTTa Ha ajropurbMa crasa O(m + nlg(n)). Tasu crpykrypa e ciaoxHa
W Maii He ce M3MOJ3Ba Ha MPAKTHKA. O
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2.3.3 Bropo Haii-1€eK0 JbPBO

Wckame Bcwakm Tera ma ca pazswanu. Jlokaszsame ciemnHaTa TOPEIUIa TBbPIACHUSI:
1) Heka T' e MUHUMATHOTO TOKPUBAIMIO AbPBO 3a rpada G. T e eAnHCTBEHO.

Hoxkaszarencrso: /lonyckame ve He € eIMHCTBEHO, HEKa T € MOCTPOEHO OT anropuThbM (MIPUMEPHO HA
Kpyckan), a T’ e apyro munumvasso u (u,v) € T —T'. Pasriexgame paspesa, 0pu KOUTO aJropuTbMa
nobasst pe6poTo (u, v). B To3u paspes Bcwakn pebpa ca mo-texkn ot (u, v) n me moxkem B T + {(u,v)}
Jla MaXHeM MO-TeXKO pebpo (mporeaypara ot Teopema M ST cut) m ma HOIYIUM TO-JIEKO JTHPBO OT
T’'. BropoTo IbpBO MOXKE Ja He € €JMHCTBEHO - JICCHO Ce IPaBH IPUMep.

2) Ju,v) €T, Hz,y) ¢ T, T"=T — {(u,v)} + {(z,y)} e Bropo abPEBO.

Hoxkazarencrso: neka T” e Bropo abpso u (u,v) € T —T'. B T' 4+ {(u,v)} nvma nukba u pebpo
(z,y) B TO3M TUKbJ, TakoBa 4e (z,y) € T' —T. w(z,y) > w(u,v), moro T e munumasnno. Heka
T" =T —{(x,y)} +{(u,v)}. Oueugno w(T") < w(T"), nemex T” e murnmanno. Ama T e e MHCTBEHO,
caenoparenno T = T" u ce pazmmaasa ot T' camo ¢ eauHO pebpo.

3) AnropurbMa 3a Hamupane Ha T’ ce 0OCHOBaBa Ha CBOHCTBOTO 2).

IIbpBO mOCTPOsABAME MUHUMATHOTO JbpBO T, mocse 3a BCako pebpo (x,y) ¢ T TbpcuM Haifi-TeKKOTO
pebpo B MapipyTa, cbpssail T u y B T, j1a 1o 03HaUMM C €, ). Tbpenm (29, yo), 3a KoeTo ce jocrura
min (g ) [w(z,y) — w(e,))]- Trpcenoro sropo murmMamio abpo e T =T — {e(, 40 } + {(%0,%0)}-
Bemakm cMeTKE MoyKeM [Ta HampasuM 3a speme O(n?).
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2.4 OnrumaJjHu IIbTHUMIA B rpadu

2.4.1 Haii-xkbc b1, anropursbm Ha JleiikcTpa
2.4.2 AunropurbMm Ha DPaoiia-Yopimen

2.4.3 Haii-Hage>XJHU U HA-IMTITPOKU MbTUIITA

Heka rermoBara dysakmus w : F — [0, 1] npeacrasa Hazex)aHoCTTa Ha pebparta B rpada, TOect
w(uﬂ)) UHTEPIPETUPAME KaTO BEPOATHOCT 34 YCIICIITHO IMpEeMUHABAHE Ha HEII0 (HT)THHK, MPE2KOBH ITaKeT
i apyr 6arax) mo pebporo (u,v) € E.

Koraro paznexpame bt P = (v1,v2,..., VL), BEPOSITHOCTTA 33 YCIENTHO TPEMUHABAHE [0 HETO Wp
k—1
e 6b1e Tpom3Beiente Ha HajexuocTHTe Ha pebpara my wp = [[;Z (W(y, v,.1))-

Dyukuugara In(x) e MoHOTOHHO pacTaia u orpunarenna 3a ¢ € [0, 1), ciaegoBaresHO Wp ITe JOCTHrA
MaKCHUMyM KoraTo — In(wp) gocTrra MUHAMYM.

k—1 k-1

- ln(wp) - - ln(H (w(vi,viJrl))) = Z - ln(w(vi7vi+1))

i=1 =1

TocetHOTO PaBEHCTBO CBEXK/IA 33/adaTa 3a HaMUpaHe Ha Hafi-HaJesKJIeH bT JI0 3a7a4a 33 HaMU-
paHe Ha Hafi-KPATbK IbT B ChIWS Ipad, KATO eIMHCTBEHO 3aMEHAME TerjaoBaTa (DYHKIHL Wiy ) C
—In(w(y,y)) 3a Bearo pebpo Ha wsxOAHMS rpad.

Heka cera rernosara dbynkinusa w : E — RT npejcraps mupuna na pebpara B rpada (mpomyckha
crocOBHOCT Ha MPEXKOBa BPB3KA, [MUPHHA HA ['bTHA MATKCTPaa, KAHAT U IIp.).

— _ s k—1 .
Ba mbr P = (v1,v2,...,V)) ONpejensMe TUpHHATa My Wp = Ming_; (W(y, v,,,)) KaTO Hail-TACHOTO

pebpo oT whTs.

Bajauara 3a HAMHpaAHe HA HAF-IMUPOK bT (ITBTHINA) Ce CBEXK/Ia /10 33/a9aTa 38 HAMUpaHe Ha Haii-
KPaThK IbT (I'bTUINA) ¢ MAJTKA MOANMUKAIS HA CHOTBETHUS AJTOPUTHM.

Oxassa ce, ge koraro rpadbr G(V, E) e HeopueHTHpaH, HAMUDAHETO HA HAN-IMHUPOK I'bT B HETO €
MO-JIECHA 33/1a9a OT HAMWPAHETO HA HAN-KPATHK IIbT:

Jlema 3a mmpokus obT 2.1. Axo 6 neopuenmupan mezaosu epag G(V, E) nocmpoum maxcuman-
HOMO NoKPuBaULo dspeo T', cuMKy NEMUWE 8 HE20 €O HAT-WUPOKU.

Zloxazameacmeo: Heka P e Hafi-IMpOK II'bT OT S 710 t.

Heka (u,v) e Haii-nekoTo pebpo B HEro, koero He e or 1. Heka C' e IMUKBJIBT, KOWTO ce MoJaydaBa,
ako jo6asum (u,v) kbm T. TTonexe (u,v) He e or T, To e Haii-ekoro pebpo B C.

O6pazysame cera rpaduero PUC \ {(u,v)} (B Hero moxe jna mMa npensuranus). Tosa rpadue e
CBBLP3aHO U B HErO UMa Hal-KpaTbK I'bT P) oT s 10 t. P| e IIoHe TOJKOBa MHPOK, KOJIKOTO € MHAPOK P
M OCBEH TOBa CMe HaMaJIWJIM C eJHO pebpaTa B Hero, KOUTO He ca 0T MakcuMmaaHoro abpso 1. Topa e
MHIYKTUBHATA CTBIKa, KOATO MOBTapAMe JoKaTo HamaauM 1o 0 pebpara mspba 1. Llle momyunm mor
Py, xoiiTo cBbp3Ba s u t U Chabpxka pedpa camo ot T O
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Or nema 2.1] cnenpa, 4e MoxxeM 1a HaMepuM 0bp30 Hai-mupokuTe nbTuima B rpada. IlocTpossame
MaKCAMaJIHO TIoKpuBamo abpeo T 3a peme O(n?) ¢ amropmrbm na [pum 3a murbTaHE rpadn (c
MoAmMUKAIHS 32 ThPCEHE HA MAKCHMAJHO JTbPBO).

Heka T e npejicTaBeHO CbC CHOUCHIN HA ChCEJCTBA. 3a BCeKU (DUKCUPAH BPBX U MOXKEM J1a IIYCHEM
HAKAKBB AJTOPUTHM 33 CHCTEMATHYIHO ObP30 obxoxaane Ha T (npumepno BF'S), taka me namepum
BCUYKM I'bTHINA OT ¥ J0 OCTAHAJIUTE BbPXOBE B AbpBoTO. 1€ ca enmHCTBeHU B JbpBOTO 1’ U Cca Haii-
mupoku B G.

Moxkewm ma mycuem mogudnkarma va BF S, na g napedem BFS w, KOATO ma M39NCIIBA MAPUHATE
Ha HaMmepenutTe nbruiia. llonexe B abpBoTO MMa n — 1 pebpa, 3a BCEKU BPbX Ille HAMEPUM IITUPUHUTE
HA BCHYKM [I'BTUINA K'bM OCTAHAJIUTE BbhpxoBe 3a Bpeme O(n). AKO HANIpaBuM TOBA 33 BCUYKH BbPXOBE,
Ie W39IHCIAM MEPHHATE Ha I'bTHITNATA MKy BCHIKH JBOHKE BbpxoBe 3a Bpeme O(n?).

Agaropurbm 2.5 Hamupa nmmpusnTe Ha BCUYKUA HAW-ITUPOKU IIbTHINA

1: procedure WidestPaths(G(V, E),w) > (G e HeOpHUEHTHPaH Tpad ¢ TerIa-TIUPUHNT
2: T < MaxSpaningTree(G(V, E),w) > T - MAKCUMAJHO TTOKPUBAIO IbPBO 38 G
3: for v eV do > 3a BCEKU BP'bX U HAMHUpaMe MIUPUHUTE HA BCUYKU
4: BFS w(T,v) > I'LTUINA OT ¥ 0 OCTAHAJINTE Bbpxose HA 1’

AnropurbMbT MOKe JIa 3alfIlle HAMEPEHUTE IMIMPUHI B MaTpHIla KoraTo u3mbianssa pej [l Tasu
MaTpUIA € MoJ00Ha Ha reHepupanara oT aaropurbma Ha Dioiia-Yopimes, HO ¢e H3UUCIIBa T0-0bp30.

N3Bex qaHeTo Ha caMuTe IHTUIIA 06ade He MOXKE JTa CTaHe TOJIKOBa 0bP30, 3AII0TO OTAETHUSIT I'bT B
Hail-0muAT Caydail me nMa Th/pknHa O(n), Taka cyMapHaTa TbIKUHA HA BCUYIKW N3BEICHU IHTHINA
me 6bae O(n?).

Koraro TbpcuM HA-TITUPOK BT MEXKTY JBa KOHKPETHHU BbPXa § U ¢ MOYKEM /1a TO HAIIPABUM TT0-O6bP30
OT M3BECTHUTE AJITOPUTMH 33 HAMHUpaHe Ha Hai-kbe nbT. VMa agropurbm cbe caoxuocT O(m), m =
|E|, HO mopa/ii cpaBHUTEHATA MY CJIOKHOCT HsIMa Ja IO W3JaraM TYK, €TO JIHHK K'bM HEro:

Volker Kaibel, Matthias A. F. Peinhardt: On the Bottleneck Shortest Path Problem


http://www.zib.de/Publications/Reports/ZR-06-22.pdf
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2.5 IloTommu B rpacdpn

7. Iloroum B rpacdu. Merox Ha Ford-Fulkerson. I'pacd mopoaeH or mmorok — ocrarby-
HU Kananuretu. Y BeJudaBaimy mbruia (augmenting paths). Cpesose (cuts) B rpadwu c
noronu. Anaan3 ua ajropurnbma Ha Ford-Fulkerson. Ajsiropurbm Ha Edmonds-Karp.

Heka G(V, E) e opuentupan rpad, a cap : E — RT e Tersioba dbyHKIus, 3a1aBalna MaKCHMAJIHA
MPOITYCKBATENHA CIOCOOHOCT (KAAMTET) 32 BCAKO PEOPO.

Heka s u ¢ ca gBa crerpassn Bbpxa - H3TOYHUK (13BOP) 1 1es (cudoH).

TTorok B G(V, E) me napuuame Beska gyukuus f: E — RT, 3a koaro:
Dué {st} = >, flu,v) =>, f(v,u) (3anazpane Ha nOTOKA - 3aKOH Ha KHPXOB 3a TOK B MpeKa)
2) f(u,v) < cap(u,v) (orpanuderne Ha KaramuTera)

3ajada 3a MAKCUMAJIHUS TTIOTOK: [IPU NOPHHUTE ONPeJesIeHNs T'hPCUM [OTOK KOHTO MaKCHMU3HUPa
BM3amMAT B t notok Q = maxs(d, f(u,t))

Heka f e norok B G(V, E). Jedunupave ocrarsien rpad Gp(V, Ey), capy : Ef — RT raka:
1) Axo f(u,v) < cap(u,v) gobassame B Ef pebpo (u,v), caps(u,v) = cap(u,v) — f(u,v)
2) Axo f(u,v) > 0 nobasame B Ef pebpo (v,u), caps(v,u) = f(u,v)

s — t paspe3 (cut) me mapuyame pasbusane (S,7) na Bbpxosere Ha rpada G, 3a Koeto s € S, t €
T,SuT=V,SNT = 0.

Hedunupame obem na nmoroka f(S,T) n kananmurer Ha paspesa cap(S,T) Taka:

ST =D fluv)=> > flv,u)

ueS veT ueS veT

cap(,7) = 35" capl,
ueSveTl
JIema 1: O6embr na noroka f(S,7T) ne 3asucu or S u T u ne nagmuuasa cap(S,T).

Hoxkaszarencreo: Heka npexsbpinm BpbX U, pasauden ot S, t mexay S u T (e mosryuanm HOB paspes
(S, T")). Or nyneBuar Gananc Ha MOTOKA [pe3 U CJ€J MAJIKO CMsTaHe Ie Ce MOJy9d eJHAKBOCT Ha
norouure 3a asara paspesa: f(S,T) = f(S',T"). Ocsen Tosa:

f(SvT):ZZf(uvv)_ZZf(vau)

ueSveT ueSveT
<IN Fluw) <D0 cap(u,v) = cap(S, T)
ueSveT ueS veT

Metoa na Popa-PaikepcoH:
1) CbnaBame Hy/IeB Ha9aIEH MOTOK f.
2) Hokaro B rpada G¢(V, E¢) uMa T OT § KbM ¢, yBeJHdaBaMe MOTOKA C KATAIUTeTa Ha BT,
3) Bpbmame f, Toi € MAKCHMATHUAT NOTOK B Tpadda.

TeopeMa (MUHUMATHUAT Pa3pe3 ChBIAIA ¢ MAKCUMATHUAST MOTOK): [IpW M3MbLIHEHW yCJI0BUS HA
3a/1a9aTa 33 MAKCUMAJTHUAAT TIOTOK CJIEJHUTE 3 TBLPICHUS Ca eKBUBAJECHTHU:
1) f e makcumanen norok B rpada G.
2) B G¢(V, E¢) usiMa IbT OT S KbM .
3) Cwmecrysa paspes (S,T) u norok f, 3a kouro cap(S,T) = f(S,T). ((S,T) e murmmanen paspes,
a f e MaKCHMaJIeH TIOTOK )

JoxazaTeacTBo:
(1) = (2) e oueBumHO.

(2) = (3) Heka S cbabpxa BcuuKd BbpXose, goctizkumu oT s B G¢(V, Ey). Hama obparnu pebpa,
a BCUYKH IIPABU Ca HACUTEHH, T.€. e NMa PABEHCTBO HA MOTOKA W paspesa (Bropara cMerka oT Jlema

1).
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(3) = (1) IlorokbT € MO-MaIbK WK PABEH OT KallaluTeTa Ha Beekn paspes (Jlema 1). OT paBeHCTBOTO
cJle/[Ba, Ye Ca ONTHUMAJHN U J[BETe HeIla €JHOBPEMEHHO.

Ananu3 Ha Meroa:

ITpu npousBosieH M360p HA BT B CT'HIKA 2), TIOTOK'BT I CE YBEJUYaBa ¢ MOHEe 1, T.e. CKOPOCTTA IIIe
3aBHUCH OT TOJIeMHHATa Ha TOToKa F = |f| (mpeamonarame 4e ca nenn xkamanurternte). Jlom npumep -
pombouzen rpad.

N360p ma wmait-mmpok nbr (Edmonds-Karp #1). B To3m cayuait uma mbr ¢ mmpuna none F/m
(akO MaxHeM BCHYKH TO-TeCHH pebpa U MOJIyYdUM HeCBbp3aH rpad, IMe MoayduM paspe3 ¢ Kalamnurer
cap(S,T) < F). Cneasa, e Ha BCAKA CTHIIKA HAMAJISME OCTABAIMMAT MOTOK TOHE ¢ Koedument (1 —
1/m), KoeTo cie Maiko cMeTKn Aasa orenka O(m?2lgnlg F).

N360p na nHait-kbe obT (Edmonds-Karp #2). B To3u caygail aaropuTbMbT TpaBd Hali-MHOTO MmN
M3IIbJIHEHNS Ha CTbIKa 2) wimm ciaoxkuocrta My e O(m?n)

HoxkazarenacTo: Pasrmexjave ciioecrata Mpexxa, ToJydeHa oT ajaropurbma BES npu Thpcere Ha
I'bT OT S KbM t. Beska nrepannsa na Popa-PankepcoH e N3TPUBA IMOHE eIHO pedpo 1 eBEHTYAJIHO I
nobasst pebpa Hasan B Gy. UrepanmuuTe me ce M3ILJIHABAT, JOKATO Ce U3YEPIHU IIOTOKA B CIOCCTATA
MpexKa, T.e. Haii-mHOTO m mwbrH. Ilocse me ce mpemMube KbM I0-IbJI00Ka, CI0eCTa Mpexka. Bb3aMoxHnTe
MpPEXKHU Ca Hali-MHOTO 1, CJIETOBATETHO MAKCUMAJTHUAT OPOil UTEpAIun € mn, BCsIKa UTepalius HaMupa
ITbT 32 HAN-MHOTO M CT'BIKH, OTK'HIETO TOJydaBaMe OMEHKATa, 33 CJIOKHOCT.
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8. Cinoecru mpexu. Anropursm MPM (Malhotra, Pramodh-Kumar and Maheshwari). IIpuso-
YKeHUs Ha mororuTre B rpadmu.

Benukwu mema no-gory mosiBar neduWHANIMATE W CBONCTBATA OT IPEIHUS BBHIPOC.

Cnoecra mpexa: Heka e najen rpad G(V, E) u norok f mMex /iy crenmaannTe Bbpxose s u t. Heka cuve
nocTpousu rpad T o1 octarbuny Kananurern G ¢(V, Er). Crpoum MHoxkectso ot HuBa {Up, U, ..., Ug}
TaKa:

1) Uy = {s}
2) Uiy = {’U e V] 3I(u,v) € Ey, (ueU)N((vé Uj,j < Z)}
3) Ug = {t}

MoxkeM ja mocTpouM MHOMXKECTBaTa, UZ-’ ¢ aaropurbMa BF'S, BCAKO OT TAX BKJIIOYBA TOYHO TE3U
BBPXOBE, KOUTO Ca Ha PA3CTOAHEE § OT M3TOYHHUKA S, aKO pasriexkgame pebpara B Gy KaTo IPexoin
¢ equanaan reria. Ot U/ noaygasame U; Karo mpeMaxHeM BbPXOBE, OT KOUTO HAMA I'BTHINA KbM L.
Toea MoxKe j1a ce Hampau Karo mycHem BFS HaobpaTHO Ja Thbpcu mbTuilia oT ¢t KbM S. [locie kbm
ToJIyd9eHnTe BhpxoBe nobapsime Bcnukn pebpa ot U; kbM Ujtq.

Croecra mpeska mme mapudaMe rpadsr Gi(Vi, Ep), kvaero V; = |J, Us, E; = {(u,v)| v € U;,v €
Uit1}-
CroiicTBa Ha CjI0eCTaTa MPEKA!
1) Hait-kpaTkuar mbT 0T $ 710 t € ¢ Ib/DKUHA ¢ pebpa.
2) Bewuku Hafi-kpaTku neTrima B G MHHABAT caMo 10 pebpa oT Gj.
3) B Gy nama pebpa or U; 10 Uiy 3a k > 1.

Baokwnparr nmoTok 3a cjoecrara Mpexka Ie HapuyaMme MMOTOK, KOfTo MUHaBa caMo 1o pebparta i u s
HACHWIIA, T.e. CJeJ TpeMaxBaHeTo Ha pebpara HacuTenu or moroka, Gi(V), E}) ce pa3kbeBa.

Ilpu cTpoerka Ha TaKbB HOTOK INE Ce IMpeMaXBaT HAKOW pedpa HAmpem B CJIOSCTATa MPEKa U IIe
ce jobaBaT (MM yBennmdaBar KamamuTeTnTe) Ha pebpa mHazan (cupamo BFS) 8 Gy. Koraro cioecrara
MpezKa ce HaCUTH, BCUYKH [I'bTHUINA B OCTATBLYHUAT Ipad 1 ca ¢ IbaKnuHa none ¢+ 1. Tosa rapantupa,
e HaAU-MHOTO N II'bTHU e TUKJINM, aKO TbPCHUM IIOTOK TaKa:

Aaropurbm M PM
1) CbnaBame HyJIeB HadaIeH OTOK f.
2) Crponm cnoecra mMpexa Gy cupsmo Gy.
3) Uznoazsame anropursm M PMs, 3a na namepum Giokupar norok [/ 3a Gy, ysequdasme f ¢ f' u
oTuBaMe Ha 2), 1okaro B Gy UMa mbT OT S 10 L.

OcraBa Jia HaupaBuM ObpP3 AJrOPUITbLM 33 HAMUpPaHe Ha, Ojokupail, norok B Gj.

Ounpejesame Kananurer Ha BpbX v € V) B G Taka:
capl(v) = mzn(ZuGVZ Capf(“’a U)7 ZUGVZ capf(v, U))
3a s u t me pasriaexjgaMe caMo U3XOojsIuTe/BXojsmuTe pebpa npu nedbunupanero Ha capy(v). Ka-

HANUTETHT HA BPbX cap;(v) n3pasgpBa MAKCUMAJIHOTO KOJTMYECTBO IIOTOK, KOETO MOKEM /13 PeKapaMe
pe3 Bbpxa, 0e3 [1a ce mHTepecyBaMe OT OCTAHAJINTE BhLPXOBE.

Agaropurbm M PMs Topceum 6tokupart moTok B () Taka:
1) IIpemaxBame oT (G BCHYKH BBPXOBE ¥ U CBBP3aHUTE C TAX pebpa ako cap;(v) = 0.
2) Nsbupame BpbX vy, 3a Koitto cap(vy) = fo € MUHUMATHO.
3) IIpekapBame TOTOK fy OT vy HArOpE Mo CJoeBeTe /10 t, KATO HACHIAaMe TIBTHO pebparta.
4) TIpekapsame OTOK [ OT ¥y HAJOJY TI0 CJIOEBETE JI0 S, KATO HACHIIAME ILTHTHO pebpara.
5) Ako caien monnduKamust Ha MoToKa B (G) BCe OIe UMa IIbT OT § 110 ¢, oTuBaMe Ha 1).

KopekTHOCT B OneHKa Ha cJIoXkKHocTTa Ha M P M,

Tbit KaTo Ha cTbIKa 2) W3bupame BPbX ¢ Haif-MasIKa MPOIMYCKHA CIIOCOOGHOCT, Ha CThOKY 3) U 4) m1e
MOZKEM /13, y/IOBJIETBOPUM TA3W TPOMYCKHA, CIIOCOOHOCT W /14 YBEJNYUM TEKYIINA MOTOK, KATO TapaHTH-
paHo W30paHUAT BPbBX IMe Objie MpeMaxHaT oT rpada Ipu CIeBAIIOTO JocTurane Ha crbika 1). Taka
M P M 111e M30HJIHT OCHOBHUST CHA KB/ HAH-MHOTO 1 TTHTH.
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B mpormeca ma macumane paryiexxgaMe IBa BAPUAHTA - I'LAHO W YACTHYHO Hacuinane na pebpo. Ilpn
MHJIHOTO HACHITAHE PedpPOTO eqHOKpATHO ce obpaboTBa, T.e. HAW-MHOTO M TaKWBa 0OpaboTKH IIMe ce
W3BBPINAT 33 IaaaTa pabora na M P M.

IIpu wacTrgHOTO HacHIIaHe TbK 338 BCEKH BPbX HAM-MHOIO €JHO YACTUYHO pebpo Ime mMma mpu 00-
paboTka B cTbhnku 3) u 4), IpW €JHO MWHABAHE HA OCHOBHMS IUKbJ TOBA AaBa n 00pabOTKH wman
3a 1anara pabora na M PM, - n? o6paboTKu, a CyMapHO 1BaTa THIA pebpa Ine J06aBAT CI0KHOCT

O(m +n?) = O(n?).

Kanarmurerure cap;(v) morar ga ce CMETHAT B HAYAIOTO M MOCJIE CAMO Ja ce MOu(UIPAT 33 BPEME,
POTIOPIIMOHAJIHO HA BpeMeTo 3a 06paborka Ha pebpara.

Taxa cioxuocTTa Ha M PMs e O(n?), a croxuocrta mta M PM e O(n?), Tbit KaTo Hait-GaBHUAT My
KOMIIOHEHT € m3BuKBaHeTo Ha M PMs, a 6posiT n3BMKBaHWA HE IIPEBUITIABA N.

CrermaJjHy citydam:

2
Koraro Bcumuku peGpa nmar xkananurer 1, cioxuocrta Ha M PM e O(n3m) 3amoro:
1) M PM; npaBu camo wbjiHO Hacuiane Ha pebpa, T.e. Herosara ciaoxuocT € O(m).

2
2) Bposar muxaun 8 M PM e O(n3) (ThHKa CMeTKa, CJI€/IBa OT HEPABEHCTBO CBBHP3BAIIO JbJI00OTHHATA
HA CI0eCTaTa MPeXa ¢ M MaKCHMaJeH TOTOK B Hed fg, ¢ < 2n/+/|fq|)

TIpocra mpeka mapwyame MperXka C KamamuTeTw Ha pebpara 1 m MakCHMaJieH MOTOK | Mpe3 BCEeKH
BP'bX, PA3JIMUEH OT S, T.

1
B mpocra mpexa cioxkuoctta Ha M PM e O(n2m) Kakro u B npennus cayvait, M PMs nma cioxk-
Hoct e O(m).

Twit karo moTOKBT f, mpe3 Beeku cnioii U; e orpanmtden ot 6post Ha BbpxoseTe B caost |Us|, mmame

q q
n = Z Ui| = Z |fal = alfq]
i=1 i=1

win ¢ < n/|fql.
Axko | fq| < v/n, 6posaT ocrasamy nuksan 8 M PM e naii-maOT0 /1 (Ha BCEKW IUKBJI MTOHe ¢ 1 HapacTsa

MOTOKA).

Heka B magasoro cMme Hanpasuin /n mukbia 8 MPM. Tbit KaTo Ha BCEKU TUKDBJ TTOJYIaBaMe
cIoecTa Mperka ¢ TMO-TOJIfIMa JIbJI00UNHA, CIe] Te3H IbPBHU /N MUKbIA UMaMe ¢ > /n um | fy] <
n/q < n/y/n=y/n. Tosu MaabK OTOK 1Ie ObJle HACUTEH ¢ Hali-MHOTrO /N ocTaBaly 1uKbaa 8 M PM.
Taka o6musaT 6poii MUK CTaBa MO-MAJTbK OT 24/7, OTK'BJETO MOJTydaBaMe CJI0KHOCTTA O(n%m)
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2.6 Cnpbuyeranusda u pedpoBU MOKPUTULA

9. Cbuetanug u pebpoBu nokpurusd B rpadu. YBeJandaBalli I'bTUINA, ChUYCTAHUA B IBY-
JAesieH u npousBoJsieH rpad (aaropurbm Ha Edmonds). CeexkxaHe Ha peGpOBO MOKpUTHE
KbM CbYieTaHUe.

Heka G(V, E) e meopuentupan rpad. M e cvaeranue, korato M C E, ((u,v1) € M) A (u,v3) €
M) — v1 = vy (Bcekn BpbX € MOKPUT OT HAl-MHOrO eHO pebpo Ha M)

M e cvBbpiueno, koraro |[M| = ||V/2|]

YBeauupal mbT HapudamMe IbT p = [U1,U2,...,Usk|, 38 KOHTO I'bPBUAT M IIOCJIEAHUAT BPBX Ca
cBobosiHE cripsiMo cbuetanuero M (He ca mokputn) u (ug;, uzi+1) € M,0 < i < k.

Jlema 1 Ako P e MHOKECTBOTO Ha pefpaTa B yBeJHUYABAIl IbT P = (U1, U2, . . . , Ugk| 38 CLIETAHUETO
M. Torasa M' = M & P e cvuaeranue ¢ momuocr |M| + 1.

Teopema 1 Crueranmero M e makcmmasino 33 rpada G <= B (G He CHINECTBYBA YBEIUYIABAII]
mbT 38 M.

EBpI/ICTI/IKI/I 3a HAYaJIHO Cb4ieTaHune
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JIpyru 6bp3u ajJiropumun

3.1 TwbpceHe B TEKCT

10. Tbpcene B Tekcr (string matching). HauBen anropurbm m anropurbm Ha Rabin-
Karp. Tbopcene B Tekcr upe3 Kpaex asromar. Ajropurbm Ha Knuth-Morris-Pratt.

O6o3uavuennst u aeUHAIIAN:

Ille TbpcuM cpemane Ha obpasen P[l..m| B Texcr T'[l..n], m < n. I1 nBara MacuBa ce CbCTOAT OT
cumBosn B a36byka X, |X| = d. Heka Py = P[l..k]. * O y o3nauaBa 4ye Hu3bT = e cydukc Ha y. ¢ C Y
03HAYaBA Y€ HU3BT T € IpeduKC Ha Y.

Anropurmu:

Hausen Croxnocr O(m(n —m + 1))

Pa6un-Kapir (1987)

Heka g e npocTo 4mciio, TakoBa, de dq 1a e Mo-MajJaKo OT pa3Mepa Ha JyMaTa.

Heka Hpy (S[1..m]) = (S[1]d™~! + S[2]d™"2 + --- + S[m]) mod q e xem dbynkIma BHLPXY HI3 S C
anxuaa m. Jda ozaaausm t; = Hr (T[i + 1..i +m]), p = Hrgx(P[1..m]), h = d™ !

Moxem 6bp30 g2 n3gucaIgBaME t;, KOTATO HJI3AM TI0 TEKCTA:
tit1 = (d(tl — T[i + l]h) + T[’i +m + 1]) mod q

ti #p— T[i+ 1..i + m] # P[l..m], Koero paBa OCHOBaHUE 3a AJITOPHUTBMA!
1) Usancassame h, p,ty,i = 0.
2) Ako t; = p, cpasusBame T'[i + 1..i + m] u P[l..m]
3) Ako i < n —m, npecMaTame t;41 upe3 t;, yBesndaBaMe i U OTHBaMe Ha 2)

Croxnocrra e Haili-noma - O(m(n —m + 1)), Korato TeKCTbT ¥ 0Opa3enbT ChbIbpKAT €JHAKBA
moBTApHIa ce HyKna.

B cpepnuar cayuait s e O(n+mur+cn/q), kbaero v e 6posar cpemaans Ha 00pa3ena B NperbPCBAHUS
TEKCT, N/q € cpeHuAT Opoil CLBIAJEHNs HA XEIl-CTONHOCTHTE B T. 2), & ¢ € CPEJHOTO BPEME 3a KOETO
Ce yCTAHOBSIBA, 9€ BBIPEKN CbBIAJCHUETO HA XeNI-CTONHOCTHTE, HAMA CPElane Ha obpasena.

B Tekcr ¢ Masko cpemanug v cpegHara caokHocT e obae O(n + m).
Kpaen aBTOMAT

Ha cu nanpasum KJIA Ap =< Q, X, qo, 0, F > ¢ m~+1 cbcrosauust qg, q1, . - - , Gm, KOUTO UMAT CJIEIHUS
CMHUCBJT:

Az) = ¢ < i =max{k|P; Jx} um i e nait-gbiroro Hauano wa P, koero e cydukc na x, npu
pabora Ha aBroMara BbPXY CTPUHIA X.

OueBujIHO, KO UMaMe TaKaBa KOHCTPYKIIUsI U IIyCHEM aBTOMATa jia paboTu BbpXy TekcTa 1, BCIKO
JIOCTUTAHE JI0 CbCTOSHUE ¢y, € EKBUBAJIEHTHO HA OTKPUTO cpeinane Ha obpaserna. Ilociennoro Hu jaBa

25
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F= {Qm}
Ompegensme §(¢;, a) = q, kbaero | = max{k|P, 1 Pa}.
Hemnocpeacreeno ot nedunuimara ciaensa d(g,a) = q — 1 <i+ 1.

Teopema 1 Heka A e pasmmpenara pyHKINA Ha OIPEXOIuTe Ha Ap.
Torasa: A(x) = ¢; <= i = max{k|P, 0z}
Z[OKaBaTeJ’[CTBO: HpOBe}K,Z[aMe UHIAYKIOUA TI0 ABJI2KUHATA Ha £ 1 BHUMATEJTHO PA3TJICzKJaMe CJIyYdan.

Anropursm FAM(T[1..n], Ap,m) (Finite Automation Matcher)
1) g+ 0

2)fori<1ton
3
4 ifqg=m

)
)
; q < 6(g, TTi])
)

) Print 'Pattern found at position:” i —m

Kuayr-Mopuc-IIpar KM P

Mmuoro nonesna e crepnara npedukcha dbyaxius 3a P (e1HOMepeH Macus):

7lq] = maz{k|(k < q) A (Px 3 Fy)}

Anropursm KMP(T[1..n], P[1..m])

1) w[l..m] <~ EvalPrefizFun(P)

2) g+ 0

3)fori<+ 1ton

4)  while (¢ > 0) A (Plg + 1] # Ti])

5) q < mlq]

6) if Plg+1]=T]i]

7) g—q+1

8 ifg=m

9) Print "Pattern found at position:” i —m
A) q < lq]

N3uncnasanero na npedukcuara dyukmnusa 7 e momo0n0 Ha anroputbma KM P, ¢ Tazmw pasimka, ge
obpazerrbT P ce cpaBHABA ChC cebe cH, KaTo ce II0YBa OT BTOPA IIO3UIINA:

AJIFOpI/IT’bM EvalPrefizFun(P[1..m])

1) w[1]

2) ¢« 0

3) for i < 2 tom

4)  while (¢ > 0) A (Pg + 1] # PJi])
5) q « mlq

6) if Plg+ 1] = PJi

7) g+ q+1

8) mli]<gq

Caoxuoct Ha KM P:

Ocgen pej 5), apyrure penose B nukbiaa 3-A ce usmrbiangsar 3a speme O(n). Heka t5 e 6post Ha
U3ITbJHEHUSATA Ha pell 5) mo BpeMe Ha paborara Ha ajropuTbMa.

Joka3zBaMe IO MHAYKIOWS HEpaBeHCTBOTO t5 < ¢ — ¢q. B mawgamoro t5 = 0, ¢ — ¢ = 1. Toit xaTo
g < 7(q), npu BCAKO mM3I'bJHEHWE HA pej 5) ts Ie HapacTBa € 1, a 4 — ¢ C €JIHO WJIU TI0BeYe, TOECT
HEPaBEHCTBOTO ce 3anasea. [Ipu npemuHaBane Ha pef 7) (aKO € M3IbIHEHO YCJIOBUETO OT pef 6) i — g
e HaMasee C eHO, HO MPHU JOCTHUTaHe Kpag Ha TMUKDBJA ¢ 1Me ce yBeaudn ¢ 1, Taka ue B pemose 6-A
t — q #He naMaJgBa. Toa 3aBBLPINBa JOKA3ATEJICTBOTO HA HEPABEHCTBOTO t5 < ¢ — ¢, HAKpas ¢ JIOCTHUTA
n, OTTAM CJIOKHOCTTA Ha ukbaa while (pegose 5-6) e O(n), a cioxuocTTa Ha anropuTbhMa 6€3 pex 1)

e O(n).
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Ba FEwvalPrefizFun cveTkuTe ca CbhIIUTe W Heroparta ciaoxkHocT € ©(m). Ciemoaresno obmara
caoxuocT Ha KMP e ©(n).

Kopektaoct vHa KM P:

Teopema 2 3a Begka croitnoct Ha ¢ agropurmure FAM w KM P pocrurar ¢chboTBeTHU pejose 4) n
8) mpu eHAKBA CTOMHOCT HA ¢.

JoxazsaMe ¢ HHAYKINA 110 ¢. Jocagro, IbAro u cCKy9IHO JOKa3aTeNICTBO.

Ot Teopema 2 crmeasa, ue FAM n KM P ca eTHakBO KOPEKTHH, a KOpeKTHOCTTa Ha FAM Beue e
JloKa3zaHa B Teopema 1.

Boiiep-Myyp-Tanun
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3.2 Xern Tadbaumnmu

11. Xewu tabsiuiu. Y uuBepcasinu xein pyskiuu. IlepdekrHo xemmpane.

Hedununmmn:

Xermmpane: AJTOpUTMIYHA TEXHAKA 33 ThHPCEHe, BMbKBaHe, 3aMsiHa B Tabsmia (pednnk) T’ or o6exTn
or Buga < key,value >, key € U 3a cpenno Bpeme O(1).

Xem dbyuknus: Pynknus b : U — {0,...,m—1} 0T MHO)KeCTBOTO Ha BCUYKH KJIIOYOBE K'bM PE/IOBETe
B T'[0..m — 1].

Konuzust: O6uknoseno |U| > m. Konnsus Hapuaame ciydail Ha KJI0OUOBE T, Y HA OOEKTH B DEYHUKA,
3a kouto h(x) = h(y). Peannsannsra na xemmpane TpsibBa jia pasperiy KOJU3UNTe 1 Jia N3M0JI3Ba Xelll
byHKIIHS MOpakKana MUHUMYM KOJTH3HUH.

VHHEBepCaIHO MHOXKECTBO Xem-pyuknun: Kpaiimoro mmoxecrBo H ot xem dyukmun h @ U —
{0,...,m — 1} e ynusepcasno, ako 3a Bcekn 2 wkioua k,l € Uk # | 6post Ha dbyHKIuUTE 1aBa-
mu kosmsus h(k) = h(l) e nait-muoro |H|/m.

CrhinlecTByBaHe HA yHUBepcaaHu xemi-pyHkmun (1979 r.):

Heka U e MHOXKECTBO OT 4YHCJa U P e mpocTo ducio, p > |U|. Taka moxeMm Ja pasriekgamMe BCEKH
kaou k karo uncao B maTepana 0,1,...,p — 1. Heka m e pa3mepa nHa Tabaumara.

Heka a € Zy = {1,2,...,p— 1}, ub€Zy, ={0,1,...,p—1}.

Jedwrupame:
hay(k) = ((k.a + b) mod p) mod m
Ty Hpm € yHUBEPCATHO MHOMKECTBO XeIl-(DyHKITHHN.

Hokazaresncrso: IIbpso pasriexame csoiicrsara na yukiuure hl, (k) = ((k.a + b) mod p)

Te ca mepmyranum Ha Zp, OCBEeH TOBa ako k # [, mo obpazure uMm 7 = hgp(k), s = hgp(l) Moxem
eTHO3HAYHO Ja OIPEICJAM a, b:

a=(r—s).((k—1)"1 mod p) mod p
b= (r—a.k)modp

Bposr ma Bb3MOXKHHUTE IBOHKE < a,b > u < 7,8 >, r # s e TouHo p.(p — 1), JeMeK CcbBCeM
PABHOBEPOATHO Ca PA3IIPEIETCHN IOMAJCHUATA Ha 7, S. KaTo B3eMeM II0 MOIYJI m Ja CMATaMe, Ce
BUXK/Ia Y€ BEPOATHOCTTA 32 ChBrajgenne Pr(r = s mod m) < 1/m, KoeTo 3aBbpIIBa J10Ka3aTEJCTBOTO.

PazpenraBane Ha KOJM3UUTE:

Eananar meron e upes crimewin. B Tabaunitara 3a BCAKA Xem-CTOWHOCT k ce ChITOCTaBs CTUCHK OT
obexru, 3a kKouTo h(x;) = k. AKo BXomoBeTe B TabIuIaTa Ca M, a CMe BKapaJu n 06eKTa, 3albIHEHOCTTA
o3HAUABaAMeE C @ = n/mMm.

Jpyrusat meron Hapuuame OTBOPEHO aapecupane. [Ipu nero Bcuuku 0bekTu ca B TabIUIATA, KATO
TPU KOJIM3US UMaMe HAKaKbB METOJ 33 pasliojiaraHe Ha HOBO MACTO, a IPAa3HUTE MECTa €a 3a€TH OT
mpaszer obekt NIL. Ilpu oTrBOpeHOTO aapecupane 3abKUTETHO o < 1.

Heonucano: TexHMKa 3a mo-I00po 3amrbJiBaHE HA OTBOpeHa Tabsmia !!!
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Ilepdexrno xemupane (Renzo Sprugnoli 1977, Tyk - 1984 r.):

KOI‘aTO MHOZKE€CTBOTO OT KJITOYOBE € CTATUYIHO, MO2KEM JJa HATIPABUM JABYCTEIIECHHA CXEMa 3a XEeInpaHe
6e3 Koam3wH, T.e. Xelupane ¢ Haii-iomra orenka O(1). [Ibpsara cremen e xermupane KbM TabIAIA ChC
CIIUCHITH, 8 BMECTO CIIUCHIIN TTPABUM BTOPUTHHI TAOIUIIHA C Pa3Mep n%, KBJETO 1; € OposT HA KOJIUBUHUTE
3a Xelll-CTOMHOCT 1.

Heka nmame Tabsuna ¢ pasmep n u k+ 1 3ambiHeHn KieTkd. BepogTaocTTa B Taszn Tabauna 1a HIMa
ko/msun g2 oszaaauM ¢ NCy, . Ogesngno NCypp = 1.(1—2).(1—2) ... (1 - %)

1
Ty NCnQ,n—l > 5
Hoxkazarencrso: I1le HampasuM MO-CHIHA OIEHKA.

Ot mepasencrsoro (1 — 1).(1 — £=1) > (1 — &) crexpa:

k

NCu=TI0- 5= T[0-5 - -
=0

=0 7

v

S|
IMES
Il
—
—~
—_
|
|
N—
‘3
=1
ES
SN—
1
| |
>
I
V
~/~
| =
N——
)
i
Z

samoro ((1— £)"F) = (1= £)i—1 > 1/¢).

3a NC,p2,,_1 TOTydaBaMe ONEHKATA:

(n—1)2

1
1\ 22=nt1) 1\2 1 3
w1 g “\e) V75

Ot Tazwm oreHKa CJIeBa, 9e Mpu caydaeH w36op Ha Xermmpaiia (DyHKIUS 0T YHUBEPCATHO MHOKECTBO
IIPH XEIMIpaHe HA BTOPUIHUTE TAOJIUIN C Pa3Mep nf " N; 3aIbJIBAHNS, BEPOATHOCTTA JTa HAMA KOJN3UN

€ Had %
Ts E[ Y nf] <2n

Hexka ocroBraTa Tabanma npu mep@eKTHOTO XeINpaHe UMa 1 CJI0Ta, M N 3aITbJIBAHMUS.

n n n . n .
St =Y mr2d(y) =n+2y ()
=1 =1 =1 2 =1 2

Mocnennara cyma Y. ('y) e Touno GposT Ha Benmvkw Kosmsnu. [ToHexke M3MOT3BaMe yHUBEDPCAIHN

XeIr-(byHKIAN 09aKBAHETO 3a TO3U Opoil e:

#l(a) =5

nJjinm:
E[i:n2]<n+2"—_1<2n
=1 o 2

Cera mpuaramMe HEpaBEHCTBO Ha MapKoB:

" E[Y"  n?
Pr{Zn?>4n}§%M<iZ:;
i=1

ITocnenHOTO HEPABEHCTBO IAPAHTHPA, Y€ CJIef HAKOJKO OMUTA e u3bepeM yCHemnHo Xemr (hyHKIus,
KOSITO Tos13Ba O(n) maMmer 3a JBere HUBA Ha MepQEKTHATA XeIl TabJIHIIA.
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12. /IbpBera 3a JIBOMYHO ThPCEHE W OHEPAILMU BbPXY TAX. depBeHO-uepHU JbPBETA U
B-abpBera.

JIbpBO 33 JBOMYHO ThPCEHE € KOPEHOBO JAbPBO 1 ¢ yKasaTeau B JBETE TMOCOKHU. 33 BCEKH BPBX U
e 03HaYaBaMe yKa3aTe/JnTe ChOTBETHO K'bM POJINTENd U.p U K'bM JIBaTa HacjaeIHuka ¢ v.l u v.r. 3a
suncsarty obekTu caarame ykaszarea NIL, a c n me o3uagaBame 6poar Ha BbpxoBere B 1. Beceku Bpbx
ChiIbpKa CTpyKTypHaTa napopmaius < key, value >. OCHOBHOTO CBOICTBO Ha JbPBOTO €:

Hexka v e nponssosien Bpbx. 3a BCEKH BPbX U OT JITBOTO IOALPBO Ha ¥ € U3I'bJAHEHO v.key > u.key.
3a BCEKH BPBX U OT IICHOTO TOIBbPBO HA U € m3mbiaHeHo v.key < u.key.

1Tle mapuuame aTpudyra key Kit0dw, TOi onpemersa Hapeabara Ha BbPXOBETE B AbPBOTO 1.
TakaBa CTPYKTYpa MO3BOJIsABA 0OX0XK JaHe HA BbPXOBETE HA JbPBOTO B copTUpan pes 3a speme O(n):

Anropurbm TreeWalk(v)
1) ifv# NIL
2)  TreeWalk(v.l)
3)  print < v.key,v.value >
4)  TreeWalk(v.r)

Ako BucoumHara Ha JbPBOTO € h, MOXKeM ja u3BbpiiBame ciegnure obp3u (3a peme O(h)) 3amur-
BaHUSI:
TreeSearch(z, k) - Hamupa BpbX ¢ K04 k B HOUbPBOTO C KOPEH .
TreeMin(x) - HAMEPA BPBX ¢ MUHUMAJIECH KJIO.
TreeMax(z) - HAMEpa BPBX ¢ MAKCHMAJIEH KJTFOU.
TreeSuce(x) - RAMUPA BPBX CIEABAIN MO TOJEMUHA HA KTIOYA BhPXA .
TreePred(x) - HaMupa BPbX PEJIIECTBAIIL [0 TOJEMIHA Ha KIH0Ya BbpPXa .

JlBe omepalnu MpOMeHST CTPYKTypaTa Ha ILPBOTO - BMbLKBAaHE U TPHEHE HA BPBX.

TreeSearch(z, z) BMbKBa HOB BpbX z (¢ HadasHu ykaszarean NIL) B monabpso ¢ KopeH x. Ilpore-
nypara Thpcu B AbpBOTO ykasares NI L, ko#To ma paspsa3Ba AbPBOTO 1O K044, 2.key W T0 3aMecTBa,
Che 2.

TreeDelete(x, z) npeMaxsa BpbX z OT MOJIBPBO ¢ KopeH z. Ts pasriexna 3 cirydast:
1) Axo z mama gena, 3amensame ro ¢ NI1L.
2) AKO z WMa caMo eIIHO JIeTe ¥y, 3aMEHSIME IO C Y.
3) Ako z mma 2 jgena, 3aBbpTaMe IPUMEPHO HAJSICHO JASCHOTO My jere y Taka, e v = TreeSucc(z)
Jla ce OKayKe KOPEH Ha JIETeTO W TOoraBa 3aMeHsiMe z ¢ v. Jlpyra Bb3MOXKHA TEXHUKA € Jla HAMEPUM
v =TreeMin(y), na 3aMeHUM ¥ C JACHOTO My JeT€, & Z /I3 3AMEHUM C V.

BapbpTaHero € XuTpa MmporeLypa, KoaTo He Hapyllaa OCHOBHOTO CBOMCTBO Ha JIbPBO 3a JBOUYHO
Thpcene. IIceBIOKOma € IbATMIbK, 3aTOBA CJIOBECHO CAMO ONKMCBAM 3aBbpTaHe HagsgcHo: Heka Bpbx v
uMa JIFBO JeTe U, JAFCHO jeTe v, a u uMma jgena « u 3. Ilpasum ciaeanure npoMenu:

1) u craBa poguTen HA U U KOPEH HA MO IHLPBOTO
2) Hosure mema Ha u ca o u v
3) Hosure mema ma v ca S u y

SapbpTane HATIBO ce JeDUHUPA AHATOTHIHO.
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13. Kpaiinu aBromatu. ABromatau e3unu (AE). Heperepmunupanu KpaiiHu aBroMarTu.
Perynapun nzpazu. EXBUBaIeHTHOCT HA TPUTE UIYUUCIUTETHU MOIeJIA.

Hedununmmn:

®opwmanna rpamaruka: I =< N, T,S,P >, kbgero N e azbyka or nHerepmunayiu, 7 e azbyka or
tepmunann, S € N e akcmoma (magasen nerepmunan), P C (MNUT)" x (NUT)" e muOKeCTBO OT
HechbKpallaBally npasuia oT sujga o Ao’ — .

Qopwmagien ezuk: Lr C T* or gyMuTe KOUTO MOTAT j1a, ObaaT W3BEIEHN B TpaMaTukara [ .

Arromaren e3uk (rpamarmka): Bcuuku npasuaa ot P ca ot Buga A — B, A — aB, A — a, xbaero

acT,AcN,BeN.

Kpaen aerepmumnanpan asromar KJIA: A =< @Q, X, qo, 9, F' >, xbaero @ ca cherosaust, X e BXOTHA
asbyka, qg € HagaaHO ¢beTostHue, § @ Q X X — Q) e dbynkimua Ha npexomute, F C () ca 3akJII0UUTETHI
CHCTOSTHUST Ha A.

Kpaen nmemerepmunmnpan asromar KHE: A =< Q, X, qo,6, F >, xbaero Q, X, qo u F ca karo upu
KJE, a d:Q x X — 29 e dbynkmms Ha mpexojure.

Peryngapen u3pas u peryaspen e3mk:

Heka X = {71, 22,...,2,} e xpaitna azbyka. Pasmmpsasame st 710 X = XU{e,0,4+,.,(,)} u onpemessive
pekypcusHO u3pasu/esunu Hag X /X
Le@max,i=1,...,n ca peryTapuyn uspasu, a choTseTanTe esumu ca {e}, 0 m {z;}.

2. Heka o, f € X* ca uspasu, a Ly, Lg ca cvorsernure um esunu. Torasa (o) + (8), («).(8) u (a)* ca
U3pa3H, a CboTBeTHUTe UM e3urm ca Lo + Lg, Lo.Lg u L},
3. Hama apyru peryasgpHu m3pasu U €3ullh.

JleMu 1 yTOYHEHUS:

BB dopmananTe rpaMaTrkm MOYKEM A MAaXHEM aKCHOMATa OT JECHUTE YaCTH Ha MTPABUIATA, MOYKEM
JTa 10b6aBUM W3BOZ Ha IpasHarta jgyma (S — €), Ja eIuMHHHpaMe 3aMeCTBAIUTe IIPaBUIa OT BHIA

A — B.

Hexa L, L', L" ca apromarnu esunu. Torasa L'+ L", L' .L" u L* = {¢} + L' + L? 4. .. ca apromarsn
eaumy. Beekn KpaeH e3WK € aBTOMAaTeH.

Teopemu:

T1 Aro L, ce pasnosnasa ot KJIA, Toit e aBTomaren e3uk. CTpoUM CHOTBETHATA aBTOMATHA I'Da-
MaTuKa mo QysKimaTa 0 u F.

To Ako Lp e aBromareH e3uk, Toi ce pasmnozuasa or Hsikoit KHA. Crpoum chorsernusit KHA
JUPEKTHO oT mpasmaara P Ha I

T3 Axo L4 ce pasnozuasa or KHA, Toit ce paznozuasa u ot ugroit KA. Crpoum mhpcennst KJTA
HHIYKTHBHO Che cherosams Q' C 2€.

Topuure 3 Teopemu jokaszsar eksuBagenTHocT Ha KJIA, KHA, n aBTOMATHUTE IpaMaTHKH.
T (Knuun) PerynspanuTre 1 aBTOMATHATE €3WIH CHBIAIAT.
JokazareacTso:

1. TpuBuasiauTe pEryjsipHu €3uliy Ca KpaiiHu, CJAeJ0BATEIHO ca aBroMaTau. Herpusnainure e3unm
TbK €& CyMa, TPOW3BEAEHNEe UJIN CTEIEH Ha, €3WlW, MPUaraMe WHIyKINd M0 HeDUHAINATA — BCUIKU
PETYASIPHU €3UIN Ca aBTOMAaTHU.
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2. Heka esuxnr L e aproMared m ce pasmosHaba oT KJA A =< Q,X,qo,0,F >. Hexka Q =
{q07 q1, - - - 7qn}
Ha ozHauMM C Rfj MHOKECTBOTO OT gymu o € X*, kouto rerepmpar n3sox A(g;, a) = ¢; 6e3 na
M3TOI3BAT ChCTOSTHUS ¢ HOMEPA ks Qktls - - - s Gn-
k+1 _ pk k k \* pk
Jema 1 R\ = R, + R .(Rp) Ry,
JoxkazareacTso: AKo n3Boga Ha o € Rffrl He MWHAaBa Tpe3 ¢, TOTaBa o € Rf]
Muade n3pogbT Ha « e MEHE HIKOJIKO IILTH IPE3 ¢k, AKO CpexKeM M3BOJa Ha MeCTaTa, KbIeTO JOCTUra
qk, e mogyunm ue o = P14+ Po+- - -+ F;, Kbaero f1 € Rfk, Bo,....01—1 € (R,’:k), 08 € R,’zj, CJIeI0BATE/THO
k k \* pk
a € Ry (Ri) By

Jlema 2 Rfj € peryJisipeH e3ukK.

JlokazBame ¢ wHIAYKIHS 110 K.

1.k=0
i = j B rosu cayuait R). = {&,y1,92, .-, Yi}, KBACTO Y1, Y2, ...,y €& OYKBH TIO TPAMKHATE OT ¢; K'bM
¢; B MyJarurpada Ha npexojaure Ha apromara A. Torapa R?i =e+y1+y2+ -+ Yy U e peryuasape.

i # j AKO HAMa TPEXOIH OT ¢; KbM ¢;, RY. =

% =0, nnage R?j =y1 +y2 + -+ y; 32 BCUIKEA OYKBU OT
npexonauTe pebpa B MmyaTurpada.

2. k > 0 - perymgprocTTa CaeaBa HHAYKTUBHO OT Jlema 1.

Hexka MHOKeCTBOTO OT Kpaiitn cheroguns Ha aBToMara F' = {qp,, Gpss - - -, Gp, }- Torasa esuknr L ce
CbCTOM OT BCHYKHU W3BOJIM 3aITOYBAINN OT go W 3aBbpIIBAIU BbB F', mian:

_ pntl +1 +1
L =Ry, + Rgy,, + -+ Ry,

Peryngaprocrra My cienBa ot Jlema 2, ¢ KoeTo TeopeMaTa e JoKa3aHa.
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14. MunnmMmaauau Kpaiiau gerepMuHupanu asromatu. Teopema Ha Maiixun—Hupoyn.
Henpunaanexxuoct kbM AE: mema va Bap-Xwuaes.

Hedununmmn:

Exsusasientan asromaru: Kpaiinure asromarn Ay u A ca exksusasentan ako L, = Ly,
Munnwmasnen aromar: KA A e vuanmanen, ako 3a scekn KJIA B, Lp = Ly — |Q4| < |@B|

Henoctmkumo cwerostare: B mysnturpada Ha mpexoanTe HaMa BT OT ¢y 10 ¢ € (. Moxkem ma
IpeMaxHeM HEeJOCTHKUMUTE ChCTOSHAA OT aBToMara, 0e3 1a MpoMeHsIMe pa3lO3HABAHAA €3UK.

Hacuo-unsapuantaa petanusa: R C X* x X* u 3a Beako v € X*, (o, 8) € R — (ay,67) € R

Penamusa, mopomena or KJIA: Heka A e KJIA n A e pasmmpenara ¢-s na mpexoaure. Kazsawme, de
A nopaxga Ra = {(a, B)|A(qo, @) = A(qo, B)}

Penanusi, nopojena or esuk: Heka L C X*. Kaszsawme, ue L nopaxga Ry = {(a,B)|Vy € X* —
((ay e L)N(Bye L))V ((ay & L) A (By ¢ L))}

Jlema 1 3a Beceku KJA A, R4 e agcHo-uHBapuaHTHA PeJAlNs Ha éKBUBAJECHTHOCT.

Besiko IOCTHKEMO ChCTOSIHEE @ TMOPakJa KJac Ha eKBUBAJCHTHOCT [g;] U Te3n KjacoBe pasbusar
X* na |Q| xraca.

Jlema 2 3a Bcexku L C X*, Ry e ACHO-WHBapWAHTHA PEIalis HA €KBUBAJEHTHOCT.
T (Maiixun—Hupoyn) Heka L C X*. Ry, wma Kpaen unjgekc <—> L e aBTOMaTeH e3WK.

Hoxazarencrso: 1) Heka L e apromaren esnk. Heka KJIA A pasnozmasa L u cme mopogmam pesa-
mrara R4. Heka (o, ) € Ra. Heka ¢ = A(qo, ay) 3a makoe 7. Ho A(qo, ay) = A(A(qo, @),7)) =
A(A(qo, B)7y)) = Alqo, Bv), Toect ¢ = Alqo, 57). Ao q¢ € F, vy, 7y eanoBpemento ca ot L, unade
eTHOBPEMEHHO He ca, ciaemoBareano («, f) € Rp. Beeku Kyrac Ha eKBHBAJEHTHOCT Ha R4 ce ChIbpKa
B KJIac Ha ekpuBanenTHOCT Ha Ry, nemek IX(Rp) < IX(Ra) =|Qa| — IX(RL) e kpaeH.

2) Heka I X (R1) = m e kpaen. Oznauasame c [a] = {8|5 € X*, aR;[} (knac Ha eKBUBAJEHTHOCT).
Heka Qr = {[¢], [au],- .-, [@m—1]} e pasbuBanero na m kiraca Ha X*, a F;, C ) ca Te3n KJIacoBe,
KOUTO Chibpakar jaymu or L (3a Bceku Kiac [ BcuYKuTE JyMHU OT HEro Ca eJHOBPEMEHHO BbB WK
u3sbH L). Cera necdunnpame aromar Ay, =< Qr, X, [¢], 6, F, >, xaro 0([a], z) = [ax], x € X. 3apagn
JI{ICHATa WHBAPUAHTHOCT Ha Ry gedwHUIMATa € KOPEKTHA U 33 pasmupenara QyHKING Ha IPEXOIUTe
A(lal, B) = [aB].

Apromarsr Aj pasnosHasa esuka L (ciensa ot A([e],w) = [w] u ged. wa Fr). Caenosarento L e
ABTOMATEH €3MK.

Ty Asromarsr Ap or 1. 2) Ha Teopemara na Maiixun—Hupoys e munumanen 3a L u Bceku apyr
MUHUMAJIEH € n30MopdeH Ha Af,.

Hoxazarencrso: B gact 1) ma 1. ma Maiixun—Hupoyn ce qoKa3Ba, 9e BCEKH aBTOMAT KOHTO pasios-
HaBa L uma moBede (uam paseH 6poii) cheTostHUS 0T 6posi Ha KIacoBeTwhe Ha Ry, ciemoBarenno Ap e
MUWHUMAJIEH.

Heka A" =< @', X, q(,0', F' > pasnosuasa L n e munnmasnen: |Qa/| = |Qa,|. Jebunrupamve nzo-
mopdmsbM Taka: f([ag]) = ¢’ axo ¢ = A(g(, ;). T'bil KaTo BCeKn Ki1ac Ha €KBHBAJIEHTHOCT OT Ry
ChBIAJA C TOUHO eduH KJjac oT Ry, f e KopekTHO jeduHUPAH W30MOPMOUIHM.

Munumuzanus #a KA A:

Cueroganara ¢;, ¢; ma KA A me napuaame eKBUBAJIEHTHI CIIPAMO e3muKa L, ako KjiacoBeTe UM Ha,
eKBUBAJICHTHOCT 0T R4 ca B enuH Kiac oT [y, llle 6emexxum ToBa Taka: ¢; ~1, g;

Munnmusannsra Ha A ce CBeXXJa J0 HAMUPaHe Ha TPYINTE eKBUBAJTEHTHH ChCTOSHUS Ha A.
Jlema My (1 € FAq ¢ F) = q1 »L qo.
Jlema My (3x € X,0(q1,2) =1 6(q2,7)) = q1 ~L g2 (Tecr na eqnara 6ykBsa)
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Jlema Mj3 Heka Q' = {Q1,Q2,...,Q;} e pasbusane na @ takosa, de (Q; C F)V (Q; C Q\F)
u (Q; He MOXKe Jja ce pasjead OT TecTa Ha ejnara Oyksa cupamo . Torasa Bcako @QQ; ce ChbCTOM OT
CKBUBAJICHTHU ChCTOSHA.

Anropurbm:
1. Bzemame Q' = {F,Q\F}
2. JlokaTo HIKOE 0T MOIMHOYKECTBATA B pa3OMBAHETO Ce TENN OT TECTA Ha eTHATa OYKBAa, MEMUM TO Ha
TTO-MAJIK! TTapvera.
3. ITomyuenoro pabusane Q' e MUHNMATHO pa30uBane HA €KBUBAJIEHTHN ChLCTOAHUSA. T€31M MHOKECTBa
3a/IABAT CbCTOSHUATA HA MUHUMATHUA aBToMaT. [lomyduernre or F' ca KpalHU ChCTOSHUS, HATAIHO €
TOBa MHOYKECTBO B KOETO € ¢p, a (DYHKIIHATA HA TMPEXOTUTE € KOPeKTHa paboTeliKn ¢ Te3n MHOKeCTBa
BAIOTO TECTa Ha e/IHaTa OyKBa I'M 3ama3Ba.

T3 (uvw) 3a Beceku aromarer eauk L In, (o € L) A (d(a) > n) - a = ww,d(v) > 1,d(uwv) <
n,(Vi=0,1,2,... wv'w€ L)

HoxkazareacTBo: m3bupame n ga e O6pPost Ha CHCTOSTHUSITA Ha PA3MO3HABAIN aBTOMAT W TIPUJIarame
npuHINNDa Ha Jupuxie KbM IbIbI M3BOI, aKO UMa JyMa ¢ Hal 1 OYKBH - B U3BOIA, U III€ UMa, IIOBTAPSIHE
Ha CbCTOSHWE ¢, TENUM 1 Ha 3 TlapdeTa W TOTOBO ...

Caenacrsue: Nma KOHTEKCTHO-CBODOIEH €3UMK, KONTO HE € aBTOMATEH.

I' =< {S},{a,b},S,{S — ab,S — aSb} > mopaxa aymmre a'b’, HO Te He MOTaT Ja Ce 3aIuTIaT
BLB BHIA uv'w.



I'maBa 4

CJI02KHOCT Ha U3YUCJIUTEIHHU IIPodJIeMu

15. Mammmna Ha Tropusar. ¥YHuBepcasiHa maminaa Ha Tiopusar. HenerepMmuaupasna mamnmmHa
Ha Triopunr. Tezuc Ha TiopuHr—Ybpu. AJTOPUTMUYHO HEPEITUMU UIYUUCIUTETHU TTPOO6-
JeMu.

17. TosHU rpaHuliy BbPXy CJA0XKHOCTTA Ha Ipobyemu. OCHOBHU TEXHUKHU 3a JOKa3Ba-
He Ha JOJIHM TDAHUWIM: JTbhpBeTa 3a B3eMaHe Ha perenns (decision trees), urpu cperry
nporuBuuk (adversary argument), pegyKiun.

35
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4.1 Cao0KHOCT MO BpeMe

18. Nzuncanresnun npobdsemu ¢ orrosop JA-HE. KiacoBe HAa CJI02KHOCT HA M3YUCJIU-
TestHUTE Tipobsemu. Knacose Ha caoxkHoct P, NP u co-NP . Knacose Ha ciaoxxHoct NP-
complete u NP-hard.
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19. CoutecrByBane Ha npobisiemu B Kiaca NP-complete. Teopema na Kyk (Cook). NP
mbJHOTA Ha 3-Sat.
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20. AnpokcuMupamny ajiropuTmMu 3a ontTumusanuoHau npodsiemu or NP-complete. I1pu-
mepu: asroputmu 3a Bbpxoso Ilokpurume (Vertex Cover) m 3amauara 3a Tbprosckusi
II'brauk B Merpuuen Bapuanr (Metric Travelling Salesman Problem). Paziuka mexay
€BPUCTUKA U AMPOKCUMUPAII AJITOPUTHM. YCJTOBHA HEBB3MOXKHOCT 33 ATTPOKCUMHUPAHE.
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4.2 CJII0KHOCT IO ITaMeT

21. Knacose ua cjoxuocr L, NL, PSpace. Teopema na Casuu (Savitch). Teopema nHa
Immerman—Szelepcsényi, caencrBusi. B3auMooTHONIEHNsT MEXKy KJIACOBETE HA CJIOXKHOCT
0 BPEME U II0 IIaMEeT.

®Oyukmusta S : N — N e koncrynpyema 1mo Bpeme/namer (time/space constructible), koraro cbrmect-
Bysa T'Mg, KosiTo moTyuasa Ha Bxoga cu 1™ u mzuncssa 15 3a speme /maver O(S(n)). Obuuaiinure
dbyrkunn n¥, lg(n), 2" ca KOHCTpyHpyeMH U IO BpEMe U II0 IaMeT.

Cuoxknoct no namer: Heka S(n) e xoncrpyupyema mo mamer u L C {0,1}*. Ille ka3Bame, [e
L € SPACE(S(n)) (cvorerno L € NSPACE(S(n))), koraro cwmectsysa T My, (cworserno NT M),
KOSITO pa3lo3HaBa e3uka L, KaTo 3a BCsKa BXOAHA JyMa o m3nosssa mamer O(S(|z|)).

Wzuckpanero S Jia e KOHCTPyHUpYEMa 110 TTaMeT [03BOJIsIBa, HA MAIIMHUTE OT KJIaca Ja 3HAST’ KOJIKO
MaMeT W3MOJI3BaT O BPpEMe Ha W39MCJIEHUETO.

ITpu coxKHOCTTA TI0 BPEME € CMUCJIEHO J1a Ceé PA3TIekaar caMo ciaydante S(n) > n, mopaau daxra,
qe MallliHATa Ie IpoYeTe BXOIHUTE JAHHHU 33 BPEMe IIOHE 7.

IIpu CJI0KHOCT 1O AMET 3a MPOYMTAHETO Ha BXOJA € JIOCTATBIHO Jla UMaMe ykasarea (6posd) KbM
Hero, Toii 3aema namer lg(n), 3arosa e pasriexjame Kiaacose 1o naver, 3a kouro S(n) > lg(n).

ITpu mankure Kmacose, 3a kouto S(n) < M BXOJHWTE JAHHU CA MOBEYE OT MAMETTA, B KOATO €
Da3peIeHo [a IPAaBUM U3UUCACHUA. 3aTOBa pa3/e/isiMe IaMeTTa Ha 2 9aCTh - IaMeT CaMo 3a deTeHe (B
KOSITO €& 3allMCAHU BXOJHUTE JIAHHU) U I1aMeT 33 YeTeHe/3auc (B KOsSTO Ce U3BbPIIBA N3YUC/IEHUETO).
Bbe dopmaamuaT mMozen KOWTO mo3BaMe, TOBA I € MAInHa Ha TIOPWHT C JBE JIEHTH - €IHATA
read_only 3a Bxoma z, npyrara read write ¢ pasmep O(S(|z])).

Heka M e (ompenmenena mwam pasMHOXKaBaiia ce) mamuaa Ha Tropunr. Koudurypamnus wa M e
HapwyaMe WHPOPMAINSTA, TOUYHO OTPEIEISINA ChCTOTHIETO HA MAITMHATA, B HIKAKHB MOMEHT OT W3-
YHCIEHUETO - CbIbPYKAHUETO Ha KJIETKUTE OT TlamMeTTa (3a jienTure read write), MsCTOTO Ha TyIaBaTa
(r1aBuTe), CHCTOSTHMETO HA MAITHHATA.

I'pad ma xoudurypamunre va M npu Bxoana gyma ¥ Hapudame rpadnbT Gy, C BbPXOBE Bh3MOKHITE
KoHUrypanun u pedbpa mpexoanTe Ha M MeK Iy Te3n KOH(PUTYPAINK IPH U3IIbJIHEHIE Ha €IUH IPEeX0T
(cTbrKa) OT M3UMCIEHMETO. 3a onpesenena (0OMKHOBEHA) MAIMHA OT BCEKHM BP'bX U3/IU3a €HO PeGpo,
IpY HeJeTepMUHUpaHa (PA3MHOMKABAIIA Ce) MAIUHA 1€ UMa BbPXOBE C MO-BUCOKA CTEIEH.

Hawannara xkondwuryparms 6enexum ¢ CF,, ., & IpHA JOCTUTaHe Ha KPaifHO CLCTOSHWE, aKO TPHEM

JIEHTATa IIe J0CTUraMe eJuHCcTBeHa Kpaiina Konduryparusa Coccept-

Jlema 1 Heka G, e konduryparmonsnsar rpad #Ha Mammaa M, orpanndena o mamer or S(n) u
|z| = n. Torasa:

1) Besika xomdurypanua na M (Bpbx Ha Ghr,) MOXe 13 (;e npeJcTaBd B maMeT ¢S(n) 3a HAKOsS
KOHCTaHTa ¢, oTTaM 6posT BbpxoBe Ha Grz € HO-MaTbK OT 2° (n)

2) Axo C, C’ ca 2 xondwurypammn, moxe B mamer O(S(n)) ma ce mzuncin pama (C,C') € Eg,, ,
(nasm o1 C' MammuaTa MoKe Ja npemute KbM C').

JoxazaTeicTBOTO € MUIKABO, HO WHTYUTUBHO SICHO.
Teopema 1 DTIME(S(n)) € SPACE(S(n)) C NSPACE(S(n)) € DTIME(20(5())
HoxazatenacTso: IIbperuTe 2 BRAIOUBAHNA ca sICHU, TOCTETHOTO cJaeaBa oT Jlema 1.

Jedurnpame ecTeCTBEHNTE KJAACOBE IO MaMET TaKa:
PSPACE = | J,., SPACE(n°)
NPSPACE = .., NSPACE(n°)
L = SPACE(lg(n))
NL = NSPACE(Ig(n))

Macosa 3aja4a stCON:
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Hanen e opuentupan rpad G(V, E), s,t € V. Uma jqu wbT oT S KbM ¢ 7

Bagauara stCON e meHTpaJiHa 3a KJIaCOBETE O MaMeT 3apaJju CcBolicTBara Ha rpada Ha KOHDUTY-
paruure Gy, u Jlema 1 - u3uncasgBaHeTo B OrpaHUYeHa IaMeT € CBOJAMMO JI0 ThPCEHETO Ha II'bT OT

Cliart 10 Caceept B rpada Gy -
JIema 2 stCON € NL (myckame HeJZeTepMUHUCTKA PA3XOIKa OT S 1O t).

Jlema 3 NL C P (myckame anropurbMsT BES ga mbpen ubr B Gy, o 38 L € NL).

Agaropursm na Casuu:

stCON(G, s,t) < Reach(G,s,t,n), kbuero n = |V|

Reach(G,u,v, k)
1) if k < 2 return (u=wv) V ((u,v) € E)
2)
3) if Reach(G,u,w,|k/2]) N Reach(G,w,v, [k/2])
4) return TRUE
5) return FALSE

Caoxnuoct mo namer: Pekypcupnara dyukims Reach(G,u, v, k) morssa crek ¢ abiabounna lg(n) un
'bXa B HEr0 3-4 MpOMEHMBY - U, U, k, w, Beaka ¢ pazmep lg(n). CaemoBareiHo M3M03BaAHATA TAMET €

2
©(g"(n)).
Kopekrroct: C nanyknus no k gokazsame, de Reach(G,u,v, k) spbma T RUE, ako uMa wbT 0T U
10 U € IbJKWHA HE 1oBede oT k.

Teopema na CaBuu:
Heka S(n) e xoncrpympyema o mamer u S(n) > lg(n). Toraa NSPACE(S(n)) € SPACE(S?(n)).

Hokazarencrso: [lyckame amropurbma na Casud na Tbpceu ObT B rpada 0T KOHMUIYPAIUH, KaTo
My JaBaMe ja To3Ba mamer O(S2(n)).

Ciueacrsue: PSPACE = NPSPACE 3a1010 101MHOM Ha KBaJpar 11aK € LOJMHOM.

Cogumoctra B Kaaca NL TpabBa ja e B 110-c/1ab Kaac U [oHeXKe HaMa u300p, TpsabBa j1a ce peaiu3upa
¢ dyukiun or L. Tug pyuxmun namar MsaCcTo 3a THcaHe, Ta ce JepUHUPAT Taka, 9 Ja UIUNCIIBAT
JUHAMUYHO - UJIU UCKAME Ja U3UUCTSIBAT ¢-THs OUT HA Pe3yJTaTa, WK II'bK Ja MUIAT HA BUPTYATHA
JIEHTA HA KOATO IJIaBaTa Ce JBUXKM CaMo B eaHara mocoka (write once). Bupryamnara jsenta Moxe 1a
ce peajm3upa KaTo JBofika < 4,b >, KaTo ¢ e MO3UINsTa Ha TJIaBaTa BbpXY JEHTaTa 3a 3ammc, a b e
6uThT, KOMTO e 3amucan mocaeqHo. O3HauaBaMe Ta3u CBOAMMOCT B JIOTAPUTMUYHA MAMET C X[,

Jlema 4 OuakBanum CBOMCTBA HA CBOOAAMOCTTA OX[,:
1) (AO(LB)/\(BO(LC)—)AO(LC
9) (Aox; B)A(BEL) = A€ L

W nBere yciioBud Ha JiemMaTa ce CBEXKJAT JI0 IIPEeCcMsTaHe HA KOMIIO3UIUS Ha jBe QYHKIMH, OrPaHN-
YeHu B JiorapuTMuaHa mameT. Heka mpumepno f ceexaa A mo B, a g ceexma B go C. Peanusupame
komnosunusara g(f(z)) raka:

BamnouBaMe [1a U3UUCIABAME ¢ W KOTATO C€ HATOXKHU J1a ce 4eTe OUT ¢ OT BXOHATA, JIEHTA HA MAITHHATA
ceexkjama B kM C) nyckame f na u3dncin To3u 6UT, KATO MOJ/I3BA PEAHATA BXOJIHA JEHTA T, KOSITO
ChbPXKA MHAUBUIYATIEH BXO/, Ha 3ajadara A.

Jlema 5 stCON e NL-mbina 3a1a4a.

Hoxazarencrso: Or jema 2 3uaem, ye stCON € NL. Besika 3agaua A € NL cexgame kbm stCON
KaTO CTPOUM MaTpPHIa Ha ChbCeJCTBaTa Ha Hefnug rpad ot koudurypanuu Gy, . Ot Jlema 1 ciensa,
4e Bceku OuT oT Tazu Marpuia Moxe jaa ce uzuucau B namer O(lg(n)).

Ceprucdurkar 8 NL: Ilopagu Jsmica na namer, ceprucdukarbrt B NL HaMma Kbje jga Obie 3alUCaH.
KakTo m npu jorapuTMUIHATA CBOJUMOCT K7, ITle ITOJI3BAME JIOI'bJIHUTEHA JIEHTa, HO TO3U BT 33
yerTeHe caMo B efHaTa mocoka (read once). 3a uHTepIpeTanusiTa Ha TaKaBa JIEHTA € HYXKEH eJTHH OuT
r. Koraro uckame ma gerem ot cepTudukara, MyCKaMe Pa3MHOKABAHE HA HEAETEPMUHUPAHATA MAITHHA,
na TropuHr, KaTo ABeTe KOIHd N3MucBaT ¢boBeTHo 0 m 1 B 6uTa r, a caeaBaInaTa HHCTPYKIUS IPOYNTa,



I'VIABA 4. CJIO?KHOCT HA U3YUC/JIUTEJIHN ITPOBJIEMI 41

Macosa 3amada not_stCON:
Hanen e opuentupan rpad G(V, E), s,t € V. OrroBopsr Ha 3agauara ¢ JIA <= wmama mbT OT §
KbM T.

Teopema ma Immerman-Szelepcseny: not  stCON € NL

Hoxazarencreo: Heka Bbpxy read once jienTara 1a e usnuca bt (vg, U1, . . ., Uk ). TaKbB T MOXKe
JIa ObJe TOTBHPAEH B TIAMET @(lg(n)), JOCTATBHYHO € IIPU IOCJAETOBATETHOTO N3YNTAHE HA BbPXOBETE
na mposepuM 3a Beako i = 0,1,..., k — 1 ycmoBuero (v;,vi41) € E.

Heka ¢ C}, 03Ha9MM MHOKECTBOTO OT BbPXOBE, JOCTHKHAMHI OT S YPE3 I'LTHIIA, HE IO-IbJITA OT k, a
6posit um ¢ 1, = |Cyl.

Heka pasriegame ceprudurar S, KONTO ¢ CLCTOM OT HOPEIUIA I'bTUINA, C IbJXKIHA, He-II0BEYIEe OT
k, 3ammouBalliy OT § U JOCTUTAIIN pa3IMdIHl BLPXoBe Ha Ipada, 3aJaeHl B HapacTBalll pel 0 HoMepa
Ha Kpaituus Bpbx. Moxkem sa nposepum B namer O(lg(n)) kopekTHOCTTA HA TE3W II'BTHINA, & CbIIO
u Ja ru npebponM. HapacTBammar moMep Ha KpallHMAT BPBX rapaHTHpPa, Y€ BCHYKH IILTHIIA B Sk
gocrurar pazmmaan Bupxose. Ciaemosarentno |Sk| < ri. AKO 3HAEM IPEABAPUTEHO T U Ce OKAXKe, 9e
B S MMa TOYHO T IILTHINA, TO Sk IIe e OKaKe BaJIUIeH CepTHdUKaAT 38 MHOKeCTBOTO Cj.

AsropuTbMbT Ha Immerman-Szelepcseny m3mo3Ba uaeaTa 3a WHAYKTUBHO TpeOpOsSBaHe HA MIHbTH-
1aTa, aKO 3HAEM T'p_1, MOXKEM J1a, UBUYUCTUM T, TAKA:

7o = 1, 3a110T0 CaMO S € JOCTUXKUM 4pPe3 I'bT C Jbjxkuna (.

Hexka cme usumncimnu rip_q. Heka Qp = nSi_1 e nopeauna or n BaauJHu cepTU(DUKATA 38 MHOXKECT-
Boro Cj_1. Tbit KaTO 3HAEM T')_1, TE3H CEePTU(PUKATH MOrAT Ia 0bJaT IPOBEPEHN IPH IPOIUTAHETO.

Ilpenn nmpounramero mHa IpUCBOdBaMe HadajHa croiimocT Ha 1y < 0. Ilpum npounranero Ha i-Tud
r k
cepriuKaT S,_1 OCBEH IMPOBEPKATA MY 3a BAJUIHOCT IE MPABUM CJIEIHOTO:

1) Caeaum j1aim BbPX'bT ¢ HOMED © € jocTuzkuM 33 k — 1 uiau k crbuku or §. AKO 1031 BpbX € Kpaii
Ha HAKOW OT mbTUINaTa B Sp_1, TOH 1€ € JoCTHRKUM 33 k — 1 CThIKH, aKO TIHK UMa, pedpo OT Kpast Ha
HSIKOU TI'bT B Sk_1 70 BbPXA 4, TOH IIe JOCTHRKUM 33 k cThikn. Taka B Kpas Ha U3YnTaHeTo Ha QJf IIIe
“MaMe Ta3u WHQOPMAIUS U MOYKEM J1a YBEIUYIUM T ¢ 1, aK0 § € JOCTHKUM 32 He [MOBeUe OT k CThIKU
oT 8.

2) Cienum ayi BbPXBT € € TOCTHKUM. AKO TOBa ce cJiydn, yOuBaMe KOIMeTo Ha mporpamarta. Taka
1€ OCUTYPHUM 3aBbPITBaHe Ha aJITOPUTHMa CaMO B Caydail, Ue HIMa IbT OT S KbM .

Cien m3yuranero u aHaausa Ha (g, rp 11e cbiabpxka Touynus 6poil sbpxose B Cf.

IeausT ceprudurar Ha anropurbma e peguiara (Q1, Qo, ..., Qn—_1). [Ipuemanero My o3na4asa, e
ANTOPUTHLMbBT € U3IUCIUT KOPEKTHO BCHYKH 77, IPOBEPIJT € JOCTUKUMOCTTa HA BCHYKH BbPXOBE W HE €
HaMepuJI bt j10 t. JIeCHO ce BUZK /I, de Tpe3 IAJI0TO BpeMe Ce M3IMOJI3BaT CaMo KpaeH Bpoil ykasaresu
u Opostan, ToecT m3uncaeHneTo ce u3pbpisa B maMer O(lg(n)). Tosa 3apbpiBa J0Ka3aTEICTBOTO HA
Teopemara.

Caencrsue 1:

Heka S(n) e xoncTpyupyema 1o mamer u S(n) > lg(n).
Torasa NSPACE(S(n)) = coNSPACE(S(n)).

Hoxkazareacto: Cumsitame 3a rpada Ha KOHMUTYpAIUUTE, KATO TPOBEXK TaMe ChIIATE PA3CHAKICHUS,
KaKTo B Teopemara Ha Immerman-Szelepcseny.

Caencrsue 2 Hakou Bpb3KH MeXK/ly K/IaCOBETE HA CJIO2KHOCT:
1) LC NL = coNL C P C NP
2) DTIME(S(n)) € NTIME(S(n)) € SPACE(S(n)) C
C NSPACE(S(n)) = coNSPACE(S(n)) € DTIME(20(5(7))

Caencrsue 3: 2—SAT € NL.



I'VIABA 4. CJIO?KHOCT HA U3YUC/JIUTEJIHN ITPOBJIEMI 42

4.3 AJaropuTMu, IOJI3BAINM CJOyYaiiHA MMOPEanIia

22. Kuacose na cjgoxkuoct BPP, RP, coRP, ZPP. Tect na Musnep-Pabun 3a npocrtu
uncaa. Hamupane Ha MuHuMasieH cpe3 B Heopuentupan rpad (Karger).

MNwma 1Ba anTepraTuBHU HAYWHA A2 AedrHUPaME AJITOPUTMHA, TTIOJIIBAIINA CIYIANHOCT - KATO MAITHHN
Ha TropuHr ¢ BeposaTHOCTHA (DYHKIIUS HA MPEXOUTe (IPUMEPHO C JIBe PA3JInYIHu (DYHKIIMH HA [IPEXO-
JIUTE, KATO NP U3YMCAEHUETO BCEKU IIbT Ce M30mpa CaydaifHO KOsl 1a Ce MOJI3BA), WM KATO MAITnHA
Ha TIOpUHT, KOATO MOJ3BA JAOIMbJIHUTETHA read once JIEHTa, HA KOSITO UMa 3aIUCAHA PEJIHUIla Caydii-
Hu BUTOBE, KOUTO MOTAT Ja Ce IMOI3BAT IIPU W3YUCACHUETO. JIECHO Ce CBEXKIAT €IWH KbM JPYT TE3U
MO/I€JIH.

Ile o3nagasame ¢ M (z) caydvaitno nzgaunciaenue Ha mMamuaa Ha Topusar M sbpxy Bxox x, a ¢ M (z,r)
caydaitno n3uncienue na M BbPXy BXOXI T IIpW W3MOJ3BAHE HA JIEHTA OT CAydaiinu Ourose r.

ITTle xazBame, we M e PPT, xorato M e mamwna na TiOpuHT, KOATO mOM3BA CAydaiiHOCT u paboru
TOJIMHOMUAJIHO BPEME.

Knacwr RP ce cherom ot esunure L, 3a kouro uma PPT M, takasa de:

x € L — Pr[M(x)
x ¢ L — PriM(zx)

|
N

Vv

=N

ToakyBaMe ropruata nedWHUIUS TaKa: aKO CJIYYANHOTO M3YUC/IEHUE BBPXY T JAaje OTrOBOp 'ma’,
TOTaBa € BAPHO 4e € L, aK0 IbK OTTOBPBLT € 'He', He € sICHO KAKBO CTaBA.

RP C NP, zamoro uma muoro usunciaenns M (x,r;), KOUTO IpuemMar & W BCAKA OT JIEHTHUTE T €
ceprudukar, de x € L.

Kaacbr coRP ce cheron ot esunure L, 3a Kouto uma PPT M, TakaBa de:

x €L — PriM(z)=1] =

V
N = =

x ¢ L — PriM(z)=0]

Ha osnaunm ¢ L(x) xapakrepuctuanara dbyukims #va esuka L: L(x) = 1 korato x € L u L(z) = 0,
koraro T ¢ L.

Knacwt BPP ce cherom ot e3unure L, 3a kouto nma PPT M, takaBa de:

Pr{M(x) = L(x)] > %

Ouesnmno kaacht BPP sriousa RP 1 coRP. He ca scun otHommennsita vy ¢ NP. Chpementoro
ogakpane ¢ BPP = P, no TeopunuTe 1o Ta3zm TemMa ca CI0XKHM.

ITo-manbk kmac B Tasm fiepapxus e ZPP, Toit e or esunu L, 3a xouto uma PPT M, xoato nasa 3
Bb3MoxkHN oTrosopa 0,1 u 7 (mocsemHoTo MATEPIpeTHpamMe KaTo 'He 3HAM') W 32 BCEKHW BXOJ, X:

M(z) ='7] =1

Caencrsue 1: ZPP = RP N coRP

Hoxkazarencrso: Heka L € RP N coRP u mammunte Mpp n M. ,pp tipenctassT L B gBaTa KJjaca.
[Iyckame ™1 Ja cMATAT M IBETE W aKO JafaT MPOTUBOPEYMB PE3YaTaT Bpbiname 7', mHade BpbIame
curypuuns pesynarar. Hosara mammuua Bkapsa L B ZPP.

Axo bk L € ZPP nyckame npejcrapsimara ro mamuna My pp faa cMara u pesyatarsbT ' samensve
c 0w 1 3a 1a nosyduM ajaropurbM, KoiTo Bkapsa e3uka B RP wiu coRP.
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Caencrsue 2: Kinacsht ZPP ce cberon or esunure L, 3a KOUTO UMa BEpOATHOCTHA, MarmHa M, 3a
KOSITO O9aKBAHATA CJOKHOCT (CPEAHOTO BpeMme 3a pabora) e OrpaHudYeHa OT MOJTMHOM, TAKABA Je:

Pr[M(x)=L(z)] =1

Hoxkazarencrso: B egaara mocoka myckame aaropuTbMbT My pp HAKOIKO IbTH JOKATO II0JIyYd TOUeH
OTroBOp, B Apyrara myckame M ma cMgaTa JOKATO MHHE OIPAHMYABAIIMAT f IIOJUHOM M aKO He e
CBBPIIMIA CMeTKaTa Bpbiname 7.

JIema 3a moBropenusita: (craBa ayma 3a kaac RP wmm nomobua curyarus)
Heka anropurbMbT A pasmosmasa esuk L ¢ sepoatnoct Pr[A(z) = L(x)] > f(n)~!, xpaero n = |z,
a f(n) pacre meorpanmueno. Osnauenmero A(x) = L(x) Tbakysame 'A pasno3HaBa IIPABUIHO, Ue
x € L mpu BXOJ U 3a/a/IeHa peJiuiia oT crydaiinn ancia’. Heka craprupame anropursma cf (n)lg(n)
I'bTH € pazjiudnu ciaydaiinun pegunu. ToraBa BEPOsIHOCTTa HUTO €JIHO OT M3II'bJIHEHUSITA & HE yClee
Pr(Erra] < 1/nc.

Hoxazarencrso: Bepogrrocrra 3a eunnden Heycnex e no-mMajika or (1 —1/f(n)), a 3a MHOrOKpaTen
me e 1o Maska chorerHo ot (1 — 1/f(n)) (M) ~ (1/¢)cl8() = 1/n°,

Ot Tazm JeMa ce BIKIa, Ue e JocTaTbano B neduanmunre Ha RP m coRP ma cMenum KomcTranTaTa
% ¢ Maaka QyHKIA OT Buga f (n)*l, kbaero f e moamaom. Tasm TexHWKa Ha MHOTOKPATHO MyCKaHe
HA aJICOPUTBM, TOJI3BAI CIYIANHOCT ce HapUYa HaMaJisgBaHe (PeayKIus) Ha IPeInKaTa.

Tect na Musiep-Pabun 3a Hamupane Ha TPOCTH UNCTIA:

Check _Composite(a,n) //otropop T RU E rapanTupa, e n e ¢bCTaBHO
1) Onpegensive t u v TakuBa, 4e u e Heuerno n n — 1 = 24,
2) zg < a® mod n
3)fori+ 1tot
z; < x2_; mod n

)
)
;
; if (:EZ = 1) A\ (xi—l 75 1) A (xi_l 7& (n — 1))
)
)

S Ot

return TRUE //HerpuBnajieH KOpeH Ha €INHAIATA
7) if (x4 # 1) return TRUE //manka reopema na ®epma
8) return FALSE //BepoaTHOCT QHCIOTO Ja € IIPOCTO

Anropursm Miler Rabin(n, s)
1) fori<1tos
2)  a < Random(1l,n —1)
3) if Check_Composite(a,n)
4) return COM POSITE //rapantupano
)

5) return PRIME //c BeposiTHOCT 3a Ipelka Hal-MHOrO — Wid = 7
p p 3 1

Munnmanen cpes: Karger
Hexa G(V, E) e neopuentupan rpad ¢ ternosa dbynkuus w : E — RT. Heka |V| = n, |E| =m.

Hckame ma mHamMepuM MUHUMAJEH (crpsiMo TersmoaTa (dbyHKIMA w) cpe3 (paspes) (A, B), AUB =
V,ANB =03aG.

B mskon ciyuan 3a yzo6cTBO me pasriaexgame G karo mynaTurpad ¢ eMHUTHA Teraa, Karo 6posT
Ha pebpara MexKIy JBa BbpXa u M v ¢ paBeH Ha w(u,v) (OpeamosaraMe, de w MpUEMa [eJTH 3HATCHS ).

CrbBane Ha pebpo (u,v) me Hapudame npeobpasysane Ha rpada (G, TPU KOETO BbLPXOBETE U U U
Ce CJenBaT B €JWH HOB MeTaBpPbX (IMe TpueMaMe, 9e U W34Ye3Ba, & U € PE3yATAThT OT CI'bBAHETO),
pebporo (MynaTupebpara) MeXJy u W v W39€3BaT, a BCHUKU OCTaHAJU pebpa OCTaBaT 3aKaueHW 3a
BbLPDXbT-HAaCJICIHUK.

Pesyararsr or crbBanero Ha (u,v) e orbessizsame ¢ G/ (u,v). Ako crbBame rpyna pebpa F, pesys-
TarbT me orbessizgame G/F. JlecHo ce BukKja, 4e peJrbT Ha CI'bBaHe HA Ipyna pebpa HaMa 3HauYeHue
C TOYHOCT 10 U30MOPPU3IBLM.

WNaeara na anropurbmbt Ha Karger e na m3bupa u crbBa Caydaitno n3dpano pedbpo, ako pasriek ame
mysitTurpad ¢ egauyHu pebpa, mwim ja u3bupa pebpo ¢ BEPOATHOCT, TPONOPIIMOHAIHA HA TerjoBaTa



I'VIABA 4. CJIO?KHOCT HA U3YUC/JIUTEJIHN ITPOBJIEMI 44

dbyuknms. Toit karo pebpata B MUHUMAJHHSIT Cpe3 ca MaJKO (WM JIEKH), BEPOATHOCTA Ja ObaarT
n3bpanu 3a CI'bBaHE € MajKa M MOXKE Ja ce 04YakBa, 4ue rpadbr Ime ce mpeobpasysa g0 rpad ¢ 2
METaBbPXa, TMPEICTABAIIN MHOKeCTBA A 1 B, KOUTO OMpefeiaT MUHAMAJEH CPe3.

Anropursm Karger 0(G(V, E),w)
1) while [V] > 2
2)  Us6epu pebpo (u,v) ¢ BEPOATHOCT, MPOIOPIIHOHAIHA HA W(U, V).
3) G+« G/(u,v)
4) return G

Jlema K 1: Heka momycHeM, e ajJropuTbMbT KOHCTPYHPa MUHUMAJEH CPE3 W CyMaTa OT TerJjaTra
Ha pebpara mexy 2-ra nocneaHu Bbpxa HA G B crbika 4) e ¢ (mam ToBa € enHo MeTapebpo, ChC
CyMapHO TE€IJIO). ¢ € BeJUINHATa Ha MUHUMAJHUS CPe3 U 10 BpeMe Ha paborara Ha aJrOpUTbMa OT
BCAKO NOAMHOZXKeCTBO Ha G m3/m3a cymapeH noTok (Cpes) He 1M0-MabK OT C.

JlokazaTeACTBOTO MPOBEXKIAMe MHJIYKTUBHO 10 IUKbJAA Ha ajaropurTbMma. Koraro crbeame pebpo
(u,v), MHOYXKECTBOTO OT 2-Ta My BbPXa WMa CyMapeH TOTOK Cluw) = G obeIMHEHAT BpPHX 1€ WMa
CHIMUAT KAMAIUTET W HIMA JIa HAPYIH OaTaHca Ha HUKOe TTOJMHOXKeCTBO B HOBUST rpad G/ (u,v).

Jlema K 2: BepoataocrTta anroputbmMbT Karger (0 ga oTKpre MUHUMAJEH CPE3 € He MO-MaJjKa OT
M =(n2).

Hoxkazarenactso: Uarepnperupame G karo myarurpad ¢ euHEnTHE Terya Ha pebpara. Jla gomychewm,
Ye aJrOPUTBMBT Ha BCSKA CTBIKA n3bupa pebpo, KOeTo He € 0T KOHKpeTeH MuHuMaseH cpes (A, B) ¢
kamanurer ¢. Cbhriaacuo sema K 1 KamanmuTeThT HA BCEKHW BPDLX I € TIOHE ¢, CIeTOBATENHO 33 O6poaT
Ha BCHUKHU pebpa nmame HepaBeHCTBOTO |E| > ck/2, kKbaeto k € 6posT Ha BbpPXOBETE B HAKOW MOMEHT
oT paboTara HA AJATOPUTHMA.

BepogmocrTa mga m3bepem pebpo oT cpesa e ﬁ < %, a BEPOSITHOCTTA 13 n3bepem pebpo, KoeTo He e

oT cpe3sa 1ie e none 1 — %

3a BcwuKHM TpeMUHaBaHMd Tpe3 MKbaa Ha Karger (0 BepogTHOCTTA /1a He CT'bHEM Pebpo OT cpes3a
IIIe € IOoHe

2 2 2 2
(=)= =)= =) (1-3) =

n—2  n—3. . n—4 1
CDEEDE=) () =

-1
2 n
n(n —1) 2
Ilo-nararsx 1e 1ossBamMe jieko Mmojudulupana sepcusd Ha Karger 0, 14 1ie nukJiu Jlokaro B rpada
ocranar He 2, a k Bhpxa (mapamMerbpbT k € MasbK CipsiMo n):

Anropursm Karger 1(G(V, E),w, k)
1) while |V| > k
2)  U36epu pebpo (u,v) ¢ BEPOSTHOCT, IPOMOPIMOHATHA HA W(U, V).
3) G+« G/(u,v)
4) return G

Jlema K _3: Bepogrnocrra anropurbmbr Karger 1 na ve crbHe pebpo OT KOHKPETEH MUHUMAJIEH

cpes e ToHe (g)/(g) = Q(k?/n?).
Hoxazatenactso: IlopTapsame cmerkaTta oT Jema K 2.

Cnoxnoct na Karger 0 u Karger 1:
Axo npezacraBuMm pebpaTa U TeryioBaTa QPYHKINA ¢ MATpHIa Ha cheeacTBa Wi j o mogabpKaMe MacuB
ot cymapuuTe Teryia Di] =) ; Wi j, BCAKO IpeMUHABAHE IPE3 UK'bJIA U300D, CI'bBaHe Ha peOpo MOXKe
Jla ce u3BbpIny 3a Bpeme O(n) Taka:
1) II'bpBo u3bmpame cIy9aiiHO pe i ¢ BEpOATHOCT MponopinoHa na ua DIi].
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2) Usbupame pebpo (i, ) ¢ BEpOSITHOCT mporopironaina ua W ;.
3) CrbBaHero cBexKaMe 70 CymMupane Ha pef/crbiab j KbM i,
4) nocsteBaHo OT Hy/IHpaHe Ha pel/crTbiad j B Marpuiara Wi ;.

Besika oT ¢TBIKHTE TIO-TOpe ce U3BBbPINBaA 33 BpeMe O(n), OCHOBHUAT [UKbJI HA JIBATA aJlOPHTHMA
ce BbpTH O(n) IHTH, OTTYK 06IMaTa CIOKHOCT Ha agropuTbma e O(n?).

3a ma HAMEPUM MUHUMAJIEH CPe3 ¢ BUCOKA BEPOATHOCT, TpsabBa fa myckame Karger () MHOTO mbTH,
npumepso cn?lg(n).

Or cmerkara B iema K 2 ce BHZK/Ia, Y€ KOraro BbpxoBere B G Ca MHOIO, BEPOSITHOCTTA, 33 IPEIKaA

€ MaJIKa ¥ pacTe IIpHu HaMaJsdBaHe Ha rpada.

Mozkem jia criecTrM M3YHCAMTESHA pabora, ako IIpW TOJIsIMO 7 IIyCKaMe MAaJIKO Ha Opoil konus Ha
AJITOPUTHMA, & C HAMAJISTHETO Ha N yBeJuvdaBaMe OposT Ha paboTenuTe KOIus.

Pesynrarbr o Tasu uied e:
Anropursm Karger(G(V, E),w)

ifn<6
G’ + Karger 1(G(V,E),w,2)

1
2
3

)

)

) return G’ // G' uma 2 meraBbpxa, BEPOSTEH MUHUMAJIEH CPe3
4) for i < 1 to 2 // Craprupame peKypCUBHO 2 KOIIUs

)

)

)

5 G’ + Karger 1(G(V,E),w, [%W +1)
6 G; + Karger(G'(V,E),w)
7) return mingyuyq,){G1, G2}
CJ102KHOCT:
Ha osuauum ¢ T'(n) cioxuocTTa 10 Bpeme Ha ajropurbma Karger.
Tsa ynosrersopsiBa pekypenrrara dhopmymna 1'(n) = 27( {%1 +1) + en?.
Penrermero ma Tasm zapucumoct (Mactep Teopema) e T'(n) = O(n?lg(n)).
Bpoar sbpxose (%1 + 1, KOUTO OCTAaBAT HECBUTHU Ha PEJ 5) HE € CIyUacH, TOM J1aBa BEPOSITHOCT 3a
OLE/ISIBAHE HA KOHKPETEH MUHUMAJIEH Cpe3 1oHe 1/2 npu npeMuHaBAHETO HA CI'bBAHUATA OT pei H).

Jlema K 3 ce mpusiara TyK.

Jlema K 4: BeposrHocTtTa anropuntbMbT Karger jna He crbHe pebpo OT KOHKDETEH MUHWMAJIEH
cpes e Q(1/1g(n)).

JlokazaTeacTBOTO HA JIEMATa M3MOI3BAa THHKH PEKYPEHTHU CMETKHU U TTOCOYEHOTO TMO-TOpe Chobpa-
JKeHNe 32 Olle/IisiBate Ha Cpe3a MK NpeMUHaBaHe Ha pej| 5) ¢ BepositHOCT moHe 1/2. Hama na ro numa
TYKa, CJI0KHAYKO € !

Teopema 3a CI0XKHOCTTa Ha alropuThbMa Ha Kaprep: 3a ga JocTUrieM MpOU3BOJIHO MAJKa TPEIIKa, €
IOCTATHIHO Jla cTpaTtupame aaropurbma Karger clg2(n) nbrr. ObIara CI0XKHOCT HA MHOT'OKPATHOTO
u3mrbHenne e O(n?1g3(n)).

Hoxazaregacrpo: CiiefiBa OT aHa/M3a HA CA0KHOCTTA HA €JIWHWUIHOTO M3M'bjHeHue, jema K 4 u
JIEMaTa 32 [OBTOPEHUSITA.

Kaprep mocousa Haii-106p0o Bpeme 3a ieTepMIHEPAH anropuThbM Kbm 1996r. omernxa O(mn+n?1g(n))
3a aaropuTbM oT 1992r. ma Nagamochi-Ibaraki.
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