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I'maBa 1

NcTopus Ha Teopusita Ha rpadure

Tepmunbt “graph” ce nosiBsiBa 3a wbpBHU I'bT B craTus B Nature Ha n3BeCTHUS MaTeMaTwK James
Sylvester npe3 1878 1.7, Ho HawamOTO Ha TeopuATa Ha rpaduTe € TOCTABEHO BEK 1 IOJOBUHA ITPEH
ToBa OoT reHuaHusg MateMaTuk Leonard Euler. [Ipe3 1735 r. Euler pemasa ejna neperniena jgorora-
Ba 3ajlava, U3BECTHA KaTo 3adavama 3a cedemme mocma Ha Konigsberg. Ilpean na dpopmynupame
3aJladaTa eTo MaJKo mogcnenus. B rpan Konigsbergt B Mzrouna IIpycus Teue pexa Pregel. B
rpajia HacpeJ] pekaTa UMa J[Ba FOJIEMH 3aCTpoeHn ocTpoBa eauH 1o apyr — Kneiphof (K) u Lomse
(L). Ksaprasbr na ceepaus opsr e Altstadt (A), a Ha roxxuusi, Vorstadt (V). Kneiphof e cebpsan
¢ 1Ba mocta ¢ Altstadt, ¢ npyru nBa mocra ¢ Vorstadt u ¢ eqma moct ¢ Lomse. Lomse ocsBen ToBa
e cebp3aH ¢ equa mMocT ¢ Altstadt u ¢ equn moct ¢ Vorstadt. Kapra Ha rpajga ¢ pekara u jgBara
ocTpoBa e nokazana Ha Purypa 1.1. Kaprara e B3eta oT yuKHIIC/ 1.

®Purypa 1.1 : Kapra va Konigsberg.

KONINGSBERGA

fCraBa myma 3a “graph” B cMHCbia Ha JMCKpETHATa MaTeMATHKA; Ha aHIIMCKH “graph” o3HauaBa CbIIO U
rpaduka Ha (QyHKIMsI, KOETO € CbBbPIIEHO pa3/nIHo Hemlo. James Joseph Sylvester e ¢b3a/1 wii BbBeJI B JIHEITHUS
CMUCHJI MHOI'O MaTeMaTHIeCKd TePMUHM, HapuMmep “matrix” u “discriminant”, Kouro moji3BaMe u JHEC.

Tpax Konigsberg Beue He chiectByBa. ['pabT € ocHOBaH mpe3 1255 . 0T TEBTOHCKHUTE pUIlapu Kpail bpera
na Basrruiicko mope u no kpas na Bropara CseroBra Boiina e riaBHusgT rpaj Ha repManckara Tepuropus 3-
Touna [Ipycusa. Ilpe3 Boitmara rpaabT e mouTrn u3isIo paspymreH. [lobeanremure BbB BoiinaTa orHeMaT V3TOUHA
IIpycust or I'epmanusa 3aBunaru. Kénigsberg 3aemmno ¢ Tepuropusita OKOJIO HETO CTABAT ChBETCKU, a MTOCTPOCHUSIT
HAaHOBO rpaJi e HapedeH Kajuuuurpau. Coen pasnaganero Ha CbBerckusi Cbio3, BBIIPOCHATA TEPUTOPUS 3a€THO C
Kanuuunrpa s ce okassa pycku ankjaB mexkay [lommma u Jlursa Ha Gpera na Basruiicko mope.


https://en.wikipedia.org/wiki/K%C3%B6nigsberg
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@urypa 1.2 nmokaspa cxema Ha Ipaja ¢ detupure KBaprtaaa K, L, A u V, pekara u cememre Mocra.

®Durypa 1.2 : Kapra nHa Konigsberg ¢ o3nayenus.

§ ‘Lomse (L

IMTokazanu ca ocrposure Kneiphof (K) n Lomse (L), kBaprammre
Altstadt (A) u Vorstadt (V), peka Pregel B cunbo n cejiemre mocra.

CamMmara 3a1a4a e:

a ce namepu pazrodka 6 epada, K0AMO 3aN046a 68 HAKOTU om wemupume keapmana K,
L, A uau V, munasa npes ecexu om cedemme MOCMaA MOYHO NO GEOHBIHC, U 3G6BPULEA
8 COULUA KBAPMAA, 6 KOUMO € 3aN0YHAN.

B opurunnanmnara crarus na Euler nsima m3uckBane pa3xojikaTa Ja 3aBbPIIBA TaM, KbJIETO € 3a-
nouHasta. Jlasm kurenure Ha rpajia ca UCKAJIM JIa pa3xojKaTa Ja € 3aTBOpeH MapmipyT, a Euler
e TIPOITyCHAJI TOBa M3UCKBaHe, WM He, HIMa OCODEHO 3HadYeHWMe. B MOMeHTa MOYKeM Ja PennM C
JIekoTa 3ajiadara u B jBara Bapuanta (Bxk. Ceknus 2.10). Tyk jmomyckame, de pasxojkara TpsiOBa
Jla 3aBBPINBA TaM, K'bJIETO € 3al0vHaJa.

Xopara or Konigsberg ibiro ce onursa/iu Jia OTKPUAT TaKaBa Pa3xojiKa B rpaja U He YCIIsTBa-
sm. Euler, xoiito mo ToBa Bpeme e paborun B Akamemusta B 6uskust Caakr [lerepOypr, permn
3a/1adaTa npu nocemenne B Konigsberg, mokaspaiikm, de TakaBa pasxojKa He ChIeCTByBa. Pere-
HUETO U3MOJI3Ba MATEeMaTUIECKN O0EKT, KOWTO JHeC ODUXME HAPEKJIU HEeOPUEHMUPAH MYAMULPap.
Opurunassoro pemenne na Euler [24]" ne ¢bibprka Tepmuna epagd HUK'bIe, HATO ChIIbprKa PUCYH-
ka Ha rpad. Ho 1o cbiecTBO HEroBOTO peliieHne ce 0OCHOBaBa Ha TOBa, KOETO JiHeC Hapudame rpad.
Toit m3no3Ba 1o ejiHa 6yKBa 3a BCEKU OT YeTUPUTE KBapTaJja, 110 eJiHa OyKBa 3a BCEKU OT CeJIEMTe
MOCTa, U pa3l/IekJIa Bb3MOKHUTE pEIeHns KATO CTPUHTOBE OT Te3U OYKBHU — HEIO, KOeTO JTHEC
buxme Hapekm yuksa 6 epag. Olne B caMoTo Hadaso Ha cratusTa cu Euler orbessizBa, de tasm
reoMeTPUYHA 33/1a9a € KOPEHHO Pa3JIMdYHa OT HOPMAaJTHUTE NeOMETPUYHU 33/1a91, KOUTO BKJIIOYBAT
HAKAKBH TojleMuHu. Buler rosopu 3a HOB Tull reomerpus?, BbBeena or JIafloHuI, B KOATO HAMA
TOJIEMUHU U [IPECMSITaHUs Ha TOJIEMUHHU U KOSITO Ce 3aHMMaBa caMo ¢ B3auMmuuTe rosurmn; Oiirep
d HApUYa ‘TeoMeTpHus Ha MO3UIUUTE .

fCkanupano komnme Ha OpUTHHAJHATA cTaTus Ha Euler e cBOGOIHO JOCTHIHO OHjaiiH. OPUrHHAIHATA CTATHS
obadve e Ha JIATHHCKM, KOETO f IIPABH HEJOCT'bITHA 38 MaCOBU: CbBPeMeHeH uurtares. [Ibiien mpeBo/i Ha aHIVIMIICKH
Ha Ta3W CTATHs UMa, HAIpUMeED, B KHurara Ha Biggs, Lloyd u Wilson [12].

tKoaTo amec 6uxMe HADEKIH MON0A0ZUA.
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CreaHoTo MOMYJIAPHO pelleHne Ha 3aJadaTa € OCHOBaHO Ha permrenueTo Ha Euler. KirodoBoro
HAOJTIOJIeHIe e, Je 3a IeJnTe Ha Tas3W 3ajada, (popMara U pa3sMepuTe Ha JaCTUTE OT peKaTa, OCT-
pOBHUTE, KBapTAJIUTE U MOCTOBETE HIMAT HUKAKBO 3HaUYeHNe. FIMHCTBEHOTO, KOETO NMa 3HaYeHNe,
e m3mex 1y derupure obekta K, L, A m V, Koit ¢ Koit e cBbp3aH, U IPU TOBa C KOJKO MOCTA.
HambiHo jocTarsbaHo e jga ce MUCIn 3a abempakyus Ha Tpaja, B KoaTo Bcekn or K, L, A u Ve
MIPOCTO €JTHA TOYKA, KATO HIKOW JIBONKN TOYKH Ca CBbP3aHU C HIKAKBU BPb3KH, a JIpyru, He. Te3u
BP'B3KHU, €CTECTBEHO, OTTOBApPAT Ha MocTOBeTe. MoKe Jla ce MHUC/IM 38 CXeMa, B KOSTO:

e ugerupure Touky K, L, A u V ca HapucyBaHU B HSIKAKBO MOJIXO/ISIIIO PA3IIOIOKEHNE B PABHU-
HaTa, KOeTO MOXKe Jla HIMa HUIIO ODOIIO C TOBA, KaK Ca Pa3MOJIOKEeHN ChOTBETHUTE KBAPTAJIN
B PEAJTHUS TPaJl, U

® Ha BCEKM OT CEeJEeMTE MOCTa OTTrOBapsd €JHa BPb3Ka MEXK/y CbOTBETHUTE TOYKN, YAUTO II'bP-
BOOOpa3M CBHP3Ba BBLIPOCHUAT MOCT, U

® BCsIKA BPb3Ka MEXKJY JBE TOUKH € OTOe/Ig3aHa C JUHUST MEXKIY TIX, KaTO eOMeTPHUsITa Ha
Te3W JIMHUU MOXKE JIa HsIMa HHIIO ODIINO ¢ TeOMEeTPHUsiTa Ha PeaJHUTEe MOCTOBE.

[Ipumep 3a TakaBa cxema nma Ha Purypa 1.3. 3abessizBame, Ye B3aUMHOTO PA3IOJIOXKEHUE HA
toukuTe Ha Purypa 1.3 HsMa HUIIO OOIIO ¢ PA3IOJIOKEHIHETO HA ChOTBETHUTE KBAPTAJIU B IPaJIA.
Baxknoto e, ge Touka K e cBbp3ana ¢ Touka A 1mocpecTBOM JiBe PA3IUIHN BPb3KU-TUHUU, KOUTO
oTroBapAT Ha jJBaTa MocTa Mexry Kneiphof n Altstadt, n Taka HaTaThK.

®Durypa 1.3 : Ab6crpaknus Ha Konigsberg.

3a Jla PENINM 3a/lavdaTa, JOCTATbIHO € Jla pa3lyielaMe TO31 0DEKT.

Besika pasxosika B Tpajia, KOATO MUHABA IIPe3 CeJleMTe MOCTa TOYHO BeJHDBLXK W 3aBbPINBa B
KBapTaJ/a, B KOITO e 3all09HaJia, MOXKe Jla ce IPeJICTaBi KaTo Pa3xojika B 00eKTa, HApUCYBaH Ha
Qurypa 1.3, KodTO MUHABa [IPe3 BCsIKa JIMHUS TOYHO BEIHDBK U 3aBbPIIBA B Ta3U TOYKA, B KOSITO
e 3arnouHasia. Kuler 3abess3ast, ye TakaBa pa3xojiKa MMa, CaMoO aKo:

® 3a BCJKa TOYKA MMa Y€TeH OPOM JIMHIK, KOUTO M3JIM3aT OT Hesl. 3aI0? — 3aII0TO IIPU TaKaBa
pasxojiKa, Ha BCIKO “‘m3/m3aHe” OT TOYKaTa TPAOBa Jla CbOTBETCTBA TOYHO €HO ‘Bian3aHe’
cJIeJT TOBa, U

® JIMa BBb3MOXKHOCT JIa MAEM OT BCAKa TOYKa J0 BCAKa JAPpYyra TOYKA.
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B ¢bBpemeHHaTA TEPMUHOJIOIHS Ka3BaMe, Ye BCeKU 6pax Ha rpada TpsadBa Ja UMa YeTHA Cmenen
u rpadbT TpOBa J1a e cBbp3aH, 3a ga uma Otaepos yursa (BxK. Ceknus 2.10). Samauara 3a MOc-
toBere Ha KOnigsberg Hsima perenue, 3amoTo UMa BbPXOBe OT HedeTHa cTerneH. [Ipouee, BCHIkn
BBLPXOBE ca OT HedeTHa CTeIleH, HO € JOCTATHIHO Ja UMa IOHe euH BPbLX OT HedeTHa, cTelleH', 3a

Jda HAMa pelieHue.

[Toseue nrdopmarus 3a ncropusra Ha Konigsberg n mocroere Ha Pregel nma B [30].

TI{aKTO CcTaBa {ACHO OT C.HQ,ZLCTBI/IG 1, 6pOHT Ha BBPXOBETE OT HEYETHa CTEIICH TpH6Ba Ja € 9€THO YHCJIO, TaKa
e He MOzKe Ja UMa TOYHO €IWH BPbX OT HEYETHa CTEIICH.
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Heopuentupanu rpadpu u HeopueHTUPaHU
MyJITUrpadpn
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2.1 OobuxkHoBeHU rpadm.

2.1.1 Omnpeaenenne

OmpejiesiennsiTa B Ta3u ceKius ca Om3ku jio onpeenenusta B [27|. TloguepraBame, ye Beuuku
MHOYKECTBa, KOUTO pa3rjexkjaMe, ca KpaiHu.

CbBpemeHHOTO TIOHATHE “Tpad”’ € YucTo TeopeTuko-MHoxkecTBeno. Oupejesenne 1 HMa HUIIO
reOMEeTPUIHO WJIM TOIIOJOIMYHO B cebe cu. 3a Ja pasdepeM KakBo e “rpad”’, mocTarbaHo € J1a
3HaeM KakKBO € ‘MHOKecTBO”, “IIOJIMHOXKECTBO”, “Hape/ieHa JBOiKa U “MOIIHOCT Ha MHOYKECTBO .

Omnpenenenne 1: I'pad, BbpxoBe u pedpa

I'pag e mapenena npoiika G = (V,E), Kbjero V e HelmpasHO MHOXKECTBO, YUUTO €JIEMEHTH
ce Hapu4JaT 65proGe, E e MHOXKECTBO, YMUTO €JIEMEHTH ce HapudaT pebpa, KaTo

Ec{XcV:|X| =2}

OOMKHOBEHO BbPXOBETE Ce 3allUCBAT C MaJIKU JATHHCKA OYKBHU KaTo W, v u T. H. lIMenara Ha pebpa-
Ta OOMKHOBEHO Ce 3alliCBaT KaTo €1, ey U T. H. Tbil KaTo BCAKO Pebpo e AByeJIEeMEHTHO MHOXKECTBO
OT BBHPXOBE, €CTECTBEHO € Jia OlpejesiMe pedpara KaTo JBYEJeMEHTHU MHOXKECTBA, 3aIMCBANKN
marnpumep “e; = {u,v}”. TakbB 3ammc obade He ce M3MOI3BA, a ce u3noiusea “‘e; = (u,v)”. Tosa
MIPOTUBOPEYN Ha HalllaTa KOHBEHINs, Ye (PUTYPHUTE CKOOW ce M3IOJI3BAT MPHU JIUICA Ha Hapes-
Oa, a KpbIvinTe, Ipu Hajau4due Ha Hapeada. Ho Hume cMme UIrbXKHU ja ce ¢hbOOPasuM ChC CBETOBHO
npueraTa KOHBEHIIMs 3a 3almc Ha pebOpa Ha rpad. A T4 e, pebpara Ja ce 3alucBaT ¢ KpPbIJd
cKOOM, HE3aBICHMO OT TOBA, JAJIH BhpPXOBeTe ca HapejeHn i ue! . Ul Taka, 3amucBaiiKu 1a1€HO
pebpo kaTo (u,Vv), HEe HAMaMe HPeJBUJ, HapeeHa JIBOHKA, a UMaMe MPEeJIBUJ] MHOKECTBOTO C
eJIEMEHTH W 1 V.

KouBenmnus 1

Koraro craBa mayma 3a rpadcdu, OykBaTta n o3HadaBa Opos Ha BbPXOBETE, OCBEH aKO HE €
neduHupaHa MHaYe, ¥ OyKBaTa M O3HadaBa Opos Ha pedpara, OCBEH ako He e jiepbuHupaHa
nnade. Turmuen 3amuc e V = {vy,vo,..., v} n E = {ej,e2,...,emn}.

KonBenmus 2

Jpyra nosie3Ha KOHBEHIHS €, aKO € JIajeHo uMeTo Ha rpada, jTa KaxkeM G, HO HMeHATa Ha
MHOKECTBOTO OT BbPXOBET€e U Ha MHOXKECTBOTO OT pebpara ca HeM3BECTHH, J1a TH O3HAYABAME
cvorBetHO ¢ “V(G)” n “E(G)”.

®urypa 2.1 mokassa npumeper rpad G = ({u,v,w,x,y,z}, {er, es, e3, €4, €5, €, €7, €s}), KbIAETO
€1 = (LL,V), €2 = (U,,X), €3 = (LL,W), €4 = (X7W)7 €5 = (V,W), €6 = (X79)7 er = (Vay)a €g = (Way>
Kakro ce Bmka, Bb3MOXKHO € rpadbT J1a UMa BbPXOBE, KOUTO HE Ca B HUTO €IHO PedPO, KaTo
BPBX z B cIydas. TakuBa BbpXoBe ce HApUIaT U30AUPGHU.

TKakro mie Bumum B ['1aBa 3, npu opuenTupanuTe rpacdu, IPH KOUTO UMa Hapeba MexK Iy BbpXosere, pebpara
C'BINO Ce 3AIUCBAT C KPBIVIH CKOOH.

Ima ome enma KoHBeHIHMsA: pebpaTa Jla ce 3alUCBAT CAMO 4pe3 MMEHATa Ha BbPXOBeTe, JIOJIEHEHH €IHO [0
apyro, 6e3 HUKAKBU CKOOW, Hampumep “e; = uv’. TakaBa KOHBEHIIMs ce TI0JI3Ba HalpuMep B KHurata Ha Diestel
[18]. B Te3u JIEKIMOHHM 3aIIMCKH HIMA JIa [OJI3BaMe Ta3u KOHBEHIUsL.
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®Purypa 2.1 : Pucyuka Ha rpada Gj.

u v
€1
Q @)
€3 €5
w
z
(23 €7 O
€4 (13
X
€6 &
O O

Bb3MoxKHO e pebpara Jia He ObaT UMeHyBaHu siBHO 1 Torasa mmimeM G = ({u, v, w,x,y, z}, {(w,v),
(w, %), (w,w), (x,w), (v,w), (x,9), (v.y), (W, y)}).

Hab6mamonenue 1

B Omnpenenenne 1 nacrosgBame, de V + (F, a JoIycKaMe Bb3MOXKHOCTTa E = (.

Hsawma cbmecTBena mpedka MHOXKECTBOTO OT BBPXOBETE Jia € MPa3HO, HO € IMO-YI00HO J1a
JorycHeM, de V Buraru e Herpasao. OT 1pyra cTpaHa, B MHOTO CUTYAIlNN € BaXKHO JIa MOYKe
Jla HsIMa, HUTO eJHO pebpo, Taka de TpsiOBa ja paspemmmM E a e mpasHo.

Onpenenenne 2: IIpazen u TpuBuajeH rpad.

Heka G = (V,E) e rpad. Ako E = (J, ka3Bame, ue G e npaszen epagh. Ako E £ &, G e
nenpasen. Ako |V| = 1, kazBame, ye G e mpusuasen 2pag.

Babenexere, de [V| = 1 Biede |E| = 0, raka e TpuBnasen rpad e yacTeH ciydail Ha mpaseH rpad.

Mmuoro BaxKHO € ja ce pa3depe, e PUCYHKa Ha JiaJeH rpad e IMPUHIAITHO PAa3JIMYHO HEMI0
ot rpada. AHAJOITIHO, CHUMKa Ha YOBEK € HEIlo Pa3InvdHO OT Y0BeKa, KOINTo e cuuMaH. ['pad b
€ TEeOPEeTHKO-MHOXKEeCTBEH OOEKT: HapeeHa JBOIKa OT HAKaKBH MHOXKecTBa. /lajiena pucyHka Ha
TO3H rpad € caMo CPeJICTBO TOM J1a O'b/1a BU3ya/In3upaH Taka, 1ue jia O'bJie yI00HO Ha duTaTe/is jia C1
ro npejcTasu. Eun rpad Moxke J1a 6bJie HapucyBaH 110 0e30poil HAYMHYM, HO BCUYKU T€3W PUCYHKHU
CU OCTaBAT PUCYHKH Ha eJuH u cbinu rpad. Jopu 1a dpopmaansupame MoHATHETO “pUCYHKA U Jia
FOBOPHUM 3a NeOMETPHYEH O00EKT, ChCTOMII, e OT TOYKNA U KPUBU B PaABHUHATA, TO3U MeOMETPUIEH
00eKT OM OWJI HMPUHIUITHO Pa3/JIUIHO HEIIO OT ChOTBETHUs I'pad — reoMeTPUIHUAT OOEKT € II0-
CJIOYKEeH, HETOBUTE TOUKHM NMAT HAKAKBU KOOPJIUHATH U HETOBUTE KPUBU UMAT HIKAKBU yPABHEHUS,
JIOKaTo 1pu rpada 3a KOOPIMHATH HA TOYKUTE U 38 YPaBHEHUs HA KPUBUTE HE cTaBa gyma. Moxkem
Jla KaykeM, 4Je Ha eJuH TIpad cbhboTBeTCcTBAT 0€30pPOil MHOTO T'€OMETPUYHHM OODEKTH B paBHUHATA,
KOUTO ca n3oMopdHn! MOMeXKIy cH, a rpadybT ce gpdaBa TaxHa abcrpakius. Hampumep, apyra

TBmkre Cexmus 2.8 3a ompenesternue Ha “n3oMopdusbM ma rpabn’. MoxeM na meduHrpaMe n n30MOphUIbM
ME2K/ly T€OMETPUYHU IPadU.
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BL3MOYXKHA pucyHKa Ha rpada or @urypa 2.1 e nokasana na Purypa 2.27. Vmenara na pebpara
ca m3IycHaTH Ha (urypara.

®durypa 2.2 : /Ipyra pucysnka Ha rpada G; or @urypa 2.1.

2.1.2 CwbceacTBo M MHIUMAEHTHOCT.

Omnpenenenue 3

Heka G = (V,E) e rpad. 3a Bceku jBa Bbpxa U 1 v, TakuBa 4e (u,v) € E ka3Bame, de u
u v ca cscedu. 3a BCeKH Be pebpa €1 U e, TAaKWBa |Ue e; N ey + (J Kazsame, 4e e U ey Ca
unyudenmuu. 3a BCEKH BPbX U U BCAKO peOPO €, TAaKOBa Ue U € e KasBaMe, e pebpomo e €
unyudernmno ¢ epsxr w. Ako e € E m e = (u,Vv), To KazBame, 9e U U V ca KpauuLama ma e.

Karo nmpumep na pasriename rpada G; na @urypa 2.1. BbpxoBere u u v ca c¢beeim, W 1 Yy
He ca CbCeU, z HE € CbCeJ] Ha HUKOI BPbHX, W U € Ca UHIUJAEHTHU, W U e; He Ca WHIUIAECHTHU,

KpauIiaTa Ha ey ca V U Y, I TaKa HaTaTbK.

CeeacrBoTOo onpeiesis pesalust Rg € VXV, takaBa ge Vu € V : uRgv <> u u v ca cbeean. [le
HapHUaMe Ta3! pesalyd, pesauuama na cscedemeo 6spry G . Ouesnnno, Rg e antupediiekcusna’
(3aIoTO HUKON BPBX HE € Cbhee] Ha cebe CH), CHMEeTPHYHA U He € TPaH3WTHBHA. AHAJOTUTHO,
MHITMJIEHTHOCTTA MEXKIy pedpaTa oIpeesis pesaliis ¢bC ChIIUTE CBONCTBA.

2.1.3 Crenenu Ha BbpXOBe.

Onpenenenne 4: MuoxxkecrBa N(u), N[u] u I(u).

def

Lf {ve V|umuvcacbcenu}, N[u] =

Heka G = (V,E) e rpad. 3a Bceku Bpbx u e V, N(u)
N(u) u {u} u I(u) &f {e € E| e e mHIMAEHTHO C U}.

Tesu ompejiesieHns €CTECTBEHO Ce NMPEHACAT M 38 MHOXKECTBa OT Bbpxose: ako U S V| To
N(U) = Uxeu N(X)\uv N[U] = Uxeu N[X] il J(U) = Uxeu j<X>‘

THa @urypa 2.2 KoM KpUBHU, KOUTO IPEICTABISBAT pebpa, ce mpecmuaT. ToBa He 03HAYABA, Ue B TOUKHUTE
Ha mpecndane mMma BbpxoBe. Kakro mie Bugnm B Cekius 2.13, He BUHAIM € BB3MOXKHO Jia HapucyBame rpad B
paBHUHATA IO TAK'bB HAYNH, Y€ KPUBHUTE, KOUTO OTIOBAPAT Ha pedpaTa, /1a He Ce IPECUYAT BbB BHTPENIHA TOUKH.

B maxaxkbB cMICHI, Rg 1 G ca eJIHO 1 IO Hello, 3amoTo pebparta Ha rpada 3a/1aBaT eTHO3HATHO BhIPOCHATA
peJarust u o6paTHOTO. HesHaumTeIeH TEXHUIECKH JIETAMI € TOBa, Ye PEeJIallisiTa ce CbCTOU OT HapeIeHU JIBONKH, a
pebpaTta ca HeHapeJIeHH; OCBEH TOBa, aKO NMMa M30JIMPAHU BbPXOBE, Te HE yIacTBAT B HUTO €/[HA HapeJIeHa JBOWKA
Ha peJIAIUSATa U, OT HeifHa IJIeHA TOYKA, TSX IIPOCTO I'M HIMA, JTOKATO B rpada I'u uMa.

SKakro me puanM B Cexmus 2.2, aKo HO3BOJUM B Tpada Ja HMa TaKa HapedeHHTe Nnpumky, KOUTO ca pebpa,
BCSKO OT KOWTO MMa 3a J[Ba Kpas €IMH U CHIU BPbX, PEJAlUATAa He € HEIPEMEHHO aHTHUpedJIEKCHBHA, 3aII0TO
TOraBa MOKe BPBX Jla € C'bCell Ha cebe Ch.
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Karo mpumep 1a pasriename rpada G; ma @urypa 2.1. N(u) = {v,w,x}, N(w) = {u,v,x,y},
N(Z) =, N[W] = {uavaw7xvy}7 N[Z] = {Z}7 N({va}) = {u,v,x}, N[{va}] = {u,v,w,x,y},
I(y) = {es, €7, es}, I(z) = &, 1 Taka HATATBK.

Onpenenenne 5: Crernen Ha BPbX.

Heka G = (V,E) e rpad. 3a Bceku Bpbx U € V, cmenenma wa w e |I(w)].

Horamusa 1: d(u), A(G) u 5(G).

Heka G = (V,E) e rpad. C d(u) GemexxuMm crementa Ha W, 3a BceKn BPbX u € V. Ocsen
toBa, A(G) = max {d(u) |ue V} u §(G) = min {d(u) |ue V}.

Karo npumep ja pasriegame rpada Gy na @urypa 2.1. Ilo ornomenue na wero, d(u) = d(v) =
d(x) =d(y) =3, d(w) =4 u d(z) = 0. Ocen ToBa, A(Gy) =4 u §(Gy) = 0.

Honbaaenue 1: /Ipyro Bb3MoXKHO AeduHUpaHe Ha ‘“‘cTelleH HAa BPbX’

Ha npbB morien, Bb3MOKHO € j1a jgeduHupaMe “‘cTelleH Ha BPpbX U TaKa: CTEIleHTa Ha W e
Oposr Ha cbeeaure Ha u, ToecT d(u) = |N(u)|. Ako crasa jyma 3a OGMKHOBeHU rpadu,
KaKBUTO pasriiezkaMe B MOMEHTa, TOBa OIpejie/ieHre € EKBUBAJIEHTHO Ha OmpeseseHue 5.
Ho, xakro me Buanm B ['maBa 2.2, Onpenenenne 5 ce mpeHacs IUPEKTHO BbPXY HEOPHUEH-
TUpanu MyjaTurpadu, crura Te ja HaMmar npuMku. [la pasriegame nak mysrurpada Ha
Qurypa 1.3, KOiTO ce MOsiBE B MCTOpmWYeckara crpaBka. Ako npumoxknm Otpenesienne b
JIMPEKTHO, IIe MoJIydnM, 4e Bpbx K mma cremen 5, 3amoro uMa 5 pedpa, WHIUJIEHTHU C
nero. Ot Japyra crpaHa, ako JeduHApaMe CTeIIeHTa Ha BPbX KaTo OPOST Ha ChCeIuTe My, Ou
tpsabBao K na mma crenen 3. Ot msnoxkenunero B Ceknug 2.2 craBa siCHO, Y€ MMa CMUCHII
crerrenTa Ha K j1a e 5, a ne 3.

OueBHjIHO €, Ye M30JIMPAHUTE BbHPXOBE Ca TOYHO BbLPXOBETE OT CTEIEeH HyJja. 3a BbPXOBETE
OT CTeIleH €JIHO CbINO MMa TEPMHUH — T€ Ce HAPUYAT 6UCAULU BHPXOBE, Ha aHrymiicku pendant
vertices. I'padpbr na @urypa 2.1 mama Bucdimm Bbpxose. [Ipumep 3a rpad, KOUTO MMa BUCHIIL
BPbX, € nmokasan Ha Purypa 2.13 — TaM W e BUCAI BPbX.

Hab6maionenue 2: MakcumaJjHa cTereH Ha BPbX.

Ba Beeku rpad G, A(G) < n — 1, 3am0T0 BPbX MOXKE Ja € ChCeJ| HAl-MHOIO Ha BCHYKU
OCTaHAJII BbPXOBe.

3a Bceku rpad G = (V, E) e usmbiHeHo:

Joka3zaresctBo: Cymara B jigBaTa CTpaHa Ha PABEHCTBOTO OPOM BCAKO pedOPO TOYHO JIBA II'HTH.
O
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Ciaencrsue 1

3a Bceku rpad G = (V, E), 6podT Ha BbPXOBETE OT HEUYETHA CTEIEH € YeTHO UUCIIO.

Hoxka3zarencro: I[Ipunomusme cu, 1e Y, ., d(u) = 2m. Ouesnuno V ce paszbusal na Ve, Bbp-
XOBeTe OT "eTHa cTerieH, u V,, BbpXoseTe OT HedeTHa crenen. Toraa ) .\ d(u) = > .\ d(u) +
Duev, d(w). Ouesmano Y .\ d(u) + > oy d(u) = 2m. Twit xato ), ., d(u) BuHArE € YeTHO
qHCTI0, TO Y.y d(U) CBINO Taka BUHATM € UeTHO UHC/IO, MOHexke Y, .\ d(u) m X . d(u) ce
CYMUPAT JI0 YeTHO YUCJIO, & UMEHHO 2M.

[Mowm Y} oy, d(u) e TeTHO |ICro, 33/ ILIKUTETHO € BAPHO, 1e [V,| e geTHo [mco. 0

Omnpenenenne 6: Pemuiia or cremeHure.

Heka G = (V,E) e rpad. Peduyama om cmenenume na G e peuiiaTa OT GUCIATA-CTEICHN
Ha BbpXOBe B G, MMOJIPE/IEHN B HEHAMAJISIBAIIL PeJI.

Hamnpumep, peaunara ot crenenute ua rpacda Gy or @urypa 2.1 ¢ 0,3, 3,3, 3, 4.

Crnennara jema e n3BecTtHa Kato ‘the hand-shaking lemma”. Hedopmasnno, s Ka3Ba, e B mpous-
BOJIHA I'PYIIa XOPa, KOUTO Ca Ce 3/IPABUCAJIH 0 IIPOU3BOJICH HAYUH [TOMEXK/y CH, UMa IOHE J[BaMa
JIyTIIN, KOUTO Ca Ce 3JIPABUCAJIN €JIMH U CbITU OPOil IbTH.

Jlema 2: The hand-shaking lemma.

Heka G = (V, E) e rpad c none nBa Bbpxa. ChIlecTBYBAT IIOHE JBa Pa3IMIHUA BbPXa U,V € V,

rakusa de d(u) = d(v).

HoxkazarencTBo: TBbLPACHUETO € eKBUBAJICHTHO Ha TBBPJCHUETO, Y€ B PEAMUIATA OT CTEICHUTE
nMa IoHe eaHo noprapgane Ha exementun. Ot Habmogenne 2 sakmodasaMe, de 3a BCEKH BPDBX U,
d(u) € {0,1,...,n— 1}. ToBa ca n pazauqnu croitnoct. ChC caeTHUTE CHOOPAYKEHNST OTPAHTIA~
BaMe BL3MOXKHUTE CTOMHOCTH 110 camMo 1. — 1.

Ha nomycuem, ge rpadbT UMa MOHE €IUH M30MpaH BpbX. ToBa o3HavaBa, Ye PEIUNATa OT
crenenuTe 3amousa ¢ 0. JlecHo ce BUXKIa, Je ToraBa HaAMa BPbX OT CTEHEeH N — 1: aKO MMa BPbX OT
crerieH . — 1, Toit TpsaOBa J1a € C'bCe/i Ha BCUYKU OCTAHAJM BbPXOBE, BKJIIOYUTETHO U HA BbpPXa OT
crenen (), KoeTo IIpoTUBOpedn Ha ¢akTa, e BpbX oT crereH 0 Hama cbheean. [lokazaxme, ue HsIMa
Bpbx oT crened n — 1. Torasa, 3a Bcekn Bpbx u, d(u) € {0,1,...,n — 2}. Ho roBa ca camo n — 1
pasyimanu croifnoctu. A Bbpxosere ca n. Cbrytacno npunnuia Ha Jupuxiie, TpaoBa jga uma MoHe
JBa Bbpxa U u v, Takusa de d(u) = d(v).

Cera ma JomycHeM, [de HsMa H30JHpaHi BbpxoBe. Torasa 3a Bceku BpbX u, d(u) € {1,2,...,
n — 1}. Ho ToBa ca camo n — 1 paznuunu croiinocru. A Bbpxosere ca n. ChIVIACHO MPUHIAIIA HA
Hupuxiie, TpabBa jia ¥Ma MOHe JiBa Bbpxa W u v, TakuBa de d(u) = d(v). O

THesnaunTesHa OAPOGHOCT €, e TOBA “pa3buBaHe’ MoOXKe /13 He e pa3buBaHe CbIVIACHO (hopMasHATa 1eUHI-
IUs, 3aI0TO BCSAKO OT V. U V, MOXKe ja e mpa3Ho. 1oBa e 6e3 3HaUeHne 3a BaJUIHOCTTA Ha JOKA3ATEJICTBOTO.

10
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/ onbiaaenue 2: 3agavaTa CbC 3JI[paBUCBAHUSITA \

Samauya 1

CewmeiicrBo CredaHOBH € MTOKAHWIO YeTHPH ceMmeiicTBa Ha roctu. Cjiell MpUCTUTaHeTO
CH, HIKOM OT TOCTHUTE Ce 3JIPABUCBAT C JPYTH MOCTH, Hsakou, He. HuKoii He ce 31paBucsa
CbC CBOA CBIIDYI' UK CbhIIPpyTa, HE C€ 3paBUCBa IIOBEYE€ OT BEJIHbL2K C €JUH U CbIIU
YOBEK, U €CTeCTBEHO He Ce 3JIpaBUCBa CbhC cede cu. Korato BCUYKU TOCTH Ca JIOILIH
n Ca HaCTaHEHHU, I'mH CTeraHOB IInTa BCEKU OT OCTaHaJIUTE XOpa (TOB& BKJIIOYBa "
HeroBaTa CbhIpyTra), ¢ KOJIKO JIyIIH Ce e 3jpaBucajia Win 3apasucai. Toii moaydasa
caMo pas3JIndHu OTTOBOpU. B KOJIKO 3/1paBucBanus € ydactBaj camusT r-u Credanon?

Tasu 3amada e or kaurara Ha Michalewicz u Fogel [43, crp. 26|, karo e mpemioxkeHa Ha
aproputre oT Peter Ross ot ynusepcurera na Edinburgh.

Pemenue: Crasa jyma 3a 1et cemeiictsa 061110, koeto o3Hadana 10 yoseka. [1le momesmmpa-
Me 3a1adaTa ¢ rpad. BbpxoBere ca jieceTTe YoBeka, a pebpo MKy JBa BbpXa Ce TMOCTaBd
TOTraBa M CaMO TOTaBa, KOTATO ChOTBETHUTE XOpa ca ce 3apasucain. Kazano e, ge r-u Creda-
HOB € TTOJIy9HJI CaMO pa3ImIHu oTroBopu. He e KazaHo eKCIIUIMTHO, HO ce To/Ipa30dupa, Je
r-u Credanos e nuras (1 mosyauna orroBopu or) 9 yoBeka. OUeBHIHO BCEKU YOBEK MOXKe Jia
ydacTBa B Hail-masko 0 ¥ Hal-MHOTO 8 PBHKOCTUCKAHUS, TIOHEXKEe He MOXKE JIa Ce 3/I[PABUCBA
cbC cebe CU U CbC ChIIpyraTa CU Wi CbIIpyra cu. ToBa ca 9 pazauyunu croitnoctu. Tbit KaTo
r-u Credanos e gy 9 pazaudnn qncia or 9 9oBeka, TO To e ays1 umenHo guciaara 0,1, ...,
8. Babenexere, e peaunara (0,1,...,8) He e peaurara oT creneHure Ha rpada, 3a1oTo
TOBa ca caMO CTelleHUTe Ha BbPXOBETEe Ha JIDYTUTe Xopa—He 3HaeM camudaT r-H CredaHoB B
KOJIKO 3JIPABUCBAHUS € yIACTBAJI, 32TOBA M CTEIeHTa Ha HENOBUS BPbX 3acera He ydacTBa.

a oznauum Bbpxa, chorBercTBall Ha -0 Credanos, ¢ X, a BbpXoBeTe, CbOTBETCTBAIIN Ha
OCTaHAJINTE XOPa, ChC CHOTBETHUTE YNC/IA, KOUTO Te ca kKazaju Ha r-H Credanor. /la cu
[PeJICTaBUM caMo BbpxoBeTe Ha rpada 6e3 pebpara (Bxk. Purypa 2.3).

®Durypa 2.3 : I'padbT Ha XopaTta: caMO BbpPXOBETE.

Jla pascbxkiaaBaMe Taka. Bpbx 8 He MoxKe Jia € c¢bees Ha BpbX 0, cjiejioBaTelHO BPbX 8
TpsAOBa Jla € cbces Ha BbpxoBe 1, ..., 7, KaKTO M Ha BPbX X; aKO HE € ChCeJl HA Te3:

11



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

BbPXOBE, HAMA KakK ja e oT creneH oceM. CresoBaresino, pebpara, nokazanu Ha Ourypa 2.4,
ca B rpada. Hemo moBede—3akiodaBaMe, de XopaTa, ChbOTBETCTBAIM Ha Bbpxose 8 u (),
ca ChbIIpyzKecKa JBOWKa, TOHEeYKe HAMa KO JIpyT Ja € ChbOPyT Wian chbipyra Ha 8, ocBeH (
(moMHUM, Ye CbIPY’KeCKUTe JIBOWKHM HE Ce PbKYBAT IOMEXKJY CH, a 8 ce e PbKyBaJ WK
PBKYBAJIa C BCUIKHA OCTAHAJIH).

®Durypa 2.4 : Tesu pebpa cbc curypHocT ca B rpada.

Bopxose 0 u 8 oTroBapgaT Ha ceMelina JBONKA.

Anajiornano, BpbX 7 He MOXKe Ja e cbheell Ha BpbX 0, 3amoro Bpbx 0 HIMa cbcelu, U He
MOXKe JIa € ¢'bCel Ha BPbX 1, 3aI10TO €IMHCTBEHUST ChCcell Ha BPbX € Bpbx 8. CregoBaTesHo,
BPbX 7 TpsibBa Jia € ChCe/l—OCBeH Ha 8—Ha BbpxXoBe 2, ..., 6, KAKTO U Ha BPpbX X; aKO He €
C'bCeJT Ha Te3W BbPXOBe, HIMa KaK j1a e oT crereH cejgeM. CiiemoBaTeiHo, pebpara, OKa3aH!
na @urypa 2.5, c¢bio ca B rpada. Hemo noseue—xopara, oTroBapsiiu Ha BbpxoBe 1 u 7,
C'BINO ca ceMeliHa JIBOiKa, 3aIl0TO HsMa KOW JIPYT Jia € ChIPYyT WU ChIPyra Ha 7, ocBeH 1
(Beue ycranoBuxme, de () € B ChIIpyzKecKa JBOIKa ¢ 8).

12
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®Purypa 2.5 : Te3u pebpa cbIIO CbC CUTYPHOCT ca B rpada.

Bopxose 1 u 7 orroBapgaT Ha Jpyra ceMeiHa JIBONKA.

AKO TIPOIBIKIM J1a pa3ChbKIaBaMe Taka, e 3aKJII09InM, de 6 e ¢bCcel—OCBeH Ha 8 u 7T—Ha
BbpXOBe 3, ..., 6, KAKTO W Ha BpbX X; U 9e 6 n 2 ca cbupyzxkecka gBoiiKa. CbINo Taka,
D e cheesl—ocBeH Ha 8, 7 m 6—ma BbpxoBe 4, ..., 6, KakTo 1 Ha BpbX X; 1 4e b u 3 ca
cbIpyKecKa JBoiika. OT pa3cbkaeHusATa JOTYK 3aK/I04uaBaMe, de rpadbT ¢bIbprKa IOHE
pebpara, nokazanu na Ourypa 2.6.

®Purypa 2.6 : I'padpbT Ha Xopata. OkasBa ce, 4Ye ToBa ca BCUYKHU pebpa.

PascbxknaBaiiku 3a BbpxoBe 8, 7, 6 u b, 3ak/odaBaMe, de nzobpasenure pebpa ca B
rpada. Yerupure ceMeiiHUTE JBONKN, KOUTO CM€ YCTAHOBUJIM, C& OTPAJICHHU.

Ho rpadbr HE MOXKe J1a chbpKa JIpyru pedpa—3a BCeKU BPbX U OCBEH X Bede yCTaHOBUXME
TOYHO KOU ca pebpara, NHIIUJIEHTHH ¢ U, TAKa Ie € HeBb3MOXKHO J[a UMa JIPYTH pedpa, 3a1oTo
ocBeH X Te TpsAOBa Jjia mMAaT orle e Kpait. 1 Taka, rpadpbT HA PHKOCTHCKAHUATA € TOYHO
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rpacdbT, mokasan Ha Purypa 2.6. [lerara cemeiina aBoiika MoxKe Ja Objie €IMHCTBEHO X U
BpPBX 4.
N rtaka, r-u CredanoB ce e 37paBucas TOYHO 4 I'bTH, 1 HETOBATa ChIPYTa € YeTBopKaTa. [

2.1.4 W3TpuBaHe Ha BbLPXOBE U peodpa.

Heka G = (V,E) e rpad c none nBa Bbpxa. Heka u e Bpbx B G. la usmpuem u om G o3nadaBa
na mpeobpasyBame G B G’ KbjeTo:

G" = (Vi{u}, E\I(w)

Haxparko mumem G’ = G —uf. Karo nmpumep: ako msrpuem BpbX w ot rpada G, na @urypa 2.1,
e nosyunm rpacda na Purypa 2.7.

@Durypa 2.7 : I'padpbr G; — W, kbaetro G; e rpadbT or Purypa 2.1.

u e v
O O
z
€2 €7 O
b 2 i
O O

I/I3TpI/IBaHeTO Ha BBPXOBE B HAKaKbB CMHUCDBLJ € aCOOUATUBHO: aKO 1€ TpHUEM HAKOJIKO BbpXa, B
KaKbBTO M peJl Jda I'O CTOPUM, Ppe3yJaTaTbT IIIe € ¢ANH U ChIIH. M TaKa, aKO U3TpuBaMe BbpPXOBETe
U, U, ..., U, 3aIICBAME:

G—u —uy—--- —uy
Ako {uy, ug, ..., u} = U, MOxKe Jla 3amnuimeM HaKPaTKO
G-Uu

Heka G = (V,E) e rpad. Heka e = (x,y) e pebpo B Hero. Jla usmpuem e om G o3navasa Ja
npeobpazyBame G B

G’ = (V.E\{e})

Haxkparko numem G’ = G — e. 3abesiexkere, de Npu M3TpuBaHe Ha pebOpPO, HEFOBUTE KPAUIIA CH
octaBar B rpada. Karo nmpumep: ako usrpueM pedporo eg oT rpada G; na Gurypa 2.1, me nosryanm
rpacda na Purypa 2.8.

TlondyepraBame, de ako U “u34e3He’ oT rpada, TO 33 bIKATENHO pebpara, HHAMIEHTHH C U, CHIIO TPSIOBA 113
“nzuesnar”’. Hemomycrtumo e ja ocrare pebpo, eIMHUSIT Kpail Ha KOWTO He € “CTbIuI’ BbpXYy BPbX U “BucCH’.
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®Durypa 2.8 : I'padhbT G — €3, KbaeTo G; e rpacdpbT or Purypa 2.1.

u v
€1
Q 0O
€3 €5
w
z
€9 (4 O
€4
X
€ yf
O O

NsTpuBaneTo Ha pedpa CbHINO € aCOIUATUBHO B HAKAKBHB CMHUCHJI: aKO Ie TPUEeM HSKOJIKO pebpa,
B KaK'bBTO U PeJI JIa TO CTOPUM, Pe3yJITATHT Ie € eInH 1 ¢binu. I Taka, ako usrpuBamMe pedbparta

€1, €g, ..., €y, 3alluCBaMe:
G—e —e— - —ex

Axo {ej,eq,...,ex} = F, MOxKe J1a 3amurinemM HAKPATKO
G—F

2.1.5 OO6eagmHeHme m cedyeHue Ha rpadu

Heka Gy = (V1,E1) u Go = (Vs E2) ca rpadu. Obedunernuemo na Gy u Go e rpadbr G; U Gy =
(V1 U Vo, By UEy). Ceuenuemo na Gy u Gy e rpadbr Gy N Ge = (Vi N Vo, By N Ey). Nva cvucba 1a
nedpuHIpaMe cedeHnero caMo ako Vi N Vo £ . Or npyra crpana, obenHEHNETO e e UHIPAHO
nopu Korato Vi N Vo + .

Obenunenne n cevenne Ha rpadu ce obo0IIaBaT 110 OYEBHIHUSA HAYWH 3a [TOBeYe OT JBa rpada,
KaTO HOTAIUSATa € ChoTBeTHO G =G u - UG u G =Gy NN Gy.

2.1.6 Peryngapuu rpadu. IIbanu u npazau rpadu.

Orryk 70 Kpast Ha Ceknus 2.1 mpaBuM ONpeiesleHusATa CupsaMo HkakbB rpad G = (V. E).
G e k-pezyaapen, ako Yu e V: d(u) = k. G e peeyaapen, ako e kK-pery/speH 3a HAKoe K.

He ocoberno dpopmasao KazaHo, G e naaen 2pag, aKO nMa BCUYKNA Bb3MOKHU pedpa Iph 13 I€HOTO
MHO)KeCTBO BbpxoBe. Popmasino, G e mwbien, ako E(G) = {(u,v) |[ue V,ve V,u £ v}.

[Ibaen rpad Ha N Bbpxa ce 6emexxkn ¢ K. AKo urHopupame MIeHTUIHOCTUTE Ha BbPXOBETE,
nMa caMo eJIFH II'bJIeH Ipad Ha N BbpXa U UMa CMUCH/I JIa TOBOPUM 3a II'bJIHUS rpad Ha N Bbpxa.
Ha mnpaktuka OOMKHOBEHO Cce TOBOPU MMEHHO 3a “II'bJIHUs Tpad Ha N BbpXa’, a He 3a “II'bJieH
rpacd Ha M Bbpxa’ IO TOYHO Ta3W NPUIMHA — UTHOPUPAIU CMe HMJIEHTUIHOCTHTE Ha BbPXOBETE.
Oueruao Ky, e (n — 1)-peryuspen. [Togpo6Ho pasnckBaHe HA UTHOPHPAHETO HA UJEHTHIHOCTUTE
Ha BbpxoBeTe uma B [logceknus 2.8.2.
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Hab6aonenune 3

Ky nma T04HO (%)) pebpa.

Ha cu nmpuntomuanm Ompesiesienne 2 Ha c¢Tp. 7. Beeku nmpazen rpad ogeBugHO e 0-perysisipeH u BCeKn

TpuBnajeH rpad cbino e 0-perysapen.

2.1.7 Iloarpadu. Uaaynupanu noarpadcdpu. IlokpuBamm nojarpadu.
Omnpegenenune 7: Iloarpad

Heka G = (V,E) e rpad. ITodepag na G e Beeku rpad G’ = (V' E’), takbs ue V' € V u
E'CE.

[ToguepraBame, de 3a ga Obae G’ nmoarpad Ha G, He € JOCTATBHYHO Jia Oble usirbineno V €V
u B’ € E. Besko pebpo B B/ TpsibBa s1a mMma 3a Kpauia BbpxoBe, konTo ca BbB V'. ToBa npasu

G’ rpad.
Karo npumep, ma pasriegame rpada Gy va @urypa 2.1. Heka H' = ({u,v,w,y, z}, {(e1, e5)}).
Torasa H’ e moarpad na G;—smxkre Ourypa 2.9.

@urypa 2.9 : H' = ({u,v,w,y,z},{e1,e5}) (B cuabo) e moarpad ua G; or ®@ur. 2.1.

Heka cera H” = ({u,v,w,y,z}, {es}). Babensazsame, ue H” ne e nmoarpad na G; or @urypa 2.1,
[IOHEXKEe EJINHUSAT Kpail Ha pebpoTO €, & MMEHHO BPBX X, HE € B MHOXKECTBOTO {U,V,W,y,z};
¢ apyru jgymu, H” uzobmo He e rpad. da moguepraem oraHoBO: B rpad He MOXKe J1a MMa
“xpbpuamm’ pedpa, KOUTO He ca “cTbOmjan’ C JABaTa CU Kpasi BbPXY BbPXOBE OT TO3U
rpad. Qurypa 2.10 mrocrpupa He-rpada H”.
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®@urypa 2.10 : H” = ({u,v,w,y,z},{es}) (B 3esieno) He e moarpacd Ha G; or
®@ur. 2.1. H” meme ga e nmoarpad, ako u x Gellle HEroB BPbX.

Omnpenenenne 8: MHayrnupaH oT IMOJAMHOXKECTBO BbpPxXoBe Ioarpad

Heka G = (V,E) e rpad, U< V u U + . [lodepagpom na G, undyyupar om U, e rpadbr
G’ = (U,E'), kpgero B/ = {(u,v) e E|lue U AveU}.

C nmpyru gaymu, TIpu JI@JIeHO TIOJAMHOYXKECTBO OT Bbpxoe U, mHayrmpanuat mnoarpad e rpadbr,
YMeTO MHOYKECTBO BbpxoBe € U 1 4reTo MHOXKeCTBO pebpa ca TOYHO Te3n pebpa Ha G, Ha KOUTO
u naBata Kpag ca B U. “Unaynnpan” osHadasa “mosefen’’ u, HancTmHa, WHIyIIPAHAAT HoArpad
e “moeeger” or m3bopa Ha U, B cMuCHI 4Ye pebpara Ha HHAYIUPAHUA MOArpad ca eIHO3HATHO
ompe/jiesieHn OT BbpxoBeTe Ha U.

MozxkemMm na jrecbunupame u nojrpad, UHIYIUPAH OT TOJIMHOYXKECTBO Ha pedparTa.

Omnpenenenne 9: Uuaynupas oT IMOAMHOXKECTBO pebpa moarpad

Heka G = (V,E) e rpad u B/ € E. Ilodepagpem na G, undyyuparn om E’, e rpadbr G’ =

(W, E"), kpgero U={ueV|JeeE' Ixe V:e = (u,x)}.

Hexka mak pasriegame rpada G; or @urypa 2.1. Heka nzdbepem e1HO OJIMHOXKECTBO OT BbPXOBE, J1a
kazkeM {u,w,y}. [logrpadsr Ha Gi, unaymupan or {u,w,y}, e ({u,w,y}, {es, es}). Purypa 2.11
WJIOCTPUPA TO3U UHJYIUPaH Hoarpad.

THa smaruncku “duco” ozuadasa “Bosst’.
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®Durypa 2.11 : I'padbT G; or @urypa 2.1 u HeroBuaT noarpad, WHIYITU-
paH ot {u,w,y}, oBETEH B OPAH>KEBO.

u el vf)
€3 €5
w
z
€2 er o
€4 €g
X
€6 E
O

Omnpegenenne 10: ITokpuBair moarpad

Heka G = (V,E) e rpad. I[Hoxpusaw; nodepagh na G e Beexku noarpad G’ = (V/,E’) na G,
TakbB de V' = V.

Ha anrnumiicku TepMunabT € spanning subgraph.

B npumepure 3a nojarpadu, KOUTO BUAIXME JIOTYK, HsMa moKpusail nogrpad. [lokpusamnr mos-
rpad e mokasan wa Purypa 2.12. Iloarpadwr | = ({u,v,w,x,y,z}, {e1, es, es}), HapucyBan B
JepBeHo, e mokpwuBall 3a rpada or @urypa 2.1.

®urypa 2.12 : Ilokpusaig noarpad (B yepBeHo) Ha rpada or Pur. 2.1.

u e, AY
€3 €5
w
z
€9 er o
€4 €3
X
(3 e

Ouesnao npasuudr rpad (V, ) e nokpusani rpad 3a G = (V, E), kakTo 1 caMusaT G e IIOKpHBaIl
rpad Ha cebe cu. Herro nosede, 6posT Ha mokpusalure rpadu e ToaHo 2™, 3a10To MHOXKECTBOTO
OT BbpPXOBe € (PUKCUPAHO, & BCIKO pebpo oT E MozKe J1a IPUCHCTBA, NN HE, HE3aBUCHMO OT JIPYTUTE.
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2.1.8 Kiuukym u aHTUKJINKHU.

Besiko U € V, Takosa ue U £ F u |U| = k, e k-kauka B G, ako MeKJly Bcekn JjiBa Bbpxa Ha U nma
pebpo. U e k-anmukauka, ako MexK 1y HUKOU IBa Bbpxa Ha U HaMa pebpo. AKO KaxKeM caMo KAUKG
WIN GHIMUKAUKG, CTaBa JyMa 3a K-KJIUKa WM K-aHTUKJIMKa 3a Hakoe K. V3mossaMe MOHSTHETO
HEe3A6UCUMO MHONCECTNG0 KATO CUHOHUM Ha, aHTUKJIAKA.

Karo anropurmmuna 3ajada, 3aJadaTa 3a KIUKATE € MAKCHUMHU3AIMOHHA: TPYIHO € Ja ce
HAMEPAT TroJeMH KIUMKHA. HaMmMupaneTo Ha MaJIKM KJIMKH € TPUBUAJTHO—HAIPUMED, BCEKH BPDHX
e 1-kmmka cam 110 cebe cu—HO Ge3MHTepecHo. AHAJIOIMYHO, 3ajadaTa 38 AHTUKIUKATE CBIIO €
MaKCUMU3AIMOHHA—AaKO I'padbT He € I'bJIeH, JIECHO MOKE J1a HAMEPHUM JBYeJIeMeHTHa AaHTUKJ/INKA.

Karo mpumep, jma pasriegame rpada wa Purypa 2.1. Muoxkecrsoro BbpxoBe {u,v,w} e 3-
kimka. Chio Taka, {x,w,y} e 3-kimka. Kpaunmara Ha Begko pebpo ca 2-K/auka, Hanpumep {v,y}.
Beeku Bpbx cam 1o cebe cu e TpuBnasiHa 1-Kinka, Hanpumep {x} wim {z}. B To3u rpad 4-kiuka
HaMa. [Ipumepn 3a aHTUKIIMKE ca: {z,V} e 2-aHTUKIMKA, {U,Y,z} € 3-aHTUKJINKA U TAKa HATATbK.
4-anTuKINKa B rpada HAMA.

Omnpenenenne 11: KimmkoBo 4mciio

Kaukoso wucao na G e mommocrta Ha Makcnmanna® kiauka B G. To ce Gemexu ¢ w(G).
Qucaomo na nesasucumocm Ha G e MOIHOCTTa Ha MakcuManHa antnkimka’ B G. To ce
benexu ¢ &(G).

“He makcuMaJiHa 110 BKJIIOYBAHE, 8 MAKCHMAJIHA 10 MOIITHOCT.
6JTa ci IIPUIIOMHUM, e “He3aBHUCHMO MHOYKECTBO” € CHHOHUM 3a “@HTHK/INKA.

Hanpumep, w(G1) =3 u «(Gy) = 3, kbaero G; e rpadbr or Purypa 2.1.

2.1.9 lombanenue Ha rpad.

Onpenenenune 12: /lorbaHenue Ha rpad

Jonsanenuemo na G, koero Genexum ¢ G, e rpadbr G = (V, E), Kbaero
E'={(u,v)|ueV,ve V,u £ v}\E.

Hedopmasno kazamno, E’ ce ¢beTon ot TounOo Te3u pebpa, Kouto ‘ru uama’ B G. Jla pasriemame
rpacda or @urypa 2.1. Herosudar rpad-monbiaenue e nzobpaszen ma Purypa 2.13.
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®Purypa 2.13 : I'padbT-gonbanenune Ha rpada G; or @urypa 2.1.

Habaronenne 4

G= G, 3a Bceku rpad G.

HabGarogenue 5

Heka G = (V,E) e rpad. 3a Besiko U € V e usmbinero ciaeaaoro: U e kanka B G Torasa u

caMmo Torapa, koraro U e anTukjinka B G.

CiencrBue 2

B Teopema 1 umame mpeiBui BKJIFOUBAIIO WJIN.

Teopema 1: n > 6 Bjiede 3-KJIWKa WA 3-aHTUKJIAKA

Heka G = (V,E) e rpad c nore 6 Bbpxa. B G uma 3-k/mka uin 3-aHTHKJIHKA.

JokazaresictBo: be3 orpanndenne Ha OOIITHOCTTA, IIIe JOKazKeM TBBPJICHUETO 3a T = 6. Heka E’
¢ MHOKECTBOTO OT pebpara na G. KOHCprI/IpaMe rpacda G = (V, E) K'bJIETO E=EUE". OueBniHO
G e mwbien rpad Ha 6 Bbpxa, Taka e |E| (6) = 15. Jla ﬂerI/IHI/IpaMe qe wepsenume pebpa’ B
G ca pebpara ot E, a cunume pebpa ca pebpara ot E’. Torasa E ce pa3buBa Ha MHOXKECTBOTO OT
JepBeHuTe pebpa 1 MHOXKeCTBOTO OT cuHuTe pedpa. Hero mosede. TBbpeHnero, KoeTo nckame
Jla, JIOKayKeM, € eKBHBAJIEHTHO Ha TBbPJIEHUETO, e B G mva 3-KJIMKa, KOSATO WHIYIHpa mojarpad
caMo ¢ 4epBeHu pedpa Wi UMa 3-KJIMKa, KOATO WHIyIIpa mojarpad caMo ¢hC CHHU pedpa.

Jla pasryieame nipom3BosieH Bpbx uw € V. B G , TO3U BPBX € WHIMJICHTEH ¢ TOYHO H pebpa.
Besiko ot Tsx e mim gepBeHo, win cuabo. CbriiacHo 0bo0Ienns npuHiun Ha Jlupuxite, mone 3 or

fToBa ciarame na reTose Ha peGpaTa ¢ MHOIO PA3JIMYHO OT ONBETIBAHETO Ha pebpa chriacHo Onpenesenue 37
Ha ctp. 74. B Omnpepenenne 37 ce ncka BCHUKA JBOWKN WHIMIEHTHU pebpa na ca B paziaumdnu mserose. Tyk Hsma
TaKOBa M3VCKBaHE.
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TSX Ca B €IMH U CBIIN OBAT. Be3 orpannyenne Ha OOIMIHOCTTA, HEKa TO3M IBAT ¢ uepseH. V Taxa,
Tpu pebpa, MHIMJAEHTHN ¢ U, 1a ru HapedeM (u,x), (u,y), (u,z), ca uepBeHu.

Cera pasriexgame pebpara (x,y), (x,z) u (y,z). Ja JIOIyCHEM, Y€ [IOHE €JIHO OT TsAX € 1ePBEHO.
Bes orpanuuenue Ha obImHOCTTa, HeKa TOBa € (x,y). ToraBa B G uma 3-Kjmka, a uMeHHo {u, x,y},
TakaBa e MHJYIUPAHUAT OT Hes mnojrpad mma camo depseHu pebpa, a uMeHHO (u,x), (W,y) u
(X,Y), KOUTO ca YepPBEHU CHIVIACHO TEKYIIUTE JOIYCKAHWS.

Cera ja JomycHeM, de HUTO eJHO OT pebpara (x,y), (x,z) u (y,z) we e dyepseno. Torasa u
Tpute ca cunn. ToraBa B G MMa 3-K/IMKa, & NMEHHO {X,Y,z}, TaKaBa Ue MHLYIUPAHUAT OT Hes
nojrpad uma camo cunu pebpa, a umeHHo (x,y), (x,z) u (y,z), KOUTO ca CUHU CHIVIACHO TEKYIIUTE

JOIlyCKaHUsI. O
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2.2 Heopuentupanu myjaturpadu.

2.2.1 Omnpeaenenne. [Tapasennn pedpa. OcHoBeH rpad. IIpumkn.

Hedopmasno kazano, “neopuentupan myaturpad’” e obodiienne Ha “HeopueHTUpaH rpad’; B KOETO
II03BOJISIBAME JIa IMa MHOTO pebpa ¢ Kpaulla eJHI U ChIHU JIBa Bbpxa. ToBa yc/IoXKHsIBa, J1eDUHN-
[UATa Ha MOHSITHETO — BeUe He MOXKeM Jia HiaeHTuduInpamMe pedpo ¢ aABaTa Bbpxa, KOUTO ca HEIOBU
kpanta. Cera Beako pedpo TpsiOBa Jia mMa cOOCTBEHA MJIEHTUIHOCT, 8 MHOXKECTBOTO OT KPAaHIIaTa
Ha JIaJIeHO Pebpo € IPOCTO €JIMH OT HeroBuTe aTpudyTu. Kaspaiikum camo “mynrurpad’, mmame
npeBu L HeopueHTupad myarurpad. Opuentupann myarurpadu me pasriegame B [asa 3.

Onpenenenune 13: Myaturpad

Myamuepag e napenena tpoiika G = (V,E,fg), Kbjero V e HENPa3sHO MHOXKECTBO, YHUTO
eJIEMEHTH ce HapuiaT 65pro6e, E € MHOXKEeCTBO, YMUTO eJIeMeHTH ce HapudaT pebpa, VN E =

g n
fe:E—>{XcSV:|X| =2}

e c8BP36aULAMa PYHKUUA.

Babenexere pazmukara Mexk 1y Oupemenenne 13 u Oupenenenne 1. Criopen Onpenenenne 1 Bbpxo-
BeTe ca MPOTOeJIeMeHTH (aTOMM) U MHOXKECTBOTO OT BbPXOBETE € OIIOPHOTO MHOYKECTBO, a pebpara
ca JIByeJIeMEHTHHU TOJIMHOXKECTBA Ha, OMIOPHOTO MHOXKecTBO. B Ompesenenne 13 pebpara ce TpeTu-
paT Karo JIpyT BUJI IIPOTOEJIEMEHTH, TaKa 9€ MHOXKECTBOTO OT pebpara ce siBsiBa KATO BTOPO OTIOPHO
MHOKeCTBO (6e3 0611 esieMeHTH ¢ IbpBoTo). CBbp3Bammara (HDYHKIH OIpeIess Bpb3KaTa MEzK Ly
JIBeTe OTIOPHU MHOXKECTBA.

CwnImo KaTo mpu 06UKHOBeHUTE rpadu, BHLPXOBETE 0 MPABUJIO € 3AMUCBAT C MAJKHU JIATHHCKI
OyKBU KATO U, V U T. H., UMeHaTa Ha pedpaTa 10 MPABUJIO Ce 3alNCBAT KATO €1, €y U T. H., HO cera
mumreM fg(er) = {u, v}, B caydail, 9e u u v ca Kpauiara Ha pebpoTo e1. 3alich Karto e = {u, v}
win e; = (U,Vv) B KOHTEKCTa Ha My/ITurpadgu He ca pa3perieHu, [MOHeKe B TO3U KOHTEKCT He
ujienTudumpame pebpo ¢ HEroBUTE KPAUIIIA.

Coio kato mpu 0OMKHOBeHUTE Tpadu, OyKBaTa N 03HaYaBa OPOsI Ha BBPXOBETE, OCBEH aKO
He e JiepuHMpaHa WHadYe, n OykBaTa M O3HadYaBa Opos Ha pedpaTa, OCBEH ako He e jeduHupaHa
unave. Ho 3a pasmuka or obuknoBenute rpacdu, npu Kouto (1) ¢ TOuHa IOpHA I'DaHUIA 33 OO
Ha pebpaTa, Taka Ye HePaBeHCTBOTO M < (1) BUHAI'M € B CHJIa, cera 6poAT Ha pebpara MOXKe Ja e
IMIPOM3BOJIHO TIO-TOJISIM OT Opost Ha BbpxoBere. VHadye KazaHo, ako 3HAaeM OpOs HA BbPXOBETE HA
MyJTATpad, HE MOXKEM Jia KayKeM HUIIO 3a Opos Ha HeroBute pebpa.

Qurypa 2.14 nmokasBa npumep 3a MyJaTurpad.
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®durypa 2.14 : IIlpumep 3a HeopueHTUpaH myiaTurpad G.

€1

Axko TpsibBa ma zanumem myarurpada G or @urypa 2.14 c¢briaacuo dpopmaaHaTa JeUHUIIS, TO
G = ({u,v,w,x,y}, {e1,...,enn},fg), kbaero fg(e1) = fg(e2) = fg(es) = {u,v}, fg(es) = {u,w},
fa(es) = {v,w}, fales) = {u,x}, fa(er) = falew) = {w,x}, feles) = fa(en) = {w,y}, fa(ey) =
{v,u}, felewz) = {x,u}.

3a Besiko B/ € E, rakoBa de Ve’ e” € E : fg(e') = fg(e”), kazBame, 1ue pebpara B E' ca napa-
AeAnu pebpa. Bessko MaKCHIMAaJIHO 10 BKJIFOUBaHE MHOXKECTBO OT IapaJiesHn pebpa Iie Hapedem
cnon. O4UeBHIHO MHOXKECTBOTO OT pebpara ce pa3bupa Ha cHomoBere. B mpumepa na @urypa 2.14,
cHomosete ca {eq,eq, es}, {er, e}, {es, e}, {es}, {es}, {es}, {eo} u {e12}. Hedpopmasno rosopeii-
K, MyJITurpadbT € “UCTUHCKE MyJITurpad’, ako uMa IMOHE €JIMH CHOII C IOBeYe OT €JHO Pedpo;
B IIPOTHUBEH ciydail e obukHoBeH rpad. [oBopeiiku dopmasno, myarurpadbT € 0OMKHOBEH Tpad
TOTaBa M CaMO TOraBa, KOraTo CBbp3BamaTa (GyHKIma e unekims. Ochosnuam epad’ Ha najen
myaturpad G e rpadbT, KOHTO ce mojydaBa OT 3aMEHSIHETO Ha BCEKH CHOIl C €JIHO €JIMHCTBEHO
pebpo (Taka de cjiej] 3aMeHnTe HaMa mapaJseatn peopa). Purypa 2.15 mokassa ocHOBHUS Tpad Ha
mynarurpada or Gurypa 2.14. menara Ha pebpara He ca IMOKa3aHMU.

THa anrsmiicku TepMunst e the underlying graph of a multigraph.
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®Durypa 2.15 : OcHoBHuaT rpad Ha myiarturpada or Purypa 2.14.

u \
Q 0O
w
O O
X Y

Mozke na pasmmpuM pazdbupaneTo 3a MyaATUrpad, KaTo MO3BOJIMM HAJTHINETO Ha npumky. [IpuMka
e pebpo, Kpamiiara Ha KoeTo chbBuajar. MiMero o4eBuIHO MIBa OTTaM, Ye pucyBaMe TaKuBa pedbpa
kato npuMmku. Qurypa 2.16 nzobpasasa myarurpada or Purypa 2.14, KbM KOHTO ca jgo0aBeHI
TPU IPUMKH: JIBE IIPUMKH €13 M €14 KbM BPbX U U €JIHa IPUMKA €15 KbM BPbX V.

®Purypa 2.16 : Myarurpad c npumkn H.

(DOpMaJIHOTO olpejaeJsieHue € 11049Tu CbIioTO KaTo OnpeﬂeﬂeHHe 13 ¢ C€INHCTBCHATa pa3J/inKa, 49€
KO,ZLOMeﬁH’bT Ha CB'bp3BalllaTa (byHKL[I/Iﬂ BKJIIOYBa U €JHOCJIEMEHTHUTE IIOAMHO2XKECTBa Ha MHO2KEC-
TBOTO OT BbPXOBETE.
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Omnpenenenne 14: Mynturpad ¢ Bb3MOXKHU ITPUMKHI

Myamuepag ¢ 683moorcnu npumku e Hapenena tpoitka G = (V, E, fg), kbjero V e Herrpa3HO
MHOKECTBO, YMUTO €JIEMEHTU Cce HapudaT 6sprose, E € MHOXKeCTBO, UNUTO €JIeMEHTHU Ce
Hapu4dat pebpa, VN E = n

fg:E—=>{XcV:|X|=2vI|X|=1}

e CeBP38AULAMA PYHKUUA.

B mpumepa ¢ H or @urypa 2.16, fiy(e13) = fu(ew) = {u}, fu(es) = {v}, fuler) = fu(ex) =
fr(es) = {u,v}, n raka nararbk. [lo aHasorus ¢ Ka3aHOTO MPEJU, MPUMKHUTE K'bM €/IMH U ChIIH
BPbX ca mapajeaHn pebpa, Taka de {ej3,es} cHom, a {ej5} e apyr cuor. OcHoBHuAT rpad Ha
MysTurpad ¢ Bb3MOKHU IPUMKE H e chinuar Karo ocHOBHUS Ipad Ha MyaTurpada G, KoiiTo ce
nosyvasa oT G upe3 u3rpuBane Ha npumknTe. U raka, ocHOBHUAT rpad Ha MyaTurpada ¢ IpuMKr
ot @urypa 2.16 e mak rpadbr or Purypa 2.15.

3a ya006cTBO Ipuemame, 1e “mynarurpad’ ozHauaBa ‘MyaTurpad ¢ Bb3MOXKHE IIPUMKH ', TaKa de,
aKO MCKaMe Jia 3a0paHuM MPUMKH B Pa3IJIeKIaHus MyITurpad, TpsaOBa 1a KaykeM TOBa eKCILIH-
IIUTHO.

2.2.2 IIpenacsHe Ha ompejiejieHUs OT rpadu BbpXy MyJaTurpadn

Hskon ot onpesiesienndaTa u pe3yararure 3a OOMKHOBEHU I'padu MOXKe Jia ObJaT IPEeHeCeHn Bbp-
xy Myjarurpadure, apyru — He. Hakou rpadoBu 3aja4um, KOUTO IIe pasriejamMme HATATbHK, HAMAT
CMUCHJI BbPXY MyATUTpadu, Thil KATO HAJIMYNETO Ha MapaJiesHu pebpa He MPOMeHs HUIIO; KATO
npuMep, 3ajadara 3a HaMupaHe Ha XamMuaTOHOB IUKbI (BkK. Cekiust 2.9) e IpakTUYecKu Cb-
mara Bbpxy My/jarurpad u meropus ocHoseH rpad. OT apyra crpana, 3ajadara 3a HAMUPaHe Ha
OiiniepoB nukbs (BK. Cekrus 2.10) ce medbuHmpa MMEHHO BbpXy Mysaturpadu, Thil KaTo mpu
TaX JI06ABAHETO Ha HOBO pedOpPO, MapaJsiesiio Ha €HO WJIU MoBevYe Bede HAJIUYIHU pedpa, MOXKe Jia
mpoMenn ToBa Jasn ONIepoB MUKbJ CbITECTBYBA, WU HE CHINECTBYBA.

CbeeIcTBO M MHIUJIEHTHOCT TIPU MyJITUTpaduTre ce JedUHUpPAT M0 ChIMUT HAYUH, KAKTO PU
obukHoOBeHuTE rpadu, ¢ MajgKaTa pa3jnKa, ue cera BPbX MOXKE Jla € CbCeJl HA cede CH, aKo MMa
npuMku. Besika mpuMka e UHIMJIEHTHA ¢ BbpXa, KbM KOUTO € “Bbp3aHa’.

Cremnter Ha BpbX B MyaTurpad ce meduHnpa 1mo HadnH, mogodeH Ha Oupegenrenne 5, ¢ Ta3n
pasiimKa, e, ako MMa IPUMKH KbM TO3W BPbX, BCAKA MPUMKa ce Opom aBa mbTu. [Ipmmepno,
cTelleHTa Ha BPpbX U oT MysnTurpada Ha Purypa 2.16 e 9, monexke nerre pedpa ey, ez, €3, €4 U €g
ce OPOAT 10 eINH II'bT, & JBETe IPUMKU €13 U €14 Ce OPOAT 110 JIBA II'HTH.

Omnpenenenne 15: CteneH Ha BpbX B MyJaTUrpad C Bb3MOXKHU IIPUMKH.

Heka G = (V,E,fg) e myarurpad ¢ npumkn. 3a BCEKH BPBX U € V, cmenenma Ha W €

CcyMaTa OT 6pOH Ha pe6paTa, NMHOUIAECHTHU C U, KOUTO HE Ca IIPUMKHU, U JIBa II'bTU 6p051 Ha
IIpUMKUTE Ha U.

Jlema 3 e TpuBnasino obobmenue na Jlema 1.
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3a Bceku MYJITI/IFpa(b C Bb3MOZKHHU IIPUMKHA G e U3IbLJIHEHO:

HokazaresacrBo: Cywmara B JsgBaTa CTpaHa Ha PaBEHCTBOTO OPOM BCAKO peOPO—IIPUMKA WJIH
HE—TOYHO JIBa II'bLTU. O

[Ipu mynrurpacdure HEe roBOopuM 3a “IrbjieH MyJaTUrpad’, 3aI0TO MOTEHIIMATHO MOXKE & UMa
KOJIKOTO MCKaMe MHOI'o pebpa ¢ Kpawulia JajeHu jaBa Bbpxa. [Ipazen mynrurpad ce jedunupa
TOYHO KakKTO ce jeduHnpa mnpaser rpad. [lo Te3nm npuannm, 1ecHO MOYXKeM J1a BbBeIeM OHATHETO
“aHTUK/IMKA IPU MYyJTUrpauTe, HO HE MOXKEM JIa BbBeJeM “KJIuKa .

Wzonmpanu u BUCSIIM BbpXoBe B MyaTurpad ce geduHupar To9HO KakTo npu rpacdure. Hab-
JIIoJieHne 2 obade Bede He € B CUJIA, ITOHEXKe MaKCUMaJIHATa CTEelleH Ha BPbX He € (PYHKIMS Ha M.
Jlema 1 ocraBa B cmia u 3a MyJaTurpadu, Thil KaTo cymMara BJSBO MPOIbJKaBa Ja OpOU BCAKO
pebpo JBa IbTH, HE3aBUCHMO OT TOBa JAJIU CTaBa JyMa 3a npuMka, mwin He. Crencrue 1 ocraBa
B cusia cbino. Pequna or crenenn wa mynaturpad ce gedunupa cbio kakto B Oupesesnenne 6.
[Ipumepno, pepumata ot crenenn na mysarurpada or Gurypa 2.16 e 4,4,6,7,9. Jlema 2 obaue ne
e B cuia 3a My/aTurpadu: TPUBHAIHO € Ja ¢e KOHCTpyupa MyaTurpad, B KOUTO HsIMa BbPXOBE C
eJlHa U CbIa CTeleH, KAKbBTO e Mmyarurpadbr Ha Purypa 2.17.

®Durypa 2.17 : Myarurpad c peauiia ot crenenure 1,2, 3.

OmnpenenenusTa “noarpad” u “uuayrmupan noarpad”’ ce obodIIaBaT 3a MyaTHIpadu MO0 ecTecTBe-
nusg HaunH. He e nmpuero J1a ce Ka3sa “nogmynrurpad’, Taka de ce Bb3bpzKaMe OT U3I0JI3BaAHETO
Ha Ta3W JyMa ¥ FOBOPHM 3a “moarpacdu’ jopu B KOHTEKCTa Ha MyaThrpadu. AKo roBopuM 3a
UHIyIIPaH Hoarpad Ha MyJaTurpad, OTHOBO MMaMe IPEeIBUl HHIYIMPaH OT MHOYKECTBO BbPXOBE
nojrpad; B nmoarpada “Bimsar’ TOUHO Te3u pedpa, Kpauara Ha KOUTO C& BbB BHIIPOCHOTO MHO-
»xecTBO. ToBa O3HAYaABA, Ue BCIKA MIPUMKA, 9UHTO BPbhX € B BbB BBIIPOCHOTO MHOYKECTBO, TPAOBa
Jla ce HaMWpa W B mHAynupanus mnogarpad. [Ipmmepro, @urypa 2.18 mokasBa WHIYIUPAHUS OT
{u,v,y} moarpad wa myarurpacda or Purypa 2.16.
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®urypa 2.18 : Iloarpad b, uaaynupan ot {u,v,y}.

€13 €15
€1
LL €9 A%
€3
€9
O
Yy

Honrbanenne na myarurpad HIMa, Thil a priori He € siCHO KOl O OUJI YHUBEPCYM'BT, CIIPSIMO KOHTO
J1a ObJie TOBa JIOI'bJIHEHNUE; Ja CU IMPUIIOMHUM, Y€ II'bJIeH MYJITUTPAd BBbPXY 1aJI€HO MHOYXKECTBO
BLPXOBE He e jedbuHupan’ .

[Tbrumma 1 nuKIM Ipu My aTATpadu ce JJeUHIPAT 110 ChIU HAYUH, KAaKTO ITPU OOMKHOBEHU I'padu
(Bk. Cekrust 2.3). [IpocTn hTUIIA U TPOCTHU TUKJIU CHINO ce JiebUHIPAT MO ChINMs HAYUH, KATO
obade MMa, eIHa 0COOCHOCT.

HabGaronenue 6

B mysnrurpad moxke Jila mMa MpPOCT UKD € JIb/IKUHA | WId 2, KOETO € HEBB3MOXKHO IIpU

obukHoBenuTe rpadu. [Ipoct mukba ¢ gbmkuHa 0 obade He MOXKe Jla UMa — HUKOM OTJIe/IeH
BPBX HE € MPOCT UK.

Hawucruna, Besgka mpuMKa 3a/iaBa MPOCT MUKBJI C JILIKUHA 1, a BesdKa JIBOIKa mapaJie;iHu pebpa
3ajiaBa MPOCT IUKDBJI ¢ Ib/KuHA 2. [Ipumepno, na @urypa 2.16, u, €13, U € IPOCT MUK C JTIbJI-
KuHa 1, a u, e, v, es, U € MPOCT NUKBJI ¢ Jb/ikuHa 2. Habsonenne 8 ocraBa B cujia U P IPOCTH
IUKJIA C J'bJIZKUHA 2—BCEKHU OT TAX UMa 4 pas3IMIHU ONMUCAHUA—HO HE W IPU IIPOCTUTE IUKIU C
abkuHa 1 (IPUMKHATE), BCsKA OT KOUTO MMa caMo 1 omucaHue.

Nma u gpyra ocobenoct. Konpenrus 3 He e B cuita npu MyaTturpadpure B oommsa ciaydaii. B
oOIus caydaii, peguiiata OoT UMeHaTa Ha BbpPXOBETe Ha II'bTd He T'o WJICHTUUIUpa YHUKAJIHO,
3aIl0TO MOXKE MEXKJIy JIBa BbpXa, ChCeIN B HEro, jia UMa IoBede oT eHo pebpo. Ilopagu ToBa e
CMUCJICHO IIbTHUINATA B MyJITUIPpadUTE Jia ce OMUCBAT II'bJIHO: U C BbPXOBETe, U ¢ pedpara.

Cebpzanoct npu myarurpadun ce geduHUpa U Ce H3IOJI3Ba, HO CBbP3aHOCTTa Ha MyJaTHrpad e
CbIlaTa KaToO CBbP3aHOCTTA HA OCHOBHUsI My Tpad.

BbpxoBo moKpuBaHe U TOMUHUPAIITO MHOXKECTBO Ha MyJITATpad MOkKe Ja ce JedUHUpAT, HO 1
Te Ouxa OMJIM ChIIUTe KATO Te3U Ha OCHOBHUA rpad.

Inaen mynturpad Moxe 1a ce gedHHEPa, AKO Ce BbBEIe MAKCUMAJICH Gpoil pebpa ¢ eIHM U ChIIH KPAUIIA,
KaTO TOBA MOXKE 1 € €INH W ChIMU MAKCUMYM 38 BCEKH JIBa BbPXa, WM OTIEJTHO AePUHUPAH MAKCHMYM 38 BCIKA,
nBoitka Bbpxoe. Ho ToBa e yciiokHeHne, KOeTo HUE He TMPABUM.
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Hurmo #e npeun wa mynturpad mga Obie AByIeIeH B cMuUCh/a Ha moHATHeTo oT Cekrus 2.6,
CTHTa J1a HIMa IIPUMKIHA.

NzomopdpusmbT Mex iy myaturpacdu ce Tperupa B [logceknms 2.8.1.

BwbpxoBo onersiBane Ha MyaTUrpad € 0UEeBUIHO CHITOTO KaTO BbPXOBOTO OIBETSBAHE HA OC-
noBuus My rpad. Pebposo orsersiBane Ha Mysturpad Moxke Jia ce jgeduHupa Mo OB HUS Ha-
YUH U, 38 JIaJIeH MyJITUurpad, To He € ChIOTO KATO 38 OCHOBHUs My T'pad, KaTo odatie OmTUMaTHO
pebPOBO oIBeTABaHE HA OCHOBHUSA I'Pad 0YEBUJIHO BjIeYe OIITUMAJIHO PEOPOBO OIBETABAHE HA MYJI-
turpada, u odbpaTHoO.

[To oTHOIIEHME Ha TJIAHAPHOCTTA € OT PellaBallo 3HAYEHHE Jla ce Pa3ryIeXKIaT MyJaTurpadu ¢
npumku. Hauctuna, mynrurpad e maaHapeH ToraBa U caMoO TOTaBa, KOTaTO OCHOBHUST My rpad e
[JIaHAPEH, HO BbBEXK/aHETO U JleUHUPAHETO Ha JiyaseH rpad (Ha IUIaHADEH) M3MCKBa, B OOIIHS
caydail, ma ce pasriexjaar Myarurpadu, u To ¢ npuMKH. AKO He pasriiexgame My/arTurpadu,
noHATHeTO “ayasieH rpad”’ 6u OMI0 TBBHP/Ie OrPaHUYIEHO.
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2.3 IIbTmma u nmuKJm

Hedopmasano Kazano, Heka ci IpejcTaBuM, |e € J1ajieH rpad 1 HIKaKBO ChIIECTBO KUBee B rpada
1 TO0-TOYHO BBB BbpXoBeTe Ha rpacda, HO MOXKe Ja I10J13Ba pedpaTa 3a IpHUIBHKBaHe. BuBaitku
B KOI Jla € BPbX, TO MOXKe J1a Ce IMPUIBMXKHI JI0 IIPOU3BOJIEH HErOB Cbhbceld. Heka ToBa ¢bIIecTBO
TPBTHAJO OT HAKAKBB BPbX M CTATHAJIO J0 APYT BPbX, WIN Ce € BbPHAJIO B HAYAJIHUASA BPbX, IIPU
TOBa MUHaBaWKM IIpe3 HAKAKBU MexKIMHHI BbpxoBe. “IIbT B rpad” e onncanue Ha IpuIBUKBAHETO
Ha, TOBAa CHINECTBO U3 rpada.

Omnpenenenne 16: ITbT.

Heka G = (V,E) e rpad. I[lem 6 G Hapuuame BCsiKa aJITePHUpPAINA PEJIUIA OT BbPXOBE U
pebpa, 3a Hakoe t = 0:

p = (uio7 ekoauila ek1 ) uig? LR 7uit717 ekt717uit)

Kbiero Uy, € V3a 0 < p <t e, € E3a0 <p <t—1, u ocBen ToBa € U3I'bIHEHO
e, = (uy,,ui,,,)3a 0 <p<t—1 Bbpxosere Ui, I Wi, Ce HAPUYAT KPAUULAMGA HA NBINA.
Ocranaaure BbPXOBE Ca 6smpewHume 6sprose na nsms. Ole Kazpame, 9e p € IwbT MedHcdy
Wi, ¥ Wi, U B 00IIus cirydail HsMaMe IpaBo Jia PA3MEHUM Ui, C Uy, .

Asaoicunama Ha wbTs € 6posaT Ha pebpata B Hero. 1lle Geekum abiKIHATA HA IHTS C |p.
B ciyuas, |p| = t.

AKo BCHYKHM eJleMEeHTH Ha IIbTs—BbPXOBe U pedpa—ca YHHUKAJHU, Ka3BaMe, 9e P € npocm
nsm.

Babesiezkere, Ue ONpeJIeJIEHHeTO JIOIyCKa II'bT 6e3 HUTO eaHo pebpo (mpu t = 0), Taka 4e BCeKH
OTJ/IeJIEH BPDbX € TPUBHAJIEH IILT C JbJrKuHa Hysda. [IbT 6e3 BbpxoBe obade He MOXKe Ja MM
¢bIVIacHO TOBa omnpeerenne. CbIno Taka 3abesexkere, de IIbTUIaTa 6e3 orpaHndeHust ca 6e30poit
MHOTO B OOIIUs CIydail—ToecT, ako rpadbT UMa MMOHe €IHO pedPo—3apa/ii Bb3MOXKHOCTTA Jia Ce
“Bpbiname”’ 110 pebpa Has3a/, BbB BbPX0OBe, B KOUTO Bede “‘cme Oman’. OT Apyra cTpaHa, IPOCTUTE
I'LTHIA Ca caMoO KpaeH Opoil, oM rpadbT € KpaeH.

Ha anriuiicku TpaJIMIInOHHO ce U3I0JI3Ba TEPMUHUTE path 3a TOBA, KOETO HUE Cera HAPEKOXMe
“mb1”, u simple path cvorBeTHO 33 “TipocT LT . B anrioe3nvuHaTa juTEpaTypa MMa U JApyra KOH-
BEHIUA 3a UMeHyBaHe: walk e aaTepHUpAaIa peuia KaTo jiebuHupanaTa rope 0e3 orpannvyeHus,
trail ne momycka moBTapsHe Ha pedpa, HO JOIyCKa IMOBTapsiHe Ha BbPXOBe, a caMo path He JTO0IycKa
HUTO MOBTapsHe Ha pebpa, HUTO Ha BbpxoBe. Tbit KaTO Ha OBJATApCKU HE € TMPHUETO Ja Ce IpaBu
pasrpaHrveHne MeXKJIy Te3U TPH BH3MOKHOCTH C TPU PA3JIUYHU TEePMUHA, HUE Ie CH OCTAHEM C
“obT” 1 “IpoCT IbT .

Crenmara noranust ce cpea B |18, cTp. 7).

Horamust 2: u-v obT.

Heka e magen rpad G u u,v € V(G). “u-v b1’ e KparTbK 3aIic 3a “I'bT ¢ Kpauia w u v’

Hexka nak pasriiesiame rpacda Gy or @urypa 2.1. Equn Bb3MOXKeH T B HETO €
P1 = (LL, €1, V,€1,U,€3,W,e€s,Y, €, X, €4, W, 65,\))

Qurypa 2.19 wroctpupa p;. 3abesiexkere, de p; He € npocT wbT. [Ipumepn 3a pocTu bTHUIA Ca
P2 = (x,e4, W, es,Y) u p3 = (z), KaTo po e nokazan na Purypa 2.20.
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®@urypa 2.19 : It p; B rpacdpa G; or Purypa 2.1.

®urypa 2.20 : IIpoct ibT p2 B rpada G; or Purypa 2.1.

KouBenmust 3

Koraro omnucame nbT € JOMyCTUMO Ja U3IyCKaMe UMeHaTa Ha pedparta u KPbIJINTE CKOOH
B Kpaumara. Hampumep, Moxke J1a 3amumiemM p; = U, v, U, W, Y, X, W, v, pa = X, W,y U P3 = Z.
To3m 3ammc e HeJBYCMHC/IEH, 3aIIOTO MEXKIY JIBa BbpXa HE MOXKe Jla UMa MoBede OT €JHO
pebpo U e HAII'bJIHO sICHO KOU Ca U3IyCHAHUTE MMEHA Ha pedpa.

Ho nopwu ja nsnosnizBaMe HKOHOMUYHHS 3aluc O0e3 nMeHaTa Ha pedbpara, IOMHUM, 9e II'bT € ajaTep-
HUPAINA PEJIUIa OT BbPXOBe U pedpa, a He Pe/Iniia OT BhPXOBE.

KouBenius 4

Axo P € UbT U HE CME€ JlaJIl UMEHa Ha MHO2KECTBaTa OT BBHBPXOBETE U pe6paTa My, TO C

V(p) o3HaBaMe MHOXKECTBOTO OT HErOBHTE BbpXoBe U ¢ E(p) o3HAUaBAME MHOXKECTBOTO OT
Herosure pedpa.
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KonBeniiuga 5

[IpocTure rbTHINA, B KOUTO HSIMa IIOBTapsHE HA €JIEMEHTH, Ce IT0JI3BAT I10-9€CTO OT JIPYTHs
BuJL (KOWTO MMa MOBTAapsIHE HA €JIEMEHTH ). 3aTOBa, OTCera HATAThK, KATO KayKeM “I'bT’, pas3-

oupame “mpoct wbT . AKO mMaMe IpPEeaBU II'bT C IOBTapsiHe Ha eJIeMEeHTH, TPAOBa M3PUIHO
Jla CIIOMeHeM, Je He € HEeIPEMEHHO IPOCT.

BacayxKaBa cu J1a pa3chbkKjaaBave HaJ caegHOoTO. [loHsaTreTo “mbT’ ce M3M0/I3Ba B TEOPHUATA HA
rpacduTe B JiBa CMHUCHJIA, KOUTO UMAT HEIIO OOINO, HO Bee Mak ca pasjaundiau. OT egHa cTpaHa, ¢br-
sacao Ompepnesienne 16, “rbT” e peguiia OT BbPXOBe U pebpa ¢ ompejesienn cpoiictBa. OT Japyra
cTpaHa, JecTo MOHATHEeTO “IbT’ O3HadaBa moarpad Ha G ¢bc cBomTe BbpxoBe U pebpa. IIpouee,
Qurypa 2.20 mokasBa nMeHHO TOBa: mojarpad Ha Gp. 3a g8 OCMUCIUM Pa3jinKaTra, Jia pasriegamMe
cJieHAaTa PeJia OT BbpxoBe n pebpa B Gi: ps = (Y, es, W, €4, X). 3aJlaBaMe CH BbIIPOCA, JATH Py
e ChIUAT 00EKT KaTo P2, WK HE. AKO I'l IJIe/laMe KaTo PEJIUIU OT BbPXOBe U pebpa, KAaKTO OIpe-
JIeJIEHUETO M3UCKBA, T€ Ca Pa3MmIHu 0OeKTH (B3aMMHO MHBEPCHU HepMyTarun). AKo ru riegame
kaTo nojarpacdu Ha Gi, KAKTO 9eCTO CTaBa Ha MPAKTUKA, Te Ca eJIUH U Chinu 06ekT (moarpad).
[Topagu ToBa BB3NpUEMaMe CjieIHATA KOHBEHITHS.

Konseniusi 6

Tepmubbr “rbT B rpad”’ o3HavaBa, OT eIHa CTpaHa, PeIuIlla OT BbPXOBe U pedpa ChbIJIacHO
Ompenenenne 16, HO oT apyra cTpaHa o3HadaBa moarpad. Broporo 3madeHume ce moassa
[I0-9€CTO Ha MPAKTHUKAa, & OT KOHTEKCTa TPsA0Ba Jia € FCHO Koe 3HAaYeHue UMaMe ITPEeJIBII.

[MoguepraBaMe, e UMa CMHCHJI Ja [VleJaMe Ha I'bT P KaTo Ha IoArpad caMo ako p € IMPOCT
I'bT; AKO MMa MOBTapsiHe Ha BbpxoBe wim pebpa, To p u moarpadsr (V(p),E(p)) ca npuHIminHO
Pa3/INIHE Hella.

Habaoaenue 7

Ha BCEKU H'bT—HO,Z[Fpa(l) C JbJIZKHWHa IIOHE €JIUHUIla CbOTBETCTBAT TOYHO JiBa II'bTA-PEANIIN,
BCEKU OT KOUTO € MHBEPCHaTa IIepMyTalligd Ha JgpyTraTa. MO}KGM Ja KazKeM, Y€ BCEKU II'bT-
morpad, KONTo mMa MmoHe eHO pedpo, MMa JIBe Pa3IuIHU OMUCAHUS, KOUTO €& PEIUIN OT
BbPXOBe 1 pedpa.

Hanpumep, na nbra-noarpad na Gp, ordenasan na Purypa 2.20 B JHIaBO, CHOTBETCTBAT JBa
PA3INYIHE [I'bTSI-PEJIUIN, & UMEHHO Po U Py, KOUTO Ca HETOBU OIUCAHUSI.

U nakpast, nodnsm Ha gajeH IbT P 1€ HapuIaMe BCAKA HEIPEeKbCHATA HOAPEIUIa Ha P, KOATO
OTroBaps Ha U3UCKBAHMUATA 34 II'bT, TOECT € aJITePHUPAIIA PEIUIA OT BbPXOBe U pedpa, 3al049Baia
U 3aBbplIBalla Ha BPbX. [lomuepraBame, e crapa yMa 3a HEIpeK'bcHaTa nojapeauna. Hampumep,
ako p = (u,er,Vv,es, W, es,X,eq,Yy) € IbT, TO NOANbTUINA ca, Hanpumep, (1), (u,e;,v,ex,w) u
(v, ez, w), HO (U, €2, W) He € TOJIIbT.

[Tonsikora ce Hajara Ja pasriexKiaMe JIBa WM [0Bede I'bT, KOUTO HAMAT OOIIN BbpPXOBE C U3K-
JIIOUEHHE Ha TOBa, Ye MozKe Ja umar obmmu Kpauiia. CleaHoTo olpeleeHne ce Cpella HalpuMep
B [18, cTp. 7].

Omnpegenenne 17: HezaBucuMmn mbTUIA.

Heka pq, ..., px ca mbruma B ejiun u cbiu rpad G. Kassame, ye py, ..., px ca nHesasucumu,

aKO HHATO €IUH OT TAX HE CbhIbprKa BBHTPEIIHN BbPXOBE Ha HAKON OT JIPYTUATE.
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B gacrrOCT, ako cTaBa jiymMa camo 3a JIBa I'bTs, Te Ja Ca He3aBUCUMU O3HAYABA WM JIa HIMAT
HUKAKBHU OOIM BbPXOBE, WM UMAT eJuH OOI Kpail m HIMAT JPyTH OO BbPXOBE, WU U JBATA
UM Kpasi ca OOIIU U HAMAT JIPYTH OO BbPXOBE.

Omnpegenenne 18: ITukb.
Heka G = (V,E) e rpad u p e I'bT B HEr0, K'bJIETO:
P = (uim Ckoyr Wiy Ckyy Wiy - ooy Wi_q, ekt_l,uit)

KasBame, 1e p e yuxsa, ako w;, = u;,. Kazsame, 1e p e npocm yuksa, ako p € UKD C IOHE
eTHO pebpOo U OCBEH TOBA, BCHUKH €JIeMEHTH OCBEH Ui, = Ui, Ca yHUKAJIHM.

Nuade kazaHo, MUKBJI € IIbT, HAa KONTO Kpaumiara ¢bBragar. Ompere/leHneTo J0mycKa Kb 0e3
HUTO €j1HO pebpo (npu t = (), Taka Ye BCEKH OTJIEJIEH BPbX € TPUBUAJIEH UK'bJI C JIbJIKUHA HYJIA.
Obave He MO2ke JJa MMa IMPOCT MUKbJ O6e3 pedpa.

Tbit KaTo “IUK B € YacTeH caydail Ha II'bT, JePUHUIUATA Ha “Ib/IKUHA € cbllaTa: [Ib/IKIHATA
Ha IUKbJIa ¢ 6podaT Ha pebpata B Hero. OTHOBO M3IOJI3BaMe HOTAIMATA |p| 32 JIbJIKUHATA.

Hexka nak pasriesiame rpacda Gy or @urypa 2.1. Equn nukbi1 B Hero e

C1 = (LL, €1,V,€1,U,€3, W, €4, X, 627u)

®Durypa 2.21 : [IukbJa c;, KOUTO He e IIpocT, B rpada G; or Purypa 2.1.

[ukbabT ¢ € nokasan Ha Qurypa 2.21. ¢; He € IpoCT NUKbJ. IIpocT UKBI € Co = (U, 3, W,
€4, X, €2, 1), KoiiTo e m306pazen Ha Purypa 2.22.
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®Purypa 2.22 : IIpoct 1ukbJia ¢ B rpada G; ot Purypa 2.1.

[Tomobuo Ha mhTUIATA, TUKIUTE MOYXKE JIa Ce OIMUCBAT KAaTo MPOIyCKaMe nMeHaTa Ha pedparta
U 3aImcBaMe CaMo MMeHaTa Ha BbpxoBere. B ciiydas, ¢ = U, v, U, W, X, W U Co = U, W, X, L.

JlecHo ce 3abesg3Ba, Y€ MUHHMAaJIHATA IbJXKIHA Ha IIPOCT IUKbJ B OOMKHOBeH rpad e 3. 1H-
JMBU/IyaJIeH BPbX KaTO W WM Z B HOCJEIHUsI IIPUMED HPEeJCTaB/siBa IMUKbJ (¢ jrbjkuia 0), HO
He € IPOCT NUKbJI. EHo pebpo, Hampumep e; = (U, V) € MUK/ ¢ JbJEKUHA 2, aKO 'O pasriejiaMe
KaTo U, e1,V, e, U, HO TOBa HE € MPOCT MHUKbJI, 3aI0TO €] ChIIO ce nopraps. U Taka, e Tounara
JIOJIHA TPaHUIIA 38 JIbJXKHHATA Ha IPOCTUTE IUKJIN B 0OMKHOBeHHTE Ipadu e 3. 3abemekere pas-
JITKaTa MeXK/ Iy OOMKHOBEHHUTE Ipadu U MyaTUTrpaduTe, TPU KOUTO MOXKE JIa UMa IIPOCTH UK C
nbikuaia 1 win 2 (ke Habmonenue 6).

Konpenrus 12 e anaJior va Konpenrus 7 or HeopueHTupaHurte rpadu.
KouBenmust 7
[IpoctuTe bTUINA U TPOCTUTE IUKJIN CE TIOJ3BAT II0-9ECTO OT JIPYTUs BHJ. 3aTOBa, OTCEra

HATAThK, KATO KaxkeM “IUKbI’, pasbupame “OpocT UKL . AKO MMaMme MPEIBU IUKbII,
KOWMTO HE € IPOCT, TPIOBa U3PUIHO JIa CIIOMEHEM, Ue He € IIPOCT.

['pad, B KoiiTO HsIMa IUKJIA, ce HApUYa auuksuveH. Tbil KaTo TYK mMaMe IPEJIBHU ITPOCTU K-
JI, TOB& OIIPEJieJIEHNe € CMUCJIEHO; aKO UMaXMe ITPEJIBUJL ITUKJIN, KOUTO He €a HeIPeMEHHO TTPOCTH,
AIMKJINIHA Tpadu HAMAIIe J1a UMa, 3all0TO BCEKH OTIENEeH BPbX € IHUKbJI chryiacHo Oupeere-
nue 18.

Yemen yuxsa € BCEKH IHKbJ C YeTHa Ib/KUHA. Heuemen yuksa € BCEKU IUKbJI C HEUYETHA
JIbJI2KIHA.

Konsenmus 8 n Habmonenne 8 ca anajorndun ¢borBeTHo Ha Konsennus 6 u Habmomenue 7.

KonBeniusa 8

TepmunbT ‘Kb B rpad’ o3HavYaBa, OT €JIHa CTPaHa, peJIuila OT BbPXOBe U pedpa ChbIJIacHO

Omnpenenenne 18, HO OT Apyra cTpana o3HadaBa noarpad. Broporo 3Hadenue ce mo/ssa mo-
YecTO Ha MpPaKTHKa, & OT KOHTEKCTa TPAOBa Jia € siCHO KOe 3HaYeHUe MMaMe ITPEIBU/I.

[ToguepraBanme, Ye UMa CMHCHJI [ [VIeJaMe Ha UKD ¢ KaTo Ha noarpad caMo ako p € MpOCT
IMK'BJI; aKO MMa TOBTapsiHe Ha BbPxoBe mwin pebpa, To ¢ u noarpad st (V(c), E(c)) ca mpunImmHO
Pa3/INIHE Hella.
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HabGaonenue 8

Ha Bcekn mukbi-nogarpad ¢ abkuHa Kk ¢boTBeTCTBAT TOYHO 2Kk Ha OpOi IUK/INA-PEIUIIN,
KOWUTO Ce MOJIy4YaBaT eJHa OT Jpyra ¢ poranus u/min peduiercrsi. MoxkeM Ja KaxKeM, [e

BCEKM MUKBJI-TIOArpad ¢ uma 2|c| pasaudanu onucaHus, KOUTO Ca DPEJUIU OT BbPXOBE U
pebpa.

Hampumep, mukbabT co or Gurypa 2.22 uma cjieHuTe Pa3IUnIHN OIMMCAHUS:

u,es,w,ey,X,ez, U
X,€2,U,€3, W, €4,X
W, e4,X,€2,U, €3, W
u,eo,X,e4,w, ez, U
X, €4, W, €3,U, €2, X

W, €3, U, e2,X,eq4, W

CiieTHOTO TBBp/IEHUE € TIPEKaJIeHO OYeBU/IHO, 3a Ja Obje HapedeHo “Jiema’ min “reopema’; HO €
J100pe J1a ObJie n3pa3eHo B siBEH BHJI, a HE Jia Ce I0JI3Ba TUXOMbBJIKOM HATATbhK.

Hab6aronenue 9

Heka p e bt 1 V(p) nma pasbusane {Vi, Vo}. Torasa B E(p) numa pebpo e, TakoBa e eJInHUsIT
Kpail Ha e e BbB V], a APYrudaT My Kpail € BbB Va.

Heka ¢ e nmukba u V(c) nma pasousane {Vi, Va}. Torasa B E(c) nma e paznuanu pebpa e’
u e”, KOUTO MOXKe Jla UMAT WM JIa HaMaT OOl Kpail, TAKUBa e 3a BCAKO OT TSIX, JIUHUST
Kpaii € BbB Vi, a IPyrudaT € BbB Vs.

Eto npumep 3a 'bT p ¥ IUKBJI C, KATO BbPXOBETE U HA II'bTS, U HA IUKbJIA ca pa3dUTH Ha JIBA
NsiIa, KOUTO Ca O3HAaYeHM ¢hC cHH 1 depseH 1paAT . KakTo ce BHxKIa, B I'bTd MMa pebpo e ¢
KpaWila B Pa3/jnvdHU [IBETOBE, a B IUKbJa nMa jBe pebpa e’ u e, Kpauiara Ha BCIAKO OT KOUTO
ca B PA3/INIHU I[BETOBE.

THapouHo He Ka3BaMe “BbPXOBETE Ca OIBETEHH B JBa IBATA’, 32 Jla HE CTaBa 00BbPKBAHE C BbPXOBO OI[BETSIBAHE
Ha rpad (Omnpenesnenne 34). IIpu BBPXOBOTO OIBETsIBAHE Ce MCKA KPAMIaTa Ha BCAKO pebpo Jia ca B PA3InuHU
BeToBe, JoKaro B Habmomenne 9 HsiMa TaKOBa M3UCKBAHE.
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2.4 Csbpzanoct B rpadu.

2.4.1 OcHOBHU oOIIpeeJieHusI U CBOICTBA.

Omnpenenenne 19: Cebp3anoct B rpad. CBbp3aH rpad.

Heka G = (V,E) e rpad. 3a Bcekn JiBa Bbpxa U,V € V Ka3Bame, Ue U U V Ca C6BP3aHU, KO

CbIIECTBYBa U-V II'bT. Ge C6BP3aH, aKO BCEKHU /IBa BbpPXa B HET'O Ca CBbP3aHU.

He Bceku rpad e cebpsan. Hampumep, rpadpbr Ha Purypa 2.1 Ha cTp. 7 HEe € CBbp3aH, 3aIll0TO
BPbX Z HE € CBbP3aH C HUKOW JIPYT BPbX.

Heka Qg € V x V e caeanara penarud: Yu,ve V:uQv < u u v ca cebp3anu. /la nHapedem ta3m
penanus, peaayuama wa docmusicumocm espry G.

Jlema 4

PeJIELLLI/IHTa Ha JOCTHZKHUMOCT € TpaH3UTHUBHA.

HokazaresnctBo: Ille mokakeM, We 3a BCEKH TPU BBPXa U, V, W € H3IBJIHEHO CJIEIHOTO: aKO
FMa U-V I'bT P U BMa V-W IbT (, TO UMa U-W IBT T. UnTaTeaaT MoXKe Ja ce H3KYIIN J1a KaxkKe,
e TOBA € OUEBU/IHO, aKO B3eMeM T = p U . Ho, ako p u q umar apyru obum BbPXOBe OCBEH V, TO
p U q me e ubT. Hamara ce j1a nanpaBnM KOHCTDPYKITHS, KOSTO 33 UbJIZKUTE/IHO H3IPAKIA IIbT.

Bes orpanuuenue Ha OOMIHOCTTa, HeKa P € Hall-Kbe U-V I'bT U ( € Hait-kbe v-w nbr! . Heka
BPDBX b e Hail-6m3KkuAT 10 U BpuX B p oT V(p) nV(q). Torasa b e naii-6m3kusT 10 W BPBX B ¢ OT
V(p)nV(q). Heka p’ e noambTaT Ha p MeXKly U U b BKIIOUUTETHO U ' € TOIIbTAT Ha ¢ MEXKy b
1 w BKJounTesHo. ToraBa 1= p’ U q’ e mpoct mbT MexkIy w u w, Tbit kKato V(p') nV(q') = {b}.
O

Heka Rg u Qg ca penamuure, jedbuHUpaHn ChOTBETHO HA CTP. 8 U Ha Tasu crpanuna. Qg

e pedJIeKCUBHO U TPaH3UTUBHO 3aTBapsHe Ha Rg. O

oM Rg e cumerpuuna u Qg e pedIeKCHBHO M TPAaH3UTHBHO 3aTBapsHe Ha Rg, To Qg e
pediekcuBHA, cuMeTpuYIHA U TpaH3uTHBHA. ToraBa Qg e pesaius Ha ekBuBaJeHTHOCT. Heitrure
KJIACOBEe Ha €KBUBAJIEHTHOCT Ca MHOYKECTBA BbHPXOBE, BbB BCSIKO OT KOUTO BCEKH JiBa BbpXa Ca
CBbP3aHM, HO HUKOH JIBa BbpPXa OT Pa3JIMdHM KJIAacOBE He ca cBbp3anu. Karo mpuMmep Ja pasrie-
name rpada #ma Purypa 2.1 na crp. 7. Penanusara na JOCTIZKHMOCT BBPXY HETO HMa J[Ba KJaca
Ha eKBUBAJECHTHOCT: {W,V,w,X,y} u {z}.

Onpenenenne 20: CBbp3aHu KOMIIOHEHTH.

Heka G = (V,E) e rpad u Qg e penanusira Ha mocruzkumoct Bbpxy G. Iloarpadure Ha G,

UH/TyTIIPAHN OT KJIaCcOBETe Ha eKBUBAJIEHTHOCT Ha Q g, ce HAPUIAT C63P3AHUME KOMNOHEHMU
na G.

Karo mpumep ja pasriieiame nak rpada na @urypa 2.1 va crp. 7. Toit uma TO4YHO JiBe CBbp3aHU
KOMITOHEHTH, KOUTO ca odepranu Ha Purypa 2.23.

TKakso e mbipkuna na wsT B rpad e omucano B Ilogcekrms 2.4.2
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®durypa 2.23 : /IBere cBbp3anu KoMIoHeHTu Ha rpada G; or Purypa 2.1.

Bb3M0KHO € ciIeIHOTO aJaTepHATHBHO OIIpe/ie/ieHne Ha ‘CBbp3aHl KOMIIOHEHTH , KOSITO M3II0JI3Ba
Onpenenenne 19.

Onpenenenne 21: CBbp3aHu KOMIOHEHTHU, aJITEPHATUBHO ONPeE/IeJIEHUE.

Cebp3aHnTe KOMIIOHEHTH Ha rpad ca MAKCUMAHHUTE 110 BKJIIOYBAHE CBbP3aHU MOArpadu.

Ha6aronenune 10

Onpenenenns 20 u 21 ca eKBUBaJIECHTHH.

Hdcno e, 1e wbaHUAT rpad € CBbP3aH 3a BCAKO T, a MPa3HudT He e cBbp3an npu n = 2. Hedbopmai-
HO Ka3aHO, IPU (PUKCUPAHO MHOYKECTBO OT BbPXOBE, HAJIMYUETO Ha IoBede pebpa O6/1aronpusaTcTsa
CBBbP3aHOCTTA, a Ha IO-MaJKo pebpa, Hecbp3anocTta. Teopema 2 u Teopema 3 jraBaT KOJIUYIECT-
BEHU PE3Y/ITATH B TO3U CMUCHI.

Teopema 2: Touna gosina rpanuna 3a 6(G) B rapaHTUpaHo cBbp3aH rpad

Heka G = (V, E) e rpad. Ako §(G) = [252], To G e cebpsan. Ako 8(G) < [271], To G moxe
72 He € CBbP3aH.

2

HokazarencrBo: Jla ponycuem, e §(G) = ["T_l] n G He e cebp3aH. ToraBa G mMma 1oOHE JBe

cBbp3aHu KoMroHneHTn G; m Go. Heka Te mmar c¢bOTBETHO M M Mo BbpXa. be3 orpanutvenne Ha
oOITHOCTTA, HEKa My = No. Torasa ng < [%J, aKO JIOIYCHEM, Ue Mgy = [%J + 1, To rpacdbT TpsiOBA
Jla mMa, TToHe 2 ([EJ + 1) =2 [%J + 2 BbpXa, a TOBa € HEBb3MOKHO, Thil KaTo 2 [%J +2>n. MU

2
Taka, Nz < |5 |-
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Cworiacao Habmonenne 2, A(G2) < np — 1, or Koeto ciiesipa, |e:

A(Gy) < [%J —1 (2.1)

Or apyra crpana, 8(G) = [252] no nomyckane u, osenzno, 5(Gs) = 8(G), Taka we:

5(Gs) = “T_l (2.2)

F‘T_ﬂ > [gJ 1 (2.3)

KOETO Ce JIOKa3Ba TPUBHAIHO, aKO pasriejaMe ciydante n derHo u n HederHo. Ot (2.1), (2.2) u
(2.3) crensa Benmara, e §(Gz) > A(Gs), Koeto e HeBb3MOKHO. CiretoBareano G e cBbp3aH.

Cera na nomycuem, de §(G) < [“T_l] [IbpBo na nomycueM, de n e getno. la pedem, n = 2s. Torasa

5(G) < [252_1], a [%1 = s. ToraBa §(G) < s — 1. OueBugHO CchiecTByBa rpad ¢ 2s Bbpxa, B
KOMTO MUHMMAJIHATA CTelleH Ha BPbX € S — 1 U KOWTO He € CBbp3aH — TOBa € Ipad, ChbCTOMII ce
OoT u camo OT JBe Komnus Ha Kg, konto HsamaT ob1r Bpbx. Cera j1a jlomycHeM, 1e n e HedetHo. Jla
peden, n = 2s+ 1. Torasa §(G) < [24]=L], a [24=1]| = [28] = 5. Torasa 5(G) < s—1. Ouesuo
cbiecTByBa rpad ¢ 2s + 1 Bbpxa, B KONTO MUHHMaJIHATA CTEIIEH Ha BPbX € S — 1 U KOWTO He e
CBbP3aH — TOBa € rpad, CbCTOIIL ce OT U caMo OT eJTHO Korue Ha Kg u eaHo komnne Ha Kgy 1, KOUTO

HsMaT OOII BPbX. O

JlokazarencTBoTo Ha Teopema 3 ce ocHoBaBa Ha Jlema 6.

Jlema 6: MakcumaJjieH 6poii pedbpa npu aajeH Opoili CBbp3aHu KOMIIOHEHTHU.

Heka G = (V,E) e rpacd ¢ k cebpsanu KoMionentH, kbjero 1 < k < n. Torapam < ("5,

HokazarescrBo: Heka cebp3anure kommonentn ca Gy, ..., Gy, u Gy uman; Bbpxa3a 1l < i< k.
Tbit KaTO KOMIIOHEHTHUTE UMAT TIOHE TI0 €JINH BPbX, oueBmIHO 1 < ny < n—k+ 1 3a Besko i. Ocsen
TOBA, 21;1 n; = n. llpn nagenn nq, ..., ny, Opodar Ha pebpaTa ce MaKCUMHU3UPa, KOraTo BceKn Gj
e bJieH rpad — ToBa € OYEeBU/IHO.

Cera 1e jiokazkem, de OpodT Ha pebpata B G € MakCcMMaJieH, KOraTo €JHa CBbp3aHa KOMIIO-
HEHTa CbhbIbpxKa N — k + 1 Bbpxa, KOeTO 03Ha4YaBa, 9e Td ChIbpPrKa (“*'Q‘H) pebpa, a ocraHaJUTe
KOMIIOHEHTHU MMAT I10 €JIMH BP'bX, KOETO O3Ha4YaBa, ue MMaT 1o Hyja pebpa. Tosa ciensa jecHo ot
dakTa, ye pyHrIuATa-OpOIt Ha pebpara e KBaIpaTudHa B Oposd Ha BbPXOBETE, HO Ie U3BbPIINIM
JI0Ka3aTeJICTBOTO MOAPoOHO. [la e mpeacTaBuM aJiropuTbM, KOWTO MOTyvYaBa CBbP3aHUTE KOMITO-
HeHTH Gi, ..., Gy CbC CHOTBETHO Ny, ..., Ny BbpXa U IPaBU CJIETHOTO: JOKATO HE € BAPHO, Ue
BCUYKU CBbP3aHU KOMIIOHEHTHU O€3 €JiHa UMAT 10 TOYHO €JIUH BPbX, Pa3IJIeXkK/Ia JIBeé KOMIIOHEHTU
Gi; 1 G;j ¢bC CBOTBETHO Ny U My BbpXa (KbAETo Ny > 1 uny > 1) u IPexXBBLPIISL 10 €U BPBHX OT
eJlHaTa OT TAX B Jpyrara CbhIVIACHO CJIETHOTO MPAaBUJIO:

e ako G; u Gj UMaT eJHaKbB OPOil BbPXOBE, IIPEXBbPJIAME BPbX OT KOd Ja € OT TAX B JIpyraTa,
® B IIPOTUBEH CJIy4dail TPeXBbPJSIME OT Ta3’ C MO-MAaJIKO BbPXOBE B JIpyTraTa.

JIOKATO €JIHA OT TAX He OCTaHe caMo ¢ euH BpbX. CJiell BCAKO MPEXBbPJITHE HA BPbX, KOMIIOHEH-
TaTa, KOsITO T0JIydaBa BPbX, CTaBa Mak IrbjaeH rpad (¢ gobaBsHe Ha BCHYKH HEOOXOIMMU 32 IeJITa
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pebpa), a Tasm, OT KOSATO Ce BaJl BPbBX, OCTAaBa II'bJieH rpad, HO Ha BbPXOBE C €JUH MO-MATKO OT
peIn.
Bes orpanuuenue Ha 0OMIHOCTTA, HEKa N; > N; U HeKa IIPEXBbPJIUM eJuH BPbX oT Gj B Gi.
Jla BujuM Kak TOBa ce oTpassBa Ha Opos Ha pebpara ciell J00aBsHe 1 MaXaHe Ha HeOOXOIUMUTE
. mny n;
opoiiku pebpa. IIpenn npexpbpisgHeTo Ha BPBX, B Te3u KommonenTu e umajo (5) + (7)) pebpa.
Crtenn mpexBbpIIsiHETO U 100aBAHETO W MaxXaHeTo Ha pebpa, Taka de Gi u Gj IaK Ja ca II'bJIHH
ni+1 n;—i o
rpacu e Bapuo, ue G Bedye uma ("77) pebpa, a Gj, camo (™, ) pebpa. Torasa obumsaT 6poit pebpa
Ha G HapacTBa C

n; +1 n n; —1 B n; n;
2 2 2 2
d —_—
—
6poit pebpa B Gi u Gj cieji IPexXBbPJIAHETO 6poit pebpa B G{ 1 Gj 1peau NpexBbPJITHETO

TbhII KaTO B OCTaHAJIATE CBbp3aHW KOMIIOHEHTHW HE C€ MEHH HHIIIO. Ho

ny+1 n n;—1 ni\  (my
2 2 2 2

S+ D (= 1)y —2) — il — 1) =y — 1)) =
L 2 2 2 1
§(ni +ni+ng =3y +2-nf +ng—nj+ny) = §(Qni—2nj +2)=n;y—n;+1
Wzimza, ye jgopu Ja 3alovHeM Jia PeXBbPJsMe [P paBeH Opoil BbPXOBE B JIBETE KOMIIOHEHTH
nak “nedeuM’ eIHO pedpo, a aKo MPEeXBbPJSIME OT IO-MaJjKa KaTo OPOil BbpXoBe KOMIIOHEHTa B
o-roJisIMa, “redaJjibara’ e JIOpH MO-ToJIsMa.

JlecHo ce BUXKa, Ye BCsKa UTEpAId HA TO3W aJTOPUTHM yBeJIUYaBa C MOHE eIUHUI Opost
Ha pebOpara B rpada, u KpailHuaT Opoii pebpa, HE3aBUCUMO OT IIOpeauIaTa n300pu OT KOsI B KOs
KOMIIOHEHTa JIa IIPeXBbLpJIsIMe, € (“’;‘H). Tosa e abcooTHUAT MakcUMyM 3a Opos Ha pebparta
upu k cBbp3aHM KOMIIOHEeHTH. KakTo craHa siCHO OT JI0KA3aTeJICTBOTO, Ta3W I'OpHA TPaHUIA €
JIOCTUZKHMA. 0

Teopema 3: TouyHa J0J/IHA TPAaHHUIIA 3Aa M B TApaHTHUPAHO CBbP3aH rpad

Heka G = (V,E) e rpad. Ako m > (";') + 1, To G e cebpsan. Ako m < (™;'), To G MoKe
Jla He € CBbP3aL.

HoxkazaresactBo: Ot Jlema 6 3HaeM, 9e 1pu JiBe CBbP3aHU KOMIIOHEHTH MAKCHUMAJHUAT OPOit
pebpa e (“_22“) = (" 1), a mpum moBede OT [Be CBBbP3AHN KOMIIOHEHTH € J0pH mo-MaibK. Cienoa-
TesHo, aKko pebpata ca mosede or (1), HAMA Kak Jla MMa [OBeUe OT eJIHA CBbP3aHa KOMIIOHEHTa;
¢ apyru aymu, rpadbT € CBbP3aH.

Or gpyra crpana, ako pebpara ca Touno (™, 1), MOxke [a mMa J[Be CBbP3aHHM KOMIIOHEHTH,
eJlHaTa OT KOUTO € II'bjieH rpad Ha N — 1 Bbpxa, a JApyrara € u30Jupad BPbX. O

Teopema 4: I3TpuBaHe Ha pebpPoO OT MUKDBHJ HA CBbp3aH rpad

Heka G = (V, E) e cebp3an rpad. Heka c e mukbia B G u Heka e e pebpo or ¢. Torasa G — e

€ CBbpP3aH.

HokazarescrBo: Ille mokaxkem, 4de 3a Bceku x,y € V uma x-y ubT B G — e. Tbit kato G e
CBBbP3aH, TO B G ChIECTBYBa X-Y II'bT P. AKO e He e pedPo OT P, TO IILTAT P ChIecTBYBa 1 B G — e.
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Jla pasrieiame Bb3MOXKHOCTTA € ja O6bjie pedpo or p. Torasa p He e mbT B G — e u TpgabBa J1a
[OCOYNM JIPYT II'bT Mexk1y X u Y. Heka Kpaummara Ha e ca BbPXOBeTe U U V — OYEBUIHO TOBA Ca
BBHPXOBE OT IUKbJIA €. Be3 orpanmyenne Ha OOIMHOCTTA, HEKA IBTAT P B G ¢bIbprKa BbPXOBETE U
UV B TO3U PeJI;

C spyru jymm, B ITOCOKa OT X K'bM Y, BPbX U Ce MOSBsIBa IIPEJIN BPbX V B p. 3abesexere, e U 1
V ca Cheesii B P, HOHEXKe pedpoTo e = (U,V) € B P, a p € MPOCT II'bT — IOM P € IPOCT I'bT, TO Ta3n
[I0sIB& Ha U B HErO € eJIMHCTBEHA 1 Ta3! II0sIBa Ha V B HEr'O € eJINHCTBeHAa. Bb3MOXKHO € X J1a ChBIIaIa
¢ u wm Yy Ja cbBiajga ¢ v. Heka a e nbpBudaT BpbX OT ¢, KOHUTO ce MOABABA B P, aKO IJIejamMe
HA P B [IOCOKa OT X KbM Y. Pa3bupa ce, a Moxke ja ¢bBIaJa C X WIK W, HO Oe3 OrpaHuveHne Ha
OOITHOCTTa, J1a pasriiegame oOIus Caydail, B KOUTO X, @ U U ca Pa3JUIHU BbPXOBe. AHAJIOIUIHO,
b e mocsieTHUAT BPBX OT €, KOITO ce MoABABa B P, aKO IJIeJlaMe Ha P B IIOCOKa OT X KbM Y. b MoxKe
Jla CbBIAJIAa C V WIN Y, HO Oe3 orpaHnveHre Ha OONTHOCTTa Jla pas3reraMe oOIIus crydail, B KOfTo
v, b u y ca paziuunu Bbpxose. Torasa p nma Buja

Heka p’ e moamsbTaT Ha p oT X BKJIIOYUTETHO /10 a BKIo4IuTeH0. Heka p” e noambTar na p or b
BKJIIOUHUTEJIHO JIO Y BKJIIOUUTEIHO:

Ho a u b ca paznuyunu BbpxoBe, Thil KaTO P € MPOCT II'bT. Torasa ¢ ce mojydaBa oT 00eIMHEHUETO
Ha JBa II'bTd, Jla TM HapedeM (i U (g2, U JiBaTa OT KOUTO UMAT KpaliHu BbpXOBe a U b:

C=4qd1YqQqq

Touno exuHUAT OT (1 U (2 ChIbp:Ka pebpoTo e (KoeTo O3HavYaBa, e ChbIIbpKa W U U V). Bes
orpaHIYeHHe Ha OOITHOCTTA, HEKa ToBa € (;. loraBa HOMII'BTAT Ha P MEXKIY G BKJIIOUUTETHO U b
BKJIIOUNTEJIHO € (1!

pP=x...... a...... w,v...... b...... y
%KI_J H___J
p p//

C apyru aymu, p = p’ U q; U p”. Ho usrpusanero Ha e He Kacae (z. Ciiej u3TpuBaHeTro Ha e, (i
Beue He e bT (B G — e), HO (2 ocraBa wbT (B G — e). Herio noseue: p’ U qaup” ebr B G —e ¢
KpauIa X n y. (]

2.4.2 Pazcrosgauga B rpacdu. Auamersp, paagmyc u neHTbp Ha rpad.

Omnpenenenne 22: PascTrosiiue B cBbp3aH rpad.

Heka G = (V,E) e cBbp3an rpad. 3a BCeKH [[Ba He HENPEMEHHO DA3JIMIHUA BbpXa U U V,

PA3CMOAHUEMO MeNHCOY W U V € JIbJZKUHATA Ha Hafi-K'bC I'bT MeXKy U 1 v. PascrosHuero
Mety u u v ce Gesrexu ¢ dist(u, v).

He e nobpa nmes jga ce Kaxke “Haifl-K'bCHSAT II'bT, 3aI[0OTO MOXKE J1a NMa MHOI'O Hail-K'bCH II'bTHUIIA.
0 MOXK€ aJITePHATUBHO Ja Ce KarkKe “‘MUHMMAJIHATA IbJXKIUHA Ha U-V II'bT .
H Pt « bil )
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Omnpenenenne 23: MeTrpuka.
Heka A e npoussosao MuHOkecTBO U T: A x A — RT U {0}. Kassame, e f e mempuka, axo:
Vx,ye A:f(x,y) =0 x =y

¥x,y e A:f(x,y) = f(y,x)
Vx,y,z€ A f(x,y) + f(y,z) > f(x,z)

Hab6aronenue 11

Oyukmuara dist or Omupesesienne 22 e MeTpuka.

Ba npumep Ja B3eMeM cBbp3anus rpad, nokazan Ha Qurypa 2.13. B mero dist(u, u) = 0, dist(v,z) =
1, dist(u,v) = 2 u Taka HATATHK.

[Tonsikora pa3sriekjaMe e JHOBpEMEHHO cBbp3aH rpad G,
HEroB cBbp3aH nojarpad G n HIKAKBU BbPXOBE U U V, KO-
UTO ca BbPXOBe KakTo B G, Taka u B Gi. JlecHo ce Buxk1a,
e Pa3CTOSHUETO MEXK/IY W U V B OPUTHHATHUS T'pad MOzKe
Jla € Pa3/InIHO OT PA3CTOSTHUETO MEXKJTy W 1 V B moJirpada.
Karo npumep 1a pasriiegame rpacda G na @urypa 2.24 u
HsIKaK'bB HeroB mojarpad Gip, oueprad B cuHbo. Pascros-
HUETO MeXKJIly WV B G e 2, 3aI0TO TaKaBa € Tb/IKIHATA
Ha Hall-K'bCus IbT MeKIy wu v B G. KakBa e qb/oKuHaTa
Ha Hali-K'bC T MeKJIy U 1 v B Gy?7 To3u mbT TpsabBa 1a
ce CbCTOU U3ISI0 OT CUHU Pedpa U CUHU BbPXOBE—3aIloTo
e B noarpada. JlecHo ce BmKIa, Y€ ako M3MOJI3BAME Ca-
MO CHHH pedpa U BbpPXOBe, HAH-KbCUAT BT MEXKIYy U U V
nMa JbjkuHata 6. Ako Bede cme BbBesm u G, u Gy, TO
U310/13BaHeTo Ha Horaruara “dist(u,v)” e aBycMmucieno; 3a KoHKpeTHus npumep, dist(u, v) mMoxe
Jla e 2, ako mMaMe IpeIBuI mneaus rpad, Ho MoxKe 1 Ja e 6, ako nMmame mpeasul moarpada. 3a
Jla pazjanvdaBaMe Pa3CTOSTHUETO MEXKIY W U vV B G OT Pa3cToOsiHUeTO MeXKJIy W U vV B Gy, ciarame

Qurypa 2.24: Hall-KbcuAT TbT
MeXJy Un Vv B G e ouepTaH ¢ uepBe-
Ha npexkbcHarta gunns. Hafl-kbeuar
I'bT MeXKJIy W 1 v B G1 e odepran
CbC CUHSA MMPEK'bCHATA, JTUHUSI.

nHIeKe G unm G Taka:

distg(u,v) =2
distg, (u,v) =6

Hab6mronenue 12: Pascrossauero B noarpad He HAAXBbPJIA Pa3CTOSHUETO B Iejinst rpad

3a npousBosien cBbp3aH rpad G, 3a mpousBoJieH cBbp3aH noarpad G’ Ha G u 3a MPOM3BOJIHA
BbpxoBe U,V € V(G’) e usmrbaneHo:

distg (u,v) < distg:(u,v)
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Omnpegenenune 24

Heka G = (V,E) e cbp3an rpad u w € V e npousBojieH. Excuyenmpuyumemsm Ha W e
e(u) = max {dist(u,v) |v e V}

Paduycem na G e
rad(G) = min {e(u) |ue V}

Juamemspsm Ha G e
diam(G) = max {e(u) |ue V}

I[enmap na epadia e BeeKn BPbHX X, Takbs 4ye €(x) = rad(G). [epugepen epsx Ha rpada e
BCEKM BPBX X, TakbB 1e €(x) = diam(G).

C ymMu, eKCIEHTPUIUTETHT € MAKCUMAJIHOTO PAa3CTOSHUE MEXKJIy W U KOii JIa € JPYI BPbX Ha
rpada; paanychT Ha rpada MUHIMAJIHOTO, [0 BCUYKH BbPXOBE, MAKCUMAJTHO PA3CTOAHIE B rpada;
JITaMeTbPbT € MaKCUMAJHOTO, TI0 BCUMYKHU BbPXOBE, MaKCUMAaJHO pa3crosguue B rpada. Iuamersp
U paJuyc Ha Tpadu ca BayKHU MOHATHUS: aKO I'padbT MOJeINPa KOMYHUKAIIOHHA MpeXKa, B KOATO
IMa 3aK'bCHEHHE eJIMHUIIA MeXKJly CbhCEJHU BbPXOBe, TO MAKCUMAaJHOTO 3aK'bCHEHUE, KOETO MOXKe
Jla ce TIOJIyYM MeKJy JIBa Bbpxa Ha Mpekara, € paBHO Ha jguaMeTbpa Ha rpada. Cbino Taxa,
BbPXOBETE-TIEHTPOBE (Te MOXKe Jla ca [oBede OT eJuH) B rpada orroBapsaT Ha Te3U BbPXOBE HA
MpeXKaTa, KOUTO Ca Hall-IleHTPaJIHO Pa3I0JI0?KEHN B CMUCHJI, Y€ 3aK'bCHEHNETO MEXKJTy TX U KOH Jia
e JIPYT BpbX e MuHIMaJHO. ChOTBETHO TepudepHUTE BHPXOBE ca Hal-OT/1aIe9eHO PA3IOJIOKEHNTE
BbPXOBE.

5 4 5 Karo npumep, ja pasriemsame rpacda na @urypa 2.25. o

BCEKM BPDbX Ha rpada € HalluCaH HerOBUAT €KCIEHTPUIIN-

A ~ ,  Ter Jla ce ybemmnm, Ue eKCIEHTPUIIUTETUTE HA BbPXOBETE
(L/E’ 3g 1 ca "Harmmcanu BapHO. [IbpBO 3abega3Bame, Ue HsIMa, JIBOI-
4 4

K BbPXOBe Ha pa3CcTosHue mnopedve oT o. [locse, 3a Bcekn

OT YeTUPUTE KbJTU BbPXa, MAKCUMAJHOTO Pa3CTOsSHUE

®urypa 2.25: Tpad ¢ guamersp JIO JIPYT BPBX € O; a UMEHHO, 3a BCEKH OT TPUTE KbJITU

5 1 paauyc 3. BbPXa BJIACHO, K'bJTUAT BPbX BJIIBO € HA PA3CTOSHUE 9,

7 CHOTBETHO JIEBUAT K'bJT BPHX € Ha PA3CTOTHIE D OT KOU

Jla € OT XKbJITUTE Bbpxose BisgcHO. Criej1 ToBa 3abe/isizBaMe, Ue 3a jiBaTa O0eJIM BbpXa BJIABO, Bbp-
XOBeTEe Ha MaKCHMAJHO PA3CTOSHUE Ca KbJITHTE BbPXOBE BJSCHO (HA pa3cTosiHue 4); aHaJOTUTHO,

5

3a TpuTe 6eJii BbpXa BIISICHO, MAKCUMAJIHO OTJIAJIeYeH BPbX (Ha pascrosHue 4) e KbJITHIT BPbX
BIsBO. U Hakpasi, 3a JieBHs 3eJieH BPbX, MAKCUMAJHO OT/AaJedeH (Ha pa3cTosHue 3) € BCEKH OT
JKBJITUTE BbPXOBE BJISICHO; AHAJIOTMYHO 3a JIECHUST 3€JIeH BP'bX MAaKCHMAJHO OT/ajedeH (Ha pas3c-
TosiHKE 3) € KBIATHIT BPpbX BJgBo. ToraBa rpadbr uMa guaMersbp 5 U pajguyc 3, KaTo B JKbJITO
ca oIBeTeHN IepudepHUuTe BbPXOBE, a B 3eJIeHO, IEHTPOBETE.

Ot npumepa na @urypa 2.25 MoxKe J1a IOMUCUM, Y€ BUHATH PAJIUYCHT € TOPe-J10J1y TOJTOBUHATA

diam(G "
OT JmaMerbpa M 10-To4uHo, e rad(G) = [%()w Tosa obaue ne Bunaru e Taka! Hait-o0mo,
CJIEJIHOTO OTHOIIEHHE € B CUJIa

rad(G) < diam(G) < 2 -rad(G)

Kinac or rpacdwu, 3a Kouto pajuychbT € paBeH Ha JUaMeTbpa, ca NUKJIuTe. BbB BceKu rpad-
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MAKDBI ¢ UbIKIHA K, 38 BCCKH BPBX !

[Ipumepn 3a ToBa MMa na Purypa 2.26:

Purypa 2.26 : I'padu-muKIn 1 eKCHEeHTPUIIUTETUTE HA BbPXOBETE NM.

la cu mpunomMuuM JedpuHUIUATa Ha IbaHud rpad K, ot #Ha crp. 15. Jlecno ce BuKjIa, de aua-
MeTbpbT Ha K, e 1 3a n > 1. Paguycnsr cbmo e 1 npu n > 1. OcBen ToBa, Bcekn BpbX B K, €
eJIHOBPEMEHHO IEHTbP U epudepeH BpbX. Beuiko ToBa He € n3HeHaja—IIPH II'bJIHATA CBbP3aHOCT
“Beceku ¢ Bcekn' B K, MOHATUATA JUAMETBD, PAJINYC, IEHTHD U epudepeH BpbX ce 00€3CMUCIAT
u (POPMAJTHOTO TPHUIATAaHE Ha OIPEJE/IEHUsITa BOJIN JI0 TAKUBA HAa MPbHB IOTJIE] MapaIOKCATHA
M3BOJIN.

B Tlomcekius 2.4.2 pocera pasriexkjgaxme camMo cBbp3anu rpadu. Moxkem i jga gedupame cMuc-
JIEHO Pa3CTOosSHUs B Ipacdu, KOUTo He ca cBbp3aHu’ OTroBopbT €, e MOKEM, CAMO Ue PA3CTOSTHUETO
MOKe Jia He e 4ncio. Ako G e He-CBbp3aH I'pad U U U V Ca BbPXOBE OT PA3/JIMYHUA CBbP3aHU KOM-
MMOHEHTH, UMa CMUCHJI Ja jiebuHIPaMe pa3CTOSHUETO MEXKTy U U vV KaTo Oe3kpaiinoct. PopmaliHo,
TOBa € HEeIllO, KOeTO 3alliucBaMe C ‘00" U KOeTO MOKe Jla yIaCTBa B CPABHEHUs C YHUCJa, KATO 00 > X
3a BCAKO pPeasiHo x. Pe3yararsT oT cpaBHeHMETO 00 < 00 obade e Hemeduaupan. Cymara OT IUCTIO
n 00 € 00, & 00 + 00 CBIO € 0.

Onpenenenue 25: Pa3crosinne B He HEMPEMEHHO CBbp3aH rpad.

Heka G = (V, E) e rpad. 3a Bceku jiBa He HENPEMEHHO PA3JIMYHE BbPXa W U V, PA3CMOAHU-
Emo MedHcoy W u v e

® ILJKMHATA HAa HAW-KbC II'BT MEZKJy W 1 V, aKO U A V Ca CBbpP3aHH,

® 00, B IIPDOTUBECH CJIydYail.

U npu He HenpemenHo cbp3anuTe rpadu Gesrexkum ToBa pazcrosuue ¢ “dist(u,v)”, camo de cera
e Bp3MokHO dist(u,v) = .

[Tpunomuere cu jgedununusra Ha “mMerpuka’ (Oupesenenne 23). Pascrosinunero B He HElPEMEHHO
cBbp3aHuTe Tpadu CHINO € MeTpHKa ¢ MaJjKaTa pa3jinka, de cera f: A x A — R U {0, c0}.

e PascrogHuero ME2KY BPbBX U cebe cu O4Y€BUHO € HYJIA.

e Pa3crosiHueTo € CHMETPHUYHO, MOHEXKe 3a BCEeKU JiBa Bbpxa U u v, win dist(u,v) e qucio u
dist(u,v) = dist(v,u), wim dist(u,v) = o, Ho Torasa u dist(v,u) = o0 u nak dist(u,v) =
dist(v,u).

THe xa3Bame 1pocTo “Iuksi1’, 3a f1a He ce ObpKa HOHATHETO ¢ MUKbI B rpad. TyK mMaMe IPeIBH/I, Y€ CAMUIT
rpad e IUKbII.
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e HepaBencTBoro Ha TpUbI'bJIHUKA € U3Ibjaneno. Heka w, v u w ca npoussosinu Bbpxose. [1le
nokazkeM, de dist(u,v) + dist(v, w) = dist(u, w).

¢ Axo dist(u,v) u dist(v,w) ca uucia, ToO 09€BUIHNO U U V Ca CBbP3aHU, KAKTO KV U W Ca
cBbp3aHu 1 Torasa, kakto 3HaeM (Habmomerue 11) dist(u, v) + dist(v,w) = dist(u, w).

+ Axo dist(u,v) e uncio, a dist(v,w) e 00, To U 1 v ca CBbpP3aHHU, & V 1 W He ca CBbP3aHH,
KOETO BJjIeYe, Ue M U U W He ca cBbp3anu. Epro, dist(u,w) = co. Torasa e BsipHO, 1e
dist(u,v) + dist(v, w) = dist(u,w), 3amoro u JjsBaTa, U JsgCHATA CTPaHA Ca 0.

¢ Ako dist(u,v) = dist(v,w) = o0, To nmax dist(u,v) + dist(v,w) > dist(u, w), 3amoro
JBaTa CTPAHA € 00 + 00 = 00, & W U W

% MM ca cBbp3anu, Taka de dist(u, w) e ancio u dist(u,v) + dist(v, w) = dist(u,w)
€ M3II'bJIHEHO,

% WM He ca cBbp3and, Taka de dist(u, w) e oo u dist(u, v) + dist(v, w) = dist(u, w) e
U3I'bJIHEHO.

2.4.3 Cpsa3Banu BbpXoBe 1 MocToBe. Pa3iienBane Ha cpa3Ballll BbPXO-
Be. Biokose B rpadu.

Omnpenenenne 26: CpsasBail BpbX U CPsA3BaIio pedbpo

Heka G = (V,E) e rpad. Cpassaws epsr B G e Bcekn u € V, TakbB 4e G — U UMa MoBeYe
CBbp3aHu KOMIOHEeHTHH OT G. Opaseaw,o pebpo, ollie ce Hapuda MOocm, € BCAKO e € B, TakoBa
ye G — e uMa IoBeve CBbP3aHu KOMIIOHEHTH OT G.

Omnpenenenune 27: Cpsa3Baill BpbX U CPA3BAII0 PeOPO, aJITEPHATUBHO ONpeJieJIEHne

Heka G = (V,E) e rpad. Cpassam Bpbx B G € BcekKn U € V, TaKbB 4e 3a HIKOU PA3JIUIHU
BLPXOBE V, W € V € BAPHO, 9e BCEKHU I'bT MEXKJY V U W ChIbpyKa U KaTO BLTPENICH BPbX.
Cpsassalio pedpo e BesKo e € E, TakoBa 4e 3a HAKOU PasIMdHU BbPXOBe V, W € V e BSIpHO,
g€ BCEKU II'bT MEXKIY V U W Cb/IbpPzKa eh

Ompenenenns 26 u 27 ca eKBUBaJEHTHN.

JlecHo ce BM2KJa, Y€ Ha BCEKU BUCHI BPbX B CBbp3aHa KOMIIOHEHTa C IIOBeYe OT JIBA BbpXa
CBOTBETCTBA TOYHO €JIMH CPsI3BAIll BPbX, & UIMEHHO €INHCTBEHUAT MY Cbcesl. CaMusiT BUCSIN BPbX
He e cpsa3Ball. AKO cBbp3aHaTa KOMIIOHEHTA MMa TOYHO J[Ba BbPXa, WK C JPYTU JyMU, aKO € eHO
eJIMHCTBEHO Pebpo, TO B Hes CPsA3BAIl BpbX HaAMa. Ha BceKn BUCAI BpbX ChOTBETCTBA TOYHO €/INH
MOCT, & UMEHHO €JIMHCTBEHOTO PedPO, MHIUJIEHTHO C HEro; TOBa OCTaBa B CHJIA JIOPU CBbP3aHATA
KOMIIOHEHTA JIa Ce CbCTOU camMo oT ToBa pebpo. Purypa 2.27 umocrpupa Oupejenenus 26 u 27. B
rpada Gi, Bpbx u e cpgaspai,. B rpada Gy, 1 e, u e; ca MOCTOBE, HO € ITI0Ka3aHO CaMO U3TPUBAHETO

Ha €.
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®durypa 2.27 : Cpsi3Baill Bp'bX U CpA3BaIio pedopo.

U e CpsI3BAII, BPbX.

Gl 3 G2 e
% 3 %e:g
uw |
Gl —u 3 Gy —e el
: g gj
O0—0—0 |

onbanenue 3: IIpuiio>keHne Ha cps3Balll BbPXOoBe U pedpa

CpssBamuTe BbPXOBE U MOCTOBETE Ca BayKHHU IOHATHsI, ako TIpadbT MOJEIpa HIKaAKBa
cBbp3aHocT. Hampumep, ako Mojeanpa KOMYyHUKAIIMOHHA Mperka, W IIbTHA Mpexka, WJIN
eJIEKTPUIECKA MPEKA.

Heka rpadbr Momemmpa KOMyHUKAIIMOHHA MpeyKa OT KOMITIOTPU U YKUIHU BPB3KH MEXKTY
Tsax. Heka Mperkara e cBbp3aHa B CMHUCHJI, Y€ BCEKHU JIBa KOMIIIOThHPa MOTAT Jia CH “TOBO-
pAT”; MoyKe OM He JIUPEKTHO, & MPe3 JAPyIru KOMIIIOTPH, HO NMaT BPb3Ka eJIMH ¢ JApyr. Torasa
CpsI3Balll BPbX B rpada ¢hOTBETCTBA Ha KOMIIOTHD, YUATO MOBpeIa Ou JoBeja JI0 TOBa, e
MpekaTa O ce pasliajiajia Ha JBe WK IIoBede IMOJIMPEXKU, KOUTO He cu ‘ToBopaT’. B pas-
a/IHATATa MPeXKa MMa KOMITIOTPH, KOUTO HE MOTaT Jila KOMYHUKAPAT B3AaUMHO. A CpsI3BAIIO
pebpo oTroBaps Ha KWYIHA Bpb3Ka, YNATO MOBpea OW JOBesa JI0 paslajaHe Ha MperKara
Ha, TOYHO JIBe IOJMPEXKH, KOUTO He CH “TOBOPST .

W Taka, cpsg3BaluTe BbPXOBE U MOCTOBETE OTTOBAPAT HA HIKAKbHB KPUTHIHO BasKHU KOMIIO-
HEHTH Ha MpekaTa. MpexKa, 9niiTo choTBeTeH Ipad nMa Cpsi3Ballll BbPXOBE WA MOCTOBE
e MOTEHINAIHO I0-HEeHAIEXKIHA OT MperKa, INiATO ChbOTBETEH I'pad HIMA TAKUBA €JIEMEHTH.
Ot riegHa TOYKA Ha HAJIEXKIHOCTTA, OYEBUIHO IMPEANOINTAME MPEKU, YUUTO ChOTBETHU
rpadu HIMAaT CPA3BAIl BbPXOBE WM MOCTOBE.
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Omnpenenenne 28: PasnmenBane Ha cpsi3BaIlld BbPXOBE

Heka G = (V,E) e rpad u Heka u € V e cpgassain Bpbx. Heka cBbp3anuTe KoMoneHnTn Ha G
caCy,...,Ciuneraue V(Cy). Heka U = N(u). Heka C; —u mma k cBbp3aHI KOMIIOHEHTH,
Hapedenn Gp, ..., Gyx. Heka U; = V(G;) n U, 3a 1 < i < k. Heka 2z, ..., zx ca k HOBu
BbpxoBe; Te He ca oT V. Heka, 3a 1 <1 <K,

Ei = {(Zi,X) ‘X € Ul}
Hi = (V(Gi) U {zi}, E(Gi) U Ey)
OueBnano H; ca cebpsanu rpacdu. a pasuenum w o3HauaBa jga mpeodpasyBame G, 3ame-

Healiku C; ¢bC cBbp3aHUTE KOMIIOHEHTH Hy, ..., Hy, a cBbp3anuTe komnoneHTu Co, ..., Cq
ocTaHaT HenokKbTHATU. ['padbT-pesyarar oznagaBame ¢ G S u.

Hedopmanno kazano, pasnenBaHeTo Ha CPs3Balll BPbX U Ce CbCTOM B Cbh3J[@BAaHETO Ha HETOBU
KOITHs (CaMUSAT W M39e3Ba), Ha OPOil KOJIKOTO ca CBbpP3aHUTE KOMIOHEHTH CIIPSIMO HErO, BCSIKO
KoIe OMBa CBbP3aHO ¢ TOYHO €JIHA OT T€3W KOMIIOHEHTH, C TOYHO T€3U BbPXOBE B Hes, ¢ KOUTO U
e 6w cebp3an. [lomuepraBame, Ue pasnenBaHeTo Ha BbPXOBE € MPUIOKUMO CaMO K'bM CPA3BAIIN
BbPXOBE, BBIPEKH Y€ MMa OUEBUIHO 0000IIEHNe—pasIeBaie Ha MHOXKECTBO OT BbPXOBE, KOETO
MHOXKeCTBO e 0bobrenue Ha “cpsapai BpbX ' (Cekrust 2.12). @urypa 2.28 nmokaspa pasienBaHe Ha
BPBX — CJIEJl PA3IEIBAHETO HA W C€ TOSBIBAT TPU CBbP3aHU KOMIIOHEHTH.

Purypa 2.28 : PasnenBane Ha BpbX.

G1 Gl @LL

U € Cps3Balll BPbX. CJIG,IL pa3neliBaHeTO Ha U.

OnepanusgTa “pasienBane Ha Cps3Balll BPbX € acoluaTHBHA: MOYKEM Ja paslelnBaMe Pas/ImIHu
BbPXOBE B KAKBATO UCKaMe I0CJIEI0BATETHOCT U PE3YITAThT € €IUH U CbInu. AKO Uq, ..., Ut Ca
pa3/udHu cpsi3Ballid BbpxoBe B G, numem G O uw; © - -+ © uy. PesysrarsbT oT pasiienBaHeTo Ha
BCUYKH CPSA3BAIIU BbPXOBE € IpeJIMeT Ha cjieBaliaTa JeUHUINA.

Onpenenenne 29: BiokoBe B rpad

Heka G = (V,E) e rpad. Baok 6 G e BceKn MakCHMaJIeH [0 BKJIIOYBAHE CBbP3aH moarpad,
KONTO HIMAa CPsI3BAIN BbPXOBE.

Omnpegenenne 30: BiokoBe B rpad, anTepHaTuBHA dedUHAIIIS

Heka G = (V,E) e rpad. Baokoseme na G ca Te3u CBbP3aHU KOMIIOHEHTH, KOUTO C€ MOJIY-
JaBaT OT Pa3lelBAHETO Ha BCUYKH CPA3BAIU BbPXOBE.
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Hab6aonenune 13

Omnpenenenns 29 u 30 ca eKBUBaJIEHTHN.

Qurypa 2.29 maocrpupa O0KoBeTe Ha JBa rpacda Gy m Go. Ta mmoctpupa u “pasienBane Ha
CpA3BaId BbPXOBE

®Durypa 2.29 : BigokoBe B rpadu.

=S
A v
= B

Biokosere nHa Gi B cuHBO.

Do

Bisokosere na Go B cuHbBO.

4. 7.

2.4.4 Cpe3 B rpad

Ha cu npunomumuM, 4e k-pasbucane 1na mroscecmeo A 3a HAKaKBo k € NT e BCIKO MHOXKECTBO
X ={S1,S2,...,S«}, TakoBa ue

e SiCA l<i<k
e Si+d, 1<i<k
o SlﬁSJ:®,1<l<J<k

[ ] U];:l Si = A.

Omnpegenenne 31: Cpes B rpad.

Heka G = (V,E) e rpad. Cpes 6 G napuuame Besiko 2-paszouBane X Ha V. Ako X = {Vy, Va},
TO cpes-mHocrcecmeomo Ha X e

E'={(u,v)eE|lue Vi AveVy}

3a Bcsgko pebpo e € E' kazBame, de e npekocasa cpesa X. Teznomo na X e |[E/|. Cmpanume
Ha cpesa ca Vi 1 Vs.

Babesexkka: ako rpadbT e rerioBen (BxkK. Cekius 3.2), TO TENJIOTO HA CPE3a € CyMara OT Terjara
Ha pebpaTa, KOUTO IIPEKOCIBAT CPe3a.
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[Tousgruero “cpe3” mMma ToJsIMa MPAKTUUIECKa BAyKHOCT. 3aJjiadara 3a HAMHUPaHEe Ha MAKCUMALEN
nomoxk 6 epag, KOATO € OT OIPOMHA BayKHOCT B ONTUMU3AIUATA, UMa O'bP30 AJITOPUTMHUIHO perrie-
HIe, KOeTo M3I013Ba cpesose B rpacdu’. [losede 3a Tasu sajgada nma B Cexnusa 4.5. 3agagara 3a
MaKCcUMaJeH MOTOK B Irpad ce Jedunupa BbPXY opueHTHpaHu rpadu, HO “cpe3 B OpHeHTUPAHU
rpadu’ e TpUBUAIHO 0D0DIIEHNE Ha TOKY-IIO BbBEJICHOTO MOHATHE “‘cpe3”

JIpyro BazKHO IPHJIOXKEHNE Ha CPe30BeTe € B 00J1acTTa Ha KOMIIIOTHPHOTO 3peHue (48, riasa 5,
crp. 79|

[Tonsikora cpe3bT ce geduHUpa He KaTO pa3dbuBaHeTo Ha V, a IIPOCTO KATO MHOXKECTBOTO OT Peb-
paTa, KOUTO I'0 TPEKOCsiBaT, KOETO MHOXKECTBO TYK HapeKoxMme “cpes3-muoxecTBoTo” [48]. Hecto
B IIPaKTUKaTa Ca UHTEPECHU CPe30Be, KOUTO ce jepuHupaT CIpPsIMO JBa IPEIBAPUTETHO U30paHu
BbpXa: HEKa MIPEJIBAPUTETHO ca (PUKCUPAHN PA3JIMIHE BbPXOBe S, t € V 1 ToraBa BCEKU Cpe3, TAK'bB
ge s 1 t ce HaMupaT B pa3/IMYHU HEIOBU CTpPaHu, ce Hapuya S /t—cpea.

[To mpaBmio cpe3oBeTe B rpadu ce OHATIEIIBAT Ipe3 PUCYHKH, B KOUTO €/IHaTa CTpaHa Ha cpe3a ce
pucyBa BJISIBO, & JIpyrara, B/IsiCHO. ToBa MHOTO IpU/INYa Ha HAYWHA, 110 KOMTO ce prcyBaT JIBY/IE-
rure rpadu (BxK. Cekrust 2.6). Ecrecreno, ne Bceku rpad e JABYJIENEH, JJOKATO CPe3 MOXKe JIa Ce
neduHIpa BbB BCEKH rpad, Taka ue TeopusTa Ha cpe3oBeTe B I'padu U TeOPHUsTa Ha JBY/ICTHUTE
rpacdu ca pasauunn Heia. [IpuMep 3a prucyHnka Ha cpe3 B rpad e mokaszana Ha Purypa 2.30.

®Durypa 2.30 : Cpes B rpad.

Pebpara or cpes-MHOXKECTBOTO ca B UepBeHO. J[BeTe cTpaHu Ha cpesa
ca MapKUPaHU C K'bJITa OCHOBA.

THa anrmmitcku: graph cut.
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2.5 BwbpxoBo mokpuBaHe U JOMUHHPAIIO MHOXKECTBO Ha rpad

Jdomrbaaerne 4: 3a mpakTU4deckKaTa Ba>kKHOCT HA MMOHATHUATA

Ha cu npepcraBuM M Ha OPOi eKCIEPUMEHTa, KOUTO C€ U3BBLPIIBAT B HAKAKBA J1aOOPATO-
pus. Pesynrarute oT HAKOM JBOWKM €KCIEPUMEHTU CU IIPOTHBOPEYAT; OT JPYTU JIBOUKH,
ne. Vcka ce j1a ce HaMepn MUHUMAJIHO ITOJMHOXKECTBO OT €KCIIEPUMEHTHU, YHETO UTHOPUPAHE
BOJIM JI0 M34e3BaHe Ha MpoTuBopeundaTa. /la Momenupame 3ajga4darta ¢ rpad. Bbpxosere Ha
Ha Tpada OTroBapdT Ha eKCIepHUMEeHTHTe, a pedpara, Ha mpoTuBopeundATa. Vcka ce na ce
HAMepH MUHUMAJIHO ITOJIMHOYKECTBO OT BbHPXOBE, TAKMBA Ye TAXHOTO U3TPUBaHE OT rpada
Jla He OCTaBd HUTO €JIHO peOpo. MHOXKeCcTBO OT BbPXOBE, YMETO M3TPUBAHE BOJU JIO TOBA,
e He ocTaBaT pedpa, ce Hapuda “‘BbpxoBo mokpusane’. C JApyru ayMu, ThPCUM MUHUMAJIHO
BBbPXOBO ITOKPHUBAHE.

Cera ja cu mpejcTaBUM, 1Y€ ca JaJIeHN HIKAKBU IpajioBe W II'bTHUINA MeXKIy Tax. Vcka ce
Jla, ce TIOCTPOAT OOJIHUII B I'PaJIOBETE, HO—3a Jia e MKOHOMKCAT ITapiu—He BbB BCEKH I'DaJl.
NsuckBaneTo e, 3a BCeKN Ipaji, WX B HETrO Jia UMa OOJHUIA, WX B ChCEICH I'Pajl Ja UMa
OoiHATIA, U Ja O'bIAT IOCTPOESHH KOJKOTO € Bh3MOXKHO ITO-MAJIKO OOTHUIIN. AKO MOIeIIpamMe
3ajiadara ¢ rpad, UCcKa ce Jia ce HaMepu MUHHMAJIHO ITOJIMHOYKECTBO OT BbPXOBE, TAKUBA, e
BCEKM BpPbX Ha rpada Jia € eJuH OT TAX, WIH Ja UMa ChCeJl U3MEXKITY TaX. MHOXKecTBO OT
BBbPXOBE, TAKOBa Y€ BCEKU BPbX € B HErO WM UMa ChCeJ B HEro, ce Hapuda ‘JIOMUHUPAIIO
MHO)KecTBO . C Ipyru JyMu, B Ta3u 3a/a9a ThPCUM MUHAMAJIHO JOMUHHPAIIO MHOXKECTBO.

Omnpenenenune 32: BbpxoBo MOKpUBaHEe U JIOMHUHHUPAIIIO MHOXKECTBO.

Heka G = (V,E) e rpad u U € V. Kaszsawme, ue U e 6aproso nokpusare na G, ako:
Viu,v)eEE:uelUvvel
Kassame, e U e domunupauso mmozcecmeo na G, ako

VueV(ueUv Ive Nu)(ve ll))

Karo anropurmMuydnu 3aj1a4u, u JiBeTe ca MUHUMU3AIMOHHU. TPYJIHO € Jla ce HaMepsAT MaJjKu
BbPXOBU IMOKPUBAHUA W MAJIKH JIOMUHHPAIN MHOXKecTBa. Hali-mMajkaTra MOIIHOCT Ha BbLPXOBO
nokpuBane Ha G ce Gesexu ¢ T(G) u ce Hapu9a wucao Ha nokpusare na G. Hail-maakara MoIHocT
Ha JIOMUHHPAIIO MHOXKeCTBO Ha G ce Gesiexku ¢ y(G) u ce Hapuda domunupawso wucio Ha G.

[Ipumepu 3a BBHPXOBO NMOKpUBAHE M JIOMUHUPAIIO MHOXKECTBO ca mnokazanu Ha Purypa 2.31.
['padbr P, nzobpaszen Bbpxy gsere moadurypu, ce napuda rpad wa Petersen. I'pad bt Ha Petersen
HEe MOKe Jia Objie OKPUT € IMO-MAaJKO OT 6 Bbpxa: B JigBaTa cTrpaHa Ha Purypa 2.31 Buxkiame,
e caMO BBLHITHAAT HeTOLILJIHNK HCKa TI0He 3 BbLPXa, a He3aBUCHMO OT TOBA, BLTPEMIHHTE IIeT
nuaronasal mckaT cbIIO TOHE 3 BbPXa, Taka de 6 e J0JHa TPAHHUIa 33 MOITHOCTTA Ha BBHPXOBOTO
[OKpUBaHe U BbpXoBOTO NoKpubane Ha Purypa 2.31 e onrumasno. U raka, t(P) = 6.

Ot gpyra crpana, rpadbT Ha Petersen He Moxke ja ObJe JOMUHUPAH OT IIO-MAJIKO OT 3 BbpXa.
Bamo? — 3amoro rpadbT Ha Petersen e 3-peryisipen, a B 3-peryisipeH rpad eauH BPbX MOXKeE J1a
JTOMUHEDA Hafi-MHOTO 4 Bbpxa 0010 (BK/IrounTe HO U cebe cu). ToraBa Kou Jia e 1Ba BbpxXa MOTaT
Jia, JIOMUHUPAT Hafi-MHOrO 2 -4 = 8 Bbpxa 000 (BkjounTesno u cebe cu). 'padbr Ha Petersen

TTloarpadbT, MHIYIMPAH OT BLHIIHATE IeT BhPXa.
Hloarpadsr, HHAYIEPAH OT BHLTPENIHATE IIET BhPXa.
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nva 10 Bbpxa, cjIefoBaTeqHO He MOXKe Ja Obie JomuHEpaH orT 2 Bbpxa. U raka, y(P) = 3, u
JIOMIHHPAIIOTO MHOYKECTBO, ITOKA3aHO B JisicHaTa crpaHa Ha Purypa 2.31, e onuTMaJTHO.

®Purypa 2.31 : BbpxoBo MOKpHMBaHEe WM JOMHUHUPAIIIO MHOXKECTBO B rpada Ha
Petersen.

Bopxoso nokpusane ¢ 6 Bbpxa. JloMuHUPAIIO MHOYKECTBO € 3 BbpXa.

OmnpeenennsTa Ha BbPXOBO IMOKPUBAHE M JOMUHUPAIIO MHOYKECTBO IMPUBUIHO CH IIPUINYIAT,
HO BCBIIHOCT €& MHOIO pas3iandnu. Pasianmkara B MOIIHOCTHTE Ha MIUHHUMAJIHO BLPXOBO IHOKPUBAHE
U MUHHMAJIHO JOMUHUPAINO MHOXKECTBO MOXKE Jla € JpacThdHa. Hampumep, BCIKO MUHUMAJHO
BbpXOBO MokpuBane Ha K, uma TouHo n — 1 Bbpxa (Hajara ce jga usrpuem 1 — 1 Bbpxa, 3a Ja
He ocTaHAT pebpa), JIOKATO BCSIKO MUHUMAJIHO JOMUHUPAIIO MHOXKeCTBO Ha K, uMa TouHO 1 BpbX
(u3bupame Koii J1a € BpbX u 3abesis3BaMe, de BCHUKH OCTaHAIM ca My c¢been). OT apyra cTpaHa,
npasHuAT rpad Ha M BbpXa MMa MUHHMAJHO BbPXOBO MOKpuBaHe ¢ MorHocT ( (cTaBa jymMa 3a
IIPA3HOTO MHOXKECTBO; T'bil KaTo TO3W Ipad HAMa pebpa, HAMa HyXK/a Ja U3TPUBaMe BbPXOBE
n3001110, Taka 4e Jia He ocTaHaT pedpa), HO MUHUMAJTHOTO JOMUHUPAIIO MHOYKECTBO € C MOITHOCT
n (BcHUIKK BbPXOBe TPsAOBA Jia ca B HETo, IIOHeXKe HiMa pebpa U HUKOI BpbX He MOKa J1a JOMUHUADA,
JIPYT BPBX).

Cpasuere Habmonenune 14 ¢ Habmogenne 5. Habmonenune 5 kasBa, de KauKa B JAaJieH rpad
BJIeUe aHTUKJINKa B rpada-aombinenne, n obparnoro. A Habmonenne 14 ka3Ba, e BbPXy €IUH 1
¢y rpad, BbPXOBO IMOKPUBaHE M aHTUKJINKA €4 KOMILIEMEHTapHU B CMUCHJI, Y€ JIOI'bJIHEHIETO
HA BbPXOBO MOKPHUBaHE 710 V € aHTUK/INKA, U 00PATHOTO.

Hab6aonenune 14

Heka G = (V, E) e npoussosien rpad. 3a Besko U € V e usmrbiHeHo ciieqHoTo: U € BbpXOBO
[OKPHMBaHe TOraBa M caMo Torasa, korato V\U e aHTHK/IMKA. O

CiaeacrBue 3

a(G) + 1(G) = n, 3a Bcexnu rpad G.
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Habaronenue 15

Heka G = (V,E) e rpad 6e3 msosmpanu Bbpxose. ToraBa BCSIKO BbDPXOBO MOKPUBAHE €

JOMMHHPaIIO MHOXKECTBO. KOHBepCHOTO He € BAPHO. O

3abesiexKKa: KOHBEPCHOTO TBbP/IEHNE HA UMIUIMKAIATA P — ( € IMIUTHKaiusaTa  — p. B ciayuas,
KOHBEPCHOTO TBbLPJeHNe 01 OUI0 “BCAKO JOMUHHUPAIIO MHOXKECTBO € BbPXOBO IOKPUBAHE .

Ciueacrsue 4

Heka G = (V,E) e rpad 6e3 uzommpanu Bbpxose. Torasa t(G) = v(G).

’ Honbanenue 5: 3a rpada na Petersen \

['padbr Ha Petersen, KoiiTo nsnosBaxMe TYK 3a WIIOCTPAIS, € HHTEPECEH MATEeMATUIECKH
00€eKT, KOITO € JIOCTaThIHO MaJIbK, 3a Ja Ob/le Bb3IPUEMaH BU3YAJIHO C JIEKOTa, U € JI0CTa-
THYHO CJIOXKEH, 3a Jla MMa HeTpuBHaJJHU cBoiicTBa. ['padbr Ha Petersen wecrto ce m3mnoi3sa
3a WJIIOCTPAIlUs Ha pa3jIndHu cBOiicTBa B TeopudTa Ha rpadure. Toit e 3-perysipen rpad c
10 Bbpxa u 15 pebpa. [IpakTukara e mokasaJa, ¥e MHOTO XUIIOTe3U (HeI0KA3aH! TBbP/ICHNUA )
B TeopusATa Ha rpaduTe HAMUPAT JIECHO OIPOBEPKEHUe (CTHra JIa He ca BepHHU, pasbupa ce),
ako Obgar “onuranun’ BbPXY rpada Ha Petersen.

Nwmero Ha rpada napa or garckug maremaTuk Julius Petersen. Bbupeku nmero, To3u rpad
e m3cienBan npean Petersen or anrimiickus matematuk Kempe B KOHTEKCTa Ha T. Hap.
kondpuryparun Ha Desargues. Desargues e ppenckn mareMaTuk oT 16-17 BeK, KOWTO JI0Ka3aT
cJIeJiHaTa TeopeMa.

Teopema 5: Teopema Ha Desargues

Heka A1B1C; u A3B2Cs ca nmpousBosinn Tpubrbianuiu. Heka ipaBute A1B; u AsBs ce
npecngaT B Touka Oap, nmpaBute A1C; m AsCqy ce mpecuvar B ToUKa Oac W IIpaBUTE
B1Cy; u ByCsy ce mpecnuar B Touka Ogc. [IpaBure A1As, B1By u C1Cy ce npecuvar B
eJiHa U c’bllla Touka X ToraBa n caMo Torapa, Korato Oag, Oac 1 Opc JIexkaT Ha eJIHa
U ChIIa IIpaBa.

Qurypa 2.32 wrnoctpupa Teopema 5. Ha cdurypara ca nmokazanm obmo 10 mpasu: Tpure
3eJIeHN TIPaBH, BbPXYy KOWTO JIEXKAT BbPXOBETe Ha JIBaTa TPUBI'bJIHUKA, IeCTTe KadsBH
IIpaBU, OIIPE/IEJIEHN OT CTPAHUTE HA TPU'BI'bJIHUIINTE, U YepHATa IIpaBa, onpejeneHa oT Oap,
Oac 1 Ogc. Tesu 10 npaBu ce npecuyar 1o Tpoiiku B 10 TOYKM, KOUTO Ca UMEHYBAHM.
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Purypa 2.32 : Uaroctpanus Ha Teopemara Ha Desargues.

Jla mapedem TakaBa cbhbBKymHOCT OT 10 mpaBu u TexHuTe 10 mpecedHrn TOYKU 1O TPOWKH,
konpueypayus na Desargues. Kempe 3abensgsan, e ako B KoHurypannsa Ha Desargues
CBIIOCTABUM Ha BCdAKA IpaBa €JIMH BPbX U CBBPXKEM JIBa BbpXa C pedpo ToraBa M Camo
TOraBa, KOTaTO ChOTBETHUTE MM IIPABUA HE C€ MPEeCUYaT B eHa OT JIECETTe IPEeCeTHN TOUKNI,
e MOoJIy9UM TOBa, KOETO JiHec OmxMe HapekJm rpad, nzomopden na rpada na Petersen®.
Hanpumep, na @urypa 2.32 deprara mpaBa He ce mpecuda (B €IHA OT JECETTe IIPEceTHN
TOYKM) C TOYHO TPH JPYTHU IPaBH, & IMEHHO C TPHUTE 3eJIeHN IpaBH; a B rpada Ha Petersen,
BbLPXBT, KONTO CBhOTBETCTBA Ha CUHATA IIpaBa, € CbCE TOYHO Ha TPUTE BbpXa, CbOTBETHU
Ha 3eJIeHUTE MIPaBU, U TaKa HATATHK.

3a moBedue mogpobHOCTH OKOJIO Tpada Ha Petersen m Bpb3KaTa ¢ KOH(pUTYypAITUTE HA
Desargues Bukre kuurata na Holton n Sheehan [34].

Ceknus 2.8 00ACHABA MOHATHETO “U30MOPMU3BHM” .

, Honbiauenne 6: NP-tpyanoct uHa t(G) u y(G) \

Karo ajaropurMudau 3aja4du, HaMUPaHETO HA MUHUMAJIHO BBPXOBO IOKPUBAHE M HA MHU-
HUMAJIHO JOMHHHUPAINO MHOXKECTBO Ca IPAKTUIECKN HEpeluMu B oOImmus cirydaii. Haii-
JI0OpUTE U3BECTHU AJTOPUTMU 38 TAX, I'PyO0 KaszaHO, paboTAT ¢ pasriexkIaHe Ha Bb3MOXK-
HOCTHU, YUUTO OpOil € eKCIOHEeHIaJeH B Opos Ha BbPXOBETE, aKO He Ca JIaJICHN HAKAKBU
OorpaHUYeHHs BbPXY I'padure — OTTaM MJIBa U “B OOIMUS cirydaii’.

Hamupanero wa T(G) u y(G) 3a npousBosien rpad G ca 3aja4du OT M3BECTHUs KJjac Ha
NP-mpyornume 3adayu. XapakKTepHOTO 3a Te€3U 3aJa4u €, Y€ UMaT OIPOMHA MPAKTUIECKa
BasKHOCT, 3& HATO €JHa OT TSIX HE € M3BECTEH IMPAKTUIHO ObP3 aJropuThM, HO U HE € JOKa-
3aHO, Ye TaK'bB aJlOPUTHM He CbinecTByBa. OCBEH TOBa, BCUYKN Te3W 3aJa9d Ce CBEXKIAT
OBbP30 eHa JI0 JIpyra B CJAEIHUS CMUCH/I: aKO 3a €JIHA OT TdAX UMa Obp3 aJropuTbM, TO 3a
BCsIKa OT TIX UMa Obp3 aJITOPUTHM, U, 00PATHO, KO 3a €JIHa OT TAX ce JJoKaxKe, ue HaMa Obp3
aJI'OPUTHM, OT TOBA IIe CJIEJIBA, Y€ 38 HUKOs OT TAX HaAMa Obp3 ajropurbm. Hait-BazxkHOTO
[IPEIN3BUKATEICTBO IIPEJl ChbBPEMEHHATA TEOPETHYHA KOMIIIOThPHA HayKa € OTTOBOPBHT Ha
BbITpoca ganan HanctuHa NP-TpymauTe 3a1aqn ca npaktudeckn Hepemunmu. llomyrsspHOTO
Me Ha TOBa IMPeIn3BUKATE/ICTBO e 3aja4dara jgaau P = NP.

Bewako ToBa e jocra HedOpMaJIHO Ka3aHO, HO TO3W MaTepHasl € jajiede M3BbH 00XBaTa
Ha HACTOAIINTE JIEKIMOHHK 3alcKu. JIoOpo BbBejeHHEe B TeOpHUsiTa Ha M3YHC/IATE/THATA

ol
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caoxkHOCT, 9acT oT Kosito € NP-tpynnocrra, ca yaeonurure “Computers and Intractability”
na Garey u Johnson [26] u “Computational Complexity” na Papadimitriou [47].
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2.6 JIBynemnu rpadpn

Onpenenenue 33

Heka G = (V,E) e rpad. Ako chinecTByBa pasbuBane Ha V Ha JiBe MOJMHOXKeCTBa Vi U Vo,

takuBa 4e V(u,v) € E:ue V] Av eV, ka3Bame, e G e deydeaenr epagh. Muoxkecrsara Vi u
Vs ca dasoseme na G.

Hsaxkon asropu karo Berge [10] m Golumbic [28| monsBar ciegrara HOTAIWS 38 JBYAEJTHE Tpad.

Horamusa 3

Axo 3a rpad G manmmewm “G = (Vq, Vo, E)” u e usBecTHO uiu sicho, 4e Vi u Vi ca MHOXKECTBa
OT BbPXOBe, TO NUCKaMe Jia KaxkeM, ue G e aByjesieH rpad ¢ gsimose Vi u Vo.

Jlecuo ce Buxia, 1e Bceku oT jisiiosere B Onpesienenue 33 e antukinka (Buzkre [Tojgcexmus 2.1.8).

Qurypa 2.33 nokassa pucyHka Ha JiBy/eseH rpad. Tunuyano, aBynennnure rpadu ce pucyBar Taka:
JISJIOBETE BJIABO U BJISICHO, BbPXOBETE UM PA3I0JIOZKEHN BEPTUKAJIHO, U pedparTa ¢ OTCEUYKH MEXKLY
JIsIJIOBETE.

®durypa 2.33 : [ByneaeH rpad.

u
a
v
w
b
X
Emununsr s e {u,v, w,x}, a apyrusar gs e {a,b}.

JBynenaure rpadu uMaT roJIgMO TPUJIOKEHHE TIPU MOJIe/TUpaHe Ha, XKUTEHCKU CUTyallu, B KOUTO
nMa JIBa BUJIa 0OEKTH, KATO OOEKTUTE OT IbPBUS BHUJL Ca B HAKAKBA PEJIAINs ¢ OOEKTHTE OT BTOPHUS.

Ompenenenne 33 nma MaabK gopmasen HejgoctaTbK. Cropes Hero, rpadbT, CbCTOAIL C€ OT
eJINH eJIMHCTBEH BPbX (1 6e3 pebpa) He e JIBYJIeJIeH, 3aI0TO 0 OlpejiesieHre pa3buBaHETO CTaBa
HA HeIpa3Hu MHOXKECTBA, Taka de BCEKHU JIBY/eseH rpad—ako ciejaBame Oykpara Ha Orpejere-
Hie 33—muMa TOHe JIBa Bbpxa. ToBa He e ocobeH IpodJeM, 3aI0To TaKa UM NHaUe, MHTEPECHH Ca,
rosiemuTe rpadu, HO 3a BCeKH ciydail me jgogedbunupame, e rpadybT ¢ eUH eJIUHCTBEH (H3011-
paH) BPbX € JIBYJEJIeH, KATO eIMHUAT My JIsll e pa3ed. Ho Bceku rpad ¢ moBede or eJlMH BPbHX,
KOHTO € JIByJeJIeH, UMa HelPa3HU JIsIJIOBE.

IIsaen deydesen epag ce napuda JaByjIesieH rpad, TAKbB Y€ BCEKU BPbX OT €JIUHUS JISIT € ChCe]
Ha BCEKH BPBX OT APYyTUdAd JIAJI. AKO AdJI0BETE UMaT MOIIHOCTU p U q, I'bJIHUAT ABY/€J/IeH Fpa(b
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ce benexn ¢ Ky 4. Purypa 2.34 nokassa pucynka Ha Kyo. Ouenngno, K, o € cbImaT 06eKT KaTo
Kg,p, THil KaTO J4I0BETE HE Ca MOAPE/ICHN —TOYHO KOi OT J4JI0BEeTe € HapUCyBaH BJIABO H KOIf,
BJIICHO, € BBIIPOC Ha eCTEeTUIECKO MPETOTNTAHNE.

®urypa 2.34 : Kyo.

Hombiaunenne 7: Henpedpopmupyemu cTpyKTypu U ABY/IeJIHU rpadu

Jlobpe n3BecTHO e, Ye ciaenHaTa 33/1a9a OT CTPOUTETHOTO HHAKEHEPCTBO Ce PelllaBa eJIeTaHTHO
¢ u3nos3Bane Ha JiByesHn rpadu. [logpobnocTn o Hest, KaKTO 1 j1ocTa HeitHn 06001IeHnsd,
MOKe Jla ce HaMepsT B [6].

[Ipemn na dopmysmpame 3a1adara e 0OsICHUM 3a KaKBO cTaBa jiyma. [la nedunupame jiBy-
MepHa CTPYKTYpa, KOATO—3a IeJIUTe Ha Ta3u 3ajada—IIe HapudaMe ‘CTPYKTypa OT IDeu
¢ pasmepu p x q”. Bes dopmanna nedunnnums: gagenn ca (p — 1)q + p(q — 1) eqnaxsu
CTOMAaHEH! TPEJI C IbJKUHA 1, ThHKU U JIbJITH, HEPA3TEIVINBH, HEIIOIAT/INBI HA HATHCK U
HeoI'bBalm ce. ['pe/ure ca HapeJileHN B HEIIO KaTO NIPABObI'bJIHA MPeKa C Pa3MepH p pejia
Ha ( KOJIOHH W Ca 3aXBaHATH C MapHUPHU® BPB3KN B Kpanmiara cu. [Ilpumepcp =4nq =5
e nokazan Ha Purypa 2.35.

®Durypa 2.35 : CtpyKrypa oT rpeam 4 x 5.

o o
O O
Crpykrypara uMa 4 pena, 5 Kosioru u oomo (4 —1)5+ 4(5 — 1) = 31 rpeju.
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Tbit kKaTo Bpb3KUTE ca MAapHUPHU, CTPYKTypaTa He e (puKcupana, a e nojarimsa Ha jgedop-
Mallii, aKo Cce MPUJI0XKU BbHINMHA cujia. Hampumep, crpykryparta or @urypa 2.35 MoxKe J1a
ce jgebopMupa 10 HIKOsI OT CTPYKTypuTe, nokazanu na Qurypa 2.36.

®Purypa 2.36 : dedbopmaiiuu Ha cTpyKTypara or @urypa 2.35.

|
.
|

S S

Enna sbamokna gedopmarius. HApyra pramoxHa jlepopmarus.

Cera ja J01rycHeM, Y€ B JIOIIbJIHEHIE HA P - ( €IHAKBUTE TPEJIN Ca JaJIeHI U JIPYTH
I'PeJIH, TIO-bJITU, KOUTO MOXKe JIa Ob/IaT MOCTaBSIHN JIMArOHaIHO Ha “KBaJpaTuTe’”
Ha HavdaJHaTa CTPYKTypa (mnpean jgedopmarmure). Bcuaku quaroHajHu rpeu ca
C eHA U CBINA Ib/KAHA /2. BhIpekn de [uaroHajHUTE IPEIU Ce 3aXBAIIAT
CBITO C MAPHUPHU BP'B3KH, T€ OCUTYPABAT Hedehopmupyemocm Ha cTpykTyparta. Haift-ipoct
npuMep 3a HeJepopMupyeMa CTPYKTypa OT T'Peiil € €/INH KBaJpaT C MOCTaBeH JINaroHaJI,
nokKasaH TyK. T'bil KaTO TPUBI'BJIHUKDBT € HeJleOPMUPYEM JIOPU TPU IMapPHUPHU BPH3KH
BbB BbPXOBETE, & KBaJIPATHT C JIMArOHAJ B HAKAKBHB CMHUCHJI Ce ChCTOU OT J[Ba ‘3aJiereHn’
TPUBI'bJIHUKA, TO IMOKa3aHATa TYK CTPYKTYypa € HeJedopMupyeMa.
Jlecno ce Bmxka, de crpykrypure Ha Purypa 2.37 ca mHemedopmupyemu. 3a JIPYru CTPYK-
TYDH € HO-TPY/IHO Jia MPeIeHnM Ha OKO Jauu ca dedopmupyemu win He (B:k. Purypa 2.38).

®Durypa 2.37 : HenedopMupyemu CTpyKTypH.

AKO BCHYKH BBbB BCHIKH KBaJpaTH Jlopu B HAKOW OT KBaJPATUTE 1A Hsl-

UMa THATOHAJN, CTPYKTYpaTa € HeJle-
dopmupyema.

Ma THATOHAJIH, TTaK MOYKe CTPYKTypa-
Ta 1a e HeaedOopMupyeMa.
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o o
(o] O
CrpykTypata e jgedopMupyema.

3amaya 2

Crpykrypara ot ®Pur. 2.35 uma 3 xo-
PU30HTAJIA, TYK OI[BETEHU B UYEPBEHO.

na @urypa 2.36.

CJIG,ZLHI/ITG 01306pa>KeH1/15{ Ca O4YeBUJHNM:

®durypa 2.38 : He e o4eBuaHO JJaiu Te3U CTPYKTYPHU ca AedpopMuUpyemu.

Durypa 2.39 : Xopu30HTAJIN U BEPTUKAJIA HA CTPYKTYypa.

Crpykrypara e HegedopMupyeMa.

Hanena e cTpykTypa OT rpeiu ¢ jguaronasu. /la ce mamepm mpocTo HEOOXOJUMO U
JIOCTATBLIHO yCJIOBUE, TaKa de CTPYKTypara Jia He e jJedopMupyeMa.

Pemenue: /la nedunupame, ge cTpykTypaTta uma p — 1 zopusonmana u q — 1 eepmukana,
K'bJIETO TIOJT “XOPU30HTAJ ce pa3bupar peJioBeTe OT KJIETKUTE, KOUTO Ca MEXKJIy TI'DEIUTe
(a He cammTe Tpeau); U TOJ “BePTUKAN ce pas3bupar KOJOHUTE OT KJIETKHUTE, KOUTO Ca
Mexk Iy rpejaure (a He camute rpeju). Hampumep, Ha @urypa 2.39 ¢ depBeHo ca moka3aHn
XOPpU30HTaJIUTE, a C 2K'bJITO, BEPTUKAJIUTE. Fpe,ZLI/ITe Ha JaJ€eH XOPU30HTaJI Ca BEPTUKAJTHUTE
I'peJu B HETO U I'pe/IUTEe Ha BCEKU BEPTHUKAJI Ca XOPU3OHTaJIHUTE I'pe/JI B HETO.

Crpykrypata ot @ur. 2.35 uma 4 Bep-

TUKaJIa, TYK OIIBETEHU B 2K'bJITO.

e ['pesure BBB BCeKM XOpU30HTAJ ca ycropeanu. ToBa ocTtaBa B cujia JJOPU XOPU30HTA-
JI'BT Jla Jla TPaBU “IymKW HAJIO0Jy U HArOPe, KAKTO HAIPUMED BCUYKH XOPU3OHTAJIM
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e AmnajlormvHO, rpeuTe BhB BCEKHM BepPTHKAJI ca ycropeaau. ToBa octaBa B CHjia JI0pu
KOTaTO BEPTUKAIBT MIPABU “AyNKH HAJIABO U HAJSICHO, KAKTO HAIIPUMED Hali-/IeCHUAT
BepTuKay Ha Purypa 2.36 BagcHO.

e [locraBsiHeTo Ha JMaroHaJjHa Ipejia BOJM JIO TOBA, Y€ ChOTBETHUST POMO € 32 IbJIK1-
TeJTHO KBaJIpaT.

e 3a Bcska HegedopMUpyeMa CTPYKTYpa:

¢ TPEJINTE BbB BCEKN XOPU3OHTAJ Ca YCIIOPEJIHU Ha IPEJIUTE BbB BCEKU JIPYT XOPHU-
30HTAJ;

¢ I'peJJUuTe B'bB BCEKU BEPTUKaAJI Ca YCIIOPEJIHN Ha I'PEJAUTE BbB BCEKU JAPYI' BEPTUKAJT;

¢ I'PpeJuTe Ha BCEKU XOPHU3OHTaAJI Ca IEePICHAUKYIAPHU Ha I'peJUTE Ha BCEKU BEP-
THUKaJI.

Ha cu npeacraBum nBygieser rpad G = (V, E) ¢ gsiose Vi u Vo, Takbs e Vi nma p—1 Bbpxa,
a Vo uma q — 1 Bbpxa. Hemo nosede, BbpxoBeTe oT Vi CHOTBETCTBAT HA XOPU30HTAJIUTE,
a Te3nm OT Vo, HA BepTHKajMTe. 3a BCEKH JBa Bbpxa W € Vi u v € V, uma pebpo (u,v)
TOraBa M CaMO TOTaBa, KOraTo B IpecevHaTa KJeTKa Ha U-Ws XOPU30HTA W V- BEPTUKAJ
B CTPYKTypaTa WMa IIOHE eJHa JuaroHaiaHa rpema. [Ipmmepm 3a TakmBa rpadwu mma Ha
Qurypa 2.40. Hecebp3anugar rpad na Purypa 2.40 BiIgABO oTroBapsi Ha jiedopMupyemMaTa
crpykTypa Ha Purypa 2.38 BisiBo. Cebp3anuar rpad na Purypa 2.40 BigcHoO oTroBaps Ha
necdopmupyemata cTpykrypa Ha @urypa 2.38 BigcHO.

®Durypa 2.40 : [IByagenasu rpacdpm, CbOTBETCTBAIINM HA CTPYKTYPH OT TPEOM.

O

O

Hecobpzan rpad cborBercTBa Ha Iedop- Cebpzan rpad cbOTBETCTBA Ha HeJedOD-

MHUpyeMa CTPYKTypa. MUpyeMa CTPYKTypa.

Pemenne na 3ajgadara, KoaTo pasriexjgame, ce gaBa oT Teopema 6. T e B3eTra oT KHUTaTa
na Baglivo u Graver [6, Theorem 10.5, pp. 81|, HO j0Ka3aTeICTBOTO W HE € TPUBHAJHO U
TYK IIIe TO IPECKOIIM.

Teopema 6: HeobxoagmMo 1 JOCTATBHYHO ycCJOBUE 3a HeaedOPMUPEYMOCT.

Hanena crpykTypa OT rpejin € HeJedopMupyeMa ToraBa U caMoO TOraba, KOraTo Chb-

OTBETHHUAT JIBY/IEJIeH rpad € CBbP3aH. O
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2Ot dpenckara jyma charniére, KOsSTO O3HaYaBa IMAHTa UJIU CTaBa.
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2.7 OnBergBanus Ha rpadpn

[lIox “onBersBane Ha rpadu’ MoxKe Ja ce pa3dbupa €IHO OT CJAEJHHUTE JBe Hellla: OI[BeTsIBaHe Ha
BbpPXOBe WM OlBeTsBaHe Ha pebpa. Thil KaTo IIbPBOTO € MHOIO ITO-9ECTO CPEIaHO, aKO KarKeM

camo “onpersiBane Ha rpacdu’ me pasbupame “onBeTsiBaHe Ha BbpXoBe .

2.7.1 OuBergBaHe Ha BbpPXOBe

Hombaaenne 8: Vcropus Ha 3asadaTa 3a OIBETSIBAHETO

Tasu rpadosa 3amgaua mma mHTEpecHa ucrtopus. [IIupoko pasmnpocTpaneHaTa Bepcus—/Iaa s
HapedeM “IpakKTUIHATa BEPCHUs —CBbpP3a MPOU3X0Ja Ha 3ajadaTa ¢ U3pabOTBAHETO Ha a/l-
MUHHACTPATUBHU KapTu npe3 19 Bek. AaMuHHCTpaTHBHATA KapTa, KAKTO IOJCKa3Ba MMETO,
ce pokycupa BbpPXy aJIMIHACTPATUBHOTO JIeJIeHe Ha HIKaKBa TEPUTOPUS Ha HIKAKBU 0bJrac-
TH, UTHOpHUpaiiku peneda U APYru MOAPOOHOCTH. 3a IO-sICHO Bb3IpUEMaHe, BCIKa 00J1acT
ce oIBeTdBa B €IUH IIBAT, a HellHUuTe c¢bCeu, B pa3JindHU, AOCTATbIHO KOHTPaCTUPaII
I[BETOBE.

3abesexkka 1

Onpeeernero Ha “CbceaHN 00JgacTH €: “TaKhuBa, KOUTO UMAT O0INa I'PAHMIA, KOSITO
He e mpocTo Touka'. OUeBHIHO, aKO JIOIyCKaMe CbCeIHH ODJIACTH Ja ca U TaKuba,
KOUTO MMAaT caMO O0Ia TOYKa, TO MOXKe Ja MMa IPOU3BOIHO MHOTO 00JIACTH, KOUTO
ca B3aWMHO CbCEJIHM W TOBa Jla HaJIara M3IM0JI3BAHETO Ha MIPOW3BOJHO MHOTO IIBETOBE.
[Ipumep 3a peasinn obracTu, UMaIM caMo 0b1a TouKa, ca marure FOra, Hio Mekcuxko,
Apusona u Kosopaso 8 CAILL Ilo mamero onpejesieHune Ha “CbCeICTBO”, HUTO JBA OT
TIX He Ca ChCeIHM.

1 Taka, nmpe3 19 Bek amrimiickure Kaprorpadu, npaBeiiKu aJIMUHUCTPATUBHA KapTH, YC-
TaHOBW/IM, Ye 4 IBATa ca HeOOXOJIUMHU 3a OIBETsABaHE Ha HAKOW KapPTU U JIOCTATHLIHU 3a
OIIBETABANCTO Ha BCAKA M3BECTHA KapTa.

3abesiexkka 2

JlecHo Mozxke J1a ce j1aje mpuMep 3a KapTa, KOsITO NCKa 4 IBsTa: IpeJcTaBeTe CU e/IHa
obJtact, obrpajieHa oT “IMUKBLJ’ OT HedeTeH Opoil ob/acTh, Karo HadajHara 00JacT

e cbceJHa Ha BCsgKa obJiacT OT “HUKbJa’, a objacTure OT “NUKbLJIA’ Ca ChbCEIHU 110
JIBOMKH II0 IIPOTEKEHNE Ha IUKbJIA.

[Ipumepna, xunorernyna ajMuHUCTpaTuBHA Kapra na Obemunenoro KpascTso e mokaszan
na @urypa 2.41. Kaprara nioctpupa egHo Bb3MoxkHO Jiejiene Ha Obequaenoro Kpasicrso
Ha pailoHu 3a riacyBaHe.
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@urypa 2.41 : XunoreTnyHa aIMUHHNCTPATUBHA KapTa Ha O6eJuHEeHOTO
KpanctBo.

United Kingdom: Local Authority Districts, Counties and Unitary Authorities,' 2009

[T —

[ Lol uhorty iticts
(induding Metropolitan Disricts & London Boroughs)
[ Council Aeas Scotland)

Kaprara nsnosizsa 4 1ipsara: MareHTa, CUH, 3eJIeH 1 OPAHZKEB, KATO BCUYKU JIBONKI
C¢'bCEJIHUA paifloHU ca B pa3jndHu 1BeroBe. Tepuropusita Ha JIoHJIOH € B 6€KOBO,
3aI[0TO TAMOIIHUTE TEPUTOPUAJIHU CIAMHUIN CA IMPEKAJCHO MAJKHU IO ILIOINI. e
ca MOKAa3aHU yroJIeMEHU BJISICHO, OIBETEHU OTHOBO B OCHOBHHUTE 4 1BATa. Kapra-
Ta 10Ka3Ba Bb3MOXKHO TepuTopuasno pazjeinsie na UK ¢ men mo-cupaseyimso
pasiipe/jie/isine Ha IMapjaMeHTapHUTE MeCTa [PU TJIACyBaHe U € B3eTa OT caiiTa Ha
Heriot-Watt University.

[To onoBa BpeMe M3MOJI3BAHETO HA IIBETOBE IpU IedaraHeTo Omio jykc. KoskoTo mosedye
I[BETOBE CE€ WM3IOJI3BAJIM, TOJKOBA OCKbBISIBAHETO OWJIO TO-TOJISAMO, KOETO MOTHUBUPAJIO W3-
II0JI3BAHETO Ha MHUHHMMaJeH Opoil nserose. Kaprorpadure 3anounain jia ce MUTAT, JIaju
nMa KapTa, KOsATO Jla MCKa ToBede OT 4 mBsTa, Wik 4 1BATa CTUTAT 3a Beska kKapra. Cren
MaJIKO I1e 0OsICHUM KaKBa € BPb3KaTa MeKJy OIBETABAHETO Ha KapTu U rpadure.

Jpyrara Bepcus—MOXKe Jia s HapedeM “‘aKajeMUYHaTa Bepchus —3a Bb3HUKBAHETO Ha 3a-
Jadara 3a OlBeTsBaHe Ha KapTu e onuncaHa B kHurara Ha Rousse Ball [7]. Crnopen nes,
3aJladara II'bPBOHAYAIHO OUIa crioMeHaTa B Jiekius Ha Mobius npe3 1840 1., HO UCTUHCKUSAT
HHTEepec KbM Hes 3arodnan upe3 1850 1. cjejr 3ammTBaHe Ha eIUH CTYICHT KbM IIpodecop
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De Morgan manm e Bsapuo, 4ye 4 nsgarta Bunaru crurat; De Morgan me MOXKeJs ja OTTOBOpU
u ce o0bpHAJ KbM npouyTus Hamilton, koiito chbio #He moxkas ga orroBopu. C BpemeTo
3ajladara jocrurnasia jio maremaruinu karo Cayley m Peirce m 3amodnasa jga MHTPHUTYBa
MaTeMmaTrudeckara odmuocT. Jak mpe3 1976 r. 6usio jokazano, e 4 1npsaTa HAUCTUHA Ca JI0C-
TaTbaHu. JlOKa3aTeJICcTBOTO CTaHAJO U3BECTHO KAaTo Teopemama 3a wemupume usAma Ha
Appel u Haken (B:k. [4], [5]), kouTo ro pemynupasu 10 cucTeMaTHIHO pas3riekaane Ha 1936
KoHuUrypamnuu. PasriekjaneTo Ha BCHYKN Te3W CIyday OMJIO0 HAIIPABEHO C KOMIIIOTHD U
TOBa OWJI I'bPBUAT BayKeH Pe3yJITaT B MaTeMaTHKaTa, B UMETO JOKA3aTEJICTBO Ce M3I0I3BA
pe3yaTaT oT paboraTa Ha KOMITIOTHD.

Teopema 7: Teopema 3a yeTupute MNBsITa, GPOPMYJINPOBKA Ype3 KapTH

Besika agMuHuICTpaTrBHA KapTa MoOXKe Jia Objie ollBeTeHa ¢ He moBede oT 4 mBgara. O

ﬂa CE€ BbPpHEM Ha OIIBETABAHETO Ha a/IMUHUCTPATUBHU KapTH, C KOETO 3all0O9HaxXMe. Baﬂa‘IaTa

J1a ObJ1e OIBeTeHA a/IMITHUCTPATHBHA KapTa 110 yKa3aHusd HAYMH MOXKe Jia Objie hopmysinpa-
Ha 1 4upe3 rpacpu. Moxkem jia cbiiocTaBuM rpad Ha KapraTa, KbJIeTO BbPXOBETE OTTOBAPST
Ha paifoHnTe, a pebpo MeK/ Iy JABa BbpXa Ce cjiara ToraBa 1 caMo TOTaBa, KOTATO ChOTBETHUATE
parioHn ca CbCEJIHU.

3abejexxkka 3

[Tonyuenuar rpad e naaraper epagp. KonpepcHo, Ha Bcekn IiaHapeH rpad CboT-
BETCTBa IOHE ejiHa reorpadcKa Kapra, YUUTO PAOHU OTrOBapsaT Ha BbPXOBETE, a
cbCeJICTBaTa MeXKy paiionnre, Ha pebOpara. He Bceku rpad e mmanapen. Cobimect-
BYBAaT He-ILTaHAPHU T'padu, KOUTO He MOxKe Jja ObJaT onperenu ¢ 4 mpgara. [loseue
nndopmalyd 3a mianapuute rpadu nma B Ceknusa 2.13.

Jla O6b1e orBeTeHa KapraTa ¢ He IoBede OT 4 IBsITa € ChIIOTO KaTo Ja ObJle OIBeTeH—
coriacao Ompenenenne 34—CbOTBETHUAT IIJIaHapeH rpad ¢ He moBeve oT 4 1BdATa.

Teopema 8: Teopema 3a yeTupuTe OBATA, (POPMYINPOBKA Upe3 rpadu

3a Bcekn 1ianapes rpad G, x(G) < 4.

Ha ®urypa 2.42 BasicHo e nokazan rpadbT Ha ChCEACTBATA, KOMTO ce MoTydaBa OT KapTaTa
Ha Qurypa 2.41. Ha @Qurypa 2.42 BIgBO € NOKa3aH MeXK/IMHEH eTall OT MOJIyYaBaHEeTO Ha
To3u Tpad.

61



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

Purypa 2.42 : ITonygyaBaneTo Ha rpada, CbOTBETCTBAII HA KapTaTa OT
®Durypa 2.41.

United Kingdom: Local Authority Districts, Counties and Unitary Authorites," 2009

JIOHIOH C HEroBOTO TEPUTOPUAIHO Topa e cammsaT rpad.

pa3jesieHne € UTHOPUPAH.

Tpusnasno e jga ce cbobpasu, ve rpadbr Ha Purypa 2.42 e 4-orBeTUM: TOBA € OYEBUIHO,
IIIOM ChOTBETHaTa My KapTa € oI[BeTeHa ¢ 4 IBfATA.

Omnpenenenne 34: OnBersiBale Ha BbpPX0OBe

Heka G = (V,E) e rpad. Ousemasane na esproseme na G, Win IpocTo oysemasane na G,
e ¢pynkmus f: V — C, kbjiero C € MHOXKECTBO, YMUTO €JIEMEHTH ce HapudaT ygemose. Vcka
ce dyHKImaATa /14 e Takasa, e V(u,v) € E: f(u) £ f(v).

Nwma cymucnba OIBETABaHETO JJa € CIOPEKIHsA, 3a Ja HAMa HEUI3IIOJI3BaHU IIBETOBE.

Karo anropurmuyna 3a/1a4a, 3a/1a4ata ce jjepunnpa 3a Npou3BOJIHA Ipadu, He caMo 3a IJIaHAPHH,
1 € MUHIMHI3aIMOHHa—TPY/IHO e TpadbT ga Obae omBeTeH ¢ MaJjKo mBeToBe. O1BeTsiBaHe C N BITA
6u Omsto TpuBHAaIHO, HO Ge3mHTepecHO. JlecHO ce BUMK /1A, Ye BCAKO MHOYKECTBO OT BbPXOBE OT €/INH
U CBHIIU IBAT € AaHTUKJINKa. Taka de 3aj1adaTa BCBITHOCT €, Ja ce pa3dbue V Ha MUHUMAJEH OPOi
AHTUKJTUKH.

Omnpenenenne 35: XpoMaTUIHO YHCJIO.

MunumasiauaT Opoil 1mBeToBe, ¢ KOUTO MOKe Jjia Objie onBeTeH jajieH rpad G, ce Hapwya

xpomamuynomo wucao wa G. Xpomarndanoro uncio Ha G ce 6enexn ¢ x(G).

OnpersiBaHETO Ha BbPXOBETE Ce MOABSIBA B MPAKTHICCKHU IPUJIOXKEHNS, B KOUTO rpadbT MOIEIN-
pa HECHBMECTUMOCT MEXKTy HAKAKBU OOEKTH, KATO HECHBMECTUMOCTTA € CUMeTpUuYHa. BbpxoBeTe
OTroBapdAT Ha 00EeKTHUTEe, a pPedpo MeXK/y JiBa Bbpxa Ce IOCTaBsd TOraBa U CAMO TOraBa, KOTaTo
CbOTBETHHUTE 00EKTH ca HechbBMecTuMU. [lo oTHOIIEHNE Ha peatHaTa CUTyalllnsd MOXKe Jla HU UHTe-
pecyBaT JiBe Hella:
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e Jla HAMEPHM MaKCHMaJIieH Opoil 00EKTH, KOUTO Ca CHBMECTUMHM TI0 JIBOWKH;, B TEPMUHUTE HA
rpacdute, ToBa € 3ajladaTa 33 HAMHPAHEe Ha MaKCUMAaJIHA aHTUKJIAKA.

e Jla HaMepUM pa3duBaHe HAa MHOYKECTBOTO OT OOEKTHUTE Ha MHUHUMAJEH OpOil 110JIMHOYXKECTBA,
TaKNBa, 9€ BbB BCAKO OT TAX OOEKTUTE Jia Ca CbBMECTUMHU I10 JIBOMKU; B TEDMUHUTE Ha I'pa-
dute, ToBa e 3371aUaTa 32 pa3duBaHe HA MHOY>KECTBOTO OT BbPXOBeTe HA MUHUMAJIEH
Opoii aHTUKJINKMN.

Bropara 3ajia4a ce ¢popMmyIupa ¢ IBeTOBe: BbPXOBETE OT BCsSIKa aHTHKJIMKA Ca OIBETEHU B €JUH U
CBIMA [BAT, KOUTO € pa3/indeH OT IBETOBETE HA BbPXOBETE OT OCTAHAJIUTE aHTUKJIUKH.

Ero npumep 3a TakaBa 3ajiada, Mpu KogATO rpadbT MOJEINpPa CUMETPUYIHA HECHBMECTUMOCT.
Haseno e HIKaKBO momerrenne 3a pabora. la kaxewm, niex. Jlajgenn ca HIKaKBU JeHOCTH Ay, . . .,
AL, KOUTO MOYKe Ja Ce BbPIaT B TO3M IeX, KATO BCAKA JEHHOCT CH UMa CBOE MSICTO, Ha KOETO MOYKE
Jla ce BbPIIU, ¥ TaM UMa MAIUHU, crieruduyan 3a Hesl. Jla KazkeM, de BesaKa JeHHOCT ce BbpIIK 34
equaAa Bpeme. Hue mckame J1a n3BbPIINM BCUYKH JIEHHOCTH 38 MUHIUMAJIHO 001110 Bpeme. Benukn
JeifHOCTH GUXa MOIJIM Jia Ce BbPINAT eJIHOBPEMEHHO, Thil KATO MMa JIOCTATHLIHO MICTO (KOoeTo 61
3HAYEJIO JIa 3aryONM caMo eJIMHUIA BpeMe 3a BCUUKH JICHHOCTH ), HO UMa, €JTHO Ba’KHO OlDaHUYIeHHe:
HSIKOW JIBOVKM JICHOCTH Ca HECHBMECTUMHU W HE MOTAT Jia Ce BbpIaT ejgHoBpeMenHo. Hampumep,
naiidane, KOeTo OTaess Ipax, n 00sIMCcBaHe, KOeTO UCKa Ja HsMa IIpax BbB Bb3/yXa. 3apajn
HAJIMIUETO HA TAaKWBa HECHBMECTHMOCTH HE MOYKE J[a U3BDBPIIUM BCHYKU JCHHOCTH HABEIHDbIK.
Heka cborBerHEAT rpad, Momeaupart HeChbBMeCTUMOCTTa, € G. AKO ce mHTepecyBaMe KaKbB €
MAKCUMAJTHUSAT OPOil JIEHHOCTH, KOUTO MOYKE Jia U3BBPIIAM HABEIHbIK, TO HUE BCHITHOCT ITUTAME
KaKBO € YHCJI0TO Ha He3aBUCHMOCTTa Ha G, Koero ozHadaBame ¢ oG) (Bmkre Ompesesnenne 11).
AKo ce mHTepecyBaMe B KOJIKO €JUHUIM BpeMe Haii-MaJIKO MOXKe Jia ObJaT U3BbPIIEHN BCUYKU
JeHHOCTH, TO HUE BCBIIHOCT IIHTaMe KAaKBO € XPOMATHIHOTO IHCJI0 Ha G, Koero o3HadaBame ¢ X (G).
BacsrykaBa Jia ce orbesexku, e u Hamupanero Ha «(G), u Hamupaneto Ha X(G), ca NP-rpyann
3a1aun 3a rpadu 6e3 orpannvenus. [lonaruero “NP-rpymanoct” e nedunupano medbopmaaio B
Honbanenue 6.

[Ipumep 3a onBersBane Ha rpad e nokazan na Purypa 2.43 Bigso. Ha dpurypara

e m3o0pasen rpadbT Ha Petersen, ummTo BbpXoBe ca OIBETEHH B TPH IIBsITA:

CUH, YepBeH U 3ejieH. ToBa e onTUMaJIHO OIlBeTsiBaHe 3a rpada Ha Petersen,

ceoBaTe/THO Toi mMa xpomarndno ducyio 3. Ille mokakem, de onBeTsaBaHETO

e OITUMAJIHO B CMHUCHJI, Ue rpadbT Ha Petersen ne moxke ma Obie OIBETEH C

II0-MAaJIKO IBeTOBe. 3abessa3BaMe, de rpadbT Ha Petersen mma HedereH MuKb.I:

Durypa 2.43 HAIIPUMED, BBLHIMTHUAT KOHTYD Ha HApHUCyBaHUs rpad € MUKbJI C Ib/RKIHA 5.

Ot apyra crpana, or Teopema 9 Ha Ta3u cTpaHuiia cjaeaBa, 9e ako rpad mma

[IOHE eJINH HeYeTeH IUKbJI, TO XPOMATHIHOTO My 4uncyio He e 2. CjieoBaTeHo,

XPOMATUIHOTO YUCIO Ha Tpada Ha Petersen me e 2. O4eBUIHO XPOMATHIHOTO My YHCIO He € 1.

CreoBaTe/ino, XpOMATUIHOTO MY YHCJIO € TIOHE 3 U ITOKAa3aHOTO OIBETsIBaHEe € OINTHMAJIHO KaTo
Opoii 11BeTOBE.

Bejnara ce Buxja, de x(G) = 1 roraBa u camo Torasa, Koraro G e npasHusar rpad—HaJInIneTo
Ha TI0He eHO pebpo Biede X(G) = 2. B cuia e cienuusT JIOOOMUTEH PE3yITAT.

Teopema 9: I'pad e 2-oBeTUM TCTK HsIMAa HEYETHH ITUKJINA

Heka G = (V,E) e menpazen rpad. x(G) = 2 Torasa n caMo Torasa, Koraro G HaMa HeIeTHH

ITUAKJIN.
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Bes orpanndenue na obmIHOCTTA, HeKa G € CBbP3aH.

Hoxkazaresnctso, I: [la momycHewm, de x(G) = 2. Heka mBetosere ca 651 1 depeH n QyHKIUATA
Ha onersianero e f. C apyru gaymum, f : V — {651, uepen}. Ille mokazkem, e G HsiMa HeYeTHH
K.

Ha nonycuem, ye G umMa 1oHe et Hevered kb C. Pasriexkame npoussosien u € V(c). Bes
orpannvenue Ha oOIHOCTTa, Heka f(u) = 6s11. OueBuuo V(C) ce pasbuBa Ha Te3U JBe MHOKECTBA

W = {x e V(C) | f(x) = Gz}
= {x € V(C) | f(x) = uepen}

1 W, u B e nenpasno, nonexe |C| > 3
Jlecno ce Buxkza, ye W ce ¢bCTOM OT U, JBaTa Chceja Ha JBaTa cbheela Ha u B C M Taka
HaTaThK, JOKaTo B ce cbheron oT JBarta cbheeja Ha u B C 1 Taka HaTaThbkK. POpMaJHO, B CHJIA €

W = {x € V(C) | distc(u,x) e gerHo}
= {x € V(C) | distc(u, x) e HegerHo}

AKO CcMe UBKJIIOUYUTETHO Ipeuu3Hn U IIeJaHTUYHU, e JOKazKEM TOBa I10 MHAYKHOUA IO Pa3CTOA-
HueTo OT BPbX U.

C
Heka { = {%J Bu tpsitBano jga e oueruaHo, de mom |C| e Heuerna, B C mMa TOYHO JBa

Bbpxa a u b, takusa 4e distc(u,a) = € u distc(u,b) = £, Karo a u b ce ABIABAT MAKCHMAJIHO
orjaseMennTe oT u BbpxoBe B C. OueBnHO €, ue a u b ca cbeequ B C; Toecr, (a,b) € E(C). Heka
(a,b) = e. 3abenasBame, 9e a U b ca Ha eIHAKBO pascrosHue OT U B C, OTK'BIETO CJIeBA, Ue
f(a) = f(b). Ho ToraBa kpaunmara Ha e ca B IMH W CIIU [[BAT, KOETO € HEJOIyCTUMO.

[Tosry4uenoTo nmpoTuBOopedre MoKa3Ba, Ue JOIMyCKaHeTo, Ye G uMa IoHe €JIMH HedeTeH MUKbI C,
€ HEBAPHO.

HokazareacrBo, II: /la monycuewm, de aama nederHu nukiau. e qokarkeM KOHCTPYKTUBHO, e
X(G) = 2. Heka x e npoussosied Bpbx or V(G). ledunupame dhyHKI@sITa HA ONBETIBAHETO 110
CJIeJIHAS HATHH:

YweV:f(v) = Gam,  axo dist(x,v) e werno

gepeH, ako dist(x,Vv) e HeIETHO

Paszbupa ce, necpunupanero Ha yHKIUATa HE € JocTaTbIHO. TpsgadBa Jia JOKaXKeM, de T Peasin-
3Mpa UMEHHO ouperasaHe Ha rpada. C apyru aymu, TpaOBa ga JIOKazKeM, e HsMa pebpo, apara
Kpas Ha KOETO Ca B €JINH U CbIIH IBAT.

Ha nomycuem, 1e numa pebpo e € E, takosa 4e e = (y,z) u f(y) = f(z). Bes orpanuuenune Ha
obrmHocTTa, HeKa f(y) = f(z) = 6s1, Toecr dist(x,y) e werno u dist(x, z) e werno. Heka dist(x,y) =
2s 3a Hskoe s € NT u dist(x, z) = 2t 3a ugakoe t € N*. Beanara ce Buxka, de 2s < 2t + 1, 3ammoro
or ¢axTa, Ye uMa LT ¢ IbIKAHA 2t MKy X 1 z 1 (aKTa, 1€ uMa pedpo MeKIy z U Y, CIe/Ba,
Je uMa I'bT ¢ ibjKuHa < 2t + 1 Mexy x u y. Anajoruano, 2t < 2s + 1. U raka:

2s <2t+1
2t<2s +1
Torapa 2t —1 < 2s <2t+1 < t—% <s<t+ % Ho s u t ca e uncna, Taka de s = t. znmsa,
Ye Y U z ca PaBHOOTJAJIEYEHN OT X.
Heka p e mpousBoJieH x-y I'bT ¢ MUHUHAJIHA JTHJIZKUHA U ( € TTPOU3BOJIEH X-Z II'bT ¢ MUHUHATHA

abipkuna. Kakro Bunsxme, |p| = |q|. Equmuar kpait Ha Te3u nBa mbTd ¢bBIaga (BPbX X), HO Te
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MOXKe Jla UMaT U Jpyru obImu BbpxoBe ocBeH X. Heka BpbX a e Hali-OTjia/ledeHusIT OT X BPbX,
KOTO e obmy 3a p u (. Heka moambraT Ha p MeXJy X ¥ 4 BKJIIOUUTEJHO € P’ U MOJIIbTAT Ha
P Mexay a u y BkaounTesHo e p”. Heka moambrar Ha q MeXKIy X W @ BKJIIOUATENTHO € (' U
HOI'BTAT Ha ( MeXK/Iy a u z BrJounTesnno e q”. Tosa osnavasa, ue p =p’ up”’uq=q uvq”
Qurypa 2.44(a) wiocTpupa bTUMATA P U ¢ 3aeHO ¢ pebporo e = (y, z).

TeopauM, qe |p’| = |q'|. Ha momycuem, we |p’| £ |q’|. Bes orpamuienue na obmmocrra, Heka
Ip’| < |q’|. ToraBa mbrar p’ U q” cBBP3BA X CbC Z U € MO-KBC OT (; TOBA IIPOTHBOPETN HA HAIl-
PaBEHOTO MO-PAHO JIOyCKaHe, e ( e Haii-K'bC mbT Mex Iy x u z. Purypa 2.44(6) nasa HarIeHO

JoKazaTesicTBo, e [p’| = |q’|: ako e Gemre Taka, Toect ako [p’| < |q’|, 3amecTBanero Ha q’ ¢ p’ B
q 6 J1aJ10 TIO-K'bC MEXKJIy X U Z OT (.

Hokazaxme, ue |p’| = |q’|. Ocsen ToBa 3Haem, e |p| = |q| uge [p| = [p’|+|p”| u |q| = |q'|+]|q”|.
Crenosareno, [p”| = |q”|. Heka |p”| = k. Torasa |q”| = k. Heka r o3nauaBa nbre y, e, z. Begnara

BIZKJIaMe, 4e |¢| = 2k + 1, kbaero ¢ = p” U q” u T (Bk. Purypa 2.44(8)). Ho ToBa o3nauasa, 1e
C € HeYeTeH IUKbJI, KOeTO IPOTUBOPEYH HA II'bPBOHAYAIHOTO JONYCKaHe, 4e B G HsiMa HeUeTHH
IUKJIH.

Durypa 2.44 : Uaroctpanus Ha Joka3aTeJIcTBOTO Ha Teopema 9.

Durypa 2.44(a) ®urypa 2.44(6) ®urypa 2.44(B)

O

ABcoroTHO 0YEBHIHO €, e Haananero Ha k-kimka B rpada G Biede x(G) = k, 3amoro camMo KJiu-
KaTa MCcKa K I[BATa 3a CBOETO OIBETsIBaHEe. 3aTOBa CJIEIHOTO TBbP/IEHNE € HapedeHo “HabJojieHne’”.

Hab6aronenue 16

w(G) < x(G), 3a Bceku rpad G.

Hab6aonenue 17

Jlecuo moxke jia ce uamucan npumep 3a rpad G, rakbs e w(G) < x(G). Hanpumep, neka
G e rpad-mukbiI ¢ 5 Bbpxa. ToraBa w(G) = 2, 3amoro 3-k/auka Hama, HO X(G) = 3, 3amoro
MMa HeYeTeH IUKbJ (mpunomHsiMe cu Teopema 9).

Nscnemoarennre Ha rpadu ca HapeKIH CBOWCTBOTO, KJIUKOBOTO YHC/IO Ja € PABHO Ha XpOMa-
TUIHOTO, neppexmmocm. Ho onpenenenunero na “nepdexren rpad”’ e Mmo-c/IoKHO OT N3UCKBAHETO
w(G) = x(G). Beeku rpad moxe ja 6bie Mogudunupan upes JobaBsHe Ha JOCTATHIHO TOJIAMA
KJINKa, TaKa 9e KJIMKOBOTO U XPOMATHIHOTO YHCJIO Ja ce u3paBHAT. [lepdekTHocTTa Ha rpadure
M3UCKBA BCsKa YacT OT rpada Ja uMa ompejesieHa cTpykrypa. ToBa Hajara cjaeHOTO OIpe/iesie-
HUE.
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Omnpegenenne 36: Ilepdekren rpad.

Ipad G e neppexmen, ako 3a Bcekn unynupan mnojarpad G’ Ha G e Bsapho, ye w(G') =

x(G').

[TepdexTauTe rpacdu ca HHTEpECHN KAKTO OT TEOPETUYHA, TaKa U OT IPpaKTHYECKa, IJIe/IHa TOYKA.
[Tpumepno, 3ajaqnre 3a Hamupane Ha &(G), X(G) u w(G) ca 6bp30 pemumvu, ako G e nepdekTeH,
Bbipekn 4de ca NP-tpynan (Bukre Jonbianenue 6) B obuus ciay4gaii. [lepdexraure rpadu ca
BbBEJIEHN OT BeJUKHUA n3ciaeoBaTes Ha Teopusta Ha rpadure Claude Berge [11]. TIpumepn 3a
nepdekTHE rpadu 11e BUIUM CJIeIBAIIA CeKITUN.

Teopema 10: X(G) - x(G) = n

3a Bceku rpad G, x(G) - «(G) = n.

JlokazaresictBo: Kakro Bede orbessizaxme, onpersiBaHeTo Ha rpad G ¢ k npgaTa e HaMupaHe Ha
pasbusane {Vi, Vs, ..., Vi} na V(G), TakoBa de Besako or Vi, ..., Vi e anTuk/uka. ToraBa BCAKO
ONTHUMAJIHO OlBeTABane Ha G, KoeTo crasa ¢ X(G) mpara, e pasdusane {Vi, Va, ..., V,(g)} ma V(G),
KATO BCSKO OT T3 MHOYKECTBa e aHTuK/InKa. Ho Torasa |Vi| < a(G) 3a 1 <1 < x(G), Tbit KaTo 1o

G
Olpe/ie/ieHre He MOZKe JIa MMa aHTHKJMKa, 1no-rojagma or «(G). Torasa Zﬁl) [Vi] < x(G) - «(G).
G
Ho 1o npummuna na pasousanero, X5 |Vi| = n. ZKenamusr pesyrar cieapa semara. O

Teopema 11 e ynecrno ciencrsue ot Teopema 10, Habmonenue 16 u Crnencrsue 2:

w(G) =a(G) // or Caencrsue 2 (2.4)
w(G) = «(G) // Habmoyenue 4 u (2.4) (2.5)
w(G) <x(G) // Habmogenue 16 (2.6)
«(G) <x(G) //(25)u (2.6) (2.7)
X(G) - a(G) =n // Teopema 10 (2.8)
X(6)-X(@) > n // (2.7) u (28) (29)

Ho TeopeMa 11 nma um camMocTodTEIHO NHTEPECHO J0Ka3aTEJICTBO, KOETO IIe HallpaBUM HO,ZLpO6HO.

Teopema 11: x(G) - x(G) > n

3a Bcexu rpad G = (V,E), x(G) - x(G) = n.

JokazartesicrBo: Heka k = x(G) u £ = x(G). Ille nokaxkem, ue k > n. [lom k = x(G) u
¢ = x(G), To cbmecrByBaT MHOkecTBa C u D, Takusa uye |C| = k u |D| = { u ouserspanus
f:V—>Cug:V— D crorserto na G u G.

Hexka E’ e mMHOxkKecTBOoTO OT pebpaTa na G. CbLIIO KaKTO B J0Ka3aTeJcTBOTO Ha Teopema 1,
koncrpynpame rpada G = (V,E), kbaero E = E U E’. Ouenuro G e wbien rpad Ha N Bbpxa, HO
e nmenyBan rpad (Bmxre [omceknus 2.8.2). la pasriegame h: V — C x D, nedunnpana Taka:

Yue V:h(u) = (f(u),g(u))

Tebpanm, ue h e onBersaBane Ha G cbriracHo Onpenenenne 34. [la pasrieganme mpou3BOIHO PEOPO
e = (u,v) Ha G (KOero e ChIOTO KaTo Jia pasriejilaMe TPOU3BOJIHO JIBYEJIEMEHTHO TOIMHOKECTBO
{u,v} ma V).
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e Ako e € E, to h(u) % h(v), morexe f(u) + f(v), a h(u) = (f(u),g(u)) u h(v) = (f(v), g(v)).
e Ako ee E’, 1o h(u) % h(v), nonexe g(u) £ g(v), a h(u) = (f(u),g(w)) u h(v) = (f(v), g(v)).

[Mlom kpamurarta Ha BcAKO peOpo Ha G MoJydaBaT pas3udHU IBETOBE OT h, TO h e olnBeTsgBaHe
na G. Hemo noseve, h e onpersisane Ha G B k€ 1npsgara, samoro |C x D| = |C| - |D| cbriacuo
KOMOMHATOPHHUSI IIPUHIIUIT HA yMHOXKEHUETO.

Ho G e mrbien rpad Ha n BbpXa, OTKBAETO BeJHara ciefsa, de X(G) = n. Tosa Bieue, ue k{ > n,
MIOHEXKe, aKo JIomycHeM, Je kf < m, To upe3 h HUe cMe KOHCTPYUPAJIN OIBETsIBaHe Ha II'bJieH rpad
Ha N BbpPXa € IO-MaJKO OT N IBATa, KOETO € 0YEBUTHO HEBB3MOXKHO. O

JlecHo ce 3abessg3Ba, 4Ue CHIIECTBYBa CJieJIHATa BPb3Ka MEXKIY ‘“AByjeaHOCTTa’ Ha Tpadure u
OIIBETSIBAHETO Ha I'padure.

HaGaonenune 18

Ba Bceku rpad G, G e mByJeseH ToraBa U caMo Torasa, Korato X(G) < 2.

Teopema 12: x(G) < A(G) + 1

3a Beeku rpad G, x(G) < A(G) + 1.

HoxkazaresncrBo: Ille mokaxkem ajropurbm, KoitTo onsersiBa G ¢ He moede ot A(G) + 1 npsra.
Agropursm 1: ATYHO OLBETABAHE

Bxomx: rpad G = ({vi,v2,...,vn}, E) m mBerose Cy, ..., Ca(g)41-
Usxom: OnpersiBane Ha G ¢ He moede or A(G) + 1 npara.

O OnperssBame vq B 11BaT C; 1 nprucBosiBaMe 1 «— 2.
A Axo i > n, kpaii.

® B nporusen ciryuait, neka C’ e 1[BeTHT ¢ Hall-MaIbK HOMeD, TaK'bB 1e 33 BCeKH V; € N(vy),
TakbB Ue j < 1 (KOeTo 03HavaBa, e V; Bede € OIBETEH OT HAIHs aJlOPHTHM) I[BETHT Ha Vj
ue e C'. TakbB mBar C’ oueBuaHO CbInecTBYBa, 3amoTo |N(vi)| < A(G). OnsersBame v; B
usatr C’, yBeaudyaBame i ¢ eluHNIA 1 OTUBaMe Ha @.

Aprymenranusra, ge TakbB “cBoOoJeH” BT C’ MMa 3a BCEKH IOPEIEH BPbX, € JOKa3aTeJICTBO 34
KOpeKTHOocTTa Ha AJiropurbMm 1. O

AJTYHO OLBETSBAHE He € OITUMAJIEH, Thil KATO MOXKE Jia U3I0JI3Ba [IOBEYE I[BETOBE, OTKOJIKOTO
ca HeoOxomumu. Hamcrumna, na pasriemame rpada G, nokazan wHa Purypa 2.45(a). Tosu rpad
e mByzenen’ m e 2-omsernM, cbryiacio Habmonenne 18. Axo mpmnozkum AJTYHO OIBETSIBAHE
¢ nojpeaba Ha BbpxoBere Karo Ha Purypa 2.45(6), me usnonssame 5 mBsTa. AKO IPHIOKIM
AJTYHO OUBETSBAHE ¢ mnojipejiba Ha BbpxoBere Karo Ha Purypa 2.45(B8), usnosissame camo 2
IIBSITA, KOETO € OITUMAJIHO.

TT'pad karo Tosm na @urypa 2.45(a) ce mapmya rpac-kopona. Beekn rpad-KopoHa ce osrydaBa OT eIiH IhIeH
JBYJIeJeH Tpad ¢ paBHOMOIIHE JsIJI0BE, OT KOMTO ca m3Tputu pebpara Ha eHOo nepdekTHo craeranue. “ITlepdexTHo
cpaeranue”’ e gedunupano B Cexnust 2.16.
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®durypa 2.45 : AT4YHO OIIBETABAHE BpbIIla OIBETABAHUS C PA3JIUYHA MOIITHOCT ITPU
Pa3JInNYHU HApeaOu HA BbPXOBETE.

Durypa 2.45(a): ®urypa 2.45(6): ®urypa 2.45(s):

I'pad-xopoHna. 5-OlBETSBAHE. 2-0olBeTSBAHE.

/ HomnbaneHue 9: A9HN aJICOPUTMU \

Toga, KoeTo Kazaxme 3a He-onTUMaJHOCTTAa Ha AJTYHO OIBETSABAHE BbpXy rpada-KopoHa
or @urypa 2.45(a) moxke ja Obje 0600IeHO 3a rpadu ¢ npousBosiHa rojemuna. Jla cu
pejicraBuM rpad-KopoHa, KOWTO nMa 21 Bbpxa (ToraBa BCEKHU JIsI HMa TOYHO N Bbpxa). B
3aMUCUMOCT OT pejia, B Koiiro AJTYHO OIBETABAHE pa3sriexjia BbPXOBETe, € Bb3MOXKHO
TOi Jla BbpHE OIBETsIBaHE C M IBATA, JOKATO BCBIMHOCT MMa ONTHUMAJIHO OIBETSIBAHE ChC
camo 2 1BgaTa (3a1oTo rpadbT CH ocTaBa JBY/IEJEH).

CretoBaresiHo, ChIeCcTBYBaT rpadu 1 Hapeadu Ha BbpxoBeTe uM, 3a Kouto AJTIYHO OII-
BETSBAHE paboTu yzKacHo. “YKacHO B CMHCLJI, 9€ Pe3yITaTbT, KOHTO HAMHUPAa, € MHOIO

Jlajiede OT ONTUMAJIHUS—HaIlpUMep, OIBETsBaHe C M IBATa Ha rpad, KOHTO € 2-OIBETHM.
AnropurbMbT paboTn OBP30, HO OCBEH Obp3WHATA MY, 33 HAC UMa 3HAYEHHE KOJIKO OJIM30
JI0 OITUMAJIHOTO € HAMEPEHOTO peIlleHne.

AsropurbM Kato AJTYHO OIBETSABAHE ce Hapuda aA4eH aA20pumsm®, KOeTo ODSICHSIBA
n u3bopa Ha UMeTo My. AJTYHHUTE aJrOPUTME PEIIaBaT ONTHMU3AIMOHHN 3aa9d IPaBeiKm
UTEPATUBHO IOPEIUIla OT M30UpaHus, KaTO KPUTEPUIT 3a U30MpaHe € MPOCT U JIOKAJTIHO-
ontuMaJieH. “JIokamHo-onTMaJeH  O3HavYaBa OINTUMAJIEH CaMO OT IJIe/IHA TOYKa Ha TEKY-
maTa urepamua’. B caydas ¢ ATYHO OLBETSIBAHE aJropuThbMbT n30Hpa MPOH3BOJIEH
caesiBalll BPbX Vi. [IponsBotHUAT W300p € Bb3MOXKHO HAH-IIPOCTUAT W300P, HO B HAKAKDB
TPUBHAJIEH CMHUCHJI € OIITUMAaJIeH W300p, TaKa de aJrOPUThbMbT JAEHCTBUTEIHO MOXKE Ja Ce
KJIACUPUIIPaA KATO aJIIeH.

Kakro BuagxMe, aJdHEAT aJropuThM He pellaBa 3ajadara OINTHMAJIHO BHHAIM. 3ajadara
3a OIITUMAJIHO OIBeTdBaHe Ha rpadu € U3KJIIOUYNTEHO TPY/IHA U He € U3HeHa/a, de n3dupa-
HETO Ha MPOU3BOJIEH CJIEJIBAI €JIEMEHT BOJIM TOBA, Y€ BbPXY HAKOW IMPUMEPH HAMEPEHUST
pe3yJiTaT € MHOTO Jjiajiede oT onTuMaHus. VMa 3aja4dm, KOUTO ce perraBarT ONTUMAJIHO C
AJITHU aJTOPUTMU, HO 3aJadara 3a OlBeTsBaHe Ha rpad ¢ MUHUMAaJEH OPOoii I[BETOBE He €
OT TSIX.

“Ha anrmwmiicku e greedy algorithm.
Tlo-m3TbHYEHATA, HO HO-CJIOYKHA 32 PEaU3alis U/es BCHIKH Te3H N30MPaHns J1a ce IPABAT OT €IHHHA
riobaJiHa TJIe/IHa TOYKA.
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Hombanenue 10: Paznukara mexay w(G) u x(G) Moxke ga € mpou3BOJIHA

Beue orbenasaxme (Habmogenne 16), e w(G) < x(G). Ciex ToBa Buasxme IpPHMEpP 32
rpad G (Habmmonenue 17), takbs e w(G) = x(G) — 1.

[Ipouee, pasauKaTa MKy KJIMKOBOTO YHCJIO M XPOMATHIHOTO YUCJIO MOXKE JIa € IPOU3BOJI-
HO TOJIIMA, HO TOBa € TEeXK'bK PE3YJITAT, U3JIU3all MHOTO OT PAMKHUTE HA TE3W JIEKI[MOHHU
sarmcku. TyK Ie JIOKazKeM HelIo Mo-CKPOMHO: Ta3u pPasjinKa MOXKe Ja € MOHe JIBE.

HokazarescrBo: Pazrienaiite To3u rpad G:

Tebpmaum, ve w(G) =2 u X(G) = 4. Tora, 1e w(G) = 2, e oueBHHO: B TO3u Tpad 3-K/IMKa
uama. e mokazxkem, de x(G) = 4. Jla gomycuem, e x(G) < 4.

la pasriiesiame 1ukbiaa a, b, c, d, f, a. Toit e HeYeTeH KB, CIEI0BATEIHO, ChIvIacHO Teo-
pema 9, x(G) > 2. BakiouaBame, de X(G) = 3. BOO, Heka 1BeroBeTe ca YepBeH, 3eJieH 1
cut. ETo €100 BBb3MOXKHO OLIBeTdBaHe Ha IUKbJIa B TE3U IBETOBE:
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Bb3MOKHI ca ¥ IPYIU OIBETSBAHUS, HO 3a BCSKO OIBETSBAHE B TPH IIBATA HA TO3M IUK'bJI
e BSPHO, Y€ eJMHUAT IBAT Ce II0J3BAa TOUYHO BEJIHDBXK, a BCEKH OT JPYIH JBa Ce II0JI3Ba
TOYHO J[Ba I'BTU — aKO JIOIYCHEM, Y€ HSAKOH I[BAT Ce 110JI3Ba [IOHE TPU II'bTH, 1€ UMa Pedpo
c ;Bara Kpas B €MH IBAT, KoeTo He e pasperrero. BOO, Heka IBeTHT, KOATO ce TMOJI3Ba
TOYHO BEJHBXK, € YePBEHUAT U HEKa @ € YePBeHHsIT BPbX. BpbX b e min 3ejieH, uim CuH.
Ako b e 3esieH, ¢IMHCTBEHOTO BB3MOXKHO OIBETSIBAHE € TOBa, KOETO € Imokasano. Ako b e
CHH, OIBETSIBAHETO MOXKe Jia O'bJie JOBBPINEHO 110 ¢IMHCTBEH HAYWH, & IMEHHO C € 3ejeH, d e
cut u f e 3esen. U Taka, oM IBET'HT, KOHTO Ce TI0JI3BA BEIHbIK, € YEPBEHUAT U A € YEePBEH,
BbPXY OCTAHAJINTE YeTUPU BbpPXa CHHUAT U 3eeHusT 1BAT ce pepysar. BOO, pasriexiame
caMo HOKa3aHoTo onsersaBane (b e 3ejeH u T. H.).

Nma To4uHO 1T JBOJKHM BbPXOBE M3MEXKIY Q, ..., f, KOUTO HE Ca CbCEU BbPXY IHUKbJIA:
{a,c}, {b,d}, {c,f}, {a,d} u {b,f}. Ba Tpu o1 Te3u ABOIKHU e BAPHO, Ye BETOBETE HA JIBATA
BbpXa B J[BOIKaTa ca pasandHu, a uMenHo {a,c}, {a,d} u {b,f}:
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Jla pasriieaMe n3d6paHOTO OIBETSIBaHE HA IIUK'bJIA B KOHTEKCTa Ha Iejus rpad:

LHOM I10JI3BaMe CcaMO TPUTE IBsATa 9€PBEH, 3€JIEH U CUH, IIPpU TOBa IIOJIOZKEHUE Ce HaJlal'a Y
Jda € CUH, U /la € 9epPBEeH U V Jla € 3€JICH!:

2

Ho ToraBa z He MOXKe J1a € HUTO YepBeH, HUTO 3€JleH, HUTO CUH, OMBAaflK1 C'bCeJl U Ha W, U
Ha v, u Ha y. [loyuenoro nporuBopedne mokassa, de jomnyckanero X(G) < 4 e rpemnHo.

Ot JApyra CTpaHa, Ge 4—OHB6TI/IM, KaKTO Ce€ BU2K/Ia OT cJjieJHaTa PUCYHKa.
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2

Baksouasame, de X(G) = 4. 0

Homnbanerue 11: AJYHUSAT NOAXO0/ K'bM aHTUKJIMKUATE HE JlaBa OMT. OIIB.

Kakto Beue cromenaxme, BCSIKO BBHPXOBO OllBeTsBaHe Ha rpad B k IBATa 1O CHIIECTBO
e pas3bmBaHe Ha MHOXKECTBOTO OT BbpXOBeTe Ha K aHTHKJIUKU, KATO BHPXOBETE OT €JINH
IBST ca €JIHa aHTUKJMKa. Jla pasriegame ajadeH ajJropuTbM, KOHTO HamMupa pa3buBaHe Ha
MHOKECTBOTO OT BHPXOBETE Ha aHTUKJIUKU TaKa: II'bPBO HaMUPa MaKCHMaJIHa 110 MOITHOCT
AHTHUKJINKa, cjlara HeffHNTe BbPXOBe B €JIUH s/ Ha Pa3sOMBAHETO U U3TPUBA TE3U BbPXOBE
oT rpada, ako IMPU TOBa He OCTaHAT BbLPXOBE, TO Kpail Ha padoTaTa, B IMPOTHUBEH CJIydaii
HPO/IbJIZKaBa aHAJIOTUIHO BbPXY ocTaTbKa OoT rpada. GopmaiHo MoXKe Ja IO OIHUIIEM TaKa:

Asropurbm 2: AJITOPUTHBM 3A PASBUBAHE HA AHTUKJIMKU

Bxom: rpad G = (V, E).
Nsxon: Pazousane na V Ha aHTUKJINKIA.

U e mpoMEeHIMBa OT THII MHOYKECTBO OT MHOYKECTBa OT BbPXOBE.
oOU—.

® Hamepu antukinka S € V ¢ MakcuMaJjHa MOIIHOCT.

® [Ipucson U — U U {S}.

® ll3rpuii BbpxoBere Ha S oT G.

® Axo B G He ca ocTaHau BbpXoBe, BbpHI U 1 IpeKparTn ajropuTbMa; B MPOTUBEH
caydait, uiau Ha pej @.

Hamupane na maxcnMmasiga aHTukmKa € NP-Tpyaan 3amgada, Taka de @ He MOXKe J1a ce

72



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

peasim3upa epUKACHO, ITOHE CIOPEJ TeKyIoTo mo3Hanue. Ho /a ocraBuM TOBa HACTPAHM.
CBIEeCTBEHOTO TYK €, Y€ aJTIHUAT TMOXO0/ KbM aHTUKJIMKATE He BOJU HEIPEMEHHO JI0 OIl-
THUMAJTHO oIBeTsABaHe. KTo mpumep.

G

ag ar as Qg aio

Ha mbpBara nreparusi aaropurbMbT 1ie Hamepn S = {aj, as,...,a1p} Ha pej O, 3a1moTo
TOBa € MaKCHMaJHaTa aHTHK/MKa B rpada. Cmex ToBa U me crane {{aj,as,...,ap}} Ha
pen ®. Ciienr ToBa aJropuThbMbT Ille U3TPHE BbLPXOBeTe OT {aj,ds,...,d1o} Ha pex @ u
rpadybT 1e CTaHe TO3U:

G

CuieniBa ipoBepkara Ha pej . Tbil KaTo Bee ome nuMa BbPXOBE, U3I'bJIHEHUETO IIIe OTH/IE
OTHOBO Ha pej @. B rexymus rpad MakcuMasIna aHTHK/IRKA € Bestko oT {b}, {c}. la kaxewm,
ge S = {b}. Torasa U mie crane {{a,as,...,a},{b}}, Bpbx b 1me 6bjie U3TPUT, UK BT
Ie Ce U3II'BJHU OIe BEJHBXK U aaropuTbMbT mie Bbpae U = {{a, as, ..., ai}, {b}, {c}}.
Ho ToBa pasbuBane Ha aHTUKJIMKU € BbPXOBO OIBETsBaHe B TpU IBdATa, nonexe |U| = 3.
A BebmmpocT BxoguuaT rpad e 2-0IBeTHM, MOHEXKE € IbLPBO. BCAKO ABPBO € 2-0IBETUMO,
nonexxe e anukanden rpad. [Ilom HAMa UK, B 9ACTHOCT HAMa HEYETHH IUKJIN.

SaK.HIO‘Ia.Bal\Ae, 9e IIOCOYEHUAT aJI'OPUTBHbM HE BUHaAl'l HaMHPa OIITHUMAJJIHO BBHPXOBO OIIBE-
taBaHe. 1 n3001110, aIIHIAT MOAXO0 IIPU OIBETIBAHETO He paboTH, AOPH Ja ce Das3upa Ha
BuKaHe Ha ajroputbM 3a NP-tpynna 3ajaqa.
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2.7.2 OuBersiBaHe Ha pedpa

a cu mpejicraBuM KOMYHUKAIIMOHHA MpPezKa, KOATO Cé ChCTOM OT KOMITIOTPU U JIBYIIOCOYHU (CH-
METPUYHU) BPB3KH MEXKJIy HIKOW JIBOWKHM KOMIIOTPHU. JIBOMKa KOMITIOTPH, CBbP3aHU JAUPEKTHO,
e cbeefiHa. PasriexjamMe JIUCKPETHO BpeMe OT BPEMEBU MHTEPBAJIN C JIbJKUHA eIuHua. B paM-
KUTe Ha eJIMH BPEMEBU MHTEPBAJI, JIaJeH KOMIIIOTbD KOMYyHUKApa C Hali-MHOTO €IUH CBOW Cb-
ces. Ilpu ToBa KOMyHHKAIATa € IBYHOCOYHa. VcKaMe /1a HAIpaBUM pasHuCcaHue!, IIPH KOeTo ce
OCBITIECTBIBAT BCUYIKN KOMYHHUKAIMN B MUHHMaJjeH Opoil BpeMeBHM MHTepBaJnd. be3 moc/eaHoTo
U3UCKBaHe 3a/[a9aTa € TPUBHAIHA: aKO JIMPEKTHUTE BPB3KH ca M Ha OpOii, M BpeMeBU MHTEpBaja
ca JIOCTATbYHU, 32 Jla MOYKe BCsiKa ChCeHA JBOWKA Jila KOMYHHUKHpa. Paborata e Tam, e HIKOU
,ZLBOIZKH MOKe Ja KOMYHHUKUDpAT €IHOBPEMEHHO: B €IMH 1M CbIIU BPEMEBU HMHTEPBaJI. Ba Ja CTaHe
TOBa, HEOOXOINMO U JIOCTATHIHO € HUTO JIBe OT Te3 JIBOHKM Jia HAMAT 001 eJIeMEeHT (KOMITIOTBD).

Bajauara MoKe J1a ce Mojiesinpa ¢ rpad. Brpxosere ca koMioTpuTe, a pedbparta ca IUPEKTHUTE
KOMYHUKAIIMOHHU JIMHUU MeXKIy KoMmIiroTpu. Vckame jia pa3dmeM MHOXKECTBOTO OT pebpara Ha
MHUHHUMAaJIEH OPOM IIOJIMHOXKECTBA, TAKMBA Y€ B HUTO €HO IOAMHOXKECTBO JIa HIMa WHIUICHTHA
pebpa. Moxkem j1a MucInM 3a T€3W MOAMHOYKECTBa KaTo 3a ‘“TIBETOBE”, HO cera IBeToBe Ha pedparta,
a He Ha BbpPXOBeTe. MHO}KQCTBOTO OT IBETOBETE OTroBapd TOYHO Ha MHTEPBaJIMTE OT BpeMe: B
II'bpBUAd MHTEPBAJI 1€ PA3pPEIIUM KOMYHUKaAIUA 110 JIMHUUTE, KOUTO Ca OIBETCHU B II'bPBUA IBAT,
BbB BTOpHUsI MHTEPBAJI Ie Pa3peninM KOMYHUKAIUUTE 10 JUHUUTE, OIBETEHH BbB BTOPHUS IIBSIT,
n Taka HaraTbK. [logpembara Ha IBeTOBeTe HsIMa HUKAKBO 3HaYeHMe. BaykKHOTO e, de pebpara
OT €IMH 1 CbIX IOBAT TOYHO OTroBapdAT Ha KOMYHHKaIIUUTE, KOUTO Ca pa3p€lll€eH B CbOTBETHUA
UHTEpBaJ OT BpeMme. T'bil KaTo HAMA MHIMJICHTHU pedpa OT €JIMH U CHIU IBAT, TO HIMa KakK B
TOBa pa3llMCaHue Ja UMa MHTEpBaJl OT BpeMe, B KOWTO HAKONI KOMITIOT'BD JIa KOMYHUKHUPa C II0BE€Ye
OT €JINH C'bCEJIN.

Omnpegenenne 37: OnBeraBaHe Ha pedpa

Heka G = (V,E) e rpad. Ousemasasane na pebpama na G e dyukius h: E— C, kpmero C

e MHOXKECTBO, UMUTO €JIEMEHTH ce Hapudar ysemose. Vcka ce GyHKIMsTa J1a € TakaBa, e
Veec E Ve’ €J(e): h(e) + h(e’).

VMma cMuchbiI onBeTsiBaHeTo Ha pebpa Ja e CIOPEeKINs, 3a Ja HsIMa HeU3II0JI3BAHU IIBETOBE.

Karo anropurmuuna 3aj1a4a, olnBeTsiBaHeTO Ha pedpaTa C'bINo € MUHUMHU3AIMOHHA 3a1a49a. Munn-
MaJTHUST OOl I[BETOBE, C KOMTO MOYKEM Jia olBeTHM pebpara Ha rpada G, ce Gesexu ¢ x'(G) u
ce Hapuda rpomamuden undexc na G.

[Ipu omnBersiBaneTo Ha BBHPXOBE, OYEBHUJIHA JIOJIHA T'PAHUIA 38 XPOMATUIHOTO

qucsio e KimkoBoro vucso (Habmronenue 16). Ilpu onpersiBanero Ha pebpara,

OYeBHJIHA JOJHA T'PAHUIIA 38 XPOMATUYHNS WHIEKC € MaKCUMaJTHaTa CTelleH Ha

BpbX A(G). Haucruna, ako uma 1oHe ejiud BpbX OT crerned d, TpsOBa XpoMa-

TUIHUAT WHJEKC ja e rnoHe d. JlecHo moxkeMm Ja m3Muc/IuM mpumep 3a rpad

G, takbB ue X'(G) = A(G); manpumep, dereH rpad-tukbi1. OT npyra crpaHa,

@urypa 2.46 JIECHO MOXKEM Jla U3MUCIUM U rpuMep 3a rpad G, takbs de x'(G) > A(G); nan-

pumep, HedereH rpad-mukbiI. ['padbr Ha Petersen cbino e mpumep 3a TaKbB

rpad: Toit e 3-perynsapen rpad, Ho, cbriacHo Teopema 14, pebpaTta My He MOXKe Jia Ob/IaT OIlBe-

TeHu B 3 1BdTa 10 n3uckBanuaTa Ha Oupejesnenne 37. Obade 4 1mBaTa ca J0CTATHIHE 3a pedbpara

na rpacda na Petersen, kakto ce Buxkja na @urypa 2.46 BisBo. Epro, XxpoMaruaHusT UHICKC HA
rpada Ha Petersen e 4.

THa, amrsmiicku, schedule.
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Teopema 14: I'pacdhbT Ha Petersen nma xpomMaTuieH MHIAEKC 4.

['padbr Ha Petersen numa xpomaruten unjekc 4.

HokazarescrBo: [la jonycuem, de rpadbr Ha Petersen mma xpomarnyen unjieke 3. Heka npe-
TOBETE Ca YepBeH, 3eJieH u cuH. /la cu mpejicTaBuM ONBETSIBAHETO Ha pedpaTa ¢ TPUTE IBATA KATO
poriec, Koo e rnokasan Ha @urypa 2.47 oTIABO HaJISICHO.

Jla pasriegame enuH oT IuKaInTe Ha rpada. Heka ToBa e IMUKbBIBT, KOWTO € HapUCyBaH KaTo
BbHIIEH. T'bil KaTo TOM MMa JIbJKUHA D, TOI € HeYeTeH U caMO 3a HErOBOTO PeOpPOBO OIBETsSIBaHE
ca HeobxomMu 3 1BATa. JIecHO ce BUK/ia, Y€ TOYHO €JIMH OT I[BETOBETE Ce CPeIla CaMO BEIHbIK
BbPXY TO3M IUK'BJI, & JIPYTHUTE JIBA [[BATA CE CPEIaT 10 JiBa IIbTH. be3 orpaHntvieHne Ha OOITHOCTTA,
HeKa [[BETbT, KOITO ce Cpelia BbPXY TOYHO €J[HO pebpo, e yepBeH (KOeTO 3HAUHU, Y€ OT OCTAHAJIATE
yeTupu pedpa, JIBe ca CUHE 1 JIBe ca 3e/ieHn ). Be3 orpanndenne Ha 0OIIHOCTTa, 4epPBEHOTO PEGPO Ja
e pedbpoTOo Hail-70JIy OT BHHIINHUS IUK'bJI. be3 orpannvenne Ha oOITHOCTTa, HEKa PeOPOTO BJISBO OT
Hero e cuabo. ToBa opcupa onBeTsIBaHe Ha BBHINHUAS TUKbJI, TIOKA3aHO B cpejiaTa Ha purypara.
Tosa bk dopcupa onpersiBanero Ha nerre “paanannun’ pedpa. Cera ce Hajgara Ja OIBETUM B
CUHBO U JiBeTe pebpa, TOKa3aHW C'bC CHH IMyHKTUD B JeCHUA Kpail Ha (purypara, 3a1oTo BCIKO OT
TSIX € WHIUJIEHTHO C €JIHO 3eJIeHO U eJIHO YepBeHo pedbpo. Ho Te3u nBe pebpa ca mamuaenTHu! Tosa
olpoBeprasa JoIyckanero, 1e rpadbT Ha Petersen mma xpomarnden nHeKC 3.

Durypa 2.47 : HeBb3MO2kHO € Jia onBeTuM peOpara Ha rpada una Petersen B 3
BATA.

Ot apyra crpana, rpadbT Ha Petersen moxke j1a 6b1e pedPOBO olBeTeH B 4 1BsATA, KAKTO CE BUXK 1A
na @urypa 2.46. ToraBa Xpomarnunuar uHjekc Ha rpada na Petersen e Toumno 4. O

BacyxaBa J1a ce oTOesiexkn, de rpadbT, mokazan Ha Qurypa 2.48 BIsiBO, KOHTO

MHOTrO npuinda Ha rpada na Petersen, nma xpomaruden nnjekce 3. ToBa ce BuxK-

Jta BejHara Ha ¢dgurypara. I Tosu rpad, u rpadbr Ha Petersen ca napucysanu

KATO BBHINEH IUKbJI ¢ (DOpMa HA IIPABUJIEH IIETObI'bJIHUK, OIle H “pajuajnu’

pebpa HaBBTPE, U OIIe €JUH UKD/ C JIbIKUHA D BbB BHTPEIIHOCTTa. Paszjm-

Durypa 2.48 KaTa MeXKJIy JiBaTa rpada e, de nmpu rpada na Petersen BbTpenHuAT 1MUKHI €
HapHUCYBaH KaTo IeHTarpaMa, a mpu rpada na @urypa 2.48 BLTPEINTHUAT UK b

e HApUCYBAH KATO MPABWUJIEH METOBLI'bJHUK. TOBa € OT ChIecTBeHO 3HadeHne! — 3abesexkere, de
rpadbT, nokazan Ha Purypa 2.48, uma MUK/IM ¢ JbKuHa 4, a rpadbT Ha Petersen nsama takusa.

Honbauenue 12: Xpomaruduust uHaekce e uiau A(G), mim A(G) + 1

U raka, Bujgxme npumepn 3a rpadu, anuto pebpa moxke Ja 6baar onserenn B A(G) npsta,
u nipuMmepn 3a rpadu, duuTo pebpa He Moxke Jia Obiar onereru B A(G) 1BsTa, HO MOXKE Jia
6baar onperern B A(G) + 1 npsra. BaykeHn TeoperndeH pesysrar Ha CbBETCKUS MaTEMATHK
Busunr e, ge apyru rpadu Hsima: MOKeM Ja ornperuM pebpara Ha rpada ¢ A(G) + 1 nssra
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pebpara Ha Bceku rpad [62].

Teopema 15: Teopema Ha BusuHr

3a Beeknu rpad G, x'(G) € {A(G),A(G) + 1}.

HokazarescTBo /lokasare/gcTBOTO, KOETO IIe pasriejame, € MoauduIinpaHa Bepcus Ha
JI0Ka3aTe/ICTBOTO Ha TeopeMaTa Ha BusmHr ot raswm crarus Ha Robert Green.
Toga, ue x'(G) = A(G), e oueBumno. llle mokaxem, e x'(G) < A(G) + 1 3a Bcexnu rpad G.

a momycnem nporuBnoTo. Heka G e rpad-konTpanpumep ¢ MunumaJien opoit peopa. Tosa
O3HauaBa, ve 3a BeAKo pebpo e € E(G) e Bapho, ve /(G —e) < A(G) + 1% 3a xparkocr mie
osnadasame A(G) + 1 ¢ A.

Honyckanero uu e, ge X'(G) > A. Tbit kato G e peOPOBO-MUHUMAJIEH KOHTPAIIPUMED, 3aK-
modasame, ge X'(G) = A + 1. Vz6upame mponssoso pebpo e € E(G). Heka H = G —e. Ilo
nomnyckane, X'(H) = A. Heka e = (x,yp). Heka ¢ e npoussosiro pebpoBo onpersiBane na H
B A mBgTA.

3a Bcekn u € V(H), 3a Bcekn BT c:

e aKo HUTO eJHO pebpo oT J(1) He e OIBEeTEHO B ¢, Ka3BaMe, 9e C AUNCed 6 U,
e B IIPOTHUBEH CJIydail Ka3Bame, 9e Ci NPUcsCmea 6 .

BeaHaFa 3&66HH3B&M€, 9€ BBbB BCEKU BPBHX JIUIICBa IIOHE €MH IIBAT, ITIOHEZKE Ca II0BEYE OT
MaKCuMaJIHaTa CTEII€eH Ha BPbX B H.

Nznbaagsame ciaeanns aaropuTbM, KOUTO CTPOM MAKCUMAJIHA IO BKJIIOYBAHE PEIUIa OT
JIB& TI0 JIBa, PA3JIMIHU BBHPXOBE Yo, Y1, - .., Yk U OT IIBETOBE Cq,Cq,...,Ck. laKaBa peJIAIa ce
Hapudva pepura na Kempe.

e 3HaeM, Ue B g JINIICBA TIOHE euH IBAT. la pedem, de B yg JHICBa Co. AKO ¢( JIUTICBA
1 B X, BeJlHara cjejiBa, ue G e peOpoBo onBeTuM B A IBATA: IIPOCTO JOIbjBaMe ¢ ¢
onpersiBane Ha (X,Yo) B ¢o. Ho G He e pebpoBo orpernm B A IBATA MO JIOMYCKAHE.
CiesioBaTesiHo, ¢o IPUCHCTBA B X.

e Heka (x,y;) e pebporo, takoBa 1e ¢ ((x,y1)) = co. OueBumano, y; + yo. B y; obaue
JINTICBA HAKAKDB 1BAT. Jla Kaxkem, e B yj JIMIICBa C1. 3abesi3BaMe, ge ¢ He MOXKe 13
JIUIICBA B X, IOHEXKe, aKO €1 JIMIICBA B X, TO G e pebpoBo onseTuM B A 1Bsara. OueBuiHo
e, 1e c1 F Cop.

e Heka (x,y2) e pebporo, TakoBa e ¢((x,ys)) = ci. OgeBunno ys + y;. OcBen ToBa
Y2 F Yo, 3am010 (x,ys) e pebpo B H, a H mama pebpo (x,yo). Epro, y2 ¢ {yo,y1}. B
Yo JIUIICBA IIBAT, JIa KayKeM Co. 3abesisizBaMe, 4e Co + €1, 3all0TO €] PUCHCTBA B Ya,
a Cy JIMIICBA B Ys.

He e HeBb3MOKHO 0Oatie ¢y J1a € ChIMUAT KaTo Co. AKO Co = Cg, CIIIpaMe aJIfOPUTHMA.

B mporuBen ciayuail 3abenasBame, ue co He MOXKe Jia JIMICBA B X, nHade G Ou OuMi
Y )

pedbPOBO oIBETHM B A IIBSTA.

e Heka (x,ys) e pebpo, TakoBa e ¢((x,ys)) = co. OdgeBuano ys + yo, monexe (x,yo)
He e pebpo B H. T'vii kaTo €2 ¢ {co,C1}, & co U €1 Cca IBeTOBETE CHOTBETHO HA (X, Y1) U

(X,Y2), BuzKsIaMe, ue Y3 + Y1 1 Y3 + Yo. Hakparko, ys ¢ {yo, Y1, Y2}
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B y3 smuncsa n4ar, ja kaxkem c3. OdeBuiHO c3 + co. He e HeBb3MOKHO 0Dade c3 Jia e
CHIUAT KaTo ¢o Wi ¢1. AKo c3 € {co, ¢1}, ciupame anropurbMma. B mpotusen cirydai
3abesig3BaMe, de C3 He MOXKe Jla JIUICBa B X, nHade G Ou Om1 peOpoBo orBeTuM B A
I[BSTA.

e Heka ey = (x,y4) € pebpo, TakoBa 1de ¢((x,y4)) = c3. VI Taka HATATBK.

e Pano mim KbCHO e CTUuraemM 1o pe6po ex = (X,yk)7 TaKOBa 4e€:

* ¢<<X7yk)) = Ck—1, KaToO yk ¢ {9071;’17 s ;yk—l} n Cx—1 ¢ {Ck—27 ...,C1, CO};

¢ B Yy JIMICBA [BST Cy, TAKbB Y€ Cy € {Cx_2,...,C1,Co}-

ToBa e m nmpuumHaTa 3a CIUpaHe Ha aJrOPUTHMa: 3a I'LPBU LT CM€ Ce HATHKHAJIN
Ha BPbX, & UMEHHO Yi, Ha KOWUTO JIUIICBA IBAT, KOUTO Be4de € JIMIICBAJI B HAKON OT
Jlocera CJIO’KEHUTe BbpPXOBE B peJIMIiaTa; jia KakeM, 9e BbIPOCHUAT IBAT JIMIICBA B Yj
3a msikoe j € {0,...,k — 2}. Torasa cy = ¢;. Bizkre @urypa 2.49.

Purypa 2.49 : IlocTtpossBaHeTo Ha Bepurara Ha Kempe.

09 myx pebpo nama Yo (mmmncsa cg)

(yumcsa )

(nmumicBa cs)

Yj+1  (mmcea cji1)

O ljk (qmmcBa ¢y = ¢j)

BbB BpbX X JMNCBa HAKAKDHB NBAT. Jla Kaxkem, de JIMICBa IBAT &, KbJIETO & € €IUH OT
I[BETOBETE, ¢ KOUTO ca olpeTenn pebpara Ha H. /la npenmenysame mpera ¢j = Cy, KOHTO
JIIIICBa B Yy U Yj, Ha (3. Bmxre Purypa 2.50.
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®durypa 2.50 : BbB BpbX x JIUICBA IIBAT (.

X  (umcsa o) Yo (mmmocsa co)

(/municBa ¢ )

(sumcBa cg)

" (ymmcsa B)

Yj+1  (mncsa cjiq)

@) 1;1; (ymumicBa B)

TebpauM, 9e « NPUCHCTBA B Yg. AKO JIOMyCHEM ITPOTUBHOTO, BeIHAra 3aK/I0YaBaMe, ge
MOKeM J1a onBeTuM G B A 1BsATa, U3M0JI3BAMKI IBAT & 38 PeOPOTO (X,Yp) — AKO o JIUIICBA U
B X, U B Yp B olBeTsBaHeTo ¢ Ha H, TO & JIMIICBA U B X, U B Yo B G B 9aCTMUYHOTO OIBETSIBAHE
¢ #a G ($ e gacTU4aHO orBersiBane BLPXY G, MOHeXKe B Hero (X,Yo) HAMA IBAT), €Pro, aKko
orpernM (X,Yo) B &, HAMa JIa HAPYIINM H3UCKBAHETO HUKON BPBX Ja He € WHIMIEHTEH C
moBeve oT eJ1HO pedbpo oT jiajieH nBAT. Buxkre @urypa 2.51.
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Durypa 2.51 : Ako « jguncsa B Yo B H, To G e pebpoBo ornBeTuM B A IiBsiTa.

x(smcBa o) (yumicBa o)yo

Ol_;k

& JIICBa B X U Yo B H.

TebpauM, de x TpucheTBa B Y B H. AprymenTanusiTa e 1o ¢bIecTBo chinara. [a gomycaem,
ve o qurica B yp B H. [la mobaBum pedbpoto (x,yo), morydasaiiku G, HO ToBa € G ¢ YaCTHIHO
olBeTsiBaHe, TIOHeXe (X,Yo) HaAMa 1BaT. OnpersiBame (X, Yo) B IBAT Co U Maxame ¢g ot (x,yq),
HOJTy YaBafiKu YacTHYIHO OIBeTsiBaHe Ha G — cera (x,y) HsMa IBAT. 3abeJisi3BamMe, de B TOBa
YACTUIHO OIBETsIBaHe HAMa BPbX, MHIUJICHTEH C [OBEYE OT eJHO pedpo OT JaJeH IBST,
3aI0TO ¢ JIMIICBa B Yo MOHavaso. ToraBa, ako o JIMICBA B Yi, MOXKEM Jia OIBeTuM (X, Y1)
B &, IoJlydaBaiiku onpersiate Ha G B A 1psara. Hedopmasino ka3aHo, ako « JIMIICBA B Y1,
“3aBbprame’ MBAT Co OT (X, Y1) KbM (X, Yo) U CH “OTBapsiMe Bb3MOXKHOCT Jia OIBETHM (X, Y1)
B . Buxkre @urypa 2.52.
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Durypa 2.52 : Ako « auncsa B y; B H, Moxke s1a onBetuM G peOpoBO B A 1iBsiTa.

x AUNCEA UBAM, Yo

Oljk

[Monauasno (x,yp) HaMa uBAT B G.

JlecHo ce BMXKJa, Ye o MPHUCHCTBA B Y2, Y3, ..., Yk. lIpaKTUIECKH ChIaTa apryMeHTaIs
MO2Ke JIa Ce U3IMO0JI3Ba 38 BCEKU OT Te3U BbPXOBe: 3a Yo “3aBbprame’ ¢y U €, U TAKa HATATHK.

1 Taka, o mpuchbcTBa BHB BCEKH BPbX OT Bepurata nHa Kempe. 3a j10Ka3aTesicTBOTO HU €
CBIIECTBEHO CaMO TOBa, Y€ & IPUCHCTBA B Y; U Yy B H. /la cu npunomunMm, de 3 juicsa u
B Yj, 1 B yx. OT Apyra crpamna, p IpuchCcTBa B X, HO B X JmIcBa « (Bukre urypa 2.50).

Ja ce dbokycupame caMo BbPXY Yj, Yk, BCEKH OT KOUTO UMa HHIIIICHTHO pebpo (ToBa MOXKe
Jla ca JiBe pasuIHu pedpa UM €J[HO U ChIIo pebpo, TOBa HAMa 3HAUEHHUE), OIBETEHO B o, U
BBPXY pebpoTo (X, Yj4+1), onsereno B 3 (Buxre Purypa 2.53).
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Purypa 2.53 : CbIfHOCTHaTa YacT OT rpada B JOKa3aTeJICTBOTO.

X (mmcsa o)

(sumcsa )

Yj

Yy (mmncsa B)

Heka ] e noarpadbr Ha H, unaynupan or pebpara (Onpejesenne 9), onperenu B ¢ uin .
KitrouoBo nabimosienue e, de | HaMa BbPXOBE OT CTEIeH, O-TOJIsIMa OT J[BE: aKO UMAIIe [TOHEe
€JINH TaK'bB BPbX, TO B H Ou mMaJjio BpbX, HHIIUJIEHTEH C II0OBeYe OT €JHO PedpPOo B €IUH U
cbi 1At (o mim ). OueBuHO e, de rpad, KOWTO NMa BbPXOBE OT MAKCHMAJIHA CTEIIeH He
[OBeYe OT JIBe Ce CbCTOM OT MHOYKECTBO ITHTUINA W IUKJIA, KOUTO JIBA IO JIBa HIMAT OOIIH
BbpxoBe. C Jpyru JIymMu, T€3W IIbTHUINA U [MUKJIX ca My CBbp3aHuTe KommoHeHnTu. Heka P
O3HaYaBa MHOXKECTBOTO OT IITHUINA-CBbP3AaHN KOMIIOHEHTH HA J.

Cera 3abena3BaMe, Ue BbPXOBETe X, Yy U Yj ca KpailHU ToukH Ha rbruma oT P. Morke ToBa
Ja ca TPU Pa3jndHi I'bTd oT P, MOXKe JiBa OT TE3W BBHPXOBE Jla ca KpailHW TOYKN Ha, €JIUH
U CbIM BT OT P, a TpeTudaT Ja e KpaitHa To4dka Ha Jpyr mbT oT P. [Ipmumnara ma ca
HEIIPEMEHHO KPailHM TOYKM €, Ye BCeKH OT Te€3W TPHW BbpXa € WHIWJIEHTEH C TOYHO €JIHO
pebpo ot E(J). OdeBusao He MOXKe M TpUTE BbpXa Ja Ca KpailHU TOYKHM HA €JMH U ChIIN
II'bT, 3AI0TO €JIUH II'bT UMa Hail-MHOTO JBe KpailHu TOUKH.

CohImHOCTTA Ha JOKA3aTEJICTBOTO € B TOBA J1a “TIpeHape M’ IIBETOBE BbPXY pebpara Ha G 10
TaKbB HaIMH, Ie pebporo (X,y;) Aa 6b/e onsereHo B &. TO3H [BAT JIHUICBA B X IIOHAYAJIO, HO
npuchcTBa B Y;. Tpabsa mpenaperk1aHeTo Ha I[BETOBE JIa € TAKOBA, Y€ peOPOTO, MHIHICHTHO
C Yj, KOETO MMa I[BAT & B I'bPBOHAYAJIHOTO OLBeTsBaHe (KOeTO e pasmupenue Ha ¢), 1a ce
OKazke B IIBAT [3, O6e3 /1a ce HOABU MHIMICHTHO ¢ Y; pebpo B . ToraBa CIOKOMHO MOXKEM Ja
onseTuM (X,y;) B & [lo Kpas Ha J0Ka3aTEICTBOTO Pa3IVIeXKaMe JABa CJIydasl.

Cayw4aii 1. y; e kpaiina Touka Ha T p € P u x ¢ V(p).

[IpunomusiMe cu, 9e p e WbT OT pedpa, KOUTO ca B IBeroBeTe & wan (3. Hemo mnoseue,
Te3W [BETOBE aJTepHUpPAT BbPXY pebpara Ha p, HHAYEe OU UMAJIO BPbX OT P, UHIUICHTEH C
JiBe pebpa B €JIMH U CHINU MBSAT. J1a OObPHEM IIBETOBETE BHPXY P OT & B 3 u obparHo. ToBa
“obpbIane” Ha IBETOBE 110 HUKAK'LB HAYNH He HAPYyIaBa orpannvdennero B H j1a HsaMa BpbX,
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UHIIUJIEHTEH C [OBeYe OT €JIHO pedpo B JIaJIeH IBAT, 3aIIOTO P € “orjajeder’ OT JIPYTUTEe
CBbP3aHN KOMIIOHEHTH! Ha |, HIMalKu oOII BPbX ¢ HUKOI OT TsX. B 4acTHOCT, BpbX X OCcTaBa
MHIUJIEHTEH ¢ TOYHO €JIHO pebpo B IBAT B cren “obpbianeto” Ha rperoBere. Purypa 2.54)
WIIOCTPUPA Pe3yJITaTa OT TOBa OOpbIaHe Ha IBETOBETE BHPXY P, KATO Ce PA3IJIeXK,IaT IBaTa
BB3MOKHU CJIydasi:

® Yy HE e BPBX OT p U pebpoTo (X, Yy ) He OMBa 3aCErHATO OT OOPBITAHETO HAa IBETOBETE
U CH OCTaBa B IBAT &

® Yy € BPbX OT P, KOETO O3HAYaBa, 4e Yy € JAPYrusaT Kpail Ha p, IpU KOETO pebpoTo
(x,yx) mosrydaBa mBAT f3.

Durypa 2.54 : Cyes oOpbIIIAHETO HA IIBETOBETE BbPXY P OT & B 3 U oO6paTHO.

X (smmcea o) x (smmcsa o)

yx ¢ V(p)

M B aBara ciaydas npogb/zKaBaMme Taka. Bsemame onserssanero ¢ Ha H 1 ro mpenacsme
Bbpxy G Karo gacTudHo onpersiBane. [Ipu ToBa pebporo (x,yo) HsaMa 1BaT. “SaBbprame”
nserosere 1o Bepurarta Ha Kempe rtaka: Bcsko or pebpara (x,Yo), ..., (X,Yj—1), A& ro
HapedeM (X, Yi), IIOJIydaBa IBeTa, KOHTo e OuI BbPXY (X, Yi+1) Ipeau “3aBbpranero’, a (x,y;)
ocrasa 6e3 npar. OUeBMIHO TOBA HE BOJAU JIO BPbLX, MHIUJICHTEH C IOBEYEe OT €IHO pedpo B
equn u cbiu usgaT. OnsersiBame (x,Y;) B o U mojIydaBaMe pebGpoBo orpersiBane Ha G B A
I[BATA.

Cuayw4aii 2. y; e KpaiiHa Touka Ha bT p € P u x € V(p).
Torasa x e apyruar Kpait Ha p. [Ja HosCHUM: eJMHUAT Kpail Ha P € BPbX Yj, CJICIBAH OT
pebpoOTO B IBAT &, a JPYIHAT My Kpail € BPbX Yji+1, CIeABaH OT peGporo (X,Yjir1) B IBAT
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B, caegsano or BpbX Xx. OOpbIaMe 1BeTOBETE BHPXY P U Cera eJUHUAT Kpail Ha P € BPbX
Yj, cileJBal OT pedpPOTO B IBAT 3, a APYTUAT My Kpail € BPbX Yji1, ClIe/iBaH OT peOpoTo
(X,Yj+1) B IBAT &, CJIEBAHO OT BPBX X. ToBa e mokasano na Purypa 2.55.

Durypa 2.55 : Ilpeau u cies oOpbIAHETO HA IIBETOBETE BBPXY P.

X (smmcea o)

IIpenn obpbIIAHETO.

JloBbpIBaMe J10Ka3aTeJICTBOTO 110 HauwH, aHajornden Ha Cay4ait 1. Bzemame onsersiBa-
Hero ¢ Ha H u ro npenacsime Bbpxy G KaTo 4acTuvHo onsetsiBane. [Ipu ToBa pebporo (X, yo)
HaMa 1BAT. “Sabprame’ 1BeroBere 1o Bepurata Ha Kempe Taka: Bcsiko or pebpara (X, yo),

., (x,Yj-1), & To HapedeM (X,Y;), IOIyIaBa I(BeTa, KOHTO € O BbPXY (X,Yit1) Hpean
“saBbpranero’, a (x,y;) ocrasa Oe3 mBaT. OUeBUIHO TOBA HE BOIM J0 BPBHX, HHIUIEHTEH C
oBede OT €1HO PeOpPO B eIUH U CbIMH UBAT. Pe6poTo (X,Yj4+1) He OHBA 3aCErHATO OT TA3H
npoMsHa Ha IBeroe. OnpersaBaMe (X,Y;) B o U IoJIydaBaMe peOpoBo onseTsiBane Ha G B A
IBATA. O

@3abesexkere, e A(G) > 1, nonexe npasuugar rpad u rpadpure ¢ MaKCUMaJHa CTerneH 1 He ca KOHTpa-
[IPUMEDH.

’ Honviauenue 13: Jluneen rpad Ha rpad \

Ha npbB morsies, XpoMaTudHo 9UC/IO Ha rpad ¥ XpoMaTHYeH WHJEKC Ha rpad ca NpuH-
ruHo paziauanu merra. Cera 1me BUIUM, b€ XPOMATHIHUAT UHJICKC € YacTeH Caydail Ha
XPOMATUYHOTO YHCJIO. 3a IeTa HU TPSAOBa CJIETHOTO OIIPE/Ie/IeHNE.
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Omnpenenenne 38: Jluneen rpad Ha rpad
Heka G = (V,E) e rpad. Jlunetnusm epag na G e rpadbr G’ = (E, E’), Kbjero
E' = {(ej,e2)|e1,e2 € E u e; u ey ca unmaenTHn B G}

[Tumem G’ = L(G).
Kassame, 1e G e auneen epag, ako couiectByBa rpad H, rakbs ue G = L(H).

Hedopwmamnno, G’ e rpadbr, unnTo BbpxoBe ca pebpara Ha G, KaTo jiBa Bbpxa Ha G’ ca
C'bCe/IM TOTaBa U CaMo ToraBa, Korato B G Te3u pebpa mmar obir BpbX. [lonstuero “imHeeH
rpad”, B opurunas line graph, e namoxeno or Frank Harary [32, crp. 71|. Cropen Harary,
3a TOBa MOHSTHE Ca OWIM U3MO/JI3BAaHU MHOT'O JIDYTH TePMUHU, HAIpuMep interchange graph,
derived graph, edge-to-vertex dual w npyru. B KonTekcra Ha ¢bBpeMeHHATa TEPMUHOJIOTHS
Ha TeopusTa Ha rpadure, repmuabT “line graph” He e ocobeno ymaden. Harary [32] napuua
“lines” pebpara Ha rpadure, ¢ KOETO Ch3/IaBa BIIEYATICHIETO, Ye rpacduTe ca reOMeTPUIHI
00EKTU—IIIOM UMAaT JIMHUA—a& HUE BCIYECKHM Ce CTPEMUM Jia IojdepraeM, de rpadure ca
TeopeTuKOo-MHOKecTBeHn obektu. Ho, Taka mim nnade, TepmunsT “line graph” e mmpoko
IpueT B CBeTa Ha rpaduTe B MOMEHTa W HUE HE MOXKeM Ja To urHopupame. JlokoskoTo e
U3BECTHO Ha aBTOPA Ha Te3U JICKIIMOHHN 3aIlIUCKN, Ha O'bJITapCKU HAMa Bb3IPUET U YTBbP/ICH
TePMUH, TaKa e TYK Ile Ka3pame “‘JuHeeH rpad’.

Ero npumep. [da pasriename @urypa 2.56. Biisiso e nokazan rpad G. B cpenara e nokazan
cbinust rpad, KaTo BbpXy pedpara My ca HAPUCYBaHU HOBU BbPXOBE B U€PBEHO U UE€PBEHUTE
BbPXOBE Ca CBbP3aHU C YePBEHN pedpa TOTaBa U CaMO TOTaBa, KOTATO ChOTBETHUTE MM pPedpa
ca unimenTHr. Tosu rpad B yepseno e L(G). Bugcuo e mokasan camo L(G).

®urypa 2.56 : I'pad G u suneitHuaT my rpad L(G).

Hab6aronenune 19

3a Bcekn rpad G, onpersBaneTo Ha pebpata Ha G B k I[BsITA € CHIOTO KATO OIBETSI-

BaHeTO Ha BbpxoBere Ha G’ B k npara. Ciegosarenno, X'(G) = x(L(G)).

a pasriemame karo npumep G or @urypa 2.56. x'(G) = 4, Thil KaTo, OT €JHA CTpaHA,
A(G) =4, a or apyra crpana, G uma pebposo onsersiane B 4 1npsarta (Buxkre @urypa 2.57).
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®urypa 2.57 : x'(G) = x(L(G)).

[Torytemaere mak @urypa 2.57. Tosa, e G uMa BpbX OT cTeneH 4 TUPEKTHO ChOTBETCTBA Ha
dakra, 1e L(G) nma 4-xkmuka. Bopxbr or crenen 4 B G masa jgosna rpanuna 4 3a X'(G).
CworBerno, 4-kmmukara B L(G) masa gosma rpannna 4 3a x(L(G)).

He Beexu rpad e smneen rpad. Cbe curyproct 3a Beeku rpad G e gedunupan rpadbr L(G),
HO 3a Jajien rpad G moxke ja Hama rpad H, takbs e G = L(H). Haii-ipoctusit npumep 3a
rpad, Koiito He e smHeeH rpad, e Ky 3 (rpadbr Gy Ha Purypa 2.58)% 3a 1a ce ybemum, [e
Ki 3 He e jimHeeH rpad, 1a JOIyCHeM IPOTUBHOTO — CbinecTByBa rpad G, takbs 4e L(G) e
nzomopden na Ki 3. Tbit karo K 3 mma gerupn Bbpxa, G nma getupu pebpa. Hemro noseye:
eJTHO OT pebpara Ha G e MHIUJIEHTHO C BCAKO OT JAPYTHUTE TPHU pedpa, a U3MENKIY TAX HUTO
JIBe He ca MHIUAeHTHU. ToBa, pa3bupa ce, e HeBb3MokHO. CiiegoBarenno, K 3 He e ImnHeen

rpad.
Crnemnara Teopema (Bukre [32, crp. 74]) naBa HeTpuBHAJHE HEOOXOAUME U JIOCTATHIHU
YCJIOBHUS 3a TOBa, JIaJieH rpad ja e JuHeeH rpad.

Teopema 16: Teopema 8.4 or [32] 3a smHeliHuTe rpadu
Creanure 9eTUpPU yCJIOBHS Ca €KBHBAJIEHTHU:
1. G e nuneen rpad.

2. Pebpara Ha G MoxKe jia ce pa3dUAT HA MHOXKECTBA, BCIKO OT KOETO WHJIYIHPA
I'bJIEH TI0/Irpad, KaTo BCEKU BPpbX Ha G ce HaMupa B HAf-MHOTO JBa TaKHBa

nozrpada.

3. G mama maaymupan noarpad K;z. Hemo moseue, 3a Bcexkn nsa moarpada Ks,
3a BCEKM OT KOUTO € BSAPHO, Y€ MMa BpbX Ha G, ¢bCeleH Ha HedeTeH Opoil oT
neropute (Ha moxarpada Ki) Bbpxose, kouto (snBa mnoarpada Ks) umar obIo
pebpo, e BSIPHO, e MHOXKECTBOTO OT TexHuTe (Ha jBara mnojrpada Ks) Bbpxose
nnynupa mnojarpad Ky.

4. Huro emun ot neserte rpacda na Ourypa 2.58 ue e unayrupan nojarpad na G.
O
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®Durypa 2.58 : /leBerTe 3a0paHeHN MHAYIIMPAHU noarpadm 3a JuH. rpadm.

Gy

G

b by =
M&
&

Ot Habmogerune 19 u ot dpaxra, e He Bcekn rpad e JIMHeeH, ceBa, Y€ XPOMATUIHUSIT WH-
JIeKC € CHLITMHCKI® JacTen cilydait Ha XpoMaTuaHoTo uucao. C APyTH JIyMH, XPOMATHIHOTO
YHUCJIO € CTPOTO MO-00IIMOTO TIOHATHE, KATO MOYKEM J[a M30ErHEM BbBEKIAHETO HA XPOMATHICH
NHJIEKC U BMECTO JIa I'OBOPUM 3a XPOMaTUIHUA MHIECKC Ha G, Ja 'OBOPUM 3a XPOMAaTUIHOTO
unciio Ha L(G).

¢Jlpyro nme 3a Ky 3 e claw graph, 3amoro Moxke 1a ObJie HAPUCYBaH KATO Kpade Ha IITHUIIA.
O“CpImuHECKE’ B CMHCBI, ¢ XPOMATHTHOTO HHCIIO HE € YACTEH CIIydail Ha, XPOMATHYIHHIS HHICKC.
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2.8 Hzomopdusbm Ha rpacdpn

2.8.1 Omnpegeiienue

TepmunbT “nzomopden” o3Hauasa “cbe cbiara dhopma’’. Hedbopmanno kazano, nsa rpada ca
n30MopHM, aKO € U3II'bJIHEHO cienHoTo. Heka ennausaT rpad e HapucyBaH ¢ IPOU3BOJIHA PHUCYH-
ka. Heka jgpyrust rpad e Marepuajn3upas OT TOIYETa U I'YMEHU JIACTUIM (OT HIKAKBA UJIea/IHA
I'yMa, KOATO MOXKe 1a CE pa3Tdl'a U CBUBa HECOI'DAHMUYEHO IIO HaIlle }KeHaHI/IG), KaTO ToIrdyeTaTa OT-
roBapaT Ha BbPXOBeETe, a JacTuIuTe, Ha pedparta. Ul Taka, rpadure ca n3oMopdHI, aKO MOKEM J1a,
HAJIOXKIM M3pabOTEHOTO OT TOIYeTa U JACTHUIM CbOTBETCTBHE HA BTOPUs I'pad BbPXY pUCYyHKATA
Ha II'bPBHUA I'pad 10 TaK'bB HAUUH, Y€ BCIKO TOITYEe OT BTOPHS Jia “Jierae” BbpXy TOYHO eJHa TOIKa
OT PHCYHKaTa Ha II'bPBUs, U BCIKO T'YMEHO peOpo Ha BTOPHS Ja JerHe TOUYHO BbpPXY TOUHO €HO OT
HapucyBaHuTe pebpa Ha mbpBusi. OUeBUIHO 3a IeaTa TPAOBa ABaTa rpada Ja UMaT eJIuH U CbII
Opoif BLPXOBE, a CBINO TaKa U €INH U C¢biny Opoit pedpa. Ho, KaxTo me BuauM cjiel Majako, TOBa,
He e JIOCTAaTbIHO, 38 Ja ObJIaT N30MOP(HU.

Onpenenenne 39: Mzomopdusbm HaA rpadu.

Heka G’ = (V/,E') u G” = (V",E”) ca rpadu. Hzomoppussm meoncdy G' u G” e Beska
ouexkius ¢ : V' — V" takasa ue

Yu,ve V': (u,v) et < (d(u),dp(v)) e E”

Kaszsame, ve G’ u G” ca n3oMopdHM, aKO CHITECTBYBA N30MOPMUIBM MEXKTY TSIX.

[Tpumep 3a nzomopduu rpadu e nokazan na Purypa 2.59.

Durypa 2.59 : Tesu nBa rpada ca nzomopdHH.

@)
O
O

)
A\
5

10

Herunuuno napucysan rpad Ha Petersen.

['pacdbT Ha Purypa 2.59 BiasgBoO e “Kaacuyecku” HapucyBaH rpad Ha Petersen ¢ umena na Bbp-
xopere. ['padbr Ha Qurypa 2.59 BisicHO Ha IPBHB OIS € J0CTa PasjndeH oT rpada BISBO, HO

TETumostorusTa e ciiequaTa: Ha IPbLUKA (00¢ 03HA4aBa “paser’, a popyY| o3HaTaBa “bopma’.
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BCBIHOCT Te3u rpadu ca n3oMopduu; rpadbT BiAACHO € TpadbT Ha Petersen, HeTunmyno Hapu-
CcyBaH, C UMeHa Ha BbpxoBeTe. FTHa Bb3MOXKHOCT—CHC CUTYPHOCT HE €JIMHCTBEHA—€ CJICTHATA!

$(a) =6 $(b) =10 d(c) =2 $(d) =9 $(f) =1 (2.10)
$(g) =4 $(h) =38 o) =5 d(G) =3 (k) =7

Torasa ¢cLOTBETCTBHETO Ha pe6paTa € CJIEIHOTO:

(a,b) cvorsercrsa Ha (6,10), (a,c) cvorBercrsa Ha (6,2), (a,d) cvorBercrBa Ha (6,9)
(b,h) cvorBercrBa Ha (10,8), (b,1) cvorBercrBa Ha (10,5), (c,f) chorBercTBa Ha (2, 1)
(c,j) cvorBercTBa Ha (2,3), (d,g) cvorBercrBa Ha (9,4), (d,k) cborBercrBa Ha (9,7)
(f,g) cvorBercrBa Ha (1,4),  (f,i) cborBercrBa Ha (1,5), (g,h) cborBercrBa Ha (4, 8)
(h,j) cvorBercTBa Ha (8,3),  (i,k) cvorBercra Ha (5,7),  (j, k) cborBeTcTBa Ha (3,7)

Hab6mronenune 20

[TorsiTreTo “nzoMmopdusbLM’ 3a/1aBa OMHAPHA peJialys Hal MHOYKECTBOTO Ha I'padure — 1Ba
rpacda ca B Tasm pesalus ToraBa m caMO TOraBa, KOraTo

ca n3zomopduu. Penamuara na nzomopduszbM € pedieKCUBHA, CHMETPUYHA U TPAH3UTUBHA,
KOCTO O3HAa4YaBa, 49e € pesalud Ha eKBUBAJICHTHOCT.

Tasu pesarust gecto ce 6enexu ¢ ~. [lumeiiku “G; ~ Gy”, umame upeasui, 1e G; u Gy ca
U30MOPQHH.

Onpenenenne 39 He e B cujia 3a MyJTUrpadu, MoHeKe IIPU TAX U BbpXoBeTe, U pedbpara ca Mpo-
TOEJIEMEHTH ¥ CBbp3BaiiaTa (bYHKIUS € Ta3M, KOsITO OTHacs pedpa KbM (HEeHapeIeHW JIBONKMN)
BHPXOBE.

Onpenenenune 40: Isomopduszbm Ha myarurpadmu.

Heka Gy = (V1,Eq,f1) u Go = (Va, Ey, f2) ca myarurpadu cbrimacao Onpeenenne 13. W3o-
mMopduzbM Mexy G; u G e Besika HapeJieHa JBoiika (@,1)), Kbaero @ u P ca Ouekimn

@:Vi— Vs
P:E — B

TaKnBa Y€
Vee Ey: fa(P(e)) = {a,b}

Kbjeto a = @(u) u b = @(v), kbaero {u,v} = fi(e).

KazBame, e mynturpadure G; u G ca nzomopdHu, ako CbIIeCTBYBa N30MOPMUIBM MEXK LY
TaX, U OenexkuM 1031 PakT ¢ “Gy ~ Gy, TOYHO KaKTO IpU OOMKHOBEHHUTE I'padu.

Bu Tpgabsasio na e oueBuiHO, ve w,ve Vi u a,b € Vs.

2.8.2 HmenyBaHU u HeMMeHyBaHu rpadu
I‘pad)I/I C UIME€HYBaHU 1 HEMMEHYBaHN BbPXOBeE

Jla cu mpumoMHUM OCHOBHOTO OIpejiesieHre B Te3u JjieKnunonuu 3anucku: Oupenenenne 1. Crioper,
Hero, “rpad’ e HapejeHa JBONKA OT JIB€ MHOYKECTBA, KATO €HOTO OT TAX € OINOPHOTO MHOXKECTBO
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1 TOBa € MHOXKECTBOTO OT B’prOBeTe. HIOM (& MHO)KeCTBO7 TO HEroBuTe eﬂeMeHTI/I_B’prOBe nmMatT
NJICHTUYHOCT B CMI/IC']E)JI7 qge pa3.HI/ILIaBaMe BCEKN Bp'bX OT BCEKHN ﬂpyl—‘ Bp'bX. 3& IejaTa B'prOBeTe
UMAT YHUKAJIHU MMEHA.

Ha npakTuka obade, MHOTO 4eCTO HU MHTepecyBa caMo bépmara Ha rpadure, a He HIeHTUdOI-
karopure (nMeHara) Ha Bbpxosere. Jla pasriesame ciieiHOTO HaOIOCHYE.

Habaronenue 21

CwImecTByBaT TOYHO euHajeceT rpada ¢ YeTUPH BbPXa.

Tora Bapuo sin e? Ako cienBame OykBara Ha Oupenenenne 1, To Habmogenue 21 e HeBspHO,
3aI0TO TIpu 4 Bbpxa nMa (3) = 6 moreHnUaHU Pedpa, BCIKO OT KOUTO MOXKE Ja MPUCHCTBA WJIH
He, Taka 4e 6poaT Ha Beudku rpadu e Touno 2° = 64, a ne 11. 3a 11a ce ybe M, ye Habogenue 21
He e bescMuc/nIa, J1a pasriegame ciaeaaute 11 rpada:

N M e i e
N R d R

Tyk pasrinexjame rpadu ¢ aHOHMMHHM BbpxoBe. Te ce pazjaumyaBaT €JIuH OT JIPYI' CAMO II0
dboépmara cn. Taxusa rpadu ce mapmdar neumenysanu' . Tosa, e ru Hapmaame “rpacdn” e dop-
MaJiHa 3yioynorpeda ¢ Oupeesienne 1, KaKTO e BUIUM I10-0J1Y, 3aII0TO HUTO €IUH OT TIX HE €
obexT, nedunupan or Omupejesenne 1, HO Ha MPAKTUKA MOHATHETO “HenmMeHyBaH rpad”’ e MHOro
IOJIE3HO U € abCOJIFOTHO HEJIBYCMUCIEHO.

3a 10-sicHO ODsICHEeHHe, Ja JIOIyCHEeM, Y€ UMeHaTa Ha JYeTUPUTe BbpXa ca W, V, W U z, U Jia Pasr-
JlelaMe cJeJHuTe 9eTupu rpada ¢ TakuBa MMeHa Ha BbPXOBETE:

u % A% u w o u z u
z w z w z A% w v
Gl GQ G3 G4

Babesexkere, de ToBa ca pazaundnn rpadu! B G eamHCTBEeHHAT BpbX OT CTereH Tpu e U, B Go
eJIMHCTBEHUAT BPDBX OT CTeleH TpU e v, B G3 eIUHCTBEHUAT BPDHX OT CTeleH Tpu € w, u B Gy
eJIMHCTBEHUAT BPbX OT CTeleH Tpu e z. ToBa He e eaud rpad, HApUCyBaH 10 YeTUPU HAYMHA, a
ca yeTupu pazandHu rpada cwriacao Oupenenenne 1. TakuBa rpacdu Hapudame umeHysaHUy
epagput, 3amoTO BCeKW BpbX mMa nMe. 3abesexkere, e Onupenesnerne 1 TOBOPH TOYHO 32 MMEHY-
BaHU Tpadu — B HETO BbPXOBETE Ca eJIeMEHTH Ha MHOXKECTBO, KOETO O3HadaBa, de Ca JiBa 10 JIBa
pazmanu. Crie/loBaTe/IHO, UMeHyBaHuTe Tpadu ca 6a30BuTE 00EKTH, KOUTO N3yvdaBaMe B TEOPUATA
Ha rpadure.

Cera na “n3rpuem” nMmenata Ha BbpxoBere OT Gy, ..., G4. [lle mosyuum veTupu Konus Ha e UH
n CbIIu Fpacb C aHOHUMHHU BBPXOBE, a UMEHHO TO3MU:

THa anrimiicku TepMunsT e unlabeled graphs.
tHa anrmmiicku repmunst e labeled graphs.
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IS

Tosu obekT He e rpad, ako npuiaarame Ompenenenue 1 dpopmasno. Tyk cMe ro HapucyBaju, HO
Beue orOeIsg3axMe, Je pUCyHKaTa Ha rpad U caMusaT rpad ca NPUHIMIIHO pa3/IMdHu Helra. A Kak
Jta, 3ammineM popMaJIHO rpad, IUUTO BbPXOoBe ca aHOHUMHM! OTroBOPHT €CTECTBEHO ce ba3upa Ha
nousaTuero “‘m3omopdusbm’. JlecHo ce Bmkaa, e Gy ~ Gy ~ Gz ~ G4. Hemo noseue, u3mex iy
64-re nmenyBanu rpada Ha 4 Bbpxa (G, ..., G4 ca U3MeXLy TsX), HsaMa JApYru rpadu, KOUTO Ja
ca m3oMopdHu Ha TaX, Taka de {Gi, Ga, G3, G4} € eJluH KJIac Ha eKBUBAJIEHTOCT HA peJlalsiTa ~.
N raka, rpad ¢ aHOHUMHHM BBHPXOBE BCHIIHOCT € TOYHO €JMH KJIAaC Ha eKBUBaJEHTOCT Ha ~. [la
noBTOopuM: (bopMaHaTa JedUHUIINA Ha “HenMeHyBaH rpad’ e: Kjiac Ha eKBHBAJEHTHOCT Ha, .

3a yparkHeHHe J1a [IOMUICIIM KOJIKO KJIaca Ha eKBHBAJIEHTHOCT MMa ~, aKO BbpPXoBeTe ca 4 Ha
opoii? OrroBopsbT € 11: TOYHO KOJIKOTO ca MOKa3aHUTe MO-TOpe HeMMeHyBaH! rpadu Ha 4 Bbpxa.
Beekn oT TX CHOTBETCTBA HA TOYHO €IUH OT KJiacoBere. OUeBHIHO €, e BbIIPOCHUTE KJIAaCOBE Ha
eKBUBAJIEHTHOCT MUMAT PA3JUIHU MOIIHOCTU: MPA3HUIT rpad e eJMHCTBEHUIT €JIEMEHT B €JUH OT
KJIACOBETE, C'bINO TaKa IIbLJIHUAT I'pad e eIMHCTBEH, JI0KATO, KAKTO BUISXME TOKY-IIO, UMa, YeTHPI
rpacda B Kjaca Ha €KBHUBAJCHTHOCT, KOMTO oTOessa3axme ¢ 5.

I'pacdhu c nmenyBanu BbpXoBe u pebpa

[Touaruero “labeled graph” moxke ja ce pasmmpn, KaTo UMeHyBaHU OMBAT U BbHPXOBETE, U Ped-
pata. Criopen Onpeseserre 1 OOPHOTO MHOXKECTBO Ce CbCTOU CaMO OT BbpXOBeTe, a pebpara ca
JIByeJIEMEHTHH TTOJMHOXKECTBa OT BbpXoBe. ToBa, ue MOXKeM Jia BbBEJIEM MMeHa KaTo ‘e’ “ey”
U Taka HaTaTbK 3a pebpara (Koero mpaBuM Ha cTp. 6) e u3BbH JedunurmsTa. AKO OrpaHuInM
BaIMaHueTo cu g0 Oupenenenne 1, me BuauM, de pebparta HAMAT APYTU UICHTHIHOCTUH OCBEH
MHO2KeCTBaTa OT KpaulllaTa CH.

Ot apyra crpana, Oupesnenenne 13 Tperupa u BbpXoBeTe, U pebpara KaTo OMOPHU MHOMKEC-
TBa, W3IMOJI3BAiKN CBbp3BaliaTa (QyHKIMS KaTo HeloTo, KOeTo acoruupa pedpo ¢ BbpxoBe. AKO
uznozBame Otnpegenienne 13 3a 6a30B0, TO “UMenyBaH rpad”’ e TaKbB, B KOWTO U BbPXOBETE, U
pebpaTta UMaT YHUKAJIHU HMeHa. Pa3MsiHaTa Ha mMeHaTa Ha JiBe pedpa BOIM JI0 JAPYT rpad B TO3U
CMUCDBHJI.

N Taka, nma paszjmka MexKJIy UMeHyBaH rpad, B KOHTO ca MMEHYBaHU CaMO BbLPXOBETE, U
UMeHyBaH rpad, B KOHTO ca MMEeHYBaHU U BbLpxoBere, n pebpara. Karo mpumep na pasriegame
OTHOBO BCHYKHU Tpadu ¢ YeTUPH BbpxXa, C UMEHYBAHH BbPXOBE, KATO UMa €JIMH BPbX OT CTEIeH
3 u Tpu Bbpxa OoT crened 1. AKo mMeHaTa Ha BbLpPXOBETE ca U, V, W U z, Te3u I'padu Cca TOIHO
CJICTHUTE:

u % A% u wou z u
z w z w z A% w v
Gl GQ G3 G4

BaciiyKaBa Jla ce HATbpPTH OTHOBO, 4e criope Oupesernenne 1, ako V = {u,v,w,z}, T0 HsaAMa JApyru
rpadu ¢ peaura or crernenute 1,1, 1,3 (Onpesnenenue 6).

Axko obaue ca uMeHyBaHU U BbpXOBeTe, u pebpara, rpadure ¢ peuta ot crerenure 1, 1,1, 3 ctaBat
MHOTO TIoBede. /la Kaxkem, 4e nmeHaTa Ha peOpaTta ca €1, e; U e3. '1oraBa Ha BCEKH OT T€3W YE€TUPU
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rpacda cborBercTBar 3! = 6 paznuuHE HadmHa Ja ObaaT ‘pasmajeHun’ UMeHaTa Ha pebOpara. [la
B3eMeM 3a npuMep Gi. ETo Ko/iKo pazimyunu mMeHyBaHH rpadu My ChOTBETCTBAT, aKo pedparta
C'bITNIO UMAT UMEHa U Te3U UMEHa ca e1, ey U e3:

u el A% u e v u es A% u e A% u es A% u es A%
62! :63 egi :62 eli :63 egi :61 61! :62 egi :61
z w z w z w z w z w z w

Ha sbipoca “Kosko nmenysanu rpadu nMa Ha N Bbpxa?” tummdHuaT orrosop e 2(2)) Ho ToBa e
caMo IIpHU IOJIOKEHUE, Y€ NMEeHYBaH! ca caMo BbpxoBere. AKO ca UMeHyBaHU U BbPXOBeTe, U ped-
pata, KaTo MHOJKECTBOTO OT MMeHa 3a pebpata e {eq, ..., e}, To3u GPoil HapacTBa CTPEMHUTEITHO.

BabestexkeTe, Ue JIOPU B MaJIKHUs IPUMEp C YeTUPU Bbpxa U peaunia ot crernennte 1,1,1, 3, ako
MHOKECTBOTO OT MMeHa Ha pebpara e {ej,...,es}, T0 numenyBanute rpadu (1 BbpxoBe, u pebpa)
ca 480. 3amro?

e Ilo (g) = 20 HagymHa MOXKeM Jia n30epeM KOU TPH OT OOIIO IecTTe pedpa Jia B3eMeM, h 3a
BCAKO OT Te3W B3eMaHMs UMa IIeCT pa3jndHu HadnHa Ja “‘pasjaajgeM’ TPpUTe UMeHa Ha TPUTE
pebpa (KoeTo ce WIoCTpupa OT MOCJIeHATa PUCYHKA), KoeTo jnasa obimo 120 HadnHa.

e Ho re3m 120 naumnna ca 1o OTHOIIEHUE HA €JIMH eJIMHCTBEH (PUKCUPAH BPbX OT crereH 3. Mma
4 pa3jmYHA Bb3MOXKHOCTU 3a TOBA, KO BPbBX Jla € OT CTeleH 3, TaKa e OpodaT Ha rpadure
ckaya 10 4 - 120 = 480.

U roBa 480 choTBETCTBA CAMO Ha eJIMH KJIac Ha M30MOPGMU3bM, & MMEHHO (KaTo HenMeHyBaH rpad):

N

Yurateadr JecHO MoOxKe Jia cu u3Bejie hopmysia 3a Opod Ha UMEHYBAHUTE rpadu, KbIETO ce
NMeHyBaT W BbpXoBeTe, U pedpara, KaTo

e 1M MMeHaTa Ha pebparta ce B3eMaT oT {eq, . .., €y}, HO Pa3IIIesKIaMe BCeKH Bh3MOKeH Opoi

pebpa m, karo or 0 < m < (3),

e um 6poaT m Ha pebpata e pukcupan 3a Haxkoe m e {0,...,(5)} u Bcuuky uMena Ha pebpa
or {ey,...,em} TpAOBaA Ja MPUCHCTBAT.
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2.9 XaMIITOHOBU II'bTUMIA W ITUKJINA

[Ipe3 1857 1. BeukuAT upstanacku maremMaTuk u pusuk William Hamilton uzmuciis pazsiekaresi-
Ha urpa, kosaro Hapuda “‘The Icosian Game”, cies KoeTo 1pojiaBa UHTEJIEKTYaTHATa COOCTBEHOCT
HA WrpaTa 3a 3HAYUTE/IHATA 3a BPEeMETO cu cyMa or 25 Opurancku jupu. Urpara e ciennara:
BBLPXY IbCKa € HapucyBaH Tpad-1oeKaerbp!, KaTo BhpXoBeTe ca MaJKH €IHAKBU JTyTIKH, IMEeHYy-
Bauu ¢ Oyksure A, ..., T (ToBa ca apajecer Oyksu). Vma apajecer “samymanku’ (Ha aHIIHHACKH,
plugs), u3paboTeHn OT CJIOHOBA KOCT W HOMEpUpaHU ¢ 4uciara 1, ..., 20, KOUTO MOrar Jia BJIV-
3ar B jyukure. jedara e ja ce nanpasu “o0uKojka” Ha rpada, KoaTo MIUHABA IIPe3 BCIKA JIYIIKA
TOYHO BeJHDBXK U 3aBbpIIBa B JIyIIKaTa, B KOATO € 3amodHasa. HoMmepara Bbpxy “3amymaakure’”
yKa3BaT peja, B KOWTO ce MUHaBa 1pe3 BbpxoBere. Ha caiita puzzlemuseum.com ce BUXK1a €/IHa
OT MAJIKOTO 3alla3eHn OPUTHHAJIHI n3paboTKU Ha Tas3u urpa. Vimero Ha urpara muasa oT ¢akTa, de
Jo/leKae IbPbT MMa TOYHO J[BajleceTt Bbpxa, TaKa ue OOMKOJIKATa TPAOBa J1a MUHE IIpe3 BCHUKHTE
JIBaJleceT AYIKH, IPEeIn JIa ¢ BbpHE TaM, OTK'bIETO € 3all0UHAIA.

B CbBpEMEHHATa TEPMHUHOJIOTUA Ca IIPpUETU CJICIHUTE ,ZLerI/IHI/IILI/II/I.

Onpenenenne 41: XaMHUJITOHOB IIUK'bJ 1 XAMUJITOHOB ITbT.

Hexka e magen rpad G. Xamuamoros yuxss B G e BceKu INKbJ B G, KOWTO C'bIbPrKa BCUIKHI

BbpxoBe Ha G. Xamuamonos nsm B G e BceKu mbT B G, KOUTO ChIbp:Ka BCHIKA BbHLPXOBE
Ha G. Kaspame, ue G e Xamuamonos epagh, ako B HETO nMa XaMUJITOHOB ITUKbJI.

OOUKHOBEHO B yUeOHHUIUTE IO Teopusl Ha TpaduTe Te3u AMDUHUNNN CbIbPKAT U YyTOTHEHUETO,
e BbpXOBeTe B XaMUJITOHOBHUS UK bJI UJIH ITHT TPAOBA J1a ce cpeniar TOYHO BeIHbK. Ho Hie Beue
npuexme’, de KasBailku “ukbr’ wim “nbT’ 6e3 olnpee/ieHns, IMaMe IPEeIBU, ChOTBETHO IIPOCT
IUK'BJI WIA TPOCT II'bT, TAKA € TOBA YTOUYHEHUE 3a HAC € U3JIMIITHO.

Qurypa 2.60 cbabpKa n3odOpaxKenne Ha rpada-joaekaebp—rpadbT or urpara na Hamilton—mu
XaMHUITOHOB ITUK'bJI B HETO.

®durypa 2.60 : I'pad-moaekaenbp 1 XaMUJITOHOB ITUK'bJI B HETO.

XaMHIJITOHOB ITUKDHJ B HETro.

['pad-momexaeabp.

T 1a cu mpunovmmm @urypa 2.78, KOATO IOKa3Ba MHOTOCTEH-I0eKaeabp, 1 Purypa 2.77, KoaTo HoKas3sa rpad-
JI0/IeKae Ibp, HAapUCyBaH BbpPXY cdepa, u Heroparta crepeorpadCcKa MPOEKIHs.

tKakro Beue Ge CIIOMEHATO Ha CTPAHUIA HA CTP. 155, UKOCG- WIBA OT CTAPOTPHIKATA JIyMa E(XOOL, KOSITO
o3Havasa deadecem.

SKomsenmus 5 ma crp. 31 u Konsenmus 7 ma cTp. 33.
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Habaronenue 22

Ako rpad e XaMHITOHOB, TO TOH CbIbpPyKa XAMUJITOHOB II'bT. KKBUBAJIEHTHO, aKO HsSIMa
XaMUJITOHOB II'bT, TO TOH He € XaMMUJITOHOB. KOHBEpCHOTO He € BAPHO — MOXKe Ja HMa
XaMUJITOHOB I'bT U JIa HAMa XaMUJITOHOB IIUKbJI.

Hab6aonenune 23

Heka G = (V,E) e rpad u G’ = (V,E’) e Heros moarpad. Axko B G’ nma XaMuaTOHOB
WKL WK BT, TO B G CHIIO MMa CHOTBETHO XaMUJITOHOB UKL WX IbT. AKO B G HaAMa
XaMUJITOHOB UKL/ WK I'bT, TO B G’ ¢bIIO HAMa CHOTBETHO XaMUITOHOB IUK'bJI MU IILT.

He Bceku rpad e XamMuaToHOB 1 He BeceKu rpad nma XaMuJITOHOB IbT. AKo rpadbT € XaMUITOHOB,
TO BCeKH XaMUJITOHOB LUKbJI UMa JAbJKHHA To9HO N. [Ibaausar rpad Ky, 3a n = 3 uva 3(n —1)!
XaMUJITOHOBU IUKbJIA, aKO MUCIUM 3a TaX Karo 3a nojrpadu (Bx. Habmonenune 8). ITbiaaust
rpad K, 3a n > 2 uma in! XaMWITOHOBU I'bTsl, aKO MHCIIHM 3a TdAX KaTo 3a moarpadu (Bx.
Hab6monenne 7).

3a Haron crenuduYIHn BuIoBe rpadu MOXKEM BeIHAra Jia KarxkKeM A/ UMa WM HIMa Xa-
MIJITOHOBU IIWKJIW WJIH II'bTHUIA, HAITPUMED:

e ako rpadbT HE € CBbp3aH, B HErO HsMa XaMUJITOHOB II'bT;

e ako rpadbT UMa CpsI3BaIll BPbX, TOI He € XaMUJITOHOB;

e ako rpadbT € I'bJeH U N = 3, Toil € XaMUJITOHOB;

e aKo rpadbT € JABYICJCH U JIAI0BeTe HAMAT €IHA U C'bIa MOIIHOCT, TOH He € XaMUJITOHOB;

e ako rpadbT € I'bJIeH JIBYJIEJIEH U JISJIOBETE Ca C eJHAKBA MOIIHOCT, KOATO € IIOHE 2, TO TOi
e XaMUJITOHOB;

e ako rpadbT e n-mepen xunepky6 (Bxk. Cexnus 2.15) u n = 2, 1o Toit € XaMUJITOHOB;

HO 3a OOIIUs CJIydYail He € U3BECTHO ITPOCTO HEOOXOUMO | JIOCTATHIHO YCJIOBHE 38 ChIECTBYBaHe
Ha XaMUJITOHOB IIUK'bJI WK II'BT.

Hombaaerne 14: NP-tpyasnoct Ha XaMUJITOHOB IIUK'bJI U I'bT

Basauara namm gajen rpad nva XamMuaToHoB 1ukba e NP-tpynaa (Buzkre Jombinenue 6).
Tosa o3navaBa MOYTH CUTYPHO, Y€ 3a Ta3U 3a/a4a HAMA NPAKTHIHU aJTOPUTMU B OOIIUST
ciaydaii. ChIoTo € B cijia 3a 3ajadara Jaan JajdeH rpad nMma XaMUJITOHOB IIbT. Te3n jiBe
3aJa9U ce CBexKJaT Obp30 eHa [0 JApyra, Taka de, aKo nMaxMe e(PUKACeH aJlOPUTHM 3a
eJIHaTa, IMIFXME Jla UMaMe W 3a jJpyrara; U, 00paTHO, aKO ce JoKaxKe, 4e 3a eJlHaTa OT TIX
HsiMa ObP3 aJICOPUTHM, IIE CJIejBa, e 3a JpyraTa CbIIo HiMa ObP3 aJrOPUTbHM.

Konkoro u 1a e crpaHHO, I'bPBOTO J0KA3aTEJICTBO, e 3ajadara 3a XaMUJITOHOBHUS ITHKbJI
e NP-tpysna, ce 6a3upa Ha cBexkjaHe Ha 3ajJadara 3a BbpxoBoTo uncio (Cekrus 2.5) Ha
rpad 110 Hest! 3a nogpobHocTH BUKTE [26].
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Hexka P oznauasa rpada Ha Petersen. Ille nmokaxkem, ye P He e XaMUJITOHOB, HO

B HEro mMa XaMI/IIITOHOB ITI'bT. MCTHHHOCTT& Ha BTOPOTO TBbHPJACHHE CE BHXKJ/Ia

ot ®urypa 2.61. Ja momycuem, ge P e Xammrronos'. Moxkem ma mucinm 3a P

KATO 3a €JINH BbHIIEH H-IIUKbJI U €JIMH BHTPEIIeH H-IIMKbJI, KATO OIIe IeT pedpa,

Jla T HapedeM paduaanume pedpa, CBbP3BAT BbPXOBETE BbB BBLHIMHUS UK

CbC CbOTBETHU BBHPXOBE BbB BBHTPEIIHUA ITUKBJI. I/I360p'bT Ha BbHIIICH ITUKDJ 1

Durypa 2.61 BBbTPEIIEH IUKbJI € YUCTO YCJIOBEH, pa3bupa ce, rmoHexke P mMa MHOTO CUMETPHH.

Bceeku 5-1iukby1 B HEro MoxKe Jia 0'bJie n30paH 3a BbHINEH, KOWTO n300p ompeesis

HAII'bJTHO BbTPeNHus UK bJI. Heka 1o mpon3BosieH HauuH e n30paH BbHINEH IUKb/1. ToBa ompeesis

€JTHO3HAYHO BBHTPEITHUS UKDBJI U pajuaanuTe pedbpa. Heka XaMuITOHOBUAT UKBJI ce HApUYA C.

Hexka BbumHugT nukbia ce Hapuda O, a BbTPENTHUAT MUK ce Hapuda . /la 3amounem mucjieHo

Ta “BbpBUM’ 110 €, TPbIrBaiiki OT HsIKOi BpbX oT w € V(0). Thit KaTo ¢ e nuKbI, 11e ce BbpHeM

B U Kpas Ha obukojikaTa. [Ipu ToBa e muaaBame oT BbpxoBe orT V(O) BbB Bbpxose or V/(I)—

3aI10TO ¢ ChAbpKa U Bbpxosere or V(I)—u me ce Bpbiame obparHo BbB Bbpxose or V(O),

3aI0T0 OOMKOJIKaTa HU TpsibBa Jla mpuk/aodn B u. Tesu munasanus ot V(O) BbB V(I) u or

V(I) B V(O) craBar mpes, u camo mpes, paguannure pebpa. OUeBuIHO €, e Ha BCSIKO MUHABAHE

or or V(O) BbB V(I) u or V(I) BbB V(O) cbOTBETCTBA TOYHO €JHO PATHATHO PEOPO M3MEKILY

Te3u pajnajiHu pedpa, kouTo ca B c. Ilopagun ToBa, OpoaT Ha pajamnaiHUTE pedpa B C € paBeH

Ha 6posi BblpocHuTe MuHaBaHus. [1Jom o6uKoIKaTa 3al09Ba U 3aBbpiIBa BbB Bpbx or V(0), T0

nMa deTeH Opoit MUHABaHUs OT BHHINHUSA BbB BHTPEIIHUS UK U OT BbTPEITHUS BbB BbHIITHUSI,

CJIeJIOBATE/THO C ChIbprKa deTeH Opoil paanaanu pedopa, koitto He e 0. T'bit KaTo paguaanTe pedpa
ca o0Io H, TO ¢ CbAbPKA WU TOYHO 2, WU TOYHO 4 pajmaanu pebpa.

la jomycueMm, 4e ¢ ¢bIbpzKa TOYHO 2 paJinainu pedpa, Kak-
To e nokazano Ha Purypa 2.62 BisiBO (BbIPOCHUTE JIBE Pa-
nuajHn pebpa ca B 4depBeHO). AKO JBeTe uepBeHH pebpa
c¢babpzKaT BbpxoBe oT O, Kouto He ca cbeean B O, KaKTo e
ITIOKA3aHO Ha JIABATa OT JIBeTe MO(UTYPH, TO ITPU BCIKO ‘13-
nu3aHe” Ha ¢ BbpXy BbHIMHEA O, ¢ TpaOBa XeM Jia CbIbprKa
3ejieHUTE pebpa, XeM TpsiOBa Ja ChIbprKa JujaBuTe pedpa,
KoeTo e HeBb3MOokHO. Cera jia pasriegaMe Bb3MOKHOCTTA
JIBeTE pajuajHu pedpa ja cbhabpKar BbpxoBe oT O, kouTo ca cbheeaun B O. Ta3u Bb3MOXKHOCT €
IoKa3aHa Ha JsicHaTa rnofdurypa. ToraBa ¢ 3abJIXKUTEHO CbIbpPrKa YeTupuTe 3ej1enn pebpa. Ho
TOraBa JiBeTe UYepBeHn pedpa TpsiOBa J1a MMAT BbPXOBe OT I, KOUTO ca c¢beeau B [; ToBa ciiejiBa OT
HaII'bJIHO aHAJIOTMYHN C'bO6pa)KeHI/IH Ha Te3u, OT KOUTO HU3BEAOXME, Y€ KpaulllaTa Ha YepBEeHUTE
pebpa Bbpxy O ca cbheequ B O. Ho B rpada Ha Petersen nsama jiBe pajinainu pedpa, 9MUTO Kpauiia
ca CbCeJHU KaKTO BbpXy BbHIMHUA O, Taka U BbpPXYy BbTPenrHus mukba . 1 Taka, oTXBbpuxme

Q@urypa 2.62

Bb3MOKHOCTTa XaMUJITOHOBUAT IUKbBJI JIa ChIIbp:Ka TOYHO JBE PaIuaHu pedpa.

Torasa ¢ cbabpka TOUHO 4 pajmaanu pedpa. [lle mmocrpupame Ta3m dacT

oT JoKazaresjacTtBoTo Ha Purypa 2.63. Be3 orpanudenue Ha OOINTHOCTTA, HEKa

JeTHUPUTE pajinajnu pebpa, KOUTO ca B ¢, ca pedpara, OIBETEHH B YEPBEHO.

Paszriexmame octaHaIoTO paMaHOTO pedpo, KOeTo Ie Hapudame ‘“9epHOTO .

Beeku or neroBuTe jiBa Bbpxa ce ChIbpxKa B ¢. ToraBa 3a/Ib/RKUTETHO B C

ce CcbabpKaT U JiBeTe pedpa or O, MHIUJIEHTHU C BPHX OT YePHOTO Pebpo,

Qurypa 2.63 KaKTO 1 jBere pedpa or I, mammjaenTHr ¢ 1epHoTo pedbpo. Crasa jyma 3a 00II0
qetupu pedpa, konto Ha Purypa 2.63 ca mapkupanu chbe 3ejeHo. I taka, c

C¢bbprKa B cebe cu YeTUpUTE YepBeHU U deTupute 3ejienn pedbpa. Ho BesHara ce Bmxkia, e ToBa

T [TokazaTe1cTBOTO, KOETO I IIOKAXKeM TYK, ¢ J100pe M3BECTHO M MOXKe Ja O'bie BHJSHO HAIPHMED B OHJIANH
perenusita Ha 3agaunte or yuebuuka na Cameron [15].
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€ HEeBB3MOXKHO. Bb3MOXKHO € Jla KOHCTpyupame JIBa H-IUKbJa, KOUTO HAMAT OOIMU BbHPXOBE U
ChIbPXKAT YEPBEHUTE U 3eJIeHUTe pedpa, HO HAMa KaK Jla HAIPABUM €JIMH IUKDbJI, KOUTO 18 T'U
cbabpka. ToBa e KpadT Ha JJOKa3aTe/ICTBOTO.

Ot 06my chobparkeHns e siCHO, |e Mpu (PUKCHpaH OPOil Ha BbPXOBeTe, KOJIKOTO IoBede pedpa nma
B rpada, TOIKOBa II0-Bb3MOKHO! € B Hero sia mMa XaMHUJITOHOB IHKbJI. EKCTPEMHUAT HpUMED
e Ky, KoiiTo, KakTo Beue orbesstzaxme, e XamuiToHos (mpu n = 3). Aprymenranusra, 1e K, e
XaMUJITOHOB, € TPUBHATHA—MOXKEM Jia “OTujeM’ OT KOWTO MCKaMe B KOHTO mckame BpbX. Cera
e hopMmyupamMe un JIOKayKeM HSKOJIKO HeTPUBUAJIHU JIOCTATHIHN YCJIOBHA 38 ChINECTBYBaHE HA
XaMHIJITOHOB INK'bJI.

Teopemara na Dirac [20] e mybaukysana mpe3 1952.

Teopema 17: Teopema Ha Dirac

Heka G = (V,E) e rpad, Takbs ge n > 3 u §(G) > [Z]. Torasa G e XaMuiaToHOB.

HoxkazaresacTtBo: Cwbriacno Teopema 2, G e cbp3an. Heka p = uj, ug, ..., Uy € MakcuMmaseH
obT B G.

[Ile mokazkeM, de BCHYKU ChCE/IM HA KPailHUTE BbPXOBE Ha P ca BbPXOBe OT P. AKO JOIIyCHEM,
Ye U; UMa ChCejl W, KOMTO He € BPbX OT P, MOXKEM Jla KOHCTPYHPaMe IIbT P1 = W, U, Us, .. ., Uy,

KOMTO € MO-/TbJI'bI OT P, B IPOTUBOpEYHE ¢ haKTa, Y€ P € MAKCUMAJIEH II'bT. AHAJOTUYIHO TIOKa3BaMe,
4Je BCUYKH CbhCEJIM Ha Uy CBIIO Ca BbPXOBE OT P.

TBbpanm, ge 3a 1oHe eJHO i, TakoBa Ye 1 < i < k, e BAPHO, 4e U € C'bCeJT Ha Wy, & W41 € ChCE/T
Ha uy. [a jgomycrem, ue Hsima TakoBa i. ToraBa 3a Bceku C'bcell Ha Uy, KOWTO € B p (& TOKY-1110
HoKa3axMe, Y€ BCHIKN ChCeM Ha Uy Ca B P) € BAPHO, Ue BbPX'BT BJISBO OT HETO HE € ChCe| Ha Uy.
ToraBa p cbbpKa MOHE CIETHUTE BbPXOBE:

e BLPXOBETE, KOMTO Ca BJSIBO OT CbcejuTe Ha up. Te He ca ¢beeIu—CbIVIACHO IIOCJIEHOTO
noryckane—Ha Uy. Cbeequre Ha Uy ca d(uy) Ha GpOit, CJIeJJOBATEIHO BBHIPOCHATE BbPXOBE
cbiro ca d(uy) Ha Opoii;

® BBLPXOBETE, KOUTO CA ChCEIN Ha Uy, a Te ca Ha 6poit d(uy);
® BDDLX Uy, KOHTO HATO € BJISBO OT ChCeJ Ha Up, HUTO € Chee Ha cebe CH.

Te3u MHOKECTBa OT BbPXOBE MMAT JIBE 110 JIBE IIPA3HO CeIeHNe, CIeJ0BATENHO P nMa mone d () +
d(u) +1>2[%] + 1 sbpxa. Torasa [p| = n + 1, KOETO € HEBBL3MOKHO.

CiieloBaTeHO CHINECTBYBA TIOHE €HO 1, TakoBa e 1 < 1 < k Wi e ¢hCel] Ha Uy, a Uiqq €
cbees Ha . Torasa B G CbINECTBYBaA UK bJILT

C=1U,Uit1,Ui42, ..y Up—1, Uk, Ui, Lj_1,Uji_2,..., U2, U1

Eto nmocTparust Ha 1uKbJa ¢ (B 3€JI€HO):

() ) )
A\ N\ N4
U :i\uiﬂ Uiy2 /1?1(

THapoduHo He Ka3BaMe “IIO-BEPOSITHO”, 3aIMOTO TEPMUHDT 6EPOATHOCTL MMa CTPOT MATEMATHIECKH CMECDHI.
b
KakBa e BeposgTHOCTTA 7@ CDHINECTBYBA XaMUJITOHOB ITUKbJ KATO (PYHKIHS OT Opost HA pebpaTa mpu (pUKCHPAH
Opoil Ha BBbPXOBETE € BbIIPOC, KONTO € jajiede OTBb/I 00XBaTa HA TE€3U JIEKIIMOHHU 3aIlUCKH.
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Ha nomycuem, 1e V(c) + V. Tvit karo G e cBbp3aH, cbiecTBYBa BpbxX x € V\V(c), KoiiTo e
ChCesl HA BPbX Z OT P. z HE MOXKE Jia € HAKOH OT Uy WM U, 3aI0TO 3a BCEKH OT TAX, BCUIKH
HETOBH ChCEH Ca B P.

a pasriename bTd (, KORTO 3al109Ba € X, CASABAIIUAT BPBX € Z, CJSJBAIUAT € eAUHUAT OT
JIBaTa ChbCeJia HA Z B P U HOC/IE “BbPBU’ 10 IUKbJIA C, JIOKATO HE JIOCTUTHE JPYTUs ChCeJ HA Z B P:

OueBnano |q| = |p| + 1, B nporuBopeune ¢ ToBa, de p e MakcuMaseH nsr. Torasa V\V(c) = & u
¢ e XaMUITOHOB IUKbJL. O

Teopemara ua Ore [45] e pesyarar or 1960.

Teopema 18: Teopema Ha Ore

Heka G = (V,E) e rpad, TakbB we n > 3 u Yu,ve V: (u,v) ¢ E — d(u) + d(v) = n. Torasa
G e XaMHJITOHOB.

HokazareacrBo: [a momycaem nporuBaoTo — G He e XammiaToHoB. OueBmano G He e K.
la xoHncrpyupame pejauiia or rpadu, 3amouBaiiku ¢ G u 3apbpiiBaiiku ¢ K, Karo Ha BCIKa
CTBIIKA Jo0aBsiMe peOpo MeK/Iy IMPOU3BOJIHA JIBOWKA BbPXOBE, KOUTO JIO MOMEHTa HE Ca ChCeIH.
Nuave kazano, pedbpo 1mo pedbpo gomnbiasame G mgo K. Tasu pemuna ce cberon ot t + 1 rpadea,
kbaero t = () — m. Ja ru npeumenysame G ¢ umero Go. Hexa pepunara or nosyuennte rpadu,
BKJIIOUUTEJIHO U HadaHud G = Gy, €:

Go, G1,Ga, ..., Gy

OueBnano Gy e K.

[MTom Gy He e XamuaToHOB, a Gy € XaMUJITOHOB, CHIECTBYBa i, TakoBa 4de 1 < i < t, Gi_
He e XaMmwiToHoB u G; e Xamuiaronos. C npyru Jymu, Ha i-TaTa CTBIKA 32 MbPBU LT MTOJIyYa-
BaMe XamuaToHoB rpad. Torasa, cbriacao Habmomenne 23, Becnaku rpadu Gigq, Gigo, ..., Gt
ChINO ca XaMUJITOHOBH, a HUKO oT rpadure Gi_o, Gi_3, ..., Go He e XamumironoB. Hakparko u
HeOPMAJTHO, MPEXOABT OT 1 — 1 KbM 1 € Ipexo/1 OT He-XaMUJITOHOBOCT KbM XAMUJITOHOBOCT.

OueBniHO €, de moM XaMUJITOHOBUAT rpad Gi ce moaydaBa oT He-XaMUITOHOBUsT Gi_1 Upe3
J00aBgHe Ha €THO eMHCTBEHO pebpo, B Gi_1 nMa XaMUJITOHOB ITbT, YUUTO KPAWIIa HE Ca ChCeIN
B Gi_1, U BBIPOCHOTO pedPO ce J100aBsd NMEeHHO MeK Ty TsaxX. CbIo Taka OYeBHIHO e, Ue 3a rpada
Gi—1 e m3mbiHeno Yu,v e V: (w,v) ¢ E(Gi—1) — dg,_, (1) + dg,_, (V) = n, 3amoTo Te3u HepaBeHc-
TBa HMa KakK Ja ce HApyIaT 1npu jJobaBsHe Ha pedpa—u oTTaM, HeHAMAaJIsIBaHe HA CTEIIEHUTE Ha
BbpXOBeTe—KbM II'bpBoHadaHus rpad G = G.

ToBa, KOeTO Iie OIpoBepraeM e, 4e CbINecTByBa He-XaMmiToHoB rpad’ H, KoifTo chbirbpxa
XaMHUJITOHOB II'bT, He € XaMHUJITOHOB, U CyMaTa OT CTEIeHHTEe Ha BCEKU JIBA HECHCEIHU BbpXa €
none n. Heka cbiecrByBa Taksbs rpad H. Heka XaMuaToHOBUAT BT B HETO € P = Ug, Ug, . . ., Upy.
Heka dy(u1) = k. OgeBunno N(u;) € V(p), zamoro V(p) = V(H) no aedununnus. Hemo noseue,
wy ¢ N(up) muk ¢ N(ug)—axo uy € N(uy), merte 1a nMa 1 XaMIUITOHOB UK bI—Taka de N(uy) ca
BbTperiH BbpxoBe B p. TBbpanm, ve Yu; € N(uy) : ui—; ¢ N(uy). Jomyckanero Ha mpoTuBHOTO
JINPEKTHO BOJIM ChIECTBYBaHe Ha XAMUJITOHOB IIMKbJ ¢ KOHCTPYKIINS, HAITBJIHO aHAJOIMYHA Ha
KOHCTPYyKIusATa or Teopema 17:

B caygas, Gi_; e TakbB rpad.
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) ) )
A4 A\ A\
U U9 i1 Ui WUit+1 jl?k

Torasa V(p) chbabpKa CJEJIHUTE TPU MHOMKECTBA BHLPXOBE KATO MOJMHOMKECTBA: BbPXOBETE OT
N(uy), BbpxoBeTe BiIsiBO OT BbpxoBere 0T N(up), # BpbX Uy. [IBe 10 JBe Te3u MHOMKECTBA MMAT
IPA3HO CeveHne, U CyMaTa OT MOIIHOCTHTE UM e mome N+ 1, monexe |N(ug)|+|N(uy)| = n. Torasa
Ip| = n + 1, KoeTo e HEBB3MOKHO. O

BacayxaBa Ja ce orbenexn, e Teopema 17 Moxke Jia ce JloKaxke ejleMeHTapHO upe3 Teopema 18:
ako Yve V:d(v) = [3], o Vu,ve Vi (u,v) ¢ E - d(u) + d(v) > n.

B cuna e u cieqnaTa Teopema, KOATO JaBa ropHa rpanuna (™ 1 + 1 3a m, TakaBa We ako m e
HaJ Hesl, rapaHTHPaHo rpadbT e XaMuaToHoB. KakTo 1me BuanM cjiejl Majko, TPaHuIaTa € TOYHa.

ABTOp’bT Ha TeopeMaTa He € U3BECTEH Ha aBTOpPa Ha Te3UW JICKIMOHHU 3allMCKH.

Teopema 19: Touna gosiHA rpaHuIa 3a M B TAapaHTUPAHO XaMWJITOHOB rpad

Heka G = (V,E) e rpad, taxse ue n >3 u m > (";') + 1. Torasa G e XaMu/1TOHOB.

HokazarescTtBo: Jla momycuem nporuBHOTO. AKO G € mhieH rpad, TO Toit € XaMUJITOHOB.
Crenosaresno, G He e mbien. Torasa B G nMa moHe e/jHa JBOWKA HeCbCe[HI BbPXoBe X 1 Y. Heka
H = G — x —y. OueBunno e, ge E ce pasbusa va E(H), J(x) u I(y). fcno e, e |I(x)| = d(x) u
|9(y)| = d(y). Ilo npunnuna na pasbusanero,

m = [E(H)| + d(x) + d(y)

Ho no ycioBue, m > (“;1) + 1. CiemgoBaresiHo,

-1
mmn+a@+aw>(“2>+1
KO€TO € CbIIOTO KaTOo

n—1

vl (") 14w - aw)

n—2

, ). Torasa:

3a rpada H 3naem, ge uma n — 2 sbpxa. Coriacno Habmonenue 3, [E(H)| < (

<n;2) - (“;1) +1—d(x)—d(y) <

m=-2)(n—=-3) (m—-1)(n-2)
n?—5m+6>n—3n+2+2—2d(x) —2d(y) <

—on > —2—2d(x) — 2d(y) <
d(x) +d(y) >n—-1 <
d(x) +d(y) =n

[lokazaxme, de 3a IPOMU3BOJIHU /IBa HECHCEIHN BbpXa CyMaTa OT CTelleHHTe UM e moHe n. Tyk
cTaBa JiyMa 3a bpBoHadasnus rpad G; H Gerre camo nomoraa koncrpykius. [[lom Tosa e B cusa
3a IIPOM3BOJIHY JIBa HeC'hCe/la, TO TO € B CHJIa 3a BCdKa JIBoNKa Hecbheeu. [Ipuiarame Teopema 18
u nojtydaBame, ye G e XaMUITOHOB, TPOTUBHO HA HAIPABEHOTO JIOITyCKAHE. O
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W makpas 11e moKazkeM, de (“2_1) +1 e Touna ropua rpanuia 3a 6pos Ha pebpara Ha He- XaMUIJITOHOB
rpad. C apyru gymu, 9e ¢bIIeCTByBa He-XaMUJITOHOB Ipad ¢ ToakoBa pedpa. Takbs rpad Hamc-

THHA UMa, HanpuMmep euH K, 1 IJIIOC oIlle eJIMH BPbX ILIIOC OIIEe €/IHO peOpo MEXK Iy HOBUS BPbX
1 KOU JIa € BPbX OT CTapuTe.
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2.10 OiizepoBu IbTUINA U ITUKJIA

[Ile 3amouneM c eana 3annMaTe/Ha 3a/1a49a. MoxkeTe T Jla HapuCyBaTe TOBa, KOETO € MOKa3aHo
na @urypa 2.64, HaBeIHbK; TOECT, O3 J1a BAUTaTe MOJIMBA OT JIUCTa U 0e3 Jia MOBTapsiTe JIMHIU !

Purypa 2.64 : He Mmoxke j1a ce HapucyBa HaBeIHbXK.

OTroBopbT €, ue He MOXKeTe. A MozKeTe JIM Jla HapucyBaTe HaBeIHbXK TOBa, KOETO € IMOKa3aHO Ha
Qurypa 2.657

®Durypa 2.65 : Moxke ga ce HapucyBa HaBEIHDbXK.

ToBa Beue MoOKe Jda C€ HapHuCyBa HaBEIHD2K. Bumxre (DI/Ipra 2.66: 3ar10YBaiiKi OT 3ejIeHaTa TOYKa,
pucyBaMe€ BBHIIIHNA KBa/JpaT, IIOCJIEe ITIaK OT 3¢jJieHaTa TOYKa PpUCyBaMe€ BbTPEHIHUA, 3aBbPTAH Ha
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45 Tpajyca KBaJpaT, U HaKpas pPHCyBaMe JHaroHaJja OT 3ejleHaTa JO CHHATa Todka. JlecHo ce
BIDKTa, de urypara MoXKe Ja Ce HApHUCyBa HaBEIHDBXK CAMO aKO 3allOYHEM OT 3eJleHaTa TOYKa

1 3aBbPIINM B CHUHsATa, W obpatHoTo. Ilo-momy 1me mameMm (popMaJiHO J10Ka3aTe/ICTBO Ha TOBA
HabJII0IeHIE.

®durypa 2.66 : Kak na HapucyBame HaBeZHb>K Purypa 2.65.

Ako ce ommrame ja HapucyBame Qurypa 2.65 HaBeIHbXK, KATO OCBEH TOBa 3aBbLPIIUM B Ta3u
TOYKA, KOATO CMe 3al0YHAJIM, Ie YCTAHOBUM, Y€ TOBa € HEBb3MOXKHO (KOETO CJIe/[Ba BeJHAra OT
dbakra, ge TpsiOBa ;@ 3amovdHEM B 3ejeHATa TOYKA U Jia 3aBbPIIMM B CHHsTA, wim obparHo). Ho
aKo IIpeMaxHeM /JimaroHajia Ha BbTPEIIHUA KBaJpaT, IIoJydaBaiikKy TOBa, KOETO € II0Ka3aHO Ha
@urypa 2.67, ¢ JlekoTa MOXKeM Jla HapucyBaMe 00eKTa HaBEJH'bK CbC 3aTBOPEHA JIMHUs (TOECT, Jia
BJIMIHEM MOJIABA OT TOYKATA, OT KOSITO CM€ 3aIl0UHAJIN ).

Purypa 2.67 : Moxke J1a ce HapucyBa HAaBEIHb>K KATO 3aTBOPEHA KPUBA.

100



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

Tazu zamaga moxke ga ce mojeaupa ¢ rpad. Orceukure ca pedpara, a BbPXOBETE ca TOYKUTE Ha
npecudane Ha orceukurTe. Purypa 2.68 nokassa rpadure, ChOTBECTBAIIM HA TPUTE (DUTYPU, KOUTO
TOKy-1110 pasriaegaxme (Purypu 2.64, 2.65 u 2.67).

®Durypa 2.68 : I'pacdute, chorBeTcTBamu Ha Pur. 2.64, 2.65 u 2.67.

Bemnara ce Bmka, ye G; mMa 9eTUPU BbpXa OT HEYeTHA cTereH, Go MMa JBa BbpXa OT HeYeTHA
crerieH, a Gz HAMa BBPXOBE OT HedeTHa cTeneH. KakTo Ie BHJIUM CJIeJl MaJKO, HAJUIUETO Ha
BbpPXOBE OT HEYETHA CTEIeH, TeXHUAT OpOoil M CBHbP3aHOCTTa Ha r'pada OlIpepe/daT €IHO3HATHO
ToBa Jajin (hUrypaTa MoxKe Jia ce HapuCyBa HaBE/IHbK U JIAJIM TOBA MOXKE Jia CTaHe C'bC 3aTBOPEHA
JIMHUS WA HE.

OT1TyK HaTaTbK B Tas3m ceKims G € HEOPHUEHTUPaH CBbP3aH MyaTHrpad.
Omnpegenenne 42: OitnepoB 1uKbJa 1 OilaepoB IbT
Otinepos yuksa B G € IMUKbJI, HE HEIIPEMEHHO IIPOCT, KOWTO CbIbPrKa BCAKO PeOPO TOTHO

BefHbK. OUaepos nem B G € bT, HE HEMPEMEHHO MPOCT, KOUTO ChIbpKa BCIKO pEOPO
TOYHO BeJIHbK. G e Otaepos, ako nma OIepoB MUKBJI.

Cworiacuo narmure jiedunuimn Ha “rbT” 1 “nukbr” (Oupenenenne 16 win Oupenenenne 18), UK bt
e JacTeH caydail Ha mbT, Taka de OiiepoB MUKBJ ce dBgBa JacTen ciaydail na OiliepoB mbT B
Onpenenenne 42.

[Tpuntomuere cu Kousenrus 6 Ha crp. 31. Ta e 6e3cmuciena 3a OittepoBu 1MUK/IN 1 bTHUINA/
Babenexere, ue ako G mma OitepoB nukbia ¢ wim OitiepoB wbT p, TO, ako G HAMa HU30JUpa-
uu Bbpxose, (V(c),E(c)) wmm (V(p),E(p)) cuBuama ¢ G. Iopaau ToBa pasriexame OiisiepoBure
UK/ W I'BTHUINA KATO aJTEPHUPAIIN PEJIUIN OT BbpXOBe n pebpa, TOUYHO KaKTo ce Ka3Ba B O1-
penenenne 16 u Oupeesienue 18.

Teopema 20: OiijiepoB MUKBJI B CBbpP3aH MyJarurpad

G uma Oﬁ.HGpOB IUKDBJI TOT'aBa U CaMO TOraBa, KOI'aTO BCEKH BPbX UMa Y€THa CTEIICH.

HoxkazarescTBo, I: IIbpro ma momycuewm, e G nma OistepoB ukba c. e mokazkem, ge G nma
BbPXOBE caMo OT YeTHa crereH. Pasriexpame mpoussosier u € V(G). OueBnaao u € V(c).

Ja cu pejicTaBuM ¢ KaTo KP'broBa, a He JinHelina, napeaoa. Ompejienenne 18 roBopu 3a NUKbJIa
KaTO 3a JInHeliHa Hapejaba, B KOATO IIbPBUAT U IMOCJETHUIT BPbX CHBIAJIAT, KOETO ChBIAJIaHe
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3a/1aBa IUKIMIHOCTTA. MOKe na ¢ MuCauM 06atde 3a BCEKU IUKbJ ¢ HEHYJIEBA JbJKHHA KaTO
3a HCTHHCKA KPbroBa Hapeaba, B KOATO IUKJINIHOCTTA € eCTECTBEHA; TOeCT aJTepHUpaliaTa
pesuna OT BbPXoBe 1 pebpa, [0 paBeH Opoil 0T BCEKH BHJI, ¢ 3alicaHa BbPXY OKPbKHOCT. Besgka
[osiBa HA U B C OTroBapsl Ha TOYHO J(Be pebpa — TOBa Ca ChCeJHUTE eJIEMEHTH Ha U B C.

AKo U HSIMa IPUMKH, HIMa KaK J[Ba CbCETHN BbPXa B € (€CTECTBEHO, MEXK Iy TAX B € IMa PebPO)
ma ca u. CregoBaTesiHO, Ha BCsKa MMOsBa Ha U B € ChOTBETCTBAT TOYHO JIBE pebpa—CbCeIHUTE
eJIEMEHTH Ha U B IIMKbJIA—KATO 38 BCEKH JIBE PA3JIMYHU IOsIBU Ha W, JIBETe JIBOHKM pebpa HiaMaT
o6 estement. CiieJOBATEIHO, MHOXKECTBOTO OT BCHYKH TE3U JBOWKN pebpa, BbPXY BCHYKU HOSBH
Ha U B ¢, e Touno J(u). Heka u e nosiBsiBa Touno t wbru B ¢. Torasa |J(u)| = 2t. Umaitkn npepu,
e d(u) = |I(u)|, 3aka0UaBaMe, Y€ CTEIEHTA HA W € YETHO TUCIO.

[a pazriemame mo-obmus ciaydail, B KoifTo u uma npuMkn. Heka u nma q npuMkn ej,eo, ...,
€q- Heka u ce mogBsBa To4HO t HTU B €, KAKTO B upemnus ciaydait. Ogesuano, t > q. [lpn
HAJIMIIETO HA MPUMKH Ha U IMa CbCETHN II0SBU HA U B ¢ (€CTeCTBEHO, ¢ pebpPo MEXKIY TAX, KOETO
pebpo e Hsakost or npumMkuTe). [lo-Touno KazaHo, B ¢ mMa TOYHO ¢ mojpenunyu ueiu, 1 < i <
(o ejHa 3a BCAKa NPUMKA Ha W), KATO HAKOM OT TE3U IMOJAPEMI MOXKE Jla uMaT o0l Kpaii
u. Besika TakaBa TpmeseMEeHTHA MOJIPEINUIA, OTTOBAPAIIA HA JaJeHa MPUMKA, UMa MPUHOC +2
K'bM CTelleHTa Ha U. MaKCuMaIHUTe II0 BK/IIOYBAHE IIOJPEININ Ca OT BUIA U ej, - - - €j, U, KbJIETO
€j,,---,€, € {e1,...,eq}, ca Touno t — q na Gpoit. Heka E’ e MHOXKeCTBOTO OT BCHYKH pebpa,
KOUTO Ca BJISIBO U BJFCHO OT BCsKA OT Te3d Hojpeaunu. E/ e TOYHO MHOXKeCTBOTO OT pebpara,
MHIUJICHTHE C W, KOUTO He ca MPUMKHU. T'bil KaTo Te3n MAKCHUMAJIHU 110 BKJIIOYBAHE MOJPE I
HUKOTa HE Ca CbCEJIHN, B CMUCHJI, Ue MEKLy BCEKH JIBE OT TSAX B C MMa [OHE €/[H BPbX, KOATO He €
u, ouesuno |BE'| = 2(t—q). Umaiiku npeasu, e d(u) e cymara ot |E'| u 2q (Bx. Onpenenenue 15),
3ak/o9aBame, de d(u) e YeTHO YUCIO.

HoxkazaresctBo, II: Cera jmomyckame, ye G e CBbp3aH U BCEKHM BPbX € OT 4deTHa crereH. llle
JIOKazKeM cbliecTByBaHeTo Ha OiljlepoB MUKbJI KOHCTPYKTUBHO: IIIe IMOKAXKEeM aJI'OPUTHM, KOHTO
crpou OilIepoB IUKBJI ¢ BbB BCEKU CBbP3aH I'pad ¢ BbPXOBE caMO OT YeTHH CTeleHu. 1031 ajro-
purTbM e MHOTO cTap. Vamucnen e or Carl Hierholtzer mpes 19 Bex [12, crp. 10|, karo Hierholtzer
OYEBHIHO He e OWJI 3aIll03HaT ¢ n3caeBaHusATa Ha Fuler BbpXy cbIecTByBaHETO HA TAKNUBA, ITUKJIN
npe3 18 Bek. mesara Ha ajaropurbMa e mpocTa. B HaIa/I0To BCIKO PEOPO € HEUu3noa3sato, a c e
npaseH (npasHara pejura). VsnonssaMe spemeren yuksa s 1 mekyu, 6psr W (U e IPOMEHJINBA OT
THUI BPBX, a He (PUKCUPAH BPbX OT rpada). 3amouBaiikiu OT MPOU3BOJIEH BPBX X, KOITO € WHITNIeH-
TEH C MOHE €JIHO HEeM3IOJI3BaHO pebpo (B HAYAJIOTO BCUYKH BbPXOBE Ca TAKWMBA), MHAIUAJIA3UPAME
U «— x u s « x. [locne usmbiHsgBaMe, JOKATO € BBH3MOYKHO, CJIEJHOTO: M30MpaMe MPOU3BOJIHO
HEU3M0JI3BaHo pebpo e € J(u), MapKupame e KaTo u3noa3sano ¥ “npeMuHaBaMe” Ipe3 e; TOecCT,
aKo JIpyrusT Kpail Ha e € Vv, Jjo0aBgMe e U V KbM S KaTO S <— S, e,V; TeKYIIUAT BPbX U CTaBa v,
TOECT HPABUM U <— V.

[IpaBum TOBa, JOKATO MOXKEM; TOECT, JIOKATO HE CTUTHEM JIO TEKYII BPbX W, KONTO HIMa WH-
IIUJICHTHO HeoOxo1eno pedpo. T'hbit kaTo pebpara ca KpaeH Opoil U HEE TTPOMEHAME CTaTyCUTe Ha
pebpaTa caMO OT HEM3IOJI3BAHN B U3MOJI3BAHN, PAHO UJIU K'bCHO IIe Ce OKayKeM BbB BPbX U, KOWTO
HsiMa HEM3IIOJI3BAaHU UHIIMJICHTHN pebpa. B To3um MOMEHT U € TOYHO TO3U BPbX X, OT KOHTO 3a104-
HaxMe 0OXOXkKJIaHeTo (ToBa Ime JiokaxkeM 10-710y dhopmasno). Epro, B T031 MOMEHT § € IUK'bJI.
Bwmsxeame s B ¢ (O-J10J1y 1€ YTOUYHUM KAKBO TOYHO 3HAYM TOBA). AKO BCHUYKE pebpa ca M3I0Ji-
3BaHU, BPbIIaMe C U TePMUHHUPAME aJropuThbMa. B mpoTuBen ciydail mpob/rKaBaMe Taka: Thit
KaTo G e CBbp3aH, B C 33 [b/IKUTE/THO UMa BPbX b, KOWTO € WHIUJIEHTEH C TIOHEe €/IHO HeOOXOIeHO
pebpo. Torasa mpucBosiBaMe U <— b, s < b U OTHOBO H3II'bJHABAME UTEPUPAHOTO JI00aBsiHE Ha,
pebpa u BbLPXOBE KbM S, JJOKATO MOYKEM.

QopmMaJTHO, aJITOPUTHMBT MOXKE Jla Ce 3allillie Taka. € O3HadaBa Ipa3HaTa peauna. b.o.o., gomyc-
Kame, de MysarurpadbT uma pebpa (MHaK Toit 6u GUJT eJUH eJMHCTBEH U30JIMPAH BP'bBX).
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AaropurbMm 3: AJITOPUTHM HA HIERHOLTZER

Bxom: ecbp3an mynturpad G c mone eiHo pedpo.
Nzxom: Oitnepos nukbia ¢ B G.
U 1 X ca IPOMEHJIUBU THUII BPBX, & S € IPOMEHJINBA, TUT TTUKbJI.

O ¢ — e. Mapkupait Bcuukn pebpa Ha G KaTO HEU3ITOJTBAHM.
O 1136epu Mpons3BOJIEH BPbX A, MHIIUIECHTEH ¢ HEU3IIOI3BAHO PedpPo.
® IlpucBon x « a, W< a, s < a.

@ Ako u nMa MOHE eJIHO HHIIUJIEHTHO HeM3IoJI3BaHo pebpo e = (u,V):
@ npucson s < s, e,v 1 MapKupail e KaTo U3I0/I3BAHO.
@ mpucson w < v u uan Ha @.

® B nporusen ciiydaii, BMbKHI S B C.
® Ako HsMa Hem3IoJI3BaHu pedpa, BbPHU C W IPEKPATH aJrOPUTHMA.
@ B nporusen ciryuait, n3bepu Mpou3BoJIeH BpbX b OT ¢, MHIUIEHTEH ¢ HEU3IOI3BAHO Pebpo.

® IlpucBon x < b, w < b, s < b u wau Ha .

Enxno nmoyrounenune. “BymbkaE s B ¢ Ha pesi ©® o3HaUaBa CJIETHOTO:

® AKO C € IIPa3eH, TO MPUCBOU C <«— §,

® B IIpOTUBEH Cﬂy‘{aﬁ C CbAbpPzKa IIOHE €/1Ha II0sIBa Ha BbpXa Yy, KOUTO e HadyaJ0 1 Kpaﬁ Ha §;
3aMeHN KOd JIa € IIodBa Ha Y B C C peauiiaTa S.

DopMaJjIHO U II'bJIHO JOKA3aTEICTBO 38 KOPEKTHOCT HA TO3U UTEPATUBEH aJITOPUTHM O1 OMJIO TBHP-
JIe J'bJITO U U3BbH OCHOBHATA TEMa Ha Te3U JIGKIIMOHHY 3alUCKU. AJINOPUTHMBT UMa JIBA BIOKCHH
[IAKbJIa—BbLHITHAAT CTPOU C, BLTPEITHUAT CTPOU S—TaKa de OM TPsIOBAJIO ¢ OTIE/THI WHBAPUAHTHI
Jla ce JIOKaykKe KOPEKTHOCTTa Ha BbTPEIIHUs IUK'bJI U 1T0C/Ie Ha BbHIIHU. TyK caMo e CKUImpame
OCHOBHOTO OT JIOKa3aTeJICTBOTO 38 KOPEKTHOCT. EIHO IosicHeHue Ipeay ToBa: IPOMEH/IMBATA X €
U3JIMIIHA OT IJIeJHa TOYKa Ha paborara Ha aJropuTbMa. 1d e BbBeleHa C e IO-IIPOCTa apry-
MEHTaIUs 38 KOPEKTHOCT. X ChbIbprKa HavaIHaTa CTONHOCT Ha W IIPU BCAKA CEPUH OT UTEPAIlAN
Ha IUKbia @.

KirogoBoTo, Makap 1 HAII'bJIHO OYEBHUIHO, HAOJIIOIeHIE e ciedHoTOo. [la nedunupame, ae Heudnon-
36aMaAMA cMener Ha 6psxr € ODPOIT Ha HEeU3IOoJ3BaHUTe pedpa, MHIMJACHTHH ¢ HEro, KOUTO He ca
IPUMKH, ILIIOC JIBa I'bTU OposT Ha npuMkKuTe. OUeBUIHO B HAYAJIOTO HEU3IO3BAHUTE CTEIIEHHN Ha
BbPXOBETE CbBIIaJaT TOYHO CbC CTEIICHUTE Ha BbHPXOBETE.

Besiko mambiaenne va @ mmpoMenst craTyca Ha TOYHO €IHO Pebpo, a UMEHHO €, OT Hel3-
I0JI3BAHO Ha M3I0JI3BaHO. AKO e He e IPUMKa, TOBa HaMaJIsIBa C eIMHNAIA HEU3II0I3BaHN
HEM3II0/I3BaHUTE CTEIIeHN HAa TOYHO JBAa BbpXa, a MMEHHO Ha U 1 Ha V. A ako e e
IIPUMKa, TOBa HaMaJIsBa, C JIBe HEM3IOJI3BaHaTa CTEIeH Ha W U HAMa OTPakeHUe BbPXY
YeTHOCTUTE Ha HEU3IIOJI3BAHUTE CTEIEHH.

Bejnara ciejpa, ye jokato ce “Bbpru’ muKbabT @ u Bpbx v (peg @) e pazimdeH or x e BAPHO,
e TOYHO JIBa Bbpxa B G, a UMEHHO X U V, UMAT HeueTeH OpOil MHIIMICEHTHN HEU3IO0J/I3BaHU pedpa.
Ha pea @ u nosryuaBa cTOfHOCT v, TaKa 1€ MPU CJIEBAIIOTO jJocTUrane Ha @:
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® AKO U # X, TO U U X €& TOYHO T€3W BHPXOBE, KOUTO UMAT HEYETHU HEM3IOJI3BAHU CTEIEHU;
B TO3W CJIydail U mMa IIOHe €/IHO WHIWJIEHTHO HEM3MOJ3BaHO pebpo m mrepupaHeTo Ha @
IPO/IbJIZKABA;

® QKO U = X, TO BCHYKHN BbpxXoBe B G MMaT YeTHU HEM3MOJI3BAHN CTEIIeHN; aKO U UMa HEM3II0JI-
3BaHa CTEIeH HyJla, HNTEPUPAHETO CIUPa W M3IIbLIHEHHETO OTHBa Ha @, B IPOTUBEH CJIydail
urepupaneTo Ha @ poabIKaBA.

Ot TOBa cjeBa, Ue TPHU TMOCIETHOTO JOoCTHTaHe Ha @ e M3IIbJIHEHO W = X, a OT TOBa CJIEJIBA,
Ye MPHU BCAKO JIOCTHTaHe Ha @, IpOMeH/IMBaTa W ChIbprKa TOYHO X — BbpXa, OT KOHTO 3all09HA
U3II'bJIHEHNETO Ha BbTperHus nukba @. Ot ToBa ciiejBa, 1e Ha pesi @ HanctuHa s € mukb/I. [lom
$ € IUK'BJI, TO BUbKBAHETO HA S B € € J00pe JiebUHIPAHO, HE3ABUCUMO OT TOBA JIAJIU C € Ipa3Ha
peuIa nin He.

Axko npu gmocturanero Ha pen ® He ca ocraHasm HeoOXomeHH pebpa, odeBmaHo ¢ e Oilrepos
IUK'bJI, TAKa Ue aJrOPUTHMBT HAMCTUHA Bpbina OiylepoB MUKbI. B IpoTuBeH cirydail, n3mbiHe-
Huero oruBa Ha pen @. Illom nMa Hemsmos3BaHu pebpa, TO 3abJIKHUTEIHO ITOHE eIUH BPbHX OT
TEKYIIUs TUKbJ C € WHIUJIEHTEH ¢ HeM3IOJI3BaHO pebpo (JI0IyCKaHeTO Ha MPOTUBHOTO BeHATA
BJeue, e G He e CBbp3aH), Taka ue BPbX b e j1o0pe JedbuHupaH. O

[IIe mmocTpupame paborata na ajsropurbma Ha Hierholzter Bbpxy ciemqnusa mynrurpad. e nr-
HOpUpaMe ITPOMEHIMBATa X, MMOHEXKe, KaKTO CIIOMEHaXMe, Ts HMallleé CMHChJ CaMO 3a IO-sICHA
ApryMEHTAINs 38 KOPEKTHOCT.

w w w w w w
1 el h2 ey 3 es h4 es m5 es 6
Ay A\
€6 €s €9 €11 €12 €13 €15
O O O O
€] €] €] €] €
Z1 6 Z9 7 Z3 8 Z4 9 Z5 0 Zg

[IbpBonavasno ¢ e mpaseH, a Bcuuku pebpa ca HemsmnossBanu (pex @). Ha pex @ usbupame
poun3BoJieH BpbX a. Jla xaxkem, ve uzbupame wy. Ha pen @ mnpucosgsame u «— wy u s < u. Jla
CH IPEJICTABUM $ KaTo II'bT B MysaTurpada (s Ie crane NUK'bJI, HO B Ipoleca Ha paborara s e IbT,
KOWTO He e HEIPEMEHHO IUK'bJI), KOWTO HAapacTBa CaMo B €JIMHUS CH Kpail U TO3M Kpail € BbpXbT,
KOWTO Ce Ch/IbpKa B IIPOMEHINBATA .

w W w w w w
1 e1 02 ey h3 es r\4 ey 05 es 6
S
€6 €g €9 €11 €12 €13 €15
) )
Ay A\ A\ A\
€16 €17 €18 €19 €20
Z1 Z9 Z3 Z4 Zs Zg

Wsnbarernero otuBa Ha pex @. 1 nMa MHIMACHTHE HEU3II0/I3BaHU pebpa. la KaxkeMm, ye nuzdbepem
ey. Torasa e = (u,v) Ha peq @ e pebPOTO €z, KaTo U = we 1 Vv = ws. Ha peg @ s “mapacrsa” ¢
€2, W3, a Ha pes; @ u mosrydaBa CTOWHOCT W3.
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w w w w w
1 e1 m2 ey 1?_\&3 es ,-\4 ey m5 es 6
A\ A4
S
€6 €s W 6110 €12 €13 €15
O )
A\ A\ A4 A4
€16 €17 €18 €19 €20
Z1 Z2 Z3 Z4 Zs Z6

Nznbanennero orHoBo e Ha pen @. /la kaxkeMm, e usdbupame ejp Karo e. ToraBa v = z3

. Cuen
n3irbiiHenneTo Ha O u @ umawme:

w w w w w w

1 e ﬁ2 e ﬁ3 es r\4 ey h5 es 6

\J A\
S
660 es 69. | e11<> €12 €13 €15
e © e 1 e ~ e O e
1 1 1 1 2
Z1 6 Ve, 7 k&f 8 Z4 9 Z5 0 Zg

B momenTa s e mbTaT wa, €2, W3, €19, z3. Heka mpes ciieBammuTe HIKOJIKO nreparnuu Ha @ s crane
Wa, €2, W3, €10, Z3, €17, Z2, €16, Z1, €6, W1:

M Wo W3 Wy Ws Weg
€1 ~ ()] —~ (%] ~ €4 ~ €5
\ A
S
66’ esg 69’ | 6110 €12 6130 €15
e © e ~ e ~ e O e
z1 16 Z9 17 Z3 18 Z4 19 Zs 20 Z6

Cera m360pbT 3a € e U3MEXKIY er, eg 1 e1. Jla kaxkem, ge m3bepem e;. Torasa ciemBariara cTORHOCT
Ha U € Wy, BbPX'bT, OT KOITO TpbrHaxMme. Helro mosede, TeKyusaT U HsIMa UHITUIEHTHI HEOOX0IeHI
pebpa n uznbiaHennero Ha @ cnmpa. KakTo BmKaMe Ha WIIOCTPAIUATA, B MOMEHTA S € IHKbJI.

w w w w w
! el 1?&2 62 /\3 e3 /\4 64 /'\5 e5 6
A\ U
S
660 esg 69’ | 6110 e12 6130 €15
O O O O
€16 €17 €18 €19 €20
Z1 Z2 Z3 Z4 Zs Zg

BmbkBanve s B ¢ (peq @). Thit kato ¢ e mpaseH, ToBa 0O3HaYaBa, Ye € MpHUEMa CTOWHOCTTA Ha
Tekymus s. Toecr,

C = Wy, €2, W3, €10, 23, €17, Z2, €16, Z1, €6, W1, €1, W2

Twit kaTo uma Hemsno3Banu pedpa, pesn @ ne ce m3mbaHgABa. V3mbiangasa ce pes @, KbaeTo

uzbmpame wy; Kato Bpbx b. IlpucosiBame w «— wy; u s «— w; u oruBame Ha pea @. Hermara
M3MJIEXKIAT TaKa.:
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Wa w3 Wy W5 Weg
€1 ~ €92 —~ €3 ~ €4 —~ €5
\/ Py A4
C
€s €9l €10 €11 €12 €13 €15
o P
e ~ e ~ e ~ e ~ e
16 Z5 17 z3 18 z4 19 z5 20 Z6
Cilen nBe u3I'bIHEHUA HA HUKbIa @ uMame s = Wi, eg, 21, €7, W1
Ws Wg
) e5
U
€13 €15
M)
U
e
z5 20 Z6

TGKYHLI/IHT U OTHOBO € W1 I S € IIUK'BbJI. U HAMa MHIMWJICHTHN HeO6XO,H‘eHI/I pe6pa 1 U3II'bJIHCHUETO
OTHUBa Ha pPen ®. BmbkBame s B ¢. Tbil KaTo ¢ He € IIpa3€H, BMbKBaHETO CTaBa, KaTO 3aME€HAME
HAKOA I10dBa Ha W1—BDbPXDbT, C KOMTO 3al104Ba 1 3aBbpHIiBa S—B C C IeJIdd S. HonyanaMe:

C = Wy, €2, W3, €19, Z3, €17, Z2, €16, Z1, €6, W1, €8, Z1, €7, W1, €1, W2

HaF.He,ZLHO, PE3YJITATHT OT BJIal'aHETO UIIJVIEZKIa TaKa.:

Ws Wg
) e5
€13 €15
) )
A\ A\ A\
e e e e e
z 16 Zo 17 z3 18 z 19 z5 20 Z6

Tbit kKaTo UMa HeM3MOJI3BaHU pedpa, aJropUTbMbBT MOpAb/Kaba. /la KaxkeM, de cJeBaIoTO W3-
wbjaHenne Ha @ 3arouBa OT W3 U CJI€Jl TPUKJIIOUYBAHETO My HMaMe

§ = Wg, €3, Wy, €4, W5, €5, Wg, €15, Z¢, €20, Z5, €19, Z4, €18, Z3, €9, W3

HaFHe,HHO, HeElllaTa U3TJIezK1aT TaKa:

Wi €1 W2 €2 W3 e3 W4 €4 W5 es W6
~ o, v
el €12 S €13 15
I ~
e ~ e e e e
z 16 4, 17 23 18 2, 19 P 20 6
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Biarame s B c:

€92 W3 €3 Wi €4 Ws (1 We
raY, ol 9 5
€10 611©612 €13 €14 15
e ~ e ~ e ~ e ~
17 z3 18 z4 19 z5 20 Z6
Boarame s B c:
e3 Wy €4 W5 er We
A 9, ”
€1Q€12 €13\ €14 15
9 ) \)
e e e
18 z4 19 z5 20 Z6

(] €4

€1

€2

W3

€10 €1 €12 15

3O
C

e e e e e
Z 16 Z9 17 Z3 18 Z4 19 Zs5 20 Zg

Biarame s B c:

Wy

€3 €4 en

e1 €12 €13

'@
C

e e e
18 Z4 19 Zs 20 Z6
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Cera Beue HsIMa HEH3INOJI3BAHU pedpa U aJrOPUTHMBT BPbHIIA C.

Nma u apyr uzBecTeH ajropuTbM 3a moctposiBane Ha OiylepoBu MUK/IM: aJropuTbMbT Ha Fleury.
Tyxk Hama ga ro ormcsame. Toit e onmcan, Hanpumep, B yueOnnKa Ha Bondy u Murty [13, crp. 86].

Teopema 21: OiirepoB II'bT, KOWTO HE € IIUKbJI, B CBbP3aH MyJTUrpad

G uma OitylepoB II'bT, KOWTO He € IUK'bJI, TOraBa U CaMO TOraBa, KOTaTo TOYHO JIBa BbpPXa Ca

OT HEYE€THa CTCIICH.

HokazaresctBo, I: Heka G mma mbT p, KOITO ChIbpKa BCIKO PeOPO TOYHO BEIHDBIK M UMa
pazmmunn kpaumma uw u v. e mokaxem, de d(u) u d(v) ca HedeTHH, a BCUYKU BbPXOBE OCBEH U U
V UMAT YeTHHU CTeleHH.

Umame p = u,---,v. [obaBsame e1Ho HOBO pedpo € MeXKJy W U Vv, TOoJIydaBaiiku MyaTurpad
G’. OueBugno G’ nma OityIepOB MUKBJI €, CHCTOSII C€ OT P ILJIIOC HOBOTO PedPO e:

c=p,eu

Cobriaco Teopema 20, B G’ Bcuuku BbpxoBe ca or derHa crere. Ouesnino dg/(u) = dg(u) + 1,
dg/(v) = dg(v) + 1 u ¥x € V(G)\{u,v} : dg/(x) = dg(x). Bennara ciensa, ve dg(u) u dg(v) ca
HEYETHH, & OCTAHAJINTE BLPXOBE B G Ca ¢ YeTHHU CTEICHH.

JokazarescTBo, II: Heka B G uma TouHO 1Ba BbpXa OoT HedeTHa crereH. e moxkarkem, e B
G nma OilIepoB U-V II'bT.

JlobaBsimMe eqHO HOBO pebpo e Mexkiy u u v, nojaydasaiiku myarurpad G”. OuesBumno B G”
BCHYKHU BbpxoBe ca oT deTHa crereH. Cbrimacao Teopema 20, B G” mma OiiytepoB mukba ¢. 13-
puBaiiku e ot ¢, noaydaBame ORepoB U-V IIBT. d

Hombaaerne 15: XamMuiaronoBu nukian, OiijiepoBu UK U JUHENHN Tpadn

Bajiauata Jia ce HaMepu Jasu jiajeH rpad e XaMUJITOHOB WU He, € U3KJIOUUTEHO TPYIHA.
Kakro Beue criomenaxme B Jonbinenue 14, g e NP-tpynna. Ot apyra crpana, 3ajadara
nasn gajgen rpad e OitiepoB wim He, € aJrTOPUTMUTHO JiecHa — AJropuTbM 3 perraBa Ta3u
3aja49a ObpP30 JOpU 3a OIPOMHHI I'padu.

Ia pascbxkaaBame Bbpxy cieanoro. Heka e majen rpad G. Uckame mga pazbepem gamm G
e Xammaronos. Jla momycueMm, de G e smneen rpad (Ompeenenne 38). Toa o3Hauasa, [e
G = L(H) 3a makakb rpad H. Ako H e Oiuepos, To G e XaMWJITOHOB; HEIO TOBeYe,
OiiiepoBusT UKL B H AMpekTHO oTroBaps Ha XaMWJITOHOBHs HUKbI B G. Ho BbopochT
namn G e XaMHUITOHOB He € ChIIUAT KaTo BhIpochT gaau H e Oitrepos. Ciennara Teopema
ot [32| xBBpIId cBET/IMHA BbPXY BCHYKO TOBA.

Teopema 22: Teopema 8.8 B [32, crp. 80| 3a smueiinure rpacdu

Ako G e Oiiniepos, 1o L(G) e u Oitsiepos, u Xamuironos. KoHBEpCHOTO TBbP/IEHNE HE

e Bapuo. Ako G e Xammitonos, 1o u L(G) e Xamuaronos. KouBepcHOTO TBBp/ICHIE
He € BAPHO.

e HUTO €JIHO OT KOHBEPCHUTE TBbLPJIEHUsI He € UCTUHA ce Bk a or Purypa 2.69 (B3era or
®urypa 8.9 ma crp. 80 B [32]).
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®Durypa 2.69 : Oiir. u XamM. 1ukJiu B rpadu 1 JUHEHHUTEe UM rpadu.

J | L(J)
Q 0O
K | L(K)
| O O
J me e Ottnepos u K ne e auro Xamun- | L(]) e Xamunronos u Oitrepos u L(K)
TOHOB, HUTO OfIepos. 3 e XaMUJITOHOB.

BakouaBame, de opu G a e uHeeH rpad, 3agadara gaan G e XaMUJITOHOB HE Ce CBEXKIA
1o 3ajagara gagn H e Oirepos, kbaero H e rpad, Takbs ue G = L(H).

Honbiaunenne 16: lomuao, Xamuiaronosu mukiju u OiiepoBu MUKJIIA

Urpara domuro ce urpae ¢ 28 miouku. Besika mmodka e mpaBoObIbIHUK ¢ pazmepn 1 X 2 u e
pasjiesiena Ha jiBa kBajpata 1 x 1. Bbpxy kBajipaTuTe mMa TOUKH, YuUTO OpPOil Bapupa OT
0 1o 6. Berukn 28 mI09KM ca MOKa3aHU TYK:
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Koraro mioukure ce pendar B pejniia, Te ce cjaraT €JiHa JI0 Jpyra Taka, de cTpaHa Ha
KBa/[paT Ha eJHaTa IJI0YKa € JoJelleHa TOYHO JI0 CTpaHa Ha KBaJIpaT Ha JIpyraTa IJIOYKa,
KaToO JIBaTa KBaJpaT UMaT €JIMH U cbinu Opoit Touku. [IpumepHo Taka:

ZLOHYCTI/HWO € eIMHUAT OT IIPaBObI'bJIHUIIUTE Jla € 11O/ IIPaB 'bI'bJI CIIPAMO APYI'HUd:

[To To3m HaUMH MOXKE Ja CTPOUM peduuad 0m MA0YKU, TP KOATO BCSIKa CJIEIBAINA ILIOYKA
e JIoJlelleHa Taka JIo IpeJiniiHaTa, e KBaJlpaTuTe, KOUTO Ce OKa3BaT €JIMH JIO JPYT, UMaT
eJINH W CbInu Opoil TOUKH. Sameopena peduya om naiowky € Penia, B KOITO MOCCTHUSIT
KBaJIpaT Ha MOCJEe/[HATa IIJI0UKa € JI0JIENeH M0 IbPBU KBaJpaT Ha II'bpBaTa IJIOYKA U 34
TEe3W JBa KBaJ[paTa CbhIIO € BIPHO, Y€ UMAT €JUH U ChIIA OPOil TOUKH.

Ucka ce ja ce jlokazxke, 9e e Bb3MOYKHO JIa Ce HAIIPABU 3aTBOPEHA PEJIUIA OT BCUYKHU TIIOUKH.
Nwma ejreraHTHO JTIOKA3aTEJICTBO, U3IOJI3BAIIO TeopusiTa Ha rpadure. OUeBUIHO JTOKA3ATEIIC
TBOTO IIe TIOKazKe, Ue MMa HIKaKbB IIMK'bJI B HAKAKbB I'pad, HO KaK'bB € rpadybT U 38 KAK'bB
IIUK'bJI CTaBa JyMa?!

Cskarr Hail-ecTeCTBEHO € BbpXoBeTe Ha rpada Jia ca IJIOUKUTe, a PeOPO MEXKJLY JIBe ILIOUKN
Jla ce cJiara TCTK JIBeTe IJI0YKU UMAaT KBaJ[paTde ¢ e/IHAKbB Opoit TOUKHU. 3ajiavdara ce CBeXK1a,
JIO TOBA, JIa ce JIOKaxKe, 1€ B TO3U rpad nMa XaMUJITOHOB UKL

Nma obave m apyr naumn ja nocrpouM rpada. Heka Bbpxosere ca unciara or 0 j1o0 6. Te
OTTOBApST Ha BbH3MOYKHOCTUTE 32 TOYKH B €HO KBajparde. Heka pebpara ca IJIOYKHUTE B
CMUCHJI, Y€ 3a BesKa II0vka (X, Y), Kbaero x,y € {0,...,6}, caarame pebpo ¢ Kpamiia BpbX
X U BpbX Y. 3abejexkere, Ue BCEKH BPbX MOIyUYaBa MPUMKA, KATO MPUMKUATE ChOTBETCTBAT
Ha 1IouKHuTE OT Buja (X,x), 3a 0 < x < 6. 3ajaqara e gaau uma OWIepoB [UK'bJI B TO3U
rpad. OilepoB MUKBI UMa, 3al0TO rpadbT € IbIHUAT rpad Ha 7 Bbpxa, KATO BCEKH
BPbX € ¢ IpuMKa. ToraBa BCEKH BPBX € OT CTelleH 8, KOeTO € YeTHO YHCJIO (BCsIKa TPUMKA
JOTNPUHACS JIBE, & He eJIHO, KbM CTeleHTa Ha cBos Bpbx!). ['padybT oueBuHO € U cBbp3aH,
Taka e chryiacHo Teopema 20, B Hero nma OitepoB mukbia. AjropurbMbT Ha Hierholtzer
(AsropurbM 3) mocrposiBa, OiJIEPOB MUKBLJI, KOWTO JUPEKTHO HU “Ka3Ba’ KakK JIa MOJPEIM
IJIOYKUTE Ha JIOMHHOTO B 3aTBOPEHA peJIHIia.
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2.11 JdbpBeta

2.11.1 OmnpeneneHune

Omnpegenenne 43: JIbpBo, He-MHIAYKTUBHA de(UHUIALA.

/lspeo e Bcekn rpad, KOWTO € CBbP3aH U alliKJINIEH.

Ha anrnumiicku TepMuHbBT € tree.

Ipadbr, mokazan va Purypa 2.1, He e AbPBO, 3alIOTO HE € CBbP3aH 1 nMa nukJu. Ibpsera (kato
HenMenyBaHnu rpadu) ca nzobpazenu na Purypa 2.70.

®Durypa 2.70 : IBa rpada, KOUTO ca AbpBeTa.

JlbpBo ¢ 6 BbpXa. bpBo ¢ 12 Bbpxa.

Cnennoro onpesesenne Ha “IbpBO~ € eKBuBajeHTHO Ha Orpejienenue 44.

Omnpenenenne 44: /I'bpBo, MHAYKTUBHA JAeDUHUIINAA.

MHozkecTBOTO OT JIbpBeTaTa ce JedUHUPa TaKa:
® basa Bceku rpuBnasen rpad e 1bpBo.

® NuaykrtuBna crbnka Axko T = (V,E) e 1bpBo u uw € BpbX B T 1 W € BPbX, KOHTO HE
eBT, 0T = (Vu{w},Eu{(u,w)}) e xbpso.

Ompenenenne 44 3amaBa mporneaypal 3a remepupane Ha Trpadu. 3amouBaiiki OT €IUH IHH-
CTBeH BPbX (0A30BOTO MHOXKECTBO) WM M3IOJI3BANKN MPHUCHEJINHUTETHATA OIepaIys J100aBsiHe Ha
HOB BP'bX, KOTOTO CBbP3BaMe K'bM TOYHO €JINH OT Bede CHIIECTBYBAIINTE BbPXOBE (C TOYHO €JIHO
pebpo), HUe reHepupame Ge3kpaiiHO MHOXKecTBO rpadu. ToBa MHO)KeCTBO rpadu ca TOYHO Ibp-
BeTara, GakT, KOUTO cera e JoKazkeM. [IbpBo 1me mokaxkeM ciemHara jgema. a cu mpuoMHIM
OIpeeIeHNeTO Ha BUCAIL BPbX Ha CTP. 9: TOBa € BPbX OT CTEIEH €IHO.

TTepMuEbT “asropurbM’ He GIII yIadeH, 3aI[0TO aJITOPHTMATE TPSAOBA a8 TEPMUHUPAT, JOKATO TA3U IPOLELYPA
pabotu Ge3KkpaitHo.
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JIlema 8: Hanumuue Ha BHUCHAIIIA BbPXOBE B AbpBeTaTa.

Heka G = (V,E) e abpBo cbriacao Onpejenienne 43, Takosa 4e n > 2. ToraBa G nma 1one

JBa BUCAIINU B'bpXa.

HokazarenacTBo: Pasrexame npousBosier Haii-ababr br p B G. Ouerngno |p| > 1. Hexka
u u v ca kpaumara Ha p. [lle mokazkem, e u u, 1 v ca BUCSIIN BbpxoBe. Be3 orpannvenue Ha
0DbIIHOCTTa, IIe JIOKaXKeM TOBa caMo 3a W. BpbX U UMa IOHE eI1H ChCell W: TOBa € BbPXbT, KOWTO
e jo Hero B p. Ille mokazkeM, Ue W He MOXKe Jla UMa JIPYyTH cheeau. a gomycueM, de w e ¢beejieH
C BPBX z, TaKbB Ue z + W. AKO z CBIIO € BPbX OT P, TO OYEBUIHO B rpada mMa IUKbJI, KAKTO €
MIOKa3aHo Ha cjejnaTa purypa:

p:m o

u w z A%

Ho B mbpBerara mukiam nama 1o jedunuiusa. AKO BPbX z He € BPBX OT P, KOSITO CUTyaIus €
WIIOCTPpUpaHa Ha cjegHara purypa:

o

u

=0

O
v

TO ToraBa B G mMMa II'bT, HO-bJIBI OT P C €IUHUIA — & NUMEHHO II'bTAT, KOHTO ce IoJydaBa OT
P, ciaeaBaH OT pedpPOTO, N300pa3eHo B YepBEH IIBHAT, IMOCJEIBAHO OT BPDHX z, CHINO HAPUCYBAH B
yepBeno. ToBa nMporuBOpeYn Ha JIOIYCKAHETO, Y€ P € Hall-/IbJIbl II'bT.

N Taka, jgomycKaHeTO, Y€ W He € BUCHII BPbX, BOJM JIO IPOTUBOPEYNE. O

Teopema 23: I'mobasnmHaTa M MHAYKTUBHATA NedUHUNNN HA ‘“IbpPBO’ ca eKBUBAJIEHTHU

Omnpenenenue 43 u Oupenenenve 44 ca eKBUBAJEHTHH.

HokazaresctBo, I: Ille moxkaxkem, we Bceku rpad, reHepupaH oT mporeaypara Ha Ompese-
senne 44, e cebp3aH u anmukandeH. 1wt kato Onpejenenne 44 e WHIYKTHUBHO, Ie HAIPABUAM
JIOKa3aTe/ICTBOTO ChC CTPYKTYPHA UHIYKIMS TOYHO 110 HETO.

Bazosugr ciydaii e 6azoBusT ciaydail or onpejesenuero. Pasrexame rpad ({u}, ). Oue-
BUJIHO TOW € CBbp3aH U HAMA IUKJIU. v

Honyckame, ve T = (V,E) or uHAyKTUBHATA CTBHIKA € cBbp3aH u anukanded. [1e mokaxkem,
Je MoJIydeHusaT 1’ e cBbp3aH u amukianded. [IbpBo me mokaxkem, de T’ e cebp3an. 3a ja Obie
cBbp3aH, TpsabBa 3a Beeku jiBa Bbpxa X,y € V(T') ma e BapHo, 4e uMa bT Mexiy Tsax. Ho
V(T’) = V u {w}. Pasriexmame Tpu ciaydasi.

e Huro equn or x,y He e Bpbx w. Ho Torasa e Bapno, 1e x,y € V. CbryiacHo UHIYKTUBHOTO
HPEIIIOJIOKEHNEe, MEXK/Iy BCEKHU JBa BbpXa B | MMa II'bT, OT KOETO BeJIHara cjeisa, de B T’
nMa II'bT MEXKJIy BCEKHU JBa Bbpxa OT V.

e TOUHO eIMHUAT OT X,y € BpbX W. Bes orpanudenne Ha OOGIIHOCTTA, HEKA TOBA € BPbX X.
Torasa 3aabmknTeno y € V. Ho Torasa u y, u u ca sbpxose B T. CbI1acHO HHILYKTHBHOTO
IIpeAIIoJIO2KEHNEe, B T MeE2KIAYy TAX UMa II'bT, KOMUTO ie HapedeM p O“IGBI/I,ZLHO p € II'bT MEeXKIY
yuuwus T ToraBa mbrar B T/, KOWTO ce ToJiydaBa OT CJIENBAHETO HA P, pedpoTo (u, w) u
BPBHX W, € I'bT MEXKJIy Yy 1 X =W B T,
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e I x =y =w. ToraBa o4eBUIHO MEXK/Iy X U Y UMa TPUBUAJECH IIbT C JIbKuHa (.

Jlokazaxme, ge T’ e cebpsan. Cera 1me JoKaxKeM, Ue e aluKJIndeH. 3abesa3BaMe, 1e HITO eI1H
BpbX OT T’ He MOXKe J1a ObJie BpbX B IUKbJI:

® BDPHX W € OT cTeneH 1, a BCEKH BPbX, KONTO € BPbX B IUKDBJI, € OT CTEIEH MoHe 2;

e ocTaHaJNTe BbPXOBe Ha T’ ca BbpxoBeTe OT T, & CHIVIACHO MHJYKTUBHOTO IIPE/IIOIOKCHIE
T e aIK/IMYEH 1 OCBEH TOBA, OYEBUIHO J06aBAHETO Ha PeOPOTO (U, W) He MOXKE [la Ch3Aae
KB 0T Bbpxose Ha V(T).

Hokazaxme, ge T’ e cBbp3aH U alUKINIEH, TOECT, THPBO.

HokazareacrBo, II: Ille mokaxkem, de Bcako abpBo chbriiacHo Oupenenenne 43 MoxKe 1a Ob-
Jtle KoHCTpyupaHo or mporeaypara oT Ompenenenne 44. Heka D e mpou3BOJIHO JIbPBO CHIVIACHO
Omnpenenenne 43. Ako D mma To9HO eJuH BpbX, TO D MoxKe j1a Objle KOHCTpyHpaH OT Oa3ara Ha
Onpenenenne 44. B nporusen ciy4uaii, cbriacuo Jlema 8, B D nma 1IOHE €IUH BHCAIL BPbHX Uj.
Heka D; = D — u;. Ako Dy uma TO9HO eauH BpbX TO Dy MOXKe Jia Oblile KOHCTpyUpaH oT 6a3ara
na Omnpenenenne 44. B mpoTuBen ciay4aii, cbriiacHo Jlema 8, B Dy mMa moHe eInH BUCSII, BPbX Us.
Heka Dy = D — uy. Ako Dy mma To9HO equH BpbX TO Doy MOXKe J1a O'bjie KOHCTPpyUpaH OT Oasara
na Onupenenenne 44. I taka saraTbK. O4UeBUIHO, IPU BCSIKO OT T€3W M3TPUBAHUS Ha, BUCSII BPDHX,
rpadbT ocTaBa CBbP3aH W AIUKJINYeH, ToecT JbpBo. Clie/loBaTe/THO UMa peulia oT JbpBera D,
D1, Do, ..., Dy 3a Hgaxoe k. fcHo e, ye ToBa MOC/IEI0BATEIHO U3TPUBAHE HA BBLPXOBE MOXKE JIa
ce TpaBU caMO KpaeH Opoil IbTh, 3ammoTo HadaaaudT D mMa Kpaen Opoit Bbpxose. U Taka, 3a
aakoe k! e BapHO, e Dy mMa TOUHO eIuH BPbHX. VI3TpUTHTE BHPXOBE ca 1, Us, ..., Uk, B Pea
Ha TpueHeTo. ToraBa rpadbT ¢ TOYHO €JuH BPpbX Dy MOXKe jga Obje KOHCTPyUpaH oT Oa3aTa Ha
Oupejesienne 44, a cuen Tosa ¢ |V(D)| — 1 npuiaranus Ha WHJIYKTUBHATA CTBIKA J00aBsiMe W3-
TPUTHUTE BbPXOBE B 00OpATHUs PeJl Ha U3TPUBAHETO MM, KaTO CBbP3BaMe BCEKU OT TSIX K'bM TOYHO
TO3U BPBX, KONTO € OMJI eUHCTBEHUAT My CbCeJ TOYHO Ipeau u3rpuBaHeTo. OYeBUIHO 110 TO3U
Ha4uH nojgydasame D. O

Onpenenenune 45: I'opa.

T'opa e Bcexkn anukandeH rpad.

Ha anrymiicku tepmunst e forest. OueBuino ToBa e 0000IEeHne Ha “JIbPBO”: BCIKA ropa € JIbPBO,
axo e cebp3al rpad. OcseH ToOBa, CBbP3aHUTE KOMIIOHEHTH Ha BCAKa Iopa ca Jabpberat. Beaka
ropa e obeJlMHEeHNEe Ha JbPBETa, KOUTO HAMAT OOIMH BbPXOBE TIOMEXK/IY CH.

2.11.2 CsoiicTBa Ha AbpPBETATa

3a nokasaresncTsoro Ha Jlema 9 me usnonssame Onpenenenue 43.

Fpa(b € AbPBO TOraBa U CaMO TOI'aBa, KOIraTO MezKJYy BCEKHU /Ba HEI'OBHU BbpPXa WUMa TOYHO

€IUH I'bT.

HoxkazaresnctBo, I: [la pasrienanve npoussosao abpeo T u npoussosau w,v € V(T). Ille moka-
JKeM, de mMa, TOYHO eJIMH U-V II'bT. e mMa IOHe eJMH U-V II'bT CJIeJiBa OT TOBa, Ue | € CBbp3aH.

TA umenno, k = |[V(D)| — 1.
fCBIo KAKTO B peasIHUsI CBST IOPATa Ce ChCTOU OT JI'bPBETA. . .
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Cera 1ie u3non3Bame u axTa, 9e T e aluK/JIn4IeH, 3a J1a MOKaXKeM, de He MOXKe Jia UMa II0BeYe OT
eJIMH U-V TI'bT.

omyckame TpOTUBHOTO: MEXKJIy W M V UMa TIOHe JIBa I'bTd P U . BpbX U ce ABsABa Kpaii u Ha
P, u Ha (. Pasrnexkgame p u q KaTo KpailHU peJUI OT BbPXOBE, KATO ThbPCUM IIbPBUS BPBX OT
U HATATHK, KOWTO € pasjimvieH 3a p u . TakbB TpsbBa jia uMa, uHade p u ¢ Ouxa OWIM eUH U
cpimy bT. Moke camMo B €JIMHUSA OT P U ( Jia Ce Cpellla TaKbB BPbX, HO TPpAOBa ja ce cpema. bes
orpaHmveHre Ha OOIIHOCTTA, HEKA W € IILPBUAT BPHX OT W HATATDHK B P, KOWTO HE ce cperia B (.
Heka a e BbpxbT mpeau w, B TIOCOKa OT W HATATHK, B p. C Apyru Jymu, a € MOCAeTHUAT OT U
HATATHK B P, KOUTO € 0bmr 3a p u . Heka b e mbpBusAT BPbX cJiel a B P, B IIOCOKA OT W HATATHK,
KONTO € BPpbX U B . OUeBUHO €, Ye TaK'bB O0II BpbX TPsIOBaA jla UMA, [IOHEXKe P U ( UMAT JPYT
(ocBen ) 001N Kpail, & UMEHHO BPbX V, TaKa 4de HiMa KaK CJIeJ[ d, B I0COKa OT 1 HATATbK, JIa
UMaT CaMO BbPXOBe, KOUTO He ca OOIIIN.

U rtaka, ycraHoBuxMe, We B p MMa HOAIBLT p’ ¢ Kpamia a u b, KOWTO He e MOJAIbT Ha (.
Amnajytornvno, B q uMa HOAIILT ' ¢ Kpauia a u b, KOWTO He e moamrbT Ha p. Kakto criomenaxme,
equHUAT OT p’ U q’ MOXKe Ja HfMa BbLTPEIIHN Bhpxose!, Ho ToBa HaAMa 3Havenue. Baxkunoro e, e
p' U q’ e mukba B T, a HEe 3HaeM, Ue B rbpBeraTa HsiMa ukjn. Crie0BaTeHO, JOMYCKAHETO, Te
nMa TTOHe JIBa PA3JIUYIHU U-V II'bTs, € TOTPEITHO.

HokazaresacrBo, II: Jla pasriemame npousBosieH rpad G, B KOHTO Me¥XKJly BCEKHU JIBa BbpXa
nMa TOYHO eJiuH bT. Begrara ce Bk ia, 9e G e cBbp3aH.

Axko pomycHem, ye B G mMa IOHe e€JIMH IHMKbJI, BeJHara cjeiaBa, ye B G uMa IOHe JBa Bbpxa,
MEZKJIy KOUTO UMa, JIBa, PA3JIMYHK II'bTsI, KOETO € HEBb3MOXKHO IIPHU IT0-PAHO HAIIPABEHOTO JIOIIyCKa-
HE, 9€ MEXKJ/1Yy BCEKHU J/IBa BbpPXa MMa TOYHO €/IUH II'bT. HO TOraBa JIOIIyCKaHETO, 1€ B G CbIICCTBYBa
Kb, € rpemuo. C apyru aymu, G e aruK/Ingex.

Cnenosaresnto, G e JbpBO. O

Ba nokasaresnacrsoro Ha Jlema 10 e usnosnssame Oupenenrenne 43.
JIema 10

Heka T = (V,E) e abpBo 1 u,v € V ca pasiudHU BbPXOBe, KOUTO He ca cheean. Torasa

rpadsr G = (V,E U {(u,v)}) nMa TOIHO €JUH IUKBJI.

HokazaresacrBo: Ille nmokaxkeMm, ye G nMma moHe eJuH IUKbLJI. Hanmctura, u n v ca cBbp3aHu
¢ (emun ejuHCTBeH) BT p B T chbriacHo Jlema 9, KaTo p ChibprKa IIOHE €JIMH BbLTPEIIEH BPbX,
oHeke U u v He ca cbheeqn B 1. Heka

P=u,€e1,Wi,..., €k Wk, €k+1,V

KaTo {Wi,..., Wi} € V e MHOXKECTBOTO OT BHTPENTHUTE BbPXOBE HA P, {e1,. .., ex+1} S E e MHOKeC-
TBOTO OT pebpara Ha p, a k = 1. Heka pe6poro (u,v) B G 6be napedeno e’. Heka q = ({u,v}, {€'}).
Torasa ¢ = p U q e UKbJI B G.

[Ile mokaxkem, 1e B G He MOXKe Jla MMa IOBede OT eJuH IuKbI. Jla jomycaem, e B G nma
IUK'BJI €', KOWTO e pasyimieH or ¢. flcHo e, 9e ¢’ ¢bIno chbpka pedbpoTo e, 3aIoTo u Toi ce e
nosgBUI ¢ JgobaBsinero Ha e’ kbM T. Torama ¢’ cbabp:ka n BbpxoBere u u v. CreaBa, de u,e’,v
e o0y moarsbT 3a ¢ u ¢’. Ako “rpbhraem”’ or u npe3 e’, v U Taka HaTATbK B C U ¢, BCe HIKDbIIE
TpsibBa Jla MMa pa3jnKa; TpAOBa MMa HIKaKbB BPbX z, 0OII 3a ¢ 1 ¢’, cjieJl KOHTO B ¢ nMa pedpo
¢, a B ¢/ uma pebpo €, karo € F €. Tosu BpbX z MOXKe Ja ChBIaJa C V WK JIa HEe ChBIAJIA C
V, TOBa HsIMa 3HAYEeHUEe, BaXKHOTO €, UMa TaK'bB BPbX, CJIeJ KONTO ciefaBa OudypKalius — jBara

THe moxxe m p’, u q’ ma HaAMAT BbTpemHN Bhpxose. ToBa 61 GHJIO BH3MOKHO CAMO aKO MMa JBE PA3JIMIHH
pebpa ¢ Kpauia a u b, a TOBa € Bb3MOXKHO CaMO IIPU MYJATUrpaduTe, KAKBUTO B MOMEHTa HE Pa3IJIeXKIaMe.
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IUK'bJIA Ce pasjiensaT. AKo HaMalle TaKbB BPbX, CJIEJ KONTO ce pas3jesdr, Te Ouxa OWIu eIuH u
cbim KbaA. OT Apyra crpaHa obade, ciel “pasjsiara’ MpH z, MAKJINTEe TPAOBa 1a ce chbepar
OTHOBO B HIKAKbB BPbX W; TOBA € OUYEBHUIHO MPEABH I paKTa, de U e 00I BpbX 3a JIBaTa IHUKbJIA.
Obaye MoAIbTAT Ha € OT z 10 W 00pa3yBa IUKbJ C MOAILTS Ha ¢’ OT z O W, KATO TO3M IUKbJI
(Toit He e HUTO ¢, HUTO ¢') ce HaMUpa U3IEII0 B T. 3HaeM, e T e alluKJIn9IeH, Taka Ie TaK'bB TPeTH
IUK'bJI HE MOXKE JIa UMa, TaKka Ye u ¢’ He MOXKe Jla C'bIIEeCTBYBA. O

Omnpegenenne 46: YHUMuKInYeH rpad

Csbpzan rpad, KOWTO UMa TOYHO €JIMH IUKDBJI, C€ HAPUYIA YHUYUKAUYEH 2Pap.

Ha anrymiicku tepmunst € unicyclic graph. Jlema 10 ka3Ba, 1e 106aBsaneTo Ha pedPO K'bM HEChCE/ N
HA JULPBO BOJU JIO YHUIIUKJINYEH Tpad.

Ba mokasaresnctBoro Ha Jlema 11 mie msnosspame Oupenenrenne 44.
JIlema 11

BbB Begko abpBo, m =n — 1.

JokazaresctBo: Cbc cTpyKTypHa nHayKIius. B 6a3oBus ciayqait Ha Onpeenerue 44, 09eBUIHO
3a rpada ¢ eJuH BPpbX U HyJa pedpa, TBLPIACHUETO € BAPHO. v/

Heka TBBbpieHeT0 € BAPHO 3a IbPBOTO T OT MHAYKTUBHATA CTbIIKA. C APYru JyMu, JOIIycKaMe,
e

[E(M[ =V -1 (2.11)
TpsibBa j1a TOKazKeM, 9e TBbPIECHUETO € BspHO 3a ibpBoTo T'. C Apyru jgymu, j1a JoKaxkeM, ue
[E(T)] = [V(T)[ -1 (2.12)

Ho ToBa e cbBbpieno odesuno npeasu daxra, qe [E(T')| = |E(T)|+1u |V(T')| = |V(T)|+1; ako
samectuM [E(T')| ¢ [E(T)|+1u [V(T")| ¢ |V(T)|+1 B (2.12), mie noyunm paBeHCTBO, eKBUBAJIEHTHO
ma (2.11).

Jlema 8 Ka3Ba, e IbPBO C IIOHE JBa BbpPXa MMa IIOHE JIBa BHCAIIN Bbpxa. Jlema 12 maBa ToOUHHS
Opoii Ha BUCAIINATE BbPXOBE, U3Pa3eH upe3 Opos Ha BbPXOBETE OT CTEIeH IoHe 3. 3abesexkere, Je
BbPXOBETE OT CTEIeH 2 HaMaT 3HadeHue 3a OPosi Ha BUCANIATE BbPXOBE; B cyMaTa OUXME MOIJIN
Jla CyMUpaMe U 110 TsX, moHexe, ako d(v) = 2, oueBuyno d(v) — 2 = 0, Taka 4e TeXHUSIT “IIPUHOC”
ou Omyt HyJia.

Heka T = (V,E) e abpBo ¢ 10HE JiBa Bbpxa. Bposdr p Ha BucsIuTe BbpXxoBe B T €

p=2+ ) (dv)-2)
veV
d(v)=3

HoxkazarescrBo: Ot Jlema 1 3naem, we ), ., d(u) = 2m, a or Jlema 11 3maem, ve m = n — 1.
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Torasa

ddv)=2m-2 o

—2= Z dv) | -2n <«

2= () -2)

2= > (W) -2+ >, AV -2+ >, (dv)-2) <

Al Al Lo aboes

—2=-p+0+ > (dv)-2) <
abes

p=2+ ) (d(v)-2) (2.13)

al%3

Toa ocrasa B cuia jopu A(T) = 2. Torasa, oT ejiHa cTpaHa, ILPBOTO € HPOCT I'bT U UMa TOYHO
JIBa BUCAIIN BbPXa, a, OT JpyTa CTpaHa, Z (d(v) —2) = 0, monexe {ve V]d(v) = 3} = J, taka

vev
d(v)=3

ve (2.13) ocraBa B cuia. O

2.11.3 KopenoBu abpBeta

B KommiorbpauTe HAyKN CIeHaTa pa3HOBUIHOCT Ha IMOHATHETO “IbPBO~ Cce U3I0/I3Ba MHOTO I10-
Bede IoBede oT 00II0TO HoHATHE “abpBO” 0T Onpenenerue 43.

KopeHoBo abpBO, HEe-MHIYKTUBHA Ae(UHUINSA

Omnpegenenne 47: KopeHoBo aAbpBo, riiobasHa AeduHuiiua. Poauren u gere.

Heka T = (V,E) e abpso. V36upame npousBojieH BpbX T € V u ro Hapuuame kopen. Cie
n3b0pa Ha KopeH T ctaBa kopernoso dspeo. VI300pbT Ha KOPEH eTHO3HATHO OIPEIEIsT PeIaliis
Ha podumencmeo BbpPXy Besiko pebpo. Heka e € E e mpousBosiHo pebpo u Heka e = (u, V).
Coriacuo Jlema 9, ¢biecTByBa TOYHO €IWH I'bT P MEXK/Iy T M W U CHIECTBYBA TOYHO €/INH
bT q Mexxay T u v. Hemo noseue.

e i V(p) = V(q) u {u}, B KoiiTO ciIydail v e IPeNOCTeHUAT BPbX IPEJd W B P 1
KasBaMe, 9e v e pooummensm na W, a w e deme Ha v:

p O

T

<0

O
u

e win V(q) = V(p) u {v}, B KoiiTO ciIy9ail U € IPEINOCTeHUAT BPBX MPEIH V B ( 1
Kas3BaMe, de W e PoOUmessm Ha v, a Vv e deme Ha .

q O

T

NO)
<O
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Ha anrnumiicku TepMunbT € rooted tree.
Komnsenius 9: “/IbpBo”’ 6€3 “KOpeHOBO’ 03HAYaBa HE-KOPEHOBO IbPBO

B”preKI/I e KOPEHOBUTE JbpPBETa C€ I10JI3BaT MHOI'O IIOBEYE B KOI\/IHIOT'prI/ITe HayYKN OT
OOMKHOBEHHTE, HE-KOPEHOBH IbPBETA, aKO KaxKeM caMo ‘JIbpBO~ 0e3 MpUIarareJHOTO ‘KO-

peHoBo”, pazbupame JHLPBO, KOETO HE € KOPEHOBO. AKO MCKaMe Jia KaxKeM JIbPBO, KOeTO €
KOPEHOBO, TPAOBa J1a KarKeM “‘KOPEHOBO  eKCILIUIIUTHO.

Ero npumep 3a koperoBo 1bpBo. [I'bpBo Ja pasrieame 0GHKHOBEHOTO (He-KOPEHOBO) JibpBO T Ha
Qurypa 2.71.

Durypa 2.71 : ObukHOBEHO ABPBO T.

Qurypa 2.72 nocTpupa JiBe pa3JImIHu KOPEHOBH JIbpBETa, KOUTO Ce T0JIydaBaT OT He-KOPEHOBOTO
JbpBo oT Purypa 2.71 cien pa3andnu U30UPaHUs Ha KOPEH:

e JInpBoro T’ ce mosygasa ot T cie u360p Ha a 3a KOPEH.

e JIbpBoro T” ce nonmyuasa or T cjiesr m300p Ha X 3a KOPEH.

[Ipuero e KopenoBuTe JILPBETA Jla CE PUCYBAT TaKa, KAKTO € ITOKa3aHo Ha (pUrypara: BbpXOBeTe ce
pUCyBaT II0 HUBA CHIVIACHO PA3CTOSTHUETO JI0 KOPeHa, KaTO KOPEHbT ce PUCyBa Hail-rope, a BCAKO
CJIe/TBAIO HUBO € TIOJT IPETHOTO.

®Durypa 2.72 : KopeHoBu abpBeTa, MOJy4YeHU OT AbpPBOTO Ha Purypa 2.71 mpu
pasandHn n300pu HA KOPEH.
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BbpxoBere B KODEHOBO JTbPBO, KOUTO HAMAT JIETIa, Ce Hapu4IaT Aucmama ra dspeomo. B mociennus
npuMep, juctara Ha 1/ caw, d m z, a mucrata va T” ca a, u, d n z. Begko mmeTo B KOpeHOBOTO HPBO
€ BUCAII BpbX B ChOTBETHOTO HE-KOPEHOBO JIbPBO, HO 0OPATHOTO He BUHAI'M € BAPHO. Bb3MOKHO
e (TOYHO eJIMH) BUCSI BPbX B HE-KOPEHOBOTO JbPBO JIa HE € JIUCTO B MOJYYEHOTO KOPEHOBO, U
TOBa € TOYHO TOTaBa, KOraTo TO3U BPbX e u3bpan 3a KopeH. [Ipumepno, B T/ BpbX a He € JIUCTO,
BBIIPEKN Y€ a € BUCHIL BPHX B .

Ba yobcrBo nedpuHrpame, 9e ako D e He-KOPEHOBO JIbPBO € €JIMH €IMHCTBEH BPbX f U HAIIpaBUM
D KOpeHOBO JIbpBO (IIpH KOETO HsiMaMe JIpYT 360D, OCBeH Jla HanpasuM f KOpeH), To f e u JmucTo.
U Taka, KOpeH'bT € JINCTO B €UH eIUHCTBEH CJIydail — /bPBOTO UMa TOYHO €JIUH BPbX.

Hsawma eiunno Muenune 3a ToBa, KOU BbPXOBE Ca BBLTPEIHATE BLPXOBE Ha KOPEHOBO JAbpBO. MHOrO
aBTopu, Hapumep Rosen [54, crp. 748|, usnonssar TepMmuHa “BbTpernieH BpbX~ (HA aHIIHACKA €
“Internal vertex”) 3a BceKH BpbX B KOPEHOBO JIbDPBO, KOiiTO He e smcto. pyru aropu karo Epp
[22] mozBar “internal vertex” m B KOHTEKCTa Ha He-KOPEHOBHTE JIbpBera, (cTp. 688), 1 B KOHTEKCTA
Ha KOPEHOBUTE JIbPBETa, KATO $IBHO HE CMsiTa KODEHA 3a BbTPEINIeH BPbX (BUZKTE OIPEJIeIeHUETO
Ha crp. 694 B [22]). Hue me npuemem onpejenennero va Rosen.

Omnpenenenune 48: BbTpeniiu BbpXoBe B KOPEHOBO JIbPBO

Bﬁmpeumume 65PTro6e Ha KOPEHOBO JIbPBO Ca TOYHO TE€3UW BHPXOBE, KOUTO HE Ca JIUCTA.

B Te3m 3amucku BbBeIOXME MOHATHETO “BbTpemnieH BpbX u npu mbrumara (Oupesgenenne 16).

Heka nme 6bpkrame jiBere yrnorpebu Ha “BbTperreH BpbX — Te ca paziauanu! [Ibrummara Hanctuna
ca JacTeH Caydail HA IbpBeTa, HO He-KOPEHOBU. AKO IbT C Jb/RKUHA > 1 Objle HAlpaBeH KO-
PEHOBO JbPBO Upe3 M300p Ha eMH OT KPAWIaTa 3a KOPEH, TO TO3W BPbX (KODEHBT) ce sBsiBa
BbTpelieH BpbX cbryacHo Otpejiesienne 48, ako rieame Ha 06€KTa KATO Ha KOPEHOBO JIbPBO, HO
HE € BbTPEIIeH BPbX, aKo IJieJlaMe Ha 00eKTa KaTo Ha He-KOPEHOBO JbPBO.

B koHTekcTa Ha JIaJeHO KOPEHOBO IbPBO, JdeduHupame noddspeo, ekopeneno 6s6 epsx. Hedop-
MAJIHO, TO C€ ChCTOU OT TO3U BPBX M BCUUKO, KOETO ce HaMupa ‘1o Hero” (i BbpxoBe, U pebpa).
DopmasiHo, ako T e KOpeHOBO JAbPBO ¢ KopeH T 1 w € V(T), To moabpBoTo Ha T, BKODEHEHO B U,
e moarpadbT Ha T, HHAyIUpPaH OT MHOXKECTBOTO OT BCHYKH BBPXOBE Up, 32 KOUTO W € BPBHX OT
YHUKaJIHAS -y IbT. [lomabpBoTo Ha T, BKOPEHEHO B U, Ceé CMsTa 38 KOPEHOBO IbPBO C KOPEH U U
ce 6esexu ¢ “Tu]”. OueBusno e, e T[u] = T Torasa u camo Torasa, korato u = 1. Kato npumep
na pasmiegame T’ u T” ot @urypa 2.72. Ha @urypa 2.73 ca nokazamu T'[[x] u T”[x], ouepranu
[OJIyTPO3PAYveH YepBeH IBAT CbOTBeTHO Bbpxy T’ u T”. fdcHo e, we T'[x] u T”[x] ca pazmuunu
00eKTH, BBIIPEKHU U€ ChOTBETHOTO HE-KOPEHOBO JTHPBO € €JIHO U ChIIO.
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®Durypa 2.73 : IlonabpBeTaTa, BKOPEHEHN B X BbB BCIKO OT KOPEHOBUTE TbP-
BeTta Ha Purypa 2.72.

T'[x]

B kopenoBure jgbpBera ce JAedUHUPAT U pesalluu Ha npedwecmeue U Hacaedcmeo Hall BbPXOo-
BeTe. 3a MPOM3BOJIEH BPbX, 00pa3HO Ka3aHO, MPEJIIIECTBEHUIIATE MY Ca BbpPXoBeTe ‘HaJj Hero”, a
HACJICTHUIIATE MY ca BbpxoBeTe “noj nero”. ETo n dpopmannure gedunuiimm.

Omnpegenenne 49: IlpeamecTBeHniin 1 HACJETHUIIM Ha BPbX.

Heka T e KOPEHOBO ABPBO C KOPEH T WU W € IIPOU3BOJICH BPHX B HEIrO. 3a Bcekn BPBbX V

Ka3BaMe, Y€ V e npedwecmseeruk Ha W, aKO V € BPbX OT U-T I'bTHA. 3& BCEKU BPbX V Ka3BaMe,
Ye vV e HacAeJHUK HG W, KO W € IIPEJIIIeCTBEHUK Ha V.

Taka nedpunupanurte pesanuu ca pedIeKCUBHU U TPAH3UTUBHE, 3AIIOTO:

® IIpeJITIECTBEHUITUTE HA U C& CAMUST W, POJIUTEISIT HA U, aKO NMa TaK'bB, HETOBUSAT POJIATEN,
aKO MMa TaK'bB, U TaKa HATATHK YaK JIO KOPEHA T.

® HacCJIeJHUIIUTE Ha W Ca CaMHAT U, JellaTa Ha W, akKO HMa TaKHhBa, TEXHUTE JIClla, aKO HMa
TaKuWBa, 1 TaKa HaTaTbK 4YaK /J0 JucTaTa.

[IpenmecTBrero ce siBsiBa pedIEKCHBHOTO W TPAH3UTUBHO 3aTBapsHE Ha POJUTEJICTBOTO, a JIPY-
rata pesaiys (MoxKe JIM Jla ce Kayke “HacJe/ICTBHETO?) ce siBsiBa pedJIeKCHBHOTO ¥ TPAH3UTUBHO
3aTBapsiHe Ha pejanudTa ‘e jgere Ha . JlecHo ce BUK /A, Y€ MHOYKECTBOTO OT HACJIEIHUIIATE
Ha w e V(T[u]).

[Ipumepno, B T' ot @urypa 2.72, npenecTBeHUNIATE HA X Ca CAMUAT X, b U @, & HACJIeTHUITUTE
HaXxcax, v,y uc,w, duz.

Jlanm KOpeHOBUTe IbpBeTa ca opuenTHpann rpacdu’, mmm me? OOWKHOBEHUTE IbLPBETa KATero-
pudHO ca HeopueHTupanu rpadu. I[Ipu KopeHoBuTe abpBera rOBOpUM HE 3a “ChCeICTBO’ Ha JIBa
Bbpxa, a 3a ‘pomuresr’ u “nere”. ToBa e TepMuHOIOIUS, XapaKTepHA 3a OpUEHTUpaHUTEe rpadu.
Hskon aBropu, nampumep Rosen [54, crp. 747|, ka3Bar, 4e KOpEHOBUTE JIbPBETA Ca OPUEHTUPAHU
rpadu: n3bupaiiku KopeH, n3bupame 1 opueHTanus (ocoka) Ha BCIKO pebpo, KATO OPHEHTAITHSITA,
Ha pebparTa e OT KOpeHa HaBbH (KbM JmcTara). ToBa e CMHUCIEHO ChoOpazkeHWe, HO, OT Jpyra

"Buxk. [nasa 3.
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cTpaHa, KOraTo CTPOUM ITOKPUBAIIO KOPEHOBO ILPBO Ha HEOpPUEHTHpPaH rpad, TO TpAOBa Jia €
HeopueHTHPaH rpad, buaitku mojarpad Ha HeopueHTupan rpad. TpyaHo e jga ce gajie KaTeropu-
YeH e/IHO3HAaYeH OTTOBOD, IPUJIOKIM HABCIKb/IE, /1Al KODEHOBUTE JbPBETa ca OPUEHTUPAHU WJIN
HEOPUEHTHUPAHU.

Mozxke obate u jia ukcupame opueHTalus Ha pedparta B SBEH BUJI U TOraBa I'OBOPUM 3a OPU-
eHTUPaHu KopeHoBU JabBpera. [logcekmua 3.1.9 pasriex ia mojipobHO OpUEHTUPAHUTE IbLPBETA.

Onpenenenune 50: BucoynHa Ha BpbX U HA KOPEHOBO AbPBO. /IbjiboynHAa HA BpbX.

Heka T e kopenoso a1bpBo ¢ KopeH . Heka u e npoussBosien BpbX B T. Bucowunama na u
e MaKCHMAaJHOTO DPa3CTOsiHHEe MeXKJy W U Koe ja e jmcto B T[u]. Bucowunama wa T e
BHCOYMHATA Ha T.

,ZZ&/L60%’LLH&7TLCL HaQ W € Pa3CTOAHUECTO ME2KIAY W U T.

Ha anrymiicku cvrorBeTHUTE TepMuHu ca height u depth. OueBumHo Bucounnarta Ha T MOXKe Jia ce
JlebrHIpa ¥ KaTO MaKCHMaJIHATA IbJI00YNHA HAa BPHX B 1. 3abejexere, Ue TEPMUHBT “HUBO B
KOPEHOBO JTbPBO”, KOWTO M3M0oJ/I3BaxMe Ha cTp. 117, o3HavaBa “MHOXKECTBOTO OT BbHPXOBETE, KOUTO
UMAaT eJIHa U CbINO JIbJI00YnHA .

Ha pasriemame kopenosute jbpBeta T/ u T” va Qurypa 2.72. B T': Bucounnara #a a e 5, BHCO-
4ynHaTa Ha b e 4, BucounHara Ha X € 3, 1 Taka HATaThbK, BucounHaTa Ha d e 0 1 BUCOUMHATa Ha Z €
0, a Bucoumnara Ha camoto 1’ e 5. B T”: Bucounnara na a e 0, Bucounnara uHa b e 1, Bucounnara
Ha X € 3, KOeTO e U BUCOUYMHAaTa Ha caMoTo 1”7, u Taka Hatarbk. B T': ababounnara Ha a e 0, Ha X
e 2, Ha d e 5, u Taka HataTbK. B T”: xbjaboumnara Ha a e 2, Ha x € 0, Ha d e 3, U Taka HATATbHK.

Omnpenenenne 51: Pa3skioHeHOCT HA KOPEHOBO JIbPBO.

Heka T e xopenoBo abpBo. Paskaonerocmma Ha T e MaKcUMaJIHUAT Opoil Jiera Ha Kol Ja

€ BPbX B J'bPBOTO.

Ha anrmiickn repmunasT e branching factor.

Ha pasriiename kopenopure gabpsera 1’ m T” ma @urypa 2.72. Paskionenocrra na T’ e 2, a
paskyionenoctTa Ha T” e 3. O4eBuHO paskiIoHeHOCTTa € cBbp3aHa ¢ A(T), Kbaero T e CbOTBETHOTO
He-KOPEHOBO JIbPBO; & MMEHHO, Pa3KJIOHEHOCTTa Ha KOPEHOBOTO bpBO e pasHa Ha A(T), ako
KODEH'bT Ha KOPEHOBOTO J'bPBO € BP'bX OT MAKCHMAJHA CTEIeH B HE-KOPEHOBOTO (TOBA € CJIydasiT
¢ T”), wim e pasua A(T) — 1, B mporuseH ciydaii (ToBa e ciydasar ¢ T').

Ha anrsmmiicku decro ce ka3Ba “k-ary tree” KaTo CMHOHUM Ha “KOPEHOBO JILPBO C Pa3KJIOHEHOCT K.
Ha 6bsrapekn e kazBame “k-waHO 1bpB0O~. OT 0COOEHO 3HAUEHWE € CIydasT, B KOWTo k = 2.
7

Omnpenenenune 52: /IBondHO ABPBO.

Zlsouuro dspeo € KOPEHOBO JIbPBO ¢ PA3KJIOHEHOCT 2.

Ha anrnumiicku TepmMunsT € binary tree.

Onpenenenune 53: IIbaHO ABPBO.

IIs210 k-uyro dsp6o € KOPEHOBO JIbPBO, B KOETO BCEKU BBHTPEIIEH BPbX UMa TOIHO K Jieria.

II3a10 d3p60 € KOPEHOBO JbPBO, KOETO € II'bJIHO K-UYIHO JILPBO 3a HIKOE K.

Ha anrymiicku Tepmunnte ca ¢cboTBeTHO full k-ary tree u full tree.

Ero npumep 3a bJIHO TPOUIHO JIHPBO.
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Hab6mionenue 24: KakBu ca cTenneHUTEe Ha BbPXOBETE B CbOTBETHOTO HEe-KOPEHOBO AbPBO

Heka T e mbjiHO KOpeHOBO k-MYIHO JIBPBO € MOBede OT enuH BpbX. Heka T’ e choTBETHOTO
My He-KOPEHOBO JIbPBO (B OUeBHIHUsI CMUCHJI). ToraBa 3a CTeleHnTe Ha BbpxoBeTe Ha T’ e
BSIPHO CJIEJTHOTO.

e Touno eaun Bpbx uMa crernen k. ToBa e BbpXbT, KOWTO € KOPEHBT B T.

e Hyna nmm noseve BbpxoBe nmar crened k + 1. ToBa ca TouHO BbpXOBETE, KOUTO Ca
BBTPEITHNA, HO Pa3/JIMIHNA OT KOpeHa, B T.

e [lone k Bbpxa ca Bucsmm. ToBa ca TouHO JimcTaTa B T.

® B’prOBe OT JApyru CTellieHrn HdAdMa.

BabesexkeTe, Ue TOBa OCTaBa B CUJIA JIOPU Korato k = 1: IbJIHOTO 1-U9IHO KOPEHOBO JTbPBO € MPOCT
II'bT, BKODEHEH B €IMHUA CU KPail.

Omnpegenenne 54: Iloapemeno abpBoO.

Ilodpedero 0sp6o € KOpeHOBO ABPBO, B KOETO JelaTa Ha BCEKH BHTPEIIEeH BPbX Ca IMOAPEIeHN
OTJISIBO HAJISICHO.

Ha anrnumiicku TepMuasT € ordered tree.

Cnennara durypa mnokassa JiBe KopeHoBu abpeeta 1’ u T”. Ako riejgame Ha TIX KaTo Ha IOIpe-
JIEHU J'bPBeTa, Te ca Pas3JIMYHU II0JpeIeHN IbPBeTa, 3al10To B T JenaTa Ha d ca IMOAPEIEHH 110
pasJinyeH Ha4YuH, OTJISBO HaJACHO, B cpaHenue ¢ T”. Ho ako riegame na T’ u T” Ha 0OMKHOBEHU
KOPEHOBH J'bPBETa, & He MOJIPEICHN JIbPBETa, Te ca €QHO M ChIIO JbPBO, 3al0TO UMAT €IHO U
CBIIO MHOXKECTBO OT BbPXOBE U JleIaTa Ha BCEKH BPbX B T’ ca TOYHO CHIUTE BLPXOBE, KOUTO Ca
HerosuTe Jiera U B 17,
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KopenoBo abpBo, nHaykTuBHa gedununusa (CiegHure omnpe/ie/eHus Ha “KOPEHOBO TbPBO”
ca exBuBasieHTHN Ha Otpejenenne 47. JlokazareacTBOTO HA TOBA OCTABa HA TUTATEIS.

Omnpenenenne 55: KopeHoBo nbpBO, IbpBa MHAYKTUBHA J1e(DUHUIINAS.

O Baza Bceeku tpusnaien rpad ({u}, &) e KOpeHOBO IIbPBO € KOPEH U, MHOYKECTBO OT
qcra {u}, paskiaonenoct 0 u Bucounna 0.

® UnaykruBHa crbnka Heka Tp = (Vi,Ey), ..., Ty = (Vi, Ex) ca kopeHoBu mbpsera,
KOHUTO JIBE 110 JIBe HIMAT 00N BbPXOBE, C KOPEHU CHLOTBETHO T1, . . ., T, MHOXKECTBA, OT JIUCTA,
cboTBeTHO W1, ..., Wy, Pa3KJIOHEHOCTH ChOTBETHO b1, ..., by U BUCOYMHU CHOTBETHO hi,

..., hy. Heka r e BpbX, KoiiTO He ce Hamupa B HuKoe or Tax. Heka B/ = {(r,1;) |1 <1< k}.
Torasa

T= <{r} o U Vi B o Ui Ei)

K
¢ KODEHOBO JbpBO € KOPeH T, MHOxecTBO or Jmcra | Ji_; Wi, pasKJIOHEHOCT
max {k, by, ..., by} u Bucounna max {hy,..., hi} + 1.

Onpenenenne 56: KopeHoBo nbpBO, BTOpa MHAYKTUBHA JAeUHUIIAS.

O Basa Bceeku Tpusnasien rpad ({u}, &) e KOpeHOBO IBPBO ¢ KOPEH U, MHOXKECTBO OT
qucta {u}, paskiaonexoct 0 u BucounHa 0.

® NuaykruBaa crbnka Heka Ty = (Vi,E;), u Ty = (Vo, Ey) ca xbpBera, KOUTO HIMAT
o0 BBHPXOBE, ¢ KOPEHU CHhOTBETHO T M T9, MHOXKECTBa OT JncTa cbhoTBeTHO Wi m W,
Pa3KJIOHEHOCTH ChOTBETHO by 1 by 1 BucodnHu cboTBeTHO hy 1 hy. Heka v € Vi, Heka v uma
f, Iella 1 HeKa JbiadbodynHaTra Ha v e t,. Torasa

T=(ViuVy,EiUE U {(v,12)})

€ KOPEHOBO JIbPBO ¢ KopeH T1. Muoxkectsoro ot jmcrata Ha T e (W1\{v}) U Ws, paskione-
HOCcTTa My € max {by, by, T, + 1}, a Bucounnara my e max {hy,t, + 1 + ho}.

Onpenenenne 57: KopeHoBO nbpBO, TpeTa MHAYKTUBHA JedUHUIIUS.

O Baza Bceeku rpusuasien rpad ({u}, &) e KOpeHOBO IbPBO € KOPEH U, MHOYKECTBO OT
qucra {u}, paskionenoct 0 u BucounHa 0.

® UnaykrtuBHa crbnka Heka T = (Vr,Et), € KOPEHOBH JabpBeTa ¢ KOPEH CHOTBETHO
T, MHOXKeCTBa OT jicra W, pask/jaoHeHOCT b u Bucounnu cborserno h. Heka zi, ..., z4 ca
BPbPXOBe, KOUTO He ca BbB V1, u Heka { € W. Torasa

D= (VT U {zl,...,zq},ET U {(2,21),---,(£,Zq>})

e KOPEHOBO JTbPBO € KOPeH T i MHOKecTBO 0T jmcta (W\{€}) U {z1,...,zq}. Paskionenocrra
Ha D e max {b, q}. Bucounnara na D e uiu h, ako abiabountuara Ha { B T e nmo-maika ot h,
nmh+1,ako { BT e h.

N3oMopdu3MbT MKy KOPEHOBHU IbPBeTa UMa eJHa 0COOEHOCT: Pa3rOBOPHO Ka3aHO, TOM TPAOBa
Ja “crbiogaBa KopeHuTe”, ocBeH BbpxoBere u pebpata. ITopamu ToBa Onupenenerue 58 ce moJry-
qaBa or Oupeaesnenne 39 ¢ IOI'bJIHUTETHO U3UCKBAHE.
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Onpenenenne 58: M3omopdu3zbM Mexk1y KOPEHOBHU IbpBeTa.

Heka T" = (V/,E/) u T” = (V”,E”) ca KOpeHOBH JIbpBeTa C KOpeHU CboTBeTHO T’ m T”.
Hzomoppusem meoncdy xoperosume dspsema T' u T” ¢ xopenu csomeemmo v/ u v” e Besika
ouexiusa ¢ : V' — V" takasa ue

Vu,ve V': (u,v) e B/ & (b(u), d(v)) e E”
d)(_r/) — 1

U raka, m30MOpGU3IBM MEXK/Iy KOPEHOBH JbPBETA € BCEKH M30MOPGMU3bM MEK/Y CHOTBETHUTE
He-KOPEHOBH JbpBeTa, KOWTO OCBEH TOBa M300pa3siBa KOPeH B KOopeH. Karo mpumep, KopeHOBUTE
JbpBeTa HAa Purypa 2.72 He ca n30MOpPdHU, BHIPEKN Y€ CHOTBETHUTE HE-KOPEHOBH IbPBETA Ca
n30MOpdHU (HEIIO MoBeYe, Te Ca eIHO U ChINO He-KOPEHOBO JIbPBO): 3abesexKere, e HUTO €J[HA
oueknust or V(T') BB V(T”), KodTO M300passaBa a (kopensbT Ha T') B x (KopeHsT Ha T”), He €
U30MOPPUIBHM.

CBoiicTBa Ha KOPEHOBUTE JbpPBETA
Teopema 24: Bpoii Ha BbpPXOBETE HA MbJIHO KOPEHOBO K-MYHO JIbPBO

BbB BesKO TIbJTHO KOPEHOBO K-MYHO JIBHPBO T € MOBeYe OT €JINH BPbX € BAPHO, 4e N = ks + 1,

K'bJIETO S € OPOAT HA BBTPEITHUTE BbPXOBE.

HokazarescrBo: [Ibpso 1mie pasriename ciaydas, B kKoiito k > 2. Jla pasriesame He-KOPEHOBOTO
abpBo T, cworBeTHO Ha T. OUeBHIHO OpOST Ha BUCAIINTE BbPXOBE Ha |’ e paBeH Ha Opos Ha
jmcrata Ha T, Toect, n — s. Cbriuacuo Jlema 12:

n—s=2+ Z (d(v) —2) // cvroacuno Habuonenue 24
vev

d(v)=3

=2+ ) (dv)-2)+ > (d(v)-2)
vev vev
d(v)=k d(v)=k+1

Ho, cbriacao Habmmogerune 24, T/ uMa TOYHO €IUH BPbX OT CTeleH K M TOYHO s — 1 Bbpxa OT
crerret k + 1. Torasa

n—-s=2+1-(k—=2)+(s—1)(k—1)=2+k—2+ks—k—s+1

Torasa n = ks + 1.

Cera ma pasriemame ciydas k = 1. ToraBa TBbpAeHHETO, KOETO J0Ka3BaMe, cTaBa N = s + 1.
Ho npu k = 1 KopeHOBOTO ABPBO € IMPOCT II'bT, BKOPEHEH B €JIMH OT KpauIaTa Ciu, 1 | mMa TOIHO
€JIHO JINCTO W TOYHO M — 1 BBLTPEIIHN BbPXOBe, Taka de s = n — 1. ToraBa TBbPJAEHUETO CTaBa
n=n-—1+ 1, KoeTo 0OYeBUIHO € BAPHO.

Tebpaennero e B cujia 1 3a . = 1, He3aBUCUMO OT ToBa gaau k > 1 wm k = 1. Akon =1, To
s =0wun=ks+ 1 citensa BeHATA. O

Ero enno secno ciencrBue or Teopema 24. Heka e jajaeHO II'bJIHO K-MYIHO KOPEHOBO JIHPBO U
paskjoHeHocTTa k > 2 e dhukcupana. Morar j1a BapupaT rmapameTrpurTe Opoii BbpxoBe N, Opoii
aucta u 6poit Hesucra. Torasa, ako dukcupame u Koii Jla € OT Te3W TPU HapaMeTbpa, TOBa
OIIpe/Iesisi HAII'bJIHO U OCTAHAJIITE JIBA.
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CieacrBue 5

Heka T e mbiiHO k-u9HO KOPEHOBO JAbPBO, KaTo k > 2. Torasa,

@ Il3paszeno B n:

n—1

¢ OpOSAT Ha BBLTPEIIHUTE BHPXOBE € o
(k—1)n+1
& a OposT Ha JIICTaTa € —

@ llzpaseno B 6post Ha BLTPENIHUTE BLPXOBE S:

e n=ks+1,

¢ a Gposar ma jmcrara e (k —1)s + 1.

® ll3pazeno B Opos Ha jucrara {:

o ke —1
k=1
0—1
+ a OposIT Ha BBTPEIIHUTE BbPXOBE € K—1

HoxkazarescTBo: /[lokazarescrBara ca ejementapuu. Bunaru Tpbreame ortam, e n = ks + 1,
KbJETO $ € OPOAT Ha BBTPEHIHUTE BbHPXOBE.

[IbpBo, n — 1 = ks, Taka 4e s = “T_l
¢ KOeTo jokazaxme @.

Coxienne @ cbiabprka OyKBaaHO N = ks + 1, OTKBJETO IbK OpPOAT Ha JIUCTATa € L — § =
(k—1)s + 1.

Heka £ o3nauaBa 6post Ha simcrara. OueBuHo, { = n—s. Toraban =k(n—€)+1 =kn—k{+1,
orkbaero kf = (k — 1)n + 1, orkbaero n = X=L Tit kato n = ks + 1 u n = { + s, BApHO e, 4e
+s=%ks+1, orkbaero { — 1 = (k— 1)s, OTKBIETO § = ==, ¢ KOETO JIOKa3axmMe .

_ k—1)n+1
, & OTTYK OpOAT Ha JIHCTaTa € N —§ = N — M = %,

k—1
-1
k—17

Coxennst @ u @ He cbabpkaT k— 1 B 3HaAMeHaTe T Ha u3pa3 u ocrasaTr Bepau u pu k = 1. Heka
k = 1, Toect, T e mpocT rbT, BKOpeHeH B eauiug cu kpait. Cbxienne @ ka3Ba, de BLTPENTHUTE
BbPXOBe ca N — 1 Ha Opoii, a jucrtara ca 1 na 6poii. Tosa e BapHO mopu npu n = 1.

Coxienne @ ka3Ba, 4e N = s + 1, a ymcrara ca 1 Ha O6poii, KOETO OYEBUJIHO € BAPHO, JOPU
npu n — 1. O

Caencreue 6 ce nmomyuasa Jiecao or CiencTBre H ciies 3aMecTBaHe Ha k ¢ 2.

CieacrBue 6

Ako T e bJIHO JBOUYHO JBbPBO, OPOST HA BBHPXOBETE ML € HEYeTHO JHCJIO, KATO OposT Ha

n n+1
BBTPEUIHUTE BbPXOBE € 5 a OpodT Ha JIUCTaTa € 5 Torasa Jmmcrara ca ¢ TOIHO
€IHO I10Be€YC OT BBLTPEIIHUTE BbHPXOBE.

Teopema 25: BposaT nHa jucrata e < k' npu k-u4Ho JAbLpBO ¢ BuUcouMHa h

Heka T e k-uuno bpBo ¢ Bucounna h. Heka { e 6poar na jmucrara. Torasa £ < k™. Anrep-
HatusHo, log, { < h.
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HokazarescrBo: [llo jmokaxkem TBbpAeHueTo ¢ uHayknus 1mo h. bazara e 3a h = 0. Ho h =0
TCTK N = 1, KOeTO 03HAa4YaBa Jla UMa eJMH €MHCTBEH BPbX, KOWTO € U KOpeH, U (eIMHCTBEHOTO)
mcro. Crestosarenno, { = 1 u nepasencrsoro crasa 1 < k%, v/

Ha nomycnem, 4e OpoaT Ha JmcTaTa € He Ho-roiagm or k" 3a Begko abpso ¢ Bucoumna h. Ho
OYEBUIHO BCAKO IbpBO D ¢ Bucoumna h + 1 ce mosrydgaBa oT HIKoe TbpBO T ¢ BucoymHna h, KaTo
K'bM TIOHE €JIHO JINCTO Ha T ¢ abiabounna h ce 700aBAT HOBH JincTa (KATO B MHYKTUBHATA CTHIIKA
na Ompegeserne 57). Hemo nosede. Bposit na smmcrara Ha D e MakCHMAJICH, KOraTO HA BCSIKO
mcto Ha T “my mopacrsar” k jmcta. T'bit kaTo ymmcraTa Ha T ca He mosede or kM, To ymcraTa Ha
D ca ne noseue or k- kM = kL, O

Babesnexere, ue Teopema 25 e BapHa JIopu B jereneparuBHus ciydaii k = 1. Torasa abpBoTo nma
TOYHO €JIHO JINCTO HE3aBUCUMO OT BucoumHara. OT apyra crpana, odesuano 1 < 1M

CJIe,IICTBI/Ie 7: Bucounnara Ha k-m9HO AbPBO € IMIOHEe JIorapUuTMMYHa B T

Heka T e k-mano abpBo ¢ Bucounua h u k > 2. Torasa h > (log, n) — 1, kato Tasu mosHA

I'paHulla € TOYHA.

JokazaresictBo: lickame ja mokazkeMm, de
h > (logyn) — 1

Ho ToBa e CbIIOTO KaTO Jda ITOKa2zKeM, Y€

n
h > log, —
08 K
Ot CneacrBue 5 3HaeM, de { = w Ot Teopema 25 3naem, ye h > log, (. Torasa
k—1 1

am e BApHO, 4e

(k—1)n+1 _n

> — 7
k

-

a, ¢bec curypHOCT, ITOHEKE

k—1)n+1
%2% o (k—1n+l=n
upu k > 2. Ho w > I Bieue log, w > logy . Or ToBa, 4e h > log, W, cIleJIBa,

ge h > log, .

A rtoBa, e monnara rpanuna (log, n) — 1 3a Bucounnara e ToUHa, ce JOKa3Ba TPUBHAJIHO: log,
HE e HeIPEMEHHO JIOJTHA IPAHUIa 38 BUCOYMHATA, TPUMEPHO 1Ipu k = 2 1 n = 14, Bucounnara e 3,
sokato log, 14 ~ 3.807354922. O

WNuTepecen e 4acTHUAT cIydail, B KONTO B I'bJIHO K-UYHO JIbPBO BCUYKH JINCTa UMAT €JIHa U C'bIIa
JIbabounHa. VHade KazaHo, BbB BCIKO HUBO t mMa TouHO k' Bbpxa, 3a 0 < t < h, kbjero h e
BHCOYHMHATA Ha IbpBOTO. TakoBa IbPBO ce HApUUa ca6spweHo k-uuno dspeo, Ha aHTIUICKE perfect
k-ary tree. 3a Bcsiko h mMa TOYHO €HO ChBBLPINEHO K-UYIHO JTHPBO, aKO JIbPBOTO € ¢ AHOHUMHU
Bbpxose. Qurypa 2.74 nokaszsa CbBbBPIICHATE JIBOUIHE IbpBeTa ¢ Bucounnu 0, 1, 2 u 3.
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®Durypa 2.74 : CbBbpIilleHU ABOUYHU IbpBETAa.

Heka unrarenar ¢gopmynupa eKBUBAJICHTHA WHIYKTUBHA JeUHUIMS HA MHOMKECTBOTO OT Chb-
BbpHICHNTEe K-UYHE IbpBeTa W JIOKarke eKBUBAJEHTHOCTTa Ha jpere jgedununun. Tyk camo 1e
oTGeJIes KM, Ye ChbBbPIICHNTe K-IMYHI JbpBeTa ce ABIBaT MAKCHMAJHUTE II'bJIHU K-N9IHU TbpBeTa,
npu puUKCHpaHa BUCOYMHA, W 34 TAX HECTPOrOTO HEPABEHCTBO B Teopema 25 cTaBa paBEHCTBO:
L= Kk"

B wacthusa ciaydait k = 2 craBa IymMa 3a CbBLPIIEHO JBOMYHO JIbPBO. BpodaT Ha jmcraTa Ha
CBHBBLPLIEHO JABOMYHO AbPBO € TouHo 2™ a n = 2"t — 1) karo BbTIpemHuTe BHLPXOBE Ca TOYHO
2" — 1, Toect, ¢ eJHO HO-MAJKO OT Opos Ha Jjmcrara. Or ToBa, 4e n = 2" — 1, Bennara umame
h = (log, (n + 1)) —1 3a cbBBPIIEHUTE TBOMYHE JbpBeTa. JIeCHO ce BUK/Ia, Ue TOBA € ChIOTO KaTo
h = [logy n| — 1. Babenexere, ue TOBa ce ABABa YacTeH Caydail Ha TBbpaenuero or Crencrsue 7.

2.11.4 IlokpuBalnu JbpBeETa

“ITokpuBaiio bpBO° € uacTeH ciaydvail Ha “noxpusai rpad”’ (Omnpegenenune 10), HO Thil KaTO
e pasriiekaMe Hail-4ecTo MOKpHUBaIu Ipadu, KOUTO ca JTbpBeTa, 3acayKaBa CH Jia HAIIPaBUM
OTJIEJTHO OIpeJiesIeHHE.

Omnpegenenne 59: IlokpuBaiio abpBO.

Heka G = (V,E) e cbpsan rpad. [oxpusawo dspso na G e Besko abpo T = (V,E'),

Kbjero E/ € E.

Ha anrsimiicku TepMuHBT € spanning tree.

Ero npumep 3a nmokpusaliino abpBo Ha rpada Ha Petersen. BbpxoBere ca aHOHUMHU.

126



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

Pasriiexxtame mokpuBany JIbpBeTa caMO B OOMKHOBeHH T'padu, BHIPEKU Y€ TOHATUETO JIECHO
MOXKe J1a ce 0DOOIM W 3a IMOKPHUBAIIK JIbpBETa Ha MYJITHUIPadU; aKo pasrjekjaame My/ITurpad
C Bb3MOXKHU TPUMKH, TO HIPUMKATE HUKOTa HE y9aCcTBAT B IOKPHBAINO JILPBO (MIOHEXKE BCSIKA
IPUMKa € IUKbJI), 8 OT BCEKH CHOII TIapaJieTHI pedpa MOXKe Jla y9acTBa Hafi-MHOTO eJ{HO pebpo, B
[POTUBEH CjIy4ail mokpusaiius rpad 0u CbIbpKaJl UK.

Teopema 26: CBbp3aHOCT 1 HaJINYNE HA MOKPUBAIIO IbPBO

Ba Bceknu rpad G = (V,E), G uma HoHEe €JHO MOKPHUBAIIO [bPBO TOraBa M CaMO TOraBa,

Korato G e cBbp3aH.

HokazaresacTtBo: Ako G mMa IOKPHUBAINO AHPBO, TO OYEBHIHO G € CBbP3aH, IMOHEXKE MEXKIY
BCEKH JIBa BbPXa B IMOKPUBAIIOTO JIbPBO UMa, II'bT, KOETO BjIeUe ChINEeCTBYBAaHE Ha II'bT MEXKLY Te3u
JBa Bbpxa U B G.

[Ile mokazkeM TBBPJAEHUETO B JApyrarta mocoka. AKo G e CBbp3aH, TO CIETHUAT aJTOPUTHM
CTPOM TOKPHUBAIIO JIbPBO Ha G.

AgropurbMm 4: IIOCTPOSIBAHE HA MOKPUBAIIIO JIHbPBO

Bxom: cebpsan rpad G = ({vi,vo,...,vn}, E).
Wzxon: Ilokpusalno abpBo Ha G.

@ Axko G Hsama 1uk/an, BbpHU G 1 Kpai.
® B nporusen ciydaii, HeKa ¢ € IPOU3BOJIEH MUKDbJI B G 1 HEKa e € IIPOU3BOJIHO pedpo OT C.

® Hamnpasu G «— G — e u nocjie oruu Ha @.

JlokazaTeIcTBOTO 3a KOPEKTHOCTTA Ha ajropuThbMa e MHOro JjecHo. [lormagamo G e cBbp3an
rpad. Cobriacao Teopema 4, u3rpuBaneTro Ha pebpPO OT MUKBJI Ha CBbp3aH Tpad ocrass rpada
CBbP3aH, TaKa e U3TPUBAHETO Ha e Ha peJl & He HapylaBa cBbp3anocTTa Ha rpada. Tpusuaano
e Jla ce TIOKaxKe 110 WHIYKIINs, Y€ IIPU BCAKO jjocturane Ha pej @ rpadbT e cBbp3aH.

OueBHIHO €, e MHOZKECTBOTO OT BbpXOBeTe Ha rpada He ce IPOMEHs [P U3TPpUBaHe Ha pedpa.
Cren ToBa 3abessi3BaMe, de OpOsT Ha MUKJ/INTE B IbpBOHAYAHESA rpad G e KpaeH, a cjie BCIKO
MUHaBaHe Ipe3 TAI0TO Ha IUKbJIa Ha aJrOPUThMa | 6poaT Ha IMUKIUTe HaMAaJlsgBa II0He C eIMHUIA,
Taka e, paHo WM K'bCHO, IIPU JOCTUTaHeTO Ha pei @ rpadbT I € aluK/JIndeH i aJTOPUTbMbT II1e
ro BbpHe u Tepmunupa. CjienoBaTesiHo, aaropuTbMbT BPbIIa rpad, KONTO € CBbp3aH, alluKJInIeH
1 YHUTO BBPXOBE Ca CHIIUTE KATO Ha I'bPBOHAYAJHES I'pad, Taka Ue pe3yaTaTbT € IMOKPUBAIILO
JIbPBO Ha IMbPBOHAYAHUS Tpad. O

KakbB e MmakcuMasiHuUAT Opoii Ha nmokpuBamure JbpBera? Heka G e cebpsan rpad. Ot
Teopema 26 3HaeMm, ye G mMa IOHE €JIHO HMOKPHUBAIIO JbpBo. HO KOJIKO TOYHO ca MOKpHUBAIIUTE
abpeera Ha G? Heka k(G) e Gposar Ha mMeHyBaHUTEe HOKpPHUBAIY JbpBeTa Ha G. 3abesexkere, de
cTaBa JlyMa 3a UMEHYBaHU MIOKPUBAIIN IbPBETa, a He 33 MOKPHUBAIIN IbPBETA ¢ aHOHUMHY BbPXOBE
(mpuromuere cu [ogcexmnus 2.8.2). Karo npumep ja pasriegame rpada va @urypa 2.75. Toit uma
TOYHO 24 MOKPUBAIIK JIbPBETa, MOKA3aHU 10| HETO.

THa 6barapckn mMa OIIACHOCT OT JBYCMEC/IHE B TOBA U3PEUCHIE 3apai yIoTpebaTa Ha “IIMKLT’ B BA HAIIBIHO
Pa3IMIHE CMUCHJIA — UKD B rpada U IUKbJ B aaropurbma, padborerr Bbpxy rpada. Ha anrmuiicku Tepmunnte
ca cphorBeTHO “cycle” m “loop”, Taka Ue JByCMHC/IHE HE MOXKE Jia UMa.
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®Purypa 2.75 : I'pad u HeroBuTe MOKpUBAIUA AbPBETA.

2 5
1 4
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2 5
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OueBnao K(G) = 1 TeTK G e AbpBO; B TO3M CIydaii, rpadbT CbBIAIA ¢ €INHCTBEHOTO CH ITOKPHU-
BAIIO IbPBO, IIOHEXKE CAMUSIT TOi e AbpBO. AKO 3amodHeM J1a g1o0aBsiMe pedbpa KbM IbPBOTO G, 110
TO3U HAYWH Cb3/aBAWKK ITUKJIA, OPOAT Ha MOKPHUBAIIUTE IbpBeTa pacte cTpemuTe/no. [Ipumepno,
rpadbT Ha Purypa 2.75 uma 4 nuKbIa 1 24 MOKpUBAIIK JIbpBeTa. JlecHo ce BuxXK1a, e npu (puk-
CHPAHO MHOXKECTBO OT BBHPXOBe Ha G U BB3MOXKHOCT Ja ce JobaBdaT pebpa, k(G) e MakcuMmaJHO
TcTK G e mwbiieH rpad, 3aIoTo, KOJIKOTO moBede pedpa mMma, TOJKOBA MOBEYE BH3MOKHOCTH MMAa
3a pa3JInYHM TOKPUBAIIN IHPBETA.

[TbanusT rpad Ha N BbpXa UMa TOYHO N2 MOKpHUBallK JbpBeTa. To31 pe3y/ITar e H3BecTeH KaTo
popmyaa na Cayley. 1 Taxa, 1 < k(G) < ™2, KaToO TE3U PAHUNM Ca TOTHH.

Nwma nocra HaunHM 3a u3BexKjgaHe Ha ¢opmynata Ha Cayley. Cakarn Haii-iecnudar e upe3 Teope-
Ma 27, KOSITO MMa aJrOPUTMUYHO JoKasareacTBo. B Jombinenne 17 uMma JaBe APYru U3BEXKIAHNS
na ¢opmynara va Cayley (Teopema 29 u Teopema 32).

Teopema 27: ®opmyia Ha Cayley, nokazarescTBo ¢ KomoBe Ha Priifer

n=2 33 BcgKo N = 2.

BpOHT Ha MMEHYBaHUTE JbpPpBETa Ha 1L BbpXa € T
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HoxkazarenactBo: CiieIHOTO J0KA3aTEICTBO JIbJIKUM Ha MarTeMariika Heinz Priifer [50], koiito
OTKpUBa OHEKINs MexKJy JbpBeTaTa HAa M BbpXa U PEJUIMTEe ¢ IbKUHA N — 2 Hax {1,...,n}.
ToBa e naTEpECHO MPUJIOKEHNE HA KOMOMHATOPHUS IIPUHIIUII Ha OMEKIINATa, IIOHEXKe ThpBeTaTa ce
OpOSAT TPYJIHO, aKO pabOTUM OT 00NN ChOOPAXKEHUsI, & PEIUITUTE ce OPOAT MU3KIIOUUTETHO JIECHO.
JlokazaTeJCTBOTO € aJI'OPUTMUYHO: KOHCTPYHUPaA CE aJI'OPUTHM, KOWTO IO JIaJIEHO JIbPBO T'€HEPU-
pa peauria. IlooTnenmHo ce jgoka3sa, e (pyHKIUATA, KOATO peau3upa ajJropuTbMbT, € WHEKITHS
(pasymaHu JbpBeTa MOPAXKIAT PA3IUIHNA PEJIUIM) U CIOPeKIHs (BCsKa pejuia e obpas Ha HAKOe
1bpBo). OT TOBa CJe/[Ba ChINECTBYBAHETO Ha YKeJlaHaTa OUEKIUs.

Bubupocuute penuiu ca usBectHu Karo xodose wa Priifer, na anrmiicku Priifer codes, monexe
BCEKH OT TAX KOJUpa OMEKTUBHO HSKOE JIbPBO.

[Tle urnopupame ciydas n = 1, Bbupekn 4e, (popMaJsIHO IOIJIeIHATO, OT e/Ha cTpaHa 1172 =
17! =1, a or gpyra crpaHa UMa TOYHO €JHO 'bPBO ¢ ejuH BpbX. Heka n > 2.

IIbpBa "acT Ha JOKA3aTEJICTBOTO: F€HepUpaHe Ha KOJ OT JAbpPBO AKO a e peaumna OT
qnciaa U b e uncio, To “a,b” o3HayaBa pemmiiaTa a ¢ OIle eIUuH eJeMeHT, a UMeHHO b, “3ajemnen”
Hakpas. “( )” 0o3HauaBa npasHaTa peJuIa.

Agropurbm 5: Koa HA PRUFER OT ObPBO

Bxom: mbpeo T = ({1,2,...,n},E), kato n > 2.
Wsxon: Koabr Ha Priifer na T.

Ow—{)
® Axo |E| = 1, kpaii. Bbpau w.

® B nporusen ciydaii, HeKa W € BUCANIUAT BPbX Ha | ¢ Hali-MaJIKa CTOHHOCT.
@® Hexka v e cbecenbT Ha U B T.
Q@w<—w,v.
® Ustpmit wor T u uan ua A.

BabesiekeTe, Ue BbPXbT, KOHTO ce “3ammcBa’ B Kojla, HE € U3TPUTHUAT W, a HETOBUAT €JIMHCTBEH
cbece v.

[Te mokaxkeM KOpeKTHOCTTa Ha ajropurTbMma. IIbpBo ja ce ybemum, de onepanuute My ca ji00pe
JiecbuHUpaHN.

e Axo m3mbiaHenumeTo e Ha pex @, T mma moBede or JBa Bbpxa U, cbiviacHo Jlema 8, T nma
[IOHE JIBA BUCSIIN BbPXa; €pro, u e jgoope jgedpunupan. [[lom u e Bucsi, Toit mma TOYHO €/11H
cbeell, Taka de u v Ha pex @ e mobpe meduHIpaH.

e Pesynrarsbr or m3TpuBaHeTO Ha BHUCHIIUS BPBX U OT AbpBoTO T (pex @) e irbpBo, Taka ue
IIPU CJIEJIBAIIOTO JocTUTane Ha pes @, T nak e JbpBo.

Ha orbenexum jasa dakra. Heka T o3Ha9aBa IbPBOHAYAIHOTO (BXOJHOTO) JIbPBO.

®akrl Beekn Bpbx x Ha T ce mosiBsBa d(x) — 1 wbTu B KOzma-usxoja. B dgacTHOCT, BHCAIIATE
BbPXOBE He Ce MOsABsBaT U300110 (Hy/1a IbTH).

PakT2 Cie IbpBOTO U3IIbJIHEHNE Ha @, BPbX U Ce OKa3Ba M3TPUT, a B HAYAJIOTO Ha KOIA CE
OSIBSIBA, MAEHTH(DUKATOPHT Ha HETOBUS ChCEJ V M TOI ocTaBa TaMm 0 Kpas. OcraHajiara JacT OT
KOJIa-M3X0/], € KOJabT Ha T — .
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dakTl e oueBnmen. Ako PaKT2 He e OUYEBHJICH, Jla ChOOpPA3WM, de BbPXOBETe Ha | — W He ca
{1,...,n}, a nonmuO)KecTBO Ha {1,...,n}, KoeTo B obImus caydail cbabpKa “mynka’ (aynkara e
u3TpuTuaT ). ToBa, 4e MHOXKECTBOTO OT BbPXOBeTe Ha T—U He ¢e ChCTOU CaMo OT MOCJIeI0BATETHI
€CTeCTBEHN YHUCJIa, HIMAa HUKAKBO 3HAUYEHHE. 3a KOHCTPYMPAHETO Ha KOJa HIMa 3HaYeHHe TaJii
BBHPXOBETE Ca [MOCJIC/IOBATETHU €CTECTBEHU YUC/IA WM He; BAXKHOTO € Jia Ca JIBE 110 JIBE PA3/JIUIHU U
TOraBa MUHUMAJTHUAT BUCAI BPbX, KOUTO € C/IeBaIUAT BPbX 32 U3TPUBAHE, € J00pe e uHIPaH.

[Ie mokazkeM 110 MHYKITHA 110 OPOS Ha BHPXOBETE L BbB BXOHOTO JIHLPBO, Y€ aJITOPUTHLM BT BP'bIIa
pPa3/IMIHN KOJOBe 3a pa3aundHu Jbpiera. Obatde aJropuTbMbT, KOWTO ONUCAXMe, He € PEKypCH-
BEH, a € UTepaThBeH, a MHYKIUs 110 ToJIeMuHaTa Ha BXoja (6posi Ha BbPXOBETE) He e TOJXOJIsIIIa
TeXHUKa 3a WUTEePATUBHU aJropuT™mu. VHIyKIusTa € MOJX0/IdINa TeXHUKa 3a J0Ka3BaHe Ha KO-
PEKTHOCTTA HA PEKYPCHUBHHU AJTOPUTMU. 3a @ 10J3BaMe MHJIYKIUs [0 TOJIEMUHATA Ha BXOJA,
MOIUMUITTPAME aJITOPUTHMa B PEKYPCUBEH TaKa:

Anropurbm 6: Koag HA PRUFER OT IbPBO, PEKYPCUBEH

Bxox: abpeo T = (V,E), |[E| = 1, V< N*.
Usxon: Koabr na Prifer ma T.

O Axo |E| = 1, BbpHu { ) u Kpai.

® B nporuBeH ciaydaii, HeKa W € BUCIIIUAT BPbX Ha | ¢ Hail-MaJiKa CTOWHOCT.
@® Hexka v e cbceabT Ha U B T.
@ UsBukait anropurbma BbpXy T — u. Heka BbpHATHAT KO € W.
® BbpHu v, w u Kpaii.

Jlema 13: HeKTUBHOCTTA Ha reHepupaHeTo Ha Kox Ha Priifer

3a BcekHu JiBe pas3UMIHU JbpBeTa 1, Ty BbPXY €IHO U CbIINO MHOXKECTBO OT BbpXoBe V,
asiropuTbMbT KO HA PRUFER OT JIbPBO, PEKYPCUBEH BpbIlla pa3/niHA KOJIOBE.

Hokazaresnctsoro Ha Jlema 13 e mo unaykius mo n. Bazara e n = 2. Ha npbB noryes, gokasa-
TEJICTBOTO Ce TyINHU 3apaJii TOBA, Ue IPU N = 2, aJTOPUTHMBT BPbINA 3abJZKATETHO { ) U HUIIO
npyro. Ha Bropu morsesr obade, mpobsem ¢ jtokaszarescTBoTo HaMa! TBbpeHneTo e, 9e 3a BCeKn
JIBe PA3JIMYHU TbPBETa HAJI €/IHO U C'HIIO0 MHOXKECTBO BbPXOBE, BbPHATUTE KOJOBE Ca PA3JIMIHU.
Ho, ako MHOXKECTBOTO OT BBHPXOBE € JIBYEJIEMEHTHO, TO JbPBOTO HAJl HErO € €JIHO €JIUHCTBEHO,
epro He ChINECTBYBAT JBE PA3JIUIHM JbpBETa HAJ[ HEro, TakKa Ye TBbPJEHUETO € 3a eJeMEHT Ha
[PA3HOTO MHOKECTBO (/IBOIKA pas3JIMYHU JIbpBeTa € ¢IuH 00eKT). A Hue 3HaeM, de Vx : P(x) e
WNCTUHA BUHATU, KOTATO ITPOMEHJ/INBATA X B3e€Ma CTONHOCTH OT MPA3HOTO MHOMKECTBO, HE3ABUCHMO
KaKbB € IpeankaThbT. Taka de Oasara “uzmmsa’. v/

Jla momycHeM, de TBBLPJCHUETO € BAPHO 3a HAKAKBO N > 2. PasriexkjaMe JiBe pa3jindHu IbpBeTa
Ti, To HAJL €JIHO U CHIO MHOXKECTBO BbpxoBe V, Karo |V| =n + 1.

e Jla momycHeM, Y€ MUHUMAJHUAAT BUCAI] BPBX B T1 e X, B Ta e y, 1 x £ y. BOO, neka x < y.
Torapa x He e Bucsin BpbX B Tr 1, chriacio PakTl, x ce npuchcTrBa B KojJa Ha Ty, HO HIMa,
Jla IpUCHCTBa B Kojia Ha 1. Epro, komgoere Ha Ty u Ty ce pazindaBar.

e Jla momycuem, e Ty u To UMaT €IMH U CHIMU MUHUMAJIECH BUCSI BPbX X, HO CbCEJIUTE Ha X
ca paznuunu B Iy u Ty. Ho xomosere na T; u Ty 3amouBaT ¢be cbeelia Ha X. Torasa Te ce
pasmiaBaT Mak.
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e Jla nmomycuem, e Ty u Ty mMaT eJUH U CbIMU MUHHUMAJEH BUCAIL BPbX X U CbCEIbT HA X B
T, u Ty e equn u cbmu. B To3u ciydait KomoBere Ha T) n Ty 3aI109BAT € €MH U CHIA BPbHX.
Ho T — x u T, — x TpsibBa ga ca pas3judHu JTbpBeTa, HHaK I u To Ouxa OWIN €IHO U ChIIO
abpBo. lom T — x u Ty — x ca pa3juyHM U UMAT 110 N BbpPXa BCEKU, TO KOJIOBETE UM Ca
pPa3JIMYHUA CHIVIACHO WHJIYKTHUBHOTO Tpemo/oxkenue. Kpro, usxoaure v, w na pejg @ 3a Ty u
Ty ce pazmyaaBar. O

CiuencrBue 8

Anropursmbr KO HA PRUFER OT J'bPBO peam3upa MWHEKIIHS.

Ero npumep 3a paborara Ha ajropurTbma. IbpBOTO € IBbPBOTO OT IOKPUBAIIUTE IbpBETa OT
Qurypa 2.75. B camoTo HavaJio, W € Ipa3eH.

2 3 w={)

Bucanmmre Bbpxose ca 2, 5 n 6. MunuMaaauaT sucant Bpbx! e 2. Herosuar cbees e 1. Sanmcsame
1 B w 1 ustpuBame 2 ot abpBOTO. /I'bPBOTO M KOABT CTaBaT TaKUBA.

w= (1)

Bucsiiure Bbpxose ca 1, 5 u 6. MunnmaaausaT Bucsair BpbX e 1. HeroBusar cbeen e 3. 3anmcBame
3 B W u u3rpuBame 1 oT J1bpBOTO. /IbpPBOTO M KOIBT CTaBAT TaKWBA.

TB’])pXOBeTe Ca 9HucCJjia, TaKa 49€¢ UMa CMUCHJI JJa 'OBOPUM 3a MUHUMAJIEH BPbX.
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w={1,3)

w
D

Bucsmure Bbpxose ca 3, 5 u 6. Munnmaauar Bucsin BpbX e 3. HeroBusar cbees e 4. 3anmncBamve
4 B W U u3TpuBamMe 3 oT IbpBOTO. I'bpBOTO U KOIBLT CTaBAT TAKWUBA.

w={(1,3,4)

Bucamure Bbpxose ca b u 6. MunnmanausaT Bucai: BpbX e 5. Heropusar cbeen e 4. SanucBame 4
B W U M3TPUBaMe d OT JIbPBOTO. IBbPBOTO U KOIBT CTaBAT TaKUBA.

w={1,3,4,4)

V3rbaHenneTo 0THOBO € Ha pel @, Ho cera Bede pebpoTo € caMo eIHO U aIrOPUThMBT TEPMUHUPA,
spbimaiiku (1,3,4,4). U raka, (1,3,4,4) e KorbT Ha JHPBOTO OT BXOJa. BbB BTOpaTa 4JacT Ha
JIOKA3aTeJICTBOTO IIE BUIUM AJOPUTHM, KOHTO OT KOJ CTPOU CHOTBETHOTO ALPBO, U B 9aCTHOCT
OT TO3M KOJ, IOCTPOABA UMEHHO JHLPBOTO, ¢ KOETO 3alI0YHAXME.
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Bropa yact Ha gJoKa3aTeJICTBOTO: reHepupaHe Ha JIbPBO OT KO/
Jlema 14: CropeKTUBHOCTTa Ha reHepupaHeTo Ha koa Ha Priifer

Ba Begko n = 2, 3a Bceku Koj C, KoiiTo e peauna ¢ jabikuda n— 2 #Hag {1,...,n}, ¢b-

mecTByBa AbPBO T ¢ BbpxoBe {1,...,n}, takoBa ue KO HA PRUFER OT I'bPBO Bbpxy T
Bpbia C.

JlokazarencTBoTo Ha Jlema 14 e o unayKiusg o n. baszara e n = 2. Haucruna, uma eJ1uH eIuHC-
TBEH KOJI, & UMEHHO Tipa3HaTa peura ), ¢ abmkuHa 2 — 2 = 0. Or npyra cTpana, ajJropuTbMbT
[IPU BXOJL IbPBO ¢ BbpxoBe {1, 2} Bpbia uMeHHO { ), TaKa 9e JbPBO € KEJIAHOTO CBOUCTBO MMa. v/

Ha nomycueM, de TBBHPIEHUETO € BIPHO 3a HAKakBO N = 2. Pasrmexmame mpoussosen ko C ¢
abkuaa n— 1 Hag {1,... ,n+ 1}. CbruacHo npunnuna va Dirichlet, nowe egno wuciio or {1,.. .,
n+ 1} me ce cpema B C. Heka k e Munnmasinoro unciio, koeto He ce cpenia B C. Heka C’ e kombr,
KofiTo ce obpasysa or C upe3 m3rTpuBaHe Ha I'bpBHs ejgeMeHT. Torasa C’ e pejuna ¢ JIbJKUHA
n—2 max {1,...,n+ 1}\{k}. CbrracHo MHIYKTUBHOTO HPEIIOIOKEHNE, CHIIECTBYBa IbPBO T’
¢ MHOKecTBO oT Bbpxose {1,...,n + 1}\{k}, takosa, ue C’ e uzxoxabr Ha KO/ HA PRUFER OT
JIbPBO BBPXY T.

Kinowosoro mnabsmonenue e, 4e, cbriacao Pakr2, KOa HA PRUFER OT JAbHPBO BbpXy T
BpbIIa KoJla, 3arno4usail ¢ k u npoabizkasaiy ¢ C'. Ho Tosa e rouno C. Epro, uma abpBo, BbpXy
KOETO aJITOpUTHbMBbT Bpbina C. 0O

CieacrBue 9

Anropurbmbr KOJT HA PRUFER OT IbPBO peau3upa CIOPEKITUS.

Tosa e m xpag Ha joKazaTencTBOTO Ha Teopema 27. 0O

Jlema 14 mojckasBa Kak Jia IOCTPOMM IbPBO OT KoOJ. ETo mirrocTpaliusi Ha padoraTa Ha TO3U
anmropurbM. Heka xomabr e (1,3,4,4), KOHTO KOJ Bede ce MOsIBU B IPUMEPA 3a ajllOPUTbMa B
obparaara nocoka. Illom mbmkuaara e 4, To MHOXKeCcTBOTO OT Bbpxosere e {1,2,3,4,5 6}. U
Taka, e MeHepupaMe YHUKAJTHOTO JTbPBO T ¢ MHOXKECTBO OT BbpxoBe {1,2,3,4,5,6}, qumiito KoJ
e (1,3,4,4). Munnmasaaoro gucyo or {1,2,3,4,5 6}, xoero He ce cpema B {1,3,4,4), e 2. Koabr
cJiesl M3TpUBaHe Ha hpBus ejement e (3,4,4). U raka, (3,4,4) e KoabT Ha HAKOe JIbPBO T’ HaJ
{1,2,3,4,5,6}\{2}, Toecr, max {1,3,4,5,6}.

Pasruexiame koga (3,4,4) Ha bpBO ¢ MHOXKeCTBO 0T Bbpxose {1,3,4,5,6}. Munumasnoro 1uciio
or {1,3,4,5,6}, Koero He ce cpela B Koja, € 1, a KOIbT cJieji H3TPUBAHETO HA IIbPBHUs €JIEMEHT €
{4,4). U raka, (4,4) e kombT Ha HsAKoe ;abpBO T” Hag {1,2,3,4,5,6}\{1,2}, roecr, nax {3,4,5,6}.

Pasriexkname koga (4,4) Ha JbPBO ¢ MHOXKECTBO OT BbpxoBe {3,4,5,6}. MUHUMAIHOTO YnC/IO OT
{3,4,5,6}, kKoeTo He ce cpera, € 3, a KOIBT CJIeJl U3TPUBAHETO Ha IbpBHs esemenT e (4). 1 taxa,
{4) e xobr Ha HaKoe abPBO T” nHag {1,2,3,4,5,6}\{1,2,3}, Toecr, naz {4,5,6}.

Pasriexxname koja (4) Ha ABPBO ¢ MHOXKECTBO OT Bbpxose {4,5,6}. MUHMMAIHOTO YUCIO OT
{4,5,6}, KoeTo He ce cpela, e b, a KOAbT CJIej] M3TpUBaHeTo Ha bpsus eaement e { ). U Taka, ()
e KoabT Ha Hakoe abpBo T"” wan {1,2,3,4,5,6}\{1,2, 3,5}, Toect, Haz {4,6}.

Pasriexkname koma { ) Ha JTbPBO ¢ MHOXKeCTBO 0T Bbpxose {4,6}. ToBa e crnmpaukara Ha peKyp-
cusiTa, TaKa de JUPEKTHO rnocrposgsame T7:
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T m

Torasa T"” ce noayuasa ot T” upes jobassite Ha BpbX 5 u pebporo (4,5):

T "

Torasa T” ce mosygasa or T” upe3 gobaBsiHe Ha BpbX 3 U pebporo (3,4):

T//

w
D

Torasa T’ ce nmosyuaBa ot T” upes jobaBsite Ha BpbX 1 u pebporo (1,3):
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(S8

T/

Torasa T ce mosyuaBa or T’ upe3 mobassine Ha BpbX 2 u pebporo (1,2):

Honbaunenune 17: Ipyru usBexkjganusi Ha ¢popmyiiata Ha Cayley

II'bpBu HaumH Dbpoar na nokpusamure ibpeTa Ha Ipad € paBeH Ha JIeTepMUHAHTATA
Ha €JIHa MAaTPHIlA, KOITO XapakTepu3upa rpada. PesynrarsT e B cua 10pu 3a MyaITHTpa-
dbu (masmanero Ha npuMKH e 6e3 3HaUeHHe 3a MOKpuUBaIuTe Jbpsera). To3u HeTpUBHATIEH
pesysITaT € JacT oT ajredpuyuHaTa Teopud Ha rpadure U e OTKpUT oiie mpe3 19 Bek or Be-
ks dusuk Gustav Kirchhoff. Pesyararst npuchbersa UMILTMIUTHO B HEroBa craTus |38|
(mpeBot va anrsmiicku uma B [37]). [Toxpobuo mscrensane wa paborara na Kirchhoff nma B
[36]. 3a mompobro mokazarescTBo Ha pesynarara Ha Kirchhoff Buxkre [56, raasa 9, crp. 135].

Omnpegenenne 60: Marpuiia Ha Laplace Ha rpad

Heka G = ({1,...,n},E) e rpad. Mampuyama na Laplace na rpad G e kBajparHa,
n X M, cuMeTpuYHa Marpuiia L, KbjeTo

d(i), akoi=j,
Lijl={ -1, axoi+ju(ij)eE,

0, B IIPOTUBEH CJIydvail

Teopema 28 e ot [56, 9.8 Theorem, ctp. 141].
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Teopema 28: The Matrix-Tree Theorem (3a 6posi Ha TOKpUBAIIUTE HbPBETA)

Hexka G e rpad 6e3 npumku ¢ marpuiia Ha Laplace L. Heka Ly o3ravtaBa L ¢ mocieaamst
peJl 1 KoJoHa M3TPUTH (MJd, 10-06I10 Ka3aHo, ¢ i-Us PeJl U KOJIOHA M3TPUTH, 3a KOe
na e i). Torasa

det(Ly) = «(G)

Karo nmpumep na cu npurniomanm rpada ot @urypa 2.75, KOiTO, KaKTO ce yoeamxme, uMa
TOYHO 24 MOKPUBAIIK JTHPBETA.

Marpunara na Laplace 3a To3u rpad e
[2 -1 -1 0 0 0]
-1 3 -1 -1 0 0
-1 -1 3 -1 0 O
0O -1 -1 4 -1 -1
o o0 0 -1 2 -1
o o0 0 -1 -1 2

Coriacao Teopema 28, 6posIT Ha MOKPUBAIINATE 'O IbPBETA € TOUHO 24:
2 -1 -1 0 0
-1 3 -1 -1 0
K(G)=det|-1 -1 3 -1 0 |=24
0 -1 -1 4 -1
o o0 0 -1 2

Caencreue or Teopema 28 e ciearoro (|56, Corollary 9.10-b, crp. 142]) TBbpenue.

CiuencrBue 10: BposT Ha MOKpUBAIIUTE AbPBETA U COOCTBEHUTE CT-CTU HA MATP.

Ha CbCeACTBO

Hexka G e cBbpsan, d-perymisipen, rpad 6e3 mpuMku ¢ MaTrpuiia Ha cbeeactBo A. Heka
CcOOCTBEHUTE CTOMHOCTU Ha MATPHUIATa HA CbCEJICTBO A ca A1, ..., An_1, An, KaTo
An = d. Torasa

(d—=A)(d—A2) - (d—An1)

K(G) =
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Caemroro Habmonenne e ot |56, Proposition 1.5, cTp. 4.

Hab6aoaenue 25: CobcTB. CTOITHOCTI Ha MaTpP. HA ChCEACTBO Ha II'bJIHUA rpad

CobcTBeHnTe CTOMHOCTA HAa MaTPHUIlATa Ha ChCEJICTBO 3a IbJHuA rpad K, ca tesu:
e —1 cxkparHoctn—1u

e n — 1 ¢ kparnoct 1.

Ot Cnencrsue 10 u Habuonenue 25 Bennara ciejsa dhopmysnara na Cayley.

Teopema 29: @opmysa Ha Cayley, aaredbpuyHo moKa3aTeJICTBO

BpOHT Ha IIOKpHUBallUTE AbPBETa Ha UMEHYBaH Kn €

m-1-())n-1-(=1))---(n-1-(=1))

n

K(Kn) =

Bropu naunua Teopema 30 e ot [2, cTp. 204].

Teopema 30: BposAiT Ha MMeHyBaHWTE TOPW MO OTH. HA (PUMKCHUPAHO IIOJAM-BO OT
BbPXOBe€

Pasriexkame MHOXKecTBO OT BbhpxoBe V = {1,...,n}. @ukcupame mpousBoJHO K-
esJleMeHTHO noamuoxkecTBo A Ha V. Torasa OpodaT Ha nmMeHyBaHuTe ropu Hamd V, Che-
TOSIIIIN Ce OT TOYHO K J'bpBeTa, KATO BCEKM BPbX OT A € B PasudHO JbLPBO, €:

Z?:_Ok (n;k)Tn,17k,1+i, akon >k > 1
Tax =10, akon>=>1uk=0 (2.14)
1 akon=0u k=0

[IbpBo ma Bugum npumep. Hekan =4, k =2 u A = {1,2}.
1 2 1 2 1 2 1 2 1 2 1 2 1 2 1 2
SNSRI O 1 S S
4 3 4 3 4 3 4 3 4 3 4 3 4 3 4 3

Buxna ce, ge Tyo = 8.

JlokazarescrBo: Hauamnurte yciioBus ca oueBujnu. Ille jokakem pekypcuBHaTa 1dacT
ot dopmynara. OueBUIHO HsIMa 3HATEHHE TOTHO KOU BBHPXOBE ca B A; 3HaUYeHHE NMa CaMo
kapjuragHocrra Ha A. BOO, meka A = {1,... k}. ®ukrcupame mpousBojeH BpbX OT A.
Hexka ToBa e Bpbx 1. UnmekcHaTa mpoMeHInBa i UMa CMUCHJI Ha Opost ChceauTe Ha BPDHX 1.
Te moxke na caor 0 jon —1— (k—1) =n —k, KoeTo /1aBa 1 IPAHUIATE HA CyMUPAHETO B
(2.14).

NszTpuBame Bpbx 1 u nmosmydasame ropa ¢ n — 1 Bbpxa u ¢ Touno k — 1 4+ 1 bpBeTta, 3aIoTo
€JIHO JIbPBO M3Y€3Ba, a Ce IMOABdABAT 1 HOBU JbpBeTa. Pasymanure ropu ¢ n — 1 Bbpxa u
k —1+1 xbpBera ca Th_1k_1+i. Bpbmame Bpbx 1, KaTo TpabBa Jla TO HAIIPABUM CbCel Ha
TOYHO i Bbpxa m3Mex 1y Bbpxosere ot V\A. Ho |V\A| = n — k, cieioBaresiHo nMa TOYHO

137



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

("7*) mauuna 1a nzbepeM chceuTe Ha BbpHATHA BpbX 1. Begko cebpspane Ha BpbX 1 ¢
1 BbpXa M3MEXK/Iy BbpPXOBeTe Ha HAKOsI ropa (001mo Tn_1 k—14i TOPH) JaBa PA3InTIHA TOPA,
KOETO JI0Ka3Ba U BepHOCTTa Ha (2.14).

Tosa, 1e T, , = 1 crensa or (2.14). O

Pesyararst e ot [2, cTp. 204].

Teopema 31: ITak 3a 6posi Ha UMEHYBaHUTE TOPU II0 OTH. HA (PUKCUPAHO MOAM-BO
OT BbPXOBe

HoxkazarescrBo: C unmykius 1o (2.14). Bazosure ciiyqaun > 1,k =0un =k =0 ca
OYEBUJIHU.
B unayKTHBHATA CTBIIKA MMaMe:

Tox = Z_] (Tl k) I 2 (n : k) (k=1 +1)(n — 1)n=1-(e-1+D)-1
- ) (“i_k) (k= 1+1)(n— 1)kt

0<isn—k

) Z (n—k—n(:l]ik—i))(k_ 14+ (n—k—1)(n—1)rk-(n-k=-1

0<n—k—is<n—k

Teopema 32: @opmysa Ha Cayley, KOMOMHATOPHO JTOKA3aTEJICTBO

B xonrekcra na Teopema 30, T, ; odueBujHO e OposAT Ha JbpBerara Hajg V. Cropen

Teopema 31, T,, 1 = In™" 17! = n"~2, Torasa Gpogar Ha rbpBerara e N2,
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2.12 MHuorocBbp3aHoCT Ha rpadpu
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2.13 IlmamapHocT Ha rpadu

U3moxkennero Ha MaTepuasa B Ta3u CEKIHs ¢ OJIU3KO /10 U3JI0KeHnero B [27.

B rasm cexmug me pasriexkaMe KaKTO OOMKHOBeHH Tpadu, Taka u MyJaThrpadu, HO BHHArH
cebp3anu. Hanmuuero Ha mapasiesHu pebpa U NPUMKH HeMa 3HaYEHHUE 33 IIJIAHAPHOCTTA, TaKa
e B kiodoBaTta Teopema na Kuratowski (Teopema 45)—He0OXOINMOTO U JOCTATHIHO YCIOBUE
rpad Ja e mraHapeH—rpaduTe, KOUTO Ie pasriexgame, me ca obukaoBenn. OT npyra crpaHa,
OitnepoBara xapakTepusanus Ha mwianapunte rpadu (Teopema 33) e B custa 3a Mmysnrurpadu, a He
caMo 3a OOMKHOBEHH rpadu, Taka e TaM Ie pasriekaame mynrurpadu. IIpean na npeacrasum
HAKAK'bB Pe3y/ITaT e yTOuHsSBaMe Jaju rpadure ca 0OMKHOBEHU MU MyJITArPadu.

Ot apyra crpaHa, IMa CMHCBJI J1a Pa3lJIeXK1aMe caMo CBbpP3aHu rpadu, HE3aBUCUMO JAaJIH ca
OOMKHOBEHHM WJIM MYJITUTpadu, 3aI0TO, aKO CBbp3aHUTE KOMIIOHEHTHU Ca IOBeYe OT eHa, TO Te
MOrarT Jia ce pas3ryekaaT eJHa ciel apyra. Hemo noseue, HaAKon or pe3ynrarure Karo OitrepoBara
xapakrepusanus Ha rianapaure rpadu (Teopema 33) He ca B custa npu mopede or eJ[Ha CBbP3aHU
koMIoHeHTH. V] Taka, pasriekgame caMo cBbp3aHu I'padu wim MyaTurpadu, oCBeH ako U3PUIHO
He KazKeM JIPyTo.

2.13.1 Omnpeneienue

B Iogcexnus 2.13.1 pasriexkjaMe HEOPUEHTUPAHU MYJITUTDADH.

[TogaepraBame, de ceHOTO olpejieieHue jeuHupa reomerpuder odbekT. To moa3Ba moHaTH-
ATa NPOCMG 0MBOPERA KPUBA U npocma 3ameopena kpusa. OOUKHOBEHO B y4deOHUIMTE 110 rpadu
IJIaHAPHUTE pedpa ca camMo OTBOpeHH KpuBH. TyK BbBeKIaMe U 3aTBOPEHU KPUBU, 3aIOTO JIOITYC-
Kame MyarurpaduTe jga uMaT IPUMKH. AKO He JoIycKaMe IPUMKH, HIMa IPUYUHA J1a JOIIyCKaMe
IJIAHAPHU pedpa-—3aTBOPEHN KPUBHU.

[IpocTa orBOpeHa Kpusa €, He 0COOEHO (POPMATHO Ka3aHO, HECAMOIIDECUYAIA Ce KPUBa C JIBa
Kpas Kato Tasu: — \/ . [Ipocra 3arBOpeHa Kpusa e, ole 10-HedopMaIHo Ka3zaHo, KpUBa, KOATO
“Tpbrea’ OT HIKAKBa TOYKA U, O€3 Jia ce Ipecuda, ce BPbINa B ChINAaTa TOYKA, ITPUMEPHO TAKA:
=~ . OopMaJHOTO OIpeJie/IeHrne Ha ‘“IIPocTa OTBOPEHa KpuBa~ e: IOJIMHOXKECTBO Ha pPaBHU-
HaTa, TAKOBA e MeXKJly Hero u 3arBopenus uarepsas [0, 1] uma xomeomopduzbm. PopMaaIHOTO
olpejiejieHne Ha “IPOCTa OTBOPEHA KpuUBa~ e: MOJIMHOXKECTBO HAa PAaBHUHATA, TAKOBa Y€ MEXKJIy
HEro U eJUHUYIHATA OKPBKHOCT MMa XOMeOMOPMhU3bM. 3a OIpeJie/IeHneTo Ha “XxoMeoMopdu3bm”’
B TO3u cMuCh1 BukTe Onpenenenue 71 B Jombiinenne 24.

Omnpenenenne 61: Ilimanapao BoucBate Ha myaTurpad.

IIaanapro enucsane na myamuepad e Besika HapejeHa jBoiika & = (U, €), Kbjero L =
{ui,us,...,un} € HEIPAZHO MHOYKECTBO OT TOYKH B PABHUHATA, HADEUCHU NAGHAPHU 6BPLO-
6e, a € = {81,82,...,8;m} € MHOXKECTBO OT MPOCTU OTBOPEHN KPUBU B PABHUHATA, HAPEIECHH
naaHapru pebpa. 3a BCAKO IJIAHAPHO PedPO, aKO € OTBOpEeHa KPHUBa, TO JBaTa MY Kpas CbB-
I13/1aT ¢ TOYHO JIB& OT IIJIaHAPHUTE BHPXOBE, & aKO € 3aTBOPEeHa KPUBa, TOYHO €JIHa TOYKa OT
HEro CbBIaJla C HAKON IJIaHapeH BpbX. [[manapuuTe pebpa He ce mpecuyar ¢ U3KJIIOUYEHUE
Ha TOBa, 1Y€ MO2Ke JJa nmMaT O6H_LI/I TOYKHU-IIJIaHAPDHU BbHbPXOBE.

Onpenenenne 62 Ka3Ba, de TpsaOBa jia UMa U30MOPMU3IBM MEXKIy ILIaHAPHUS MYJITATpad U ILIa-
HaApHOTO MYy BHHcBaHe; Heciaydaiino Onpenenenne 62 npummda Ha Oupenenrenne 40.
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Onpenenenne 62: Ilimanapen myarurpad.

Heka G = (V,E) e mysnrurpad. G e naanapen ToraBa u caMo TOraBa, KOIaro CbIIECTBYBa
IJIaHAPHO BrucBaHe Ha Myaturpad & = (U, €), takosa |e:

e CnmecrByBa Ouekius ¢ : V — 0.
e CnpmectByBa Ouekiusg P : E — &, rakaBa 1e Ve € E:

¢ ako pebpOTOo e He e IIPUMKa U Kpauiara My ca x ny, 7o ¢(x) u ¢(y) ca kpaurara
Ha P(e) B paBHUHATA.

¢ ako pebpoTO e e IPHUMKa, MHIMICHTHA C BbpPXa X, TO eJIMHCTBCHUAT ILJIaHAPCH
BPbX, npuHayiexkanl Ha P(e), e d(x).

Kako mie jiokazkem ciieJ1 MaJIKo, He BceKu rpad nma 1ianapao siucsane. [lorydopmasino kazaHo,
rpad e mraHapen, ako Moxke Jia ObJie HApUCYBaH B paBHUHATA TaKa, Ye KPUBUTE, CHOTBETCTBAIII
Ha pebpara, Jla He ce mpecudaT (OCBEH eBeHTyaJHO B obmu Kpauina). Toa, de HAKOW rpad e
HAPUCYBaH ¢ Ipecuyane Ha (TIaHapHUTE ci) pebpa He O3HAYaBa, Ye TOii HsiMa [IJIAHAPHO BIIUCBAHE.
Hampumep, ero e pucynknm Ha Ky: B JisiBaTa UMa IpecuvaHe Ha pedpa, CJIeJIOBATETHO T He
[IOKa3Ba IJIaHAPHO BIHCBaHe, HO JgCHATa IIOKa3Ba IJIAHAPHO BIIMCBaHE:

BajiauaTa ga ce U3UUCIN JaJn JaJieH rpad e IJIaHapeH WJIH He, TOECT AU MOXKE Jia Ce HAPUCY-
Ba B paBHMHaTa O€3 pecnvane Ha pebpa nin He, He e TpuBuaHa. CJIeIHAST IPpUMep TTOKa3Ba TOBA.
Heka “Ks — €’ o3nagaBa Ks, OT KOHTO € m3TpuTO Mpom3BOJHO pebpo. Crem Masko Ie JJOKaXKeM,
ge K5 He e I1aHapeH, a cera Ie mokazkeM, de Ky — e e IraHape.

Heka BbpxoBere na Kz —e ca x, y, u, v u z. be3 orpannyuenne Ha OOITHOCTTA, HEKA JIUTICBAIIOTO
pebpo e Mexk, 1y BbpxoBeTe U 1 v. [la ce onturame jia HapucyBame Ks—e 6e3 nipecrndane Ha ILJIaHAPHU
pebpa KaTo IbpBO HApPUCYBaMe BbPXOBETE X, V, Z, Y U W B TO3U PeJ| 10 TaCOBHUKOBATA CTPEJIKA
KaTO BbPXOBE Ha IPABUJIEH IETObI'bJIHUK, CJIEJ[ TOBA CJIOXKUM Iepudepusi Ha MeTObI'bJIHUKA OT D
IJIaHapHU pebpa W HaKpas CJIOXKHUM olle 4 IraHapHu pebpa-auaronain. ETo pasmnojaraHero Ha
nepudepusita;
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AKo rbpBO cstoKuM IUTaHApHUTE pebpa (X,y) 1 (x,z) KATo JIuaroHasIm:

X

OYEBH/IHO HsIMa KaK Jla CJIOXKUM OCTaHAJIMTe JiBe IiaHapHu pebpa (u,z) u (v,y) 6e3 ja nosydum
IpecuvaHe Ha ILJIaHapHU pedpa:

Ako obade 3amouneM ¢ (u,z) u (x,z) KaTo AUAroHaIN:

X

MOKeM Jia jiobaBuM u ocranaiaure (x,y) u (y,v) 6e3 npecuuane u ja ce yoeaum, ye Ky — e e
IJTAHAPEH:
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N taka, BuK1aMe, 9e ako pasriexkjaMe IJIaHAPHOTO BIIMCBaHE KaTo IIPOIEC, B KOWTO IJIAHAPHUTE
pebpa ce cjaraT B paBHUHATA €JIHO CJIEJL JIPYTO, KOHKPETHUTE UM Pa3IojiaraHus UMaT 3HaUCHUE.
Hopu ako rpadbT e mraHapeH, MOXKe Ja He YCIIeeM Ja JIOBbPINUM IJIAHAPHOTO BIHCBaHE IIPH
HETIOJIXO/IAIIO pas3lojiarane Ha HAJaHO CJIOKEeHWTe ILTaHapHu pebpa. 3a J1a OIHUIIeM KOPEKTHO
to3n hakT obade HU € HEeOOXOAUMO KJIFOUOBOTO IOHSTHE ‘JIUIE Ha ILJIAHAPHOTO BIIMCBaHE , KOe-
To BbBexKgaMe B [logcekius 2.13.2. 3acera mpaBuM caMoO CJIEIHOTO HAO/IIOACHUE, KOETO I0JI3Ba
HOHATHETO “asrieH ajaropurbm’ or Jlombiaenue 9.

HaGronenue 26

B obmus ciydait He MOXKeM Jla PeInM 3ajadaTa 3a HaMUpaHe Ha ILJIaHApHO BIIMCBaHE Ha
IJIaHAPEH rpad Ipe3 OYeBUIHUS aT9eH aJTOPUTHM: CJIOKHU IIbPBO IJIAHAPHUTE BbPXOBE 10
[POU3BOJIEH HAUWH (BCe MakK, TpsiOBa Jia ca JBe [0 JBe PA3JIMUHU TOYKH) U [OCJe caraif
IJIaHApHUTE pebpa IOCIe0BATEIHO B IPOU3BOJIEH peJ, TaKa Ye HUKOE ILJIAaHAPHO pedpo
Jla He IIpecuva Bede CJIOXKEHU ILIaHapHU pedpa, JIOKaTO BCUYKHU IJIaHapHU pedpa He Objaar
CJIOZKEHM.

2.13.2 Jluna Ha IJIaHAPHUTE BIIMCBAHUA.

Omnpegenenne 63: Jluia Ha NJIaHAPHO BOHCBaHE.

Hexka G e mimanapen rpad n & e HsKoe HEroBO IJIaAHAPHO BIUcBaHe. /[a MaxHeM oT paBHUHATA
BCUYKH IJIAHAPHU BbpXoBe 1 pedbpa. Tasu omeparust Boan 10 pa3najgaHeTo Ha paBHUHATA Ha

CB'bpP3aHU pELIk/'IOHI/I7 KOUTO Hapu4dYaMe Auuama Ha ®. Touno €/I[HO OT JInIlaTa € HEOI'PaHU1I€HO
— TOBa € 66HWHOMO AUUE, & OCTaHaJIUTE Ca 63IMPEUHUIME AUUA.

Hanpumep, ciennoro mianapuo suucsane Ha Ks — e uMa smmna, fy, ..., fs. Boamuoro jmne e fq:
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O‘{GBI/I,ZLHO €, 4e IIpu BIIMCBaHHATa Ha CBbP3aHHU IIJIaHAPHA Fpa(bI/I, BCAKO JIMII€C MMa TOYHO €JMUH
oepastcdauy yukss. OTParKIAIUALT MUKBJI € MUKBIBT OT TOYHO Te3U IJIAHAPHU pedpa U BbPXOBe,
KOUTO y4acTBaT B I'PaHUIATa Ha JIUIETO. B mocjieaHus mpuMep, OrpazkJallusT Kb Ha f; e
MUKBIBT X,Y,V,X. Hajiony 1me BuamM, de orpazkJIamuaT MUKBI MOYXKe Ja € MPOCT WA Jla He e
IIPOCT.

Ako rpadbT He e HeIpeMEHHO CBbP3aH, €IHO JIMIE MOXKE Jla MMa HAKOJIKO OrParKIallld Iiy-
Kbja. Karo npumep ja pasriegamMe e HOTO TJIAHAPHO BIUCBaHE Ha rpad ¢ 4eTUpH CBbLP3AHU
koMronenTH. Jlumero f nma 3 orpazkJaly NUKbJIa: eJUHuAT € a, b, c,d, a, Apyrudar e p, q,T,s,p
M TPETHAT € X, Y, z,X. Jlurero f* nMa jiBa orpazxiamnm muKbIa: eJIuHIsAT € P, ,T, s, P U JAPYIHAT €
L,m,n,L

Ho nwme Beue ce paszbpaxme jma pasriexjame camo cBbp3anu rpacdu. [Ipu cebpsanunre rpadu
HAUCTUHA BCIKO JIMIE UMa TOYHO €JIMH OrPaK Il IIUK'bJI.

Hedbunuiuara Ha IaHAPHO BIUCBAHE OBOPU 33 TOYKHU M KPUBU B PABHUHATA, & TOBAa Ca I'€O-
MeTpuyHu TMoHdaTud. Hue e riiejiaMe Ha IjIaHapHUATE BIUCBAHWSA HE Ha HUBO T'€OMETPHUs, & Ha
10-BHCOKO HuBO'. KOHKpeTHOTO pasmosoykenne Ha IJIAHAPHATE BLPXOBE M KOHKPETHHTE (DOPMHU
Ha IJTaHAPHUTE pedpa HAMa Jla HU nHTepecyBat. [lo mpuamHm, KOUTO I1e CTaHAT SICHU CJIe]T MAJIKO,
cJIeJIHUTEe TPU IJIAHAPHU BIUCBaHUSA Ha Ky Ie cunTame 3a €KBUBAaJIEHTHU, TOECT €JHO U CbIIO
BIICBaHE, HAPUCYBAHO 110 TPU Pa3/IUYHU HAYUHA!

u X X
w u X
w
u w

TT10-BHCOKOTO HEBO € TOMOJIOTHATA, 2 OIIe MO-BUCOKO HHBO € T€OPETHKO-MHOMKECTBEHOTO, MJIM OIle KOMOMHA-
7 )
TopHOTO HEBO. TOMOJIOrMYECKO BHHCBaHe W KOMOMHATOPHO BIHCBaHEe HE € TOYHO eIHO U CBIIO, HO 33 IeJHnTe Ha
Ta3| JIeKIUs IIe UTHopupaMe pasnukara. Ts e mmocrpupana B [18, crp. 97].
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Ha numata HsMa 7@ riejiaMe KaTo Ha KOHKPETHU TeOMETPUYIHH (DUTYPH, a 10-00I110, KaTo Ha Ipa-
doBU NMUKIN, HO IUKJH B JaJieHa nocoka. a m3bepeMm ejHa IIOCOKa Ha BbpPTEeHE B paBHUHATA,
HAIpuMep oOpaTHaTa Ha YaCOBHUKOBATA CTPeJIKa. ToraBa BCAKO JINIE OIMUCBAMe Upe3 N3PerKIaHe
Ha BBLPXOBETe Ha OrpazKJallis To INK'bJ BbB Bede m3bpanata nmocokal. Jlagm mocokaTa e 1o uim
Cpellly YaCOBHUKOBATA CTPEJKa € 0e3 3HaUYeHre, BAXKHOTO € 33 BCUUIKHU JIUIA II0COKATa Ja € eIHa
1 Cchia. Besko mraHapHO BIMCBAHE 1€ CAUTAME 3a OIIPEJIE/IEHO, aKO 3 BCIKO JIUIE € Ka3aHO KO
e OorpazKJallisT I'o IUKbJ (OlcaH B m30paHaTa MOCOKA). 3a MPOCTOTA IIe CYUTaMe, e JIUMEe U
HETOBHUAT OTParKIalll MUKbJ Ca CAHOHHMH. TakoBa ONHUcaHne Ha BIMCBAHETO HE € NeOMETPUIHO,
a e 9ucTo Komburamopro. OT KOMOMHATOPHOTO BIIMCBaHE MOXKE Jla HAIPpaBUM KOHKPETHA PUCYH-
Ka ¢ KOHKPETHa reoMeTpHsi Ha TOUYKHUTE W JIMHHUTE, HO TOBa BeYe € 3ajada Ha W3IUCIUTETHATa
reoMeTpud.

Ja pasriejanme mak miaHapHoO BrucBane Ha Ky = ({u, v, w,x}, {(u,v), (u,w), (u,x), (v,w), (v,x), (w, x)})
To ce naenTudunupa Upes dYeTUpPUTe CH JIAIA:

fi=uv,x,u
fa = x,v,w,x
f3=u,w,x,u

fi=uw,v,u

3a j1a ce ybeaum, e JIUINATA IMAT TAaKUBa OIHUCAHUS, J1a TH pasrjegaMe MOIpoOHO eTHO 10 eJTHO:

u X u X u X
w w w
fs

Jlaymm B ommcaHneTo Ha JIAIATa Ie 3alucBaMe Hada HUs BPbX JIBa I'bTU, KAKTO IPABUM TYK, WA
BEJIHLXK, HAaIpuMep f; = U, v, X, He e CBIIECTBEHO, a € BLIPOC Ha U300p.

BacyxkaBa J1a ce 0TOe/eXKu, e 10 OTHOIIeHe Ha KOMOMHATOPHOTO OIUCAHNE HA BIIUCBAHUSATA,
BBbHITHOTO JIMIIE HE C€ OTJIM9aBa OT JIPyIruTe JIulla 110 HUIIO. TOSI/I (baKT Ma U JIpyTl'a MHTEPIIPpE-
tranud. [lranapaure rpadu ca TouHo rpadute, KouTo Morar ja ObaaT Buucanu B ccepara. Tosa
ce TIOKa3Ba TPUBHUAJHO ChC CMepeozpapcra npoexyus MeXK Iy paBHHHATa U cdepara.

Honnbiuenne 18: Crepeorpadcka mpoeknus

TAKO He H3MOI3BaMe TEPMHIA “IUMKDBJI’, MOKEM 13 KazkeM HedbOPMAJIHO, Ue 33 BCSIKO JIAIE OMHICAINETO € IIOC-
JIEIOBATETHOCTTA, OT BbPXOBE, KOUTO OM BHUISIIO “IBYMEPHO CbINecTBO” (KUBEEIIO B PABHUHATA), KOETO OOUKAJIS
CHUCTEeMaTHYIHO JIAJICHO JIWIE TI0 IPaHuIaTa B n3bpaHara MOCOKa, JIOKATO He Ce BbpPHE TaM, OTK'bIETO € 3all0THAJIO
0oOUKOIKATA.
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Omnpenenenne 64: Crepeorpadcka mpoeKIus

Ia cu mpejcraBuM TpuMepHOTO EBKImIoso mpocrpanctso R? m B nero, Ekimuo-
Bara pasHmHa R = {(x,y,0)|x,y € R}. Ja cu upencraBum cdepara § = {x €
R3 | dist(x, (0,0,1)) = 1}. Ouesnmuo R N 8§ = (0,0,0). Cmepeozpagcka npoexyus e
OuekIsaTa, Koitto m3o6paszsasa S\{(0,0,2)} B R mo cieamus HaIUH: 3a BCAKA TOUKA
X € 8\{(0,0,2)} mocrposiBanme sbda ¢ zHagago Touka (0,0,2), KOHTO CbIbPKa TOYKA
X. Tosu rba npecuyda R B HaKakBa TouKa Y, KoATO € 06pas3br Ha X. U taka, nsiiara
cdepa 6e3 (0,0,2) ce m30bpas3siBa B paBHHHATA, a obOparHara (BYHKIUS M306pa3siBa
pasauHarTa B cepara 6e3 (0,0,2).

Qurypa 2.76 wrrocTpupa MOHITHETO cTepeorpadcka npoekius. Ha west, “ceBepHusT moJoc”
(0,0,2) e xxbaraTa TOUKa, BbPXY cdepara e HapUCyBaHa OpaHXKeBa Jbla, a B PABHUHATA €
HapHUCyBaH 00pa3bT Ha JIbrara B SIPKO 3€JIEHO.

®Purypa 2.76 : Crepeorpadcka IIpoeKIius.

[To-citoxkHa cTepeorpadcka IpoeKkIns e mokasaHna Ha Purypa 2.77, KosTo oKa3Ba cdepa ¢'be
cdepuaHO BIHCBaHe Ha I'pada-aoaeKaebp 1 crepeorpadcka MpoeKIns, KOATo n300pa3siBa
cdepuaHOTO BIMCBaHE Ha JIoJeKaebpa (B OpAaHKEBO) B PABHHHHO BIHUCBaHe (B 3€JIEHO).
['padbr-10/1€KaeTBP 0YEBUIHO OTTOBapsl Ha, MHOIOCTEHA-I0eKaebp, KOWTO e MoKa3aH Ha
Qurypa 2.78 B HJonbanenne 20.
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Purypa 2.77 : Crepeorpadcka mpoeKnus Ha JoJeKaeabpa.

Hab6aoaenue 27: ma cdepudyHo BOucBaHe T.C.T.K. MMa IIJIaHAPHO BIIMCBaHe

Beekn rpad moxke j1a Objie HapucyBaH B paBHUHATa 0e3 IpecnvaHe Ha IJIaHApPHU pedpa
TOraBa M CaMoO TOTaBa, KOraTo MOxKe Jia ObJie HapucyBaH BbpXy cdepara 0e3 npecnyane Ha
“cepuunure pedpa’:

® Ha BCAKO IJIAHAPHO BIIMCBaHE OYEBUIHO CHOTBETCTBA IOHE €IHO CEepPUIHO BIINCBA-
He, a UMEHHO TOBa, KOETO ce IoJiydaBa OT oOpaTHaTa (DYHKIUs Ha cTepeorpadckara
ITPOEKITNS,

e a Ha BCIKO C(HEPUIHO BIIMCBAHE, B KOETO “‘CEBEPHHUAT IIOJIIOC’ HE Ce CbhbIbpPrKa BbB
BIIMCBAHETO®, ChOTBETCTBA IIOHE €IHO ILTAaHAPHO BIIMCBAaHE, a MMEHHO TOBa, KOETO CE
[OJIydaBa OT cTepeorpadCKaTa MPOEKITHS.

2Axo “ceBepHUST TOTIOC” € TOYKA OT CHPEPUIHOTO BIUCBAHE, BUHATH MOXKEM Jia 3aBbPTHM BIIMCBAHETO
110 TAK'bB HAYUH, 1€ ‘CEeBEPHUIT IMOJI0C” Ja Ce OKaXKe TOYKA OT HAKOe JINIE Ha, BIIMCBAHETO.

Tbit kaTo BbPXY cdepara 3a BHHIIHO JHUIE HE MOXKE JIa C€ TOBOPH, OYEBUIHO BBHHITHOTO JIAIE B
PaBHHHaTa HE € CbIIECTBEHO PA3JIMYIHO OT JPYyruTe JiMla 1 BCAKO JIMIE OT C(l)epI/I‘-IHOTO BIIICBaHE
MOXKe Ja ObJie TPOEKTUPAHO BbPXY BBHIITHO JIUIE B PABHUHATA MPU TOJIXOJINA cTepeorpadCcka
npoekius. ToBa e BaXKHO 1 3acyryzKaBa Jjia ObJie Ka3aHO OTHOBO.

Habaoaenue 28: YcJI0BHOCT Ha m300pa Ha BBHHIITHO JIUIIE

B KOM6I/IHaTOpHOTO OIlrMCaHKe Ha KOoe Jia € IIJIaHapPpHO BIIMCBaHe BbHIITHO JIUIIE HAMA. Besako re-
OMETPHUYIHO IlJIaHapHO BIIMCBaHe MMa TOYHO €/ IHO BbHIIHO JINIE, HO aKO OT KOM6I/IHaTOpHOTO

OIlKMCaHKue IIpaBUM I'eOMETPHUYIHO BIIMCBaHE, MO2KEM J1a 1/136epeM KOETO NCKaMe KOM6HHaTOpHO

JINIIE 34 BLHIITHO.

OT U3J102KEHOTO JAOTYK duTaTe/JIdT MO2KE Ja OCTaHe€ C BIICYaTJICHHUETO, Ye:
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@ 3a Bcekn 1IaHapeH rpad, OPoST Ha JUIATA € eIUH U ChIIN 33 BCIAKO BIMCBAHE,
@ 3a Bceku 11aHapeH rpad, JumaTa ca eJHU U ChIU 38 BCSIKO BIIMCBAHE,
@ 3a BCIKO BIMCBaHe, BCEKU JIBE JIUIA Ca PA3IUIHU B KOMOMHATOPHUS CMUCDHJI, U

@ smmraTa BUHAM UMAaT IIPOCTH OTPAaKIAINN ITUKJIN.

Kaxkro me Buaum, @ e BAPHO TBBLPIEHIE—KOETO IIe IMOKazkeM B mojceKims 2.13.3—a @, @ u @ ne
ca BEPHU U Cera IIe I'M OIIPOBEPraeM.

Jla pasriremame TBbpaeHre @. Besiko Jiiie mMa npocm orpazkIalll MUKbJI TOraBa U caMo TOraBa,
KoraTo rpadbT HMa IIOHE TP BbpXa M HaAMa cpssBamm Bbpxose. Ille octaBum To3m dakr Ge3
JI0KA3aTe/ICTBO, KATO CaMo IIe JIaJeM JBa IpuMepa 3a mianapun rpacdu H' u H”, Bceku oT Konuto
nMa TIoHe eJuH cpsa3Bail BpbX. [lle HapucyBame mraHapHuTe uM BiucBaHust, ' u $” ¢ pbHIIHK
muna cvorserno f u 7.

5;3/ U e, 5,:) " vy Vg

V2 g
{_'/ f//
Uo o s

V. Y
{15 y 4 6

OueBuaHO

/
7= 1w, u7, ug, Uz, Uz, Uy, Us, Uz, Ug, Wy

"
7= Vi1,V2,V3,V4,V3, V5, Ve, Vs, V7, V8, V7, V2, V]
TOECT OI'PasKJIAIINATe ' IUK/IU He Ca IIPOCTH.

Cera 1mie onpoBepraeM TBbp/ieHHe @ KaTo MMOKayKeM, de Ha €JIMH U C'bINN ITaHApeH rpad Moxe j1a
CBbOTBETCTBAT pa3/IMYHU IJIAaHAPHU BIUCBaHudA. [[pu ToBa, pa3juyHu HEe KATO TeOMeTpPHs, a KaTo
KOMOMHATOPHU OlMCaHus Ha JuiaTa. la pasriemame ciieHuTe JIBe IJIAHAPHN BIIMCBAHUS Ha €THH
U CbINN ITaHAPEeH rpad:

w Q

Ou2 up C\ Ouz

us Ug us Ug

Us
Ug

Ug

us

urz

O

O w

us

Us

urz

O

O w

3a ja ce yoe M, Ue BIIMCBAHUSITA Ca PA3JIMIHE, JOCTATHIHO € J1a 3a0e/Ie2KUM, Y€ BbB BIIUCBAHETO
OTJISIBO UMa JIUIle, B KOETO IIPUCHCTBAT Ug U Ug, & BbB BIUCBAHETO OT/SCHO HsMa TaKOBa JIUAIIE.
[TocnenuaTr npuMep MOKa3Ba pa3/MYHU BIUCBAHUA HA €JUH U CHIU TI'pad, HO €JIHOTO OT TAX
MOKe J1a O'bJIe TOJIYYeHO OT JIPYTOTO Upe3 MpernMeHyBaHe Ha BbPXOBE: aKO pa3sMEHUM MecTaTa Ha
MMeHaTa Uy W Ug BbB BIHUCBAHETO BJISCHO, IE MOJIyYUM BITMCBaHETO BJsiBo. Moxe j1a ce gajar
IpUMEPH 3a PA3JIUIHM BIUCBaHUs HA €IUH U CbIU rpad, KOUTO HEe MOraT Ja ObaaT MOJIyJIeHn
€JIHO OT JIpYT'O Upe3 IPOCTO NpeMMeHYBaHe, HallpUuMep:
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O O O O

O O O

['padbT € euH U cbI 1 B JIBeTE JIBETE BIUCBAHUS, U OPOST Ha Jinmara € 6, HO BIIMCBAHETO BJISIBO
mma e f ¢ 10 BbpPXa, a HUTO €JHO OT IecTTe Jinia BiagcHo He e ¢ 10 Bbpxa. [lokazaxme, 1e
JIAIIaTa MOKeE JIa ChOTBETCTBAT Ha IIUKJIU, KOUTO HE Ca IPOCTU, KAKTO U Y€ €JIUH U CbIU I1IJIAaHAPEH
rpad MoxKe Jla UMa Pa3jndHU IIJIaHAPHU BINCBAHUS.

N naxpas me onpoepraem TBbpjenne @. [la pariemame cireHOTO TIaHapHO BrimcBaHe Ha Kj:

a b

N ') u f” umar onucanme a,c,b,a. Thil kKaro wiaeHTHGUNEPaMe JINIE ¢ HETOBOTO OINCAHWE,
U3/IM3a, Ye JBeTe JIMia, B KOMOMHATOPHUS CMUCHJI, HE Ca Pa3/IMdHu.

Bewuku pasriieanu mpumMepn jgocera 0sgxa Ha odukHOBeHU rpadu. la pasriiemame u euH npuMep
Ha IJIAHAPHO BIIMCBaHEe Ha MyJITUrpad c napasesHun pedpa u MpUMKH:

Mynrurpad bt nma BbpxoBe a, b u ¢ u pebpa ey, ..., s, TPU OT KOUTO Ca IPUMKH (€ K'bM BP'bX
Q¥ ey W e; KbM BPBX C), & JIDYI'H TPU ca Tapaseann (ej, ex U e3 ¢ Kpanma a u b). [Tokazanoro
IJTAHAPHOTO BIIMCBaHE MMa cefeM Jmna fi, ..., fy, KONTO onmmcBaMe Taka:
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fl = a,€5,a

fg = a, el,b,eg,a

f3 = aQ, €2,b,€3, a

f4 = a, 63,b> €s,C,€er,a
fs =c,eq,c

fo =c,es5c

f7 = a, el?bv €g,C,€5,C,€7,0,€6,0

Twit kato cTaBa jayma 3a myaTurpad ¢ napaseaHun pedpa, B OMCAHUATA Ha IUKJIUTE yIacTBAT U
nMeHaTa Ha pebpara (OCBEeH MMeHaTa Ha BbDPXOBETE).
2.13.3 Xapakrepuctuka Ha Euler. CieacrBust ot Hes.
OTHOBO pasriexjamMme MyJaTHrpadH.

Teopema 33: Teopema Ha Euler

3a Bceku cBbP3aH iaHapen myarurpad G ¢ n Bbpxa u m pebpa e BAPHO, Ue BCAKO IIJIAHAPHO
BIIMCBaHe Ha G MMa €IMH U ChIU Opoit JuIa, Ja pedeM f JUIa, KaTo € U3IIbJIHEHO

n—-m+f=2 (2.17)

Tosa paBenctBo e uzBecTHo Kato OiljepoBa XapaKTEePUCTHKA.

Kaszpaiikn “xapakrepucTuka’, mMaMe IPEIBUI XapaKTepucTnka Ha paBHuHaTa. B Cexims 2.14
pasriiexkjiaMe Jpyru JIByMEPHHU TOBbDXHUHU, 33 BIUCBaHUsTa Ha rpadu, B kouro (2.17) He e B
cua.

HokazarescrBo: IlpenucBame TBLpIEHNETO TaKa!
f=m-n+2 (2.18)

Heka muranaproro BrmcBare Ha G ce ka3sa 6. [1le nokaxewm (2.18) ¢ unmykius no f. Bazosusr ciy-
qaii e f = 1 (3abesexkere, de f = () e HEBBH3MOKHO). & J1a ©Ma TOYHO €JHO JIHIE U MyITHIpadbT Ja
e cBbp3aH 04eBuIHO Biieve, ue G e pbpso. [Hlom G e abpBo, npuirarame Jlema 11 u 3akiouaBame,
e m =n — 1. 3amecrBame f ¢ l m mecn—18 (2.18) n mosyuaBame 1 = (n—1) —n+2. v/

NuykTuBHOTO Hpemoaokenne e, de (2.18) e B cuiia 3a BCHUIKM IUIAHAPHU BIIMCBAHUSA C I10-
MaJIKo oT f Jjimiia, 3a HsakakBo f > 1. Pasrexkaame rpacd G ¢ m pebpa 1 n Bbpxa, YNeTO ILJIaHAPHO
BriucBane & mnma touHO f smna, kbjgero f > 2. Heka m’ u n’ ca ¢boTBeTHO OpOAT HA TIIAHADHUTE
pebpa u mianapuuTe Bbpxose Ha . OdueBmano, m’ = m u n’ = n. lI36upame npou3BoJHO pedPO
e oT G, KOeTo He € MOCT—TaKoBa pedbpo TpsAdBa Jia uMa, B IPOTUBEH ciiy4ail & He Ou uMmaJl mopete
OT €JIHO JINIle—W U3TpuBaMe OT & HEroBOTO CbOTBETHO ITaHapHO pebpo e’. Ilpenn usrpuBanero
Ha e’ oT &, B & e MMaJIO TOYHO JIBe PA3JIMIHNU JIHIA, 38 KOUTo e’ e 6mito o010 (ToBa e O9eBHUJIHO).
Cnen m3TpuBaHeTo Ha €' Te3W JiBe JIMIA Ce CJAUBAT B €IHO JINIE W 10 TO3W HAYUH OpOsST Ha
Jmnara Hamasgea ¢ eaunanna. C apyru gymu, & — e’ uma Touno f — 1 jura. ToraBa WHIYKTUBHOTO
PEJIIOJIOKEHNE € TPUIOKUMO 3a & — e’. Bpogar na pebpara Ha & —e’ e m’ — 1, a Gpodar Ha
BbpxoBere My € n'. OT UHIYKTUBHOTO MPEIIOI0KEHNE:

f—l=(m—-1)—n'+2
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Ho ToBa e cbmoro karo f = m’ — n’ + 2. Ilpunomusme cu, ve m’ = m u n’ = n u BegHArA

nosrygaBame (2.18). O

Honbaaenue 19: Bbpxy mokaszareJsicTBaTa 1o WHIYKITUS

Jla pazriegame OTHOBO IIPEJIJIO?KEHOTO JIOKA3aTe/ICTBO 10 UHyKIndA Ha Teopema 33. B Hero
IIPaBUM HEIO KaTo “CThIIKA HAa3a/l : pasrexKIaiiku IPOU3BOJIeH I'pad, 9MeTo BIIMCBAHE UMa
TouHo f jura, Maxame pedpo, ¢ KOeTo camBaMe JiBe Jiuia U OposT Ha jurnarta ctaa f — 1.
Toga e “crbukara wHazax . Cresn Hes Bede WHIYKTUBHOTO IIPEJIIOJIOKEHUE € TTPUIOKUMO 1
JIOBBPIIBAHETO Ha JI0KA3aTE/ICTBOTO € eJleMeHTapHO. Moxke ja ce 3anmuramMe: a Jaan He MOYKe
Jla ce MuHe 0e3 Tasn cTbIKa Hasa ! Jlaam He MoxKe JI0Ka3aTe/ICTBOTO, IMaK 110 WHIyKITUS 10
Opost Ha JmMIaTa, Jia ce Haupapu 1o ciaeaans Hadna? a mapedem “ /11”7 cieanus onut 3a
JlokazaTesicTBO Ha Teopema 33.

1
e Dazara e cbmiara: f = 1 u mak ctaBa jgyMa 3a JIbPBO.

e Heka 3a msakoe f pasriemgame mpousBojieH anaper myaturpad G, Koiro
nMa TIaHapHo BrucBane & ¢ Touno f mia. Heka G mma m pebpa u n Bbpxa.
Jla pomycHem, 4de e usmrbiaHeHo f = m — n + 2. Pa3riexgame mponsBoHO
qunie F Ha & u npou3BOJIHU JiBa I1aHapHW Bbhpxa u u v ot F. Hlom ca
BBPXOBE OT €IHO M CBIIO JIUIE, MOXKEM Ja J00aBUM €IHO HOBO ILIaHAPHO
pebpo e’ kbM &, mocraBsiiku e’ msnAno BbB F, 6e3 e’ ma mokocBa Win
pecuda HUIIO JIPpyro oT &, OCBEeH Ye JBaTa Kpasd Ha e’ ce uaeHTu(UIIpaT
cunv. Ilo To3u naunu e’ “pascuua” F Ha aBe HoBu Jjinna Fi u Fy. Tbit kKaTo
camoTo F mpecTtaBa Jia ¢bIecTBYBa, OpOAT Ha JIUIATa HApacTBa C €JIUHUATIA.
Hosoto mranapuo Brnmcane nma f + 1 jura, m + 1 mwranapau pebpa u n
tanapuu Bbpxa. Jamu f+1 = (m+1)—n+27 Jla, ToBa ciiejiBa JUPEKTHO OT
NHAYKTHUBHOTO IIPEIIIOJIOZKEeHUE C ,ZLO6&B$IH€ Ha €JJMHHUIla U OT JABETe CTpaHu
Ha PaBEHCTBOTO.

1 e dpopmano HEKOPEKTHO, a Ja ObJie M3THhbKHATA ChIUHATA HA Ta3u (popMajHa HEKO-
PEKTHOCT € IMPUYNHATA 38 HAIMCBAHETO HA TOBa JIOI'bjHeHne. Tosa, KoeTo Jjmrncsa Ha 1, e
€JIHO JIpYTO JioKazaTeacTBo. J1 HessBHO J0ITycKa, Y¢ BCEKHM CBbP3aH IJIaHAPEH MYJITUTpad
¢ M Bbpxa u m = n — 1 pebpa Moxke j1a Oblie TeHEPUPAH 10 CJASIHUsT HAUUH: TeHepupaMe
HErOBO IIJIAHAPHO BIIMCBAHE, 3AII0YBAIKY OT ILJIAHAPHO /IHPBO C L BbPXa U CJIaraffku eJHO 110
emHo m—n+ 1 = m— (n— 1) mranapan pebpa, BCSIKO OT KOUTO Ce cjiara MeXK/Iy JIBa BbpXa
OT €JIHO U CbINO Jinie (KOeTO rapaHTHpa, Y€ MOXKeM Ja CJOXKUM HOBOTO IJIAHAPHO PEGPO
6e3 Jla mpecuvyaMe HEMO3BOJIEHO Bede CJIOXKEHU IUIaHApHU pebpa), IpU KOUTO BIIUCBAHETO
ocTaBa IIaHapHo. ToBa HesIBHO JIOIyCKaHe TPsOBa jia ce JOoKaxKe, 3a Jia CTaHe IMPeJjIozKe-
HOTO JIOKA3aTeJICTBO UCTUHCKO. JlecHO ce BMIK/ia, Ye BBIIPOCHOTO HESIBHO JOIyCKAHE Kacae
aJITepHATUBHO, MHIYKTUBHO OIIpeJie/IeHne Ha “CBbP3aHO IJIAaHAPHO BIIMCBaHE .

151



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

Onpenenenne 65: IHAYKTUBHO ompezieJieHNE HA CBbP3aHO NJIAHAPDHO BINCBAaHE
BbPXYy (PUKCHUPAHO MHOXKECTBO OT ILNIAHAPHU BbPXOBE.

Heka e maseno HenmpasHo KpaitHO MHOXKeCTBO U OT IJIaHAPHU BBPXOBE.

® baza Bceako mranapao 1bpBo BbpXy U € CBbpP3aHO IJIAHAPHO BIUCBAHE BHPXY

J.

O nnykTtuBHA cTbnKa Heka ® e cebpsano mranapHo Buucsane bpxy U. Heka F
e IIPOU3BOJIHO Jiulle cipsiMo . Heka u n v ca mpon3BoJIHHI, HEe HEIIPEMEHHO PA3/IMIHH,
mwIaHapHu BbpxoBe oT F. Cjaarame HOBO ILTaHApHO pebpPo e’ ¢ Kpauia U U v, TaKOBa
Ye eJMHCTBEHHTE OOIMM TOYKM MeXKIy e’ M IIaHapHHTEe BbpXoBe n pebpa or D ca
NMEHHO W 1 V.

® 3akiroyenne Huio, koeTo He MoXKe Jia O'bJjie PeHepUpaHO ¢ KpaeH Opoil mpuia-
ranng Ha @ u @, He e CBbP3aHO IJIAHAPHO BIMCBaHe BHPXY Y.

Omnpenenenne 65 e ekBuBasienTno na Onpenenenne 61, ako B Onpenenenue 61 ce or-

pPaHUYI¥M 10 CBbP3aHU IlJITaHapHW BIIMCBaHWA.

okazaresictBo: B ejnara mocoka J0Ka3aTeJICTBOTO € TPUBUAJIHO — OYEBHTHO TIPOTIETy Pa-
Ta ot Oupeesienne 65 reHepupa caMo CBbpP3aHU IJIAHAPHU BlMcBaHus BbpXy Y. ToBa mMoke
Jla ce JIOKayke W 110 WHYKINSA, HO €JIBa JII UMa CMUCHJI; HANCTUHA € OYeBUIHO. B apyrata
IIOCOKa TPsIOBa Jla JIOKaXKeM, Ue BCsIKO CBbP3aHO IIaHAPHO BHUCBaHe & Bbpxy U MoxKe Ja
ce TeHepupa OT Tasu mnporeaypa. Hancruna, 3anouBaifku oT MPOU3BOJIHO TAKOBa BIIMCBAHE
&, usmrbaHIBaMe OOPATHUS aJTOPUTHM, KOWTO € MHOTO aHAJIOIHYeH Ha AJITOpUTHM 4:

e [IpoBepsBame j1ajm BIKCBAHETO € HA IbPBO, TOECT AU UMa ITUKJIA, TOECT AU JIN-
I[aTa ca TOYHO €IHO.

e Axo j1a, TepMuUHEpaMe.

e Ako He, HaMHpaMe IJIaHapPHO pedpo, MPUHAJJIEKAIO Ha JBE JIMIAa—TaKoBa TpsiOBa
Jla IMa—MW T'0 U3TpUBaMe, CJAUBANKM JIBeTe JIUIA B €J/IHO, CJIeJ] KOeTO aK OTHBaMe Ha
IIpOBEpPKAaTA.

Nmaiikn “obpaTHust aaropurbMm’, peaynupame 1aJeHOTo BIucBaHe & J10 IJIaHAPHO IbPBO
%, cjies; KOeTO OYEBHUIHO ¢ KpaeH OpOil mpuaarannsl Ha WHIYKTUBHATA cThika oT Onpee-
Jierne 65 MOXKeM J1a Bb3cTaHOBIUM & OoT D KaTo IIPOCTO cjarame pedpara B oOpaTeH pej Ha
pejla Ha MaXaHeTo M. O

N Taka, ako cwaeraem 11 ¢ Onpenestenne 65 u Jlema 15, 1mie umame BaIdIHO JTOKA3ATEICTBO
Ha Teopema 33. Ho ciioxkHOCTTa HA TO3M 110J/1XO0/1, HAJIXBBPJISA CJ0KHOCTTA Ha IIPEJIJIOKEHOTO
JIOKa3aTeJICTBO Ha TeopeMara. TyK m3jaraMe TO3W Bb3MOXKEH IIOJIXOJ CaMO 3a Jia WJIFOCT-
pupame HeImo BakKHO 3a JI0Ka3aTeJICTBaTa 110 MHYKIUS — IIOHAKOra ‘0YeBUIHOTO  IIPOCTO
JIOKA3aTe/ICTBO € HEeBAJIMIHO, 3aIl0TO Ce OCHOBAaBAa HA WHJIYKTUBHA JePUHUIUA, KOSITO HE
e M3JI0’KeHa WM Hail-MaJIKOTO, 3a KOATO He € JIOKA3aHO, Y€ € eKBUBaJIEHTHA Ha ‘Halrara’.
B koHkperHHUS ciaydail ce okasa, Ue HaMCTHHA UMILIMIIUTHATA 110 oTHOIIeHHe Ha J1 medu-
HUIUs € eKBUBaJIeHTHa Ha “Hamara’. Ho Xunoreza 1 Ha crp. 158 e npumep 3a ToBa, 4e B

152



IMABA 2. HEOPUEHTUPAHW TPA®UN N HEOPUEHTUPAHU MYNTUTPADU © Munko Mapkos, 2024r.

HAKOU C.Hy‘IaI/I MMIIMIIXTHaTa ,He(bI/IHI/H_H/IH HE € eKBUBaJICHTHaA Ha “HaH_[aTa” " 110 TO3U HAaYNH
IIPOCTO M3TJIEXKIAIIOTO “JI0KA3aTEJICTBO  BCBITHOCT € HEBAJIUIHO.

1 nakpas, 3abesexkere, de MpeJI0KEHOTO JI0Ka3aTe/ICTBO Ha TeopeMa 33 10 CHIECTBO € Ka-
To chaeraBane Ha 1 ¢ Onpenenenne 65 u Jlema 15, HO 110 MKOHOMWYEH 1 €JIETAHTEH HATWMH:
nokato Jlema 15 m3mb/IHABA BCHYIKHU “CTBHIKHA Ha3aJl , TO JioKaszaTeJcTBOTO Ha Teopema 33
[IpaBU CaMO €JIHa “‘CT'bIIKa Ha3a .

Omnpegenenne 66: Crernen Ha JuIie Ha IJIAaHAPHO BIIMCBAaHeE.

3a BCAKO I[IJIaHapPHO BIIMCBaHE Ha HAKON IIJIaHapPpEH MYJITI/IFpaCb, 3a BCAKO JIUIIE t, cmenenma

Ha t e Ib/KUHATA Ha MUKbIa, orpazkaald t. CremenTta Ha t OeIexKuM ¢ d( )

! 1
Karo npumep e pasrienamMe crenenure Ha asere jauna f u f7 Ha ciaegHoTo BIUCBaHe:

O Y Y M
/ _/
u Y w a d
_F//
f, b c

" / I
Crenenra Ha f° e ogeBuyno 4. Crenenra na f e 10, Tbil Karo orpaskIaluaT MUKbI U, V, W, d, b,
c,d,a,w,v,u, Koiiro He e IpocT, UMa JIbzKuHA 10.

Ba Bcekn 1iaHapen myaturpad G ¢ m pebpa, ako & e Npou3BOJIHO IJIAHAPHO BIINCBaHE HA
G c f ma Opoit ymma ty, to, ..., tf, B cuita e:

Zf] d(ty) =2m

HokazaresctBo: Bcsako pebpo ce 6ponm TOYHO JiBa I'bTH IPU CYMHPAHETO Ha CTEIEHUTE Ha
JINTIATA. 0

To3u pesynrar ocraBa B cuja jiopu korato G e TpuBmajeH rpad: ToraBa TOil mMa €JIUH BPbBX,
HyJ1a pebpa U IJIAHAPHOTO MY BIMCBaHE MMa eJHO JmIile (¢ Hysa orpaxjaamu pebpa). Haucruna,

S, 0=2x0.

Hombarnerne 20: XapakTepuctukara Ha Euler u IlnaronoBure Tena

Teopema 33 mMma WHTEpeceH TeOMeTpUYEH acleKT. Teopemara B TO3W CH BUJ € TBbPJEHUE
3a mynaturpadu rpadu ¢ BL3MOXKHU NPUMKHU. B wacTHOCT, T € B cmyia 38 OOMKHOBEHH
rpacdu. Ho ToraBa T4 e B cujia n 32 MHOTOCTEHU 110 cjejHaTa npuania. Muoorocrenure ca
reoMeTpnuIHmn O6eKTI/I7 HO Ha BCEKHU MHOrocTeH M ecTecTBEHO CHOTBETCTBA O6I/IKHOB6H Fpa(b
Gm: BbpxoBetre Ha Gy CHOTBETCTBAT Ha BbpxoBeTe Ha M, a pebparta Ha Gy ChOTBETCTBAT
pbOOBeTe Ha MHOTOCTeHA. G)y € TIJIAHApeH, MOHeXKe:

® MHOT'OCTEH'BT MOXKe jia Objie TpaHchopMmupaH B cdepa dpe3 KOHTUHYaHa TpaHcdOop-
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Mallysl, TaKa de caMHUsIT MHOI'OCTEH eCTeCTBEHO 3a/aBa BIIMCBaHe Ha rpada B chepara;

e KakTO Beue ordessizaxme B Haburonenne 27, rpadure, KOUTO MOXKe Ja ObJIaT BIUCAHI
B cdepara ca TOUHO rpaduTe, KOUTO MOXKe Ja ObJIaT BINCAHUA B PABHUHATA.

Cﬂe,ZLOBaTeJIHO, JINIaTa Ha MHOT'OCTEHa ChbOTBETCBAT Ha JIMIlaTa Ha BIIMCBaHETO.

Habmionenue 29: OitrepoBa XapaKTepUCTUKA HA MHOTOCTEHUTE

[Tpunoxkena 3a muorocTenu, Teopema 33 Ka3Ba, de 3a BCEKM MHOT'OCTEH:
OposT Ha BbpXoBeTe — OpodAT Ha pebpaTta + OposAT Ha Jumnara = 2

Yucoro 2 ce napuda OUaeposa Tapakmepucmukra Ha MHO20CTEHUIME.

[To-o6110 kazano, OitepoBaTa XapaKTepUCTUKA OIIUCBA, CBOMCTBO Ha IMOBbPXHUHATA, B KOATO
ce BIHCBAT rpaduTe, ChOTBETCTBAIIU Ha MHOI'OCTEHUTe—Ta3H IOBbPXHUHA € chepaTa. Kak-
To 11e BujuM B Ceknus 2.14, cbIecTBYBAT MOBbPXHUHH, MIO-CJIOYKHU OT cepaTa, HAIIPUMED
TOPOM/TBT, YUATO XapakTepucTuka He e 2. Opurunasnarta cratust Ha Oillep HA JATUHCKH,
KaKTO U TPEBOJIM HA AHTJIMHACKU M HEMCKH, MOXKe Ja ObJaT HaMEepeHH Ha TO3W caiT (BK.

23]).

Ot ocobeH mHTEpEC Ca pe2ysApHUMe MHO20CMeHU, Hapedern oine [liamonosu mena®.

Onpenenenune 67: PeryiisipeH MHOrocTeH

Peryiisipen e Bcekn MHOTOCTEH 9T, TAKBHB He:

e creHuTe Ha YN ca KOHI'PYEHTHHU PEryJIIPHA MHOTOBI'bJIHUIU U

® BDLB BCEKU BPBX Ha I ce CpemiaT eJIuH U ChIU OPOii CTEHH.

lobpe n3Becter hakT, KOWTO e JIOKaXKeM CJIeJl MaJIKO, U3I0/I3BafiKu TeopusTa Ha rpadure,
e, Ue CbIIecTByBaT TOYHO 1eT [lraroHoBu Tena:

1. peryngapHuAaT TeTpaeabp,

2. KyOBbT, KOITO MOXKeE J1a HapedeM PerydpeH XeKCaerbp,
3. PEryJIIpHUAT OKTae/Ibp,

4. peryJIapHUAT JT0/IeKae/Ibp U

5. PErydpHUAT UKOCACIbP.

BbB BeAKO OT Te3u MMeHa, KOPEH'BT € IPbIKaTa JyMa €000, KOATO O3HauaBa cadare, cedéne,
1 OTTaM Auue Ha 2eomempuyro maro. IIpedukebr mpea KopeHa ujaBa oT OPosi Ha CTEHUTE
H& CbOTBETHOTO TSJIO:

1. mempa- naBa OT cTaporpbIKaTa JyMa TETEOC, KOATO O3HAYABA “4emupu,
2. xekca- WaHA OT CTApPOrpbIKaTa ayMa €, KOITO O3HAYaBa WeCM,

3. 0Kma- UaBa OT CTAPOIPBIKATA JTyMa OXTw, KOSITO O3HAYABA 0CEM,
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4. dodexa- maBa OT CTapOrpbIKaATa JyMa 0WOEXN, KOITO O3HaTYaBa deanadecem, W

5. uKoca- WABa OT CTapOrpbIKaTa JIyMa €(X00l, KOITO O3Ha4daBa deadecem.

Qurypa 2.78 nokassa 1nerre [lnaronosu rtena. Purypara e B3eTa OT YHUKHUIIEHS.

®Durypa 2.78 : IlerTe miiaToHOBHU TeJa.

Ve ¢ 006

TeTpaeadbp XeKcaeabp OKTaeIbp J0JeKaeIbP HNKOCaeIbP

[MIe mokazkem, e Hama aApyru [LaaToHOBHU Tesa, pasrie:kmailku I'm KaTo rpadu, BIUCAHH
B cdepara (Toecr, mwianapau rpacdu). 3a mesra me usnoassame Teopema 33. la pasrie-
JlamMe TTpon3BOJIHO [[1aTOHOBO TsJI0, KATO BCBIMHOCT pasryiekjamMe ChbOTBETHUS My TI'pad
G = (V,E), a cbIio Taka pasmiexjgame u pnucBanero Ha G B cdepara. Heka F e MHOXKeCT-
BOTO OT JIMIIATa Ha TOBa BIHCBaHE. ['bil KATO BCUYUKM BHPXOBE Ca OT €JIHa U CbIa CTEIeH,
¢ d, o3HauaBaMe CTENEHTa Ha KOH /1a € BpbX. AHAJIOTMYHO, T'hbil KATO BCUYKH JIUIA Ha cde-
PUYHOTO BIIMCBaHE Ca OT €JIHa U ChIa CTeleH, ¢ df 0O3HAYaBaMe CTEIeHTa Ha Koe Ja € JIUIIE.
Heka n, m u f chboTBeTHO O3Ha1UaBaT OPOsT HA BhPXOBETE, pebpara U JIUIATa Ha BIIUCBAHETO.
Ot Jlema 1 3naem, ge >, _,, d(u) = 2m. Torasa

uev
nd, = 2m (2.19)
Or Jlema 16 3naem, 1e Y d(t) = 2m. Torasa
fds = 2m (2.20)

Ot Teopema 33 3naem, 1e

n—m+f=2 (2.21)
Bamecrsaiiku n u f B (2.21) ceraacuo (2.19) u (2.20), cbOTBETHO, IOJIyIaBaMe

2m 2m 1 I 1 1

am i, L2 9.92

o " & 4 2 m (2:22)
Ho m > 0. Torasa

1 1 1

—+—=—>= 2

4, 42 (2:23)

Ot nepagencTBo (2.23) u daxra, ge d, = 3 u df = 3 JecHO U3BEXKTaMe, Y€ eMHCTBEHUTE
IeT BL3MOXKHOCTHU 34, cToMHOcTUTE Ha dy, 1 df ca:

d, =3,d; =3 (2.24)
d, = 3,d; = 4 (2.25)
d, =3,d; =5 (2.26)
d, =4,d; =3 (2.27)
d, = 5,d; = 3 (2.28)
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[IbpBaTa BB3MOXKHOCT (2.24) CHOTBETCTBA HA TETPaeIbpa, BTopaTa Bb3MOXKHOCT (2.25) ¢b-
OTBETCTBA Ha XeKcaeabpa (Kyba), TperaTta Bb3MOKHOCT (2.26) ¢hOTBETCTBA HA JIOJIEKAEb-
pa, YeTBbpTaTa Bh3MOXKHOCT (2.27) ChOTBETCTBA Ha OKTaebpa U IIeTaTa Bb3MOXKHOCT (2.28)
CbOTBETCTBA Ha MKOCAEbDA.

@ Ha anrmuiicku, Platonic solids.

Teopema 34: m < 3n — 6 Ipu NJIAHAPDHUTE OOMKHOBEHU rpadu

Ba Bcekn IraHapeH ooumKHOBeH I'pad G, He HEIPEeMeHHO CBbP3aH, ¢ IoHe JBe pebpa, ako M

e OpodAT Ha BbpPXOBETE U M € OpodAT Ha pebpara, TO

m<3n—=6

okazarescrBo: Heka G e cBbp3an — ako He € CBbP3aH, JOKa3BaMe HEPABEHCTBOTO 3a CBbP-
3aHUTEe KOMIIOHEHTH U cymupame 1o kommnonentute. I taka, G e cebp3an mianapen rpad. Heka

jmrara ca f Ha Opoit, Hapeuenu ty, to, ..., ty. Umame:
n—m+f=2 cbriacHo Teopema 33
n—2=m-—f OYEeBUJIHO
3n—6=3m—3f OYEBUIHO
n—6=m+2m — 3f OYEBUJIHO

f
In—6=m-+ Z d(ty) — 3f Coriacao Jlema 16

i=1

f

Babenexere, we Y., d(t;) — 3f e HEOTPHUIATEIHO KOJIMYECTBO 3a BCEKH ILTaHADEH OOMKHOBEH

rpacd ¢ mone aBe pebpa, 3aII0TO BCAKO JIMIE MMa OIPazKIalll NUKbLJ C JIbJIXKAHA IIOHE 3, TOECT
. ¥

d(ti) = 3 3a Beako i. Ilom Y, d(t;) — 3f > 0, cieznsa, 4e 3n — 6 > m. O

Ciaencrsue 11

K5 He e manapes rpad.

HokazareacrBo: JupektHo ot Teopema 34: K5 numa 10 pebpa, b Bbpxa, u 10 £ 3 x5 —6. O

Caencreue 12

3a Bceku IJIaHapeH OOMKHOBEH rpacb, m < 3n — 6 ToraBa M caMoO TOraBa, KOI'aTO BCAKO

HETOBO TLJIAHAPHO BIMCBaHE WMa TIOHE €JIHO JIUIE OT CTelleH moHe 4. O

N raka, roprara rpanuiia 3n — 6 3a 6posd Ha peOpaTa € JIOCTHKUMa, U TO TOYHO TOraBa, KOraro
BCHYKH JINIA Ca OT cTeleH TouHo 3. JIecHo ce BUKJa, Ue Ta3W IOpHa IpaHUIlA € B CHJIa CaMo 3a
OOMKHOBEHU IJIaHAPHU rpadu — IpHU IJIaHAPHUTE MyJITHIpadu HsMa TOpHA IpaHUIla 3a Opos Ha
pebpata npu dpukcupan Opoil Ha BbpPXOBeTe.
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Omnpenenenne 68: TpuaHrymausi.

Besiko mranapHo BImcBaHe, B KOETO BCSAKO JIMIIE € OT CTEIEH 3, IIe HapuiaMe mpuaH2yiatus.

3a y100CTBO U IMMO-KPAaTKO M3pa3sBaHe MOXKe jla UIHOpUpaMe pas3juKaTa MeXKJIy TPHUaHTYJIallus
KATO T€OMETPUYHO IMOHATHE, OT €/lHA cTpaHa, u rpada, Ha KOUTO € Ta3u TPUAHTYJIAINS, OT JPY-
ra crpana. ToraBa TepMHHBT “TpuaHryJalus Ie Obje TPUIOKUM ¢ 3a Trpadu; a UMEHHO 3a
rpacduTe, 9METO IIAHAPHO BIUCBaHe e TpuaHry/anus. CIeIHUSIT O9eBUIHO KOPEKTEH aJrOPUThM
TpaHchOopMIpPa TPOU3BOHO CBHP3aHO IIJIAHAPHO BIMCBaHEe Ha T'pad B TPHAHTYIIAIINS.

AnropurbM 7: TPUAHT'YJIMPAHE

Bxon: [Inanapno Bnucane &.
Nsxom: Tpuanrystarmus.

O Ako Bcwukwy Juiia Ha & ca OT crereH 3, BbpHU &.

® B nporuBeH ciydaii, HeKa S e mpousBosHO Jinine Ha & or creneH > 4. Heka u n v ca
JIB& Pa3JIMYHU IIPOU3BOJIHK IJIAHAPHU BbPXa OT S, MEXKJIy KOUTO HAMA IJIaHapHO Pebpo.
JlobaBu KbM & 11aHAPHO PeOpPO MEXKy U U V, TaKa e HOBOTO PedPO Jia He Ipecuda, JApyru
1aHapHu pedpa BbB BbTperntan Todkn. Otuan Ha @.

Coriacuo Crencrue 12, TPUAHIVIMPAHE BpbIla IJIaHAPHO BIIMCBaHe Ha rpad, 3a KOHTO m =
3n — 6. Toit “pazapobsBa’” yuiara oT crerned > 4 Ha Jmia oT crereH TouHo 3. Hue Bede Buasgxme
npumep 3a paborara Ha TPUAHIV/INPAHE, 6e3 jia cMe M3I10/I3BaJIi B sIBEH BHJI IMETO Ha aJIrOpH-
TbMa. Ha durypara ma crp. 141 e nokazan rpad-1ukbiI ¢ IbIKAHA D, KOUTO HE € TPUAHTY/IAIU
(choTBETHO HE € BApHO, 4e m = 3n — 6, 3amoro 5 £ 3 x 5 — 6). [Tocse mobassve pebpara (u,z)
u (x,z), HO TOBa BCe OIle He € TPUAHTYJalus (ChOTBETHO He e BpHO, 4e m = 3n — 6, 3aI1oTo
7+ 3 x5 —6). I nakpas jnobassive pebpara (x,y) u (y,v) (Bx. durypara na crp. 142), ¢ koero
nostydeHusaT rpad, koiito Hapuuame K; — e, e Tpuanrysanus (cborBeTHO m = 3n — 6, 3amoro
9=3x5-6).

Jonbaaenue 21: 3a MHAYKTUBHO AedUHUPAHUTE TPUAHTYJIAIANA

[Te pasriemame UHIYKTUBHO OIpejie/ieHre Ha TTOHATHETO “Tpuanrysiamnus . To ce oka3sa He-
KODEKTHO B CMUCHJI, Ue He e ekBuBajeHTHO HA Ornpenenenue 68. Baxkuuar uzsoj Tyk e, de
He BCIKO MHJIYKTUBHO OIpejieieHne Ha Beve JeUuHIpano NoOHATHEe, KOeTO NHIYKTUBHO OIIpe-
JieJleHre 3By Y1 CMUCJIEHO, € HeITPEMEHHO €KBUBAJIEHTHO Ha I'bPBOHAYAIHOTO HE-UH/TyKTUBHO
olIpe/iesIeHue.

Besiko MHIYKTHBHO OIpejie/ieHre € aJroOpuTbM, KOWTO MeHepupa €JIeMEHTHTE Ha HIKaKBO
MHO2KECTBO, 3al04Baiikiu 0T 6a3a, KOATO e ChCTOW OT €JIMH WJIA [OBeYe eJIeMEHTa HA MHO-
JKECTBOTO, ¥ MpUIarailku MHYKTUBHA CT'bIKA, KOITO—AaKO BeYe ca eHEePUPAHU HIKAKBH
eJIeMEeHTH Ha MHOXKEeCTBOTO—TEeHepUpa HOBU €/IEMEHTH OT JI0Ccera TeHepuaHuTe, N30 13Baii-
KU e/lHa WA [0Bede MPUCHEINHUTEJHU onepanuu. B olmus ciydaii, nnIyKTuBHATA,
CTBIIKA Ce MpUara HeorpaHuvdeH OPOil IbTH, 3AIOTO MO MPABUIO WHIyKTUBHO T€HEPUPAa-
HUTEe MHOYXKECTBA ca Oe3KpailHu, HO BCEKHU OTJIEJIEH eJIEMEHT Ha MHOYKECTBOTO Ce MeHepupa
Upe3 KpaeH Opoit cTbiku. ToBa HI TTO3BOJISABA Jla KadBaMe “aJropuTbM’, a He ‘“mporeaypa’”
AJITOPUTMUTE 38 [bJIKUTE/THO TPAOBA J1a 3aBbPINBAT CJIeJ KpacH OOl CTHIIKH.
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Asropurbm 8: THAYKTUBHO TPUAHTYJINPAHE

Bxom: PaBunnara 0e3 HHUINO BONUCAHO B Hes.
Nsxom: Tpuanrysrarusi.

O (basa) Ako B paBHMHATa He € BIMCAHO HUIIO, CJIOXKK IJIAHAPHO BIMCBaHe Ha K.

® (lmaykruBHA CTHIKA) AKO Bede e BIHCAaHA HKAKBa TPHAHTyjalys &, B3eMu
IIPOU3BOJIHO HENHO JuIle S, CJI0XKW B HEroBa BBTPENIHA TOYKa €JUH HOB IIJIaHApPEH
BPBbX X M CBBPXKHU X C TPUTE BbpXa Ha S Upe3 IJIaHapHU pedpa, KOUTO He Ce MIPecHyar,
U Taka IOJIyIr HOBa TpUaHrysianus &'

[Ipucvenumnurenara onepamus B cjiydad e Jo0aBgdHe HA HOB BPbX U HOBU peOpa, WHITHMICH-
THH C HETO.

Qurypa 2.79 witocTpupa paboTaTa Ha TO3U AJTOPUTHM.

®Durypa 2.79 : AaropurbM, CTPOSAI TPUAHTYJIAIIAN.

b
a €
Dur.2.79(a): Dur.2.79(6): Dur.2.79(B): ciaarame Dur.2.79(r): ciaarame
3AII0YBAME C caaraMe HOB BPbX HOB BpbX f 1 TpH HOB BPbX g U TPH
3-KJTHKA. d u Tpu pebdpa. pebpa. pebpa.

YuraTeaaT MoxKe Ja ce U3KyHu ja joiycHe, e NHIVKTUBHO TPUAHTY/IMPAHE MOXKe
Jla TeHEepUPa BCSKA Bb3MOKHA TPUAHTYJIAINS, aHAJIOrHIHO Ha TPUAHTYIMPAHE (BXK. AJ-
ropuThbM 7).

Xuwuroresa 1

Asropurbm TPUAHIYV/IMPAHE MOXKe Jla TeHEPUpPa BCSIKa Bb3MOXKHA TPUAHTYIAIIS.

Axko Xwumoresa 1 Gerrie BApHA, TO JIOKA3aTEJICTBOTO HA TEOPEMATa 3a YeTUPUTE BATA (BXK.
Teopema 7) 6u 6u0 ab6COMOTHO TPUBUATHO. TPUBHATHO yIParKHEHHE € JIa Ce JIOKAKE ChC
CTPYKTYpHA UHIYKIHS, Ue 00eKTuTe, reHepupanu or UHIVKTUBHO TPUAHTV/IUPAHE, ca
OI[BETUMU C HE TIOBeYe OT YEeTUPU I[BATA:

e B Gazara Ha mHayKTHUBHaTa JeUHUINA, OUeBUIHO K3 e 4-omBeTnM;

® B MH/YKTUBHATA CThIIKA, aKO JOIyCHEM, Ye TpuaHryaamusaTa & e 4-omseTnMa, TO IIa-
HApPHUTE BbPXOBE Ha JIMIETO S IMO/I3BAT HE MOBEYE OT 3 OT TAX W UMaMe ‘cBODOjieH”
I[BAT, B KONTO Jia OIBETHM HOBOJOOaBEHHUsI BPbX X, Taka 4de &' 1oJiydaBa OlBeTSIBaHEe
¢ He IoBeYEe OT YEeTUPHU I[BATA, TAKOBa Ye Ha BCAKO ILIAHAPHO pedpPO JBaTa Kpas ca
pa3/indHu IIBETOBE.
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OueBWIHO OIBETSIBAHETO HAa IIJIAHAPDHOTO BIIMCBAaHE C HE IOBEYe OT YETUPHU I[BATA OIl-
pelieniss 4-omBeTsiBaHe Ha CHOTBETHHSA ILTaHApeH rpad-rpuanrynamnud. V1 Ttaka, rpadure-
TpUAHTyIaIK, KouTo TPUAHTY/IMPAHE renepupa, ca 4-onserumu. CbriracHo Xuroresa 1,
ToBa ca Bcuukd TpuaHrysianuu. OQ4UeBHIHO BCEKM IIAHApeH rpad MoxKe Ja ce MOJIyYd OT
HIKaK'bB rpad-TpUAHTYIAIUs Ype3 U3TPUBaHe Ha HyJa uin rnosede pebpa. Ho usrpusanero
Ha pebpa He MOXKe ja mpoMenn 4-onserumoctTa. CJieoBaTeIHO, BCEKHU ILTaHApPEH Tpad e
4-01IBETUM.

fcHo e, 4e MOKA3aTEICTBOTO HA TeOpeMaTa 3a YeTUPUTE IIBATA He MOYKe JIa € TOJIKOBA IIPOCTO.
Hepb3MoKHO € BOJIEIN MaTEMATHIIN B CBETA JIa Ce OIMUTBAT JIa JOKAXKAT TEOPEMATa C JIeCeTH-
JIETHs U Jia He 3a0eJiekar, 1e UMa JJOKA3aTeJCTBO ChC CJIOXKHOCTTA Ha 3aJia9a 3a JIOMAIIHO.
Xwurioreza 1 me moxke ja e Bapua. Cera mie onposepraem Xwurore3a 1 ¢ KOHTpampuMep—
TPUAHTYJIAINA, KOITO HE MOXKe Jia Obje renepupana ot UHAVKTUBHO TPUAHI'YIMPAHE.
[Ie s3amounem or dakra, de BceKH MaaHapeH rpad mMa BpbX or creneH < 5 (Bxk. Teope-
Ma 36, KOsITO € HaJoJly B Ta3u cekius). [I'bpBo Jia ce 3amurame, MOXKe JIH JIa UMa [JIaHAPEH
rpad, B KOITO BCEKM BPDHX € 0T cTereH ToUHOo 57 OT Hali-001m chodpazkeHus, TaKbB Ipad
TpsAOBa Jla nMa 1oHe 6 BbpXa, a UMEHHO HAKAKDB BPbX OT CTEIEH H U HEFOBUTE D ChCEJIA.
B seiicrBuresinoct, Takbe rpad G = (V,E) Tpabsa ja uma monHe 12 Bbpxa 10 CJIEIHUTE
MPUYINHNA:

e Kakro Beue 3HaeMm, m < 3n — 6.

e Or zmpyra crpana, 3HaeM, 4e Y, ., d(v) = 2m, a > ., d(v) TpsabBa Ja e 5n, Taka e

— 5n
m= <.

Orm<3n—6um= 57“ BejIHara ciaeasa n > 12. A jgaym ta3u j1o1Ha rpaHulia € JOCTUKAMA, !

Toecr, nasin uma 5-perysspen mianapen rpad c 12 sbpxa? @urypa 2.80 nmokassa, ye TaKbB
rpad nma.
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®Durypa 2.80 : KoncrpyupaHe Ha mJlaHapeH H-peryJisipeH rpad c 12 Bbpxa.

xR W

®ur.2.80(a): 3amouBame ¢ ®ur.2.80(6): ciarame ner ®ur.2.80(B): cBbp3BaMe
BPBX OT CTENEH 5. cbCesia OT CTEIleH . ChCEJIUTE B ITUKBJI.

Dur.2.80(e): cBbp3BaMe TH

®ur.2.80(r): caarame orre Our.2.80(n): cebp3BaMe B IIUKbJI, IIOCJIE HOB BPbX

IIeT BbpXa OT CTENeH H. 1 CbC CBOOOIHATE OT CTENEeH H KbM
“BaJieHTHOCTH Ha HOCJIEJHATE CBOOOIHNA
[IPEJIHATE TIeT BbpXa. “BaJIEHTHOCTH.

I'padbr Ha Purypa 2.80—KoiiTo, KAKTO JIECHO Ce BUXK/Ia, € n30MopdeH Ha rpada-uKocaerbp,
KOMTO Ha CBOil pej ChOTBETCTBAa Ha MHOIOCTEHa-UKOcaebp, Nokaszan Ha Purypa 2.78—e
KOHTpanpuMmep 3a Xunoresa 1. Toil npecrapigBa TpuaHnryiamnys, KoaTo He MOXKe J1a ObJie
refepupata ot UHJIYKTUBHO TPUAHIV/INPAHE. 3a j1a ce yOeuM B TOBa, JJOCTATHIHO € JIa
cbobpasum, de UHAVKTUBHO TPUAHI'V/IMPAHE reHepupa TPHAHTYJIAINE (M ChOTBETHO,
rpadu), KOUTO UMaT BPbX OT cremeH 2 (6a3ara) wian 3 (MHAYKTHBHATA CTbIKA). A rpadbT
na @urypa 2.80 HaMa TaKMBa BbPXOBE, Thil KATO € H-PerysspeH.

Teopema 35: m < 2n — 4 Opu IJIaHAPHUTE OOMKHOBEHU ABYIEJIHU rpadu

3a Bceku IJIaHApEH OOMKHOBeH jByJeseH rpad G ¢ mnone JiBe pebpa, ako M e OpoAT Ha

BbPXOBETE U M € OpodAT Ha pedbpaTta, TO

m<2n—4

ﬂOKaBaTeJ'ICTBO: Heka G e CBbp3aH — aKO HE € CBbpP3aH, JOKa3BaMe HEPaBECHCTBOTO 3a CBbP3a-
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HATE KOMIIOHEHTH U cymMupaMe 1o KomioHenture. U1 Taka, G e cBbp3aH IJ1aHapeH JBy/iejieH rpad.

Hexka smmara ca f wa Opoii, Hapedenn ty, to, ..., tr. mawme:
n—m+f=2 cbriacao Teopema 33
n—2=m-—f O4YEBUJIHO
2n —4 =2m — 2f OYEBUIHO
2m — 4f
N—4=m+ —5 OYEBUJHO
f
o d(ty) —4f
2n—4=m+ 2iz1 4(4) Coriaacao Jlema 16

2

f

Babenexere, ge Y., d(ti) —4f e HeOTpHUITATEIHO KOIMIECTBO 3a BCEKNU IVIAHAPEH JBY/eIeH rpad

¢ 1oHe JiBe pebpa, 3aI0TO BCAKO JIUIE UMa OTPazkJIAlll IUK'bJI ¢ JibJKuHa 1oHe 4, Toect d(t;) = 4
. f

3a Beaxo 1. [Mom >, d(ty) —4f > 0, crensa, ge 2n —4 > m. O

Ciaeacrsue 13

K33 He e mmanapen rpad.

HoxkazareacrBo: [upexrao or Teopema 35: K33 nma 9 pebpa, 6 Bbpxa, 1 9 € 2 x 6 — 4. O

Teopema 36: BbB Bceku miaHapeH rpad mMa Bp'bX OT CTEIEH < ).

BbB Bcekn mianapen rpad mMa BpbX OT CTEleH, He MO-ToJisiMa, OT 5.

HokazaresactBo: [la jomycHemM OIpOTUBHOTO — ChIlecTBYBa ianaped rpad G = (V,E), rakbs
e Vv e V(d(v) = 6). Torasa:

Z dv) =6n < Z d(v) = 6n + k 3a HKOe HeoTpuIATETHO K
vev veV

Or Jlema 1 3naem, e ) _,, d(v) = 2m. CrenoBareHo,

k
2Zm=6n+k < m=3n+ =

Ho Tbit karo % € HeOTPUIATE/THO, TO3W M3BO/I TpoTuBOopedn Ha Teopema 34 Ha cTp. 156. O

JHonbanenue 22: Teopemara 3a 1mectrTe nBsta. Teopemara 3a 1merTe IBsTA.

Teopemara 3a gerupure 1Bsita (Teopema 7) € U3KIIOUUTEHO CJIOKEH TEOPETHYIEH PE3Y/ITAT.
B ToBa momrbiiHeHme IMe JIOKaXKeM JiBa 1Mo-cjaadu pedysirara. HamrbaHo ecTecTBeHO, TEXHUTE
JIOKA3aTe/ICTBA Ca MHOTO MO-TIPOCTU U JiecHO paszdmpaemu. KakTo m Moxke J1a ce O4akBa,
mo-cjiabaTa OT Te3W TEOPEMH, a UMEHHO 3a IIeCTTe IBATA, € IO-JIECHATA OT JIBETE.

Teopema 37: Teopemarta 3a IIecTTe IIBATA

Beeku nnanapen rpad e 6-omnpeTnm.
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HoxkazareacTBo: Ille mokaxkem Teopemara ¢ WHAyKIHs 110 Oposi Ha BbpxoBeTe. 3a H6a3a
e B3eMeM ILiaHapHuTe rpadu ¢ He noede oT 6 Bbpxa. Te ca oueBuaHO 6G-orerumu. a
JIOITYCHEM, Y€ BCEKH IJIaHapeH rpad ¢ < n Bbpxa e 6-onsernm. la pasriegame mpons3BoJieH
mianaper rpad G = (V,E) ¢ n + 1 Bbpxa. Coriacuo Teopema 36, Ju € V @ d(u) < 5.
OueBniHO G —U CBINO € TIaHAPEH, OCBeH ToBa G —u uMa n Bbpxa. ChIyiacHO WHLYKTUBHOTO
npejnosioxkenne, G —u e 6-orserum. Heka f e mpousBosiHo orseTsiBate Ha G — U B HE TIOBEYE
ot 6 ngara. [To koncrpykius, |N(u)| < 5. Torasa Bbpxosere or N(u) “nosssar’ He HoBede
OT TeT IBATA W 38 IbJIKUTEHO MMa eJIUH IBAT, Jia KaykeM OeIUAT BT, TaK'bB Y& HUKOI
BpbXx or N(u) He e onperen B Hero. Torasa ornpersiBanero f Ha G, KOeTo jaBa OsiI IBST
Ha U, & Ha BCEKWU JIPYT BPBX V JlaBa IBera f(V), e JIEruTUMHO OIBETsIBaHe C HE 1moBeve OT 6
BATA. O

Teopema 38: Teopemara 3a meTTe IBATA

Bceekn mnanapen rpad e H-onpeTnm.

JokazaTescTBo: Heka 1iBeToBeTe ca XKbJIT, 3ejieH, CiH, YepBeH n Kadss. C e/t mo-KpaTko
U3JI0KEHNE HeMa JIa IIPABUM CTPOTra pasjiuKa MeXKIy ITaHapeH rpad, HEroBUTe BbpPXOBE U
pebpa, OT ejlHa CTpaHa, U IJIAHAPHOTO MY BIIMCBaHE C'hC CBOUTE IJIAaHAPHU BHPXOBE U pedpa,
OT JpyTa cTpaHa.

[Te mokaxkem Teopemarta ¢ MHAYKIHs 110 OPOsi HA BbpxoBeTe. 3a Oaza Ie B3eMeM ILIaHap-
Hute rpadu ¢ He mosede or b Bbpxa. Te ca odeBuano S-onerumu. /la gormychnem, de BceKn
maHapeH rpad ¢ < n Bbpxa e b-omseruM. [la pasriesame mpou3BOJIeH ILTaHApeH rpad
G = (V,E) ¢ n+ 1 Bupxa. Coriacuno Teopema 36, Jue V: d(u) < 5. OueBnano G — u ¢bImo
e IUIaHapeH, ocBeH ToBa G — u uMma N Bbpxa. CbIVIaCHO MHYKTUBHOTO IIPEJIIIOJIOKEHNE,
G — u e 5-onsernm. Ilo koncrpykrms, |N(u)| < 5.

JloTyk J10Ka3aTeJICTBOTO MOBTaps jJoKasarescTBoTo Ha Teopema 37. Ho cera ce masara ja
IporbJzKUM 110 1pyT HaunH. Cera pasmosarame camo ¢ et rpara. Ako N(u) = 5, ornpers-
BaHeTo Ha G — U1 ¢ < 5 1BsiTa MOXKe Jla € TaKoBa, 4e BbpxoBere oT N(U) ca OIBETEHU B MeT
pPa3/IMIHU 1BETOBE W HMaMe ‘CBOOOJIEH” IBST, KOUTO j1a JajeM Ha w. Moxke j1a ce HaJIoXKu
na “mpebosiaucame”’ BbpxoBe B G — U 110 TaK'bB HAUMH, Y€ XeM Ja ‘0CBOOOIUM’ €IUH I[BAT
3a U, XeM OIBETSBAHETO Jla OCTaHe BaJUIHO (Ja HaMa pebpo, YMUTO KpaWIlia Ca B €JIMH U
CBIIH TIBST).

Axko [N(u)| < 4, o “npebosiucBane” He ce HaJara; OYEBUIHO CHINECTBYBA MMOHE €JMH IBSIT
U3MeXK Iy HerTe, 6e3 orpaHndeHue Ha OOIIHOCTTa HEKa TOBa € 3eICHUAT IBAT, KOHTO He ce
u3n0/3Ba 0T HUKOM BpbX B N(u). Torasa onpersiBaMe 1 B 3€JI€HO U CM€ TOTOBH.

Heka |[N(u)| = 5. Ako nma HoHe e/IiH IIBAT U3MEXK/Iy [eTTe, KOTO He ce 3I0JI3Ba OT HUKOIL
BpbX B N(U), T0KA3aTEJICTBOTO CE U3BBPINBA AHAJIOIHIHO.

Heka BeumukuTe met 1psra ce mosssar or merte Bbpxa Ha N(u). e “npebosucsame” Bbp-
xoBe B G — u, 3a jga “ocBoOOAUM’ €JIMH IBAT 3a U.

Heka N(u) = {vi,v2,v3,v4,v5}. Be3 orpanundenue na obIIHOCTTA, HEKA B IJIAHAPHOTO BIIUC-
BaHe Ha G, Te3W BHPXOBE ca HAPEJIEHH 10 TO3W HAUUH:

(v17v27v37v47v5)

aKo ODOMKaJIIMe OKOJIO 1 B Ja/I€Ha IIOCOKa, Ja pedeM, 110 JaCOBHHKOBaTa CTPEJIKA. Heka
IBETOBETE UM Ca, KaKTO € IIOKa3aHO Ha CJIe/[HaTa PpUCYHKa:
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Vi

V4 V3

Mezk 1y BCeku JiBa OT BBHPXOBETE {Vi,Va, V3, V4, V5} MOKE Jla UMa WM Jla HsiMa pebpo, HO
Te31 Bb3MOXKHOCTHU He ca He3aBucuMu. [la pasriegame jecerre HeHApeIeHu JBOHKU {vi, o},
{V17v3}’ {V1>v4}v {\)1,\)5}, {VQ,V3}, {v27V4}7 {Vg,\)5}, {Vg,\)4}, ‘{Vg,\)5}, {V4,V5}- Ha napedem
Te3u JABOWKM, nomenyuasnume pebpa. Ot tax, {vi,va}, {ve,vs}, {v3,va}, {v4,v5}, {v1,Vv5} ca
Kscume MoTeHImMaIH pebpa, a octanaauTe, dsazume. Ilomuepraame, 9e TOBa pa3rpaHuye-
HUE MEXK/y KbCH U JIbJIM HOTEHIMAJIHN pebpa € Bb3MOKHO CaMo CJIeJl YKa3BaHeTO Ha pas-
[OJIOYKEHUETO Ha BbPXOBETE B PABHUHATA; KO Pa3ChKIaBaxmMe Ha HUBO rpad (a He Ha HUBO
[JIAHAPHO BIKMCBaHe) 6€3 Jla YTOYHUM HSIKAKBa KPbroBa Hapeada Mexky {vi,Va,Vs, V4, Vs},
TaKOBa KaTeropusnpaHe Ha MOTEHIHAIHITE pedpa ou 6mio 6escmuciaero. Otie geduHmIpame,
4e Koe J1a € MOTEHIMAIHO pebpo npucscmea B G, ako B G mMa pebpo ¢ Kpauia ChOTBETHUTE
JIBa BbPXA.

Tpusnaino e ja ce MOKazke, 9e IIOHE €IHO OT IOTeHIuaJHuTe pebpa He HpucherBa B G.
Axko gomycuem obparnoro, B G 6u mmaso moarpad, msomopden uHa Ks. CraBa jyma 3a
WHJIYIPAaHust OT {Vi,Va, V3, V4, 5} moarpad. Cera e mokazkeM IMO-CHJIHO TBbPJEHUE: TIOHE
TPU OT JIbJIATATE MOTEHIHMAJIHA pebpa He npuchberBaT B G, HE3aBUCHMO OT TOBA JAJU U
KOJIKO K'bCH ITOTEHIIMATHE Pedpa IPUChCTBaT. JJoKa3aTeIcTBOTO ce OCHOBaBA HA HAJIMYIUETO
Ha merta pebpa (u,vi), ..., (u,vs) B (mwianapuoro Brucsane Ha) G. JlecHo ce BIXKa, Ue
Haii-MHOTO JBe J'bJIM'M HOTEHIMAIHN PeOpa MOKe Jla Ce Pa3Io/IoKaT B paBHUHATA, TAKa de J1a
HfIMA [IPecuvaHe HUTO Ha JIbJINU pedpa, HUTO Ha JIbJiro pebpo ¢ Hiakoe or (u,v;) 3a 1 <1 < 5.
CuleHaTa puCyHKa OHATJIEISABA Bb3MOKHOCTTA JIa UMa, B JLJATM pedpa, NHIUJIEHTHHI C V1:

Vi

CirieioBaTe HO, 3a TIOHE JiBa BbpXa OT {Vi, V2, V3, V4, V5 }, 6€3 Orpannvenue Ha OOIIHOCTTa HEKA
TOBa Ca Vo U V4, € BAPHO, 4e Te He ca cheeau B G. Ocranasara 9acT Ha J0Ka3aTeJICTBOTO
U3I10JI3Ba JOIYCKAHETO, Ye MeXK/ly Vo U V4 HsaMa pebpo. [loguepraBame, ue HUKbIE HAJI0JY
nama da usnoazsame donyckane, de uma pebpa (vi,vs) u (vi,vy). Ilocieanara pucyHka
UMallle 3a IeJ Ja IIoKaxkKe, Ue He MOXKe Jla MMa IIoBede OT JiBe JIbJru pedpa. Ibaru pedpa
MOZKE M300M10 J1a HSMA.
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[BeroBere Ha vy u v, ca 3ejieno u 4depseno. Heka H e moarpadbr wHa G, mHAyNUpaH OT
3eJICHUTE U IePBEHUTE BbHPXOBE.

Cayyait I: v, u vy ce HamMupar B pa3jaundHu cBbp3ann kommoneHTn nHa H. Heka H’ e
CBbp3aHaTa KOMIIOHEHTa Ha H, KOsATO chabpKa vo. Hampumep:

Vi

[IpaBuMm cieHnaTa cMsHa Ha IIBETOBE HA BHPXOBE:
e BCcekHu BpbX Ha H’) KOHTO e O 3e/ieH Ipein CMsiHATa Ha I[BETOBE, CTaBa Y€PBEH,
e BCceKM BPbX Ha H’, KOHTO e OWMJI YepBeH Ipeau CMsHaTa Ha I[BETOBE, CTaBa 3eJIEH,
e IBETHT HA BCEKU BPbX B G, KoiiTo He e B H', He ce mpomeHs.

H_[e JOKazKeM, 1€ Ta3u CMdAdHa Ha IIBETOBE IIpEJACTaB/IdBa JIETa/JIHO OIBETABaHE Ha BbPXOBETE
Ha rpada. Toect, 1e He MOXKe Ja ce oIy un pedbpo, JBaTa Kpasi Ha KOETO Ca OIBETEHU B €JIMH
I[BAT.

1. pebpara, HUTO eTMH BpbX HA KOUTO HE € OT H', 09eBUIHO He MOTaT Jla UMAT JIBa, Kpast
OT ¢JINH IBAT CJICJT CMAHATA;

2. Ja pasriejame IIPOU3BOJIHO pebpo (x,y), TOUHO eJIMHUAT Kpail Ha KOTO, ja pedeM
x, e B H'. Ilpesqn cmsrara Ha 1npeToBeTe, X € OWJI 9€pBEH WM 3€JIeH, Y € OMJI XK'bJIT,
cua wm Kadsas. Ciesn cMsHata, X € IMaK B €IMH OT IBETOBETE UEPBEH WM 3€JI€H
(obpaTHus HA TPEeJHUs TBAT), a Y CU OCTaBa B IBAT, KOUTO HE € HUTO YepPBEeH, HUTO
zesien. CJie/1oBaTesHO, JBaTa Kpas Ha (X,Y) HE Ca OI[BETEHU B €JIMH IBSIT CJIE]T CMSTHATA.

3. Ja pasriejiaMe TIPOU3BOJIHO pebpo (x,y) or H'. Bes orpannvenue Ha oOIHOCTTa HEKa X
e OWJT UepBeH, a \, 3eJIeH Ipein cMsHaTa. Torasa ciiej cMsHaTa X € 3eJIeH, a Y, 9ePBEH.
CuietoBatesiHo, JBaTa Kpas Ha (X,Y) He ca OIBETEHU B €JIUH IBAT CJIEJI CMsHATA.

JokazaxmMe TBbpAeHreTo. ETo Kak U3riex ia ropHuAT IPUMeEp CJIeJl CMsHaTa Ha IBETOBETE
Ha H':
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Cren cmsiHaTa Ha I[BETOBETE, IIBET'HT, B KOMTO € OMJI OIBETEH Vo IIPEAN CMAHATA, & UMEHHO
3eJIeHusI, € “‘cBo0oIeH” B CMUCHJI, Y€ HUTO eIUH C'bCel Ha W He ro mojs3Ba. OupersiBaMe U B
HEro m moJjyvdaBaMe d-OlBeTsaBaHe Ha G:

Vi

Vo

V4 V3

Caywuait II: vy u vy ce HaMupaT B eJlHa U Cbllla CBbp3aHa KomioHeHTa Ha H. Heka tasm
cBbp3aHaTa KoMIoHeHTa Ha H Obe Hapeuena H”. Hampuwmep:

V1

B To3m ciyqait e 6e3cMucieHo ga cMeHsiMe oIBeTsiBaHeTo Ha BbpxoseTe or H” karo B Ciry-
qaii [—depBeHO B 3€/1€HO 1 0OPATHO—3AI0TO HsIMa J1a “0CBOOOANM’ HUTO UYePBEHHSI, HIUTO
3eJIeHUsI BT 3a W; W OM UMaJI U YepBeH, U 3eJIeH ¢beell cell cMsHaTa. Ho 3abessa3Bame, de
V1 U V3 B TO3U CJIy4ail ca, B HIKAKbB CMUCDJI, U30JUpaHu euH oT Apyr. Popmasto, B G He
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C'BINECTBYBA aJITEPHUPAIIL K'bJITO-CUH II'bT ¢ Kpauiiia vi u vs. Cera 1me jjokaxkeM To3u (hakT.
Twit kato H” e cBbp3aH, CHIECTBYBa AJITEPHUPAIL 3€JIeHO-UePBEH MTPOCT IIbT MEXK/Iy Vi U
vs B H”. Ha ciennara pucyHka e mokasan TakK'bB IIPUMEPEH II'bT P, OUEPTaH B IIyPILYPHO:

Vi

CHpHMO IINKDbJIa C IMa TOYHO JIBa paﬁOHa Ha paBHHHaTa 1M OY€BUIHO BCEKHN BbPXOBETE V1 U
V3 C€ HaMMpa B €/IlUH OT TEe3U paﬁOHI/I. CJIe,ZLOBaTeJIHOI

e HITO MOXKe Jia nMa pedpo ¢ Kpauira v, u v3 B G, 3aI10To TakKoBa pedpo O mpecuvario
pebpo OT ¢, a 1o KOHCTPYKInA G e IJIaHapeH;

® HHUTO MOKE JIa MMa aJITePHUpPAII K'bJATO-CHH II'bT ¢ KpPamia Vi 1 V3. AKO JOIIyCHEM,
Ye UMa TaK'bB II'bT ( U TOI HAMA OOII BPBX C €, OM MMAJIO HETIO3BOJIEHO IIpecnyaHe Ha
pebpa u G He 6u 6us TaHapeH (¢ e oYepTaH B CBETJIO CHHBO):
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[la nomycHeM, 4e XUIOTETUIHUAT II'bT  UMa MIOHE eqrH OO BPBX ¢ ¢. BbpxoseTe Ha
g ca OI[BETEHU B K'bJITO W CHHLO. BbpXoBeTe Ha € ca OIBETEHW B TPU IBATA: 3€JIeH,
YepBeH u O/l (TOBA € IBEeTHT HA U B MOMEHTA, 1 OIe He € OIBET€H B HUTO €JIUH OT
meTTe MBATA, TaKa Y€ MOXKEM Jla CUYUTaMe, Ye € OIBETEH B HAKAKDLB IeCTH BpeMeHEH
1BAT, Hapumep Osi1). [losmyduaBame mporuBopedne — oONMAT BPbX TpsibBa Jla € OT
eJTHa CTpaHa CUH WJIN YKBJT, a OT JpyTa, 3eJieH, YepBeH nin O

Vi

JlokazaxMe, 4e IPHU TEKYIINUTE JIOIYCKAHUs HE CbIIECTBYBa aJITEPHUPAI KbJITO-CUH II'bT
Mexkay vi u vs. Heka | e nmoarpadbr Ha G, MHIYIHUpPAH OT KbJITUTE U CUHUTE BbPXOBE.
[Mlom B G HaAMa aJTEepHUPAI KBJITO-CHH II'bT MEXKJIY Vi U V3, TO Vi U V3 Ca B Pa3JIMIHA
cBbp3ann KommnonenTn na J. Heka vs ce namupa B cBbp3anarta KommonenTa | va J:
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WspbpriBame cMsiHa Ha I[BETOBETE K'bJITO B CUHBO U CHHBO B XK'bJITO BbPXY ', OCTaBAMKM
JIPYTUATE BbpXOBe Ha G B CHIUTE IIBETOBE KATO IIPEJIN.

A%t

[To naunn HanbaHo anajornden va Ciry4ait I qokaszsame, de cjie] Ta3u cMsiHa Ha IIBETOBETE
HEe MOXKe Jia ITOJIyIuM pebpo, YMHUTO JBa Kpas ca OIBETeHH B eJIWH U ChIy 1BAT. Ho Torasa
BPBX V3 ce OKas3Ba KbJIT. [1o To3n HaunH cu “ocBoOOXK JaBaMe”’ CHHUS IBSIT U OIBETSIBaMe U
B CUHBO.

Vi

V2

V4
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2.13.4 XomeomopdusbM Ha rpadu.

Pasriiexxtame cebp3anu mynturpacdu. Heka G e cebpzan mynrurpad. Ile 3anounem ¢ nabiiose-
HHUETO, Je 110 OTHOIIEHNE Ha IJIAHAPHOCTTA, BUCAIINTE BbPXOBE HAMAT 3HaUeHre. AKO MMa BUCSIIN
BBHPXOBE, MOXKEM CIIOKOWHO Jia ru urunopupame. [lo-mipenusno kazano, ako nma BUCHIIN BbPXOBE B
G, HHe U TpHeM, JOKaTO He ce ToJiyun rpad 06e3 Bucdmu BbpxoBe. G e IIaHapeH ToraBa U CaMo
TOraBa, KOraTo MOJYUIEHUST Tpad € IIaHapeH.

VzrpuBane Ha BHUCAINIUTE BbPXOBE MOXKE Jia C€ HAJIOXKM Jla CTaBa CTaBa WTEPATHBHO, 3aI0TO
caen “mbpBUA NAac” HA U3TPUBAHE HA BUCAIIM BBLPXOBE MOXKE Ca CTaHe TakKa, Ye JIPYIU BbPXOBE,
KOUTO IIPEJIN He ca OU/iu BUCHIIHN, J1a CTAHAT OT BUCHIIN, 1 TAKA HATATHK. Ta3u cuTyalius Bb3HUKBA,
ako G e win J'bPBO, WK HE € IbPBO, HO UMa ‘u3pacTbiy-abpeera’. CregHara purypa miocrpupa
BTOpaTa Bb3MOXKHOCT: rpadbT G e Ky — e ¢ Tpu “n3pacrbka-IbpBeTa’; TPUEM BUCAIIATE BbPXOBE
Ha TPHU UTEPaIi, BbIIPOCHUTE “U3pacTbild U34Ue3BaT U ocTaBa caMo Ky — e.

B NN

He e TpymsO 114 ce cbobpasu, ge ako G e IbpBO, TO HTEPATUBHOTO U3TPUBAHE HA BUCAIINTE BbPXOBE
e peynupa TOBa AbPBO J0 €JIWH €IMHCTBEH BPbX.

Creiparoro HaOJIIOIEHNE €, e BbPXOBETe OT CTEIEH JIBe C'bIN0 HAMAT 3HAUEHNE 3a IIJIAHAPHOCTTA,
HO B pa3jimdeH CMHUCHJI. T9X HsMa Jia I'M TPpUEM, ITOHEXKe IIPOCTO U3TPUBAHE Ha BbPXOBE OT CTEIEeH
JIBe MOXKE Jla HallpaBU ILIaHapeH rpad oT HelaHapeH rpad, a Ie ' eJMMUHApPaMe I10 JIPYT
HaunH. be3 orpanmdenne Ha oOIIHOCTTA, HeKa G € HeTpUBUAJIEH U HSIMa BHUCSIIH BbpxoBe. AKO B
G HAMa BBPXOBE OT CTENEH, IO-ToJIsIMa OT JIBe, TO BCUUYKHN BbPXOBE ca TOYHO OT CTelleH JiBe 1 G e
rpad-1uKbJI, & BCeKU rpad-IUKbJI 38/ b/KUTETHO € TJIAHAPEH U B TO3U CMUCDHJI, HE € UHTEPECEH
OT TJIeJIHA TOYKa Ha 3ajadaTa Jiajau JaJieH rpad e IIaHapeH Wil He.

Ja jmomycnem, G 4e mMa IOHE €MH BPbX OT CTEIleH, MMO-ToJgMa OT JiBe, KAKTO W IIOHE eJINH

BP'BX OT CTelleH JiBe. [la pa3riegamMe BCHYKN MaKCUMAaJIHU 110 BKJIIOYBaHE IIBTHUINA P, - .., Pt B G,
YUUTO BBTPEIIHA BbPXOBE Ca OT CTelleH jBe (Kpauliara UM Ca BbPXOBE OT CTEIeH, [O-TOJISIMa OT
;LBe). Heka p; mma kpanima u; u vi, 3a 1 < i < t; O4eBUIHO BBHPXOBETE Uy, ..., U, Vi, ..., Vi HE

ca HEIPEMEHHO JIBa, 110 JIBa PA3JINIHU. AKO Ui = Vi 3a HAKOE i, TO OYEBHJIHO P;i € IUKbJI, B KOWTO
BCUYKHI BHPXOBE Ca OT CTENEH JBe C M3K/IIOYeHNe Ha Wi = Vi, KOWTO € OT CTeleH, MMO-TOJIIMa OT JIBE.
Ba Besiko 1 € {1, ..., t}, u3TpuBaMe BbTpeIIHITE BHPXOBe Ha Pi (KOMTO Ca OT CTEIEH JIBe) U Carame
€10 HOBO pebpo e], KOeTo nMa Kpauina u; u v;. lnade kazaHo, 3aMeHsMe “BbTPENIHOCTTa Ha Pj
¢ eqHo pebpo.

Tesu nien ca mmnoctpupanu Ha Purypa 2.81. Pazmumynure mbTUA ¢ BLTPEITHA BHPXOBE OT
CTelleH JiBe W KpallHu BBPXOBe OT CTENeH, MO-TOJIsIMa OT JIBE, Ca OIBETEHU B PA3JIMYHU I[BETOBE
3a IMO-JIECHOTO TPOCJIe/isiBaHe Ha pe3ysrara OT 3aMeHdHeTO uM ¢ pebpa. ['padbr-pesynrar G’ e
myarurpad ¢ npuMmka. JlecHo ce BUKja, de ako mpeBbpHeM G’ B OOMKHOBEH rpad, 3aMeHsHKN
CHOIIOBETE OT TapaJieJIHu pedpa C 10 eHO PeOPO U M3TPUBANKU MPUMKUTE, U MTOC/IE MPOIIbIKIM

TTIpu Te3u omepalti MOKe Ja CTaHe TaKa, ue 3aI0UBAHKN OT OOMKHOBEH rpad aa moaydmM mysrurpad. Eto
zamo. [Tapasennu pebpa MOXKe Ja ce MoJydar 10 JBa HadnHa. [I'bPBO, aKo IIpeJu 3aMsHaTa Ha Pi ¢ HOBO peGpo
e’ e mmaso pebpo e ¢ Kpauina Wi U vi, TO CJIeJ] 3aMsiHaTa e U €’ IIe ce oKaxkaT mapaJeann pebpa. Bropo, ako nBa
Pa3/IMYHA BT Pi U Pj IPEIH 3aMsIHaTa UM ¢ (pa3andnn) pebpa ca IMajl eIHN U CBITH KPAUIIa, TO CJIe]] 3aMIHaTa
um ¢ pebpara e’ u e”, re (peGpara e’ u e”) e ce okaxkaT mapajesHu pebpa. A IPUMKA IIe ce MOJIyYn OT 3aMAHaATa
Ha BCEKH Pi, KOITO e (IpocT) IUK'bJI, ¢ pedpo.
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Jla IIpuJjIaraMe W3JI0XKEHATE TTpaBuja 3a eJIMMIHAPaHe Ha BbPXOBE OT CTEIIEHU €JIHO U JIBe U Iapa-
neanuTe pebpa, JTOKATO MOXKeM, e Koaabmpane mesms rpad 10 eauH equncTsern Bpbx!. Ho Tosa
He e TeITa Ha udjoxkennero Tyk. lenra e jga mimoctpupame dakTa, de BbPXOBETE OT CTEICH JIBE
HsIMaT 3HAYEeHHe 3a IJIAHAPHOCTTa — KOETO Bedue HAIlpaBUXMe YOeIUTETHO.

Hab6amoaeraue 30

BrbpxoBere oT cTemneH JiBe HAMAT 3HAYEHME 3a IJIAHAPHOCTTA Ha rpaduTe B CACTHUSI CMU-
CbJI: aKO BCUYIKH MaKCHUMaJIHU 110 BKJIIOYBaHe, HEe HEeIIPpEMEHHO IIPOCTU, ITbTHUIIla C BbTPEIIHU
BbPXOBE OT CTelleH JiBe ObJaT 3aMEHeHN BCEKU C 0 eIHO pebpo, mosydeHusT rpad (Koii-
TO MOXKe Jia e MyJarTurpad ¢ IPUMKE; TOBa e 6e3 3HaUeHue) e € IJIaHAPEH TOraBa M Camo
TOraBa, KOraTo OPUTHHAJIHUAT rpad e OumI mraHape.

[InanapuocrTa Ha jajeH rpad ce ompejesiss €IMHCTBEHO OT BbPXOBETE OT CTEIEeH MIOHE TPH
U TOBa, KO OT TAX C KOl JIpyr OoT TAX e cBbp3an. Jlajmum Te3u cbp3BaHus crasaT ¢ pedpa
njan C II'bTUllla, YMUTO BBTPEHIHN BBHPXOBE Ca OT CTEIICH /BE€, HAMa 3Ha4YCHHUEC.

®durypa 2.81 : BbpxoBeTe OT cTeneH JiBe HAMAT 3HAYEHUE 3a MJIAHAPHOCTTA.

G’ P

OpurnnagausT rpad G ¢ BbpXoBe OT cTe- [MTonyuenusT rpad G’ 6e3 BbpXoBe OT cTe-

TIeH JIBE. TIeH JBeE.

THe Bcexu rpad MoxKe Ja 6bJie KOJaOUpaH 0 €IUH eMHCTBEH BPbX 110 TO3U Ha4nH. TOBa, € Bb3MOXKHO TOTaBa.
¥ CaMO TOraBa, KOraro rpadbr uma mapamersp treewidth, mo-manbk ot 3. Hagenust G uma treewidth 2 u 3aroBa
MOXKe Ja ObJe CBeJIEH 10 eIUH BPbX 110 TO3W HAaYWH. 3a J1a yBEeJINInM mapamMerbpa treewidth ma G mHa 3, mocTaTbaHo
e Jla CJIOKHUM eZHO pebpo Mexy x u Y. [loBeue undopmanus 3a napamerspa treewidth na rpadu uma B [18].
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Onpenenenne 69: Iloapasaessine Ha pebpa U cepuifHO peayHupaHe Ha peopa

Heka G = (V,E) e npousBosien mysarurpad u e = (v, w) e npousBosiHo pebpo B G. [lodpas-
deasremo na e® e Tpancgopmupanero Ha G B

G' = (Vu{u}, (E\{e}) u{(v,u), (w,w)})

KbJIETO U € BPBX, TaKbB de U ¢ V. AKO e e mpuMKa (KOeTo 03HadaBa, 4e v = w), 10 (v, u)
u (u,w) ca jiBe napaJesHu pebpa.

O6paTHaTta onepanus Ha IOJpa3/easHeTo e ceputinomo pedyyupane na pebpa’. Hexa x e
[POU3BOJIEH BPBX OT B G, HHIMJIEHTEH C TOYHO JBe pa3ndau pebpa e; = (y,x) u ey = (x,z),
HUTO €JHO OT KOUTO He e npuMKa. CepuilHOTO peylnupaHne Ha €; U € € TPAaHCPOPMUPAHETO
Ha G B

G" = (V\{x}, (E\({e1} U {e2})) L {es})

K'bJIETO €3 € Pebpo ¢ Kpaulla Yy u z, TaKOBa 4e eg ¢ E.

%Ha aHMIHIICKA 49ecTO ce IMoJi3Ba TePMHUHBLT € egde subdivision, no Toit me e yHuBepcasieH. Gibbons
[27, cTp. 76] ka3Ba “insertion of a vertex of degree 2”. Diestel [18, ctp. 20] ka3Ba “replace ... edges with
independent paths”. B [58, ctp. 491] ce ka3Ba “edge subdivision”.

®Ha aHT/IMICKI ce M3M0JI3a TEPMUHBLT series reduction, Ho u Toit He e yrusepcanen. Gibbons [27, cTp.
76] xazBa “the reverse of this process”, umaiiku npeasu noapaseinsuero na pebpa. Diestel [18] ycussa na
n3rpajiu U3JI0KEeHneTo cu 6e3 1a mosssa Tosa nonarue. B [58, crp. 491 ce xasBa “series reduction”.

BabesexkeTe, e HOBOIIOSBUIOTO ce PeOPO e3 B CEPUIHOTO peaynupaHe MOXKe Jia e nmpuMKa. Hukost
pUMKa obade He MOKe Jia U34Ye3He B Pe3y/ITaT Ha CEPUITHO pejlyliupaHe.

Omnpenenenne 70: XomeomopdusbM Ha rpadmu.

JIBa rpacda G u H ca xomeomopdHu, ako cbiecTByBa rpad J, Takbs 4e | ce nosydasa oT G

Upe3 KpaiiHa cepust (MOXKe U Ipa3Ha) OT MOAPA3/Ie/IsHIs U CePUITHN pelylupanus Ha pedpa
u | e uzomopden wa H.

Babessi3BaMe, de penanuaTa ‘ca xomeoMopdHn’ e cuMmerpudHa, Taka 9e G m H ca “paBHOCTONHN
yuactaun’ B Oupegnenenne 70. OcBen ToBa, pesanusTa e pedieKCUBHA U TPAH3UTUBHA, TaKa e
Tsl € peJiallisl Ha eKBUBaJIeHTHOCT. KaTo mpuMep 3a XoMeoMOPPU3bM MOKE JIa IOCIyKaT rpadure
G u G’ Ha @urypa 2.81. Te ca xomeomopdun. Heka ce yoemaum, de e taka. 'padbr G’ ce moaydasa
or G upe3 cepuitHu peayrupanusd Ha pebpa u Toil e nzomopden Ha cebde cu.

Nzomopdmsmbr mpucherBa B Oupenenenne 70 mo enna npuunba: rpadure G m H, Oumgeiikn
IIPOU3BOJIHU I'padu, MOKe Jla UMAT HaMAaT OOIIM MMeHa Ha BbPXOBE; JOPH Ja UMAaT OOIMU UMEHa
Ha BbPXOBE, T€3U OOIIMU MMEHA MOXKE Jia ca BbPXY ‘HEeChOTBETCTBAINKM CH BbPXOBE, B CMUCh/IA Ha
uzoMopdusMa. AKO OrpaHIINM BHEMaHUETO ci Bbpxy Purypa 2.81, HaMa HYKJa Ja MUCIAM 34
n3oMopdusbM, moHexke G’ ce mosydaBa oT G, 10 OTHOIEHUE HA BHPXOBETE, Upe3 M CaAMO Upe3
N3TPUBaHE HA BbPXOBE, TaKa Ue OCTaHAJNTEe BbPXOBe, a MMEHHO Te3u B G’ TOYHO ¢bOTBETCTBAT
Ha BbPXoBe 0T G B CMHUCHJIA Ha U30MOpPdU3Ma.

Jlecno ce BmXKJa, Ye MOXKexXMe Jia BbBeJeM ‘XxoMeoMopdusbM Ha Trpadu’ caMo Upe3 eIHaTa
onepanusa or Oupenenenne 70, a mMeHHO ToapasensHero. Moxexme ma kKaxkeMm, de G u H ca
XOMeOMOpGHHI TOoraBa U CaMO TOraBa, KOraro chbilecTByBa G’, KOHTO ce moaydaBa oT G 4pes IojI-
pasensiaus Ha pebpa u cbimectByBa H', KoiiTo ce momydaBa oT H dpes moapas/iesssHust Ha pedbpa,
rakuBa 9e G’ m H’ ca msomopduu. Ilpuannara j1a BbBekaMe n oOpaTHATa Ha MOAPA3ILTITHETO
orepaliis Ha CepUilHO pejylupaHe Ha pebpa e Mo-JIecHaTa MUC/IeHa BU3YAJTU3AINAA: aKO T0BEK Ce
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OIMTBA J1a BUJIN JIaJIu ABa rpada ca XoMeoMOP(MHU, ChBCEM €CTECTECTBEHO € MUCJICHO JIa U3BbPIINBA
KaKTO IO/IPA3/Ie/IAHNSA, TaKa U CEPUIHUTE Peylupanusd Ha pedpa.

Jpyr npumep 3a xomeomopduu rpadu e nmokasan Ha Purypa 2.82. Camo “cbimecTBeHuTe”’
BbPXOBeE, T€3U OT CTeleH, I0-roJIsIMa OT JiBe, ca uMeHyBaHu. [IpoBepere camu, ue euHuAT rpad ce
IOJIy9aBa OT JPYTHUsl Upe3 Cepusi OT IMOAPAa3Ae/ITHUs U CePUHU peayIupanns Ha pedpa, ChbIIaCHO
Onpenenenne 70; a ¢bIno Taka, de nMa nzomopdun rpadu G’ u H’, Koo ce moaydaBaT ¢bOTBETHO
or G m H camo ¢ moapasaensaust Ha pebpa, u ue uma usomopdun rpadu G” u H”, xouro ce
MOJIyJaBaT ChoTBETHO OT G m H camMo c¢be cepuiiHo pegynupane Ha pebpa.

®Purypa 2.82 : G u H ca xomeomopdHHU rpadmu.

Hab6amoaenue 31

Cbe cepuitHu peaykKnuu Ha peOpa He MOXKe Jla HaMaJuM Opos Ha IapaJietHuTe pedpa B
MyJaTUTpad; HAMA KaK C TaKUBa PEJIYKIIMH Ja CBeJeM CHOI OT k > 2 pebpa mnapaJsie/lHu
pebpa JI0 eHO eIMHCTBEHO pedpo, OCBEH B ciaydad k = 2, B KOHUTO IOHE €JUHUAT OT JBaTa
BbpXa € He-WHIMJIEHTeH ¢ Jpyru pebpa (HO ToraBa cepuitHaTa PEJyKIUs JaBa MPUMKA).
CbIo Taka ChC CepUitHU PeyKINN Ha pedpa He MOXKeM Jia u3TprueM mpuMka. Ciie1oBaTeHo,
CbC CEpUIHM peIyKIUu Ha pedpa He MOXKe Ja HalpaBUM OOMKHOBEH rpad or “‘mcrumHcKu’
MyaTATpad.

/ Hdombaaenune 23: Omie 3a xomeomopdusma \

Erumonorudara na “xomeomopdusbM” € caeJHaTa: Ha TPBIKH OUOLOC O3HaUaBa “mogoden”, a
Hoppn o3Hauasa “gopma’. CiieTHOTO olpe/ie/ieHne e B3eTo oT TonoJorugaTa. To e 3HaunTe1Ho
o-ctapo ot Ompeenenne 70.

Omnpegenenne 71: XomeoMopdu3bM MexKIy MPOCTPAHCTBA

JIBe TOIMOIOTMYECKU TTPOCTPAHCTBA Ca XOMEOMOP(QHH, aKO MEXK/Iy TAX UMa OUEKINsd,

TakaBa 4e W Tsd, U obparHaTa 1 (DYHKIMA-OUEKINs ca HEIPEKbCHATH.

He(bOpMa.HHO n HE CbBCEM TOYHO Ka3aHO, €JIHOTO IIPOCTPaHCTBO MOZKE Jla C€ IIOJIy4dru OT
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Ipyroro 6e3 pa3KbCBaHUS U 110 9UCTO ‘enactuder” HadwH. [loHawaso “xomeomopduzbm”’
€ BBb3HUKHAJO MMEHHO B TOIOJIOTUATA U € IPEHECEHO B TeopusTa Ha rpadure mo-KbCHO.
[Ipenacsnero My B TeopusiTa Ha rpaduTe cTaBa MHOTO €CTECTBEHO, aKO Ha rpadure ce rieja
HEe TEOPETUKO-MHOYKECTBEHO, & TOTIOJIOTNYeCK!, KaTO Ha BUJI TOMOJOTMYECKH ITPOCTPAHCTBA.
[TogpobHO BbBEjICHUE B MCTOPUSTA HA MOHATUETO “XOMEOMOPGMU3bM U U3IMOI3BAHETO MY
nva B [44].

Tpsadsa mga He ObpKaMe “xomeomopduzbm’ ¢ “xomomopduzbm’! ToBa ca chBeceM pasMIHNI
MOHATHS, BBIIPEKN Ye 3BydaT MHOI'O MOJI00HO.

Bb3MmoxkeH e u Ipyr MoJaxo/ KbM JedUHUPaHETO Ha rpadu, KOUTO B Ce pasjmdaBaT CaMo
1[I0 BbPXOBETE OT CTeleH 2, HanpuMep, B dyjecHara kaura “Graph Theory” na Diestel [18].
Hexka “mogpasmensne na pebpa’ e medpunupano karo B Oupemenenne 69. 3a magen rpad G,
nodpasdessre na G e BceKu rpad, KOiTo ce moaydaBa oT G upes mojapasiaesssHust Ha pedpa.

Ounpenenenne 72: Tonmonornyen muHOp, [18, cTp. 20|

3a Bcekn jiBa rpacda Gy m Go kKazBame, e Gi monosozuyder munop na Go, ako Go
chabpKa noarpad G’, rakbe ye Gi e nzomopden Ha moapasjesane Ha G'.

Diestel uznonssa “xomeomopduzbM’ caMo B YUCTO TOIOJIOTUIECKUS CMUCHJI, HUKOTa 3a T'pa-
du. Herosoro uznoxkennero na reopemara Ha Kuratowski ce 6azupa nHa nongarusita “ToroJjio-
ruYdeH MUHOP , KOETO MOHATHE IIe BbBeJAeM 10-110y, u “Muaop” ot lombinenue 24. [Ibpso
Jla BUJINM pazinkara MexkTy nojaxoga Ha Diestel m mogxoma, Bb3UpueT B Te€3U JIEKITMOHHN
3aIiCcKu, Koiito e B3er or Gibbons [27].

[Mogxoabr Ha Gibbons [27] e, mbpBo Ja ce jgedunupa xoMmeoMopdusbM U 1OCJIE B EHTPAJI-
Husi pesysirar—reopemara Ha Kuratowski na crpanuna 77 (Teopema 45 B Te3u 3ammcku)—a
kazke “mojrpad, xomeomopden ua'. Ilpu Diestel [18] anamoruanusr pesynarar e Jlema 4.4.3
Ha crpannia 97. Tam ce rosopu 3a Tomosornann Munopun®. Cera me Buaum, 4de “rpad G
e xomeomopden Ha noarpad Ha rpad Go” u “Gp e TonosorndeH MuHOp Ha Gy’ He Kas-
BaT €/THO U CBIINO HEINO, BHIIPEKN Ye CXOJCTBO nMa. Peyarusgra Ha XoMeoMOpMU3BLM €
CUMETPUYHA, JIOKATO PEeJIAIMATa ‘€ TOIOJOTUYeH MUHOD Ha' € aHTUCUMETPUIHA, aKO IJie-
nTaMme Ha rpaduTe Karo Ha HemMeHyBaHW rpadu (monsrue, BbegeHo B [lomceknus 2.8.2).
Axko 3a ;Ba HemMeHyBaHU rpada € BSIPHO, Ue IIbPBUSIT € TOIOJOTUYIeH MUHOD Ha BTOPHUS W
BTOPHSIT € TOINOJOIMYeH MUHOD Ha I'bPBHsI, TO TOBA € €JIMH U ChI (HemMeHyBaH) rpad.
Ako obade HemMeHyBaHUTE Ipadu ca PA3JTUIHI, TO UM HUTO €JIMH HE € TOMOJOTUYIEH MIHOD
Ha JIPYTHs, WIX TOYHO €JIMHULAT OT JIBATa € TOIOJOTuYeH MUHOp Ha Japyrus. CjemnoBaTeHo
cTaBa JiyMa 3a YacTUYHA Hapejbda, 3aloTO pesalusTa ‘e TOIOJOTMYEeH MHUHOP Ha', OCBEH
AHTUCUMETPUYHA, ¢ pedIEKCUBHA U TPAH3UTHBHA.

Ako G; e Tomosornuen MuHOp Ha Go, TO Gi e “mo-Mabk’ OoT Gy B HAKAKBLB CMHUCHII. 1lo-
nperu3no kazano, G npeaxoxkia Gs BbB BbIpOCHATA YacTUUIHA Hapeda. XomeoMopdus-
MBT, OT JIpyTra cTpana, Jedunupa peanus Ha eKBuBaJeHTHOCT. MexK 1y 1Ba pasjindnu rpa-
da, KouTo ca XOMeoOMOPGHH, He € 33/ IbJIZKUTETHO €JIMHUAT JIa IPEJIX0K /1 IPYTUd B HIKAKLB
cMuCHI. MoxkeM J1a CBbpKEM MOHATUATA “XoMeoMOP(U3bM’ U “TOMOJIOTMYeH MIUHOD  TaKa:
rpacute G; 1 Gy ca XOMeOMOPQHH TOraBa U caMO TOraBa, KOTATO C'bINECTBYBa TPETHU rpad
Gs, TakbB Ye U G, u Gy ca Tomosiorndnu MuHOpH Ha Gg, ToecT, u Gi, n Gy ca “mo-majku’
ot Gs. a pasriegame G u H or @urypa 2.82. Kakro Bede orbessizaxme, Te ca XOMEOMOP-
duu. Or gApyra crpaHa, HUITO €IUHUAT OT TSIX HE € TOMOJOrmYeH MuHOp Ha npyrus. Heka
ce yoeaum B ToBa. OueBnmHo u G, n H ca xomeomopdrnu Ha K33 — 1 aBaTa ce IosydaBaT
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or K33 upes nojgpasjensne Ha pebpa. Obade H mma dernpu 1rbTsd, KOUTO UMAT BBTPEIIHI
BBbPXOBE OT CTeIleH JiBe, a G MMa caMo TpH TaKuBa II'bTs, cjiejioBaTeiHo H He e “rmo-MabK’
or G u uama kak H ja e Tonosiornyuen munop #a G. OT jpyra cTpana, U3MexK/ 1y [IbTHIATA,
B H, mMaIum BLTPEIHA BLPXOBE OT CTEleH JIBe, CaMO €JMH MMa TPU BHLTPEIHU BbPXa, a
OCTaHAJIUTE UMAT 110 JIBA BHTPEIIHU BbpXa; & U TPUTE I'bTd B G, UMAIIU BLTPEITHI BbPXOBe
OT CTEIleH J[Be, MMAT 110 TPU BbTpelHu Bbpxa. CieroBaTesiHo, HIMa Kak G Jla € TOIMoJI0ru-
ven munop Ha H. [lo orHOmenune na dyactudnara Hape0a ‘e TOIMOJOTuIeH MUHOP Ha', HUTO
eJIMH OT JIBaTa He e TMOo-MaJIbK OT JIpYrud; nHade Kazano, H u G ca HecpaBHUMU.

B pestome: ako G; e xomeomopden Ha nojrpad Ha Gy, To He € 3ab/KUTeTHO G Ja Ipeji-
xoxkaa Gg, M0KaTo, ako G € TonoJioruderH MuHop Ha Gy, T0 Gy 38/IbJIKUTETHO TTPEIXO0K/ 1A
Go.

Bebmaoct, Diestel roBopu 3a MuHOpH, HE HEMPEMEHHO TOIOJOIHYHHU, HO mpeau ToBa B Jlema 4.4.2
IIOKa3Ba, 4e 110 oTHommeHme Ha Ks mm Ks3 e Bce egHO NaJu IMe ce IOJI3Ba “MHHOD” UM “TOHOJOIHYCH
MHUHOD”.

’ Honbinenne 24: Munopu B rpadu \

Paszrnexxmame npoctu rpadu, Thit KaTo napaJjeaHuTe pebpa u NPUMKHTE ca 6e3 3HaUYeHHe
110 OTHOIIIEHWE Ha MIHOPHUTE.

Onpenenenune 73: KoHTpakiius Ha pebpo

Heka ca mazgen rpad G = (V,E) u Heka e € E. Heka e = (u,v). Heka Vi = N(u)\{v} u
V, = N(v)\{u}. Heka z e OB BpbX. Heka G’ = G —u—v. Konmparxyus na pebpomo e
e onepaiysi, Koaro tTpancopmupa G B rpada (V(G') u {z}, E(G’) UE,), kbaero E, =
{(z,x)]|x € Vi U Va}.

Hedopmaano kaszaHo, KOHTpakmuaTa Ha peOpo e maeHTHHUIMpaHeTO Ha JIBaTa My Kpas,
IIpu KOETO PebpPOTO ce TPeBPbINa B MPUMKA W IOCe M39e3Ba, a aKO Ce MOsIBAT CHOIIOBE OT
(mo nBe) mapaJiesinu pebpa, BCEKH CHOI ce 3aMeHsi ¢ efHo pebpo. KpaiiHusT pesynrar e
obukHoBeH rpad. Purypa 2.83 uaocTrpupa KOHTpaKIuu Ha pebpa.

Onpenenenune 74: Munop Ha rpad

Hexka ca nagenn nsa rpacda H n G. Kazsame, 1e H e munop vHa G, ako rpad, n30MOp-

den ma H, ce mosryuaBa or G upe3 cepus OT U3TPUBAHUSA Ha BbPXOBE, U3TPUBAHUS Ha
pebpa 1 KOHTPAKIMU Ha pedpa.
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PDurypa 2.83 : W, e muHOp Ha Q3.

Q O O
G O O
@ usrpuBane Ha PeOPO ® koHTpakius Ha Pedpo

O
® KOHTpakIus Ha pedbpo ® KoHTpakIns Ha Pebpo

® nosryuamxme Wy

®urypa 2.83 nokassa, 4e rpadpbT W4 e MEHOD Ha TpuMepHus Xunepkyo QsC.

JlecHo ce Buzkj1a, de “noarpad, nzomopden Ha” u “ronosornden murop” (Oupesenenue 72)
ca JaCTHU CJIydYal Ha ‘MUHOD .

e Axo H e uzomopden wa noarpad wa G, To T031 noarpad Moxke jia 0'bJe MOIYIeH ChC
cepusl OT M3TPUBaHUS Ha BbpxoBe U pebpa. Cienosarenno, H e munop Ha G.

e Ako H e romosornvyen mMunop Ha G, To B G cbiiecrByBa nogrpad G’, takbs ue H
ce siBgBa moapasienenne Ha G. Moxkem ga moaydnMm G’ or G camMo ¢ U3TpUBAHUS
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Ha BbpxXoBe n pebdpa. 3a ja noayanm H or G’ msmosBame Tperara omeparys OT
Ornpenenenne 74, a uMeHHO KOHTpakiusTa Ha pedbpa. C KoHTpakiuu Ha pedpa MoxKe
Jla pelyliupamMe BCeKH II'bT, YUUTO BBTPEIIHN BbPXOBE Ca OT CTEIeH 2, JI0 eIHO pedpo.
Cnenosarenno H e Tomosioruvien muHOp Ha G.

Konpepcaoto obade #e e Bsapuo. Ako H e munop Ha G, TO € Bb3MOKHO H 118 He € n30MopdeH
Ha HATO eJInH 1oarpad Ha G u Jiopu ja He e xoMmeoMopdeH Ha HUTO eJnH mojrpad Ha G.
3a 5a ce ybenum B TOBa, na pasriegame mak Purypa 2.83. W, Huto e noarpad wa Qs, HUTO
e xomeomopden Ha moirpad Ha Qgz, zamoro A(Wy) = 4, a A(Q3) = 3. U taka, moHsaruero
“MuHOP” € 10-00II0 OT “TOMOJIOrMYeH MHUHOP”, KOeTO IOHATHE Ha CBOW pej € I0-00IM0 OT
“noarpad, nzomopden Ha'. 3akiodaBame, de B Oupejesenne 74 HsaMa U3JIUINTIBK — U TPUTE
U3PEJICHN OTIepaIlui Ca ChINECTBEHU 3a MOHIATUETO, KOEeTO ce JeduHupa.

CrieTHOTO HEOOXOJIMMO U JIOCTATBHIHO yCJIOBHE 3a IJIAHAPHOCT Ha Tpadu e JOKa3aHO TIpe3
1937 r. or Klaus Wagner [59]. Tasu reopema mpminda TBbpJe MHOIO Ha TeopemaTa Ha
Kuratowski ma ctp. 188, camo de e dpopmyaupana dpe3 MUHOPHU, a HE Ipe3 XOMeoMOpPhHH
noArpadu.

Teopema 39: Teopema Ha Wagner

I'pad e nmanapen Torasa 1 caMo Torasa, KOraro He cbbpzka Huto Ks, nuto Ks 3 KaTo

MUHOPH.

Tozu pesysnrar e muHTEpPECEH caM 110 cebe Cu, HO HE € eloxaJieH, UMaiiKK IPEJIBU/IL, Ue Ce OB~
Ba cejeM T'OJIMHU cJief] TeopeMaTa Ha Kuratowski, kaszsarma Hero jiocra cxojHo. BaxkHocTTa
My e apyra. Wagner, riegaiikyu Ha 3a/1a9aTa 3a IJIAHAPHOCTTA Ha Irpadu OT TJIeIHATa TOIKA
Ha MUHOpHUTE, € (GOPMYINpaAJ €/IHa MHOIO MMO-00Ia XUIoTe3a, JOKA3BAHETO Ha KOSTO € OT-
HEJIO JIECeTUJIETHs U € JIOBEJIO JI0 Hall-3HAUNTEeTHUTE U JIbJIOOKH Pe3y/ITaTh B ChbBPpeMeHHaTa
Teopusi Ha rpadure.

Xwunoresa 2: Xunoreza Ha Wagner [60]

BbB Besiko Oe3KpaitHO MHOXKECTBO OT HEMMEHYBaHM rpadu ChIIECTBYBaT JiBa rpada,
€JIMHUAT OT KOUTO € MUHOD Ha JIPYTUS.

Cnopen Diestel [18, crp. 373]:

Wagner did indeed discuss this problem in the 1960s with his then students,
Halin and Mader, and it is not unthinkable that one of them conjectured a
positive solution. Wagner himself always insisted that he did not—even after the
graph minor theorem had been proved.

Tasm xunoresa Beve e jokaszana or Robertson m Seymour, B pesyiarar Ha KOETO € CTaHAJA
Teopema, usBectHa Karo The Graph Minor Theorem (Teopema 3a MuHOpUTE).

Teopema 40: Teopemara 3a munopure (The Graph Minor Theorem)

BbB Besiko Ge3kpaiiHO MHOXKECTBO OT HEMMEHYBaHU rpadu ChIecTBYBaT JiBa rpada,
€JINHUAT OT KOUTO € MUHOD Ha JIPYTHA.
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JlokazaTesicTBOTO ce MPOCTUPA BbPXY HIKOJKOCTOTHH CTpaHUIM B jBajecer (20) craruw,
3arouBaiikn ¢ [52| u 3apbpuBaiiku ¢ [53]. Pestome na Haii-BayKHOTO OT TO3M €IIOXaseH TPY/L
nMa KakTo B [18|, Taka u B ¢BOGOHO jocTbIHATA cTaTus Ha Lovész [41].

[Mle majem ekBuBajieHTHa opmynpoBKa Ha Teopema 40, HO WHPBO IIIe JAJIEM €IHO OIIpe-
JieJIeHue.

Omnpenenenne 75: KBasuHnapenba

Bunapna penamus e xeasunapedoa®, ako e pedIeKCUBHA U TPAH3UTUBHA.
Kpasunapenba < € A x A e dobpa keasunapedbn’, ako < HAMa HOTO Ge3KpailtHn
aHTUBEPUTrn®, HUTO Oe3KpaiiHu cnyckawu ce Hadoay Bepuru. Ciryckalma ce HaI0JIy
Bepura’ e MHOXKECTBO {aj, ds, s, ...} € A, TakoBa 4e ... < a3 < Az < Q.

“Ha anrjiuiicku TepMUHBT € quasi-order. Preorder e ciHOHUM.

®Ha anrmmiicku e well-quasi-order, mm WQO maxpaTxo.

SAnTuBepura e MOAMHOXKECTBO Ha A, TakoBa 1e Ya,be A:a+b—->aLbAab{a.
°Ha anrymitcku TepMuHDBT € descending chain.

Teopema 41: TeopemaTta 3a MuHOpUTE, ajiTepHAaTUBHA (bopMyupoBKka [18, riiaBa
12.2]

Kpaiinure rpadu ca mo06pe KBazuHapeieHn OT MUHOpHAaTa Hapeaba <.

ExBuanentrocrTa Ha jasere dopmyanposku (Teopema 40 u Teopema 41) ce BuK/1a JiecHO.

e Toga, uye HaMa OE3KPAITHY CITYCKAIIU Ce HA IOy AHTUBEPUTHU € OYEBUIHO, UMANKU TIPe/I-
BHJI, Ye rpaduTe ca Kpaiinu, a BCAKa OT OlepalliuTe U3TPUBAHE HA BPbX, U3TPUBAHE
Ha pedpPO 1 KOHTPaKIUs Ha PedpPo mpapu rpada mo-MaabK.

e Toga, Je maMa Oe3KpailHn aHTUBEPHUTH € TOYHO KaKBOTO Ka3Ba Teopema 40.

Horamusra “<” ce n3nosssa 3a o3HadaBane Ha MuHopn: H < G o3nadaBa, de H e MuHOD Ha
G (wmm e mzomopden Ha MUHOD Ha G, aKO TOBOPUM 3a MMeHyBaHU rpadu).

HpI/Il\lep 3a MUHOPHO 3aTBOPEHO MHO2KECCTBO € MHO2KECTBOTO OT BCUYIKH I'OPpHU: BCEKU MMUHOP
Ha aIluK/JInIeH rpad OYeBHIHO € aluKINYeH, 3amoTo onepamuure or Oupenesrenne 74 He
Morar Jia 00pa3yBarT IUKJIU, TaKa 9e BCEKM MIUHOD Ha ropa CbIIo € Topa. pyr TakbB mpuMep
€ MHOXKeCTBOTO OT IJIaHAPHUTE rpadu, 3a10To BCEKM MIUHOD Ha IIaHapeH rpad O0UeBHIHO
CbINO € ITaHapeH. Tperu mpuMep € MHOXKECTBOTO OT rpaduTe, KOUTO UMaT BbPXOBO IOK-
puBaHe He I1oBeYe OT k, O4Y€BUIHO B3€MAaHETO Ha MHMHOP HE MOXKe Jla YBEJINYIN YHCJIOTO Ha
IIOKpHBaHETO. KOHTpaHpI/Il\Iep 3a MUHOPHO 3aTBOPEHO MHOZKECTBO € MHOXKECTBOTO OT CBbLD-
3aHUTE Ipadu, 3aI0TO U3TPUBAHETO HA peOPO MM BPbX MOXKE Ja HapyIId CBbP3aHOCTTA;
B YaCTHOCT JbpBeTaTa He ca MUHOPHO 3aTBOPEHO MHOXKeCTBO. JIpyr KoHTpampumep ca 2-
ornBeTHMUTE rpadu — aKo e JajieH YeTeH MUKbI (KAKTO 3HaeM, TOii e 2-0I[BEeTUM ) 1 HAITIPABUM
KOHTpaKIudA Ha €IHO pe6p0, e 1oJIiyduM IUKDBJI C AbJI2ZKHHa C €JUHUIla I10-MaJiKa, TOCCT
HeYeTeH IMUKDbJI, 3a KOIITO 3Ha€EM, 4e€ He € 2—OLLB€TI/H\I. TpeTI/I KOHTpaIllpuMep € MHO2KECTBOTO
oT rpaduTe, KOUTO UMAT JOMUHUPAIIO YUCIO He ToBede OT K; ako B G MMa BPbX OT CTEIeH
n— 1, To oueBuHO Y(G) = 1, HO U3TPUBAHETO HA TO3U BP'BX MOXKE JIa YBEJIMIN IHCIOTO HA
JIOMIHHPAHETO.
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Omnpegenenune 76: aean u oOCTpyKIUU

Heka e nagena kBasuaapenba < € A x A. Hdeanr no ommowenue Ha <, WIA ITPOCTO
udea., e Besiko J © A, KOETO € 3aTBOPEHO HaJI0/Iy 110 OTHOIIeHne Ha <. MHade KazaHo,
J S A e ujeast, ako

Va,be A:(aeJArb<a—bel)

Heka J < A e unean. Mnootcecmso om obcmpyrxuuu 3a J e Bcsko O S A, TakoBa 4e
VaeA:aeJ e (YbeO:b<fa).

Hexka kBazumnapejbaTa, KodTo pasriexkjiamMe, € MUHOpHAaTa Hape 0a BbPXY HEMMEHYBaHUTE
rpacdu. ETo npumepn 3a mjeaan 1mo OTHOIICHUS Ha Hes.

e MHOXKeCTBOTO OT BCUYKHU I'OPU € ujieaJ, 3aIoTo, ako G e amukiundeH 1 H < G, To u
H e anukanJeH.

e MmuoxkecTBOTO OT ILTaHApHUTE T'padu € Hiaeasi, 3all0TO BCEKM MUHOD Ha ILIaHAPEH
rpad OYEeBUJIHO CBINO € ILJIaHAPEH.

e MHOXKeCTBOTO OT rpaduTe, KOUTO UMAT BHPXOBO MOKPUBAHE He MOBeYe OT K, e uieal,
zammoTo ako T(G) < k u H < G, to ouesuano t(H) < k.

Ero KOHTpPaIIpuMEpU 3a nlaeaJin 110 OTHOIIECHUE Ha HeEdd.

e MuoxKecTBOTO OT cBbp3aHUTE Irpadu He € ujeasl, 3al0TO U3TPUBAHETO Ha PeOpPO MIu
BP'bX MOXKE JIa HapyIlu CBbP3aHOCTTa. B 9acTHOCT, ;ibpBeTaTa HE ca UJICAl.

e MHOXKeCcTBOTO OT 2-onBeTHMUTE Ipadu He ca UIeal — ako € JajleH YeTeH MUKbJI (Kak-
TO 3HAEM, TOil € 2-OI[BETHM) W HAIIPABUM KOHTPAKIUS Ha €IHO pebpo, IIe IOJIyTInM
HedeTeH IMUKDLJI, 38 KOUTO 3HAEM, Ye He € 2-OIBETHM.

e MmuoxkecTBOTO OT rpacduTe, KOUTO UMAT JOMUHHPAIIO YUC/IO HE IoBede OT K, He €
njean — ako B G mMa BpbX OT crenel 1 — 1, 1o odeBuHo Y(G) = 1, HO u3TpUBaHETO
Ha TO3W BPHX MOYKE Jla YBEJIMIN YUCIOTO HA JOMUHUPAHETO.

Ero npumepn 3a MHOXKeCTBa OT OOCTPYKIIAH.

e Heka mpeasbr € MHOXKECTBOTO OT almuKandauTe rpadu. MHOKECTBO 0T 06CTpYKIUH
e, Hanpumep, MHOXKecTBOTO {C3}, Kbjiero Cz 03HaUaBa 3-IUKbJIA.

e Heka mieaynbT € MHOXKECTBOTO OT ItaHapHuTe rpadu. MHOXKECTBO OT 0OCTPYKITHH €,
Harpumep, {Ks, Ks3}.

Canennara Teopema e B3era ot [21]. Asropure Downey u Fellows kassar, 1e npousxomabr i
HEe MOXKe J1a O'bJIe YCTAHOBEH U Ue TS € MaTeMaTuIecKu (POIKIOoP.

Teopema 42: WQO principle

Heka < € A X A e npousBoJina jg00pa KBasuHapei0a. 3a BceKn uieasi J 1o OTHOIIeHne

Ha < CHINIECTBYBa KPAWWHO MHOYKECTBO OT OOCTPYKIIHH.
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Ciuencrsue 14

AKo 3a Bceku JBa eJIeMeHnTa X,y € A MoXKeM Ja TecTBaMe B IIOJIMHOMUaJIHO BpeMe JaJIin

x < Y, TO CBIIECTBYBa C IOJUMHOMHUAJEH aJlOPUTHM 3a TeCcTBaHe Jlaju IPOU3BOJICH
Z € A IpuHa UIexKM Ha ujeaJia J, nim He.

HoxkazarescTBo: [la jomycuem, 1de 3a Besgka oOCTpyKIus 0 € O 6GuxMe MOTJIA B ITOJTMHO-
MUaJHO BpeMe Ja permm jau o < z. Ho ot Teopema 42 3naem, 1e oOCTPyKIUUTE Ca CaMO
kpaeHn Opoit. OdeBUHO €, Ue BBIPOCHT Jain z € J uMa yTBbPAUTEIEH OTTOBOP TOraBa M
caMo TOTaBa, KOraTo 3a BCAKa OOCTPYKIWS O He e BAPHO, Ye o < z. Il Taka, TecTBaneTo 3a
MPUHA/JIEXKHOCT K'bM HJIeasa ce CBEXKJa J0 TeCTBaHe 3a KpaeH Opoil 00CTPYKITIH. O

Cera Bede pasriexjamMe He KOs Ja € KBaznHapei0a, a UMEHHO MUHOpPHATa KBa3uHAPEI0A.
Teopema 43 e U3KIIOIUTETHO TPY/IEH 3a J0Ka3BaHe pe3yarar Ha Robertson m Seymour or
[51]. 3abenexkere, ue TeopemarTa He TBBPAHU, Ue MOKEM J[a TeCTBaMe B KyOUIHO BpeMe Jajin
3a JIBa [IPOM3BOJIHU Ipada, eINHUIT € MUHOP Ha apyrust! 3agadara J1ajiu 3a IBa ITPOU3BOJI-
HU rpada, euHuAT € MUHOP Ha JIPYTUsd, ChIbpKa KaTo mnoiazagzada NP-mrbjinaTa 3ajadara
JaJIi 3a JBa MPOM3BOJIHK I'pada, equHusIT e moarpad Ha JAPYrus; ako Imoasagadara e NP-
II'bJIHA, TO camara 3ajada e NP-TpyaHa, a KakTo 3HaeM, 3acera He e m3BecTHa NP-TpyaHa
3aJ1a4a, PermMa B IOJTMHOMHUAIHO BpeMe. ToBa, KoeTo ce TBbP/AH, €, Ye 3a IPEIBAPUTETHO
dukcupan rpad H cbiecTByBa KyOUUueH aJlOPUTDHM, C KOHTO MOXKEM Jia TeCcTBaMe JaJIu
H < G, 3a Bcekn G.

Teopema 43: TecTtBane 3a MmuHOpU B KyOm4dHo Bpeme [51]

3a Bceku dpukcupan rpad H, 3a Bceku rpad G, recrBanero gaanm H < G Moxe 11a
ce mspbpmm BbB O(|V(G)[?)%.

“Horamusra O(x) o3HauaBa Beska (DyHKIHUs, KOSTO € OTPAHUYEHA OT TOpe OT CX, 34 HIKAKBA
KOHCTAHTA C.

Teopema 43 3aexno cbe Craencreue 14 maBa eIWH M3KIIOUATEIEH PE3YITAT — aKO JIaJI€HO
rpadoBO CBOMCTBO ce 3alla3Ba IIPU B3eMaHe Ha MUHOPH, TO ChINECTBYBa KyOMIEH aJIrOPUTHM
3a HeroBoTo nposepsBane! M Toa e B cuiia 3a BCAKO IpadOBO CBOMCTBO, KOETO CE 3ala3Ba
IIpU B3eMaHe Ha MUHOPW; MHaYe Ka3aHO, 3a BCEKU Hjieasj B MUHOpHaTa Hapeabda, 3aIloTo

ujlea)l B MUHOpHaTa Hapea0a € NMEeHHO I'padOBO CBONUCTBO, KOETO Ce 3alla3Ba IIPU B3eMaHe
Ha MUHOD. ToBa 3aciiykaBa j1a ObJje 3allMCaHO KaTO CAMOCTOSATEHA TeOpeMa.

Teopema 44: TecTBaHe B KyOMYHO BpeMe 3a IIPUHAIAJIEKHOCT K'bM HJ1€aJT

Axko najieno rpadoBO CBOMCTBO ce 3ama3Ba IIPU B3eMaHe HAa MUHOPHU, TO ChIIECTBYBa

Ky6I/Iq€H AJITOPUTBM 3a HEroBOTO IIpOBEpPdABaHE.

la cu npunmoMHUM TpUMepuTe 3a Wjead B MUHOPHATA Hapej0a — aluKIndHuTe rpadi,
mIaHapHuTe rpadu, rpadpuTe ¢ UHCI0 HA BbPXOBOTO MOKpHBaHe He mosede or k. Jlobpe
U3BECTHO €, Y€ allUKJINIHOCTTA MOZKE JIa Ce TeCTBa B JIUMHEHHO BpPEMe, C'bINO U IJIAHAPHOCTTA,
TaKa |e 3a Te3U CBOWCTBA He HU TPAOBa JIbjab0Kus pe3yarar Ha Robertson u Seymour. Obaue
3a rpaduTe ¢ YUCI0 Ha BbPXOBOTO MOKPHUBAHE HE IMOBeYe OT K, Ta3W TeopeMa € II'bPBUST
pe3y/aTaT B MCTOPUSITA, KONTO JTaBa OCHOBAaHUE Ja TBBPIUM, Y€ MOYKE CBOWCTBOTO Jia Ce
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TecTBa B Kyouano Bpeme! O1 o01u chobparkeHus, /TaIl IUCJI0TO Ha BbPXOBO MOKPUBAHE €
HE ToBeve OT K MOXKe Jla TeCTBaMe, HEIPEIU3HO Ka3aHo, BbB Bpeme O(nX), HO He 1mo-106po.
Nuave kazaHo, 0T 061y choOGpazkKeHusa acCUMIITOTHYIHATA J0JIHa rpanuna e n*. Tosa, 1e nma
10-/100pa ACUMIITOTUYHA JIOJIHA IPAHUIA, 8 UMEHHO KyOndHaTa, M300110 HE € OUYEeBHIHO.

Teopema 44 e npuioxkuma B orpomMeH Opoii ciaydaun. JloctarbaHo e j1a MOKazKeM, de Hsi-
Koe TpacdoBO CBOMCTBO ce 3alla3Ba IIPU B3eMaHe Ha MUHOPH, 3a Ja TBbHPIUM, Ue CbhIIEeCT-
BYBa IIOJIMHOMHUAJIEH W JIOPH KyOWdeH aJropuThM 3a TOBa CBOCTBO. Buikre crarmsara Ha
Lovasz [41] 3a HerpuBuaaau npuioxkenus Ha Teopema 44, nanpumep 3a 3ajadara LINKLESS
EMBEDDING — jajin JiaJieH rpad MOXKe Ja ce HAphCyBa B TPUMEPHOTO IPOCTPAHCTBO IIO
TaK'bB HAUNH, Y€ HUKOM JIBa IUKbJIa 0e3 OO BbPXOBE Jla He ca pa3IojoKeHH KaTo “00-
XBalllAIll ce B3aMMHO IPbCTEeHN . 3a Ta3u 3ajada OT OOIMU ¢hOOparkKeHUs JOPU HE MOXKEM
Jla TBBbPIUM, 4Ye IPUHALIEKHN Ha Kiaaca Ha ciaoxkHocT NP. A Teopema 44 Hu Ka3Ba, de He
camo tipuHa iexkn Ha NP, a jopu npuHajjieRn Ha P, 1 J0pu HEIo moBeve, nMa KyOudeH
aJiropuTbM 3a Hes. [lopajin ipoctara npuduna, de cpoiictBoTo linkless embedding na rpad
ce 3aIa3Ba BbpPXy MUHOPH.

3a cbxkasienne, Teopema 44 e HEKOHCTPYKTHBEH PE3yJITaT, KOETO O3HaYaBa, U€ Td JI0KA3Ba
€caMO CbINECTBYBaHETO Ha KyOWYeH aJropuTbM, 6e3 Jla HU Ka3Ba aOCOJIIOTHO HHIIO 3a TOBA,
KaKbB € caMudT ajroputrbM. Ma jajteuna anajorus ¢ Teopemata Ha Weierstrass B aHaJu-
3a°, KOZTO TapaHTUPa CHIIECTBYBAaHE HA MUHUMYM U MAaKCHUMYM, aKO Ca U3II'bJIHEHHU OIIpeie-
JIEHW YCJIOBUs, HO HEe HM Ka3Ba HUINO 3a TOBA, KaK Jla HAMEPUM MUHUMYM WA MAKCHMYM.
Boupeku tosa, Teopema 44 e pesyarar ¢ (paHTACTUYIHA CTORHOCT, KAKTO IHCTO TEOPETUIHO,
Taka M OT IpaKTHIecKa IJeJHa TOYKa — JOKA3aTeJICTBOTO 3a CbINECTBYBaHe Ha KyOuWdeH
AJITOPUTBM IIOHAKOI'a BABbXHOBABA HAaYYHU M3CJIE€JIBaHUA, KOUTO B KpaﬁHa CMETKa HaMupaT
Obp3 MpaKTUIEeH aJrOPUTHM 3a 3ajada, KOSTO JI0TOraBa € M3IVIerKIajda Oe3HaaerkIHa. 3a
1oBeve MoJPOOHOCTH BUXKTE Ta3M IyO/uKaliusl B OJior, nojrbpkan or Lance Fortnow u Bill
Gasarch.

@ “W,” unsa ot wheel. 'padbT ce momytaBa oT 100aBAHETO HA HOB BPbHX KbM 4-TIUK'BJI U CBbP3BaHE Ha,
HOBUSI BPbX K'bM U CAMO K'bM BCEKH BPbX OT 4-IUKbBJIA.

O“Xunepky6” e nedpunupan B Cexrus 2.15.

SAko peasina (DYHKIHUs € HENPEKbCHATA U OTPAHUYEHA B 3aTBOPEH HHTEPBAJ, TO T JIOCTUTA KAKTO
MUHUMYM, TaKa ¥ MAKCUMYM B HEro.

2.13.5 Teopema ma Kuratowski.

Opurunasmara crarus na Kuratowski [39] (ma dpenckn) e cBoboguo gocrbina. Vma mpesos Ha
anrmitck ot Jan Jaworowski [40], o Toit He e ¢BOGOHO TOCTBIICH.

BarnouBame ¢ €JJHO ONpejiesienne, B3eTo ot 27, crp. 75].
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Omnpegenenne 77: Ilapye u cbeauHeHUe.

Heka G = (V,E) e cebpsan rpad. Heka G; = (Vi, E1) e moarpad na G. Ilapue na G cnpsamo
G e Bceku OT cjegHuTe rpadu.

@ 3a Beska cebp3ana komnonenta H = (Vyy, Eyy) Ha Ga, rpadbr

H= (Vi u (N(Vi) n V1), En U {(a,b) eE|lae Vi abe Vi})

@ 3a Besro pebpo (x,y) € E\Ey, TakoBa 4e x,y € Vi: caMoTo pebpo (x,y).

Ob6mure BbpXxOBe Ha Koe Ja e napuye H ¢ Gy ce HapuyaT mouku na 3axsawane Ha H Kom
G1, WU TIPOCTO Mouky Ha 3axsawane wa H, ako Gy ce mogpazdupa. Ocranaanre BbLPXOBE
Ha H ca unmepnaarnume esprose na H® MHOXKeCTBOTO OT MHTEPHAJHUTE BbpxoBe Ha H ce
Gestexku ¢ inter(H).

AKo JlajieHo mapue uMa [osede oT eJlHa TOUKHM Ha 3axBalllaHe, To ce Hapuda csedunenue’.

“UuTepHaJiHu BbpXoBe~ 3BYyYH I'DO3HO, HO HE MOXKEM J1a TI0JI3BaMe TePMUHA “BBHTPEIIHU BbhPXOBe’, 3a-
OTO TOH Beue e jepMHUPAH B KOHTEKCTA Ha MbTUINATA

°B |27, ctp. 75| TepmumbT e bridge. Toit KaTo Bede cme gedurupamm “Moct” 1o apyr madns (Ompese-
Jierne 26), Hajiara ce /1@ M3I0JI3BaMe JAPYI TePMUH Ha ObJrapCcKi.

®urypa 2.84 mmocrpupa Onpezesenne 77. Bisio e nmokazan rpad G ¢ nmoarpad G; (Hapucysan B
3eJ1eHO U ¢ yaebesienn pebpa), a BisicHO ca nerre mapuera Hp, Hy, Hs, Hy 1 H Ha G cripsivmo G .
[Tapuerara Hs, Hy u Hy ca pebpa m—Bbipekn de umar o0Ill BpbX j B G—KaTo mapdera Ha G Te ca
oraennn noarpadu. Coequnenus ca Hy, Hy, Hy 1 Hy, a Hy He e cbeguHeHne, mMoHE)Ke MMa CaMo
eJHa TOYKa Ha 3axBainane. Ako G e 6JI0K, TO BCIKO HEIOBO Iapuye, CIPsAMO KOil 1a e moarpad, e
cheIuHenne; 00paTHOTO OU 3Ha4e 0, Ye G MMa CpsA3Balll BPbX.

Durypa 2.84 : ITapuera cupssmo noarpad.

G |

a h g i
0O 1

Gy |

b i f |
c j d |
u Vv 1

O 1

k l

w l

I'pad G ¢ mogrpad Gi. |

Babesexkere, de pebpara (j,h), (j, ) u (j,u) ca Tpu orgennn chequnenus, Hapedern Ha, Hy u Hy,
a He €JIHO CheMHEeHNe.

Mozke Ou Bede ce BUK/Ia KAKBO € 3HAYEHUETO Ha IapueTaTa 3a IJIaHapHOCTTa: ako noarpadbr Gy
e IJIaHapeH, TO TOBa JaJM LeJudT rpad G e IUraHapeH ce Olpejiesid €IHO3HAYHO OT Iapderara
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cupsimo Gp. Hemo moede. Ako 1oHe e1HO OT Te3u mapdyeTa He e IJIAHAPHO, TO OYeBHIHO u G He e
IJIAHAPEH, HO KOHBEPCHOTO HE € BSIPHO — MOYKe BCUYKH ITapdeTa jia ca IJIAHAPHU W BBIIPEKN TOBA
G Jla He e IUTaHapeH, 3all0TO HAKOU OT Te3U IMapyeTa ca CheJINHEHHd W ca 3axBaHAaTH KbM Gip 110
TaK'bB HaYWH, Ue He MOKe Jia ObJIaT CJIOXKEHHN B paBHUHATA € THOBPEMEHHO U 0€3KOH@JINKTHO.
[TocmeanoTo MOZKE JIa ce MOJIydHd, aKO PA3IoaaraHeTo Ha HAKOe OT TAX ‘Ipedr’’ Ha PasIo/araHeTo
Ha JIpyTo. 3a KPAaThK 3alliC Ha Ta3W UJes Ie BbBeIeM cieHaTa HoTamus or |27, cTp. 76|, Ho camo
B cJiydail, 4e nmoarpadbT, CpsaMo KOMTO pasryieKaaMe CheJUHEeHNsd, € IUKbJI.

Horamusa 4: ~ u %

Heka G e rpad u C e mukswbia B Hero. Heka H u ] ca aBe cbeaunenus crpsimo C. Heka
Te ca IUIaHAPHU rpadu ¢bC CHOTBETHHU ILIAHAPDHU OOpas3u H u T KazBame, ve H u | ca
ceemecmumu cnpamo C, mim mpocTo csemecmumu, ako C ce mogpaszdmpa, ako B paBHIHATA
MOKe JIa Pa3IOJIOKUM H u T B €JIHO W CBINO JINIEe HA PaBHUHATA, CITPAMO (NZ, Kbaero C e
mianaper oopas Ha C. Ako H u | ca cbBMmecTumu, tutiem H & ¢ |, B IpOTUBEH CJIydail TUIIeM
H #¢ J. Ako C ce nogpasbupa mozke ja nmmeM npocto H ~ | waun H # ], ¢choTBeTHO.

®Durypa 2.85 : CbBMeCTUMU U HECHbBMECTUMHU ChEAMHEHUS COPAMO ITUKDbJI.

Qurypa 2.85 mmoctpupa Horanus 4.

Jlema 17 moszBa Onpejenenne 17.
Jlema 17

Heka G e cBbpzan rpad u H e npou3Bo/IiHO ¢he/IMHEHNE CIIPSIMO TPOM3BoJIeH mojrpad Ha G.

Heka H mmva nose Tpu ToUKkH Ha 3axBainade a, b u ¢. Torasa cbinectByBa BpbX z € inter(H),
TaKbB 9e B H nMma z-a IbT pq, z-b I'BT Py, U 2-C BT P, KOUTO TPU II'bTA Ca HEZABUCUMU.

HokazarescTtBo: O6pa3no KazaHo, Jlema 17 T8bpau, ve B H uma noarpad, Koiito npuimda Ha
3Be371a ¢ TPH JIbda. LleHThbpbT Ha 3Be3/1aTa € z, a TPUTE U JIb4a Ca Pq, Py U Pe. BrmkTe Ourypa 2.86.
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®Durypa 2.86 : “3Be3ga c 3 abua’ mpu 3 TOYKM HA 3aXBalllaHE.

Pa

Pb Pc

OuerniHO cbeuHenreTo H He e camo eHO pebpo, Taka de inter(H) £ . /la pasriename mpouns-
BosieH w € inter(H). Tbit kato H e cBbp3an rpad, B HEr0 UMa W-a T (g, W-b II'bT (p U W-C IIbT
(c. 3alOUBaAlKI C W, (q, (b U (¢, 1€ TIOCTPOUM JKEJIAHUTE Z, Pq, Pb U Pc. AKO (q, b U (¢ Ca
HezaBucumu, npemunaBame kbM Crbrka 3. B nporusen ciyuaii, npemnnaBave kbM CTbrnka 1.

Crbnka 1: Axo qq 1 qp, ca He3aBUCHMHE II'bTHUINA, peMuHaBame kbM Crbiika 2. Heka q, 1 qp
He ca HezapucuMu. [la pasriename Bbpxa u € V(qq) N V(qp ), KOATO € MaKCHMAJIHO OTIaJIe9eH OT
W KaKTO B (4, TAKa U B qp. ZlcHO €, ue u + w.

Bes orpannuenue Ha obIIHOCTTa MOXKEM Jia JOIYCHEM, 4e W+ a 1 W + b, 3aI10T0:

e AKO U = a, TO 33Tb/KUTETHO CBINECTBYBA JPYT W-a IIBT, B KOWTO MAKCHMAJHO OTIAJIe-
YEHUAT OT W ODIIl BPBX C (p, HE € BpbX a. AKO HaMAaIlle TaKbB JPYr W-a II'bT, TO a O ce
HAMUpaJ BbpPXY BCEKH W-b IrbT W ToraBa a W b He OmxXa OMIM BBHPXOBE OT €IHO M ChIIO
cbeunenue. U taka, moxkem ja m3depemM KaTo (g TO3U JPYT II'bT.

e Hambino anHajgornyno, BUHAru MOXKeM J1a m30epeM KaTo (i, TaKbB W-b II'bT, B KOHTO MaKCU-
MaJTHO OTJIaJIeYeHUAT OT W ODII BPBX C 4 HE € BPbX b.

Heka g/ e noambTar Ha o OT U JIO 4 ¥ HEKA (f, € HOAIBTAT Ha (p, OoT U jio b. Kakro Bumsaxme,
MOXKEM JIa MHUCJIUM 3a (o U (p KATO 3a I'LTHUIA ¢ O0I Kpait w, KOUTO ce “pa3iesisaT 3aBHHArU
cien u Ha (L u qq, (Ipen U, qq U g, MOXKE Jia “BbPBAT 3ac¢HO” KaTo Ha (urypara, Moxe Ja ce
“cpbupar u pasfenar’, ToBa HMa 3HAUEHHUE):
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[IpenmenyBame u Ha W, q/ Ha g U qf Ha (p,. B HAKaKbB CMUCHI, ‘U3ps3BamMe’ o0IIaTa 4act,
OCTaBANKN HE3ABUCUMHU II'bTHUINA:

Jdo

[Ipemunasame kbM CTboka 2.

Crbnka 2: Heka . e Ipom3BojieH W-C IIbT CIPSIMO HOBaTa CTOHHOCT Ha W. AKO TpUTE II'bTS
Ja, v ¥ (. ca HezaBucuMu, npemuHaBame kbM CTbhoka 3. B nporusen ciy4aii, ¢bilio KakTo B
Crbuka 1, jgomyckame 6€3 orpanndenne Ha obIHOCTTa, Y€ ¢ He ce HAMUPa HUTO B (o, HUTO B (p,
U OCBEH TOBA (. HE ChIIbPXKa HUTO a, HUTO b. C Apyru JyMu, MMOHE eJIUMHUAT OT (o U (p, UMa 00N
BBbTPEInHU BLPXoBe ¢ (.. llle pasriemame ciaydadar, B KOWTO U qq, U (p UMAT OO BHTPENIHA
BBHPXOBE C (. duTaressaT JecHO MOXKe Jia choOpa3n KakBO Jia [IPABUM, AKO TOYHO €JIUHUSIT OT (,
U (p, ¥Ma OOIMU BBHTPEIIHNA BHPXOBE C (.

U Taka, m qq, U (p, UMAT OOIIM BBTPEITHN BBHPXOBE C (.. ledmHMpame v KaTo BbpXa OT
V(qe) N (V(qa) v V(qp)), KoiiTo Haifi-orgameden oT w B .. Bes orpamnutdenue na obmHocTTa, HEKa
v € V(qp). Ciiesinara durypa wiocTpupa TeKYIIUTe J0MyCKAHNS:

a b
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) )

Hapuuame “q,” 0bTaT OT Vv 10 @ B (4 U qu, HapIIaMe “qp’ IBTAT OT V JI0 b B qp, U HapuJIamMe
“gc” IbTAT OT V 710 ¢ B c. OYeBHIHO HOBUTE (g, b U (¢ CA& HE3ABUCHMU:

a b

HpeI/IMeHYBaMe V Ha W U IIpeMHUIHaBaM€ KbM Crbaka 3:

a b

q(l

Crbnka 3: IlpenmenyBame w Ha z, q Ha Pq, qp HA Pp U (. HA Pc:

a b

Pa

Pc
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lokazaxme, 1e B H cbllecTByBa CTpyKTypaTa, mokazana Ha Purypa 2.86. O

Hexka G e cBbp3an rpad u | € npousBoOJIHO CheJIMHEHNE CIIPSAMO TTPOU3BOJIeH rmoArpad Ha G.
Heka ] uma mone yetupu ToYku Ha 3axBaiiaHe a, b, ¢ u d. ToraBa mone eJHO OT CJIeTHUTE
JIBé TBBLPJIEHHUS € BSIPHO.

e ComiecrByBa BpbX z € inter(]), TakbB Ue B | MMa z-a IIbT, z-b BT z-C bT U z-d THT,
KOUTO YEeTHPU II'bTS ca He3aBUCHMH. B TakbB ciydail kazsame, de 6 | uma 36e3da ¢
wemupu asva. Hakparko mumrem 6 | uma 4.

e Crpsmo HAKakBO pasbusane Ha {a,b,c,d} Ha JBe JByeJEMEHTHH ITOJMHOMXKECTBA, /A
kaxkeM {a, b} u {c, d}, cbmecrByBar z;,zs € inter(J), TakuBa 4e B | uMa z;-a bt z1-b
I'bT, Zo-C I'BT U Zo-d I'bT, KAKTO U Z1-Zg I'bT, KOUTO IIET II'bTs Ca He3aBUCUME. B Takbs
caydait kKazBame 1e 6 | uma b6yxea H. Hakparko numem 6 | uma .

HoxkazarescTBo: O6pasno KazaHo, Jlema 18 TBbpau, ve B H nma noarpad, KoiiTo npuiimda Ha
3Be3/la ¢ YeTHpH Jibia win Ha 3Haka . Buxkre Qurypa 2.87.

®Purypa 2.87 : “3Be3ga c 4 apua”’ () nau “cyksa H” (X) npu 4 Toukn Ha 3axBamaHe.

|
l
a ! a

|

|

|

|

|

|

l

l Z

|

b Z d : b d

|

|

|

l

: Z2
|

|

l

C : C

|

|

|

l

|

3eesna ¢ 4 srpua. [Honssame 3Hak 4. i Byksa H. IloszBame 3uak .

|

la urnopupame 3a momenT Bpbx d. Jlema 17 e mpuioxkuma 3a a, b u ¢. ChritacHo nes, B H
C’bIllecTBYBa nojrpad, Koitro usriexa karo To3u Ha Purypa 2.86. Cera j1a pasriegame u d.

Axko cbimectByBa z-d bT, KOWTO € HE3ABUCHUM C BCEKHU OT Pq, Pb U P, TO OUEBUIHO HMa 4.

B nporusen ciaydait, 1a pasriemgame Ipou3BoJieH z-d IbT qq. be3 orpanmdenne Ha oONTHOCTTA,
HEeKa Haff-OT/IaIedeHusdT OT Z BPBHX B (g, OO C Pq WK Py, WIH P Jia € HAKOH BPbX W OT p.. C
pPa3ChXKJICHUS, aHAJJOTUYHH Ha Pa3CbhbXKJIECHUATa B J0oKa3aTeJcTBOTO Ha Jlema 17 nmokaszsame, ge w
€ BbTPEIEH BPbX KaKTO 32 P¢, TaKa U 3a (q. Hemara n3riekjaaT, IpuMepHo, TaKa:
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Pa d

[la pasrierame camMo TOAIBTA HA g OT W JI0 d BKITIOUUTETHO:

a

Cera Beue e fCHO, 9€ aKO IIpEMMEHyBaM€ Z Ha Zz; U W Ha Zg, UMa H

a

Z
Z9
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O

Teopemara na Kuratowski e nerpuBuasien pesysirar, YueTo J0Ka3aTeJCTBO, aKO Ce IIPAaBU 0IPO0-
HO, € JIoCTa JIbJro. Kpadr Ha J0Ka3aTeJICTBOTO, U3JIOXKEHO TYK, € Ha cTp. 209.

Teopema 45: Teopema Ha Kuratowski

Ba Bceku rpady, TOW e IUTaHApeH ToraBa W caMO TOraBa, KOraTo He ChIbpzka mHojarpad,

xomeoMopden Ha Ky mmm K ;.

HokazarescTBo: B eanara mocoka, ako rpadbT e IIaHapeH, TO Toil He C¢bIbpxKa moarpad,
xomeoMopden Ha Ky nimu Ks 3. Ile JokazkeM KOHTPAIIO3UTUBHOTO: aKO I'padbT ChIabpzKa Hoarpad,
xoMmeoMopden Ha K; mm Kz 3, To Toit He e mnanapeH. Ot Crencrsue 11 u Crencrsue 13 3HaeM,
4ge nuTo K e mimanapen, auto Ks 3 e mranapen. Torasa oueBngHO Bcekn rpad, xomeoMopden Ha
K5 nmu Ks 3, ne e mranapen. Torasa Bcekn rpad, KOUTo c¢babpzka noarpad, xomeomopden Ha Ks
nm Kz 3, He e maHapeH. v/

B apyrara rocoka, ako rpad aama nogrpad, xomeomopden Ha Ky u HsiMa 1moirpad, xomeomopdeH
nHa Kss3, To TOil e Itanapen. JlokasaTesicTBOTO TYK CJle/iBa II0 CBIIECTBO JIOKA3ATEJICTBOTO OT
yaebrnka na Gibbons |27, crp. 77-80, Theorem 3.5], HO € MHOTrO HO-TIOIPOGHO.

la BuauM KakBo jokaszBame. Heka P, Q u S ca ciejanure nmpeaukaT ¢ JJOMEIH MHOXKECTBOTO
OT OOMKHOBeHUTE Tpadu:

P(G) = G e mwianapen
Q(G) = G uma noarpad, xomeomopden Ha Kp

S(G) = G nma noarpad, xomeomopden Ha Kj 3
Teopemara na Kuratowski riracu
VG :P(G) <« —Q(G) A —=S(G)
B mbpBaTa gacT Ha JI0KA3aTEJICTBOTO JIOKA3aXMe, e
VG :P(G) — —Q(G) A —=S(G)
BB BTOpaTa 9yacT 1me JI0KaXKeM, e
VG :—Q(G) A =S(G) — P(G)
JlecHo ce BMK1a, Y€ TOBa € CBITOTO KATO
VG :Q(G) v S(G) v P(G)
JlokazaTeicTBOTO 1€ HAIIPABUM, JOIMYCKAKU MpOTHBHOTO. [IpoTnBHOTO €
3G: —Q(G) A —S(G) A —P(G)

N Taka, jmomyckame, de CbInecTByBa I'pad-KoHTpampumep G, KOWTo HAMa nojarpad, XoMeoMop-
den na Ks, n uama noarpad, xomeomopden Ha Ks, u He e mianaped. Heka G e Takbs rpad ¢
MUHUMaJIeH Opoit pedpa m. OueBujno m > 4, nonexke rpadure ¢ < 3 pebpa ca IJIaHAPHU.
[Ilom G e koHTpampuMep ¢ MuHUMaJEH Opoit pedpa, To 3a Bceku rpad L ¢ mo-maako oT m pedbpa
e m3mbsaero Q(L) v S(L) v P(L). Ako obaue L e moarpad na G, To L He Moxe ja uma moarpad,
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xomeoMmopden na Ks, monexke G HAMa TaKbB, I He MOKe Jla UMa, nojrpad, xomeomopden Ha Ks 3,
noHexke G HAMa TaK'bB, TaKa Ue 33 IbJKUTETHO L e mianapen. ToBa cu 3acityzKaza ja ce 060coon
B HabJII0ICcHNE.

HabGaronenue 32

B Tekyus koHTEKCT, Bceku rpad ¢ Io-MaJjIko OT m pedbpa, KOHTO He ¢bIbprKa Mmoarpad, Xo-

meomopden na Ks, 1 He cbabpzKa noarpad, xomeomopden Ha Kj 3, e mmanapen. B gactHocr,
Bcekn rnoarpad Ha G ¢ Mo-Majako oT m pedpa e IIaHapeH.

Jlonyckaneto, ¥e G He e ILIaHApPEH, BJiede cjeJHuTe (PaKTH.

1. G e cebp3an. B nporusen ciay4aii, G uMa IOHE JIBe CBbpP3aHU KOMIIOHEHTH. AKO IoBede oT
eJlHa OT TAX MMAT IOHE €JIHO pedpOo, TO BCIKa OT TAX MMa IIO-MaJjKO OT M pebpa, mopajin
KOeTO BCsIKa OT TAX € ILIaHapHa cblviacHo Habmonenue 32, koeTo Biede, Ue neausT rpad e
IaHapeH. B mpoTuBen cirydaii TOYHO e/IHa OT TAX ChbIbprKa BCHIKH M pedbpa, a ocTaHaInTe
ca M30JIMpaHi BbpPXOBe, Taka de Oe3 orpaHumdeHre Ha OOIHOCTTa pasTiIerkKIaMe CaMo Ta3u C
pebpara.

2. G HaAMa cpgas3Bany BbpxoBe. /Ipyrostde kazano, G mMa TOYHO e/IMH OJIOK, & UMEHHO CAMUAT
G e 6uiok. B nporusen ciryuait, G uma rone JiBa 06J10Ka, BCEKM OT KOUTO MMa ITO-MAJIKO OT T
pebpa u e tanapen cbrviacio Habmmonenne 32, a ako 6JI0KOBeTE ca IIaHAPHU, TO U CAMUST
G 6u OmJt TIJTaHApEH.

3. ToBa e 1o-cia0XkHO0 U HEO4YEBUJIHO TBbPJ/ACHUE U IIIE I'O 060COOUM KaTO JIeMa.

Jlema 19

3a Besko pebpo e = (x,y) or E e Bapuo, 4e G — e cbabpka MuKbI C, TAKbB Ue

x € V(C) uy e V(C).

JokazareacrBo: Heka G — e Obie Hapedern G’. [Ibpso 3abenssBame, ge G’ e cBbp3aH,
norexke G HsgMa cps3Baiy Bbpxose. Jla mormycrem, de TakbB IMUKBJI (KOWTO ChIbpXKA U X,
u y) B G’ mama. ToraBa cbirecTByBa BPbX z, TAKBB Y€ BCEKH II'bT MEXKJY X U Y ChIIbPKA
BPBX Z; & IOHE €JIMH II'bT MEXKJIy X U Yy uma, rnounexxke G’ e cebpzan. Torasa z e cpsi3saiil
BpbX B G’ m O0CBeH TOBa, X W Y ce HAMUPAT B Pa3anvdHu KoMmroHeHTH Ha G © z. Jla pedem,
ve KommoHenTata Ha G © z (npunomuere cu Onpeesenne 28), KOSITO ChIbpPKa X, Ce Ka3Ba
G/, a KOMIIOHEHTaTa, KOATO C'h/IbpKa Y, ce Ka3Ba Gj.

Ako G| He cbabpKa pebporo (x,z), mobassame pebGpoTo (x,z) KbM Hero. HesaBucnmo or
TOBa Jlajin cMe j100aBur pedpo win He, Kazsame Ha To3u rpad Gi. Amamorumuno, ako G}
HE ChbpKa pebporo (y,z), gobassime pedporo (Y, z) K'bM HEr0 U HE3aBUCUMO OT TOBA JIAJIH
cMe stobasmim pebpo min He, Kazpame Ha To3u rpad G5. Purypa 2.88 nokaszsa rpada, KoiTo
CM€ KOHCTPpyuUpaJid JJO MOMEHTa.
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®@urypa 2.88 : I'padbr G’ maroc (x,z) u (y,z).

" /"
G 1 GQ

I'padbr cien usrpuanero Ha pebporo (x,y) u jgobassHero Ha (x,z) u (y,z).

[le mokaxkem, ge Gy He cbiabpxka noarpad, xomeomopden na Ks mwm Kss. la gomycnem
npoTuBHOTO: G chabp:Ka moarpad, xomeomopden Ha Ky mmm Kz 5. 3abesra3Bame, de Torasa
G cbabpka noarpad, xomeomopden wa G, 3aoTo:

e wiu G cwBuaja ¢ noarpada va G, ungyrnupan or V(GY), uim Gi ce ¢cberon or 031

nojrpad mwioc orie eHO pebpo, a uMeHHo, (x,z). Hedopmasano ka3aHo, eIMHCTBEHOTO
HEIo, KOeTo MoKe 6u ce Hamupa B Gy, HO He ce Hamupa B G, e pebpoTo (x,z).

e siopu G{ Ja chiabpxka pebpoto (x,z), a To 1a He € B G, IbTAT P = X, Y, ...,z B G MOKe
Jla u3urpae poJisita Ha pebpoto (x,z) (Bxk. Purypa 2.89).

N raka, opurnnasmugar G cbabpka noarpad, xomeomopden na Gf. lom G ebabpka moj-
rpad, xomeomopdern Ha G{ m Gi c¢babpxa noarpad, xomeomopden Ha Ky mmm Kss, 10 n
opuruHaHuAT G chbpika nojarpad, xomeomopden na Ks i Kz 3'. Tosa obaue nmpotuso-
pedn Ha IIO-PaHo HAIIpaBEHOTO JIOIyCcKaHe, 9e G He chIbpxKa noiarpad, xomeomopden Ha Ky
mwm Kz 3. Crenosarenno, Gi He cbabpzka noarpad, xomeomopden Ha Ky nmn Ks 3. Hanbaao
aHAJOTMYHO JoKa3BaMe, de G5 He cbAbpxKa noarpad, xomeomopden Ha Ky mm K 3.

TPesarusita xoMeOMOPQHU3bM € OUEBUIHO TPAHIUTHBHA.
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®urypa 2.89 : B opurunannusi rpad (Moxke ma) HaMma peGpo
HO CbIIECTBYBa I'bTAT

U raka, nuto GY, nuto GJ cbabprka noarpad, xomeomopden na Ks wm Ks 3. Ho Becexn ot
G/ u GJ nma no-manko or m pebpa, HoHexke Bceku oT G u Gj ChAbpKa IIOHE €JIHO Ped-
po. Coriacno Habmonenue 32, G e miianapen u G4 e mianapen. Koncrpyupame rianapuu
BrucBanug na G u GJ, KouTo Ie HApedYeM CHOTBETHO 6” u E’" Herio noBeue: Habitrote-
HHIE 28 Ka3Ba, 1Ue BCIKO JIMIEe MOXKe Ja ObJe BbHIIHO. CleaoBaTeIHO, MOXKEM J1a IOCTPOHM
G” [0 TaK'bB HAYMH, Y€ (X,z) Jia € BbPXY BBHIIHOTO JIUIE, U MOXKEM Ja TOCTPOUM G” 110
TaK'bB HAYUH, de (Y, z) Jla € BbpPXY BBHIIHOTO Jinie. ToraBa 09eBHIHO € Bb3MOXKHO JI1a “CIJI0-
OouM” eJIHO TIJIAHAPHO BIIUCBAaHE OT a{’ u f\;’, “crrenBaiiku’ ru B obmmd 1ianapen z. [locie,
aKo B opuruHaJgHUsT G € HaMaI0 pebpo (X,z), To U3TpUBaMe IIAHAPHUS My 00pas, U ako B
opurunasaug G e HaMao pebpo (y,z), TO U3TpUBaMe HeroBus ItaHapeH obpas. U mocse
HocTaBsiMe IIaHapHO PebPO, CHOTBETCTBAIIO HA (X, Y); TOBA MOYKEM Jia CTOPHUM, TIOHEZKE I1/1a~
HAPHUTE X U Y Ca BbPXOBE OT €/IHO U ¢bio Juie. C ToBa mocTposiBaMe IIaHAPHO BIIMCBAHE
Ha G, B IPOTHBOpEYNeE C JIONMYCKaHeTo, 1e G He e IIaHApEH.

Bazkno e jia ce pasbepe 3aimo jobasuxme pebpara (x,z) u (y,z) B ToBa jokasarencrso. Hue
HCKaMe Jla IIOCTPOUM IlJIaHapHO BIIMCBaHE Ha G, cJIeIIBallK1 BIIMCBaHUY Ha JBa HOﬂFpad}a C
0611 BpPbX z 1 MOCJIe MOCTaBSIiKI IaHapHO pebpo, choTBeTcTBallo Ha (x,y). Ho ako B3emem
IPOM3BOJIHN ILJIAHAPHY BIIMCBAHUS Ha TE3U HOArpadu € Bb3MOKHO J1a He MOXKEM J1a, CIIOZKUM
IJIaHApHO pebpo MeKy IIaHapHUTE X U Y, 3al10TO IIaHapHuTe X U Y ca “3aTBopenn’ B
HIKAKBU BBHTPEITHN JINIA U HAMAT “IUPEKTHA BUANMOCT . 3a Ja CMe CUI'YPHH, Je ILIaHAPHUTE
BIIMCBAaHMW Ha HO,ZLFpaCbI/ITe Ca TaKHBa, Y€ U IIJIaHApHUAT X, U IIJIaHAPpHUAT y Ca BbPXYy €JIHO
U CHINO Jle (HeKa e BbHIMHOTO JIHIE), JOCTATHIHO e TIAHAPHUAT X Jia € KpaiiHa ToYKa Ha
[JIaHAPHO PeOPO €1 OT BBLHITHOTO JIMIE U IJIAHAPHUAT Y Jla € KpaiiHa TouKa Ha ILJIaHApHO
pebpo €3 OT BBLHIIHOTO Juie. Hemo mosede, Thit KaTo JBeTe IIaHAPHHM BIMCBAHHUS OUBAT
“cierieHn” B ITAaHAPHUS BP'bX z, TPAOBA IJIAHADHUAT Z Jla € KpaiiHa TOYKa KaKTO Ha €1, TaKa
u Ha €. Ul3im3a, 1e €1 e maanapHuaT 00pa3 Ha (x,z), a € e IaHapHuAT obpas Ha (Y, z).
CretoBaresino, 3a jia paboTi KOHCTPYKIUATA ChC “CJIENTBAHETO”, HEOOXOIMMO € J1a UMa pedbpa
(x,z) n (y,z) B 6I0KOBETE, CHIABPIKAIIM CHOTBETHO X U .

C koero mokazaxme Jlema 19. v/

Pasryiexx iame nponssosino pebpo e = (x,y) B G. Beue 3naem, ue G’ = G — e e cBbp3aH, e B G’
nMa Kb C, TAKBB U€ X U Y ca BbPXOBE B TO3W UKL, 1 9e G’ Hama mogarpadu, xomeoMopdHM
Ha K5 mm Ks 3. Ocen ToBa G’ nma m—1 pebpa, Taka de cbriaacao Habimonerne 32, G’ e muranapen
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rpad. Heka G’ e Heropo mianapso Bnucsane. Heka X, U, € u C ca mianapHuTe 00pasu ChOTBETHO
Ha X, Yy, e u C. OueBnyino C e npocra 3aTBOpeHa KpUBa B PABHUHATA, Thil Karo C € IPOCT IUK'bII.
B o6mus ciaydait C He orpazkjia eJiHo JIUIe, a MHOKECTBO JIMIA Ha BIIMCBAHETO.

Bes orpanndenne Ha 0oOIIHOCTTa JOIyCKaMe, Y€ M3MEXK/Ly BCUUKH ILJTAHAPHU UK/, MUHaBAIU
npes X u y, C e TaxkbB IUIaHAPEH IUKbJI, KONTO orpak/jja MakcuMaJieH Opoii Jiiia Ha BIWC-
BaHeTo. OueBHTHO C pasjie/isi paBHIHATA Ha BBTPENIEH U BBHIIEH PAiloH. 3a BCSIKO CheIUHEHUE
H na G’ ciupsvo C, kasBame, 1e H e ssmpewno cae&uweuue aKo IUIAHAPHUAT My o0pas, Jia ro
HapedeM H ce HaMUpa BbB BHTPENTHUA PaiOH CITPSIMO C. Ako H ne e BBTPENTHO, Ka3BaMme, e H

€ 66HWHO.

Ha u3bepeM HAKAKBA [POU3BOJIHA IIOCOKA BLDPXY C. Heka Tasu mocoKa € 110 1aCOBHUKOBATA
crpenka. Heka Cy Y o3HavaBa Ta3W Jbra Ha C\{x U}, KOSITO JIEJKH B MIOCOKA TI0 YACOBHUKO-
BaTa CTPEJIKa CJIeJ] X HATaTbK, & Cy x O3HavaBa Ta3n ;mra HA C\{x U}, KOSITO JIeXKHU B IOCOKA
110 YACOBHUKOBATA CTpeJIKa cjen Y. ToraBa HoTamusTa “x Yy 7 03HaYaBa MHOXKECTBOTO OT
BCHYKHU BbLpXoBe Ha C, YMHUTO IUTaHAPHU O0pa3wm ce HaMupaT B éxyy, a “y—x 7 o3madaBa
MHOKECTBOTO OT BCUYKHU BbpxoBe Ha C, YMUTO IJIAaHAPHU 0Opa3u ce HaMUpaT B 6%,(. Oue-
BUJIHO, X,y ¢ Xy 1 X,y ¢ y—x. 3abenexkere, 4e x>y WK Y X —HO HE U JIBETe—MOXKE
Jla € TIPa3HOTO MHOYKECTBO.

Cnennara durypa wiocrpupa Tasu HoTanuda. x>y = {c,d,f,g,h,i,j,k } u y=x =
{u,v,w,p, q}

B TEKYyIIUud KOHTEKCT, HUTO €1HO BbHIIHO CbE€INHEHUE CIIPAMO C He MoOxKe Ja MMa I10Be4Ye OT
euH 001 BpbX ¢ (xy) U {Xx,y} 1 He MOXKe Ja MMa [oBede OT eJuH OOl BPbX ¢ (Y Xx) U

{x,y}.

HokazarescrBo: Jla jonycuem nporuBHOTO. Heka HiKOoe BBHIHO CheJIMHEHUE | UMa TOHE JIBa
obmu Bbpxa ¢ (x*y) U {x,y}. Heka HerousT mianapen obpas e J. Bemnara ciensa, de mMa
IJTAHAPEH IUKbJT 6, pasnuen or C, MUHABAIL Ipe3 X U Y, a CbIO Taka U 1pe3 T, 1 OTParK Il
[oBeYe JIMIA, OTKOIKOTO orpazkia C. II0C/IeNHOTO € B NPOTHBOPEYHe ¢ HAIPABEHOTO [O-PAHO
JIOIyCKAHe, U6 N3MezK Ly BCHUKH TAKHBa [IAHAPHH MK/, C € TaK'bB, KOHTO Orpask/1a MaKCHMaJIeH
Opoit JuIa Ha BIMCBAHETO.
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Tosa e mmoctpupano na @urypa 2.90: cbeMHEHUETO | € BBHHITHO CIPAMO TJIAHAPHUS KT
C m ocBeH TOBa ] mMa J1Ba OOIMN BbpXa ¢ XY , MOPaIN KOETO CHIECTBYBa IJIaHapeH MUKbI C,
KOHMTO orpaxkjia mopedve jura oT C.

®Durypa 2.90 : C orpaxkga 1mmoBede JHUIA OT

O

Ot apyra cTpama, BHIPEIIHATE CheIMHEH s CIIPIMO C MOZKe Jia HMa, TI0BEYe OT eIHH OB BPBX C
x ™y U ({x,y}) 1 Moke ga mMma noBede oT eauH obm[ BPBX ¢ Y *x U ({x,y}).

Ja cu mpuniomanM, e He-TaHapHUAT rpad G ce mosrydasa ot mraHapaus rpad G’ ¢ mobaBsiHe Ha
pebporo e = (x,y). Hue Beue pasriexjjame HIKAKBO [JIAHAPHO BIUCBaHe Ha G', KOETO HAPEKOXME
G’. Kiouoso HabJIO/IEHIE 32 JI0KA3aTeICTBOTO €, Ye Helo TpsOBa Ja “‘npedn’ Ha MOCTaBAHETO
Ha IJIaHapeH oOpas3 Ha e B 67, nHak G 6um 6w manaped. [lo-touno kazaHo, TpsiOBa X 1 § J1a He
ca BbPXY €HO U CbIIO JIUIE Ha 67, 3aI[0TO, aKO MMa TAKOBa JINIE, Y€ X U Y ca IJIaHApHU
BbPXOBE OT OrpaKJallara I'o KpuBa, TO MOXKeM Ja CJIOXKHUM IIaHapHO pebpo € = (X,y) B ToBa
jmrie, 6e3 Jia HapyIIuM ITAHAPHOCTTA, U 10 TO3U HAYWH Ja TOJIyInM IJIaHapHO BIUCBaHe Ha G, B
IIPOTHBOPEYHe € JIOIYCKAHETO, 1€ G He e ITAaHApeH.

Jla pasriegame camo C, UTHOPHUpPAKI OCTAHAJIOTO OT G Crupsimo C paBHUHATA UMa JIBE JIUIIA.
Jla peuem, BbHIIHO Jinie Fy u BbrpernHo jmie Fo, KaTo X 1 Y ca u Ha Fy, u Ha Fo:

X

BabessazBame, e HEINO, KOETo Jia “npedn’ Ha MOCTaBgHETO Ha € = (X, ) TpAOBa Jia UMa KaKTO B
Fi, Taka u B Fs.
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[ ] HO OTHOIIIECHNE Ha 6 TpH6Ba Ma IIOHE €J1HO CbhbCIMHCHUIC O , TaKOBa Y€ HETOBUAT IIJIaHAPEH
obpas, Jia ro HapevueM (5, J1a ce Hamupa B Fy 1 npeun ja Obie nocraseHo € B Fi. 3a jga MoxKe
b Jla TIPEeYN Ha TTOCTABSHETO TIAHAPHO Pedpo MeXK 1y X U Y, TpsabBa O ja mMa obII BpbX 01
¢ x ™y u obI11 BpbX 09 ¢ y—x . Kakro Beue Bujgaxme, O He MOXKe Jia UMa [IOBEYE OT €JIUH
ol BpbX HUTO ¢ XY , uuro ¢ Yy—*x . Hexa 01 n 03 ca mianapuure o6pasu ChbOTBETHO Ha
01 U 0y. 3a IMPOCTOTA, Ie cu IpejcTaBsaMe O KaTo €JIHO IIaHAPHO pedbpo:

e AnajlormaHO, TPAOBA MMa IMOHE €JIHO CheJMHeHne, Ja ro HapedeMm J, B Fo, amiiTo mianapeH
obpas J npedn Ha rmocraBsiHe Ha € B Fo. T'bil KaTo cera HsaMa TBBP/IO OrPaHUIEHNE 33 TOTHO
eJIuH O0I BPbX € XY WM TOYHO €JuH OOI BPBX C Y X , IIe cMdATaMe, ue KOHpUrypa-
IusTa, IOKa3aHa Ha IpejHaTa purypa (é u (ND) e (bukcupaHa U CIIPAMO Hesl pa3IJIezKIaMe
Pa3IMYHUTE Bb3MOXKHOCTHU 32 J. Or e/lHa CTpaHa, J TpsiObBa Jla ce 3aXBallla 3a JIBa BbpXa ij
U iy CHOTBETHO B XY H Y X , YUUTO IJIAHAPHU 00pa3u ca CbOTBETHO i u i~2, Taka ue J a
[peYr Ha MOCTABAHETO Ha € (II0KA3aHO ChC CUHS IIYHKTUDAHA JINHUS):

Ot apyra crpana obade, J TpsiOBa J1a ce 3aXBallla 3a JBa BbPXa j; U jo ChOTBETHO B 01”209 U
02707 , YMHUTO TJIAHAPHU 00pa3’ ca CHOTBETHO j U jz, Taka ve J u O 1a He MoxKe Jia ObIaT
IIOCTaBEHU B €JIHO U CbINO Jintle cupaMo € — HuTo BbB Fi, HUTO BBB Fo!
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~  ~ ~

o kpas Ha JI0Ka3aTeIcTBOTO pasriexjgame camo C, O, J, X, U, 01, 02, i1, 12, j1 U j2. 3abesexere,
4e X, Y, 01, 02, i1, 12, j1 U jo HE ca HENPEMEHHO OCEM DA3JIMYHU Bbpxa. 10Ba, KOETO 3HAEM 3a
38 I'bJIZKUTE/IHATE PA3JIMINA MEXKILY TAX €:

® X, Y, 01 U Oy Ca J[Ba 10 JIBA PA3JIMIHH,
b {ihi?} N {Xay} = @ n
e {j1,j2} n{o1,02} = .

B To3u mMomeHT or JoKazaTencTBoro, B yuebnuka #a Gibbons |27, cTp. 79| ce pasriexmar camo
et KoHduryparun, Hapedenn “essentially different”, kato BbB Besika 0T TsIX ce oTKpuBa noarpad,
xomeomopden Ha Ky mmm Kss. 3a cbxkanenne, Gibbons ne obscHsBa J0pu B Haff-00mM JIMHUK
3aIll0 TOYHO Te3U KOHMUTYpAIUU ca JIOCTATHIHKA 3a pasryekjaHe. 1e3u JeKIMOHHU 3aIlluCKU ca
[peHA3HAYEHN 3a YUTATE/ICKA ayIUTOPUs, KOSITO 3a IPbB II'bT Ce COTbCKBA C MOJIO0HN PA3CHIK-
nenus. [lopaju ToBa 1e HalpaBUM JIeTallIHO pa30uBaHe Ha CJIydand U IMOJC/TyYan. KInHCTBEHOTO
OIPOCTABSTHE HA JIOKA3ATEJICTBOTO HU Ie O'b/ie B yCTAHOBSIBAHE HA M30MOP(MU3bM—BUHATU KOTATO
€ Bb3MOXKHO—MEXKIY HIKOU OT ToArpaduTe, KouTo pasriexame. OUeBUIHO HIMa CMUCHIT 14 Ce
pasTIexk IaT MOOT/IETHO m30MOpdHHU rpadu, 3a jJa ce TOoKaxKe, Ue BbB BCEKU OT TAX UMa, rmoarpad,
xomeoMmopden Ha Ky mmm Kg 3. YcranoBsBaHe Ha n30MOpU3BbM MeXK/Iy /1Ba rpada ¢ JUCT U MOJIUB
MOZKE JIa € TPYJI0EMKO ¥ JIOCAJIHO 3aHUMAaHUe. YCTAHOBsIBaHE HA JIUIICA HA U30MOP(PUIBM C JIUCT
U MOJIMB € 3HAYUTETHO HO-TPyI0eMKo (u jocajno). [lopaau ToBa e usnosssame codryep, 3a J1a
yCTaHOBABaME M30MOP(MUIbM WU JUIICA Ha H30MOP(MUIBM.

Homrbarerne 25: nauty: mporpama 3a HamMmupaHe n3omopdusmMu Ha rpadpu

Haii-uzBectnara u, B o0mus ciydail, Hail-Obp3aTa KOMIIIOTbPHA IIPpOI'paMa 3a YCTaHOBSIBaA-
He Jajm JBa rpada ca msomopdHU min He, € nauty. Heiiuur aBrop e mpogecop Brendan
McKay or Australian National University. [IbpBara Bepcusi Ha nauty ce HosiBsiBa MAJIKO
craeqx 1980 r. CreaBar MHOTO mOom0OpeHn Bepcnn, Karo okoso 2008 r. KbM makeTa Ha nauty
ce nobapst mporpamara Traces Ha mpogecop Adolfo Piperno ot Sapienza Universita di Roma.
Crpannnu Ha nauty ¢ Traces uma Tyk u Tyk. YI'bTBaHe 3a OTpedbuUTes s Ha nauty, Bepcust
2.6, mma Tyk. TeopermdaHara 0OOCHOBKA Ha IIeJIMs COPTYEPEH IMaKeT Ce ChIbPrKa B CTATUSITA
“Practical graph isomorphism, II” na McKay u Piperno [42].

Nmero “nauty” we e mpasomnucHa rpemka®. asa or no automorphisms. Asmomoppussm
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e nzoMopduszbM Ha rpad B cedbe cu. Muoro obImo KazaHno, oCHOBHATa mjesd Ha nauty e ja
IpecMeTHe aBTOMOpGU3MUTE Ha JiBaTa rpada u jga ru cpaBuu. llakersbT nauty m Traces
nMa OIPDOMEH OpOil NMPUJIOXKEHUsI, KATO yCTAaHOBIBAHETO HA M30MOPMU3BM WM JIUICA HA
n3oMoppu3bM e caMo ena oT Tax. [lakerbT e nanucan wa C u ce mpejyiara KaTto copc KoJi
¢ orBopeH Jutiers. Cjie/l KOMIUINPaHe ¢e TeHEPUPAT MHOYKECTBO 00eKTHH (hailjloBe, KOUTO
OTPeOUTEISAT MOXKe Jla M3IO0JI3Ba, 3a Jia CBbp2Ke cobcTBeHa mporpama Ha C ¢ TIX U Taka
Jla U3M0/I3Ba (PYHKIIMNTE, KOUTO Te chabpxkar. API-To e onmcano mogpobuo B yrrbTBaHeTO,
IIOCOYEHO TOPE.

[TakerbT mpemyrara u npocra MHTEpAKTUBHA Tporpama dreadnaut, Upe3 KOATO MOTPeOH-
TEJIAT MOXKE Jla M3I0JI3BA OCHOBHUTE BBH3MOXKHOCTU Ha makeTa. ['padure moxke ma Obiar
BbBEJIEHU JUPEKTHO B dreadnaut, HO MoOXKe jia ObJIAT OIMUCAHU B OT/AE/HE (hailjloBe, KOUTO
na ce 3apexaar oT dreadnaut. Omnmcanuero Ha Tpad € Upe3 CIUCHIN HA ChCeJICTBO, KATO
PN HEOPUEHTHUPAHU Tpadu e JOMyCTHMO BCAKO PeOpo Jla ce ONNCBa €IWH II'bT, a He JIBa
I'bTH. 3a IMLJAHOTA, B IPUMepa 3a M3Moj3BaHe Ha dreadnaut, KOMTO Ie JaJleM, CIUCHIIUTE
HA CbCEJICTBO Ca “UCTUHCKU , TOECT BCAKO PeOPO ce MosiBABa TOYHO jBa bTH. PopMaThT
Ha OIMCAHUETO Ha rpad e MPOCT TEKCT, B KOHTO IMLPBUAT PEJ| € N=Z g, KbJETO Z € OpoAT
HA BBHPXOBETE, a Ha CJIEJBAINTE Z PeJa ChIbPXKAT CIUCHIUTE Ha CbceacTBO. VmenTtudu-
KaToOpHUTEe Ha BbpXoBeTe TpAOBa Jjia ObjaaTr dncia; a umenno, guciaara 0, 1, ..., z— 1. Tasnm
0CODEHOCT € JIEKO JI0Ca/IHA, aKO B ONICAHUETO Ha rpada, KOeTo CMe CU CbCTaBUJIA, ETUKETUTE

Ha BbPXOBeTe ca HAKAKBU CTPUHIOBE — TOraBa ce HaJjara Jia TpaHcJaupaMe Te3U CTPUHIOBE
B uncyiara 0, 1, ..., z. Karo npumep 1ie pasriemgame tpute rpacda Hy, Hy u Hz Ha cTp. 204.
Ero ru n Tyk:

H2 ~ H3 jad

Jla uM npenMeHyBaMe BbpPXOBETe, TaKa |e Jia ObJaT ¢ eTUKETH, OJIXOJIAIN 3a nauty:
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a wampasum Tpu daitia hl.txt, h2.txt u h3.txt, cbrbpzKany onucaHneTo (TOeCT, CIIUCHIUTE
Ha CbCEeJICTBO) Ha, cboTBeTHO, Hy, Hy 1 Ha:

h1.txt h2.txt h3.txt

n=8 g n=8 g n=8 g

0: 571 3; 0: 571 3; 0: 75 31;
1: 50 2; 1: 2 5 0; 1: 0 2 5;
2: 16 3; 2: 16 3; 2: 7 3 1;
3: 46 20; 3: 47 2 0; 3: 46 20;
4: 57 3; 4: 5 3 6; 4: 5 6 3;
5: 4 1 0; 5: 4 1 0; 5: 1 4 0;
6: 327, 6: 47 2; 6: 7 3 4;
7: 40 6. 7: 36 0. 7: 260

NsBukBanero Ha dreadnaut OoT KOMAaH/HUs PeJi BbPXY Te3u pailjioBe cTaBa IO CJIEIHUS
naanH. [IbpBo ma BuauMm gaau Hy u Hy ca m3omopdHm.

$ dreadnaut

Dreadnaut version 2.7 (64 bits).

> C

> < hl.txt

> x @

(0 3)(1 2)(4 7)(5 6)

level 1: 2 cells; 4 orbits; 1 fixed; index 2/6
4 orbits; grpsize=2; 1 gen; 5 nodes; maxlev=2
canupdates=3; cpu time = 0.00 seconds

> < h2.txt
> x
(1 52 4)

level 1: 6 orbits; 2 fixed; index 2

6 orbits; grpsize=2; 1 gen; 3 nodes; maxlev=2
canupdates=1; cpu time = 0.00 seconds

> ##

h and h’ are different.

> q
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dreadnaut e mnrepakTubHa nporpama. [Ipomnrst 1 e > . Komamngara ¢ kapa dreadnaut
Jla TIpaBH OIIPeJIesICHO OlBeTABaHe Ha rpaduTe, BbpXy KOUTO Iie paboTu; ToBa TPsAOBa Jia ce
HallpaBHu, ako ThpcuM u3omopdusmu. Komanmara < hl.txt Kapa dreadnaut mga mpouere
daitmahl.txt. x @ ca jBe KOMaH/IU, KATO X BUKa caMaTa nauty, a @ cbXpaHsBa pe3y/iraTa oT
HeiiHaTa pabora B Jpyr paboren rpad, Hapeden h' (medosr paboraust rpad e h). [locre <
h2.txt gere chiabpxkanueTo Ha h2.txt. [locie x mak Buka nauty, HO cera BbpXy MOCJI€THUS
npoueren rpad. U Hakpas ## cpaBasaBa nBara padboTau rpada h u h/ u, ako ca nzomopdHn,
JlaBa, IBHO M30MOP(MU3bLM, a aKo He ca, cbhoOIaBa ToBa Ha norpedbutess. B caydas Hy u Hy
ne ca nzomopduu. Komanjara q npekparssa padborara Ha dreadnaut.

Cera ja Bujinm paborara na dreadnaut Bbpxy mzomopduu rpadu, kaksuto ca Hy u Hs.

$ dreadnaut
Dreadnaut version 2.7 (64 bits).
> C
> < hl.txt
> x @
(0 3)(1 2)(4 7)(5 6)
level 1: 2 cells; 4 orbits; 1 fixed; index 2/6
4 orbits; grpsize=2; 1 gen; 5 nodes; maxlev=2
canupdates=3; cpu time = 0.00 seconds
> < h3.txt
> x
(0 3)(1 6)(2 7)(4 5)
level 1: 2 cells; 4 orbits; 1 fixed; index 2/6
4 orbits; grpsize=2; 1 gen; 6 nodes (3 bad leaves); maxlev=2
canupdates=1; cpu time = 0.00 seconds
> ##
h and h’ are identical.
0-0 1-5 2-4 3-3 4-2 5-1 6-6 7-7
> q

Pabornusar rpad h B kpas e Hz, unero onumcanme e 3apejeHo mnociaeano, a h/ e Hy. Ilo-
Ka3aHOTO ChOTBETCTBUE Ce UeTe TaKa: BbB BCIKa JIBOKA BHPXOBE, TO3M BJISBO € OT Hs, a
To3u BigcHO, oT H;. Heka uurarensar ce ybeqau cam, de mnporpaMara HAUCTHHA € HAMEPUJIA
n30MOPPU3IBLM.

“YoBeK MOKe JIa TTOMUCJIN, € TOBa, € HEIIPABUIHO Hamncano “‘naughty”.

Crenaure caydan ca msdeprareHu. BbB Bcekn OT TaX oTKpuBaMe, ve G mma moarpad, xoMmeo-
Mopden Ha Ks nmn Kj 3, IpoTHBHO Ha JI0ITyCcKaHeTo, e G HAMa TaKnBa HOArpadm.

Cayuait 1. o; + iy m 0o # i;. [la cu npejcraBuM Kbjie MOXKE Jla ce HAMHUPAT 1] U 1y CHPSIMO
YyeTUPUTE BbpXa X, Y, 0] U O9: WU i} € Y02, WU 1] € 097*X; UK 1y € X201, UK 12 € 017*Y.
Cera Jia cu mpeJCTaBUM Te3U BH3MOXKHOCTH 3a€/IHO C BBH3MOXKHOCTHUTE 3a j; U jo. Bemuko Tosa
e WJIIOCTPUPAHO Ha cjejHaTa (purypa, Karo Bb3MOXKHOCTHUTE 3a 1; ca MapKUpPaHU B CHHBO, Bb3-
MOKHOCTHUTE 3a 1y ca MapKHUPaHU B 3€JI€HO, Bb3MOXKHOCTUTE 32 j; ca MapKHUpaHU B OPAHXKEBO, a
BB3MOXKHOCTUTE 3a jo Ca MapKUPAHW B CUBO.
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[Tone eHOTO OT CJICJIHUTE JIBe € BSAPHO.
e llma Bpbx or {ij,12,j1,j2} B 02X u uMma BpbX OT {i1,12,j1,j2} B 017y .

e llma BpbX or {i1,12,j1,j2} B Y02 u uMa BPBX OT {ir,12,]1,j2} B x 0 .

HokazarescrBo: /[la jonycaem nporusnoto. [losrygaBame “B 1oHe €JIHOTO OT 023X U 017>y
HsIMa HUTO €JIUH OT 11, 12, j1 U jo, M OCBEH TOBa B IIOHE €JHOTO OT Y~ 209 U X 201 HsIMa HUTO €JUH
oT i1, 12, j1 U jo'. ToBa obade Bieue, 4e iy, iz, j; U jo c€ HAMUPAT B HAKOE OT CJCJTHUTE: 01”209 ,
02701 , XY , y*x . A TOBa Bede e 0OUEBUIHO HEBBH3MOYKHO. O

I1le pasriemame ABeTe BH3MOKHOCTU IIOOTIEIHO, 8 UMEHHO:
e Bpbx or {i1,12,j1,]j2}, Jla KaxkeM iy, Jla € B 09X U JPYT BPbX OT {i1,12,j1,j2}, Ja Kaxem
i9, ma B 01y . /la napedem rpada B T031 nojcaydaii Aj.
e Bpbx or {iy,12,]1,]j2}, J1a KaxkeM iy, Jla € B X 201 U JAPYT BPbX OT {i1,12,j1,j2}, Ja Kaxkem
i9, 1a B y~™o02 . /la napedem rpada B T031 nojcaydaii As.

Paszbupa ce, J moxke j1a uma u Jpyru TOYKHU Ha 3axBaliane KbM C, HO TOBAa HE HU MHTEPECYBA.
JlocTtaTbaHO € Jla pasriegame TOKY-II0 onucaHuTe i; u ip. Jla pasriemame Ay u Ay IIOOTIEIHO,
MHUCJIeHKH 3a J KaTo 3a IlaHapHo pedpo B Fo:

A1 A2 g
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[Tokazanute Ay u A ca nsomopcduu. [logaepraBame oTHOBO, Ue A; U Ap He ca HEIIPEMEHHO JIBe
BbH3MOXKHOCTH 3a IeJiust rpad G, a—u B jiBaTa cjydasd—caMo Ha 9aCT OT HEro, KOSATO € ChITHOC-
THO BaKHa 3a HAIETO JI0Ka3aTeJICTBO. 3abessasBame, de A; BebITHOCT e Kjs. Cnenosarento, G
cbAbpKa noarpad, xomeomopden Ha Kj 3, KoeTo JobpiiBa gokasaresncTtsoro B Ciry4yaii 1:

Caywqait 2. 07 # iy u 09 = 1;. Ciieinara durypa mwrocTpupa oOIIOTO MOJIOZKEHNE HA BhPXOBETE,
KOUTO pasIJIeKIaMe:

Bes orpanmuenne ma obiHocTTa, HEKa ig € X01. € UraopupamMe '1 o kpaa Ha Ciry4aii 2
) )
TaKa 4e€ Cu IIpeJcTaBdAMe TOBa:
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OueBnyno, i, iz 1 jo ca Tpu pazanunu Bbpxa. Ho Torasa I e cbenunenne cupsimo C, KoeTo uma
[IOHEe TPU Pa3/IMYHU TOYKU Ha 3axBallaHe ij, is U jo. Ilpmiarame Jlema 17 m 3akmouaBame, de
CBIIECTBYBa V € inter(I), TaK'bB Y€ UMa z-1j II'bT, Z-1y 'bT U Z-jy IIBT, KOUTO ca He3aBUCUMH. ToBa
e MOKa3aHo Ha cjiejiHaTa (purypa, Kato Z e IiaHapHuAT odpas Ha z, a X U J He ca [MOKa3aHu:

Cera Jjia cu TpejcTaBuM U X U Y IUIIOC IJIAHAPHOTO pebpo Mexk 1y Tax mwioc O (mokasaH camo
KaTo IJIAHAPHO pebpo), H00aBeHl K'bM TOCIeAHaTa (PUrypa. 3a jo Iie pasrieganMe JIBa MOJICTydast:
j2 € (017y) U {y} u jo € yo2. [Ja Hapeuem crorserHuTe rpacdu By u Bo:
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j2 € (017y) U {y} j2 € y o2

B, u By ca mzomopduu. Jlecno ce Bmxka, ge By numa noarpad, xomeomopden na K 3:

Cayyait 3. 01 = iy 1 09 = 1;. CiieiHaTa purypa mwrocTpupa obIIOTO MOJIOXKEHNE Ha BhPXOBETE,
KOWTO UMaMe TTPEJIBU/T:
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OueBnyiHO 11, 19, j1 ¥ jo ca derupu pazandnu Bbpxa. CiemoBarenno, | mMa deTupu TOUYKH HA
3aKadaHe Ha U c¢bruiacHo Jlema 18, B I uma 4 mam H.

Cuayuait 3.A  {x,y} N {j1,j2} = &. Crennara durypa miocrpupa 00IIOTO MOJOKEHAE HA BbP-
XOoBeTEe, KOUTO UMaMe IIPpEJIBU/I:

X

Ciay4qait 3.A-1 B I uma 4. Be3 orpannvenue Ha OOIIHOCTTA, HEKA j; € X 01!

i1

jo € 017y J2 €Yoy
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1 B nBata ciayvada suzkJgame noarpad, xomeomopden Ha Ks 3:

jo € 017y j2 €Yy o2

Cay4qait 3.A-2 B I uma X. Be3 orpanndenue Ha OOIIHOCTTA, HEKA j; € X 01!

[IsupBo nomyckame, de jo € o1 y. ToBa obade ne ompesesist eHo3HAYHO KOHMuryparnusta X. Ta
ce ompejiesisi 1 OT pasbuBaHeTo Ha {i1, 12,1, ]j2} Ha JBe JBYyeJEMEHTHH MHOXKeCTBa. VIMa TOYHO TpH

Taknba pasomsanus, a nvenno {{i1,ji}, {iz,j2}}, {{i1, 12}, {j1.j2}} u {{i1, 2}, {i2,31}}. [la napeuem
Tpute choTBeTHU rpada Hy, Hy u Hy u 1a ru pasrieiamMe MOOTIETHO:
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{{tn,j1}, {i2,d2}} {{i1, 12}, {j1,32}} {{i1,2}, {i2, 01 }}

H; u Hs ca m3omopdum. Ako bueknusTa #a nzomopdusma e ¢ : V(Hy) — V(Hs), To d(x) = za,
$(02) = o1, d(Y) = j2, ¢(j2) = x, d(01) = 02, ¢(j1) = z1, P(2z2) =y, d(z1) = jo. Hy 1w Hy me
ca m3omopduu. Ilo Tazu npuamHa orpanndaBame HaleTo BHEMaHure camo 10 Hy; u Ho. U B gBara
nMa nofarpad, xomeomopden na K 3:

Cera jomyckanme, 4e jy € y0y. Kaxkro u npeu, kouduryparusra X ce onpesesis 1 0T pasouBaHu-
ara Ha {i1,12,j1,j2} Ha JBe JIByeJIeMEHTHN MHOXKECTBa, a nuMeHHO {{i1,71}, {i2,j2}}, {{i1, 12}, {j1,)2}}
u {{i1,j2}, {i2,j1}}. [la mHapedem rpadure, Konto pasriexame, CbOTBETHO J1, Jo 1 J3 U Ja Tu pas-
rJie/iaMe MoOT/IE/THO:
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{{in,j1}, {i2,d2}} {{i1, 12}, {j1,32}} {{in,2}, {i2, 01 }}

J3 e uzomopden nHa Beue pasriiemanute Hy u Hy. Huto J; u Jo ca nsoMopdHU TOMEKTYy CH, HUTO
HAKOI oT e m3oMopdeH Ha |3 mwim Ha Hakoit oT Hy, Hy mum Hs. Hanara ce na pasrinenamve J; u Jo.
BB Bceku or Tax mMa noarpad, xomeomopden Ha Ks 3:

Cayuaii 3.B
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Cayuaii 3.B-1 B I numa 4

Cuayuaii 3.B-2 B I uma X. Pasriexname Benukn pasbusanust Ha {i,12,j1,j2} Ha JaBe aBye-
JIEMEHTHU MHOXKeCcTBa, a uMeHHO {{i1,j1}, {i2,j2}}, {{i1,12}, {j1,j2}} u {{i1,j2}, {i2,j1}}, BCAKa oT
KOUTO OIIpeJie/is eJHo3Ha Ho KoHdurypanusTa X. la sapedem cborsernure rpacdu Ly, Ly u Ly u
Jla TU pasriieaMe MOOTIEHO:

L3

{{tn,j1}, {i2,32}} {{in, 2}, i, iz} {{i1,2}, {i2, 011}
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L, u Ly ca usomopcduu. Ly He e nzomopdeH Ha HUKOH OT TsX, HUTO Ha HAKON OT Jlocera pasr-
sgexanute rpadu. Pasrimexmame Ly u L. BbB Bcekn oT Tax mMma 1nojrpad, xomeoMopdeH Ha
K3 3

)

L, .

Cayuaii 3.C {x,y} = {j1,j2}
Cayuaii 3.C-1 B I uma 4

OueBnano To3u rpad e xomeomopden Ha Ks. ToBa e equHCTBEeHUAT CIydail B JI0Ka3aTe/ICTBOTO, B
KoiiTo m3nonssaMe Ks, a ne Ks 3.

Cuyuait 3.C-2 B I uma X. Pasriexxname Benuku pasbusanust Ha {i,12,]j1,j2} Ha JIBe aBye-
JIEMEHTHH MHOXKeCTBa, a uMeHHO {{i1,j1}, {i2,j2}}, {{i1,12}, {j1,j2}} w {{i1,)2}, {i2.j1}}, BCaxa ot
KOWUTO ompeJiesis eqHo3nadHo kKonduryparuara H. [la mapedem cbhorBerHuTe rpacdu Sy, So u Sz u
Jla TH pasriiejilaMe MOOT e THO:
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{{tn,j1}, {i2,d2}} {{i1, 12}, {j1,32}} {{i1,2}, {i2, 01 }}

OxkasBa ce, 1e Si, So u S3 ca m3omopduu. Pasriexxgame S| n BuzK1aMme, Ue B HEro nma moarpad,
xomeomopden Ha K 3:

Tosa e kpadT Ha JloKa3aTe/JICTBOTO Ha TeopemaTa Ha Kuratowski. O

JokazaresictrBo 3a He-msianapHocT ¢ Teopemara Ha Kuratowski Ille pasriename mpu-
Mep 3a npuiaranero Ha Teopemara na Kuratowski: me jgokaxkem, 1ye rpad bt Ha Petersen ne e
manapeH. EcrecTBeHo e j1a ce onmTaMme jia JloKaxkeM ToBa 1upe3 Ks, nonexke rpad bt na Petersen
cbirbpka Ky B cebe cu 110 MHOT'O OU€BHJIEH HAYUUH — aKO Ha CJle/iHaTa pucyHka na rpada na Petersen
“koJtabupame”’ 1merTe YepBeHu pedbpa, 3a BCIKO OT TX U3TPUBANKHU o U WAeHTUUIUPAKU 1BaTa
My Kpasi, e ToayIuM ToIHO Kj:
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Ks

Ho ToBa “konabupane” na pebpa He € U3MEXKIy JBeTe Oolepallnd, 3a KOUTo ctaBa jyMa B Ompe-
nenenne 69. VI manctuna, rpad st Ha Petersen He cbhbabpaka noarpad, xomeomopden Ha Ks. 3a
Jla BHJIUM, Ye e Taka, Jia cbobpa3uM, rpadbT Ha Petersen e 3-perynspen, a B K5 e 4-peryispen;
OT JIpyTra CTpaHa, BCEKH J[Ba XOMeOMOPMHU I'pada 0YeBUTHO UMAT €JIUH U CHIU OPOil BbPXOBE OT
cTerneH, pa3jandyHa oT 2.

HokazarescTBoTo ¢ Teopemata Ha Kuratowski, 1e rpad bt na Petersen ne e mianapen, usnosssa
Ks3, a He Ks. Ille Bugum, 1e rpadbr Ha Petersen cbabprka noarpad, xomeomopden na Kz 3. Ha
cJIeJlHaTa PUCYHKA € IT0Ka3a eJUH TaK'bB Mojrpad, HapucyBaH ¢ XKbJITO BbPXY rpada na Petersen.

3a 51a ce ybeauM, de XKbJATUAT Hoarpad HaucTHHA e XoMeoMopdeH Ha Ks 3, IbPBO J1a ChOOpa3UM,
9e KbJITUAT ToArpad nMa BbPXOoBe OT (M caMO OT) CTereHn 2 u 3, U Jia OIBETUM BbDPXOBETE My
OT CTeTeH 3 C YepBEHO W CUHBO.
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Bropo, 1a m3tpuem te3u pedbpa, KOUTO He ca XKbJTH, 3a J1a OCTaHe CaMO BBIIPOCHUST moarpad.

Cera jla cBUeM BCHYKH BBH3MOXKHHU pedpa dpe3 BbPXOBE OT CTeleH 2, a TOBa ca TOYHO Oe/inTe
BbPXOBE.

Beue ce BHXKa {ACHO, 9€ TOBa € K373, KaTO BbpXOoBETE OT €JUHUA MY JIdJI Ca YEPBECHUTE BbHPXOBE,
a OT Apyrus My O4dJ1 Ca CMHHUTE BbPXOBeE.
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2.13.6 Bnucsanus uHa rpacdu B noBbpxHuHu n 3D modeling
CbBceMm KpaTko BbBejzieHne B 3D modeling

Tazu nojcexius e npexon mex iy Ceknust 2.13 Ilmanaproct Ha rpadu un Ceknus 2.14 Briuc-
BaHe Ha rpadu B MOBbPXHUHU OT IO-BUCOK po. llle pasriename npusoxkerune Ha TOKY-IIO
pa3BuTaTa Teopusd Ha IIaHapHUTe rpadu B obsactTa Ha 3D modeling u 1me orkpuem mHeiinuTe
OTPaHUYECHUSA, PA3TJIEKIANKI IPUMEPH, B KOUTO TS HE € TPUJIOKNAMA.

3D modeling e 141 HA KOMITIOTbpHATA rpaduKa, KOUTO Ce 3aHIMaBa ChC Ch3/IaBAHETO HA MaTe-
MaTUIECKO TpejicTaBsiHe (MOJIesT) Ha J1aJieH TpuMepeH 00ekT. ToBa ce mocTura, KaTo MOBbLPXHUHATA
Ha 00EKTa ce MpeJIcTaBs (aIlPOKCHMUPA) 9pe3 MPedca 0m MHO20B2BANUYL, HA AHTIHHCKT polygon
mesh, KOsITO € MHOXKECTBO OT TOYKH, OTCEYKN, CBbP3BAIIU HIKOU JIBOWKNA TOYKH, U MHOTO'bI"b/THU-
11, OrPAJICHN OT TaKWBa OTCeYKH. Ha mpakTuka Hai-4ecTo MHOTOBI'bIHUIATE Ca TPHUbHIbJIHUIN.
Karo npumep 3a 3D modeling na pasriegame @urypa 2.91. Ta nmoka3Ba HAKOJIKO TPUMEPHH MOJIE-
Jia Ha u3BectHus CTargop/[CKi 3aeK: OT Hal-IPyOus MOJIeI Tope BJISIBO JI0 HAl-TIPEIU3HUAS MOJIET
JIOJTY BJISICHO.

Durypa 2.91 : Crandopackusi 3aeK.

[TopbpxHUHATA HA TAIOTO Ce Hapuda 2-mMH02000pa3ue, Ha aHTIUICKE 2-manifold, ako 3a Bcska
TOYKa, B JOCTATBHIHO MaJjKa OKOJIHOCT OKOJIO TOYKaTa, MOBbLPXHUHATA € “KaTo EBK/nIoBaTa pas-
uuna’. Ilo-crpukTHO onpesesenne Ha “2-muHoroobpasue” e majgem B Cexiusa 2.14. Tyk camo 1me
KaykeM, 4e 2-MHOroodopasme He MOKe Jla UMa CPe30Be, IMEMHATUHH, JYyIKH KbM BbLTPENIHOCTTA,
HPUIUIIBAHUS U TaKa HaTaTbK. [[puMmepHo, MuImHIBLPHT HEe € 2-MHOr0OOpa3ue, JI0KaTo cdepara,
KyObT (1 M300110 BCEKHM MHOTOCTEH), KAKTO U TOPOUIIBT, Ca 2-MHOI00Opas3us.

[Tobpxunnara nHa Crandopackus 3aek e 2-mHOorooOpasue. Herro moeede, Crardopackust 3aek
e xomeomopden cbe chepara (Buzkre Onpejenenne 71): JIecHO € Jia CU IPEJICTABUM, Y€ 3a€KbT
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MOXKe J1a ObJie TpancdopMupan B cdepara M0 eJacTUYeH HA4YWH, U 00paTHOo, cdhepara MOXKe Jia
Obe TpaHchopMUpaHa B 3aeKa eJaCTUTHO.

Beue BmKmame Bpb3KaTa MEXK/y MpexkaTa OT MoOjea Ha 3aeKa U IutaHapauTe rpadn. AKo
MperkaTa MpeJCTaB/IgBa MHOIOCTEH, KAKbBTO e ciydadT ¢ Mojeaunte Ha Purypa 2.91, To, ako
UTHOpUPpaMe I'eOMETPpUYIHUA aCIICKT Ha MpexKaTa, T4 CTaBa KOM6HHaTOpHO IIJIaHapPHO BIIMCBaHE Ha
HAKaKbB IJIaHAPEeH rpad.

IIpoctn npumepu 3a mpexku Ha 3D monean

Ha caiita na Maks Ovsjanikov uma cBobojieH 3a 1oJ3BaHe yed pecypc — apxuB oT 3D momenn,
HSIKOM OT KOUTO ca Mojen Ha CTandop/IcKus 3aeK. 3a Pa3riIekIaHeTo Ha MOJIEINTE € HeoOXO MM
codryep Karo cBoboauusa codryepen naker MeshLab. C MeshLab moxke ga orBopute daiiioBere
(B mupekTopusi PS2/data) ¢ pasmmupenne .off u 1a pasriegare MojesuTe M0 HAYWH, KOHTO € He-
BBH3MOXKHO J1a ObJIe BB3MPON3BE/IEH IIbIHOIEHHO B To3n JoKyMeHT. OtBopere B MeshLab daiina
bunny_simple.off. @urypa 2.92 nokassa 3aeka Karo wireframe (kiunknere Render -> Render
Mode -> Wireframe).

®Durypa 2.92 : Wireframe na Crandopackusi 3aek.

[TogaepraBam, ge ¢ MeshLab mozkere ma pasriesare Mojiesa 110 HECPaABHUMO IIO-II'bJIHOIIEHEH Ha-
YUH U JIa PUI00HeTe HeCPaBHUMO IO-siCHA IIPEJICTaBa 3a HEro, OTKOJIKoTo oT Purypa 2.92.

3a jia Bujure Jannu 3a mpexkara (polygon mesh), kimknere View -> Show Layer Dialogue u
nocie Filters -> Quality Measures and Computations -> Compute Topological Measures.
B most cityuaii pesyararbr e:
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Opened mesh
/home/minko/Work/lec-graphs/meshes/sitel/PS2/data/bunny_simple.off in 105 msec
All files opened in 105 msec
V: 2002 E: 6000 F: 4000
Unreferenced Vertices O
Boundary Edges 0
Mesh is composed by 1 connected component(s)
Mesh has is two-manifold
Mesh has O holes
Genus is 0

“Mesh has is two-manifold” ka3Ba, ge Mpexkara Mogeaupa 2-MHOrOOOpasme. AKO TOBa He Oelle Taka,
CTIEJIHATE pa3ChbXKICHUs HsMale aa ca cMuciaern. “Genus is 07 o3HauaBa, e 2-MHOIO0OOPA3UETO €
xomeoMopdHO Ha cdepara.

V e 6pogaT Ha BbpXOBeTe Ha Mpexkara, E e OposT Ha pebpara, a F e OposiT Ha TPUbIbJIHUIIUTE
(mumara). B cura e

V —E+F=2002 - 6000 + 4000 = 2

Tosa He e nsHeHa a, Thil KATO MpeXkaTa € MHOIOCTeH 1 chriiacHo Habmomenune 29 nma xapakre-
pucTuka 2.

OrBopere daitta bunny.off. Toit cbiabpka Mpeka Ha 3aeKa, KOATO € MHOIO IO-JeTailiHa OT
MpexKaTa Ha bunny_simple.off u ¢bOTBETHO MMa MHOT'O MTOBEYE BbPXOBE, pedpa U TPUbI'bJIHUIIN.
Mpexkara e nokazana na Purypa 2.93.

®Durypa 2.93 : Apyr wireframe na Crandopackus 3aek.
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JlanauTe 3a Ta3W Mpe¥kKa ca:

Opened mesh
/home/minko/Work/lec-graphs/meshes/sitel/PS2/data/bunny.off in 155 msec
A1l files opened in 155 msec
V: 14290 E: 42864 F: 28576
Unreferenced Vertices 0O
Boundary Edges 0
Mesh is composed by 1 connected component(s)
Mesh has is two-manifold
Mesh has O holes
Genus is O

OTHoBO B cuna e:

V—E+F=14290 — 42864 4 28576 = 2

KaKTO O9aKBaMe€ OT MHOI'OCTEH.

Cera orBopere (aiina torus.off. Toit cbbpKa MpeKa Ha TOPOU/I, MHaUe Ka3aHo ‘TeBpek’. Mpe-
JKaTa Ha Topon/ia e nokazana Ha @urypa 2.94.

®Durypa 2.94 : Wireframe ua Topoun.

JlanauTE 32 Ta3W MpeE¥kKa ca:

Opened mesh
/home/minko/Work/lec-graphs/meshes/sitel/PS2/data/torus.off in 185 msec
A1l files opened in 185 msec
V: 24003 E: 72009 F: 48006
Unreferenced Vertices O
Boundary Edges 0
Mesh is composed by 1 connected component(s)
Mesh has is two-manifold
Mesh has O holes
Genus is 1
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3a Ta3u MpexKa, B cuia e
V—-E+F=24003 — 72009 + 48006 = 0

Cera Beue V — E + F He e jBe, a HyJsa. [Ipuannara e, 9e ToponrbT nMma “mynka’; mopajiu KOeTo e
dyHIaMEeHTAHO pa3andeH oT MHorocrenute u Habuonenune 29 He e B cujia 3a HEro u OOEKTHTE,
KouTo ca My xomeomopduu. “Genus 1”7 (poj e1HO) e HoHsITHEe, KOeTO Iie pa3rjieame IopoOHO B
Ceknus 2.14. Tyk camo 1me KaxkeM HedOPMAJHO, Y€ MOBbPXHUHA OT PO €IHO € XOMeoMOpdHa
Ha cdepa ¢ eIHa ‘3ajerneHa JIpbrKKa BbPXY Hes. 3ajelBaHeTO Ha IPbKKaA € ChIIOTO KAaTo Ha-
JIMINETO Ha JIyIIKa KaTo Ta3W Ha Topouja. TopomabT e 2-MHOrooOpasue, ChIlo KaKTo u cdepara,
HO 3apaju “ApbkKara’ He e xoMeoMopden Ha cdepara. Bposar Ha “apbkruTe” e poabr (genus)
na nopbpxanHaTal. CdepaTa MMa Hy/a APBHAKKA U UMa POJL HYJIa, TOPOWILT UMa €IHa, APbKKa 1
nMa poJI JHO, U TaKa HAaTaTbK.

Cera oTBopete (daitina double_torus2.off. Toil cbabpka MpeKa Ha JTBOSH TOPOUJI, HHAYE KA3aHO
“nBa 3ajernenu respeka’. Mpexkara Ha JBOWHUsS TOpou/ e nmokaszana Ha Purypa 2.95.

®Purypa 2.95 : Wireframe Ha ngBoeH Topou,.

JlaHHuTE 3a TAa3u MpeKa ca:

Opened mesh
/home/minko/Work/lec-graphs/meshes/sitel/PS2/data/double_torus2.off in 126 msec
All files opened in 127 msec
V: 8595 E: 25791 F: 17194
Unreferenced Vertices O

TToBa e BApHO caMo 3a TaKa HAPEYCHATE OPUCHIMUPYEMU NOSTPIHUNAL — BCIKA TaKaBa, aKo ¢ 2-MHoroobpasue,
e xomeoMmopdHa Ha cdepa ¢ HIKAKbLB OpOit IPDbKKU, KONTO € POIbT Ha MOBbPXHUHATA € OpOAT Ha ApbxKKUTE. Ma
u 2-MHOr000pa3usi, KOUTO He Ca OPHEHTUPYEMH TOBbPXHIHAN U KOUTO HeE ce TMoJIydaBar oT cdeparta ¢ J00aBsIHe Ha
IPBXKKH — HAIIpUMeED, JieHTaTa Ha Mbobuyc nim Oytuikara Ha Kiaiin. [loBede o To3u Bbupoc uma B Cekiust 2.14.
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Boundary Edges 0

Mesh is composed by 1 connected component(s)
Mesh has is two-manifold

Mesh has O holes

Genus is 2

3a Tasu Mpexka, B CUJIa €
V—-E+F=8595—-25791 +17194 = -2

Cera Beue V — E + F e munyc gse. /IBoitnusaT Topous e xomeoMopdeH ¢be cdepa ¢ JIBe IPbKKI
u uMa poji (genus) JiBe, KATO CHINO € 2-MHOrooOpasune, HO He € XoMeoMopdeH HUTO Ha cdepara,
HATO Ha TOPOHU/IA.

Enna xumoresa 3a ‘“‘cepu ¢ ApbxKKHI’

OT u3/102KEeHneTO JOTYK IIPABUM CJIeIHATA XUIIOTe3a: JT00ABSIHETO Ha BCSIKa HOBA “JIPbKKA' KbM
cepaTa HaMaIABa ¢ TOYHO 2 XapaKTePUCTUKATa Ha MOBbPXHUHATA, 3alI0YBaiiKi OT +2 3a cdepata
0e3 IPbKKIA.

3a Besika moBbpxHUHA P | KOATO € XoMeoMopdHa Ha cdepa ¢ k IpbiKKU, 38 BCIKO BIIICBAHE
Ha rpad B P, unnro juia ca XoMeoMOp@HU ¢ KPbra, € U3IIbJIHEHO
n—-m+f=2-2k

K'bJIETO N e OposIT Ha BbpXoBeTe, M e OpodT Ha pebpara, a f e OposdT Ha JuIaTa Ha BINCBa-
HETO.

OueBnano Teopema 33 e yacten ciyd4ait Ha To3u pedysTar 3a k = 0, ToecT 3a cdepa 6e3 IPbHKKH.
Xumnoresa 3 e BapHa u 11e o jgokaxkeM (opmasino B Cekrus 2.14.

CuaoxkeH npumep 3a 3D Mmpexxka

N nmakpas ma pasriegame ejjHa MHOTO ITO-CJIOXKHA TPUMEPHA MpexKa. 151 e B3eTa OT TO3M caiiT Ha
Georgia Institute of Technology. Ta3u Mmpexka e pe3y/1TaT MHOTO IIPEIU3HO TPUMEPHO CKAHUPAaHe Ha
JIbpBeHa cratyeTka, Hapedena Happy Buddha. TpumepuusaT mojien ce mpegocraBs B jiBa (hopMaTa:
off u .iv. [Ha pasrinemame .off Bapuanra. [lpemynpexaenne: To3u MOJIEI € MHOIO TOJISIM, KaTo
HekoMIiipecupanus .ply daitn e nay 40 merabaiira.

WNudopmarius 3a opurnHaiHaTa CTATyeTKA MOXKe J1a O'b/1e BUSHA Ha Ta3n cTpaHiia Ha Stanford
University, K'bJIeTO MOXKe Jia pa3rjie/laTe OPUTHHAJA MHOTO TTOAPOOHO U JIa OIEHUTE CJIOKHOCTTA
my. @urypa 2.96 moka3Ba CHUMKa Ha cTaTyeTKara, B3eTa or cranurara Ha Stanford University.
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®Durypa 2.96 : ITlactauB Byna — craryerka.

lananTe 3a MpexKaTa—pe3yarar oT 3D ckanmpanero ca:

Opened mesh
/home/minko/Work/lec-graphs/meshes/site4/happy.ply in 1135 msec
A1l files opened in 1137 msec
V: 543652 E: 1631574 F:1087716
Unreferenced Vertices O
Boundary Edges 0
Mesh is composed by 1 connected component(s)
Mesh has is two-manifold
Mesh has O holes
Genus is 104

B cua e
V—-—E+F=543652—-1631574 4+ 1087716 = —206

Coriacuno Xumnotresa 3, aKO MOBbPXHUHATA Ha CTATyeTKaTa € 2-MHOTroo0pa3ne—a Ts € 2-MHOTroobpas3ue
cobriacuo janauTe or MeshLab, To B cuta e 2—2k = —206, kb1eTo k e 6posT Ha apbxKuTe. OTTYK
OposT Ha ApbxkKuTE € 104, KoeTo e TouHo KoaikoTo MeshLab cbhobiaBa 3a pojia Ha HOBbpXHUHATA.
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2.14 BnwmcBane Ha rpadpn B MOBbPXHUHU OT II0-BHUCOK PO/,
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2.15 TI'padn-xunepkybdbone
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2.16 Cwpbueranus B rpacdpn
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2.17 Hsakou BugoBe nepdekTHn rpadn

2.17.1 MWNurepBagau rpadcdpn

Ia pasriegamve egna 3amada. JlajeHo e MHOXKECTBO OT u3nuTu X = {Xi,...,Xn}, KOUTO TPstOBa
Ja ce nposeJaT (IPUCHCTBEHO!) B 3a/iM Ha HIKAKBa YHUBEPCUTETCKA Crpaja. Beeku usnur x; ce
XapaKTepu3Hupa ¢ BpeMeTO CH Ha 3all0YBaHe $; U BPEMeTO CU Ha IPUK/IoUBaHe fi, KbIeTo s; < fj.
[TpenusHO Ka3aHO, BCEKM M3IUT € ChOTBETHUSIT 3aTBOPEH MHTEPBAJ, TOECT, X = {z € R|s; < z <
fi}. 3a ymobeTBO MOHsIKOTa MIeHTHdUIpaMe X; ¢ HapeJeHaTa JBoiika (s, fi).

Heka i + j. Kazsame, 4e usnntu x; 1 X; He ce 3acmoneam, ako f; < s; uian fj < si; B IPOTUBEH
cary4ait x; u xj ce sacmsneam!. Vckame Ja IpoBe/ieM M3IATHTE B KOJIKOTO € Bh3MOXKHO O-MAJIKO
sam. Jomyckame, 4e BCEKM M3IUT MOXKE JIa Ce IPOBeAe B Kod Jla € OT 3ajuTe. Ilpudunara mga He
U3II0JI3BAME CaMO €IHa 3aJ1a MOXKe Ja € caMo eJHa: UMa 3acTbIBallu ce u3nutu. a mposegem
UBNUTATEe B MUHAMAJICH OpOil 3a/M € CBIIOTO KaTo Ja pa3dueM MHOXKECTBOTO OT H3IMTHTE Ha
MUHKIMaJIeH OpOil Js1JI0Be, KATO BbB BCEKH g/ HAMa 3aCTbIBAIU Ce U3INUTH.

Jsabovunama 1na X Moxke J1a ce jedpuHupa 10 JIBa eKBUBAJCHTHH HaUUHA

depth(X) € max {|Y| : (Y < X) A (Vxi, x; € Y:i4j— x; ux; ce 3acTbiBar)}

depth(X) € max {[Y| : (YSX)AJzeR:ze ﬂY)}

Tebpaum, ge depth(X) e HeoGxomUMEAT U TOCTATHIEH OPOI 3a/IU 33 TPOBEKIAHETO HA U3IUTHTE.
HeobxoaumoctTa e oueBuana. JocrarbaHocTTa obate He e HaIl'bJIHO OYeBUIHA. EIMH OT HAIMHNUTE
Jla ce TOKazKe € KOHCTPYKTHUBEH € ChC CJIeHUs aJI9eH aJrOPUTHM.

1. Coprupait usnurure no Hadaauo speme. BOO, Heka coprupanara peauna e {(Xi, ..., Xn ).
2. PezepBupaii 3a1a 3a X;.
3. 3aior 2 gon:

(a) akoO B MOMEHT $; MMa CBOOOJIHA 3aj1a OT JIOCera M3MOJI3BaHUTe, CJIOKH X; B Hes,

(6) B mpoTHBEH CIyUail pesepBUpaii HOBa 3a/1a—KOATO J0 MOMEHTA He € M3I0JI3BaHa—3a X;.
Cuie1 TOBa JIOKa3BaMe KOPEKTHOCTTa Ha aJrOpUTbhMa. 3abessi3BaMe, 9e ajJrOpUThbMbLT Pe3epBUpa
depth(X) ma 6poit 3amm u ToBa J0Ka3BaMe, de depth(X) e mocrarsaen Gpoii 3a1m.
Moxkem obate na mokazkem, e depth(X) e mocrarsiaen 6poit 3aim u o Apyr HaunH. /la KoHCTPY-
upame obukHOBeH rpad G = (X, E), kbaero

E = {(xi,%) | (1 #7j) A (xi 1 xj ce 3acTbiBaT)}

Tosa e rpad, YUUTO BHPXOBE Ca MHTEPBAIUTE, & pedpara OTroBapAT TOYHO HA 3aCTbIIBAHUITA.
[To oTHomenne Ha n3nuUTHTE, TO3U rpad MojeMpa HeCbBMecTuMOocTUTe. ETO puMmep 3a HAKAKBU
U3IUTU, B KONTO BCUYKU U3IMUTU 3AII0YBAT U 3aBbPIIBAT HAa KPbI'bJI Yac, ¢ U3KIIOUCHIE Ha U3ITUTA
o @unocodus, koitro e or 14:15 .

T3abeneskere, e cropes Tasu AedUHUIMS, aKO eIUH U3IUT 3apbpmsa B 10:00 Uaca, a ApYr M3OHUT 3al04Ba B
10:00 ugaca, Te ce 3acTblIBaT, HO ako BropusT 3amousalie B 10:01 4., Te HaAMaIIe jJa ce 3acTblBaT. Kak To4HO e
JeUHIPAHO 3aCTbIIBAHETO HE € BayKHO. BaXKHOTO e j1a e JepbuHupaHo HeJIBYCMUC/IEHO U J1a MOXKE Ja Ce U3UUCTISIBA
ObP30 JaJIN J[Ba M3MNTA CE 3aCTbIIBAT.
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10:00 11:00 12:00 13:00 14:00 15:00 16:00

Huckperaun CTpyKTypHn

Aurebpa Ousuka

JuC

Xumust Putocodpust

Ero rpadbr Ha 3acTbiBaHuATa (HECHBMECTHMOCTHTE), HAPUCYBAH BbHPXY U3IUTHTE.

10:00 11:00 12:00 13:00 14:00 15:00 16:00

AN . .

\

A

I'padure KaTo TO3M Cu UMAT UMe.

Onpenenenune 78: NurepBasieH rpad

I'pad G = (V, E) ce Hapuua unmepsanen 2pagh, aKo ChiecTBYBa MHOXKeCTBO [ = {i1,... 1.}
OT 3aTBOPEHN MHTepBaJia BbpPXy peajHaTa OC, TaKUBa 4e CbhllecTByBa ouexkmus f: V — I
TakaBa 4e

Vu,veV:iu$v— ((u,v) e E o f(u) nf(v) £ &)

Jlam wHTEpBaIUTE Ca 3aTBOPEHH M KaK TOYHO ce JedUHUpPaA 3aCThIBAHETO (JOCTATHIHO JIK € Jia
nMar obIa ToYKa WK TpsbBa Jla uMaT obIna OTcevKa) He € ChIIECTBEHO.

OpurnaaiHaTa 3aja49a Oelrle ga ce IMOKaxKe, de IbA00UMHATA Ha MHOXKECTBOTO OT MHTEPBAJIN-
U3INATU € TOpHa I'paHulia 3a O6pos Ha 3ajiure. llpeBeseHo B TepMmunuTe Ha rpada, 3ajgadare e:
Jla ce IOKazke, Je KJIMKOBOTO YHCJIO Ha rpada € ropHa I'PAHHIA 338 XPOMATHIHOTO MY UHCIIO.
Babesexkere, Ye pas3nojiaraHeTo Ha M3MUTUATE B 3a/Ii 110 TaK'bB HAYWH, Y€ B HUTO €JIHA 3aJia HIMa
3aCTbIIBaHe, € ChIIOTO KAaTo pa3duBaHe Ha MHOXKECTBOTO OT BbpXOBeTe Ha rpada Ha aHTUKJINKH,
a, KakTo 3HaeM oT llomceknus 2.7.1, ToBa e CBHIIOTO KaTO Ja Ce OLBETSAT BbPXOBETE B I[BETOBE,
CbOTBETCTBAIIM HA AHTUKJIMKHUTE; B CIydasl, TOBa Ca 3aJIUTe.

o6pe n3Bectho e [28|, 1e unreppasnure rpadu ca Bux nepdexran rpadu (Omnpeenenue 36),
OTK'BJIETO BeJHAra CJIE/IBa, Y€ IbJI00UNHATA HA MHOMKECTBOTO OT MHTEPBAJINTE € J0CTaTbiHa 34
Opost Ha 3aJIMTe 3a IMPOBEXKIAHETO HA UBIATUTE.
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Ormpenenienne 78 B3eMa 3a BbPXOBE HE JIMPEKTHO UHTEPBAJNTE, & HIKAKBUA aDCTPAKTHU BbPXOBE 1
I'!l ChIIOCTaBsd OMEKTUBHO Ha WHTepBasuTe. ToBa e HapouHo. MHTepBamTe MOXKe J1a He ca JaJIeHH,
a Jla e JaJieH camo rpadbT U Ja ce TUTA JIaJd UMa TAKOBAa MHOYKECTBO OT MHTEPBAJIH; TOECT, 34
MIPOM3BOJIEH I'pad MOXKe NMa CMUCHJI Ja MUTaMe JIajii € nHTepBajieH uin ne. He Bceku rpad e un-
repBasied. 3Becrro e |28, crp. 182, Theorem 8.1], ue unTepBasHUTE MOXKE Ja CE XAPAKTEPUIUPAT
U TI0 JIPYT HA4YWH: rpad € UHTEPBaJeH TCTK MAKCUMAJHUTE MYy 110 BKJIIOYBAHE KJIMKU MOXKE JIa Ce
HapeJSAT JIMHETHO 110 TaK'bB HAYMH, Y€ 33 BCEKH BPbHX X, MaKCHMaJHUTE (110 BKJIIOYBAHE) KJIUKH,
ChJIbDXKAIIN X, Ce TOSIBSBAT B HENPEK'bCHaTa TopeauIa (consecutively Ha anriniickn).

Karo npumep jma pasriieame cbinus rpad, HO cera HAPUCYBAH CAMOCTOSITEJIHO, C MMEHa Ha
BbPXOBETE, KOUTO HAMAT HUIIO ODOIIO ¢ MMEHATa Ha U3IUTHUTE.

V2

V6

v
3 vy

V1 Vs

Tpure makcumasan mo BKaoUBaHe Kiauku ca Cp, Co m Cz. Mmaiire npenasui, e KIUKHATE
ca MHOXKECTBa OT BbPXOBe, a He moirpadu, taka de C; = {vi,vo, vz}, Co = {vo,v3, vy} u C3 =
{v4,Vs5,v6}. I HancTuHA, KJIMKATE MOXKE Jla Ce HAPEJAT JIMHEHHO 10 TaK'bB HAUUH, Y€ BCEKU BPbX
ce TosIBsIBa B HEIIPEK'bCHATA MOIPEINTIA OT KJITUKU:

< Cl = {V17V27V3} C2 = {V27V3,V4} CS = {V47V5,V6} >

[Toydopmasno kazano, MAaKCUMAaJHUATE 10 BKJIIOYBAHE KJIUKH Ha WHTEPBAJHUA Tpad ca “3a-
Jerenn” eJlHa 3a JPYTO TI0 JINHEeeH HauWH (a He, Ja KarKeM, 10 KP'bI'OB WK 1O JIbPBOBUJIEH WUJIH 110
HAKAK'bB 110-0011 HaunH). OTTYK YUTATENSIT JIECHO MOYKE Jia CU HAIPpABU MaJI'bK IpuMep 3a rpad,
KOWTO He € MHTEePBAJIEH.

UnrepBanuure rpadu ca MHOIO 1I0JI€3HH Ha IIPAKTHKA M Bb3HUKBAT KATO MOJIEJIUPAIIO CPEJICTBO
BbB BaXKHU IIPAKTUYECKH 3aja9u [28].

Honbanenune 26: IIpuiio>keHnsi Ha UHTEpPBAJIHUTE Tpadu

Golumbic B [28] mocouBa uHTEpecHu npuoKeHusi Ha uHTEpBaaHUTE rpadu. Ero Hakon or
TSIX.

1. Janenu ca HIKAKBH XUMUYIECKU CheIMHEHUS Cq, Co, ..., Cn. 3a Besiko 1 € {1,... , n} e
JaJIeHo, Ue ¢; TpsabBa Jia ce ChXpaHsiBa B TeMIeparypHus nuarepsas [t t!], kbiero t!
u t! ca rpajgycu, karo t| < t{. Kosko xmajguinnka ca Hu HEOOXOIMMHI, 38 J1a ChbXPaHs-
BaMe Te3u cheaunennsa! OUeBuIHO ce JIOIMYCKa, Y€ BCEKU XJIaIMIHUK MOXKe Jia Iodepe
BCUYKHN (KOHTEHEPU CbC) CbEMHEHWs, I OCBEH TOBA BCEKH XJIAMIHUK MOJbPIKA
caMo eJ[Ha TeMIepaTypa (3aloTo uMa caMo eJHO OT/IEJICHHE).

AKo moszBaMe N XJIaJUJIHNKa, HelllaTa CTaBaT TPpUBHUAJIHU: IIPOCTO CJlaraMe BCAKO Cb-
€JIMHEeHNE B cobcTBEH XJIa/JUJTHUK.
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Nwma curyarumu, B KOUTO MOXKEM JIa MUHEM CaMO C €JIMH XJIaJIMTHUK: JIa KaXKeM, N = 3 1
uHTepBasuTe ca [—5°, +10°], [—2°,4+20°] u [—15°, +25°]. O4eBumHO €IMH XJIAUTHUK,
nojrbpKang 0°, e jpocrarbuen. [Ipuunnara e, 4e TpuTe mHTEpBaJia UMaT OOIIO HeET-
pasHo cedenne. Ako TperusaT unTepsBas emre [+11°,+25°], equH X8 IUIHUK HAMAIIIE
Jla € JIOCTATBYEH.

[a nmocrponm nHTEpBaIHUA rpad BbPXY Te3n nHTepBaan. MunnMasnuar 6poit HeoO-
XOIUMU XJIAJUIHUIY € PaBeH Ha HETOBOTO MUHUMAJIHO YUCAO HA KAUKOG0 NOKPUGAHE.
Hucer0To Ha KIMKOBO IOKPHUBaHe Ha pon3BoJieH rpad G (He caMo MHTEpBAJIEH) € M-
HUMAJHOTO K, TaKoBa 9e MoxkeM ja pasomem V(G) Ha k Jg/a, KATO BCEKH OT TsX €
kymKa. CbeUHeHNATa, OTTOBAPSIIY HA BCAKA KJIMKA, e [IbPXKIAM B OT/IeJIeH XJIa/ I
HUK.

2. B sopara na remerukara, Benzer [8] kassa:

From the classical researches of Morgan and his school, the chromosome is
known as a linear arrangement of hereditary elements, the “genes’. These
elements must have an internal structure of their own. At this finer level,
within the “gene” the question arises again: what is the arrangement of the
sub-elements? Specifically, are they linked together in a linear order analogous
to the higher level of integration of the genes in the chromosome?

A number of cases have been investigated on this level. As a rule, closely linked
mutations affecting the same characteristic can be seriated in an unambiguous
way, suggesting a linear model. However, the “distances” (i.e., recombination
frequencies) between mutations are not always strictly additive, and certain
complexities (“negative interference” effects) make quantitative analysis difficult.

A crucial examination of the question should be made from the point of view of
topology, since it is a matter of how the parts of the structure are connected to
each other, rather than of the distances between them. Experiments to explore
the topology should ask qualitative questions (e.g., do two parts of the structure
touch each other or not?) rather than quantitative ones (how far apart are

they?).

Bwbupocst, KoiiTo Benzer nocrasi, € ja/iu eJIeMEHTUTE BbTPE B I'eHa ca JIMHEITHO Hape-
JleHn. 3a J1a ce OTTOBOPU HA TO3U BBIIPOC Ce PA3IJIEKIAT JIAHHU 38 MyTAIIUATE Ha TeHA.
[Tpu ompe/iesieHn IOMyCKaHUS, My TalllATe Bb3HUKBAT (110 OTHOIIEHIE HA CTAHIADTHHUSI
reH) Ype3 MPOMEHN B CBbP3aHM YacTH HA BbTPEITHOCTTA Ha TeHa. FKcrepruMenTa Ho
MOXKe JIa Ce YCTAaHOBHU JIa/I IPOMEHEHNTe JYacT! Ha JIBa MyTHUPAJIU reHa ce Ipecuvar.

Cbbupar ce aHHU 38 MOJISIMO MHOXKECTBO MYTHPAJIU M€HU U C€ OTYUTAT JAHHUTE 34
npecudanusTa uM. [Ipasu ce rpad ma npecuuanudara G. Boupochr jnanm jgannure 3a
[IPECUYaHUsITa Ca ChbBMECTUME C XHUIIOTE3aTa 3a JIMTHEHHOCT Ha eJIEMEHTHUTE HA T'eHa €
CHIUAT KaTo BbIPOCHT gaan G e unrepsaseH rpad. Kakro mocousa Golumbic [28,
crp. 172|, mosoKuTesieH OTrOBOP He MOTBbPIKJaBa HEIPEMEHHO Ta3W XHUIIOTe3a, HO
OTpHUIlATEIEH OTTOBOP KATETOPUYHO s OTXBbHPJIA.

3. Cepuarusauyus (Ha aHIIUACKH, seriation) e OMUT Jia Ce TIOCTABSIT HIAKAKBU APXEOJIOT -
YeCKU HAXO/IKA B UCTUHCKHUS XPOHOJIOTMTIECKH PEJT, B KOHTO ca ce MOSIBUIN B MUHAJIOTO.
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HaneHo e MHOXKecTBO OT apredakTi (MO-TOYHO, BHIOBE apTedakTH, a He WH/IIBU/IH-
apredakTi), HaMepeHn B rpoboBe (J1a KazkeM, or ernoxata Ha JIpesaus Eruner). [Tocr-
posiBame rpad G, 9uiiTo BhpxoBe ca apredakTuTe, a pedpo ce cirara TCTK CbOTBETHUTE
apredakTu ca HaMepeH! B eMH U Cbiny Ipod. [Ipu xumoresara, e Begka JIBOIKa ap-
Te(baKTI/I, KOUTO Ca CbIIECTBYBaJIM B €JUMH W CbIIW MOMEHT OT BpPeEMETO, C€ HaMHpPa
3a€/IHO B TIOHE e/InH Tpod, G e nHTepBasieH rpad, KaTo BCIKO MHOXKECTBO OT HHTEPBa-
JIM, KOETO MOZKe Jla € HET'OBOTO MHOXKECTBO OT CbOTBE€THH HMHTEpPBaJIN, € IIOTCHIIUAJICH
KaHIMIaT 3a cepuajm3alus Ha aprepaKkTuTe.

2.17.2 k-abpsBera
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JIpyru BujgoBe rpadpu
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3.1 Opuentupanu rpacdpu n opueHTUPAHN MYJATUTPacdn

3.1.1 OcHoBHU oIIpeieIeHUs

Omnpegenenne 79: OpueHTupaH rpad

Opuenmupan epag e napejena jiBoiika G = (V, E), KbiieTo V e HenpasHo MHOXKECTBO, YHHTO

eJIEMEHTHU Ce HAPUYAT 65PL06€e, E € MHOXKECTBO, YUUTO €JIEMEHTH Ce HapudaT pedpa, KaTo

Ec (VxV){(wu)[ue V)

Ha anrnmiicku opuentupan rpad e directed graph, KoeTo OHAKOTa ce chbKpaliasa 10 digraph. Hs-
kou aBropu kato Gibbons [27] me mossBar Tepmuna “oriented” uzobio. JIpyru aBropu, Hanpumep
Diestel, nmosssar u “directed”, u “oriented”, Ho ¢ pazimuen cvmuchi. Cnopes Diestel [18, cTp. 28],
oriented graph e opuenTupan rpad, KoiiTo ce moyyuasa ot Heopuentupat rpad (Omnpeesenne 1)
gpes JlaBaHe Ha 0PUEeHMAayus Ha BCSIKO HEOPHEHTHPAHO Pedpo; TOBA O3HAYABA, Ue 3aMEHSIME BCSIKO
HEOPUEHTUPAHO Pe6po {U,V}, KoeTo e JiByeeMeHTHO MHOXKECTBO!, ¢ TOYHO ejiHa OT HapeJeHuTe
npoiiku (u,v) mwim (v, u). CbriacHo ToBa onpejesenne, oriented graph e yacren cirydait Ha directed
graph — pasnukara e B ToBa, e B oriented graphs He Moxe jia uma u jBere pebpa (u,v) u (v, u),
nokato B directed graphs HuIo He npevn ga v UMa u JIBETE.

Konsenmus 10

Axko kaxkem camo “rpad”’, pasdbupame HeopueHTHpaH rpad. 3a jia KaxKkeM, 9e uMaMe MpeIBuL

opueHTHpaH rpad, TpsadbBa 1a KaykeM eKCILIUIIATHO “OphueHTHpaH .

Mskmouenne oT TOBa NpaBWJIO Ie IPABUM CaMO B CJIydauTe, KOTaTO OT KOHTEKCTa € HaIl'bJIHO
sICHO, Y€ TOBOPHUM 3a OPUEHTUpaHu rpadu.

OOUKHOBEHO BBbPXOBETE Ce 3aIlMCBAT C MaJKH JATHHCKA OYyKBM KaTo W, v U T. H. VMmeHara Ha
pebpara OOMKHOBEHO ce 3alucBaT KaTo €1, e; U T. H. T'bil KATO BCAKO pedpo € HapejeHa JIBOKa
OT pas3JINYHU BbPXOBe, 3alucBaMe pebpara KaTo, HampuMmep, “‘e; = (u,v)”.

[Tpumep 3a opuentupan rpad e G = ({u,v,x,y,z, a, b}, {e;, es, e3, ey, €5, €, €7, es, €9, €10, €11} ), Kb~
nero e = (u,v), e2 = (W, x), e3 = (u,a), es = (v,y), es = (v,z), e = (z,v), e7 = (z,b), es = (y,x),
eg = (b,x), e;p = (a,y) u e;; = (a,b). 'padbr G e Hapucysan na Purypa 3.1. Pebpara na opu-
eHTHpaHuTe rpadu 110 IPABUIO Ce PUCYBAT CbC CTPEJKH, KATO CTpeJKaTa, ChOTBETHA Ha PebpoTo
(u,v), nma ocoka or u KbM v. OTHOBO HodepTaBame, de “rpad’ e TeopeTHKO-MHOKECTBEHO [OHSI-
THe u ve rpad U HEroBa PUCYHKa Ca MPUHIUITHO PA3/IMYHU HEIla; TOBE € B CHJIA 38 OPUEHTHPAHUTE
rpadu 10 CbIMsg HAYWH, 10 KOHTO € B CHJIa 38 HEOPUEHTUPAHUTE.

T JTa cir mpUIIOMHENM: TIpH HeopHeHTHpaHuTe rpadit, BHIPEKH Ye MHIIeM ToBa pebpo Kato (1, v)”, IMaMe Ipe/IBuI
113 {u7 v}”'
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®durypa 3.1 : Pucyuka Ha opueHTupaH rpad.

Bo3Mmozkio e pe6paTa da He 6’]:>,ZL8JT UMEHYBaHH {IBHO U TOI'aBa ITHIIEM

G = ({w,v,xy,2,a,b}, {(w,v), (w,%), (u, @), (v, y), (v, 2), (2,v), (2, b), (Y, %), (b, %), (a,y)})

3.1.2 Poaurenu m mena, BXOAHA W U3XOAHA CTENEH
Omnpenenenune 80

Heka G e opuentupan rpad. Ako e = (u,v) e pebpo B G, KazBame, ge u € podumen Ha v, a
v e deme Ha w. CbINO Taka Ka3zBaMe, 9e W € HaA4aA0mo Ha € UV € Kpaam Ha e.

Karo nmpumep na pasriegame rpada G Ha @urypa 3.1. u e poauresn Ha a4 ¥ A € JIeTe HA W. V €
poauTeNn Ha z M z € JieTe Ha Vv, HO CHIO TaKa Z € POJNTe] Ha V U V € JieTe Ha Z.

Omnpegenenne 81

Heka G = (V,E) e opuentupan rpad. 3a Bceku BpbX U € V, 6xodnama cmenen na u e
|{e € E|u e xpait na e}|, a usrodnama cmenen na u e |{e € E|u e Hatamo na e}|.

Ha anrmmiicku “Bxojna crenen’ e indegree, a “m3xonna crernen’ e outdegree. Hue mie Geyrezxum
BXO/HATa cTeleH Ha u ¢ “d~(u)”, a usxoanara cremen Ha u ¢ “d*(u)” [27, cTp. 6].

Hedopmaano kazano, BXogHaTa CTelleH Ha W e OposT Ha pedbpaTa, ¢ KOUTO “Bau3aT’ B W, a U3XO/I-
HaTa cTeleH e OpodT Ha pebpara, KouTo “‘uznusar’ or w. Karo npumep ma pasriemame mak rpada
G na Qurypa 3.1. Bapuo e, e d~(u) =0, d*(u) =3, d (z) = 1, d"(z) = 2 u Taka HaTATbHK.

) ) ) Y

Omnpegenenune 82

Heka G = (V,E) e opuenrupan rpad. 3a Bceku Bpbx u € V, Takbs e d~ (u) = 0 ka3ame,

Je U e u3mouHuk. 3a BceKn BpbX w € V, TakbB de dt(u) = 0 Ka3Bame, qe U € cugon.

Ha anrmmiicku “n3rounux” e source, a “cucdon” e sink. B npumepnus rpad na @urypa 3.1, u e
U3TOYHHK, a X € CH(OH.

Crnennara jema e anayior Ha Jlema 1 or HeopuenTupanute rpadu.
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Jlema 22

Heka G = (V, E) e opuenrtupan rpad. Torasa

D dtw) = d7(w) = [E|

ueVv ueVv

3.1.3 Opwuentupasu rpadu ¢ IPUMKHI

Omnpenenenne 83: Opuentupan rpad ¢ Bb3MOXKHU ITPUMKHI

Opuernmupan 2pad ¢ 663.moochu, npumku e HapeieHa jBoiika G = (V,E), kbjgero V e Hen-
pa3HO MHOYXKECTBO, YUUTO €JIEMEHTU ce HapuiaT 65prose, E € MHOXKECTBO, YMUTO €/IeMEHTH
ce HApUYaT pebpa, KaTo

ECVxV

Tosu By rpadu TOYHO CHLOTBETCTBAT Ha Pesalliy HaJ KpaeH AeKapTOB KBaJpar. 3abeekere, Je
opueHTHpaHuTe rpadu 6e3 MPUMKHA TOYHO CHOTBETCTBAT Ha AHTUPEMIEKCUBHUTE PEJIAIIN.

[Tpumep 3a opuentupan rpad ¢ gase npumin ¢ G = ({u,v,x,y,z, a, b}, {er, es, e3, e4, €5, €6, €, es,
€9, €10, €11, €12, €13} ), KBJIETO €1 = (U, V), ez = (U, x), e3 = (u,a), es = (v,y), e5 = (v,2), €5 = (2, V),
er = (z,b), es = (y,x), eg = (b,x), e10 = (q,y), e11 = (a,b), e12 = (u,u) u ey;3 = (v,v). [Ipumrure
ca ey; u ero. ['padbr G e Hapucysan Ha Purypa 3.2. [[puMkuTe ce puCyBaT CbC CTPEJIKH.

®durypa 3.2 : Pucyuka Ha opueHTUpPaH rpad c OpuMKH.

Omnpegenenne 84: CboTBeTeH HeOpUEHTUPaH rpad

3a Bcekn opuenTupan rpad, 6e3 3navueHue I MOKe WU He MOXKe Jia UMa IPUMKHU, CEOM-
BEMHUAM HEOPUEHMUPAH 2pad® e HeOpUEeHTHPAHUIT Tpad, KOUTO ce mojydaBa CJej mnpe-
MaxBaHETO Ha OpueHTalusaTa Ha peopara. [Ipu ToBa, ako B opuentupanus rpad nma JIBoNKa
pebpa (u,v) u (v, u), Ts ce 3aMeHs C eJIHO eIMHCTBEHO HEOPUEHTUPAHO Pebpo — nHade Ouxme
MOJTYYMJIA MYJITHTPad.

%Ha anryumiicku TepmMubsT € the underlying undirected graph of a directed graph.
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Tazu necdununuga He e ocobeHo (opmaJsiHa, 3al0TO HE I10JI3Ba TEOPETUKO-MHOXKECTBEHUs €3MUK,
a TM0-CKOPO MMa, TIPEJIBUJ pUCYHKaTa Ha rpada. PopMaaHo NpenusHa JedUHUINS Ha ‘ChOTBET-
HUs HeOpUEHTHpPaH rpad’ MoxKe Jjia ce HalpaBH, ako IJiejaMe Ha opueHTHpaHus rpad G Karo
Ha peJialys, HallpaBUM HEHHOTO CHUMeTPHYHO 3arBapsne G’ u cijiell ToBa 3aMEHUM BCsSIKa JIBOMKA
opueHTHpaHu pebpa (u,v) u (v, ), 3a Pas3judHu W 1 V, C €JJHO eJIMHCTBEHO HEOPUEHTUPAHO PeOpO
(u,v). Ako G uma IpuMKH, Te He OUBAT 3aCErHATH OT CUMETPUYHOTO 3aTBApSHE, TaKa Ye B Pe3yJl-
TaTHUA HeopueHTHpaH rpad Tesm npumku ocrapar. Purypa 3.3 n306pas3sBa opueHTUpaHUs Ipad
or Purypa 3.2 U CbOTBETHUS My HEOPHEHTUPAH TI'pad.

®Purypa 3.3 : OpuenTupan rpad u CbOTBETHHUS MYy HeOpHMEHTHPaH rpad.

0

rpadbT o Purypa 3.2

CbOTBETHUST HEOpUEHTUpaH rpad

Babenexkere, de JT0KaTO pedpara B OpHEHTHPaHUs Ipad ca MOKa3aHM ChC CBOM MMEHA KATO e, €
1 TaKa HaTaTbK, peOpaTta B ChOTBETHUsI HEOPpUEHTHPaH I'pad ca MoKasaHu 6€3 UMEeHa; TOECT, BCIKO
OPHEHTHUPAHO PeOPO TPOCTO ce naeHTUUIMpa ¢ HapeJdeHaTa JBOMKa OT HAYAJIOTO CU U Kpasl CH.
BbpxoBere obaue 3ama3BaT uMeHaTa CH IPU IPEMUHABAHETO K'bM ChOTBETHUsI OpHEHTHpaH Ipad.

CBhOTBETCTBIETO MEXK/ Ty OPUEHTHPAHN U HEOPUEHTUPAHN Ipadu MOXKe J1a ObJie U B IpyraTa IocoKa
— OT HEOPUEHTUPAHU K'bM OPUEHTUPAHU.

Omnpenenenne 85: CbhboTBeTeH OpueHTUPaH rpad

3a Bcekn HeopueHTHpaH rpad, 0e3 3HAUCHUE A MOXKe WM He MOXKE Jia UMa IIPUMKH, Co-
OMEEMHUAM OPUEHTNUPAH, 2pagd € OPUEHTUPAHUAT Ipad, KOWTO ce HMoJIydaBa CJIe] 3aMAHaTa
Ha BCAKO HEOPHEHTHPAHO pebpo (U, V) ¢ aBere opuenTupanu pebpa (u,v) u (v, 1), ako u # v;
aKoO U = Vv, 3aMeHsIMe HeOpUEeHTHpaHaTa IIPUMKa, aCOIUUpPaHa C U, ¢ OPUEHTUPAHA IIPUMKA,
(u,u).

Qurypa 3.4 mzobpassaBa HeopueHTHpaHus rpad or Purypa 3.3 U CHLOTBETHUS MY OpPUEHTUPAH
rpad. 3abesexkere, Ye Ipyu TOBa HE MOJIyvaBaMe HadaHUs opueHTHpaH rpad or @urypa 3.2.
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®durypa 3.4 : Heopuentupanugar rpad or ®@urypa 3.3 u cbOoTBEHTHS MYy Op. rpad.

O
a

ueop. rpad or Purypa 3.3

3.1.4 Iloarpadu nu maaynupanu noarpadcdu. Mzomopdusbm.

[Hougruara “nogrpad”’, “nogarpad, UHIYIHPAH OT MOJAMHOYXKECTBO Ha BbpxoBeTe M “TIOKPHUBAIIL
nojrpad” npu opueHTHpanuTe rpadu ce JiepuHIpaAT HAII'bJIHO AHAJOTUYHO HA HAYMHA, 1O KOHTO
ce nedunupar B Heopuentupanure rpabu (Onpenenenus 7, 8 u 10).

WzomopdusbM Mek Ty opueHTUpaHu noirpadu ce geduHIpa HAITLJIHO aHAJOTHYIHO Ha HAYU-
Ha, [0 KOWTO ce jedunupa npu Heopuentupanute rpacdu ¢ Oupenenenne 39. Ako G’ u G” B
Onpenenenne 39 ca opueHTHpaHu rpadu ¢ Bb3MOXKHU IIPUMKH, TO TOBA OIpeeeHne HU JaBa
TOYHO TOBa, KOETO MCKaMme: I'padure ca m30MOPGPHU TCTK MOXKEM J1a “HaXJIyIUM eJIUHUS BbpPXY
JpyTus, ChOIIOMaBaiiku ocoKnTe Ha pedbpara. maiite mpeasu, 1e ako G’ u G” ca opueHTHpaHm,
1o (u,v) u (d(u), d(v)) ca HapemeHn JBOIMKY.

3.1.5 Opwuentupasu myaturpadu.

Cpasuere Onpenenenne 86 ¢ Oupenenenne 13 u Oupenenenne 14.

Onpenenenne 86: Opuentupan myarTurpad

Opuernmupan myamuepag e Hapeiena tpoiika G = (V,E, fg), Kbjero V e HempasHO MHO-
JKECTBO, YUUTO €JIEMEHTHU ce HapudaT 65prose, E € MHOXKECTBO, YUUTO €JIEMEHTU ce HapudaT
peopa, VNE = n

fG:E—>VXV

e c8BP38aULAMa PYHKUUA.

BabesexkeTe, Ye ToBa OIpejie/IeHne TO3BOJIsiBa puMKn. Korato kaxkem “opmenTupan Mmyarurpad’,
nojipasdupame, de TOi MOxKe Ja mMa npuMku. Purypa 3.5 cbIbpzKa PUCYHKA Ha OPHEHTHPAH
MyaTArpad.
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®durypa 3.5 : Pucynka Ha opueHTUpaH MyJaTurpad.

Mynrurpadbr, Hapucysan Ha Purypa 3.5, ¢ G = ({u,v,x,y,z,a,b}, {e1,...,es}, ), KbieTo

fa(er) = (w,v), fgle2) =(w,x), fgles) =(w,a), feler) =(y),
fa(es) = (v.z), foles) =(zv), feler) =(z,b), fgles) = (y,x),
fa(es) = (b,x), fglew)=(a,y), felen) =(a,b), fglex) = (u,u),
fo(es) = (v,v), fglew) = (uw,u), fgles) = (w,v), fg(ew) = (v,u)

[Ipu opmenTupanure MyaTurpadu CbIIO MOMKEM & TOBOPUM 3a ChOTBETEH HEOPUEHTHUPAH MYJI-
turpad u, o6paTHO, aKO € JIaJIeH HEOPUEHTUPAH MyJITUrpad, MoxKe Ja TOBOPUM 3a ChOTBETEH
opuenTupan myarurpad. bu TpsioBasio na e oueBnaHO Kak ja 06obmmM Otnpeenenns 84 u 85 3a
MyJITUTPadH.

3.1.6 OpwueHnTupasm nbTuma u MukKau. /larose.

BCAKBJE B Ta3M II kg G = G WEeHTUPaH MYJITHT . On JIEHUSITa, KOUT
Hagc e 31 TI0JICE G V,E, fg) e opue a ad. Omnpemesne a, KOUTO
e HAIIPaBUM 3a OPUEHTHPaH MYJTUrPad, ChbBCEM €CTEeCTBEHO OCTaBaT B CHJIa 3a OPUEHTUPAH
rpad, ¢ uau 6e3 NPUMKH.

3a6eﬂe>KeTe IPUJIMKUTE U PA3JIUKUTE ME2KAY IMOHATHUATA B Ta3U IIOJCEKIUA U ITOHATHUATA B CeK-
JER%5%E 2.3. OTHOBO MOXKe Jla CU MHCJ/IIMM 3a HAKaKBO CbIICCTBO, KOETO 2KHNBEE€ BbHB BBLPXOBETE Ha
opHeHTHpaHusa MyJaTurpadrpad u MoxKe jga ce IPUJIBUKBA, KATO MIHABA OT BPbX BbB BPbX-JIETE.
[TocnenroTo Biteve, Ue TPsAOBA Ja UMa OPHEHTUPAHO PeOPO ¢ HAYAJIO I'bPBUS BPbX U Kpail BTopus
BpbX. [locokure na pebpata mMaT 3HAYEHME U [IPUJIBIKBAHE Upe3 JIaJIeHO PeOPO MOXKe J1a CTaHe
caMo aKo ce cra3Ba mocokaTta. 1oBa e u ocHoBHaTa pasiuka ¢be Cekius 2.3, B KOATO 3a IIOCOKA
He CTaBallle JiyMa.
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Omnpenenenune 87: OpueHTUPAH I'bT.

Opuenmupar nem 6 G HapudaMe BCsIKa aJTepHUPAIa PeIUIla OT BbPXOBe U pedpa, 3a HIKOoe
t>0:

P = (ui07 ekoauip eklauizv ... 7uit,17 ekt717uit)

KbjieTo Ui, € V3a 0 < p <t e, € E3a0 <p<t—1, uocBeH TOBa € UBI'BIHEHO
fe(er,) = (wi,,ui,,,) 32 0 < p < t—1. Bpbx u;, ce Hapuda naua.i0 na nomsa, a BpHX Uy,
ce Hapuva xkpat wa nems. OcTaHaInTe BHPXOBE Ca 63MpewHume 6sprose Ha noms. Orre
Ka3BaMe, 4e p € I'bT 0m Wi, do Uy,.

Jlsaotcunama Ha wbTst € 6posaT Ha pebpara B Hero. [1le GeexkuM JbJzKUHATA Ha TS C |pl.
B cayuas, |p| = t.

AKO BCHYKHI €JIeMEHTH Ha II'bTS—BbPXOBEe U pebpa—ca YHUKAJIHU, Ka3zBaMe, de P € npocm
OPUEHMUPAH, NTM.

Cpasrere m3pasa “p e IbT MexK1y Ui, 1 Ui, oT Onpenesnenne 16 ¢ n3pasa “p e IbT OT Ui, 10 Uy,
ot Oupenesenne 87. [Ipemyorbr “Mexk iy’ uspassiBa CUMETPUYHOCT: ChC ChIIUS YCIIEX MOXKEIIe JIa
KaxKeM “p e I'bT MeXK1y Ui, 1 ui,” B Onpenenenne 16. Ot gpyra crpana, gsara Ipejgora “or . . . 10"
N3pa3sdBaT HECUMETPUYHOCT: MOKE JIa HfAMa OPHEHTHpPaH I'bT OT Ui, 10 Wi, B Oupejesenue 87,
Taka 4de B 00U« ciydail “p e OpHeHTHpaH II'bT OT Ui, JI0 Wi, He MOxKe Ja ObJe 3aMeHeHO ¢ “p e
OpMEHTUPAH II'bT OT Ui, JO Ui, .

Omnpenenenne 88: OpueHTHPaH ITUKDBJI.

Hexka P € opueHTupaln IbT B G, KbJIETO:
p = (uiov eko ) u’i1 ) ek1 ) uig? ©oo0g uit,U ekt71 ) uit)

KasBame, 1e p e opuenmupar yuxsa, ako w;, = wi,. KasBame, 9e p e npocm opuenmupar
YUKBA, AKO P € OPUEHTUPAH IUK'BJI C [IOHE €JIHO PEOPO U OCBEH TOBA, BCUYKH €JIEMEHTH OCBEH

Ui, = Uy, Ca yHUKAaJIHH.

KonBeniua 11

AKO OT KOHTEKCTa € sICHO, Ue CTaBa JlyMa 3a OpUeHTHUpaH rpad, HsMa CMUCHJI Jla Ka3BaMme
“opuenTupan mbT’ win “‘opueHTupan nukb . [1le kazBame camo “nbT” WM “IIUKDBJI, & TOBA,
e e OPUEHTHUPAH, Ce MoIpa3dupa OT TOBa, Ye rpadbT WiIn MyJTHIPadbT € OPHEeHTUPAH.

KonBeniua 12

[IpocTuTe opueHTHPAHN IIHTHINA, IUKJIA CE TIOJI3BAT IIO0-9€CTO OT JAPYTHUs BHJI. 3aTOBa, OTCEra
HaTaThK, KATO KakeM “OpMeHTHPaH I'bT WX “OpUEeHTHUpPAH UKL, pa3dupame ¢bOTBETHO
“HPOCT OPUEHTHUPAH LT’ WK “IPOCT OPUEHTUPAH UK B . AKO mMaMe IpeIBIl OpUEHTHDAH
I'bT WK OPUEHTUPAH IUKBJI, KOWTO HE € IIPOCT, TPSIOBa U3PUTHO Ja CIIOMEHEM, 1Ue He € IIPOCT.

Bbaemoxme norsitusiTa “XaMuiToHoB uk b u “Xamuaronos bt (Ompeesenne 41) B KOHTEKCTa,
Ha Heopuentupanute rpadu. Tesn nmonarus ce npenacaT OyKBaJIHO B OPHEHTHpaHUTE rpadu.
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Omnpegenenne 89: OpueHTpad XaMHUJITOHOB [MUKbJ M1 OPUEHTUPAH XAMUJITOHOB ITbT

Heka e mamen opuentupan rpad G. Opuenmuparn Xamuamonos yurss B G € BCEKH IUKbJI

B G, KOITO C¢babpxKa BCUIKH BbpxoBe Ha G. Opuenmupar Xamuasmonos nem B G € BceKH
IbT B G, KOUTO Ch/IbprKa BCHUKH BbpXoBe Ha G.

Axko e sicHo, ¥e G e opumeHTHpaH, MOXKe Jla Ka3Bame camMo “XaMUJITOHOB MUKbJ U “XaMUITOHOB
LT, UMAHKU IIPeJIBUI ChOTBETHO ‘OpHeHTHPaH XaMIJITOHOB IUKDBJI U “OpUeHTUpaH XaMUJITOHOB

Onpenenenne 90: mar

Opuentupan rpad uanm opueHTHpaH MyaTUrpad 0e3 MUK ce Hapuda dae.

TepmuabT € TpancauTepanus Ha dag, KoeTo ujasa ot directed acyclic graph.

Opuentupanuar rpad, nokaszan Ha Purypa 3.1, He e mar. OT Hero obade MOXKe J1a ITOJIyIUM Jara,
nokazan Ha @urypa 3.6, uzrpusaiiku pedbpoTo eg.

Purypa 3.6 : Pucynka Ha mar.

er
€10 €9

20

Babesexkere, Ue HUKOI Jar He MOXKe Jia UMa IPUMKH, TIOHEYXKe BCSIKa MPUMKA € ITHK'bJI.

Crennara TeopeMa e aHAJIOI Ha TeopeMara, Ka3Ballla, b€ BCsKa JacTUIHa Hapeada HaJl KpaeH
JIOMeH nMa TOoHe eJINH MUHUMAJIeH eJIeMEHT U TIOHE eJIMH MaKCUMaJieH eJIEMEHT.

Teopema 46: IloHe eguH M3TOYHUK U IMOHE €IUH CU(OH B Jar

Bceekn gar mma 1mmoHe euH M3TOYHUK U IIOHE €IUH CUQOH.

HokazaresctBo: BOO, mie jgokaxkeM TBBPAEHUETO caMo 3a n3TovHuK. [la jgormycHem mpoTus-
HOTO: G e Jar, B KoiiTo HaMa m3tounuk. Heka a; e mpoussosien Bpbx or V(G). Ilo momyckane, a
He e M3TOYHHK, TaKa 9e ChIecTBYBa pebpo (az,a;). Ho as cbio He e n3ToYHUK, Thil KATO cMe
JIOIyCHAJIN, Y€ U3TOYHUIM HsiMa. ToraBa cbinecTByBa pebpo (ag, as). Ho as ¢bIno He e u3TOYHUK.
N raka nararbk. [lo To3u HAYMH MOYXKEM Jia IOCTPOUM II'LT

P = ag, Qk—1,...,03, a2, Qa7
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3a KOJIKOTO mckame rojiimo k. Ho, ako k > m, To mo mpunmuna na Dirichlet Tpsabsa na mma
IIOHE eJIHO IIOBTapsHe Ha BPbX B p. MHaue kKasano, chblnecTByBaT j U i, Takuba 4e j > iu a; u

a; ca BbpPXOBe B P, KaTo @j U a; ca eJuH n cbiy BpbX B G. Torasa moanbsrar aj,...,a; Ha p
npejicrapisgBa mukba B G. Ho G HaMma 1ukim, 3a1oTo e jar. 3ak/odaBaMe, de JIOMyCKaHeTO, Ie
HsIMa HATO €JIMH U3TOYHUK, € HEBSIPHO. O

Karo npumep 3a npusoxennero Ha Teopema 46 na B3emeM jara, nokaszan Ha Purypa 3.6: u e
U3TOYHUK, X € CU(POH U JPYTIW UBTOUHUIU WIH CU(DOHU HIMA.

BabesexkeTe, 4e BCEKU U30JIMPAH BPbX € €IHOBPEMEHHO M3TOYHHUK W CU(MOH, CJIeJ0BATETHO BCEKU
Ipa3eH OpueHTUpaH rpad e Jar, B KONTO BCeKH BPbX € €IHOBPEMEHHO M3TOYHUK U CH(MOH.

OueBuHO €, Ue jaroBere HIMaT XaMUJITOHOBH IUKJIM, 3aI0TO HIMAT UK/ u3001mo. /lar obaue

MOXKe J1a nMa XaMuITOHOB IbT. AKO Jgar G = ({v1,Va,..., vy}, E) mvMa XaMUITOHOB IIbT
P = Vi, Vigy - -y Vi,
KbeTo (i, 12, ...,1n) € mepmyrarus Ha {1,2,...,n}, MokeM ja MucauM 3a G KaTo 3a BbIPOCHHUS

XaMUITOHOB II'BT ILJTIOC OIe pedbpa, aKo UMa Taknpa. AKO mMa orre pedpa, BCIKO OT TIX € OT BHJIa
(vi;,Vi,), KbgeTo j < k; B HAKAKBB CMHCDHII, BCAKO pebpo e, KoeTo He ¢ 0T XaMHUITOHOBHS II'bT,
nMa CbIaTa IOCOKa KaTo MOcoKaTa Ha XaMmiIToHOBHS bT. [locie1HOTO e j1ocTa 0ueBHIHO — NHAK
6u umaJio Kb B rpada. Purypa 3.7 wirocTpupa gar ¢ XaMUJITOHOB II'bT, KATO XaMUJITOHOBUST
I'bT € aKIeHTHpaH. ZlcHo e B KaKbB CMUCHJT pedpaTa, KOUTO He ca OT XaMHUJITOHOBUS II'bT, UMAT
c’hINaTa TOCOKA KAaTO HETOBaTA.

®Durypa 3.7 : Jar ¢ XaMUJITOHOB I'bT.

XaMHUJITOHOBUAT BT B jlara, witoctpupan Ha Gurypa 3.7, e u, v, a, b, y, z, x. Apyru Xamuaronosu
I'bTHUINA HAMA W TOBa HE € CJIYyYaifHO, KAaKTO CTaBa SICHO OT CJIeJHATa TeopeMa.

Teopema 47: EauHcTBeHOCT HA XaMMUJITOHOB IIbT B JAar

Beeku mar, koiiTo He e MyaTurpad, uMa Hafl-MHOTO €JIUH XaMUJITOHOB ITbT.

HokazarenacrBo: J[la nomycuem, e G = ({vy,...,v,}, E) e gar, Koiito He e myarurpad u B KOHTO
uMa, JIBa Pa3IMIHU XaMUJITOHOBH II'bTUIIA

pl :vi17vi27"‘;vin
P2 = Vji5 Vjgs -5 Vi
KbeTo (ir,12,...,1n) # (j1,j2,---,jn) ca pasmmaau mepmyraiuu Ha {1,...,n}. la pasriemsame

Hali-JIeBUsl BPBX, B KOWTO P; U Po ce pasimdasaTr. TakbB TpsAOBa Jla MMa, 3all0TO, ako i = ji
Uiy =joU...u i, = jn, HEPMyTAIUUTE OUXa CHBIAJIAJNA U P; OU OUJI CHIMUAT BT KaTo po. U
Taka, IOM II'bTUIATA Ce pa3/jndaBaT, nMa Hail-JisiB BpbX, KONWTO € pa3jmieH B T4X. /la Kaxewm, de
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i1 =91, -- -, ik = jk, HO 141 F jr+1, TAKA Y€ JIO MO3UIUS K BKIIOYUTETHO JIBATA ITHT CHBIIAJIAT,
HO B mmo3unud k + 1 mMaT pa3/jmIHu BbPXOBeE.

3abenexere, e p; He ChIbLPKA Vj,,, Ha mosunumg k + 1, momexke vj,,, ¥ Vi, Ca Pa3InIHH
BBPXOBE, HO Pi ChbPKa Vj, ., 3a10T0 p; € XaMuaToHos bT. Obade vy, He MOXKe Ja € HUTO
Ha I'bPBa, HUTO HA BTOPA, ..., HUTO Ha K-Ta MO3UIUAA B Pi MOPaJU JOIMYCKAHETO, e iy = ji, ...,
ix = jx. Epro, vj,_,, ce cpema B p; Ha nosunus, no-rojsgmMa ot k+ 1. Ho Torasa noansTar q Ha pa oT
Vj,,, BKJIIOUHTEIIHO JIO Vj, € HO-TbJIBI OT IOAILTA Ha Py OT Vj, ,, BKIIOYUTEIHO 710 Vi, . O4YeBHIHO
e, 4e ( cbirbpxka pebpo e = (a,b), TakoBa Ye Mo OTHOINEHUe Ha P € BSIPHO, Ye a € BJSICHO OT b.
[Tocnennoro Biaede HaMure HA UKD B rpada, KOeTo € HeBbL3MOXKHO, T'hil KaTO TOU € Jiar.

P1: O O O SO (s e O s ) ——0
Viy Vi, Viy Vit Vi,
: e

P2: O O T p— >O SO O O—> '®)
Viy Vi, Vi, Virr a b Vi,

~— -

e
q

3.1.7 CunHa 1 cjiada cBbpP3aHOCT B OPMEHTUPaHu rpadu

Pasriexiame oOukHOBEHU OpueHTHPAHN Ipadu, Thil KATO HAJTMINETO Ha TPUMKU WU ITapaJIe/THA
pebpa e 6e3 3HavUYeHNe 3a CUJITHATA WU CJabaTa CBbP3aHOCT.

Babenmexere cxomcrBoro Mexk 1y Ompenenenne 19 u Onpenenernue 91.

Omnpenenenne 91: CuiHa cBbp3aHOCT B opueHTHpaH rpad. CUiiHO cBbp3aH OpUeHTUPaAH
rpad.

Heka G = (V,E) e rpad. 3a Bceku JiBa Bbpxa 1, v € V KazBaMe, 9e W U V Ca CUAHO CEBP3AHU,

aKO CbIIIeCTBYBa II'bT OT W /IO V U CbhIIECTBYBa II'bT OT V /10 U. G e cuamro C6BP3aH, aKO BCEKU
JABa BbpXa B HEIro Ca CUJIHO CBbP3aHU.

[Tpumepno, B opuenTupanus rpad, nokasan na @urypa 3.8, Bcekn jBa Bbpxa or {a,b,v,x,y,z}
Ca CHJIHO CBbpP3aHH, JIOKATO U U b He ca CHJIHO CBbP3aHH, IIOHEZKE ChIECTBYBa II'LT OT U JI0 b, HO
He CbIIECTBYBa II'bT OT b JI0 W.

237



IMABA 3. JPYIU BUOOBE MPA®U © Munko Mapkos, 2024r.

®urypa 3.8 : Bceku aBa Bbpxa or {a,b,v,x,y,z} ca CUIIHO CBbP3aHU.

Axo rjiejaMe Ha CUJ/IHaTa CBBP3aHOCT KaTO Ha peJaliud, TO Td €

e pedieKCUBHA, 3AIMOTO BCEKM BPbHX € CUJHO CBBbP3aH ChC cede CU Upe3 TPUBUAJCH II'bT C
abkuHa 0,

® CUMETpH4YHa, II0 O9YCBUIHU IIPUYINHHA,

® TPAH3WTHUBHA, 3all0TO, aKO U U V €4 CUJIHO CBbP3aHU W V M W Ca CHJIHO CBbP3aHH, TO 1
U W CBINO Ca CHJIHO CBbpP3aHU; IPOCTUTE IIbTHUINA, HEOOXOMUMHU, 3a Jia IOKaXKeM CHJIHATA
CBBbP3aHOCT Ha W U W MO2KE 1a 6’b,ZLaT IIOJIydeHu OT IIPOCTUTE II'bTHUIlla, 3a/JaBalllkd CUJIHH-
Te CBbP3aHOCTH MEXKJ/Yy W M V U MEXJy V U W, KaTO MOKe Jla Ce HAJOXKH Ja ‘U3perkeM’
MOJIITBTHINA 110 HAYWH, aHaJoTmdeH Ha To3u oT Jlema 4.

CrieioBaTesiHO, pesanusTa Ha CUJIHA CBbP3AHOCT € PeJIallis HA €KBUBAJIEHTHOCT.
Omnpenenenue 92: CuaHO CBbp3aHU KOMIIOHEHTH.

Heka G = (V,E) e opeunentupan rpad. [oarpadure Ha G, uHIyIMpaHu oT KjiacoBeTe Ha

€KBUBAJICHTHOCT Ha peJallidTa Ha CUJIHA CBbP3aHOCT, C€ HAPUIAT CUAHO CEBPIAHUINE KOM-
nonenmu na G.

Karo npumep na pasriename opuenTupanua rpad xa @urypa 3.8. Toil uma aBe CUIHO CBbP3aHU
koMmroneHTn: equara e ({u}, ), a apyrara e ({a,b,v,x,y,z}, {es, es, eg, €7, es, €9, €10, €11}). Te3u
CUJIHO CBbP3aHM KOMIIOHEHTHU ca O3Ha4YeHU ¢ 1BeTHU (oHoBe Ha Purypa 3.9.
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®durypa 3.9 : /IBeTe cuiiHo cBbp3aHu KOMIIOHeHTH Ha rpada ot Purypa 3.8.

Babesiexkere, e Mpu OPUEHTHPAHUTE rpadu e Bb3MOXKHO JIa uMa pedpa U3BbH CUJIHO CBbP3aHUTe
kommonenTu. [lpumepno, na @urypa 3.9, pebparta e, e U e3 He IPUHAJJIEXKAT HA HUKOS CBbP3aHa
KOMIIOHEHTa. B KOHTpacT ¢ TOBa, IpH HeOpUeHTUpaHuTe rpadu e HeBb3MOXKHO Ja MMa pedpo,
KOETO HE € B HUKOSI CBbP3aHa KOMIIOHEHTA.

Herro noseue. Ako opuentupanuar rpad G = (V, E) e jgar, To MHOXKECTBOTO OT CUJTHO CBbP3a-
HuTe My Komronentn e {{v}|v € V}. C apyru Jaymu, BCeKH BpbX € eJiHa CHJIHO CBbP3aHa KOMIIO-
HeHTa caM 110 cebe cu. VI HuTo eiHo pebpo He NPUHAJIEXKU Ha HUKOS CUTHO CBbpP3aHa KOMIIOHEHTA.
ChI1o Taka e BSIPHO, Y€ aKOo MHOYKECTBOTO OT CUJIHO CBbp3aHuTe KommoHeHTH € {{v}|v € V}, 1o
opueHTUpaHuaT rpad e Jar.

Moxkem na medunupame “CUIHO CBbP3AHUTE KOMIIOHEHTH ¥ C AJTEPHATHBHO OIIPEJIE/ICHUE,
anajiorngno Ha Onpejiesierne 21: CUIHO CBbP3aHUTE KOMIIOHEHTH Ca MAKCUMAJIHUTE [0 BKJIIOUBAHE
CIJTHO CBBP3aHU IoATrpadm.

Onpenenenne 93: PakTop-rpacd Ha opueHTHUpPaH rpad

Heka G = (V,E) e opuentupan rpad. Heka W e pasbusanero Ha V, KOeTo ce 3ajaBa OT
penanusaTa Ha CwiHa CBbp3aHocT. Pakmop-epagiom na G, Koiito ozHauaBame ¢ “G/7) e

rpadbT ¢ MHOXKECTBO OoT Bbhpxose W, B KoiiTo 3a Beeku X, Y € W uma pebpo (X,Y) rorasa u
caMo ToraBsa, Korato B G mma IoHe eHO Pedpo oT BPpbX Ha X JI0 BpbX Ha Y.

Onpenenenne 93 MozKe [1a ce HAIIpaBU 110-06IIO: CIPAMO MPOM3BOJIHO pazbuBate Ha Bbpxosere!
a He HelIPEMEHHO TOBa, KOETO peJIalisaTa Ha CUJIHA CBbP3aHOCT 33/1aBa. 3a IeJINTe Ha Te3U JIEKITUH,
KAKTO U 32 [IPUJIOZKEHUETO UM B aJIrOPUTMUTE, TOBA Ou 6110 6€3110/1e3H0, TaKa 1e 3a Hac “‘hakTop-
rpad”’ BUHATH € CIpsIMO pa30uBaHETO, KOETO Ce JaBa OT pPeJIallisdTa Ha CUJIHA CBbP3AHOCT.

Karo npumep 3a daxrop-rpad ja pasriemame rpada, nokazan na Purypa 3.8 u na @urypa 3.9
3a€JIHO C'bC CUJITHO CBbp3aHuTe cu KoMroHeHTH. PakTop-rpadbT Ha To3u rpad uMa JaBa Bbpxa U
esiHo pebpo. Tosa e mimoctpupano Ha Gurypa 3.10, Ha KOATO BJISABO € U300pa3eH caMudAT rpad cbe
CBOWTE J[BE CHJIHO CBbP3aHU KOMIIOHEHTH, HapedeHn X U Y, a BJISICHO € ToKa3aH (haKTop-TpadbT
My ¢ gBara cu Bbpxa X u Y u pebporo (X,Y), KoeTo mpuchcTBa, 3amoro B rpada nMa pebpo or
BPBX OT X, a UMEHHO U, JI0 TIOHe eJInH BPbX OT Y (a nMeHHO, nMa pebpa OT W JI0 a, X U V).

TToect, cIpsIMO TIPOM3BOJIHA peJIallis Ha eKBHBAJEHTHOCT ~. KakTo 3HaeM, “pasbuBane Ha BbpxoBere’ U “pe-
Jlalusi Ha, €KBUBAJIEHTHOCT BbPXY MHOXKECTBOTO HA BbpPXOBeTe’, B HIKAK'bB CMUCDJI, € €JJHO U C'bIIO HEIO
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®durypa 3.10 : PakTop-rpacdbT Ha rpada or Purypa 3.8.

CuitHO CBbP3aHUTE KOMIIOHEHTH. DaxTop-rpad br.

JlecHo ce BMK 1A, e, T'bil KATO CUJIHO CBbpP3aHUTE KOMIIOHEHTHU Ha BCEKU JIAr’ UMAT I10 €JINH €JINH-
CTBEH BPbBX, TO, akKo G e jar, HeroBusT ¢akrop-rpad, HedopMaIHO Ka3aHO, ChBIaJ@a C HEro.
DopmaTHO KazaHo, Toil e uzomopden ¢ Hero. Hero nosede. Bspho e, e opuentupan rpad 6e3
IPUMKH € JIal’ TCTK € n30MOpeH ¢bC cBOsA (hakTOop-rpad.

Caemnoro onpeaenenne moassa Oupenesienne 84

Onpenenenune 94: Cinabo cBbp3aHu KOMIIOHEHTU.

Heka G = (V, E) e opuenrtupasn rpad. Heka H e cborBerHusT My Heopuertupas rpad. [oj-

rpacdure Ha G, HHIYIIUPAHU OT KJIACOBETE HA €KBUBAJIEHTHOCT Ha PEJIAlIATa Ha CBbHP3AHOCT
Bbpxy H, ce Hapuyar caabo cespsarume Komnonenmu na G.

WNuave kazaHo, cj1abo CBbp3aHUTE KOMIIOHEHTH Ca MaKCHMAJHHUTE 10 BKJIOYBaHe mHoarpadu Ha
G, MexK/Iy BbpXOBeTe Ha KOUTO HAMA II'bTHUINA B HUKOA IMOCOKa. KaTo npumep Jia pasriiejiame
Qurypa 3.11. Ha #esa e nokazan opueHtupan rpad G um chOTBETHUs MYy HEOPHUEHTHPaH Tpad
H. Bmxka ce, ge Tpure cjaabo CBbp3aHU KOMIIOHEHTH Ha G, MapKupaHU CbC 3ejieH (DOH, TOUHO
CbOTBETCTBAT HA TPUTE CBbP3aHU KOMIIOHEHTH Ha H, MapKupaHU CbINO CbC 3eeH (DOH.
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®durypa 3.11 : Crabo cBbp3aHU KOMIIOHEHTH HA OpPHUEHTHPaH rpad.

|
I
|
a G u | a H u
O : O
|
|
|
|
|
|
:
|
b ; b
v :
X :
|
|
|
|
|
|
|
|
o) 1
|
c Yy l c Yy
:
|
Opuentupan rpad G, Koilto nma Tpu cjaabo cBbp- | Heopuenrtupanuar rpad H, cborBeren na G. Ode-
|
3aHU KOMIIOHEHTH, TOYHO ChOTBETCTBAIIN HA TPUTE | BUJHO H MMa TPU CBbpP3aHu KOMIIOHEHTH, OuepTaHu
CBbp3aHi KOMIIOHeHTH Ha H. | TYK CbC 3ejieH (DOH.
|

OdeBuiHO €, 9e BCsIKO pedpo NpUHAJIEZKHE Ha TOYHO €JIHa ¢j1abo cBbp3aHa KoMmioHeHTa. JlokaTo,
KaKTO BUJIAXMe, 110 OTHOIIEHNE Ha CUJITHATA CBbP3aHOCT MOXKE Ja MMa pedpa U3BbH CUJIHO CBbP3a-
HHUTE KOMIIOHEHTH U JIOPH MOYK€ BCUIKHU pebpa Jia ca N3BbH CHIIHO CBbP3aHUTE KOMIIOHEHTH (TCTK

rpadybT e Jar).

3.1.8 OpueHTUpPaAHO Pa3CTOSITHUE

Ja cu npunomanm Onpenenenne 22 u Onpenenenne 25. Ille BbBemem Hemo moaobHo Ha Orpese-
JieHue 25 3a OpMeHTHUPaHH I'padu, KaTo aHAJOIUATA € Bb3MOXKHA CaMO JIOHSIKbIE.

Omnpegenenne 95: Pa3crosinue B opueHTupaH rpad.

Heka G = (V, E) e opuentupan rpad. 3a BceKu J[Ba He HEIIPEMEHHO PA3JINYHU BbPXa W U V,
pazcmosnuemo om w dov e

® JI'bJIZKHaTa Ha Hall-K'bC II'bT OT W J0 VvV, aKO CbIIECTBYBa II'bT OT W 10 V,

e 00, B IIDOTUBEH CJydail.

U npu opuentupanure rpadu 6erexkum pascrosauero ¢ “dist(u,v)”. Ilpun opuentupanurte rpadu
obade e Bb3MoxkHO dist(u,v) #+ dist(v,u), karo mozxke exnoro or dist(w,v) u dist(v,u) ga e guncio,
a JIpyroro, o0, a MOXKe U JIBeTe Jla ca 4Jucia, Ho pasjuduu. Ecrecreno, dist(u,u) = 0 Bunaru.

Hab6mronenune 33

Oyukmugra dist or Oupenenenne 95 He e MeTpuKa, MoHexke e Bb3MoxKHO dist(uw,v) =+

dist(v,u).

3a mpuMep J1a B3eMeM cBbp3anust rpad, mokasan Ha Purypa 3.8. B wero dist(u,v) = 1, dist(v,u) =
o, dist(v, z) = dist(z,v) = 1, dist(b, z) = 1, dist(z,b) = 4 u Taka HaTATHK.
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W enno nipeaynpexkieHne, KOeTo He € U3JINIITHO, MaKap e MOBTapsl Beue Ka3aHu Helna. Bbipekn ue
M3II0JI3BaMe €IUH U C'HIINN 3aIiC 38 PA3CTOSHIASA B HEOPUEHTUPAHU U 38 PA3CTOSHNASA B OPUEHTUPAHI
rpadu, Te3u JiBe MOHATUS 3a Pa3CTosiHue ca MHOrO pazinann. Koraro suaum “dist(u, v)”, mbpBoTO,
KOeTo TPsIOBa Jia choOpa3uM, e JIajIu cTaBa JyMa 3a HeOpHeHTUpaHu rpadu, B KOUTO Pa3CTOTHUETO
€ CUMETPUYIHO 1 € METPpUuKa, NI 3a OPUEHTUDAHU Fpa(bI/I, B KOUTO Pa3CTOAHHUETO HE € HEIIPEMEHHO
CUMETPUYIHO U HE € METPUKa.

3.1.9 OpueHTupaHu KOpeHOBU AbpPBeETa

Onpenenenune 96: apGopeciieHITUSA

Apbopecuenyus, Ha anriumiicku arborescence nim out-tree, e Bceku gar G = (V, E), B KoiiTo

CBITIECTBYBa BPbHX T € V, TaKbB Ue 3a BCEKN BPHX W € V e BAPHO, Y€ ChINEeCTBYBa YHUKAJIEH
OPHUEHTUPAH OBT OT T JI0 .

Hedopmasno, Beska apbopeciieHIus ce moJrydaBa OT HSIKOe KOPEHOBO JIbPBO, KOETO TYK pas3IyIek-
JlaMe KaTo HeOpueHTHUpaH rpad, ¢ JaBaHe Ha OpHeHTallus Ha pedpara “HaBbH OT KOpeHa' .

Onpenenenne 97: aHTUapPOOPECIIEHITST

Anmuapbopecuenyus, Ha aruiicku anti-arborescence wiu in-tree, e Beceku gar G = (V, E),

B KOMTO CBHITIECTBYBa BPBX T € V, TaKbB Ue 3a BCEKH BPBHX W € V e BAPHO, Ue CHINECTBYBa
YHHUKaJICH OPUEHTUPAH II'bT OT U JIO T.

Hedopmasno, Besika aHTHapOOPECIIEHITHS ce ToJIyuaBa OT HAKOe KOPEHOBO J'bPBO, KOETO TYK pas3-
rJekiaMe KaTo HeopueHTupaH rpad, ¢ JjlaBaHe Ha OpHeHTallns Ha peOpara “HaBbTpe K'bM KOpeHa' .

Qurypa 3.12 nmoka3zsa apbopeclieHIIns U aHTHapOOPECHEHIINs, YUUTO ChOTBETEH HEOPUEHTUPAH
rpad e eIHO U CBhIIO KOPEHOBO IbPBO.

®Purypa 3.12 : ApbopeciieHIiusi 1 aHTHAPOOPECIEHITNS.

, < u3 Li/c NG
3 3 Q7 | / //ow

A

@)
Uus Uz Ug ‘ Ug U1o0 Uus Uz Ug usg U9 U10
@) @) @) O
U Ug2 U3 U4 U Ug2 U3 U4

ApbGopecrieHius ¢ KOpeH T. AnTnapbopeciennys ¢ KOpeH T.
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3.2 TeraosHu rpadpn

Nma MHOTO KUTEHCKU CUTYAIMU, B KOUTO BbPXY HAKAKBU O00EKTH € JIe(PUHUPAHO JBYMECTHO OT-
nomenne’ u ToBa Moxke Ia ce omme ¢ rpad (OpEeHTUpaH WK He, My/ITUrpad UIH He, B MOMEHTa
HfIMa 3HAYEHHUE), KaTo 0baue OTHOIIEHUETO € MO-CJI0XKHO 1 [0-00raTo oT 6y/IeBOTO “IBa 06eKTa Uiin
ca B OTHOIIIEHUE, WU He ca’.

Jla KaxkeMm, be nMamMe KOMIIIOTbPHA MpexKa, B KOATO BbPXOBETE Ca YCTPONCTBA KAaTO JIAIITOIIH,
HACTOJTHU KOMITIOTPH, CbPBbPHU, CYUUOBE U TaKa HaTATbK, U JIBE YCTPOWCTBa MOXKe Jia ca WA Jia
He ca CBbp3aHu JIUPEKTHO. ToBa ce Mojeupa JiecHo ¢ rpad, B KOTO BbpXOBeTe ca ycTpoiicTBara,
a pebpara ca JUPEKTHUTE BPB3KHU. Jlaju MUpPeKTHUTE BPB3KU Ca JIBYHOCOYHU UJIU HE, € CHIIOTO
KaTo Jlajn pebpara ca HeOPUEeHTUPAHU WJIM OPUEHTHPAHU; B MOMEHTa TOBa HsMa 3HadeHue. Jla
KaxkeM, 4e B JIaJIeH MOMEHT Pa3/InYHUTEe JUPEKTHU BPH3KU UMAT PA3JTHYHU KAIIAIIUTETH Ca IIPe-
HOC Ha MHMOPMAIUS 3a €JMHUIA BpeMe: npuMepHo, 155.56 kuyiodbuta B cekyHaa, 1.014 ruraburta
B CEKYH/Ia U TaKa HaTaTbK. T0O3HW aclekT Ha MpexKaTa He MOxKe Jia Objie MOJe/upaH aJeKBaTHO C
obuknoper rpad! I'padbr HE Ka3Ba caMo Kbjie UMa U Kbje HaMa JUPEeKTHa Bpbika. B KpaiiHo
orpaHUYeHaTa CUTYaIldsi, B KOSITO, Jla KayKeM, MMa CaMO YeTUPU PA3JUIHU CKOPOCTU HA ITIpejia-
Bane Ha mHMoOpMarud—1, 2, 3 u 4 Meradbura B CeKyHJIa—MOXKEM Jia OIUTAME Jla MOJIe/IUpaMe C
MyJaTUATpad, TpU KONTO CHOMOBETE ChAbpxKaT wiau 1, win 2, wim 3, wim 4 pebpa, KaTo BCAKO
pebpo Mozepa pejaBaHe Ha 1 MeraOuUT B ceKyHjia. 1a3u ujes O4eBHIHO “He paboTu’ B 00U
JKUTEHCKH cilydail, B KOfITO CKOPOCTHTE ca HAKAKBH IIOJIOKUTEIHN peainu duciat. Moxem obaue
Jla MojleTupaMe aJIeKBaTHO Upe3 rpad, BCAKO pedpo Ha KONTO € aCOMUUPAHO C YUCI0, KOETO YHC/IO0
nMa CMUCHJI Ha BBIIPOCHATA CKOPOCT Ha IIpe/aBaHe.

AnajornyHo, ako nMaMe IIbTHA MpeXkKa ¢ BbPXOBEe-IpaJioBe U IoceTa~ TUPEKTHU BPb3KH, KATO
JIbJZKUHATE Ha II0ceTaTa UMaT 3HAYeHHe, MOXKeM Jla MOJIe/IMpaMe aJIeKBATHO ¢ HEOPUEHTUPAH (aKo
mocerara ca JABynocounn) rpad (wim mysarurpad, ako J0IycKaMe moBeve OT eJINH JIMPEKTHO T0Cce
MEeKJIy JIBa rpajia; TOBA € HAIIbJIHO Bb3MOXKHO), B KONTO pedpara ca acOIUUPAHU C TIOJIOKUTETHH
pPeaJTHI YUCJIa, KOUTO UMAT CMUCh/T Ha TbJKIHUTE Ha ChOTBETHUTE oceTa. OmuTnuTe j1a n30erueM
acoluupaHe Ha pedpara ¢ 4YHC/Ia U HAMECTO TOBa Jla MOJejaupamMe ¢ JIMCKPETHU TPUKOBE KaTo
HAIpUMep TO3U:

MHO>KeCTBOTO OT pebpata Ha rpada Jia ce 3aMeH! ¢ MHOYKECTBO OT HE3aBUCUMU ITbTHUIIA
(B rpadoBust emuch; BrzkTe Onpejienenre 17) o TakbB HAYKH, Y€ Ha I0CE, JbJro kK
KIJIOMETPa, Jla OTroBaps I'bT B rpada ¢ ToIHO K pebpa;

ca 00peveHn, ChIMO KAKTO B MIPEeIUITHIA puMep. AKO He aconunpame pedparta ¢ Iucja, He MOXKEM
Jia MojleTupaMe aJIeKBaTHO U TOBA €.

Ero dopmannara medbunuims, MmoTuBupaHa or 1mom00HN chobpazkenusi. Ille s mHanpaBuMm 3a opu-
eHTHPaH MyJITUTpad ¢ Bb3MOXKHHU IIPUMKHU, & 3& BCUIKU APYTH BUI0BE rpadu € OUeBUIHO KaK Ja
ce IpOMeHH JIeUHUITISTA.

THapodHo He ce Ka3Ba “pesanus’, 3aI0TO TOBA IOHSITHE UMa CTPOrO 1eUHUPAH CMUCDHI, OT KOHTO B MOMEHTA.
HCKaMe JIa CE OTJAJICTIM.

fAko cMe HeIaHTHYHE, CKOPOCTHTE Ca PAIMOHAIHE UICIIA, HOHEYKe “UCTHHCKUTE TPAHCICHICHTHH PeAJTHH TIC-
JIa ca B HIKAK'bB CMUCHJI HEJOCTBITHU JUPEKTHO—TE U 32TOBA C€ KA3BAT “TPAHCIIEHIEHTHI —HO TOJIKOBA e TaHTHIHN
HMa J[a CTaBaMe.
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Omnpegenenne 98: Termoen rpad

Teenosen opuernmupan myamuepagd e Hapenera dersopka G = (V, E, fg,w), Kbaero V e Hel-
Y ) ) ?

Pa3HO MHOXKECTBO, YMHUTO €JICMEHTU CC Hapu4daT BbPXOBeE, E € MHO2KECTBO, YUUTO €JIEeMEHTU

ce Hapu4ar pebpa, VN E = ¢,

fG E—->VxXxV
e cBbp3Bamara GYHKIIT 1
w:tkE—R

e Me2408HaMa PYHKUUA.

Bb3moxkHo e ja ce gajiaT Teryia U Ha BbPXOBeTe, HO B 3aJja4nTe, KOUTO IIIe pas3riieaMe, OT TOBa
HsMa CMUCDJI, TaKa 9e Terja Iie uMaT caMo pedparta.

He uckame ma ce orpanmdaBaMe /10 TOJIOKUTEJHHU Terja B OOIIMA CIydail, 3aTOBa KOJOMEWHBT
Ha TeryioBHata dyHkiusg e R, a ve RT. Hanctuna, ako rersara mojeupar (pu3nIecKn XapakTe-
PUCTUKHU KATO BpeMe WU pa3CTOdHUE, UMa CMUCHJI JIa MOCTyaupame, de ca nosoxuresaaun. Ho B
JIOCTA PEAJTHU 33/Ia9M TerjiaTa MOJIEIUPAT acleKTH Ha YOBEeIIKa JEHHOCT, B KOATO aOCTPaKIIATa
Ha OTPHUIATE/IHUTE YUC/Ia € Tose3Ha. [Ipumepno, ako rpadbT Mojie/npa HAKAKBU ITOTOIM, MOYKE
Jla € MHOI'O IOJIE3HO Jla JIOILyCKaMe OTPUIATeIHN Teria:

® AKO IOTOK'BT € OT CTOKH, TO JIa KaxkeM, de ca rnpereceru 10 Tona iument ot Bapnua 10 Codus
B HIKAKbB CMUCHJI € CHIIOTO KaTO Ja KaxkeM, de ca npenecenn —10 Tona mument ot Codus
1o Bapna;

® AKO IIOTOK'BT € OT IapH, TO Ja KaxkeM, de Anres e gaja Ha boou 10 jeBa B HIKAKBHB CMUCHII
e CBIIOTO KaTo Jia KazkeM, ue boou e man va Anren —10 jeBa.

Babenexkere, e PYHKIUATA HA TerjaTa € TorajaHa, a He yacrudna. C aIpyru JLyMu, ako UMa TerJa,
BeUUKU pebpa ca ¢ Teryia. ABTOPHT Ha JIEKITMOHHATE 3aIllUCKU HE CE CEIla 33 €CTeCTBeHA YKUTEHCKa
3aja1da, KosiTo Ou ce MojeupaJia ¢ rpad, B KOHTO caMO YacT OT pedpara mMaT TerJa.

Basaunre ¢ rpadu 6e3 Teria 1o IpaBUIo MOXKE Ja ce PA3IVIeXK AT KATO YaCTHU C/Iydan Ha 3a/1a9u
BbPXY TEIVIOBHU I'padu, caMo Ue Terjiara ca eJIHH U ChIIN; J1a KaXKeM, BCHIKN TerJia ca €IMHUIIH.
[Io To3u HauuH, rpadure 6e3 Teria ca JacTeH ciaydail Ha TerJioBHUTe rpadu — IPOCTO TerJjara
ca caMo eJUMHHUIM W He CMe TH CIIOMEeHaJ M. A HaJmdIueTo Ha Terja Ha pebpaTa BOAN JI0 TOSBA
Ha JepUHUINN, KOUTO HIMaT CMHUCHJ Ipu rpadu 6e3 Terja, Wad MPOMsiHa Ha ChIIECTBYBaIU
nebununun. ETo aBa mpumepa.

e [Ipu TeryioBHUTE HEOPUEHTUPAHU CBBbP3aHU rpadu MMa CMUCHJ JIa TOBOPUM 3a CyMaTa OT
Tersiata Ha pebpara Ha mokpusaino 1bpBo (BmkTe Cekius 4.3). B rpadure 6e3 reria Tosa
O6u OmyIo OGe3CMUC/ICHO: HEUE 3HaeM, de, akKo OpodAT Ha BbpXoBeTe Ha rpada € M, TO BCIAKO
HOKPHBAIIO JbPBO nMa To49HO N — 1 pebpa (Jlema 11), Taka 4e BCHUKM MOKPUBAIIH JIbPBETA
Ouxa MMaJI €HO W ChIa CyMa OT Teryiata Ha peOpara. B tersoBuute rpadu obade tasn
cyma e, B OOIIMs ciIydail, pa3/jndHa 3a Pas/IMdHi TOKPUBAIIY JTbPBETA,, TaKa Ue 3a/adaTra
3a HaMUpaHe Ha TOKPUBAIIO IHLPBO C MUHUMAJIHA WM MaKCHMaJjHa CyMa OT Terjara Ha
pebpara e cmuciena (Bmxkre Ceknus 4.3).

EcrectBeno, Te3u chobparkeHus ca BaJIUIHU, aKO MIPKaTa 3 JIaJICHO MOKPUBAIIO IbPBO €
cymaTa or Terjiata Ha pebparta. Bb3MokHu ca u Jpyru MepKH, MPUMEPHO, MOYXKe MspKaTa
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T e MaMeTbpbT Ha ibpBoTo (mpumnoMuere cu Omnpesenenue 24). B rakbs ciydaii 3agadarta
O6u Oma cMuc/IeHa U BLpPXY rpadu 6e3 reria.

e [Ipu TeryoBHuTE rpacdu 10 MPABUIIO JIHLJKUHA Ha BT ce JleUHUPa KATO cyMaTa OT TerjaTa
Ha pebpara My (Brmkre Cekius 4.4). BbaMoxkHE ca u Ipyrn MEpKH 3a Ib/KHHA HA 1T
B TEIJIOBEH I'pad—IIPUMEPHO, MAKCUMYyMbT OT Terjara Ha pedpaTta Ha MbTI—HO CyMaTa €
HAl-9€CTO U3IMO0JI3BaHA MAPKA B MPAKTUKATA.

1 Taka, B KOHTEKCTa Ha TErJIOBHUTE rpadu, “JIb/IKIHA HA BT 110 IPABUJIO O3HAYaBa CyMaTa
OT TeryiaTa Ha pebpara, a He OpodT Ha pebpaTa, KakTo e B rpadute 6e3 Teriya. Tosa e npumep
3a [IPOMsiHa 3a 00IION3BeCTHA AehUHHUIUS OT 001acTTa Ha rpaduTe IPU Pa3IIeKIAHETO Ha
TerJIOBHU I'padu.
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3.3 Xwuneprpadu

Ako TpsbBa J1a cMe npenusHu, xuneprpadure He ca BuJ rpadu, a, TOYHO 0OpaTHOTO, rpadure ca
Bu1 xuneprpadu. “Xuneprpad” e obodiienune ua “rpad”’ 1Mo rope-10/1y ChIys HA9UH, 110 KOHTO “n-
apHa pejaius’’ e obo0IIeHne Ha “OnHapHa pesarus . ABTOPBT HA T3 JIEKIIMOHHE 3aIllUCKN 0batie
peru J1a He BbBEXK/a OTJIe/HA IJIaBa 3a Xureprpadu, Thil KATO TYK BbPXY TAX HIMa AKIIEHT.

Ba noseue nndopmaius Bukre kiacukure Graphs and Hypergraphs [10| u Hypergraphs: Combi-
natorics of Finite Sets |9] ma Berge, coepemennara Hypergraph Theory: An Introduction na
Bretto [14] u o63opuara cratust Hypergraphs: an introduction and review ua Ouvrard [46]. 3a
HSIKOWM TIPUJIOXKEHUsT Ha xumneprpadure BuzkTe crarusta Learning with Hypergraphs: Clustering,
Classification, and Embedding [61].

CreTHOTO ompejiesieHre Mo ChIECTBO MOBTaps onpejesterneTo Ha Berge [9, ctp. 1], HO e dopmy-
JmpanHo Kato obobmenune Ha Ompejesienne 14.

Onpenenenune 99: Xuneprpad

Xunepepagp e napenena tpoiika H = (V,E, fiy), kbJero V e HEIpa3sHO MHOXKECTBO, IHUTO
eJIEMEHTH ce HapuJaT 6sprose, E € MHOXKECTBO, YNUTO eJIeMEHTH ce Hapudat peopa, VN E =

g n
fiu:E -2\

e cesp3sawama gynkyus. Xuneprpadsbr e npocm (Kazpame olre, de e haMuinst Ha Sperner),
aKo

ve/,e// cE: fH(e’) c fH(CN) el =¢"

Babenexere, de “xuneprpad”’ ce siBapa obobmenne Ha ‘mMynarurpad’, a He mpocto Ha ‘rpad”’. Om-
penenenre 99 1Mo3BoJIABA HAKOJKO pedpa Jia ce m300pa3saBaT BbPXY €HO U CHIO MHOXKECTBO OT
BbHPXOBE.

Axo e e pebpo u fy(e) = {v1,..., v}, Ka3Bame “vq, ..., v} ca BbpXOBeTe Ha e, TOECT, TPETUPAME
e Karo (HempasHo) mojMHOKecTBO Ha V. IIpu xumeprpadure He roBopuM 3a “Kpamuiia Ha pebpo”.

[Ipoct xuneprpad OYEeBUIHO € TaKbB, B KOUTO CBbp3BamiaTa (DYHKIMA € WHEKIUs U OCBEH
ToBa pebparta—ako TJieJlaMe Ha TAX KATO Ha MHOXKECTBA OT BbPXOBEe—HE MOXKE Jia Ce Ch/IbpPKaT
CBITUHCK.

Hsakon aBropu karo Bretto [14] kasBar “xumep-pebpa’ mamecto “pebpa’. Coino taka, Omnpe-
nenenne 99, kakto u Bretto [14], momycka BbpxoBe, KOUTO HE ca B HUKOE (XHIEp-)pedpo M KOUTO
OTroBapsT Ha M30JHMpaHuTe BbpXOoBe OT rpadure, mokaro Berge [9, ctp. 1| me nomycka Takusa
30 IUPAHU BbPXOBE; [P HEr0 BCEKU BPBX € B MOHE €/1H0 pebpo. AKO HiAMa M30JIMPAHU BbHPXOBE,
To “npoct xuneprpad”’ u “nmoKpuBaHe Ha MHOXKECTBOTO OT BbPXOBeTe €a CbBIAJIAIINA TIOHATU.

Babesexkere, ye obnknoBer rpad (Onpemnesenue 1) e mpoct xuneprpad, B KOUTO BCSIKO pebpo
MMa KapIMHAJTHOCT 2, a MyaTurpad ¢ bamoxkan npuMku (Ompenesnenne 14) e xuneprpad, B KOiTo
BCAKO PeOPO nMMa KapAnHAJIHOCT 1 mian 2.

Qurypa 3.13 nokassa mnpumep 3a xurneprpad. Tunmano, pebpata ce puCyBaT C IIPOCTH 3aTBO-
peHN KPUBU—OKPBHXKHOCTU WM OBaJIU, aKO € Bb3MOXKHO—KaTO 00pa3bT Ha pedPOo Ha PUCYHKATA
orpaxja obpa3uTe Ha HEIOBUTE BbPXOBe B xuiieprpada.
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®Purypa 3.13 : Xuneprpad H.

Xuneprpadbr, mokaszan Ha Purypa 3.13, e H = (V,E, fiy), kbaero V = {v1,...,ve}, E = {e;
cooreet m Tr(er) = {vi,vo,va}, Tr(e2) = {vi}, fu(es) = {vo,va}, fr(es) = {v3,vs}, fu(es) =
{vq,v5,v7,vs} u f(es) = {vg,Vs,vo}. Xuneprpadbr HsMa H30JUPAHU BbPXOBE, TaKa de YJIO0B-
JlerBopsiBa hopmastHuTe n3nuckpanug Ha Onpenenenne 99. Toit He e mpocT, 3a0TO NMa pedpa,
ChJIbPKAIIY JIDYTU pebpa, HAPUMED €] ChIbpXKa U €y, U €3, aKO MUC/IUM 3a pedpara KaTo 3a
MHOKECTBA OT BbPXOBE; U HE e “MyJITH”, 3aIl0TO CBbp3Balla (QYHKIUS € WHeKIMs (HaMa J[Be MIn
moBede pebpa, M300pa3sBaIll ce BbPXY €JHO U ChIO MHOXKECTBO OT BbpxoBe, Koeto Orpeere-
aue 99 nosposisia). PeGpoTo ey e mpuMKa, B TepMUHOJIOTHS Ha rpadure.

Bennara ce Bmkia, de xuneprpacdu ce pucysar TpyaHo. okaro npu oOMKHOBeHHTE TI'padu
MOXKEM JIECHO Ja M300pa3uM rpad ¢ JIeCeTKH BbpPXOBE U MHOIO JeceTKn pebpa 10 TaKbB HATHUH,
e YOBEK JIECHO JIa CH T'O MPEJICTaBH, TO Xutieprpad MozxKe jia Objie Bb3IPUET BU3YATHO CAMO aKoO €
MHOTO MaJI'bK, KaK'bBTO € ipuMepbT Ha Purypa 3.13. Ako pebpara Ha 1031 Xuneprpad Osxa MHOTO
JleceTKu, Om OMJI0 MPaKTHIECKU HEBH3MOXKHO Jla Ce HAPUCYBa $CHO, C OTYETIUBU pedpa, JIOPHU C
yMeJIo TIoJI3BaHe Ha 1npBeToBe. Xuneprpadsbt Ha Purypa 3.13 uma camo mect pebpa, KaTo camo Tpu
OT TAX UMaT IIOBeYe OT JBa Bbpxa. LoBa IM03BOJIIBA I'PyHUpPAHETO Ha 0Opa3uTe HAa BbPXOBETE B
pUCYHKAaTa 10 TaK'bB HAYWH, Y€ pedpara ja ca HAPUCYBAHU C U3I'bKHAIN KPUBHU. duTaTessaT IeCHO
MOKe Jla CH IIPeJICTaBU CUTyalldd, B KOATO pebpa ce HaJiara pedpa Jia ce pUcyBaT ¢ B/IbOHATH
“amebn’, 3a J1a He oOXBaIaT oOpa3nTe Ha BbPXOBE, KOUTO HE BJIM3AT B peOpPOTO:

247



IMABA 3. JPYIU BUOOBE MPA®U © Munko Mapkos, 2024r.

OueBnIHO €, Ue pUCYHKA C JIeCeTKN TakuBa ‘ameOn’ He Ou Morya ja Obje Bb3IpUeTa BU3YAJIHO U
nopaJiu ToBa Ou OmJia Ge31o/Ie3HA.

Taka nedunupannTe xuneprpadu ce ssBaBaT 0000IIeHIe Ha HEOPUEHTUPAHUTE rpadu, Thil KaTo
BbPXOBETE, OTTOBAPSIIN Ha JaJIeHO pebpo, ca MHOXKECTBO — OOEKT, KOWTO HaMa Hapeda. Bb3-
MOXKHO € Jia ce jedunupar u opueHTupanu xuneprpadu, Hapedenu dirhypergraphs B [14, crp.
95|, mpu KOeTo BCSKO OPHEHTHPAHO (XUIIep-)pebpo MMa HAYAJI0, KOETO ¢ HEIPA3HO MHOXKECTBO OT
BbPXOBE, U Kpail, KONTO ChINO € Helpa3HO MHOXKECTBO OT BbpXOBe. ABTOPBT HA TE3U JIEKITUOHHU
3alUCKY BUXK/I 1 JPYT HAYWH Ja ce JeUHIpaT OpHeHTHpaHu (Xurep-)pebpa: mocokara Jia e eiHa
OT Bb3MOXKHUTE [IePMyTaIlUi Ha BbpXoBere Ha (xunep-)pedbporo. Tyk HsMa Jia pasriexjiame opu-
entupanu xureprpadu. B kinacnueckure kuauru na Berge [10] u [9] ne ce roBopu 3a opuenTupanu
xuneprpadu, Taka e TOBa € CPaAaBHUTETHO HOBO IIOHSITHE.

Ero mpumep, B KoiiTo xuneprpad BbL3HUKBA ecTecTBeHO. Jla e mpeacTaBuM MHOZKECTBO OT aBTOPHU
1 MHOXKECTBO OT CTATHH, HAIMCAHW OT Te3u aBTopu. /la Kaykem, de MHOKECTBOTO OT aBTOPUTE €
{v1,...,v9}, a MHOXKeCTBOTO OT cTaruute e {ey,...,es}. Heka

® Vi, Vo U V4 Ca aBTOPUTE Ha €7,
® V| € aBTOPBLT Ha eo,

® Vv, I V4 Ca aBTOPHUTE HA €3,

® V3 I V5 Ca aBTOPUTE HA €y,

® V4, V5, V7 U Vg Ca aBTOPUTE Ha €5, 1
® Vg, Vg U Vg Ca aBTOPHUTE Ha €g.

Ho ®urypa 3.13 nokassa Touno ToBa!

Xureprpadure Moxke j1a ObJIaT MpeJICTABEHN HEJIBYCMUC/IEHO Ype3 OOMKHOBEHU I'padu, HO HAYUM-
HDBT Jla CTaHe TOBa He e HellpeMeHHO odeBuaHUAT. Jla B3emeMm 3a mpumep xureprpada ot Pu-
rypa 3.13. HoBek MOxKe J1a ce M3KYIIU Ja ITOMUCJH, Y€, Thil KaTo pebpara ce UIAeHTH(PUIIIPAT
¢ MHOXKeCTBa BbpxXoBe (xumeprpadbr He e “MyaTn’), MOXKeM Ja IpeacTaBuM xuieprpada KaTo
rpad ¢bC CHIOTO MHOKECTBO OT BbPXOBe, Karo (xurep-)pebpara ca kiauku. Tasu umes, pasdbupa
ce, He paboru. Kakro ce Bmkjaa or Purypa 3.13, Hanuanero Ha pedpa, ChIIbpKAIKA JAPYTH ped-
pa (IIpuMepHO, e; ChibpKa e3), 06E3CMUC/I ONUTHUTE 3a TIPeJICTaBsiHe Ha pebpara upes3 KJIUKH,
3aI0TO 3-KJAMKATa Ha €] OM ChiIbpsKaJjia CbIMUHCKU 2-KJIUKATa Ha €3, IIPU KOETO, IIPU KJIMKOBOTO
[peJICTaBsIHe, €3 OM M3Ue3HAJIO.

Ho mopu xunerpadsr ga € mpocT, KOeTO IMpeI0TBpaTsaBa CbINeCTBYBaHe Ha BJIOXKEHU pedpa,
HEJIBYCMUCJIEHO KJIMKOBO IIpEJACTaBdHE 110 TO3U HaYWMH € HEBBb3MOZKHO. KaTO IIpuMep, ako ce OIIuTa-
Me Jia IIpeJicTaBuM pedbpoTo es oT xuneprpada na Ourypa 3.13 kato 4-KjmKa, T 01 U3IJIEXKIa1a
TakKa:

) V5,

V7, Vs,

Taszu 4-krka 6u MoryIa Jia IpejcTaBs (Xumep-)pedpo ¢ 4 BbpPXa Vg, Vs, V7 U Vg, KOETO € CJIydasiT
ra Qurypa 3.13 1 KoeTo e MOKa3aHo BJIsIBO, HO 61 MOIJIa Ja npejictass 4 (xurmep-)pebpa, BCIKO ¢
110 TPU Bbpxa, HAPEJEHU B HEIO IUKbJI, KOETO € IIOKA3aHO BISICHO:
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@

e

Cawmo ot 4-KuKaTa He MOXKe Jia pa3dbepeM KakKBo TOUHO mMa B xurneprpada. U taka, He MOXKeM Jia
IpeJicTaBsaMe HeJIBYCMUCIEHO Xumeprpada Karo 0OMKHOBEH rpad ¢bC ChIOTO MHOXKECTBO BbPXO-
Be, 3aMecTBaiikn (xumep-)pebpara ¢ KJIUKH.

1o chIus n3BOJ, MOXKEM JIa CTUTHEM U € YUCTO KOMOMHATOPHU ChHOOPAXKEHUA: BHPXY J1aJI€HO
MHOKECTBO BbPXOBe, xureprpadure ca MHOIO IoBede oT obumkHOBeHuTte rpacdu. Toa e B cuiia
JIOPHU aKO pasriieskIaMe CaMo IIPOCTH Xuieprpadu.

Honbinenne 27: 3a 6post Ha rpadute n xuneprpadpure

Heka e dukcupano muO)kecTBo BbpxoBe V, Karo |V| = n. Bposdr Ha BCHYKEN BBH3MOKHU
rpau—HeopueHTHPaHm, 0e3 MPUMKU, He “MyITH —HaJL V e

n(n—1)
2

%

Tyk craBa jiyma 3a umenyBanu rpadu. Toect, cmarame m3oMopdHUTE rpadu 3a pa3IndHu
(Bukre Tlomceknus 2.8.2 3a pasiamukaTa MexKJy IMeHYBaH U HenMeHyBaH rpad). [Ipuannara
OpoAT Ja ¢ TaKbB ¢ MHOIO IPOCTa: BCHYKH BL3MOXKHE pebpa ca (i) = w Ha Opoii (ToBa
caenBa BenHara or Habuiojenne 3, KoeTo bk e dacteH ciaydail Ha Jlema 6 mpu k = 1) u
BCAKO OT TSIX MOXKe J[a TPUCHCTBA WM HEe HE3ABUCHMO OT JIPDYTHTE.

AKo 10o3BOIUM ¥ IPUMKH, OposAT Ha rpaduTe HApacTBa J10

n(n+1)
2

Bpoar na mynrurpadure He MOxkKe Jjia Objie OrpaHUYeH OT (DYHKIHMA HA N 10 OYEBUIHU
NPUIHHH.

Onpenenerne 99 1mo3BojsiBa MHOTO pedpa Ja UMAT €/IHO U ChIO0 MHOYKECTBO BbPXOBE, TaKa
ve u OposT Ha xureprpadure cbriaacHo Onpenenenne 99 He Moxke ga Oble OrpaHUIeH
or dyukiuga Ha M. Jla gomychHeMm, de Haii-MHOrO €1HO PeOpO MOXKe Jia ChIbpKa JIaJIeHO
MHOKECTBO OT BbPXOBE; TOECT, Y€ CBbP3BaIaTa (PyHKIMA € NHeKIHd. Toraga TounaTa ropHa
rpaHnia 3a Opos Ha xurieprpadure e:

2n—1
2

M3Baxkanero —1 B cTElIeHHHUS IOKA3aTe € 3apajii TOBa, Y€ He MOKE JIa UMa [IPa3Ho pebpo
(cBbp3Bammara dbyHKIMs He n300passiBa pedpa B MPA3HOTO MHOXKECTBO), TaKa Y€ BCHUYKH
Bb3MOXKHE (Xunep-)pebpa ca 2™ — 1 Ha Opoi.

Hopu j1a ce orpaHuYIuM camo J10 xuteprpadure, YUuToO pedpa UMaT TOYHO TPU BbPXa BCIKO,
OpodT Ha Te3u xureprpadpu e

n) _ 2 n(n—lg (n—2)
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. —1)(n—2
Thil KaTo pasimaauTe pebpa ca (i) = % OueBuano e, ge
nn—-1)(n—-2
hm Y = 00
UL =

N raka, 6podaT nHa oOMKHOBeHUTE rpadu e n34ye3Balio Majaka GYHKIUI mpej Opos Ha JI0CTa
OrpaHWYeHHUTE MMPOCTU XuIleprpadu ¢ TOYHO TP BbpXa B pedpo.

Mozxe na npesacrasum xuneprpad H = (V, E, fyy) upes obukuosen nsysenen rpad G = (V,E, E'),
K'bJIETO

VxeVVyek:(x,y) et o xefyly)

Ha cu npuniomuuM, de cbryiacao Horanus 3,| G = (V, E, E') | o3nauasa jByesien (00ukHOBeH ) rpad
¢ ganose V u E u MmHOKecTBO OT pebpa E’. U Taka, BbpxoBeTe Ha G ca BbpxoBeTe U pedbpara Ha
H, pasouTtu B 1Ba jata. Purypa 3.14 nokassa npejicrapaae Ha xumneprpada ot Purypa 3.13 upes
JIByJieJIeH rpad.

®Durypa 3.14 : [IByneanusar rpad, onucsaiil xureprpada or @urypa 3.13.

o
—

<
—

// ‘\

<

N
o

w

3
o
o

}

© @

Nnesara na npejacraBuMm xuneprpad Upe3 CbOTBETEH JBYJE/eH Ipad IO ChIIECTBO ChBIAJA C
ujiesiTa Jia IPeJICTaBUM Xulieprpad dpe3 MapTHlla Ha WHIIMJICHTHOCT — HO 3a TOBa Ie TOBOPUM
noBede B [logacexrus 4.1.2.

Tosu nByjenen rpad MoxKe ja uMa pa3Mep, eKCIOHeHIaleH BbB V|, Thil kKaro pebGpara Ha
xureprpada Moxke Ja ca eKCIOHEHIHAJHO MHOTO B OpOs Ha BbPXOBETE JIOPU IPH IPOCTU XU-
neprpadu, a eIUHUAT OT JJIOBETE Ha JBYJEIHUS T'pad € TOYHO MHOKECTBOTO OT pebpara Ha
xurieprpada.

250



IMABA 3. JPYIU BUOOBE MPA®U © Munko Mapkos, 2024r.

Ako BuanM camo aByaennns rpad G, 6e3 Jga cMe Bugen choTBeTHUs xuneprpad H, moxkeM i
Jta pasbepeM Koif OT Js10BeTe OTroBapst Ha BbpxoBeTe Ha H 1 Koif, Ha pebparta Ha H? OTroBopsT €

“ne”. [Ipumepno, G na @urypa 3.14 6u MOI'bJI Ja MMpeICTaB/IsgIBa Xuneprpad ¢ BbpPXoBe ey, . .., eg i
pebpa vy, ..., vol. @urypa 3.15 nokasBa TOYHO TO3M Xureprpad; Takbs xuneprpad Ine HapuaaMe
“myaJien’”.

®Durypa 3.15 : Xuneprpadbt, gyajsea Ha H or @urypa 3.13.

Ako max riegame Ha Vi, ..., Vg KaTo Ha aBTOPH, a Ha €1, ..., €g KATO Ha TEXHU CTATHH, XUIIEPI-
padbT or Purypa 3.15 HaucTuHa n300pas3gaBa Ayannnd Ha Purypa 3.13 HadIWH J1a MOAIIETHEM Ha
Bcrako ToBa. Ha @urypa 3.13 ormopHOTO MHOXKECTBO Ca aBTOPUTE U CTATUUTE Ce UIACHTU(PUITIPAT
¢ aBTopuTe cH, a Ha Purypa 3.15 OIMOPHOTO MHOMKECTBO Ca CTATUUTE M aBTOPUTE ce UJIeHTUDU-
nupaT ¢bC cBouTe crarun. Kakro mokaspa jByjeannd rpad or Purypa 3.14, Te3u jgBa pasandHu
IoTJIe Ia BbPXY HelaTa Morar Jia Ob/iaT o0eIMHEHN B €JTHO, TP KOETO U aBTOPUTE, U CTATHHUTE Ca
OTIOPHM MHOXKECTBa, KATO HUTO €JIHOTO OT TSX He ce WJACHTHMUIMPA C TIOJIMHOXKECTBA Ha JIPYTOTO,
a pejarnusTa MeXy Tax (pebpara Ha JByJeaHUA Tpad) ' TPeTUpa Mo eJIHAKbE HAUNH.

Onpenenenune 100: lyanen xuneprpad

Heka H = (V,E,fy) e xuneprpad. Jyasnusm zunepepad na H e xumeprpabbr H* =
(E,V, fux), KbIeTo

® MHOXKECTBOTO OT pebOpata E na H e MHOXKecTBOTO OT BbpxoBere Ha H*,
® MHOXKECTBOTO V OT BbpxoBeTe Ha H e MHOXKecTBOTO OT pebpara Ha H*,

o VxeV:fux(x)={yek|xey}

Hyanuusr xuneprpad Ha jryannus xuneprpad e opuruaainusar xuneprpad. Toecr, (H*)* = H. To-
Ba Ce BUZK/[a MHOTO JIECHO, AKO MECJINM 3a MaTpuiiaTa Ha uHinugaeaTHocT (BruxkTe [Tomcexmmst 4.1.2):
MaTpHUIlaTa Ha WHIIAEHTHOCT Ha H* e TpaHcHoOHMpaHaTa MaTpUIla Ha WHIMJIEHTHOCT Ha H; BTOpO
TpaHCIOHUPaHe HU JaBa I'bpBOHAYAHATA MaTPHUIIA.

THe e 3a6pameno BbpxXoBeTe Jia ce UMeHyBaT ¢ “e”, a pebpara, ¢ “v’.
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[IpumepsbT ¢ H or @urypa 3.13 u ayamauar my H* mokassa, 4de gyajaHudT Xuneprpad Moxke
Jla € MyJITU-Xuneprpad J0pu U OpUTHHAJTHUAT Jla HE € TaKbB: 3abesexkere, de pedpata Vg U Vg
Ha H* mMar eJ[HO U ChIO MHOXKECTBO OT BbPXOBE, a MMEHHO {eg}. JlecHO MOXKe Jia ce u3Muc/Iun
puMep 3a IpocT xureprpad, 9uiiTo JyajaeH e MyJaTu-xurerpad B TO3W CMUCDHIT; Jia Kaxkem, H =

({u,v}, {e}, {(e, {u,v})}), koiiro e mpocr, umiito myanen e H* = ({e}, {u, v}, {(u, {e}), (v, {e})}).

[Tongruero “crenen na BpbX B xuneprpadure e 0600IeHIEe HA TOBA IOHATUE OT MyJITUrpadure,
KATO MDY PA3JINIHU aBTOPH MOXKe Jla nMa JIeKn pasinku B gedununuure. Berge |9, crp. 3| ka3sa,
Ye CTeleHTa Ha BPbX X, KoATo ce besexku ¢ d(x), e 6posar Ha pebpara, cbibpzxanu x. Jla kaxem,
e npumka 6 runepepad e pedpo, ChIIbPKAIIO eJINH eJMHCTBEH BPBX (110 aHAJIOTUsT ¢ IPUMKUTE B
mysrrurpacdure); npumepHo, Ha @urypa 3.13 npumka e ey. Berge se Tperupa npuMkuTe 1o 0ocobeH
HAYUH, 1[0 C€ OTHACH JI0 CTEIeHUTEe Ha BbpPXOBeTe, mopaju Koeto v or Purypa 3.13 uma creren
2. B korrpact ¢ ToBa, Bretto |14, crp. 2| ka3Ba

The star H(x) centered in x is the family of hyperedges (e;);e; containing x; d(x) = |J]
is the degree of x except for a loop {x} where the degree d(x) = 2.

QopmaHO, TOBa HE € CbhbBCEM SICHO Ka3aHO, HO Hai-ecTecTBEHATa MHTEpIIpeTaIs €, de BCIKa
MPUMKa JIOTPUHACT 2, a He 1, KbM CTeleHTa Ha BbpxXa X, TOYHO KakTo B Myarurpadure. Crope
Bretto, vi ot @urypa 3.13 uma crenen 3.

U nBere KoHBeHIMK (IO OTHOIIEHNE HA IPUMKUTE) UMAT Pe30H. AKO 6pOUM BCsIKa TIPUMKA JIBa
I'bTU, TO HMOHSTUETO “‘CTelleH Ha BPpbX B Xureprpadure € TOUHO 0000IINeHe Ha TOBa IMOHATHE OT
MyJATUTpaduUTe ¢ Bb3MOXKHUA ITPUMKH; aKO BCIKO peOpo Ha xureprpada mMa KapIuHAJTHOCT < 2,
CTeNleHNTe Ha BbPXOBETE Ca €/IHU U CHINH HE3aBUCHMO JIaJIH IVIeaMe Ha Hero KaTo Ha xuneprpad
wiu myaturpad. Axko OpouM Besika MPUMKa MO €JIMH I'bT KaTo Berge ToBa Bede He € BAPHO, HO
TOraBa I'bK CTElEeHTa Ha BCEKU BPBX B Xumeprpada chbBIIajga TOYHO ChC CTENEHTa Ha TO3U BPHX B
choTBeTHUS JiBYjIe/ieH rpad. Ako B3emem 3a npumep mak H ot @urypa 3.13, To nHa Qurypa 3.14
SICHO Ce BHU2KJIa, Y€ CTelleHTa Ha Vi B ChOTBETHHUS JIByje/eH rpad e 2, a He 3.

Axo xuneprpadbr HAMa TpuMKH, dedunununTe Ha Berge u Bretto cbBmajgar.

Cwpimo kakTo 1pu rpadure u mynrurpadure, A(H) o3HauaBa MaKCHUMAJHATA CTEIEH Ha BPbX
B H, a §(H) o3nauaBa MuHuMMasiHaTa crered Ha BpbX B H, u H e perymsipen, ako A(H) = §(H).
Axko A(H) = 8(H) = k, To H e k-perysspet.

[Ipu xuneprpacdure nma nousTHe “panr’, KOETO HIMa aHAJOr Npu rpadure u myarurpadure.
Pane na xuneepaga H e makcumasinaTa KapIuHAJHOCT Ha pebpo B Hero. Hamcruna, 3a BCEKHU
HeTpUBHAJeH rpad U 3a BCEKU MYJITUTPad, B KOWTO HE BCUYKHU pedOpa 3a NMPUMKHU, PAHI'BT € 2—
aKo rjiejiaMe Ha OOEKTa KaTo Ha xuieprpad—raka de e 0e3CMUCIEHO Jia Cce TOBOPHU 3a PaHI' IIPHU
rpacdu u mynrurpadu. [Ipn xuneprpacdure odbade ToBa e BaxKHO rousTre. [IpuMepHo, panrbsT Ha
xuneprpada or Purypa 3.13 e 4. Ako Bcuakn pebpa nMaT ejiHa 1 CbIla KapIUHATHOCT T, Ka3BaMe,
e xureprpadbT € T-yHUGoOpMeH, WA ITPOCTO, Ue € YHUPOPMEN.

AKo mos13BaMe oIIpojiesIeHreTo Ha ‘crelieH Ha BpbX ' Ha Berge, oueBuaHo e, ue 3a Bceku xumeprpad
H = (V,E, fl) e Bapuo, de H e k-perymsiper etk H* e k-yrudopmen. B KoHTeKcTa Ha ChOTBETHHUS

nBynesien rpad G:

e H Jda € PEryJjIdApeH € CbIIOTO KaTO BbPXOBETE OT JIfJIa Ha G, CbOTBETEH Ha V, Ja IMaT eJIHa
u Cblda CTEIICH, 1

e H j1a e yHHUdOpPMEH € C¢bINOTO KaTO BbpXoBeTe OT Jsdja Ha G, chorBeTeH Ha B, j1a umar egHa
U ChINA CTEIEH.

ToBa e kpasaT Ha U3JIOKEHHETO 3a xuneprpadu B Te3u JEKIMOoHHN 3amnucku. [Ipu xuneprpadure
MOXKe J1a ce JlepUHUPAT IIbTUIIA, IUKIU, CBbP3AHOCT, alluKJIMIHOCT, OIBETABaHE M TaKa HATATHK
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110 HaYMHU, KOUTO CE ABABaT O6OHL€HI/I€ Ha TE€3U IIOHATUA OT I‘paCbI/ITe, HO 3a TOBa U IIOBEYEC BUXKTE

[9] u [14].
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4.1 IlpeacraBsHust Ha rpadn

Bes cbmuenune jgymara “rpad”’ naBa oT TOBa, Y€ TaKbB ODEKT MOXKE Jla ¢€ HAPHUCYBa; TOECT, UMa
rpadudHo npecTapsHe. ['padudHuTre mpeacTaBsHus obade ca MOIXOISIIN 38

® XOpa — KOMITIOT'bP TPY/IHO O pa3des pucyHkaTa HaJIeK HO;

e Mayiki rpadu — onuTaiiTe Jia HApUCyBaTe rpad ChbC CTOTHIM XWISIU BbHPXOBE U JIECETKHU
MUJIMOHU pedpa, Helno, KOeTO JIECHO MOXKe J[a Bb3HUKHE [P HAKOs [IPAKTUYIeCKa 3a/a9a.

Hue uckame na perraBame 3aja4m BbpXy rpadu ¢ KOMIIOTHD. 3a Ta3u Ies1 TPAOBa J1a IpejicTaBsiMe
rpaduTe 110 HAYWHY, yI00HU 3a aJaropuTmMudHa oopadborka. Cera 1e pasriejiaMme OCHOBHUTE TAKIBA
[peJICTaBsIHus HA rpadu.

B mganara I'naBa 4 Bbpxosere Ha rpada, KOUTO pasriexk/jiamMe, ca MeJuTe TOJ0KUTETHI TUCIa
1, 2, ..., n. B Teopernten KOHTEKCT e yJI00HO J1a MMEHYBaMe BbPXOBETE C W, V U TaKa HATATbK,
Wk U, ..., W, U TaKa HATATHK, HO B IporpamMa, periasalia 3ajada BbpXy rpadu, Hai-ym1o0HO
e BbPXOBeTe Jla ca TUIl int, KaTo BbpXOBeTe ca neiauTe 4ucia or 1 jo n, B Pascal-onomobna
KOHBeHIMs, uan duciata or 0 1o n — 1, B kousenrusaTa Ha C. [lo To3u naunn “muHaBaneTo” mpes
BCUYKU BbPXOBE Ha rpada, KoeTo B TeOpusiTa 3alcBaMe KaTo

foreach ve V(G) do

nPasu HeuLo
B codyTyepa craBa

for v from 1 to n do
begin

npasu Hewo
end

njain

for(v = 0; v <= n-1; v ++) {
npasu Hewo

W npenn na pasriesiame mnpejcTaBaHusdTa, e/iHa 3a0eiekKa. BbIrpocHuTe IpeIcTaBaHUs TPeICTa-
BT Tpadu ¢ uMeHyBaHU BbpxoBe (BrmkTe [lomceknus 2.8.2) win 10pu MMEHYBaHU U BbPXOBE, U
pebpa, ako TOBOPUM 3a MaTpHUIla Ha WHIMJIEHTHOCT. [I[puMepHO, mpu npejicTaBgHe ¢ MaTpUIA Ha
C'bCEJICTBO, Pa3MeCTBAHETO Ha PeJIOBe U KOJIOHW Ha MaTpUIlaTa B OOIUs CIydail BOIU 10 APYTO
npejicTaBsiHe, Koeto e Ha APYT rpad. Toit e nzomopden Ha MbpBUs, HO KATO UMEHYyBaH rpad e
pazianden. AKO nckame Jia yCTAHOBUM JIaJIH JIBE PA3JIMIHU IIPEJICTABAHUS IPEJCTABIT €JIUNH U Cb-
1 HeMMeHyBaH Ipad, TpgadBa Jia IycHEeM aJrOPUTHbM, KOUTO B3eMa 3a BXOJI JIBETE IPE/ICTABIHUSI
U BPbIIa Jajid Te IpejcTaBar uzoMopduu rpadu (n Moxke 6u camust m3omMopdusbM, ako Ja). Ho
3a/1avaTa 38 M30MOPMU3bM € U3KIIOIUTETHO Te¥KKa, OT aJTOPUTMHUYHA TJIe/IHa TOYKa, U Jajede
U3BbLH 00XBaTa HA TE3U JIEKIIMOHHU 3aITUCKH.

4.1.1 MaTpuiu Ha CbCEACTBO

Mampuuama na cscedemeo Ha rpad G e abCOIIOTHO ChIOTO HEIO KATO MATPUYHOTO [TPEJICTABAHE
Ha CboTBeTHaTa OmHAapHa pesanus. Toect, ako MucauM rpada Karo 3a OuHapHa pesanus Hat {1
,...,n}2, KosTo e cumerpuana (G e Heopuentupan) u anrupedekcusaa (G HIMa IPUMKH), TO
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MaTPHUIATa Ha CHCEJICTBO € TOYHO ChIIaTa MaTpHUIla, KOATO ChOTBETCTBA Ha pesaluara. A MMeHHo,
KBaJpaTHa, N X M, CUMeTpH4Ha OyJaeBa MaTpuina M ¢ HyIu IO IVIaBHHAS JUATOHAJ, B KOATO 34
i,j € {l,...,n}, xrerka M[i,j] cbabpxa:

e 0, ako B G HaAMa pebpo (1,j), n

e 1, ako B G uma pebpo (i,j).

Qurypa 4.1 nokassa rpad u HeroBaTa MaTPHUIA Ha ChCEJICTBO.

®durypa 4.1 : Marpuiia Ha cbCceIacTBO Ha rpad.

3 6 i 1234567

T it ~ 1[o]i]oJo]1]iTo

: 21110 (1(0(1(1]0

l 3(0(1]0(0]1]|1(0

2 | 4lofofofofo]o]o

3 511 [{1({0(0|0]|1

l 6(1[1]1]/0]0]0|0

3 7101000 [1]0]0
o O 3
5) 1 !
o7 o4

rpad G 3 MaTpuliaTa Ha CbCeJICTBO Ha G

ETo HsK0/IKO BazKHU CBOICTBA HA MATPUIIUTE Ha CbCeICTBO Ha oOMKHOBeHUTE rpadu. Heka e manen
0oOuMKHOBEH rpad G m M e HeroBaTa MaTpPHIa Ha CbCeJICTBO. TYK, KAKTO U HABCAKDJIC JIPYTaJjie B
[Toacerus 4.1.1, koraTo KazBame “IrbT’, UMaMe IPEJIBHUJL II'bT, KOHTO He € HEIPEMEHHO IIPOCT.

1.
2.

M e cumMeTpuvHa, KOETO Beue 6 CIIOMEHATO.
3a BcsKo i, cymaTa OT eJIleMeHTUTe B PeJi i, WIn B KOJIOHA 1, € paBHA Ha CTEIEeHTa HA BPbBX i.
Matpumara Ha CbCeICTBO Ha Ipas3Hus rpad ¢ N BbpXa € HyJeBaTa N X N MaTPHUIA.

G e cBbp3aH TCTK HAMA MEPMyTalldsd HA PeJIOBETE M KOJIOHUTE, KOATO Jia peodpasysa M B
6J10KOBa JaroHaJjiHa opma.

M1 u My ca MaTpUIU HA ChCEJCTBO Ha M30MOPGHU I'Ppad TCTK CHIECTBYBa [IEPMY TAI[HOHHA
varpuiia P, TakaBa e My = P~IM;P.

[Tpu noiurane Ha M Ha crenen k, KieTka [i,j] ¢bbp:ka 6post Ha He HEIIPEMEHHO [TPOCTUTE
IIbTUIA MEXKTY 1 U j ¢ JIbJzKUHA K.

Cnencreue or Ceoiictio 6 e, we Vi: M?[i,i] = d(i). [lpuumnara e sicna: Besako pebpo e =
(u,v) mpejcTaBIsiBa BT U, €,V, €, U, KOfTO He € IPOCT, ¢ JbJZKIHA 2 OT U JI0 L.
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CnoiictBo 6 ciresiBa ot Teopema 48. Teopema 48 e 3a opueHTUpaHu rpadu, HO, AKO s1 IPUIOKUM K'bM
opuenTupanus rpad, cborBerer Ha G (mpunomuere cu Onpeenenne 85), mosydasame CBoitcTBo 6.

Ako paszpenium HAJUIUETO HA IPUMKH, UMAa JBE BH3MOXKHOCTH 3a 3allMCBAHETO HA IMPUMKa B
MaTpuiaTa Ha cbeeJcTBO. Jla KaxkeMm, de BpbX 1 ©Ma MPUMKA.

e [IbpBo, MokeMm ja samuiieMm 1 B M[i,1]. Tasu Bb3MOXKHOCT TOYHO CHOTBETCTBA Ha OTOEJISI3-
BaHeTO, B KOHTEKCTa Ha OMHapHHUTe pestanun R € A2, 4e j1ajien eJleMeHT a € A e B peJsalnus
cbe cebe cu, ako IpejcTaBaMe R ¢ MaTpuia.

Obaqe CpoiictBo 2 mpecraBa ja e Bapuo! B Ompenesnenne 15 ka3axme, de BesKa MPUMKA
IpUMKa ce Opou JiBa I'bTH B CTEIIEHTa Ha BbPXa, KbM KOHTO € “Bbp3aHa’. AKo 6GpouM mpu-
HOCHT Ha IMPUMKATa KbM CTelleHTa Ha Bbpxa, KbM KOHTO € “Bbp3aHa’, KaTo €JIUHUIA, ITIe
“cauynum” Jlema 3.

CgoiicTtBa 6 u 7 ocTaBaT B CUIA.

e Bropo, moxke na 3ammmrem 2 B M[1,1]. IIpu ToBa marpunara ne 6u 6mia Oy/esa.
B rak®bB ciyuait CBoiicTtBo 2 6u octanaso B cusia u ne “aynum’ Jlema 3.

CnoiictBa 6 u 7 mpecraBat Ja ca B cuia. Karo Magbk npuMep pasriienaiite ciaemgaus rpad
C IIpUMKa, HeropaTa MaTpunara M Ha ChCeICTBO U HeliHaTa BTopa cremeH M2,

M M?

\ 12 3 12 3
1[2]1]1 1[6]2]2
2 [1]0]0 2 [2]1[1
3[1]0]0 3[2]1]1

[Ipuvkara e samucana ¢ “2” B kierka M[1,1]. Obate M?[1,1] c¢babpxa 6, Koero He e
crerteHTa Ha BPpbX 1. Heroara creren e 4.

Hama nauwn j1a m3jieseM oT TOBa 3aTpPy/IHEHUE, TPUIUHEHO OT HAJUYIUETO Ha MPUMKHU, aKO XeM
nckame Jlema 3 ja e B custa u cymata 1o peji/KoJIoHa Jia JjaBa CTEIeHTa, XeM MCKaMe TOBIUIaHeTO
Ha MaTpuIlaTa Ha CTeleH Jia JaBa OpoeBe Ha I'bTHINA C Olpejie/ieHa IbJI2KIHA.

ABcTpakTHO MOrIeIHATO, BCUYIKY (pa3syMHNI) MPEJICTaBsHUSA Ha Tpady ca eKBUBAJIEHTHH, 3aI0TO
BCAKO OT TSIX IPeJIcTaBs rpaduTe HEJBYCMUCIEHO W MOXKEM JIa KOHBEpTUPAMe eTHO IpeJCTaBsIHe
B Jpyro 1o uzbop. [Ipakrudecku morsiegHaTo, BCSIKO IPEJICTABSIHE MMa CBOUTE IIPEJIMMCTBA U
HEJIOCTaT'bIIH.

OcHoBHUTE TIPEIUMCTBA HA IIPEJICTABIHETO C MATPHUIA HA CbCEJICTBA CA:

e Obp3aTa MpOBEPKa JIaIN MEXKJY BPbX 1 U BPbX j UMa pedbpo;
e ObP30TO JI0OaBsAHE Ha PEOPO MEXKJLy BPbX 1 U BPbX j, AKO TAKOBa HAMA;
e OBbP30TO M3TpUBaHE Ha peOPOTO MEXKYy BPBX 1 M BPDBX j, AKO TAKOBA UMA.

[Tposepkara 3a pebpo craBa C €MH €JIUHCTBEH JOCTBII JIO MaTpuiiaTa — J0 KieTka [i,j| wm
[j,1] (msima 3HAUeHHWE KOs, MaTpuraTa e cuMeTpudHa). JlobaBsiHeTO U M3TPUBAHETO CTABAT C JBA
JOCTBIIA, aKo 1 F j: MPOMeHsI ce CbIbp:kaHuero Ha [i,j] u Ha [j,1].
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Hemocrarbk Ha mpejcTaBsHETO ¢ MATPHUIA Ha CbCEJICTBA € MOTEHIMATHATa MY HEMKOHOMUU-
HOCT. AKO T € TOJISIMO, HO M € JaJiede Oo-MaIKo 0T MaKcuMajHata cu croinocr sn(n — 1), mar-
pHuIlaTa cTaBa OIPOMHA, HOHEXKe PasMepbT U e N KJIeTKH, a CbIbpP:KaHUeTo i € OCHOBHO OT HYJIH.
Bbllpekn de BesaKa KJIeTKa I10I3Ba caMo euH 01T, (haKTbT, 4e 000 KJIeTKUTe ca N, JOMUHUPA
B TOBa cbobparkenue. CbIECTBYBAT BayKHU KjIacoBe rpadu KaTo:

® IbpBETaTa, MPU KOUTO M =1 — 1;
e 1laHapHUTE Ipadu, Ipu Kouto m < 3n — 6;
e rpaduTe ¢ MaJIKa MAKCHMAJIHA CTEeHeH Ha BPbLX .

3a KOMTO MOKEM Jla KazKeM, de M e Jajede Ho-MaJko oT MakcumyMa sn(n — 1). 3a rpadute or
Te31 KJIACOBe € fCHO, Ue, aKO T'!l IIPeJICTaBAMe C MaTPHUIM M M € MHOI'O IoJIfMO, O'POMHATa JacT

OT BCUYKHU TL2 KJIETKH III€ € 3all'bJIHEeHa C HYJIM U TYK-TaM 1Ie¢ NMa 110 HAKOA €JUHHUILA.

Opuentupan rpad G ce upejcrass ¢ MaTpuiia Ha cbeeJcTBO M 110 nojgoben Haunn. Kierkara
M[i,j] cbabpxka 1 Terk B G uma pebpo (1,j). Purypa 4.2 nmokassa opueHTHpaH rpad U HeroBara
MaTpUIA Ha ChCEICTBO.

®Purypa 4.2 : Marpuiia Ha CbhCEACTBO Ha OpHUEeHTUPaH rpad.

N O O = W N

ool
[} (el Pl Fel Bor Fad Fg 1 )
(e} (en)) [en]l Fenll Hen) fen) fan]) [Ob)
[} (e} (o] vl Hen] fan) Fanl ITSN
— o |o|o| R —|—|ot
(e} (en) fewll Naol it Bl ol e
[en]) [en}l [en) fen) Hew) Naw) Fanl EN |

MaTpHIaTa Ha ¢heeacTso Ha G’

opuenTupan rpad G’

ETo HAKOJKO BakHM CBOCTBAa Ha MATPUIIMTE Ha CbCEJICTBO Ha opueHTHpanute rpadu. Heka e
najieH opueHTupaln rpad G u M e Herosara MaTpPHUIla Ha ChCEJICTBO.

1. M He e HEIpeMEHHO CUMeTpUYHA.

2. 3a BcdKO i, cymaTa OT eJIeMEeHTHTe B PeJl i € paBHa Ha U3XO/[HATA CTEIeH Ha BPBHX 1 (BHKTe
Ompegenenne 81).

3. 3a Becgko i, cymaTa OT eJleMEHTHTE B KOJIOHA 1 € PaBHA Ha BXOJHATA CTEIEHTa Ha BPBX 1
(Bukre Onpenesnenne 81).

"Mmaitre npexsua, 1e m < $nA(G) 3a Beeku rpad G.

258



IMABA 4. 3A0A4YN BBPXY IPA®IN © Munko Mapkos, 2024r.

4. Ilpu mopmurane Ha M Ha creneH k, K1eTka [i,j] cbrbpzxka 6pos Ha (OpHEHTHPAHUTE) IHTHITA
OT 1 /10 j ¢ JbJKUHA K.

YeTBbpTOTO CBOWCTBO M TO3MU II'bT CJie/IBa OT Teopema 48, HO cera e JUPEKTHO, ITOHEXKe G ce sIBsIBa
YacTeH Caydail Ha OPUEHTUPAH MYJITHTPad.

Mynturpadure cbino MoxKe jia ce IMPeJICTaBAT ¢ MATPUIIA HA ChCEJICTBO, KATO 0bade MpU TAX MaT-
puruTe He ca OyJIeBH, & OT €CTeCTBEHH YHcja. KTo Kak cTaBa TOBa 3a OPHEHTUPAHU MYJITHTpadu.
Axo mynrurpadbr € G = (V,E, fg) cnopen Oupezenenne 86, To MaTpuiiata My Ha ChCEJCTBO €
T X T MaTpuUIla OT ecTecTBeHn uncia, kKaro M[i,j] = [{e€ E: fg(e) = (1,j)}|. Purypa 4.3 nokassa
opueHTupan Mmyarurpad rpad G” m HeropaTa MaTpuIa Ha CbhCEICTBO.

®Durypa 4.3 : Marpuna Ha cbCeICTBO HA OPUEHTUPAH MyJaTurpad.

1234567
1(2]1]0[0]1]1]0
21010]0(0[2]|1]0
310({1]0({0(1(2]0
410]0]0]0 ][00 [0
510(1]0(0[0]0]0
612]0[1(0(0]0]0
710]0]0(03]0]0

opuentupan myarurpad rpadp G” MaTpuIara Ha ¢beeacTso Ha G”

Ba meopuentupanu Myarurpadu vemara ca cxoguu. Axo myarurpadsr e G = (V. E, fg) cnopes
Omnpenenenne 14, To MaTpuiaTa My Ha ChCEICTBO € TL X T MATPHUIA OT €CTECTBEHH YUCJIA, KATO
M[i,j] = {ee E: fg(e) = {i,j}}|. Babemexkere, de ToBa OnpeeIeHNE TPETUPA TIPUMKHUTE [TPABHII-
HO, 3aI0TO, ako 1 = j, 1o {i,j} = {i}, a KomomeitubT Ha fg cmopen Onpesenenne 14 BKIIOYBA U
eJIHOeJIeMEeHTHUTe HoJAMHOKecTBa Ha V. @urypa 4.4 nokassa HeOpUeHTHpaH MyJTUrpad U HEro-
BaTa MaTPUIA Ha CHCEeJICTBO.
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®durypa 4.4 : MaTpuiia Ha cbCeJICTBO HA HEOPUEHTUPAH MYJITHUTPad.

1234567
1(2]1]0[0]1(3]0
2|1{0(1(0(3|1]0
310({1]0({0 (130
410]10]0]0]00 [0
5113 [1]0(0]0][3
613/1(3[0[01]0]0
710]0]0(0|3]0]0

7 o4

HeopueHTUpaH Mmysarurpad rpad G” MaTpuIara Ha cheeactso va G”

KakTo ce Buxkta u ot durypara, Ipu HEOpUEeHTUPAHUTE MYJITHIPadU MaTpUIlaTa € CUMEeTPUIHA.

1 makpas 1me BUIUM €JIHO JTIOOOIMTHO CBOWCTBO HAa MaTPUIUTE Ha ChCeICTBO. KaTo mpumep jJa
pasriieganve otHoBo G” ot Durypa 4.3, HO TO3U BT ¢ UMEHa Ha pebpaTa, U Heropara MaTpuIia Ha
cbeeicTBo M, nokazanu Ha @urypa 4.5.

®urypa 4.5 : G” n HeroBaTa mMaTpuIla Ha CbCeICTBO M.

| 1234567
| 1[2T1 oo 110
| 2[0(0[0]0[2]1 0
| 3[0jT[ofo[T]2[0
| 4folofofofofo]o
3 s51oft]ofolo]o]o
| 6(2]o[1]o]o]o]o
3 71ololofo]3]0]0
& f M

[To medununust M[i,j] e 6poar Ha pebpara ¢ HaYago i W Kpail j; ¢ JAPyru JiyMHu, ['bTHUINATA C
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nbkuHa 1 oor i 10 j. a pasriename npoussesenuero Ha M cbe cebe cu, Toect M2:

21001 10] [2100110 6310430
0000210 [00002T10 2210000
0100120 (0100120 4120210
000000O0|-[{000000O0[={0000000
0100000| (0100000 0000210
2010000 [2010000 4300340
0000300 (0000300 |030000 0]

Jlecno ce BuxKa, ue M2[i,j| e Gpoar Ha mbrTumaTa ¢ JAbIKHHA 2 OT i JI0 j, 110 BCHYKHA i 1 j.
[Ipumepno, mMa TOYHO 3 I'bTH C IBJZKUHA 2 OT BPbX 1 710 BPBX 6:

17 €10, 27 €6, 6
1, e, 1,e3,6

17 €19, 17 €13, 6

a or mpyra crpana, M?[1,6] = 3. Tosa ne e cayuaitno cbeuaenne! Boopocnoro 3 ce nomyvasa
KaTO CKaJIApHO ITPOU3BEJICHNE Ha II'bPBUA peJi Ha M ¢ ImectaTta KoJIoHa Ha M:

[2,1,0,0,1,1,0]-[1,1,2,0,0,0,0] =2-1+1-1+0-2+0-04+1-041-04+0-0=3

[ITom mbpBUAT pef, cbabpka Oposd Ha pebpaTa OT BpbX 1 10 BCEKH APYT BPbHX, & IIECTAaTa KOJIOHA
C¢bIbprKa Oposi Ha pedpara OT BCEKHM BPBX JIO BPbX 6, TO MbpBOTO chOUpaeMo 2 - 1 e OpodT Ha
I'bTUIATA C TOYHO jiBe pedpa oT 1 110 6 ¢ BbTperten BpbX 1, Broporo chbupaemo 1 -1 e 6Gpodr
Ha IIbTUIATa ¢ TOYHO JiBe pebpa oT 1 10 6 ¢ BbTpelleH BPbX 2, TPeToTo chompaemo 0 - 2 e 6podr
Ha IIBTHUINATA ¢ TOYHO JiBe pebpa oT 1 j10 6 ¢ BbTperieH BPpbX 3, U Taka HATATHK. KakTo Bede
BHJIXME, HAUCTUHA UMa JIBa II'bTH C JIbJKUHA 2 ¢ BPbX 1 KATO BbLTPEIIEH, eJINH II'bT C JIbJIKIHA 2
€ BPbX 2 KaTO BBTPEIIEH, HyJla I'bTUIIA C IbJ?KUHA 2 ¢ BPBX 3 KaTO BbTPEIEH, U TaKa HATATbK.

C aHaJIOrMYHM pa3ChiKIeHHs ycTaHoBaBaMe, ye M3 cbibpzka 6poeseTe Ha IBTUINATA C [bJl-
KHUHaA 3:

18 11 3 0 13 11 0
4 300 7 6 0
108 108 9 0

MP={0 0 00 0 0 0
2 2 100 0 0
16 7 4010 7 0
(0 000 6 3 0]
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Ia Bzemem M3[1,6] = 11. Haucruna, uma 11 wbra ¢ abmkuna 3 ot 1 710 6:

€18, 17 €18, 1? €13, 6

€18, 17 €19, ]-7 €13, 6

e, 1, es, 1, €13, 6

€19, 17 €19, 1? €13, 6

eis, 6, e1, 1, er3, 6

€13, 67 €12, 17 €13, 6

€18, 17 €10, 27 €6, 6

€19, ]-7 €10, 27 €6, 6

€14, 57 €7, 27 €6, 6

€13, 67 €3, 37 €1, 6

— = = = e = e e e e

€13, 67 €3, 37 €2, 6
I/I TaKa HaTaTbK. CeFa e J0KazKeEM CTPOr'o MHTYUIIHATA, IIOJyd€eHa OT TE3U Ha6HIO,HeHHH.

Teopema 48: M*[i,j] e 6poaAT Ha OopUMeHTUPaHKUTE MBTUINA C IHJIXKUHA K

Ba Bcekn opumentupan myaturpad G um 3a Begko k = 0 e Bapno, ye M¥[i,j] e Gpoar Ha

(opueHTHpaHUTE) I'BTHIINA C JIbJKUHA k OT 1 710 j B G, KbjieTo M e MaTpunara Ha ChCeCTBO
Ha G.

Hokazarenacrso: C unnykiua 1o k. Bazara e 3a k = 0. Ho M? e equnuunara maTpuna c
eJIMHUIIN TI0 TJIABHUS JMaroHa W HyJIU U3BbH IJIAaBHUA Juaronas. JlecHo ce BMKia, e 3a BCUUKHU
i,j€{1,...,n}, M°[i,j] mancruna e 6poar ma wbrumara ¢ JbKuHa 0 or i 710 j:

e axo i % j, TaKMBa IIBTHUIIA HAMa, KOETO TOUHO OTroBaps Ha dhaxta, 1ve MO[i,j] = 0 npu i + j;

® aKko i = j, UMa TOYHO €JIUH TAK'bB I'bT, & UMEHHO CAMUAT BPBX 1, KOETO TOYHO OTTOBaps Ha
dakra, ue MY[i,1] = 1.

C ToBa 6azara e nokaszana. v/

Jla norrycueM, 4e TBLPJIEHUETO € BAPHO 3a CTOWHOCT Ha apryMmenTa k. [1le mokaxkewm, de To ocTaBa
BAPHO 3a cTOiiHOCT Ha aprymenta k + 1. Hexa T{; o3mataBa MHOKECTBOTO OT I'bTHIIATA OT i JI0
: ’ K[ 31 — [Tk k4175 31 — [Tk+1

j ¢ mbkuna €, 3a Begko ¢ > 0. e poxaxkewm, ue M*[1,j] = [T{| Brewe M¥H[i,j] = [T, 3a
Bemukn i,j € {1,...,n}.

e 3a ygBarta crpana M*TL[i,j]| smaem ot smmeiinara anrebpa, e

MMLGT = ) ML) Ms, ] (4.1)

1<s<n

e Jla pasrienamMe JgcHaTa cTpaHa |le)+ . JTa pasriemanme le)+ ! Twit karo k + 1 > 1, Bcekn
I'bT OT TOB& MHOYKECTBO MMa IIPEIIIOCIeeH BPbX, IIPU TOBa TOYHO eauH. ToBa € 04eBUIHO.
Torasa le;“ ! ce pasbusa na N MHOZKECTBa (rOBOPUM 3a 0600IIEHO pasbuBaHe — HAKOU OT Te31
T MHOYKECTBA MOKE [l Ca IPA3HU) 110 MPEJIIOCTIEeH BPbX.

Jla BbBeJeM olle HOTaIWs, 3a Jia U3Pas3suM CbITOTO Hemo dopmasno. Heka ij s O3HadaBa

MHOKECTBOTO OT II'bTHUINIATA OT 1 JI0 j ¢ IIpeIocae/JieH BPpbX s U AbkuHa {, Kbjero £ > 1, a

i,j,s € {1,...,n}. U raka, 3abesnsszaxme, e Tik;rl uMa pasbuBane
K+1 yp/k+1 K+1
{Wt]',l’ 1,20 ’Wi,j,n
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K'bJIETO HSIKOU WJIN JOPYW BCHYKH JSIJIOBE Ha TOBa pa3bmBaHe MOzxKe Ja ca npasun. CbriacHo
KOMOMHATOPHUSI IIPUHITAII Ha pa3douBaHETO,

|Tk+1|_ Z |Wk+1 (42)

i,j,s
1<s<n

Ero mmocrpanus Ha (4.2) u mo-TouHO Ha PasbMBAHETO HA MHOXKECTBOTO OT II'BTUINATA C
IbzkuHa K + 1 1o npeanocieJHua BPbX S:

JA'bJI2KUHA kK AbiKuHA 1
@)
@)
i a j
. S
T o
£ Dy A : pebPO
© A% i
Mg )
O
o

Tazu mmocTpalus obade e JIEKO IIOJIBEXK/Ialla, 3all0To MoKa3Ba i, S U j KaTo JBa IO JBa
pazmyHu BbpXoBe. A TOBa He e HellpeMeHHO Taka. [IbpBo, Moxke i = j. Bropo, nezasucumo
OT TOBa Jajn i = j mim He, Moke 1 = s wian j = s. [lopagm ToBa MMa cMHUCBHI MH/EKCHATA
npoMenuBa s B (4.2) ma B3ema croiinocTu or 1 10 M. AKO 3a HSKOsI TaKaBa CTOWHOCT
S He MOXKe Jia e Ipejrocyiesied BpbX (npumepno, Ha Purypa 4.5, BpbX 2 HE MOXKe Jia e
IPeJIOC/Ie/IeH IO II'bT J0 BPbX 1, 3amoro Hama pebpo or 2 10 1, a Bpbx 4 He MOXKe Ja e

[PEJIIIOC/IEJIEH TI0 IIbT JI0 BpbX 1, 3amoro ot 4 10 1 u3061110 HAMa II'BTUIIA), TO Wl‘;“ 51 = .

Cren kato ce ybemuxme, de (4.2) e BApHO, Ja choOpasuM, de 3a Besko s € {1,...,n}, Wf;r :

(HE3ABUCHMO JIaJIN € TIPA3HO UJIN HE) Ce sIBABA, B HIKAKbB CMUCHI, /1eKapTOBOTO Mpou3Be/ie-
HUE Ha Ti‘fs 1 MHOKECTBOTO OT pebpara oT s 110 j. Tyk aprymenrarusTa e jeko HedopMasHa,

3alll0TO HE Ka3BaMe€ TOYHO B KaK'bB CMHCHJI, HO BaKHOTO €, 9€ BCEKHU II'bT OT WF;:I ce dBdBa

KOM6I/IHaLLI/IH Ha eJuH BT OT Tf 1 eaHo pebpo ot s 1o j. Torasa Wi {| e npoussesenuero
or |T{| n 6pos na peGpara oT s JI0 j.

a moBTopuM: 6pOAT Ha HAYMHUTE Jia CTUTHEM OT i 710 j ¢ TouHo k + 1 pebpa u s 3a mpej-
IIOCJIeJIEH BPHX € MPOU3BEJIEHUETO OT:

+ Opos Ha HAYUHHUTE JIa CTUTHEM OT i1 JI0 § ¢ TOYHO kK pebpa u

¢ Oposi HA HAYMHUTE JIa CTUTHEM OT S JI0 j ¢ TOYHO 1 pedpo.
Uwmaiiku mipesisu, ge 6posT Ha pebpata oT s 110 j e M[s, ]|, mokazaxme, qe

Wil =TT Mls, 5] (4.3)
Or (4.2) u (4.3) usBexame

T = ) T M) (4.4)

I<s<n

Ho oT nBJIyKTUBHOTO HpEJIIOJIOKEHNEe 3HAEM, de |Ti'fS = M¥[4, s]. Torasa

T = > MM s]- Ms,j] (4.5)

I<s<n

CpasrsiBaiiku jgecanre crpann Ha (4.1) u (4.5), sakmodasame, e M*H[i,j] = [TiH. O
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4.1.2 Marpui Ha UHIIUAEHTHOCT

Heopuentnpanu rpacdu u myarurpacdu 6e3 npumku. Heka e jmajgen oOuKHOBeH rpad win
HeopuenTupan mysarurpad 6e3 npumku G, karo V(G) = {1,...,n} u E(G) = {ey,...,en}. Mam-
puyama ma unyudenmuocm Ha G e 1 X m Marpuna A, B kogaro 3a i€ {l,... nfuje {l,...,m},
Ali,j] coabpxa:

e (, ako BPDBX 1 He e HHIUJEHTEH ¢ Pebpo e,
e 1, ako BPDBX 1 € MHIUJIEHTEH ¢ Pedpo e;.

Qurypa 4.6 noka3zBa HeoOpHeHTUpaH MyaTUrpad 6e3 NPUMKU U HeroBaTa MaTPUIlA Ha WHIIMAJICHT-
HocT. Tunuyno, MarpuraTa Ha UHIMJICHTHOCT UMa N peja 1 m kojonu. Ha durypara e mokazana
TpaHCIIOHHpaHaTa MaTpPUIla Ha WHIMJIEHTHOCT, 3a Jia MOxKe (urypara jia ce mobepe Ha IMUPUHA.

®Durypa 4.6 : Heop. myaturpad 6e3 npuMKu U MaTpP. HA WHIUIEHTHOCT.

€13

00 3O U i W+

Nej

10
11
12
13
14
15
16
17

€15(€16/€17

7 o4

)l Renl 0 Bogd Il Bel s (e )l Henll fenl (an )l fen )l Hen )l Ren) Nenl fanll FTd
(@] len) fen] [en]] fon) [en] Hen] fen) [en]) fen) [en) [en ]l fen) Fan) Nen] Henll fan) TSN
e Ll L Lt K==l =) Hes) Ranl EEl B FEnl [en l el B Nan) Hen) [anll F6
e Il Ll o) Hen) fen ) Hen] fanll [an )l fen] fen )l [en]l fen)l Fen) Nen] Henl [an) EN|

o) [en) Fawl fawl It Bl Bl Kenll fenll Rawll fen)l | ewl Han) Bl Bl Lol (@)

(o) jen) fe] [en]l fun) fen)l feu] fen) [an) fan) [av)l [anl ol Bonl B Bl el [OV]

=l e) fol o] fol fol Nel 0 PoS FEd P Pl s Hen) Neo) Fanll Fanl § )

MyaTurpad 6e3 TpPUMKH

TpaHCIIOHUDpaHaTa MaTp. Ha WHIIUI.

Wcrunckara, a He TpaHCIIOHUpaHATA MAaTPHUIA HA WHIUJICHTHOCT Ha rpada or Purypa 4.6 e

00000O0OO0OO0OO0O1111T1QO0O00
coo000111111000O0O0O0O0¢O0
1111100000O0O0O0O0O0GO0O
0000O0OO0OO0OO0OO0OO0OOOO0OOO0OO0®O0
0600010011 100001T1T1T1
11100100001 11O00O00O0O0
0000 0O00O0O0COO0OO0OCOO0OT1T1 1]
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MaTrpunara Ha HHIMIEHTHOCT TpeTHpa pedpara KaTo aToMapHU OOEKTH, ChINo KakTo € B Oupe-
nenmenne 13, a He M uaeHTHGUIUPa ¢ Kpanmara, kKakto e B Ompenenenne 1. [lopaan ToBa myi-
turpadure (HO 6e3 NPUMKH) Ce TPEJCTABIAT ¢ MATPUIM HA WHIIMIEHTHOCT MO abCOJIOTHO ChIIUST
HAYWH, 10 KOWTO ce IPeJCTaBAT U OOMKHOBEHUTE I'padu.

Marpurure Ha UHIUIEHTHOCT [IPEJICTABAT rpadu, B KOUTO Ca MMEHYBaHU KaKTO pedpara, Taka
U BbPXOBETE; Pa3MEHSHETO Ha MMeHa Ha pedpa MpOMeHs, B O0Ius CJIyvail, u MaTpuiara. 3a
pasjimKaTa MEXKJIy TOBa Jla Ca UMEHYBAHHM CaMO BbPXOBETE WM U BbPXOBETE, U pedpaTa BUIKTE
nojiceKnuuTe Ha cTp. 88 m Ha cTp. 90.

Marpuiiure Ha UHIIAAEHTHOCT UMAT CJIEJHUTE CBOMCTBA.

1. Matpurure Ha MTHITUJIEHTHOCT ca OyJIeBU, KATO BbB BCsAKa KOJOHA MMa TOYHO JIBE €IMHUIIN.
2. Pen camo ¢ mynm cboTBeTCTBa Ha mM30UpaH BpbxX. B mpumepa na @urypa 4.6, Bpbx 4 e
U30/IUPAH U CHOTBETHO PEJI YeTUPH HAa MATPHUIIATA UM CAMO HYJIH.

AHajioruaHO, pej ¢ TOYHO €JIHA €MHUIA ChOTBETCTBA HA BHCSI BPbBX (HA IIpUMepa OT
®urypa 4.6 HAMA TaKbB).

U u3061m10, 6posiT Ha exuHUIUTE Ha Pef i e Touno d(i).

3. Ilpaszuugar rpad nma npasHa MaTpuiia Ha WHITHIEHTHOCT—T'bil KATO HsIMa pebpa—He3aBUCHMO
oT Opost Ha BbPXOBETE

4. PazMmsanara Ha peJioBe i 1 j ©Ma CMHUCHJI Ha pa3MsAHa Ha UMeHaTa Ha Bbpxose i u j. Pazmsanara
Ha KOJIOHHU 1 1 j UMa CMHCBJI Ha pa3MsHa Ha UMeHaTa Ha peOpaTa ej U ej.

5. Ha mapaseysrzu pebpa B rpada cbOTBETCTBAT €IHAKBU KOJOHU B MaTpUIlATA.

6. Beaka marpuiia uMa “Us/ninbK’ B CMUCHII, Y€ BCEKU N — 1 pejia HAI'bJIHO OIPEIEIAT ChOT-
Beraus rpad. Moxke ja ce 060CHOBE ¢ TOBa, Y€ BCEKHU PEJI, IMOCJIEMEHTHO, Ce TOJIydaBa OT
cyMaTa Ha OCTaHaJUTE PeJIOBe 110 MOIYJT 2.

Nuate kazano, ako CKpueM, IPUMEPHO, IIbPBU peJi Ha MaTpuiiata Ha rpada ot Purypa 4.6,
MOJTyYaBaKKM Ta3u MaTPHUIIA:

000011111 100O0O0O0O0°O0

1111 10000O0O0O0O0O0OO0OTO0O

0O000O0OO0OO0OO0DOOOOOSOSO®O0OO O

00010011 100O0O0T1TT1TT1S1

11 100100O0O0T1T1TT1O0000

|0 0000O0O0O0O0OO0OO0OCOOOT1T1 1]

JIECHO MOKEM J1a Bb3CTAaHOBUM CKPUTHA pejl, 3abesss3Baiiku, de TouHo KoJsionu 10, ..., 14
uMmar 1o egro “1”7. ToBa o3nadaBa, 1e TOYHO pebpa e, ..., €14 Ca UHIMJIEHTHU C BPbX 1.

Axo riesaMe Ha MATPHIIUTE Ha WHIMICHTHOCT KaTo Ha MaTpui HaJ GF(2), Toky-mo Har-
paBeHOTO HAOJIOJEHNE Ka3Ba, e MHOMKECTBOTO OT PeJoBeTe € JIMHeWHO 3aBucuMo. OTTyk
PaHT'bT Ha MaTpHUIATa € TMo-MaJIbK WM paBeH Ha 1 — 1.

7. Ako rpadbT uMa JiBe cBbp3aHu KoMoHeHTH G; u Gy, TO MaTpHUIATa Ha WHIMIEHTHOCT A
MOXKe Jla ce 3allfiiie B OJIOKOBa JUaroHaHa gpopma

A1 0O
0 | Ag
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KbJIeTO A1 1 Ay ca MaTpUIIUTE Ha MHIMAEHTHOCT Ha Gi u Go. [Ipuunnara e sgcHa: HUTO eJHO
pebpo or E(G;) He e mHIMAEHTHO ¢ BpbX 0T V(G2), n 06paTHO.

OueBnaHO € Kak J1a ce 00001 ToBa HAD0IeHNEe 38 K CBbP3aHN KOMIIOHEHTH.

Axo G e cBbp3an rpad U MaTpuIiaTa My Ha WHIIMIEHTHOCT € A, TO A He MOKe J1a Ce 3allulle
110 HUKaK'bB Ha4YMH B OJIOKOBa JAuaroHaJHa dopma

Al 0
0 | A

JokazarescTrBo: Jla momycHeM IPOTHBHOTO: MaTPHUIATa Ha WHIMJIEHTHOCT Ha CBbP3aH rpad
MOXKe JIa ce 3alliiiie B OJIOKOBa JuaroHaHa ¢popMa, KaKBaTo € IMoKa3aHa rope.

Heka i e mpousBojieH BpbX “OT ropHaTa JacT’ Ha MaTPHUIATa; TOECT, pel HoMep 1 “MuHaBa’ mpe3
A1. U neka j e nmpousBojieH BPbX OT JIOJTHATA YaCT HA MATPUIATA; TOECT, peJi HOMep j ‘“‘MuHaBa’
mpe3 As. T'bit kKaTo G e cBbp3aH, MeXKY 1 1 j UMa I'bT p. Becekn BpbX HA P € WM OT TOpHATA, WX
OT JIOJTHATA YacT Ha MaTpuraTa. lToraBa B p CbIIECTBYBAT ChCEIHU BbPXOBE 1, KOWTO B MaTpuiaTa
e B ropHata Jact (Toect, peq i’ “munaBa” mpe3 Aj), u j’, KOWTO B Marpuriata € B JI0JHATA TaCT
(Toect, pen j’ “mmaaBa” mpe3 Aq). la kaxkem, de pebporo e nma 3a Kpaumia i’ u j’. [la kaxewm, de
KoJIoHa { ChLOTBETCTBA Ha €.

KakTo 3Haem, B kKosiona { nma TouHo jaBe eaunauim. [le mokarkem, de He MOXKe U JIBETE € TUHUIII
Ja ce HamMupaT B Ay min As.

e Ako kosona { e B JigBaTa cTpaHa Ha Marpunara (Toect, ‘MuHaBA  mpe3 Aj), TO €IHATA OT
Te3U eJIMHUIM € B JO0JHATA JITBa MOJMaTPUIA, KOITO O TpAOBajo Ja ce CbCTOM CaMO OT
HYJIN.

e Ako kosioHa { e B JisicHaTa CTpaHa Ha MaTpurara (Toect, “MuHaBa’ 1pe3 Ag), TO elHATa OT
Te3W €JMHUIN € B rOpHaTa JsCHA MOAMATPHUIA, KOATO OM TPsAOBAJIO JIa Ce ChCTOH CAMO OT
HYJTH.

1 B gBaTa ciaydasd BuxkjaMme, ye A He e B OJIOKOBa JiMaroHaJsina (opma. O

Teopema 49: PanrbsT Ha MaTpuiiaTa Ha WHIIMAEHTHOCT HA CBbpP3aH rpad

Matrpunara Ha WHIIUJIEHTHOCT Ha CBbLp3aH rpad nma panr n — 1.

HokazarescTBo: KakTo Bede orOesss3axMe, PaHIbT HE MOXKE JIa HAJAXBBPJS N — 1 3a HUKOI
rpad. OcraBa j1a MOKaxKeM, 9e PAHI'bT € [oHe N — 1, ako rpadbT e cBbp3aH.

Pasruiexame npousposan k pema Ha A, Kbjero 1 < k < n — 1. Jlema 23 e kiaodoBa: A He
MO>Ke Jla ce 3amuiie B 0JIOKOBa JuaroHaJiHa ¢popma

Al 0
0 | Az
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KbjeTo A; uma k pesa. ToraBa Hukon k pesia He ce cyMEpAT 110 pes OT HyJIu (10 MOIYI 2).

Ho GF(2) uma camo npe xorcrantu: 0 u 1. ToraBa Bcuky Bb3MOKHU CyMuUpaHus Ha k peja
(mo momyn 2),3a k€ {1,...,n— 1}, ca BcuIKU Bb3MOXKHU JINHEHHIT KOMOUHAIIMK Ha pejposere. U,
KaKTO Ka3axmMe, HUTO eJHa OT TSIX He € HyJeBHAT pej. ToraBa HUTO e/iHA JIMHETHA KOMOMHAIUS
Ha k peza, 3a k€ {1,...,n— 1}, ve e nynesusar pex. Torasa Bceku k peja, 3a k€ {1,...,n— 1},
ca JINHEIHO He3aBucuMu. Torasa panrsT Ha A e n — 1. 0O

CaencrBue 15: PaHrsT Ha MaTpuiiaTa Ha MHIIMAEHTHOCT HAa CBbP3aH rpad

Ako G e rpad ¢ k cBbp3aHu KOMIIOHEHTH, PAHI'bT Ha HEroBaTa MaTpPUIa Ha WHIMIEHTHOCT
en—k. O

CnencrBue 15 MoxKe Jla ce M3IOJI3BA 3a HAMHUpPaHe Ha Oposi Ha CBbP3aHUTe KOMIIOHEHTH, HO MpPU
TOBa TpsibBa Jla ce BHUMAaBa: M3UNCEHUITA BbPXy Marpuiara Tpsosa ja ca 1o Moy 2! Nnade
KazaHo, MaTpurnara e Ha; L GF(2), a He Ha/1 mMOJIeTO HA peasHuTe Ynucsa. Ao noassame codryep
3a pabora ¢ maremarnka kato Maple(TM), tpsabsa na ykaxkem ja ce paboru B GF(2); or ToBa, 1e
MaTpHIATa CbIbPKa CaMO HYJIU U €JIMHUI, COPTYEPHT HAMA Jia ce ‘ceTu’ Ja He PaDOTH ¢ PeaTHI
yncia. Karo mpumep ja B3emeM MaTpuliaTa Ha wHIaeHTHOCT Ha Purypa 4.6. ETo Kak MmoxkeMm J1a
sl BbBeJIeM U Jla i HamepuM panra B Maple(TM):

C:\Program Files\Maple 2018\bin.X86_64_WINDOWS>cmaple

IN~/1 Maple 2018 (X86 64 WINDOWS)
S AN |/1_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc. 2018
\ MAPLE / All rights reserved. Maple is a trademark of
< . > Waterloo Maple Inc.

| Type ? for help.

> with(LinearAlgebra):
> A := Matrix( [ [0, O, O, O, O, O, O, O, O, 1, 1, 1, 1, 1, O, O, O],
> [0, o, 0,0, 1,1,1,1,1,1,0,0,0,0,0, 0, 0],
> (¢, ¢ 1¢,1,10,0,0,0,0,0,0,0,0,0,0,0],
> to, o, o, o, 0, 0, o0, 0o, 0, 0, 0, 0, 0, O, O, 0, O],
> (o, o, 0, 1, 0,0,1,1,1,0,0,0,0,1, 1,1, 1],
> (¢, ¢ 1, 0,0,10,0,0,0,1,1,1, 0, 0, 0, 0],
> o, o, o, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, 1, 1, 1] 1):
> Rank(A);

Orrosopwr, Koiito Maple(TM) Bpwbia, e 6. Ho 6posiT Ha cBbp3aHnTe KOMIIOHEHTH € 2, a L = 7,
taka qe crnopen CremacrBue 15, panrst TpsioBa jga e 7 — 2 = 5. ToBa pasMHaBaHe ce JTb/IKA
na dakra, ye Maple(TM) ne paboru B GF(2) no noxpaséupane. Epro, 3a Maple(TM) B Te3u
uzuncstenns 1 +1 =2, a e 1 + 1 = 0, kakro 6u TpsbBaio B GF(2).

Hemara Moxke ja ce onmpaBdaT Taka.

C:\Program Files\Maple 2018\bin.X86_64_WINDOWS>cmaple

IN~/1 Maple 2018 (X86 64 WINDOWS)
I\ |/1_. Copyright (c) Maplesoft, a division of Waterloo Maple Inc. 2018
\ MAPLE / All rights reserved. Maple is a trademark of
< ____ > Waterloo Maple Inc.

| Type 7 for help.
> with(LinearAlgebra[Modular]):
> A := Matrix( [ [0, 0, 0, 0, 0, 0, 0, 0, O, 1, 1, 1, 1, 1, 0, 0, O],
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> (o, o, 0,0, 1,14, 1, 1,1, 1, 0, 0, 0, 0, O, 0, O],

> (+«, ¢, 1,1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O],

> (o, o, o, o, o, o, o, o, o, 0, o, 0o, 0, 0, 0, 0, O],

> (o, o, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 1, 1, 11,

> (+, 1, 1, o, o, 1, o, o, o, o, 1, 1, 1, 0, 0, 0, O],

> (o, o, o, o, 0, o, 0, 0, 0, 0, 0, O, O, O, 1, 1, 11 1):
> Rank (2, A);

5

Cera Beue paHrbT € 5, KakTO o9akBaMe. [IbpBusaT aprymenT nHa Komanata Rank € MOy TIbT.

Heopuentupanu rpadu n mynrurpadu ¢ npumMku. Hajgmanero Ha NpuMK# € oTeHInaIeH
MpEerbHU-KaMbK U 38 MaTPUIINTE HA WHIMIEHTHOCT. AKO pedbpoTo e; e MpuMKa, ‘3akadeHa’ KbM
BPbX j, KAKBO Jla CJI0KUM B A[j, 1]7

e Hsakou yuebnunu karo [31, crp. 102] kassar, ue uma cmucha ja ciaoxkum 2. ToraBa ocrasa
B CHJIa TOBa, Y€ cyMaTa BbB BCdAKa KOJOHA € 2, U 4e cyMaTa BbB BCEKHU peJl € paBHa Ha
CTelleHTa Ha CbOTBETHUA BPbBX.

Obaue marpuriata Bede He e OyieBa U ejqeMenTuTe 1 He ca o GF(2) u peamia cBoiicTBa
IpecTaBaT i3 ca B CHJIA.

e Jlpyru yuebuumnum kato (3, crp. 139] pasriexkpar moBede Bb3MOKHOCTH.

* Moxe na ciaoxkum 0, mpu Koeto Marpurara ocraBa Haj GF(2), Ho ToBa o3HauaBa Ja
nMa KOJIOHA CaMO OT HyJH (ChOTBETCTBAINA Ha PEOPOTO-IPUMKA) M TOraBa, IIeJIailKi
caMO MaTpHIaTa, He 3HaeM KbJle € TPUMKATA.

+ Mozxe ja ciaoxkuMm 1, mpu Koero marpuriaTta ocraBa Haji GF(2), Ho cera Bede paHrbT 1

He e n — 1, a craBa n. [Ipu ToBa BakHU CBOICTBa Ha MaTpHIATa IIpecTaBaT Ja ca B
cua.
Axo rietame Ha rpada KaTo Ha JacTeH ciydail Ha xumeprpad, pebpoTo e, HHIUIEHTHO
ChC U CAMO C'bC BPBX j, e WIEHTUMUIUPA € eJHOeJIEMEeHTHOTO MHOKeCTBO {j}, u Alj, ]
TpsibBa ma e 1. Jla cu npunoManM, de xuneprpadure uMaT IIpejIcTaBsiie ¢ MaTPUIM Ha
UHIUJIEHTHOCT (BU2KTe Marepuasia Ha cTp. 250).

+ Moke J1a CI0KHM 2, KOSITO Bb3MOXKHOCT Bede 00ChIUXMe.
B kpaitHa cMmeTKa Ka3Bame, 4e MATPHUIIUTE Ha WHIUJIEHTHOCT HE Ca IIOJIXOJIAINO IIPeJ/ICTaBsiHE 3a

FpaCbI/I C IIPUMKHA 1 CbOTBETHO HAMa Ja U3II0JIBaMe€ MaTpPpUI Ha MHIIUJCHTHOCT, KOIraTO IIPUMKH Ca
Bb3MOZKHIN.

Opuentupanu rpacdu u myiarurpadpu. Marpumnure Ha HHIMJIEHTHOCT MOTAT Ja IIPEICTABAT 1
opuenTupanu rpacdu. Heka e 1ajier 0OMKHOBEH OpueHTHPaH rpad uin opueHTupaH My arurpad 6e3
npumMkn G, karo V(G) = {1,...,n} u E(G) = {e1, ..., em}. Cera obade esieMeHTHTE HA MATPUIUTE
ca peayiHu 4mcia, a e ejgementu Ha GF(2). Toa o3nauaBa, ve cera 1 +1 =2 ane 1 +1=0.

Mampuyama na unyudenmnocm va G e n x m Marpuna A ¢ exementu ot {—1,0,1}, B KogTo
saie{l,...,nfuje{l,...,m}, A[i,j] cbabpxa:

e (, ako BpPDBX 1 He e HHIKJEHTEH ¢ pebpo e,
e 1, ako BPDBX 1 € HAYAI0TO Ha PeOpPO e;j.

e —1, ako BPBX i e KpadT Ha Pedpo €;.
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B [3, crp. 139], [17, crp. 214] u |25, cTp. 78] KoHBeHIHUATA 3a 3HaNUTE € TakaBa. B [31, crp. 102]
€ TOYHO 0OpaTHOTO: —1 MapKupa HavaJI0ToO Ha pedpoTo, a 1 Mapkupa Kpas My. JIBeTe KOHBEHITMHT
ca eJIHaKBO JI0OPH, HO ca OYeBUIHO HechbBMecTnMmu. Hue msbmpame KoHBeHIMATA, Ye 1 MapKupa
HAYAJI0TO, a —1, Kpasd Ha pedpOTO.

Hokazarenctsoro Ha Teopema 50 e anajloruaHo Ha JoKa3aTecTBOTO HA Teopema 49, BbIpeku e
Teopema 50 e 3a opuentupanu, a Teopema 49, 3a HeopueHTHpanu rpadu, MOpaji KOETO IIe I'o
npeckounm. ma ro B, mpumepHo, B [17, cTp. 214].

TeopeMa 50‘ PaHI"bT Ha ManI/II_[aTa Ha MHIMXAEHTHOCT Ha CJ'I8.60 CB’praH OpI/IeHTI/IpaH
rpac

Matrpunara Ha WHIIUJIEHTHOCT Ha CJ1a00 CBbp3aH OpHeHTHUpaH rpad mma panr n — 1.

N orryk jnecno ce u3Bexja crorBercrBueTo Ha CiieficTBue 15: MaTpuiiara Ha WHIUICHTHOCT HA
opuenTupan rpad c k ciadbo cybp3aHu KOMIOHEHTH UMa, Panr n — k. O

4.1.3 Caucbiu Ha CbCeACTBO

Topa e MHOrO KOMIIAKTE€H HAYWH 3a IIpeJcTaBsaHe Ha rpadu ¢ ToJIsSIMO IPUIOKEHNe B IIPAKTHKATA.
Ha anrymiicku TepMuabT € adjacency lists. 3abesezxkere MHOKECTBEHOTO UHCJIO: HE €IUH CIUCDHK,
a MHOTO CIIICBIIH.

Heopuentupanmn myarturpadpm ¢ Bb3MOXKHU IPUMKHU. [IpuMKuTe HE NIPUINHABAT HUKAKBU
3aTPY/IHEHUS IIPU IIPEJICTABAHE ChC CIUCHIIN Ha CbhCEJICTBA, a MYJTUIPADUTE ce TTPEJCTABAT TOJI-
KOB& €CTECTBEHO, KOJIKOTO U OOMKHOBEHUTE rpadu, TaKa de HAIIPABO Ie pa3riiejaMe Haii-o0Ius
HEOPUEHTHUPAH CJIydail Ha MyJTUrpadu ¢ BH3MOXKHU ITPUMKH.

3a Bceku BpbX Ha rpada ce KOHCTPpYHUpa CBbP3aH CIIMChK OT HETOBUTE ChCEN B IIPOU3BOJIEH
pea. Tosa cu 3aciryzKaBa Jia ce MMOBTOPH: HE MCKa ChCEJUTE JIa Ce MOgBABAT B HAPACTBAII PEJI 110
CBOUTE UJICHTU(DUKATOPH.

AKo 1a/ieH BpbX HsMa ChCeJIH, TOECT, € N30JMPaH BPbX, TO CIIUCHKBT MY € IIPa3€eH.

3a BcgKo pebpo ¢ Kpauliia i u j, TakuBa 4e i £ j, BpbX j Ce MOoABsIBa B CIUCHKA HA 1, HO U BPbX
1 ce nogBsIBa B crucbka Ha j. Epro, na Bcadko pedpo, KOeTo He € TPUMKA, ChOTBETCTBAT TOYHO B
eJIeMEHTa, B JIBa PA3/IMIHU CIHUCHhKa. AKO MMa CHOIl OT TOYHO k mapaJesinu pebpa ¢ Kpauia i u j,
TO j ce NOosIBSIBa TOYHO K I'bTU B CIIUCbKa HA 1, HO U 1 ce I0sIBSIBA TOYHO K II'bTU B CIIUChKa HA j.

3a BCIKO pebpO-IIPIMKa, aKo 1 € BLPXbT, KbM KOITO e “3akadeHa’ MPUMKaTa, TO 1 ce MOsSIBABA
B cOOCTBEHUSI CH CIIICHK; aKO 1 MMa TOYHO K IPUMKH, TO 1 ce MOABsIBa TOYHO K I'bTH B COOCTBEHMSI
CU CITHCHK.

Qurypa 4.7 10Ka3Ba HEOPUEHTUPAH MYITUTPAD U CHUCHIUTE MY HA ChCEJICTBO.
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®durypa 4.7 : CriucbuTe Ha CbCEACTBO HA HEOPUEHTUPAH MyJaTUTrpad.

L2 [ L] 2H—>I3H—>I4H—>|1H]L

2|t [ B3 L]

I3H—>I1H—»I4H—>I4H—>I2H]L

41113 [ 3 [ {1

HEOPUEHTUPAH MYJITUIPAd

HerosurTe CIIMCbIM Ha CbhbCEICTBO

Tesu crmcbiu He ¢brbpkaT nHGOPMaIU, UaeHTUGUIIpaIia peopara. Bb3MoKHO e ejeMeHTHTE
Ha CHUCBIUTE J1a ChbpKaT nHdopMalus 3a pedbpara, KakTo e nokaszano Ha Purypa 4.8.

Durypa 4.8 : [lo-uHdopmMaTuBHI COUCDHI HA CbceacTBa Ha rpada ot Pur. 4.7.

[LTF{2]es [1oft feo [1of2 Jex [1-of3 Jea [ dof4 Jes [ ${1 fes Hl

2TH{Lles [Jof3]es [1o{L e, Hl

BI{Llea[dofafer [1{4 fes [Jof2]es Hl

T3 Jes [1of3Jer [1o{ L es Hl

5]

Ako craBa myma 3a rpadu c Terya (Ceknust 3.2), eCTeCTBEHO € Jla 3alucBaMe Teryara Ha pebpara
B CIIMCbIIUTE Ha CbhCEIACTBO, KaTO BCEKH €JICMEHT Ha CIIMCBbK HMa KJIETKa, B KOATO Ce 3alliCBa
YHUCIOTO-TENJIO HA ChOTBETHOTO PeOPO.

B npakTudeckn MpuIoyKeHNsT MOYKE eJIEMEHTHUTE Ha CIHUCHIUTE Jia Ca JOPH ollle Mo-uH(pOopMa-
TuBHA. AKO rpadbT HMpecTaBIsgBa IbTHA MPEXKa, eJIEMEHTUTE Ha CIUCHIUTE OIMUCBAT HIKAKBU
IoceTa, BCAKO OT KOUTO UMa anI/I6yTI/I KaTO KaTeropus, JaTa Ha IIOCJICEH PEMOHT U TaKa HaTaTbK.
AKO Fpa(b’bT IpeacTaB/IsdABa KOMIIIOTbPHa MpPeEXKa, €JIEMEHTUTE Ha CIUCbhIUTE OIINCBAaT HAKaKBU
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JUPEKTHA BPBb3KU MEXKJIy XOCTOBE, KaTO Te3U JUPEKTHU BPb3KU UMAT aTpUOyTH KaTo KallaluTeT
3a TpeHacstHe Ha wHbOpMaIs, B/ (ycyKaHa JBOfiKa, ONITHKA U TaKa HATATHK ), JIbJIKUHA 1 Taka
HAaTATHK. Bb3MOXKHO € eJIeMeHTUTE Ha CIHUCDHIUTE Ja ca 3alUCh C I0JIeTa, KOUTO Ca TOIXOISITN
3a CbOTBETHHUTE aTPUOYTH.

Opuentupanu MyJTurpadpu ¢ Bb3MOXKHUA NpuMKH. OpueHTupanu rpadu WK MYJITATDA-
du, ¢ mm 6e3 Bb3MOXKHHI IPUMKH, C€ IIPEJACTABIT JIECHO ChC CIIMCHIM HA ChCEJICTBO: CIIUCHKBT HA
BCEKHU BPbX ChIbpPKa HETOBHUTE Jieria B ponu3BojieH pei. CHuChbKbT HA BPBX € MIPa3eH TCTK TO3U
BPbX HAMA JEIa.

BabesexkeTe, Ue B OPUEHTUPAHWUA CJIydail Ha BCSIKO peOPO ChOTBETCTBA TOYHO €/IMH eJIeMEeHT
B CIIUCBIIUTE, 38 PA3JIMKa OT HEOPUEHTUPAHUS CJIydail, B KOUTO—KaKTO Ka3axMe rope—Ha BCSIKO
pebpo, KOeTo He e MPUMKa, ChbOTBETCTBAT JIBa €JIEMEHTA B CIUCDHIIUTE.

Qurypa 4.9 okazsa OpUeHTHPAH MYJITUIPad U CIIUCHIUTE My HA ChCEJICTBO, KATO €JIEMEHTHUTE
Ha CIIMCBINUTE ChIILPKAT UMeHaTa Ha pedparta.

Durypa 4.9 : Coucbiiure Ha ChCEJCTBO HA OPUEHTUPAH MYJITUTPAd.

(L2 ez [1of2]er [ 113 fes [Jof1 fes Hl

2] 1> es -

 BIbEREN

[4T {3 Tes [ {1 Tes |-|]L

51

OpPUEHTHUPAH MYyJITHIPad

HETOBUTE CIIMCHIN Ha ChCEICTBO

Jla pasriiegame opuenTupanng myarurpad, nmokaszan Ha Purypa 4.10, 3ae1HO CbC CIUCHIUTE MY
Ha, CbCEJICTBO.

271



IMABA 4. 3A0A4YN BBPXY IPA®IN © Munko Mapkos, 2024r.

®durypa 4.10 : CoucbliuTe Ha ChCEICTBO HA APYT OPUEHTUPAH MYJTUTpPad.

1 2 L4
| 2 {1 [ 3] 1 ]
3 3L [ 4 | 4 | 2]
| BEIEII
o -
. o 511
OpUEHTHUPAH MYyJITHIPad 3 HETrOBUTE CIUCHIM HA ChCEJICTBO

Crucbiure Ha opuentupanus myarurpad or Purypa 4.10 ¢bBOaJAT ChC CHUCHIUTE HA HEOPU-
entupanus mynarurpad or Purypa 4.7. [Ipuumnara e sicna: opuentupanus myarurpad or Pu-
rypa 4.10 ce gBgBa CHOTBETHUAT OpUeHTUpAH rpad Ha HeopueHTHpanud MyaTurpad or Dury-
pa 4.7 (Ompenenenne 85). Usmuza, ge, ako eJleMeHTUTE Ha CIUCHIUTE He CbIbp:KAT UMeHaTa Ha
pebpaTta—KakBuTO ca cuucbiure Ha Purypa 4.7 u Qurypa 4.10—He MOKeM J1a KarxKeM JlajIu cTaBa
JiyMa 3a HeOPHEHTHUPaH Ipad WIn 3a OpUEHTUPAH I'pad, KOWTO ce dBsiBa ChOTBETEH.

B HaKaKbB CMUCDHJI, CIUCHIATE HA HEOPUEHTUPAH I'pad, KOUTO HAMAT UMeEHA Ha pedpa, BCbII-
HOCT MIPEJICTaBAT (ChOTBETHMSI) OpHEHTHPaH rpad.

4.1.4 IlpencraBsgHusI Ha OorpaHMYEeHU KJiacoBe rpadpu

KopeHoBu qbpBera u macuBu OT poauresmmre. Heka e jajeno kopenoso abupeo T = (V,E) ¢
KopeH 1. Moxe na pejicraBum T kato Karo antuapbopectientmst (Oupeeserne 97) Upesu ciucbIu
Ha CbCEJICTBO. 3HAEM, Ue BCEKU BPDBX, PA3/INTIeH OT KOPeHa, NMa TOYHO eJIUH POJIUTE] B KOPEHOBO
JIbPBO, a KOpeHbT HsaMa pojuresi. CregoBaTeHo, 38 BCEKN BPpbX 1 € V-

® ako i # T, TO CIUCHKBT Ha 1 MMa €JUH eJUMHCTBEH eJIeMEHT, & UMEHHO TO3U, KONTO oTroBapsi
Ha poJuTeNs Ha 1i;

® aKO i =T, TO CIUCHKDBT Ha 1 € IPa3eH.

oM crmcbuuTe Ca ¢ AbJKUHU €HO UIN HyJIa, Olle 110-e(DUKACHO OT HPAKTHIeCKa IVIeIHa TOUKa
e Te Jia He ca CBbP3aHU CIHCDIH, & KJIETKH OT MacuB. Taka cTurame /10 HJedTa 3a MACU6 Om
podumenume. Tosa e macus P[1,...,n], kpaero 3a Besko 1€ {1,...,n}:

e ako i+ 1, 10 P[i] = j, KbJETO j € pojuTengAT Ha i;
e ako i =r, o P[i] = Nil.

Nil e cmemmaJsiHa CTOMHOCT, KOATO UHJAUKUAPA, Y€ HAMA, POJIUTEJT.
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Cbe cbimus yenex P[r] Mozerrie fa ¢hbpKa T, U 0 TO3W HAYUH KOPEH'BT 61 OUJT €IMHCTBEHUSAT
BP'bX, UMATO KJEKTA Ch/IbpKa CBOS MHJIEKC. /IBeTe Bb3MOXKHOCTH ca €JIHaKBO JJ0OpU Ha IpaKTHKAa,
IIPOCTO YOBEK TPAOBa Jla cu u3depe MpeIBAPUTETHO KOS OT TAX Ja U3I0JI3Ba.

Qurypa 4.11 mokazBa KOPEHOBO JILPBO U MACUBBLT Ha POJIUTETUTE, KOUTO I'O TPEJICTABSI.

®durypa 4.11 : KopeHOBO AbpPBO M HETOBUST MAaCUB OT POAUTEJIN.

Plrls[w]of4fo]s[2]s]6]

|
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|
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|
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|
|
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|
|
|
|

JbPBOTO

MaCHUBBT

Ha ®urypa 4.11 appBOTO HAPOIHO € IMOKA3aHO He KATO OPUEHTHPAHO, & KATO OOMKHOBEHO KOPEHOBO
ABPBO (BI/I}KTG Pa3CbKACHUATa 3a TOBa, Ja/J KOPEHOBUTE JbPBETa Ca HEIIPEMEHHO OPUEHTHUPaHU
win He, Ha cTp. 119). Macusbr ro npencraBs kato antuapbopectenims (Onpenenerne 97), HO
ToBa e Jpyro Hemo! KakBo mpejcraBs MacuBbT ¥ KAKBO € JIbPBOTO Ca PA3JIUYHK Hella. 3a ja ce
ybemuM B TOBa: JibpBoTO Ha 00x0knaHero Ha BFS wim DFS (Ceknus 4.2) e apbopectienius, a ro
[IpeJICTaBsIMe C MacuB Ha POIUTEIUTE.

NurepBannu rpadu u MHOXKecTBa OT mHTepBasn. urepsanaure rpadu (ITogcexims 2.17.1)
MOXKe JIa Ce IPEJICTABAT C MaTPUIM Ha ChCEJICTBO, MATPUIM Ha WHIMJIEHTHOCT WA CHUCHIN HA
cbeesictBo. ToBa e ¢bBceM ecTecTBEHO, MOHEXkKe Te ca rpadu. 3a HIKOW 3aja4du obade, KATO Hall-
puMep 3a/adaTa 3a PaslojiaraHeTo Ha U3IMUTUTE B 3aJIUTe Ha CTP. 222, ToBa He € edpukacHo. Tazu
3a/1a4a UMa aJITOPUTMUYHO peIlleHre, KOETO € C IMOYTH JIMHEWHO Obp3ojieiicTBre, ako rpadbT He
ce TPEeJICTaBs CbC CHUCHIN WX MaTpPUIN, & C WHTEpBAJUTe. B TO3W CMHUCDHJ, MHOYKECTBOTO OT
UHTEpBaJIUTe € rpadbr.

3a J1a JIoKaXKeM HSKaKBU CBOWCTBA HA aJrOpUTbMa, HAE MOXKEM Jla Ce II030BaBaMe Ha, CbOT-
BETHUs WHTEPBaJIeH rpad, HO 3a caMUs aJrOPUTHM UHTEPBAJIUTE MPEJICTABJISIBAT II'bJIHOIIEHHO
rpacda. Becekn onut jga mocTponM “UCTHHCKO  MPeJCTaBsHe Ha rpada ¢ MaTPUIIA WK CIIUCHIN U J1a
M3II0JI3BaMe TOBa IIPeJICTaBdaHe B 33/ia9aTa ¢ U3IUTUATE BOIM, B HAM-JIONINS CIy4ail, 10 aJrOPUTHM
€ KBaJI[pATUYIHA CJIOKHOCT TI0 BpeMe. 3a HIKOW JIPYT'H 3aJa4d MOXKe Jla ce HaJara Jla MOCTPOUM
CIIUCBIUTE — IIPUMEPHO, aKO MCKaMe Jla 00xoauM (10 HAKaKBa HPUYWHA. . . ) UHTepBaJHUA rpad B
mupuna (Ceknusg 4.2). Ho 3a 3ajauara 3a usnurute ToBa He ce Hajara. 3a Jia s PEIIiM C ajro-
PUTHM € JIOCTATHYHO Jla U3I0JI3BaMe MHTEPBAJUTE — T€ €A HAITHJIHO aJIEKBATHO IPEJICTABIAHE 34
neJsTa.
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4.2 (OO0xoXKXgaHug Ha rpadpu

Haii-6a30BaTa 3a71a1a Bbpxy rpadu e jma 0biae 00xojen aajaeHus rpad. Ha anrmuiickn “ma 06xo/1s
rpad” e to traverse a graph, OTKbJIETO MMETO Ha 3ajadara Ha aHLUicKu e graph traversal. B
MUHAJIOTO € OUJI TOJI3BaH TePMUHDBT graph search, oTkbjeTo, 63 chMHueHue, njasaT nmenara “BFS”
u “DFS”, Ho nHec “rbpcene B rpad”’ (Ha anrmiicku, graph search) o3HadaBa CbBCEM JIPYTO HEIO:
HpecieaBaHe 1 3ajaBsHe Ha Oervrerl, aBuzKerr ce B rpadal, Taka de me moassame “o6xoxKaaHe”, a
He “T'bpcene/peTbpcBane’”.

Koraro pasriexkiaMe HIKOS 3aja9a BbPXy I'padu—KOsITO U Ja € TI—TPA0Ba Jia € KPUCTAJIHO
sICHO KaK'bB € BUIBLT rpadu, BbPXy KOUTO e 3aja4uara. 3ajadara 3a o0XoxkjIaHe Ha rpadu e je-
duHIpaHa BbPXY OPUEHTHPAHU MYJATUrpadu C Bb3MOXKHU HPUMKHU. AKO s pasriiexkIame
BbpXy HeopueHTHUpaHu rpad mim myarurpad G, TO TOBa e JacTeH Caydail, B CMUCHJI, 9€ BChII-
HOCT, Ha HUCKO HUBO, pellaBaMe 3ajadara BbPXy OpUEeHTHPaHUs I'pad WK MyJITUIPad, ChOTBETEH
ua G (Omnpejesnenue 85).

Bazadara e, J1a ce 00X0aAT pebpara 1 BbpXOBeTe Ha Ja/ieH rpad, 6e3 j1a ce IpoIrycKa HUAIIO 1 6e3
na ce “sanukJis . He e KopekTHO ja ce Kaxke “0e3 jia ce moBTapst.’ — YuTaTesT e 3a0es1exKu, de Ipu
Te3n OOXOKIaHUsI [TOIafaMe MHOIO I'bTU B €IWH U CBINU BPbX, a, akKo rpadbT € HEOPUEeHTHPaH,
pebpara ce 0OXOXKJAT IO JIBa I'bTH BCSIKO. AKO HAMa M30JMPAaHU BbPXOBE, JOCTATHLIHO € Ja ce
0bxo1aT pebpara — TOBa rapaHTHpa 0OXoXKaHe n Ha Bbpxopere. Ha jgocra mecta B Hera ce ka3Ba,
Je ce 00X0XKIAT BbpxoBeTe. 10Ba He € KOPEKTHO U HEKOPEKTHOCTTA C€ BHUKJA MHOI'O JIECHO, aKO
MHCJIUM 3a 00XOXKJIaHe Ha MYJITUrpadu: ako MMa CHOII IlapaJje/iHi pedpa, BCIKO pedpo OT CHOIIa
TpsAOBa Jla ce 00XO/IM OTJE/THO OT JAPYTHUTE, KOETO € PA3/JIMIHO HEIo OT TOBa Ja ObJIAT 00XOIeH!
caMo BbPXOBeTe-Kpawuilia Ha pedpara OT CHOIIA.

Nmero na 3a/adaTa ujiaBa OT HAIEAHOTO (a He (hOpMATHOTO) pasbupane 3a rpad KaTo KOJIeK-
IUs OT TOYKU U CTPEJIKU WJIM KPUBH: IIPEJICTaBsIMe CH ChIIECTBO, KOETO YKUBee B Ipada, U KOeTO
ro obxoxa. n, mo-peayimcTudHO, IpecTaBsiMe CU JIAOUPUHT, OT KOWTO TpsiOBa Jla HaMEpPUM
M3XOJ WK J1a HaMePUM OCTaBeHO HAKbJIE CbKPOBHUINE WIn ja yonem MuHoTtabpa, IPH YCIOBHE,
1e MUHOTaBbPBT HE Ce JABUKU. 3a Jla CMe CUT'YPHH, 9e He CMe M3IYCHAJIN HUIO, TPAOBa J1a MU-
HEM IIpe3 IejIus JaOUPUHT; OT JIpyra cTpaHa, TpAOBa Ja He 3anukiagme. C Ta3u aHajaorusg odade
TpsibBa J1a ce BHMMaBa: B I'pada MMaMe Bb3MOXKHOCT Ja ‘ckadaMe’ JMPEKTHO OT BPbX B JAPYD
BPbX (1P OLPEJIETICHH YCJIOBHUS), HA KOETO B JTaOMPUHTA CHOTBETCTBUETO OGU OUIIO Jla MOYKEM Ja
ce TeJIeropTUPaMe OT MsICTO B MSICTO (IIPU OIpEJIeJIeHN YCJIOBHS ), & HE CaMO Jia XOJUM U3 HEro.

JlabupuHTBHT, KONTO MMaMe TIpeIBU/I, He € TOYHO IelepHa CUCTeMa WIN IJIETEHNIAaTa OT KOPH-
JIOpH II0J1 ABoperia Ha ap Munoc. To3u tabupuHT ce cbeTou oT 00pe 000cobeHrn HOMepUpaHu CTan
C HOMEPHUPAHU BPATH, BOJEIIN K'bM KOPHJIOPH, IIPE3 KOUTO Ce JOCTHUTa JI0 JPYIH cTau (WId CbIa-
Ta CTas, aKo ca JOIMyCTUMHU IPUMKE). AKO HCKaMe Jia 00X0XKjaMe OpueHTUpaH rpad, KOpuIopuTe
HA CbOTBETHUS JAOMPUHT TPsOBa /1@ Ca €IHOTOCOYHN; aKO MCKaMe Jjia 00XOXKIaMe HeOPHEeHTUPAH
rpad, KOpuJopuTe Ha ChOTBETHUA JTAOUPUHT TPsAOBaA 18 ca JIBYIIOCOTHHU.

[Io orHomenne Ha (HOPMATHOTO, TEOPETUKO-MHOXKECTBEHO pa3bupaHe 3a rpada, HIKaKBO 00-
XOXKJaHe He Ce M3BbPINBA B UCTUHCKUS CMHUCH/I Ha JymMara. AJrOpUTMHUTE, KOUTO peIlaBaTr 3aa-
gaTa, oOpaboTBaT pedbpara n3depriare/iHo, 6e3 j1a MMpoiycKar u 0e3 Ja 3aliKJIsST, 1 TOBa € BCUIKO.
B 6azosara Bepcus na ajropurmure BFS u DFS, Taszun obpaborka e moutn Hukakpa. B HIKaxkBu
MO-U3THHIEHN aJIrOpuT™Mu, rmoctpoenn Bbpxy BFS mwmm DFS, moxke na mma ncermacKa 06paboTKa
Ha pedbpaTa, 0cOOEHO aKO IOCJIEIHUTE ChIbPKAT ITOBedYe MHMOPMAIINI.

[Ipu ucruncKo, pu3ndecko oOXOXKIaHe Ha JaOUPUHT MUMa JIBa HAIMHA J1a CObPKaMe:

"3anagara 3a 3amaBsHeTO Ha Gerjena MMa MHOIO PA3HOBHIHOCTU: IpadbT MOXKE Ja € OPHeHTHPAH U He,
[IPEeCIeIBAYNTE MOXKE J1a BIRKIAT Oerjierna i He, Te MOXKE J1a UMAT CHOCOOHOCT “CKadaT’ MPOM3BOJIHO OT BPBX HA
BPbX, WK JIa CA OTPAHUYEHH Jia ce “Irb3rar’ mo pebpaTa, W TaKa HATATDHK.
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1. ma mporycuewMm;
2. J1a 3aIUKJIAM.

3a ga m3berHeM W JIBeTe MOXKEM Jia OTOesIsI3BaMe Kbie Bede cMe OWIn, W Ja HalpeaBaMe II0
HIKaKbB CUCTEMATHYEH HAUUH B 4aCTTa, B KOATO oie He cMe oman. Orbesss3BaneTo Ha TOBA, Kb
Beue cMe 0w, BbB (pusndeckus JaDUPUHT Hail-BepOSATHO OU CTAHAJIO ¢ HIKAKBO MapKUpaHe Ha
kopugopure. Humkara Ha ApnajHa e IMEHHO CPEJCTBO 3a MapKHpaHe, caMO 9e CaMO Ha HAKOU
KOPHUIOPH.

B anaropurMmuunara peanmsanus Ha OOXO0XKIaHETO obade He MapKHpaMe KOPHIOPHUTE, & CaMO
craure. nade kazano, He MapkupaMme pebpata, a caMo Bbpxopere. [Ipuunnara e npocra: 3a ga
MecTuM maMeT. 3a jia 00XoauM rpada YCIeIHo, JOCTATHIHO € Ja IIoa3BaMe eIuH OUT ImaMeT 3a
BCEKM BPbHX, KOHTO OUT MMa CMHUCHJI Ha

e “He cMme OwM B TO3U BPBX 1pH croitnoct (;
e “Bede cMe OMJIM B TO3HW BPbX HPU CTOWHOCT 1.

N raka, 3a 1ms1/10T0 MapKUpaHe HU € JIOCTATHIEH eJuH OUTOB MAaChB C N KJIeTKH. AKO UckKame Ja
MapKupaMe pebpata, JOpH caMO ¢ eIuH OUT Ha pebdpo, Ime HU TpsaOBa MacuB ¢ M KJIeTKH. A,
KaKTO 3HAEM, M MOKe JIa € MHOI'O II0-T'OJIIMO OT T: KO CTaBa JIyMa 3a OOMKHOBEH Irpad, M MoxKe
Jla € KBaJpPaTUIHO IMO-TOJISIMO OT M, JOKATO HIPU MYJTUrpad m MoKe Jia € IPOU3BOJIHO T'OJIAMO
CIPSIMO M.

Ha mpakTuka e mojie3no jga pasjindaBaMe He JIBe, a TPU CbCTOSHHUS Ha BCEKU BPbX. JIBe cbe-
TOSIHWS Ca HAITbJHO JIOCTATBHIHM, 38 Ja PElnM 3ajadara 3a 00X0XKIaHeTo, HO aKO HCKaMe J1a
peraBame IMo-CJI0KHA 3a/1a9u OT caMo 00XO0XKJIaHe, MOXKe Jla ce HaJjara Jia pa3jandaBamMe TPU CbC-
TostHus. KakBM ca TOYHO Te€3U TPHU ChCTOSHUS U KaK'bB CMUCHJ UMaT, 1€ BUJUM HATATbHK.

Yurareadar imie 3a0e/1exKu, 9e aJrOpUTMUIHUTE PeaJM3aIui Ha 00X0XK IaHETO, OCBEH MacuBa 3a
00XO02KTAHETO, TIOJI3BAT OIe TAMET, B KOATO OTOe/IA3BAT 3a BCEKU BPDHX ‘JTOKb/I€ CMe CTUTHAJN
TOECT, KOM M3JIM3alu pedpa cMe IoJI3BajIu Bede W Ko, omle He. ToBa e ocobeHo BaxkHo 3a DFS.
B ananorusTa ¢ jabupuHTa, BpaTUTE, BOJEIIN HABBLH OT JaJieHa CTas, ca HOMEPUPAHU U HHUE T'U
oTBapsgMe B TO3W PEJI; TOBa O3HAadYaBa JIa MMaMe o eJnH O0podd’ 3a Beaka crag. Jlomyckame, de
OPOSIBT UCKA caMO KOHCTAHTHA 110 TOJIEMHUHA ITaMeT, HE3aBUCUMO OT TOBA KAKBU UHCJIA IE CbX-
pangsa. ToBa e cTangapTHO JIOIyCKaHe B TeopudTa Ha ajaropurvmute. [Ipu ToBa poryckane e scHO,
9e ITaMeTTa 3a BCUYKN 6p0${‘{1/1 € IIPpOIIOpIIHOHAaJIHa Ha M 1 HE€ 3aBHCHU OT M. KaTO I<1J10, IIaMeTTa
3a CbCTOSTHUSITA Ha BbPXOBeTe ILII0C ITaMeTTa 3a OposunTe/ yKaszaTeuTe e IMPOHOPIMOHaIHa Ha T,
TOECT, JINHelHa (PYHKIUS Ha N, 1 HE 3aBUCU OT M.

O0x0xKTaHeTO BHHAIM 3all0YBa OT €JUH BPbX, KOWTO Ie Hapudame cmapmos 6psx. To3um BpbX
MOXKE JIa € JacT OT BXOJa Ha aJropuTbMa, HO MOXKe Ja Obie n30paH OT ajJropuTbMa 110 HIKAKbB
HAYUH: IPUMEPHO, IPOM3BOJIEH BPBX WM BPbX 1 (KOETO € ChINOTO, 3all0TO UAeHTH(HDUKATOPUTE
Ha BbPXOBETE ca pa3/iaJieHn MPOU3BOJIHO). [la KaxkeM, de cTapTOBHIT BPbX € 1.

Obmara cxema Ha OOXOXKJIaHUSITa, KOUTO Ie pasrjejgaMe, € cjegHara. 10Ba He € KOHKpPeTeH
AJITOPUTHM, & HEIo M0-abCTPAKTHO: UMEHHO CXeMa, 110 KOSTO 38 U3rPaJieH HAKOJIKO aJropuTbMa.
8a M3x0/1 OT cxeMaTa He TOBOPHUM; M3X0J uMaT KoHkKperHure ajropurmu BFS u DFS, xouto e
BUJIMM HaTaTbK.

TAko TpadbT e IpeicTaBen ChC CIUCHIH HA ChCEICTBO, TOBA He ¢ GPOosid, a ¢ yKa3aTel B CIUCHKA Ha, JIaICHIs
BpbX. [IpuMmepu 1ie BumM, Korato pasrieiame peanusaruure na BFS u DFS.
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AaropurMmuyna cxema 1: CXEMA 3A OBXOXKJIAHE HA TPA®U

Bxon: opuentupan myiarurpad G.

[TpomMenIBI: MHOXKECTBO OT BBPXOBE S, BPBX X, Oy/eB Macus visited[1, ..., n].
Nuanmmamzupait visited ¢ FALSE.

S «— {1}, visited[1] < TRUE.

@ Axko S = (J, npekpaTu ajropuTbMa.

® B nporusen ciydaii, n3Bau €JIEMEHT OT S U IO CJIOXKU B X.

® 3a Besiko pebpo (x,Y), ako visited[y] = FALSE:
@ o crarame y B S u nmpasum visited|y] < TRUE.
@ umnadve, mpeckadame y.

O OruBame Ha @.

[Ile mokazkem, e Ta3u aJrOPUTMHUUIHA CXeMa € KOPEKTHa B CMUCHJI, Y€ aJrOPUTbM, U3TPaJIEH 110
Hes, He 3allUKJsd 1 00X0xK1a Becrudko. Ho mbpBo 7a BuIMM KakKTO O3Ha4YaBa ‘BCUIKO .

PazcbixnaBame HaJr TOBa, KaKBa dacT OT rpada e o0Xoau ajJropuTbM, H3IPaAeH 0
Cxema 1. /laym oernpemenHo e obxoqau mesusi rpag? B meracgopara ¢ jabupuHra:
Jrajid Iqe OOXOJuM IeJIidsl JIAOUPUHT, aKO TPBIHEM OT cTas 1 m caMO MHHaBaMe II0
KOPHJIOPU OT CTasl B cTasi, ChOJII0/aBaliKi IIOCOKHTE Ha KOPHIOPUTE, U €BeHTYAJIHO Ce
TejIeIIopTHpaMe 0OPATHO B cTasl, B KOSITO Bede cve oun? OTroBopbT e: He HellpeMeH-
Ho. /la ce BbpHeM Ha pasriexganero Ha rpagu. Ako rpadpsr G e HeopueHTHpAH (TOBA
€ JacTeH cjydaii), 1me ro oOXoquM Iesns, 3a109Baiika oT BpbX 1, Ttk G e cBbp3aH.
B obrmust ciydait obade rpagpbT He € cBbp3aH U IIfe 0OXOJUM caMO CBbpP3aHATa KOM-
ITOHEHTa, B KOSITO € BpBbX 1. AKO pasriexkiame opueHTUPAHU Tpachu, BHIPOCHT KAKBO
e 06XoUM, CTapTHPaHKH BbB BPBX 1, e 1mo-cjioxkeH u ‘criopes 3apucu’. Ako rpapbr
€ CHJTHO CBBP3aH, IIle TO 0OXOIUM Ie/THsT 38 Ib/IXKUTE/THO. AKO He € CHJTHO CBbP3aH, C'hbC
CHUT'YDHOCT I1[¢ 00XOJMM CHJIHO CBhp3aHaTa KOMIIOHEHTA, B KOSITO ce HaMHPa BPbX 1, HO
MO2Ke 1 Jja H3J1e3eM H3BBH Hesl U Jla 00XOJUM U JIPYTH CHJIHO CBbP3aHU KOMIIOHEHTH;
a Moxke Jia He m3Jie3eM oT Hest u3060imi0. Karo npumep jga pasriegame Qurypa 3.9:

e axo 00XOXKJ[aHeTo 3all09He BBLB BPDBX W, mre obxomuM 1esns rpad, me “uzrezem”
or u (¥ OT YepBeHATA CHJIHO CBbP3aHa KOMIIOHEHTA) IIPE3 HIKOe OT pebpara ey, e;
HJIH €3 | IIie 0OXOJQUM H CHHSITa CHJIHO CBbpP3aHa KOMIOHEHTA; TOECT, IIIe OOXOIIM
mesust rpacg.

® AaKO 3aIl0YHE B HSIKOH OT JPYTHTE BbPXOBE, HSIMAa Ja MOXKe Ja H3J/1e3€¢ OT CHHSTA
CHJIHO CBBbp3aHATa KOMIIOHEHTa, 3alllOTO HSIMAa Ja MOXKE Jia MPEKOCH HHKOE OT
pebparta ey, e; WJIH €3 3apajid IOCOKaTa, TaKa e 0OXoJ[eHa IIe ce OKaXKe CaMo
CHHSITa CHJIHO CBbP3aHa KOMITOHEHTA.

Cbec cUrypHOCT He MOXKe Jja ce MPexXBbPJISIME OT eJHa ¢1ab0 CBbp3aHa KOMIIOHEHTA B
JIpyTa 1opaJii JIMIcaTa Ha pebpa oT KOIf Jla e BpbX Ha €JHaTa Ji0 KOH Jla € BphbX Ha

JIpyrara.

TC npyrm aymu, axo BpBX 1 € BpBX .
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Haxkpatko: ako roBopum 3a HeopueHTHpaH rpad, 1ie 06XoauM TOYHO CBbp3aHaTa KOM-
IIOHEHTa, B KOSATO € BPbX 1; aKo IrOBOpHM 3a OpHEHTHPaH rpad, Ie 0OXOJUM TOTHO
Ta3W 4acT Ha rpada, KoaTo e JOCTHXKHAMAa OT BPBbX 1.

Jla ce BbpHEM Ha W3C/IeIBAHETO HA KOPEKTHOCTTA Ha ajropuTMmurte, n3rpajgenn mo Cxema 1. Eto
JIOKa3aTEeCTBO.

Teopema 51: KopekTHocT Ha anropurmure mo Cxema 1

Beekn anropurbMm 3a 00X0XKIaHe, U3rpajeH cTpukTHO 1Mo CxeMa 1, € KOpeKTeH.

Hoka3zatescTtBo: Heka AlgX e npousBosien ajroputrbM, usrpajen crpuktao mo Cxema 1. Ile
mokazkeM, ue AlgX He 3anmKIsT 1 00X0XK 18 BCUIKO, KOETO €JIMH KOPEKTEH aJIrOPUTHM 38 00X0K TaHe
TpsIOBa J1a 0OXO/IN.

Tosa, e 3anuKI/IsIHE € HEBb3MOXKHO, € O9eBIIHO: B S “BIu3ar’ caMo HEIIOCETeHU BbPXOBE U, BEIHbK
BJIE3JIN, T€ CTABAT IIOCETEHN; OCBEH TOBA € HEBb3MOXKHO IIOCETEH BP'bX Jla CTaHe OTHOBO HEIIOCETEH.
Tbit KaTo Ha BCAKO JocTHraHe Ha pen @ ennH BpbX OMBa M3BaJIeH OT S, a S e KpailHO MHOXKECTBO
BbB BCEKH MOMEHT, TO PAHO MM K'bCHO aJrOPUTHMBT IIe IMpeKpaTu padborara cu Ha pen @.

[MIe rmokazkeMm, ge aaropuTbMbT 00X02K /1A BCUIKO, KOETO € JOCTUKUMO OT BpbX 1. KakTo Buasgxme,
TOBa “BCUYKO’ 3aBHUCH JIOCTa OT KOHKPETUKATA B OPUEHTUPAHUS CJIyUail, Taka de 3a IIPOCTOTa Ha
apryMeHTa Ie pasrjenamMe JacTHUs Caydail, B Koitto G e Heopuentupan. Hemo moseue, BOO
Joryckame, 9e G e cebp3aH. ToraBa TOBa, KOETO TPsAOBa Ja MOKaXKeM €, Ue aJTOPUTHhM, U3rpajieH
o Cxema 1, me o6xomu neust rpad.

Jla jmomycHeM IPOTUBHOTO: B Kpasi Ha aJI'OPUTbMa CbIIECTBYBa BPbX 1, KOHTO € HEloceTeH B
cmuchi, de visited[i] = FALSE. Ho oueBnjno visited[1] = TRUE B Kpas Ha aJropurbMa, Taka de
i1 £ 1. Tsit kato G e cBbP3aH, TO CHIIECTBYBA LT P MEXKIY Bbpxose 1 u i. 3abesexkere, 1ue 3a
BCeKN BPBX j € V(p) e Bapuo, ue visited[j] € {FALSE, TRUE}: ToBa ¢ BSIPHO 3a BCEKH MOMEHT OT
paboraTa Ha aJaropuTbMa, a He camo 3a Kpad. Cbriacno Habmogerne 9, B Kpasi Ha aJll'OPUTHMA
B p uma pebpo (k, ), rakosa ue visited[k| = TRUE, a visited[{] = FALSE.

B camoro mHauasio Ha ajaropuTbMa BceKu Bpbx uMa visited croitnoct FALSE. Cien ToBa, BpbX
nosrydaBa visited croitnoct TRUE TCTK B/in3a B S — TOBa € eJIeMEeHTapHO JIa Ce JOKAXKe 110 MHTYKITUsT
10 U3II'bJIHEHUETO Ha IMUKbJa Ha pegose @-@. [Ipu maxane Ha BpbX OT S, aJropuThbMbT BKapBa
B S BCHYKHU HEIOBU ChCE/IM, KOUTO He ca Ouan B S mgocera, u npucBogBa TRUE Ha TexHurte visited
croiinocru (pegose ® u @).

Ho B kpas Ha aJaropuTbMa MHOXKECTBOTO S € IIPa3Ho, TaKa 1e BPbX K € OMJI ¢J102KeH B S 1 1ocie e
O U3BaJIeH OT S, KATO MPU U3BaXK/IAHETO MY OT S BCUYKHU HETOBU C'bCEJIM, KOUTO ca nMmaJjin visited
croitnoct FALSE, ca nonyunin visited croitHocr TRUE. CremoBaresno, cjel n3BaskaaHeTo Ha k
OT S W IpeJiu Jia ce MpaBy HEIO JIPYTro, BCUYKHU ¢heeu Ha k ce okassat ¢ visited croifinoct TRUE.
Ho € e c¢been Ha k B rpada, mom nva pebpo (k, L) B mbrsa. Creposaresno, visited[£] e TRUE npu
n3Bazkfanero Ha k or S, u ocraBa TRUE /10 Kpasi Ha aJll'OPUTbMa, B IPOTUBOPEUNE C JIOIyCKAHETO,
ve visited[¢] = FALSE B kpas Ha ajropurbMa. O

4.2.1 BFS

BFS e amropurbmbr 3a 0obxoxkgane Ha rpadu B mmpuHa. Toii e usrpajen cbriacHo Cxema 1,

KaTO MHOYKECTBOTO S e peajnmsupano upe3 abcrpakren Tuil jganuau omnamka (FIFO). Umero niasa
ot Breadth-First Search’.

TA me Breadth-First Traversal, koeTo 61 610 KOPEKTHO, aKO IOBOPHM 3a graph traversal. TepmunsT “search”
ce TIOJI3BA IT0 UCTOPUIECKU TPUINHH.
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Kak pab6oru BFS. Muoro o6mo kasaHo, TOil 3amo4Ba OT JaJeHUsI CTaAPTOB BPbHX, 0OX0XKJIa
HErOBUTE C'bCE/IHU, KATO IIPU TOBa 00X0K/1a pedpaTa, ¢ KOUTO I'M JTOCTHUTa, IT0C/Ie 00X0XK A ChCeINTe
Ha cbeeuTe (Pas3JudHi OT CTAPTOBHsS BP'bX), M Taka HATATHK, 0OXOXK Akl BbPXOBETe 10 Hapac-
TBaHe Ha Pa3CTOsSHMUATA OT CTapTOBUsA BpbX. Bepcusita Ha BFS, KogTo 1116 pasriiemame, m0/I3Ba HE
ABE, a TPpU CbCTOAHNA 3a BCEKN BPbHX i

1. i e Hemoceren. Bewakn BbpXoBe B HAYAIOTO €A HEITOCETEHHU. YCJIOBHO Ka3BaMe, Ue HeloceTe-
HUTE BbLPXOBE Ca OeAU.

2. 1 e 1moceTeH, HO OIe He CMe NPUKIIOYMIN ¢ Hero. B Mmeradopara ¢ yrabupunra, TakoBa €
CbCTOSTHMETO Ha CTasl, B KOATO Bede cMe OMJIM, HO BCe OIle He CMe H3I0JI3BaIl BCUUKH
BpaTH, BOJEIIN HABBLH OT Hes; C JIPYTU JIYMU, He CMe OOXOMJIN KOPUJIOPUTE, U3JTUIAIINA OT
Hesi. YCJIOBHO Ka3BaMe, Y€ BbPXOBETE B TOBA ChCTOAHUE Ca CUBU.

3. 1 e moceTeH U Bede cMe NPUKJIIOYWIN ¢ Hero. B meradopara ¢ jabupunTa, TOBa € cTas, B
KOsITO CMe OMJIM M OCBEH TOBa, cMe OOXOIU/IN BCUUKH KOPUIOPH, U3JIU3AIINA OT Hesl. YCJIOBHO
Ka3BaMme, Y€ BbPXOBETE B TOBA CbCTOSTHUE C& “ePHU.

U raka, BFS, koiito 1me pasriegame, moassa Macus colour[l, ..., n], Bcekn ejileMeHT oT KOHTO nMa,
TOYHO eJIHa OT cToiHocTuTe white, grey u black.

dbpBo Ha ooxoxkaanero Ha BFS. BFS usrpaxkia u Taka HapedeHOTO 05p60 Ha 06x0otcOarie-
mo. Ako rpadbT € HeOpHEeHTHPaH, TOBa € TIOKPUBAIIO JbPBO 38 CBbp3aHaTa KOMIOHEHTA, CbIbp-
JKaIlla CTapTOBUs BPBX. 10 € KOPEHOBO ILPBO C KOPEH CTApTOBUS BPBX, & pebpo e or rpada e B
nbpBoTO TeTK BEFS oTkpuBa 0511 Bpbx upes e. C apyru jyMu, JTbPBOTO HA OOXOXKIAHETO ITOKA3Ba
kak BFS e orkpuBas Hermocerernu BbpxoBe. 3abeserkere, de TOBa JTbPBO Kacae caMo OOXOXKTaHe-
To Ha BbpxoBere! Besiko pebpo (0T cBbp3aHaTa KOMIOHEHTa, CbhIbprKallla CTAPTOBUsS BPbX) OuBa
obxojieno ot BFS, Ho He Besiko pebpo BiM3a B JIPBOTO Ha 0OXO0XKIAHETO.

Tyk ce BuK/1a 321110 38 KOPEHOBUTE TbpBeTa Ka3axMe Ha cTp. 119, 4e nmaT HegBHA OpUEHTAITASA
— XeM ca opueHTHupaHu rpadu, xem He ca. IbpBoTo Ha 00X0XK 1aHeTO Ha HeopueHTHpan rpad G
e moarpad Ha G M KaTo TaKbB TPIOBA J1a € OT CHIINA BUJ, TOECT, HeopreHTHpaH rpad. AKo Bce
IAK ce OMHMTaMe Jia JaJleM OpPHeHTallns Ha pedpara Ha IMOKPHUBAIIOTO JbPBO, ECTECTBEHO € T JIa
€ HaBbH OT KOPEHa, 3aIl0TO TOBA € IOCOKATA, B KOSITO OTKPUBAME HOBU BbHPXOBE; C JPYTU JIyMU,
JI'bPBOTO Ha 00X0KTaHETO TPsIOBa j1a e apbopectiennius. KakTo e BuguMm obate, BFS ro uzrpaxia
KaTo OpUeHTHpaH rpad, HO ¢ TOYHO OOpATHATA OPUEHTAINS, & UMEHHO OT JINCTAaTa K'bM KOPeHa; C
npyru aymu, BES crpon antmapbopectenmms.

Axko rpadbT € oprenTHpaH, IHPBOTO Ha 00XOXKIAHETO € apOOPECIIeHINs, YNHTO KOPEH € cTap-
TOBUAT BPBbX U YNUTO BHPXOBE €A TOYHO TE3U BHPXOBE, KOUTO Ca JIOCTUKUMHU OT CTAPTOBUS BPHX.
N B To3u ciyuait, pedbpo e ot rpada e B abpBoro TcTK BFS oTKpuBa 0511 BpbX Upes e.

U npu HeopueHTHpaHUTE, U IPU OPUEHTUPAHUTE I'padu, TbPBOTO Ha 00XO0XKIAHETO € IOJICT-
pykTypa (Ha rpada), KOITO HI JiaBa HIKAKBA Bb3MOXKHO HAfi-MKOHOMUYHA JOCTUZKUMOCT; “‘Haii-
MKOHOMUYHA B CMHUCHJI, € ceé CbCTOM OT MUHUMAaJeH Opoii pebpa. IIpu HeopuenTupanure rpadu
JIOCTUKUMOCTTa € JIBYIIOCOYHA B CMUCDHJI, Y€ MOXKe Jia OTHJIEM OT KOl Jla € BPbX Ha CBbp3aHa-
Ta KOMIIOHEHTa, B KOSTO € CTapTOBUs BPbHX, J0 KOWUTO M Jia € JIPYr BPbX HA Ta3W KOMIIOHEHTA,
nos3Baiiku caMo pebpa Ha aAbpBoTO. [Ipn opuentupanuTe rpadu JOCTUKIMOCTTA € €/IHOMOCOYHA!
MOXKEM JIa OTHJIEM OT CTAPTOBUsS BPBX 0 KOI Jla € JAPYT BPbX, JOCTUKUM OT HEro, MOJI3BAlKN
camMo pebpa Ha IbPBOTO.

Haxkparko: He3aBuCHMO OT TOBa, JaJu rpadbT € HeopueHTHpaH min opueHTupan, BFS m3rpax-
Ja aHTHApOOPECHe s Ype3 MacuB Ha pojuresure 7t[1, ... n], KosdTo e penpeseHTanus Ujid Ha
KOPEHOBO MOKPUBAIIO JILPBO C KOPEH CTAPTOBUS BPbX, aKO I'padbT € HEOPUEHTUPAH, WJIK HA ap-
OopecIeHIns ¢ KOPEH CTApPTOBUS BPbX, aKO rpadbT € OpUEeHTUPAH.
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ITogpoGuocTuTe no peanusamusita Ha BFS.  Ocsen macusure colour[l,... ,n]u n[l,...,n],
BFS nonbssa u macus d[1,...,n]. B Teopema 52 nokassame, de B Kpas Ha aiaropurbma, d[1,. ..,
n| MacuB OT pa3CTOSHUATA IO OTHOIIEHNE Ha U30paHus HadaleH BpbX 1. Ako G e HeOpUeHTHpaH,
TOBa Ca Pa3CTOSTHUATA MEXKJIy BpbX 1 U ocTtaHaauTe BbpxoBe, chriacHo Onpeenenne 22. Ako G e
OpPUEHTHPAH, TOBa Ca Pa3CTOSHUATA OT BPbX 1 JI0 ocTaHaMTe BbpXoBe, chriactHo Oupesenenne 95.

Macusure colour[l,...,n], n[1,...,n] u d[1,...,n] ca usxogsr Ha BFS. Te npegocrasar nosesna
urdopManus 3a rpada 1 KOHKPETHOTO U3BbpIIeHo o0xoxkgane. Macupbr colour[l, ..., n| ¢cbabp-
»Ka mHAPOPMAINS 3a JOCTUKUMOCTTa OoT BpbX 1. B kpas na BFS, Touno Tesu BbpxoBe 1, 3a KOUTO
colour[i] = black, ca BbpxoBeTe, KOUTO ca JOCTUXKUME OT BPbX 1, & 3a ocTaHa/JIUTe BbPXOBE i
e BsapHO, 4e colour[i] = white. CiienoBaresno, ako G e HeopueHTUPaH, “depHUTe BbpXOBE IIpH
HPUKJ/IIOYBAHE HA aJIFOPUTHbMa Ca BLPXOBETE Ha CBbpP3aHATa KOMIIOHEHTA, Ha KOATO IMPUHAJIEIKN
cTapToBHUA BPbX 1. AKO obatie e u3BeCTHO MpeIBapPUTETHO, e G € HEOPUEHTUPAH U CBbp3aH, WIn
OPMEHTHDaH ¥ CUJIHO CBbp3aH, OM OMJIO0 M3JIUINHO Ja Bpbiname colour|[l,... n|, 3amoro 3Haem
KaKBO IIe ChbIbprKa: caMo cToiiHocTu black.

Homyckame, de rpadbT-BX0 G € IpejcTaBeH upe3 CIUCHIM Ha cheeAcTBO. He e HeBb3MOXKHO J1a
e IpPeJICTaBeH W Ype3 MaTpHUlla Ha ChCEJICTBO, HO B IpuMepure 3a paborata Ha BFS, kouto 1e
BUJIMM HATATHK, IIE CMATaMe, Y€ € MPEeJCTaBeH CbC CHUChIM. Marpunara Ha UHIUIEHTHOCT HE €
IOJTXO/ISAIIO CPEJICTBO 3a IpeJIcTaBsne Ha rpada, 3a10To Ype3 Hes He OTKPUBaMe ObpP30 CbCeIuTe
Ha JAJICH BPbX.

KakTo me BujuM B IpuMepuTe, KOHKPETHKATA Ha CIUCHIUTE Ha CbCEJCTBO € BayKHA 3a TOBA,
kak uMmenno 1ie paboru BFS Bbpxy nasen rpad. Tounara dopma Ha 1bpBOTO Ha 00XO0XKIAHETO
3aBHUCH OT CIUCBHIIUTE, TOECT, OT IPEJICTaBAHETO Ha HUCKO HIUBO. CaMo OT pucyHkara Ha rpada He
MOZKEM J[a KarKeM KaKBO € JIbPBOTO.

Ero onucanne na BFS upe3 taka mapedenus: ncesdoxod. llceBmokom e onmcanme Ha aaropuTbM,
KOETO XeM € JIOCTATHIHO SICHO U HEJBYCMUCJICHO, TaKa IOTO JIa MOYKEM Jia IIPOTrpaMupaMe ¢ JIEKOTa
TO3U aJITOPUTHM Ha HAKAKDB TOIXO/ISIN KOHKPETEH €3UK 38 IPOrpaMupane, XeM He ChbprKa KOH-
KpPEeTHU 0CODEHOCTH Ha HAKAK'BB €3UK 3a [IPorpaMupaHe, KOeTO HU MO3BOJISABA Ja Ce ChCPEIOTOUNM
caMoO BBPXY ajropuTbMa. B TO3M CMHUCDHI, ONUCAHUETO Ha IICEBJIOKOJ € MEXKJIUHHO HUBO MEXKJLy
Hal-00IIOTO OlMcaHne Ha €CTECTBEH €3UK U ChbBCeM KOHKPeTHATa [IPOrpaMHa Peasim3aliis Ha e3UK
karo C, Java man Python. IlceBmokoabT, KOTO aBTOPHT Ha 3AIMCKATE MPEINOIHNTA, € OJIU3bK
70 To3u oT yuebHuKa 1o agropurmu Ha Cormen, Leiserson, Rivest u Stein [16]. Toit (cruabr Ha
[ICEBJIOKO/IA) Ce OTJIMYaBa ¢ MKOHOMUYIHOCT, SICHOTA W €CTeCTBEHOCT (mpuMepHo, 6pouM oT 1 Karto
na Pascal, a me or 0 karo na C).

[Tcernokombr Ha BFS momssa npomensmsa Q or tumn onamka (FIFO). Q peanusupa muokec-
tBoTO S oT Cxema 1. Q e abcTpakTeH THIT JAHHU, KOWTO Ce XapaKTepU3upa ¢ TPU MPUMUTHBA
Enqueue, Dequeue u IsEmpty, unuro nmena tpsbBa ga ca JOCTATHIHO WHIUKATHBHE 3a TOBA
KaKBO TpaBdT. VIMIieMeHTanmsiTa ocTaBa CKpUTa, KAKTO Y0BEK OM O0YaKBaj OT abCTpaKTEH THUIL
JIAHHU; Ts He HU MHTepecyBa B ciaydasd. “adj[x]” Ha pex 9 o3HauaBa CIECbHKA HA CbCEIUTE HA X.

BFS(G = (V,E): opuenTupan Mmyaturpad ¢ Bb3MOXKHE NpUMKH, Kato V = {1,... n})
fori<— 1 ton
colour[i] « white, d[i] < oo, 7t[i] <« Nil
colour[l] « grey
d[1] < 0
c'b3/1alt Ipa3Ha ornarka Q
Enqueue(Q, 1)
while not IsEmpty(Q) do

~N O UL W N
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8 x < Dequeue(Q)

9 for y € adj[x]

10 if colour[y] = white

11 colour[y] « grey
12 dly] < d[x]+1

13 mly] < x

14 Enqueue(Q, y)

15 colour[x] < black

16 return colour, 7, d

ITpumep 3a paborara na BFS. Jla pasriename nogpobno paborara Ha BFS Bbpxy rpada or
Qurypa 4.12. 3a npocrora, rpadbT € HEOPUEHTUPAH U CBbP3aH. BsSCHO ca MOKa3aHU CIIUCHIIATE
Ha CbCEeACTBO. HO,Z[pe,Z[6aTa Ha BbPXOBETE BbB BCEKU OT TAX € Hall'b/JIHO IIPOU3BOJIHA, HO CIIUCBIIUTE
ca BayKHH, 3a Jla BUJIUM TOYHO Kak paboru BFS; 6e3 Tsax (Toect, camo or pucyHkara Ha rpada)
HE MOKe J[a OIPEIeINM TOYHO JTbPBOTO Ha OOXOXKIAHETO.

®Durypa 4.12 : I'padbT, BbpXy KoiiTo miaocrpupame BFS.

w =~
W

N O U W
CUI N O OO
N N e fa
™
\]

=
o
(@)

[IbpBo BFS nnunumasimsupa macusute colour, 7w u d Ha pemose 1-2. lIBeToBere Ha BbpXOBETE Ca
Oest, CHINO KAKTO B IpeauinHara Gurypa, mnpemamecrsenunure ca Nil, KoeTo e mokazaHo 4pes3
3HAKa 32 3a3eMsiBaHe OT eJIEKTPOTeXHUKaTa (B 9epPBEHO) JI0 BCEKH BPBX, a d croifHocTHTe ca oo (B
CHHBO).

w ~
W

N OO W N
Ot N DO O O O W=
N = =1 = =N
N
~J

N
w
(=)
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Cunen roBa BFS npomenst colour d croitnocture Ha BpbX 1 Ha pen 3, ch3gaBa onaiika Q Ha pej b
n ciara 1 B Hes Ha pe 6.

w ~
e~

O T W N =
CJ‘!\][\DQO)O‘\O‘(»-P
N e
“[\D
\]

Ha pej 7 6ysieBoTo yesioBre e uctuHa (omaikara He e IpasHa) u Tsjioto Ha while-nuknbiia (pejgose
7-15) ce msnbansBa. Ha pes 8 Bpbx 1 “m3imza” or onamkara (IIpr KOETo Tsi CTaBa MpasHa, HO JI0
CJIEJIBAITIOTO JIOCTUTAHe HA pejl 7 B Hes 1€ BJIS3aT BbPXOBE).

w ~
W

N OO W N
Ot NN Oy Ot O W=
N W =1 = = =N
N
~J

[IpomennuBara x cbiabpka 1. [lpoMensimBaTa y nosrydaBa OC/I€/I0BATEHO CTOIHOCTUTE HA C'hCe-
JuTe Ha X, a uMeHno 4 u 2, 8 To3u pex. [Inpso y crasa 4.

w ~
W

N O UL W N
TN NDO UTUT
O B e B
N
\]
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Bynesoro ycmosue na pejt 10 e ucruna, rmonexke BpbX 4 e 65171, Taka de pesiose 11-14 ce n3nbngsar,
B pe3y/ITaT Ha KOETO NBETHT Ha 4 cTaBa cuB, d CTOWHOCTTa MYy CcTaBa 1, Tpe/IIIIECTBEHUKBT My CTaBa
BpbX 1, n 4 “Biuza’ B Q.

w ~
W

N O UL W N
GTN N O Ut
RN B N B
N
\]

N
w
(@)

Q: [4]

Nsnbaaernero otHoBo € Ha peg 10 ¢ y = 2. ByneBoTo ycioBue OTHOBO € MCTUHA, MOHEYKE BPbX
2 e Osu1, Taka 4e pesioBe 11-14 ce m3nbjHgABAT, B pe3y/TAT Ha KOETO IBETHT Ha 2 cTaBa cub, d
CTOITHOCTTa My cTaBa 1, IpeIIecTBEHNKBT My CTaBa BPbX 1, n 2 “Biam3a’ B Q.

w =~
>~

1 O T W N =
Cﬂ\]l\D“CDCﬂO‘!rb
N B N
“l\D
\]

w ~
W

N O UL W N
GO U T
RN B N B O
N
\]

Q:[2[4]

Wsnbinennero oruBa Ha pen 7. Q He e mpasHa, Taka de TajoTo Ha while-nukbia (pemose 7-15)
ce M3II'bJIHSABA MaK. X craBa 4, karo 4 “m3imsa” or Q.
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w ~
>~

1 O T W N =
Cﬂ\]l\D“CDO‘!O‘(rb
N e B N
“[\3
\]

[IpomenmBaTa y mosydaBa IMOCIEIOBATE/IHO CTORHOCTATE HA ChCEIUTE Ha X, a UMeHHo 6, 1, 2 u
7, B To3u pef. [IbpBo y crasa 6.

w ~
e~

N O UL W N
CJ‘!\][\DQ@O‘\O‘(»-P
e B e
\.[\D
\]

Bynesoro ycmosue Ha pes 10 e ncruna, moHezke BpbX 6 e 65171, Taka de pegose 11-14 ce u3mrbiHsBar,
B pe3yJ/ITaT Ha KOeTO IBETHLT Ha 6 cTaBa cuB, d CTOHHOCTTA My cTaBa 2, IIPEJIIIIECTBEHUK BT MY CTaBa
BpBX 4, n 6 “Binza’ B Q.

w ~
=~

O UL W N
O‘!\][\DQQOTCH»-P
e B e
\.[\D
\]

Q: [6]2]

[Ipu cireppamoro pocturane Ha pe 10, 6yJeBOTO ycIoBHE € JIbXKa, ITIOHeXKe BPbX 1 He e OsJI, Taka
e npu y = 1 Tas10To Ha for-nukbiaa Ha pegore 11-14 He ce u3mb/IHIBA.
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w ~
>~

1 O T W N =
Cﬂ\]l\DgCDO‘!O‘(rb
N e B N
“[\3
\]

Q: [6]2]

[Ipu caeaparmmoro jgocturane Ha peji 10, OyaeBOTO yCIoBuE € JI'b:Ka, IIOHEeXKe BPbX 2 He e OsJ1, TaKa
4e npu y = 2 1100 Ha for-mukbiaa Ha pemose 11-14 mak He ce U3IIbJIHIBA.

w ~
e~

O T W N =
CJ‘!\][\DQ@O‘\O‘(»-P
N N N L
\.[\D
\]

Q: [6]2]

[Ipu cienparmmoro jocturane na pej 10, Oys1eBOTO ycjaoBUE € NCTUHA, IIOHEXKEe BPDBX 7 € OsJI, Taka
ve npu y = 7 11070 Ha for-nukmbiaa Ha pemoe 11-14 ce u3mbHsBA.

w ~
W

N OO W N
Ot N DO O O O W=
N = =1 = = =N
no
~J

Q: [7[6]2]

Cinen koeto Bpbx 4 crasa dyepen u BFS “npuksousa” ¢ mero.
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w ~
>~

N O U W N
Cﬂ\]l\DgCDO‘!O‘(rb
N e B N
no
~J

w ~
W

O T W N =
O‘\\][\DVO)CNCN»P
[ N N N L
\.M
\]

Q: [7] 6]

y B3eMa croitnocrure 5, 1, 7 u 4, B To3u pej. [IbpBo y crasa 5, KoiiTo e 051 BpbX U for-nmukbabt
Ha pejioBe 11-14 ce usnb/IHABA.

w ~
W

N O UL W N
GTN N O U T
RN B N I O
N
\]

Q: [5[7]6]

Buopxosere 1, 7 u 4 He ca 6eju, Taka de Te ce IPecKadar.
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w ~
>~

N O U W N
Cﬂ\]l\DgCDO‘!O‘(rb
N e B N
no
~J

w ~
W

O T W N =
O‘\\][\DVO)CNCN»P
[ N N N L
\.M
\]

w ~
W

O U W N
O‘\\][\DVCDCNCY!»P
[ N N N L
\.M
\]

Q: [5]7]

Tbit kKaTo n JABaTa CbCe€/la Ha BPbX 6 He ca 66JH/I, HUIIO HE CTaBa, OCBEH Y€ BPbX 6 ctaBa qgEepeH.
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w ~
>~

N O U W N
Cﬂ\]l\D“CDO‘!O‘(rb
N e B N
no
~J

w ~
=~

N O U W N
Cﬂ\]l\D“CTDO‘!O‘(rb
e B e
no
J

Q: 5]

Cobcenure Ha 7 ce “obpaborBar’ B pefa b, 2, 4, 3 u 6, KaTo camMo 3 e Os1JI U He ce IIpecKada.

w ~
W

O U W N
O‘\\][\DVCDCNCY!»P
[ N N N L
\.M
\]

[Toce BFS npukousa ¢ BpbX 7.
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w ~
>~

O U W N
AN BRI B RN
NN R N I
N
~J

Q: [3[5]

[Tocie BFS usBazkia Bpbx 5 OT onarkara, HUIIO HE CTaBa ChC ChCEIUTE MY, ITOC/IE U3BAXK/IA BPbX
3, 1 C HEIrOBUTE CbCEU HE IIpaBW HUIIO, 1 IIOCJIE OIlalllKaTa € IIpa3Ha U aJI'TOPUTbMBT ITPUKJIIOYBA.

w ~
e~

N O UL W N
CJ‘!\][\D\_@O‘\O‘(»-P
e B e
no
J

e
w
D

JI'bpBOTO Ha 00XO0KIAHETO |, KOETO MACHBLT 7T peasu3upa, U3IJIeK /18 TaKa, aKO MUCIAM 3a Hero
KaTo 3a moarpad’:

JIbpBOoTO 0bave Mozkere ja ObJie CaeIHOTO 11, aKo CIUCHLKBT Ha BPbX 1 Oerrre :

fIITom e momarpad ma meopumentupan rpad, IbPBOTO TPsbBa CLINO fa € neoprmenTupan rpad. Tosa, We ro
IIpeICTaBsIME KATO AHTUAPOOPECIEHITNS, € APYTO HEIIO.
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[IpuamnaTa e sicHa: aKo B CIUCbKa Ha 1 BpbX 2 ce HosiBsiBa mpejn 4, TO B omlallKaTa 2 Iele Jia
BJIe3e TIpen 4, Taka 4e U J1a u3je3e npean 4, caeoBaTesHo 1 apaTa 6esm cbeenal 7 n b Ha 2 msxa,
Jla CTAaHAT CUBU U TIPW TOBa U JBere pebpa (2,7) u (2,5) na Biassar B abpsoto. [locse, korato x
crane 4, BpbX 7 Beue 6u O cuB, Taka 4e (4,7) He O BJISA3JI0 B bPBOTO.

N Taka, Tognara ¢dpopma Ha IHbPBOTO 3aBUCU OT KOHKPETHKATa Ha CIUCDBIUTE, 3aI[0TO € Bb3-
MoxkHO BFS 1a “rpbrae” mbpBo HacaMm min IbpBO HATAM, KOETO, €CTECTBEHO, Ce 0TPa3siBa B Ibp-
BOTO.

Jla pasriemame Te3m JiBe JIbpBeTa Ha 00XOXKIaHETO, KOMTO ca moctpoern or BFS npu pasmmann
CIUCHIN HA CbCEICTBO, €IHO 0 APYTO:

Urnopupaiite ToBa, Ue jbpBerara ca u30MOpdHU U KaTO KOpeHOBH JIbpBera (BrzkTe Ompeere-
Hre 58), TOBa ce e TOJIydnsIo CJIydaifHo, TMOoHe:Ke MpUMepbT € MaabK. ChIeCTBEHOTO € JIPYro:
JI'bpBeTaTa ca Pa3judHU, HO C €JlHAa U CbINa BHCOYMHA. ToBa Bevue He e CIIydailHO, a CJIe/IBa OT
Teopema 52.

Ha cu nupejcraum onamkara Q or BES mo apyr mauun. Kakro smaem or Teopema 51, BFS
00X0zK/1a BCHIKK BbpxoBe (ImoM G e HEOPHEeHTHpPAH U CBbP3aH), TakKa de BCeKH BPbX oT V(G)
B HAKAKbB MOMEHT BJIM3a B Q M B HAKAKBB cJedBaIl MOMeHT u3im3a oT Q. [la cm mpecraBum
pequniaTa oT BbpXoBeTe Ha rpada B pejia, B KOHTO Bim3aT B Q, caMo 4Ue HammcaHa OTSCHO
HaJisBO. 3a npumepa na BFS, koiiTo pasrienaxme npeau Masako, Ta3u pPejuiia e

3,5,7,6,2,4,1 (4.6)

TCraBa myma 3a MoMenTa oT paborara Ha BFS, B KoifTO X = 2; B T031 MOMeHT u 7, 1 5 ca 6esmn.
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[IpumepsT 3a paborara na BEFS, koiiTo BuisixMe mpein MaJIKo, MOKa3Ballle—ToBa € J0CcTa Hedop-
MaJIHO Ka3aHO—OTAIlKaTa KaTo TyHEJI, B KOWTO JIBUXKEHUETO Ha BbPXOBETE € OTJIIBO HAJSICHO.
Ot apyra cTpana MOYKEM Jla CH IPEJICTABAM, Y€ BbPXOBETE Ca B HEIOBUKHA PEJIUIA, & TYHEIbT
ce JIBUZKH HaJl TSX B II0COKA OTJSICHO HAJABO; (4.6) MIOCTpUpPa TOUHO TA3M IIPEJICTABA.

Qurypa 4.13 noxkassa onaikara, [peJCTaBeHa Upe3 3e/eHa IPABObIbAHA KyTHsl, B u3dpaHu
MomeHTr oT paborara Ha BFS Bbpxy rpada or ®Purypa 4.12, karo omamkara ce JIBUKHU Ha/I
BbPXOBETE OTJIACHO HaJIABO. [lojI MMeTO Ha BCEKHM BPDHX € HAIMCAHO PA3CTOTHUETO MEXKJIy HEro
u Bpbx 1 B cunbo (Teopema 52 kaspa, ue ToBa pa3crosiHue € paBHO Ha d CTOWHOCTTA HA BbpXa
B Kpag Ha ajaropurbma). llBeroBeTe Ha BHPXOBETE BbB BCEKM MOMEHT TOYHO ChOTBETCTBAT Ha
CbCTOSTHUATA UM

® B Ha49aJIOTO BCUYIKHU BBPXOBE Ca 6eJ'II/I,

e 110C/Ie Oe/TuTe BhPXOBE ca Te3U, KOUTO He ca OWJIM B Olallkara, CHBUTE Ca Te3W B OIAIKaTa,
a YepHUTE ca Te3W, KOUTO Ca WU3JIe3J/IM OT OlaIIKaTa

® B Kpad BCUYKN BBHPXOBE Ca YCPHU.

®urypa 4.13 : Onamkara o Bpeme Ha BFS(G), kbaero G e rpad bt ot Pur. 4.12.

Hea: 3@ ® @ ® @ @ OF

®06 6 0 0 o

Qurypa 4.13 HaBex1a Ha MuchbITa, Ue BFS 06paborBa BhpxoBeTE 110 HAPACTBAIIM PA3CTOSHUS OT
n3bpanug HavdajeH BpbX. Jlema 24 nokassa ToBa dopmasiHo. TpsadBaT HU HAKOJIKO JIe(DUHUATIIN.
Heka BxoabT G e HeopmeHTHpaH U cBbp3aH. Heka dpyax = max {dist(1,1) |1 < i < n}. Ouenugno
e, 4e 3a Beako k € {0,..., dypax}, B G UMa 1oHe eJiuH BpbX Ha pascrosaue k or Bpbx 1. Torasa
MozkeM Jia Jiepunupame pasbusane {Lg, Li,...,Lq, . } Ha V(G) 1o pascroguusita oT BpbX 1 Taka:

Vke{0,...,dmax}: Lk = {j € V(G) | dist(1,j) = k}
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[Ile xa3Bame, ve Ly e k-uam caoti no omnowenue wa eépsx 1. @urypa 4.14 mokassa cjoeBeTe Ha
rpacda or Purypa 4.12.

®Durypa 4.14 : CaoeBetre Ha rpada or Purypa 4.12.

BFS namupa pascrosuusTa. OueBnjHO e, 4e 3a BceKu BPbX i, d[i] ce mnunmammsupa ¢ oo,
a Briocienacrsue d[i] mosyuaBa okoHUATEHATA CH CTOHHOCT, KOSITO € €CTeCTBEHO YUCJIO, WU Ha
pen 3, mwin Ha pes 12; BeIHbXK IOJIydeHa, Ts He ce IIPOMeHs 10 Kpas Ha paboraTta Ha aJropuTbMa.
Ba Besko k € {0, ..., dmax}, HEKa ty € IbpBuAT MOMeHT oT paborarta Ha BFS, npu xoiito Bemakm
BbpPXOBe OT Ly ca mosydusim cBogTa OKoH4YaTe Ha d CTOMHOCT M M3I'bJIHEHUETO € Ha peJt 7. fcHo
e, de to, t1, ..., ta,,, ca mobpe nedunupann. Cbino Taka e AcHO, Ye tg < t; < --- < tq_, , HO TOBa
Beue HaAMa Jla IpUeMaMe 3a OUYeBHJIHO, a e jJokaxkem. Heka T = {to, t1,...,ta, . }-

Ome jedpunupane, de BbB BCEKU MOMEHT OoT paborara Ha ajropurbma, V(Q) e MHOXKEeCTBOTO
OT BbpPXOBeTE, KOUTO ce chirbpxkat B Q. Ore medunnupame, 1de T(71, k) o3HaTaBA KOPEHOBOTO THPBO
¢ MHOXKECTBO OT BbpXoBe Ly U --- U Ly, KoeTo 6uBa peainsupaHo B MOMEHT t, OT MacuBa 7T, T'bil
Karo B obmus ciaydaii Ly u -+ U Ly © V(G), craBa Jyma camMo 3a Te3u eJeMeHTH Ha 7T, YHUTO
MHJIEKCH ca BbpxoBe or Lo U - -+ U Ly. Twit kato Ly u -+~ U Ly, = V(G), BapHo e, de T(7, diax) €
OKOHYATEJIHOTO JIbPBO Ha 0OXOXKIAHETO.

Jlema 24: 3a nokazaresictBoro Ha Teopema 52
3a Besiko k € {0, ..., dmax}, B MOMEHTA ty:

1. Up<icr_i Li chabpaKa TOUHO YepHHUTE BBPXOBE, Ly CbIbprKa TOYHO CUBUTE BbPXOBE I
L = V(Q); a Uis1<i<a,,, Li ChIBPKa TOUHO GenTe BhPXOBe.

2. Yie Lou---uUly: d[l] = dlStg(l,'L) = diStT(mk)(l,i).

3. MowmenTture ot T, KOUTO ca ce caydmau, ca tg, ti, ..., ty, 1 TO B TO3U peJI.

HoxkazarencrBo: Ille mokaxkeMm TBbpjeHnero ¢ wHAyKIuA 10 k, 3a k € {0,. .., dmax}. 3abesre-
KeTe, 9e IIpaBuUM AO0Ka3aTeJICTBO 110 MHAYKIUA BbHPXY KpaﬁHO MHOXKECTBO.

Baza k=0. Ly e Ly, a oueBugno Ly = {1}. MomeHTBT ty € to: MOMEHTBT, B KOWTO U3II'bJIHEHUETO
3a MPBB BT € Ha pejt 7. O4UeBUIHO TOBA € eUHCTBEHUAT MOMEHT OT T, KOMTO ce e Caydus, Taka
4Je 3 e BAPHO.
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[e nokazkem 1. Ot eama crpana, MHOXKECTBOTO | Joo;~_4 Li € Ipa3sHoTO MHOXKECTBO, a OT JpyTa
CTpaHa OT NCEBJIOKOJIA FICHO Ceé BUZK/IA, 9e B TO3M MOMEHT YepHU Bbpxose HaMma. OT eqHa cTpaHa,
Lo e {1}, a or apyra crpana, OT IICEBIOKOIA SCHO CE BUXKJA, Ue¢ B TO3M MOMEHT €JIMHCTBEHUSAT CHB
BpbX € 1, a chmo Taka V(Q) = {1}. Ot exna crpana, | ;<4 Li e V(G)\{1}, a or npyra crpana,
B TO3M MOMEHT OT IICEBJIOKOJI SICHO Ce BHZKJIA, Y€ B TO3M MOMEHT BCHYKM BbpxoBe Ge3 1 ca Ges.

e mokaxkem 2. Twit kato Ly U -+ U Ly e Ly, koero e {1}, tpabsa ja ce mokaxe, de d[1] =
distg(1,1) = distr(r0)(1,1). Or exna crpana, d[1] sapaju npucsosBaneTo Ha pej 4, a oT Jpyra
crpana, distg(l,1) = 0 (Habmomenue 11); cremosaresnno, d[1] = distg(1l,1). Ja pasrremame
T(7,0). ToBa € KOPEHOBOTO JBPBO € €IMHCTBEH BPbX 1, KOUTO Ce siBIBA M KOPEH, TaKa ue MaCHBbT
70 TO IPEJICTAB/IABA Upe3 I'bpBaTa CH KjeTKa, B KosiTo uMa Nil 3apajau nbpsust for-nukbi (pegose
1-2). Bapmo e, ue disty(0)(1,1) = 0 (Habmonenne 11). Bazara “uzmsa’. v/

NuaykTuBHO npeanosioykenue /[la jiomycHeM, de KOHIOHKIUATA OT 1, 2 1 3 € uCTuHA 3a HIAKOE
ke{0,..., dmax — 1}

NanykTtuBHa crbunka Ille pasriemame paborara Ha ajaropurbMa OT MOMeHTa t, HaTaTbK. [1le
MMOKazkeM, de B MOMEHT tyy; TBbpJeHudTa 1, 2 m 3 ca BepHU 3a CTOMHOCT Ha aprymenTa k + 1.
[Toapobuo dpopmasino J0Ka3aTeJCTBO TYK OU M3MOJI3BAJIO BTOPA, BIOKEHA UHJIYKIINA, 38 Ta3H eI,
3apa/ii BJIOKEHOCTTa Ha UK/, ToBa OM HAIPaBUJIO MAJIOTO JOKA3ATEJICTBO IIPEKaJIEeHO TEXKKO 3a
JeTeHe, Taka de Ie UMa U3BeCTHa HEITPEN3HOCT B M3JI0XKEHUETO.

Pasrinexx mame momenTa ty. ChriacHo gacT 3 OT MHAYKTUBHOTO IIPEJIIIOIOXKEHNE, MOMEHTHUTE
to, t1, ..., tk—1 Bede ca ce cayunnd, a tyyq, teyo, ..., tgq,,, OIIE HE Ca Ce CIIYyIHIN.

Q@urypa 4.15 wiocTpupa CbCTOTHUETO Ha HelllaTa B MoMeHTa ty. Lo, ..., Lx_1 ca TouHO YepHUTE
BbPXOBe, Ly ca cuBuTe BbpxoBe U Ly 1, ..., Lqg, . caOemmre Bbpxose. oM k < dpax, TO Lyy1 + F;
epro, 6esiu BbpxoBe nMa. Bbhpxosere B Q ca TOUHO BbpxoBeTe OT Ly 1 3a yj006CTBO ca MMEHYBaHU
uy, ..., . Jda kaxem, ge B Q Te ca HApeJIeHNM IMEHHO B TO3U PeJl, TaKa 9e IIbPBO Iie Ob/le n3Ba/leH
Uy, TIOCJIE Ug, U TaKa HATATHK, MOCTE .

T(7t,k) e oueprano B uyepBeHo. Heroure Jiicra He ca HEIPEMEHHO BbPXOBETE OT Ly, BbIIpEKH
Je BCEKHU BPbX OT Ly ce gBdBa HEroBo JINCTO; MOXKe B Ly, ..., Ly_1 7a nMa BbpXoBe, KOUTO HIMAT
Jena 1o orHorrenne Ha T (7, k). Ha durypara e nmokaszan TakbB BpbX B L.

®Durypa 4.15 : BFS B MmomeHTA ty.

oenn
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KirouoBo HaburoieHme e, 9e BceKn BpbX OT Ly ;1 nMa c¢been B Ly, mHaK He 61 6mit B Ly 1. O6paTHOTO
HEe € BIPHO — B L) MOXKe Jla MMa BbpPXOBe, KOUTO HIMAT Chcean B Ly, KaTo Uy Ha urypara.
[IIoMm Bcekm BpbX B L1 uMa cbeen B Ly, Bcekr BpbX B L1 € B IIOHE €ITHO—HO MOXKE U B IIOBEYE
or exno—muokecTBO adj[w;]. Torasa muOkecTBOTO {adj[ui] N Lyy1|1 < 1 < t} e nokpusane Ha
Liq1.
def . (. .

Ba Besko { € Ly, gedunupave p(f) < min{ie {1,...,t}] €€ adj[ui]} u b(l) = uy .

Jpyro K/II090BO HAOJIOJCHNE €, Y€ HUTO €JINH BPbX OT Ly He e ¢heel HAa HUTO €IUH BPbX OT
Lyiau---uUly,,., Taka ge mHOKecTBata {adjjui] nLs |1 <1< t}, 3a k+2 < s < dpax, Ca Ipas3HU.

Ot Te3u jpe HabJOeHNs caejiBa, de While-mukbabr (pegose 7-15), n3BakIailku BbpXoBeTe
U, . .., W €JIMH [0 eJIMH OT OMAIIKATA, CIarailKil I B IpoMennBaTa x (pes 8), upes Biioxkenus for-
kb1 (penose 9-14) ciara Bceku BpbX £ 0T Lyyq (10 He 1 OT Lyya, ..., Lq,, ) B IPOMeHINBATA Y
(pe,zL 9) B HSIKAK'bB MOMEHT tg, KaTo 09eBUTHO ty, < ty < tyy1. Tbit KaTo £ UMa OsJ1 IBAT B MOMEHTA
t¢, yesmoBuero Ha pen 10 e uctuna u tsutoro Ha if-a (pemose 11-14) ce msnbinssa. Torasa B cuia
ca CJIeJHUTE TBbPICHU.

e ( craBa cuB BpbX Ha pes 11.

e d[{] crasa d[b({)] + 1 ma pex 12, HO OT WMHIYKTUBHOTO JOIycKaHe 3HaeM, de d[b({)] = k,
taka 4e d[{] craBa k + 1. Ho distg(1,€) e mmenno k + 1, 3amoro { € Ly;1 110 KOHCTPYKIIHS.

e 7(L) craBa b({) Ha pej 13, Ipu KOETO MACUBBT 7T BeUe Peaju3upa JIbPBO, B KOETO PA3CTOs-
uurero Mexky 1 u £ e k + 1, ebBunaaiiku ¢ distg(1,¢).

e ( BiM3a B omnalkara Ha pejn 14.

Koraro u nocnemnuar Bpbx ot Ly 1 “MunHe” 11pe3 y, crane cuB u nosty4u d croitHoct k+1 u pogurei-
BPBX OT Ly 4Upe3 7, u3bJIHEHNETO OTHBA HA PeJl 7 U TOBAa € MOMEHTBT ty 1. 3ak/IodaBame, qe 3
€ M3II'LJIHEHO 3a apryMeHT k + 1.

Benakn BbpxoBe oT Ly ca gepnm B iy, Taka 4e "epHHTe ca TOIHO BbpxoseTe oT | Ji;oy Li-
Bbpxosere or L1 ca TOYHO cUBUTE BHPXOBE U Te ca TOYHO BbpxoBeTe B Q, Taka e V(Q) = Ly .
Bemmre Bbpxose ca ToUHO BBPXOBETE OT | 0cic d... Li- 3akmouaBame, 4e 1 e U3IbIHeHo 3a
aprymentT k + 1.

I nakpas, 3abenszBame, de Vi € Ly @ d[i] = distg(1,1) = distr(rx41)(1,1). Hemo noseue,
QJITOPUTHBMBT HE € MPOMEHUJ HUTO d CTOMHOCTTa, HUTO 7T CTOHHOCTTa Ha BPBX OT Lo u --- U Ly
MEKJIy MOMEHTHUTE ty U tyy1, 3al0TO T€3U BbLPXOBE He ca Oesiu 110 TOBa Bpeme, Taka de if-br ru
npeckada. Torasa Vie Lo U --- U Lyt d[i] = distg(1,1) = distr(qk11)(1,1). Saxmogasame, 1e 2 e
U3ITb/THEHO 32 apryMeHT k + 1. O

Ciencrsue 16

[Tpn npuxsmousane Ha paborara Ha BEFS, Bcumae tg <t <--- < tq,,..

Teopema 52: BFS namupa pascrosausaTa B rpada

Heka G = (V,E) e cBbp3an Heopuentupan rpad. Heka e msmbanen BFS(G), xato T e
IbpBOTO Ha obxoxkaanero. Cjes NpuKIIIOYBaHe Ha aJropuTbMa, 3a BCEKM BPbX 1 € V e
BsipHo, 4e d[i] = distg(1,1) u distg(1,1) = distt(1,1).

HoxkazaresacrBo: Ilomssame Jlema 24. Pasriexkpame momenta tg,, . CbrylacHO Hed, B TO3H
MOMEHT € BSApHO, de Vi€ Ly u --- U Ly, e Bapuo, de d[i] = distg(1,1) u distg(1,1) = dist7(1,1).
HOL()U"'ULdmax:V. O
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4.2.2 DFS

DFS e anropurbMmbT 3a 00x0xK1aHe Ha rpadu B gbadbounta. Vimero masa or Depth-First Search.
3a pazsmmka ot BFS, koiiTo e moctpoen qupekTHo Bbpxy Cxema 1 ¢ peasusalius Ha MHOXKECTBOTO
S upes omnamika, DFS me ce nmonyuasa or Cxema 1 nupektHo — dakt, KoiiTto obocHOBaBamMe Ha
ctp. 303. Bwupekn e DFS ne ce monmygasa mupektHo or Cxema 1, HuUe e moj3BaMe HEHHOTO
JTOKA3aTe/ICTBO 38 KOPEKTHOCT 1 32 HETO.

DFS naucruna e cebpsan c¢be crekoBa crpykrypa (LIFO), HO mMmiemenTanusra, Koaro e
pasriegaMe, € peKypCHBEH aJrOPUTHM, KOHTO IMOJI3Ba HESIBHO CUCTEMHUS CTEK.

Uuryurusno kazano, DFS obxoxkta rpada o nauun, ooparen na BFS. BFS e “npeanasziuso-
TO” 00XO02KTaHe, TIPU KOETO OOXOXKIaMe CJIO IO CJION HaBbH OT n3bpaHus HadasieH Bpbx. DFS e
“cMmestoTo” 00X0KIaHe, IIPU KOeTO—aKO MoJI3BaMe aHAJIOTHsATa ¢ JJaOUPUHTA—TIONaIalKu B KOsI Ja
e crad,

e U3/IM3aMe Tpe3 IMbpBaTa HeloI3BaHa BpaTa, ako NMa TaKaBa, I OTUBaMe B CTasl, B KOSITO WA
He cMe OmJIM, WK Bede cMe OWJIN:

& aKo He cMe OmIM, MapKupaMe s KaTo IoceTeHa U IPOo/Ib/zKaBaMe 10 C'bIIis HaduH,

¢ a ako cMe OmH, ce BpbIlaMe OOPATHO

® QKO Beve HgAMa HEW3IT0JI3BaHa BpaTa, ce BPbIaMe KOJKOTO € Bb3MOYXKHO IO-MaJIKO M OIINAT-
BaMe CBIMOTO HEMO, aKo € Bb3MOXKHO; KOraTo cCMe OTHOBO B HadajHATa CTas U Bede HaMa
HEUW3II0JI3BAHU BPaTU, IIpeKpaTsIBaMe aJrOPUTbMA.

Peanmuzanusara na DFS, kogTo 111e pasriejame, 1oI3Ba MacB OT IIBETOBE 3a BbPXOBETE ChC ChIUS
cmuchs Kato nipu BFS u cbio nsrpazxia abppBo Ha 06xoxktaneTo. 3a passiuka or BFS, DFS ne
U3YUC/ITBA PA3CTOSHUS B Tpada; HAII'b/JTHO Bh3MOYKHO € JIa BbBEJIEM U IIPU HErO HIKAKBU CJIOEBE OT
BBbPXOBe, HO Te He O1xa OMIN OT paBHOOTIAJIEUEHN OT HAUaIHUsI BPbX BbPXOBE, 3a pa3anka or BFS.
[To mpaBuio, Bbpxy enuu u cbimu rpad, BFS n DFS usrpaxkaar paznuann abpBera, KaTo TOBA
Ha BFS e mo-paskiioneno n aucko. Hemo mosede. Ako rpad T e npencrasen cbe cuucbin, DES e
[IO-9YBCTBUTEJIEH K'bM Pa3JIUKATE B HApeAOUTEe Ha BbPXOBETE B CIUCHIUTE, KATO € BH3MOXKHO IIPU
pa3/InYHU TaKWBa HApeIOU MOJIyUYeHUTe TbpBeTa Jla UMAT pasandnu Bucountun (koero npu BES e
HEBb3MOKHO).

[To oTHOIIEHNEe Ha BbIPOCA, KakKBa 9acT oT rpada obxoxaa DFS, oTroBopbT TOYHO CHIMUST
karo 3a BFS.

DFS paboru B o011iust caydait BbpXy OpHeHTHPaH MYJATATPad ¢ Bb3MOXKHU IPUMKH, CbIIO KATO

BFS.

DFS(G = (V,E), kato V ={1,...,n}) DFS-VISIT(G = (V,E), xe V)
1 fori— 1ton 1 colour[x] « grey
2 colour|[i] « white 2 foreach y € adj[x]
3 n[i] < Nil 3 if colour[y] = white
4 DFS-VISIT(G,1) 4 rly] — x
5 return colour, 7 5 DFS-VISIT(G,y)
6 colour[x] < black

[Ile pasriemame mogpobHo paborara wHa DFS Bbpxy rpada or ®@urypa 4.12, 3a ma HAIpaBuM
corioctaBka ¢ BEFS. TpsbBa j1a mmame mnpeiBu/l, ge aJfOpuThbMbT € PEKYPCUBEH, TaKa de TTPOMEH-
smsuTe X U Yy Ha pyuknuara DFS-VISIT, koaTo moxke j1a Buka cebe cu, B pa3jInIHUTE HUBA Ha
peKypcusdaTa UMaT pa3jIndHd CTORHOCTU. Pe3yraTsbT OT HHUIUAIN3aInATa U3TJIeXK/ 1A 110 CJIeTHUS
HauuH (1o700eH Ha mHuNma m3anusaTa Ha BFS, Ho 6e3 d croitrocTuTe):
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w “l\') =~
IS TN

N O U W N
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N B e el

=
w
D

Crenasa bpBOTO BHKaHe Ha PEeKypcuBHATA (DYHKIINSA, IIPU KOETO IPOMEHINBATA X ChIbp:Ka 1.
Bpbx 1 craBa cus:

1: 4,2 x=1

2:5, 1,7, 4

3:5,7

4:6,1,2, 7

5:2, 7,3

6: 7, 4

7:5,2,4,3,6
Coeemure Ha X ca 4 u 2, B To3u pejl B cnucbka. [IbpBo y crasa 4:

1:4,2 x=1 y=4

2:5, 1,7, 4

3:5, 7

4:6,1,2, 7

5: 2,7, 3

6:7, 4

7:95,2,4,3,6

Tbit KaTo MBETHT HA Y € OsIJT, U3II'bJIHEHUETO MIPO/IbJIZKABA, C IIPOMSHA Ha POJUTEIIA HA Y HA BPBX 1
na pej 3 ma DFS-VISIT:
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[Tocie DFS-VISIT Buka cebe cu Ha pejt 4, TO31 BT ¢ BTOPHU apryMeHT BpbX 4. Epro, BbB BropoTo
BUKaHe X = 4, HO I'bPBOTO BUKAaHe OIlle He e MPUKJIIOYIIO0, TaKa 9€ X CbINeCTBYBa €IHOBPEMEHHO
B J[B€ PA3JINYHU MHKAPHAIINU, 8 UMEHHO X = | B I'bPBOTO BHKaHE U X = 4 BbB BTOPOTO BUKAHE:

1: 4,2 x=1 y=4
2:5,1,7,4
3:5,7 x =4
4:6,1,2, 7
5:2, 7,3
6: 7, 4
7:5,2,4,3,6
, x=1 y=4
Y 7774
x=41

w

9O R W N
SIS SIS
I N e Ml
™
\]

N
w
D

[IpbB B cincbka Ha BpbX 4 € BpbX 6. Yy crasa 6:
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1: 4,2 x=1 y=4
2:5,1,7, 4

3:0,7 x=4 y=6
4:6,1,2, 7

5:2, 7,3

6: 7,4

7:9,2,4,3,6

=~
W

W N
~J

x

[

o

N OO W
SHEN I OIS IS IS
N e el

4,3, 6

Bede x cbiecTByBa B Tpu nHKapHaiuu. Bpbx 6 craBa cus:

w

®
Il

o

O R W N
SIS I SIS
N B e e
N
\]

N
w
D

Yy cTaBa T:
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1: 4,2 x=1 y=4
2:5, 1,7, 4

3:0,7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6:7, 4

7:05,2,4,3,6

Toit kato 7 e 6str, DFS-VISIT ciara 6 B 7|7] u Buka cebe cu ¢ Bropu apryment 7:

~
W

w o

~J
x
I
o
«
I
\]

EN NG IR JURY ORI
SHEN I OIS IS IS
I e Ml

4,3,6| x=17

Yy craBa o:

~
W

w
x
Il

D
<
I

\]

N O T W N
SHEN I IS SN
I N e Wl
S
\]

o~
w
o
®
I
~J
«
I
ot

Toit kato 5 e 6sur, DFS-VISIT caara 7 B 75| u Buka cebe cu ¢ Bropu apryment 5:
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N~y
<+ 1018 S N Nag

— AN M <10 O -

Yy cTaBa 2:

Toit kato 2 e 65, DFS-VISIT ciara 5 B 7[2] u Buka cebe cu ¢ BTopu apryMent 2:

< - o3
=~ N <t
N — M~ M~
Yo T e RN I NIV

— AN <10 O -

Yy craBa o:
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1: 4,2 x=1 y=4
2:5, 1,7, 4

3:0,7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6:7 4

7:5,2,4 3,6 x=7 y=5

Obaue 5 e cuB u ycioBuero Ha if-a Ha pex 3 e brka, Taka de Ts10TO Ha if-a He ce M3IbIHSBA.
Cues ToBa y craBa 1:

~
W

w N

\]
x
I
o
«
I
~J

N O U W N
SHEN I IS SN
N B e e

o~
w
o
x
I
~J
«
I
oy

1:4,2 x=1 y=4
2:5 1,7 4

3:0, 7 x=4 y==6
4:6,1,2, 7

5: 2,7, 3 x=6 y=7
6: 7, 4

7:5,2,4, 3,6 x=7 y=5

Ho 7 cbimo e cus, Taka 4e TayoTo Ha if-a nak ne ce msmbiangsa. Cier ToBa y crasa 4:
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1: 4,2 x=1 y=4
2:5, 1,7, 4

3:0,7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6:7 4

7:5,2,4 3,6 x=7 y=5

Ho 4 cbmmio e cus, taka de Tsayioro Ha if-a mak He ce m3mb/HsgBa. for-muKbIbLT TPUKIIIOYBA U
M3ITbTHEHNETO OTUBA Ha pejl 6, KbIeTo 2 cTaBa UepeH:

1: 4,2 x=1 y=4
2:5, 1,7, 4

3:0,7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6: 7, 4

7:5,2,4, 3,6 x=7 y=5

Babenexere, ge npu DFS mbpBusgT BpbX, KOUTO cTaBa YepeH, € IMOC/IEIHUIT BPbX, KOUTO € Ou
HalpaBeH cus!

Cnen ToBa DFS-VISIT uznuza oT TeKymoTo HUBO Ha PEKYPCHUsTa U Ce BPbINA Ha IIPETHOTO
HuBo. OTHOBO X = 5, HO ceray = Tt

1: 4,2 x=1 y=4
2:5 1,7 4

3:0, 7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6: 7, 4

7:5,2,4, 3,6 x=7 y=5

7 e cus, DFS-VISIT ro npeckada u y crasa 3. Ho 3 e 651, Taka ve Tsoro Ha if-a ce u3nbinssa.
7[3] craBa 5 u umame HOBO pekypcuBHO Bukane Ha DFS-VISIT ¢ x = 3:
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1: 4,2 x=1 y=4

2:5, 1,7, 4

3:0,7 x=4 y=6

4:6,1,2, 7

5: 2,7, 3 x=6 y=7

6:7, 4

7:5,2,4 3,6 x=7 y=5
x=5 y=2
x=3

Twoit karo m gBara cbeema Ha 3 ca cuBu, DFS-VISIT ru npeckada, 3 craBa 4epeH U TEKYIIIOTO
PEKYyPCUBHO BUKaHe MpUKIoYBa. OTHOBO X = 5, HO cera Bede Yy = 7:

1: 4,2 x=1 y=4
2:5 1,7 4

3:0, 7 x=4 y=6
4:6,1,2, 7

5:2, 7,3 x=6 y=7
6: 7, 4

7:5,2

43,6 x=7 y=5

x=5 y=7
DFS-VISIT npeckada u 7, u 3, 1 BpbX b cTaBa YepeH:
1:4,2 x=1 y=4
2:5, 1,7, 4
3:5,7 x=4 y==6
4:6,1,2, 7
5:2,7, 3 x=6 y=7
6: 7, 4
7:5,2,4, 3,6 x=7 y=5
xX=25

[Tocne DFS-VISIT wuzsimsza u or TOBa HUBO HA PEKyPCHATA M OTHOBO X = 7, KaTO cera y = 2:
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1: 4,2 x=1 y=4

2:5,1,7, 4

3:0,7 x=4 y=6

4:6,1,2, 7

5:2, 7,3 x=6 y=7

6: 7, 4

7:5,2,4 3,6 x=7 y=2
2 ce mpeckada, nocye 4, 3 u 6 ce nmpeckavdar u 7 cTaBa YepeH:

1: 4,2 x=1 y=4

2:5, 1,7, 4

3:5,7 x=4 y=6

4:6,1,2, 7

5:2, 7,3 x=6 y=7

6: 7, 4

7:5,2,4, 3,6 x=7

Jlecno ce Bmkta, e nararbk DFS-VISIT camo npeckadua y-urte, Ha BCUYKU HUBA HA PEKYPCUATA,
U BPbIIA HArope, JIOKATO HaKpas MpaBU BPbX 1 depeH:

=~
W

W N
~J

N OO W
SHEN I OIS IS IS
R i el

e
w
(@)

Cries; ToBa M3I'LJIHEHUETO Ce BpbINa B ocHOBHEA ajropurbMm DFS, koiiTo npukiodusa paborara,
BpbInaiiku 7t u colour Ha pes 5.

N nakpas na ce yoemaum, e DFS ne ce nosyuasa or BFS npu 3amsna nHa onamkara ¢bC cTeK
(koero Bieue u 3amsia Ha Enqueue u Dequeue chorserno ¢ Push u Pop). /la pasriename rpada,
BbpXy Koiito miaoctpupaxme u BFS, u DFS. Heka nagamausar Bpbx nak e 1. /la cu npepcraBum
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paboTaTa Ha aJrOPUTHM, MOJIYUEH OT 3aMsiHa Ha oramikaTta c¢bhe crek B BFS Bbpxy To3m rpad,
3arouBaiiku oT Bpbx 1. Ha mbpBara nrepanusa na while-1ukbiabT Bbpxose 2 u 4 BIU3aT B CTEKa,
KaTO POJUTENAT U Ha JIBaTa cTaBa BPbX 1:

Tosa ce ciayuBa He3aBHCHMO OT pejia Ha BbPXoBeTe B ciucbKa Ha 1. E, scHO e, ue ciex ToBa
HAJIaJI0 HUKOTa He MOYKe J1a Ce MOJIYYIN JTbPBOTO Ha 0OX0XKIaHeTo, Koero moxyuanxme ¢ DFS. Hero
moBede: ybemere ce camu, ce abpBoro Ha DFS,) koero mosyumxme mpu cumysmpanero wHa DFS
BbPXY TO3M rpad, 3arouBaiiku OT BpbX 1, HE MOXKe Jia € TaKOBa, Ue POAUTENAT U Ha 2, n Ha 4 11a
e BpbX 1.
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4.3 MuHuMaJJaHI DOKPUBAIIU AbpPBETa

4.3.1 BwbBenenmne u aedmnHUITAN

Pasriiexxtame HeopuenTupanu cBbp3aHu TeryioBHu rpadu. Hajmmdue Ha TPUMKKA WK HTapaJie/THI
pebpa He IPOMEHsI HUIIO 110 OTHOIEHWE Ha 3ajadaTa, KOATO pasriexkaMe, Taka de JI0IyCcKaMe,
Je HIMa IIPUMKU U HsIMa IapaJjejHn pedopa.

Heka G = (V,E) e HeopueHTHpaH CBbpP3aH TerJoBeH rpad, KaTo TeryioBHaTa (MYHKIU € W :
E — R. Heka T e MHO>)KecTBOTO OT moKpuBaIiure abpsera Ha G. Ot Teopema 26 3naeMm, de, mom
G e cbpsan, 1o T + F. 3a Bcako T € T gedunupame meaaiomo Ha T KaTo

w(T)= > wle)

ecE(T)

B Tasu ceknug 1me pasriexkjiame npuMepu BbpXy rpada, nokaszan Ha Purypa 4.16. Tersrata nHa
pebpara ca B 4epBEHO.

Purypa 4.16 : HeopueHnTupaH cBbp3aH TErJIOBeH rpad.

Qurypa 4.17 moka3sa JABe pa3IUIHU TOKPUBAIIU JbpBeTa Ha To3u rpad: T u T, ¢ Teria ¢bOTBETHO
33 u 31.

®durypa 4.17 : Pasznuyau nmokpuBaiiu abpBeTa Ha rpada or @urypa 4.16.
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Onpegesienne 101: Munnmanuo nokpusaino abpso (MIL/T)

Heka G = (V,E) e HeopueHTHpaH CBbP3aH TeryioBeH rpad, KAro TerjoBHaTa (QYHKIHS €
w: E — R. Heka T e MHOKECTBOTO OT ITOKpuBaIuTe Jbpsera Ha G. Munumasio nokpusau,o
dspseo Ha G e Beako T € T, TakoBa 1e

w(T) = min {w(D) |D € T}

Ha anrymiicku tepmunsbt € Minimum Spanning Tree, nakparko MST.

OueBnyino uma noue eqno MITJL, wo moxke ma uma maxonko MII/I-ta. B ekcrpemuus ciydait,
B KOITO Bcmukn pebpa ca ¢ eJHAKBU TerJia, BCAKO mokpubaiio abpso e MII. IIpumepno, rpa-
dbr or Qurypa 4.16 uma ase (pasmuanu) MII/I-ra, Besko ¢ rerio 19, KoeTo e WIIOCTPUPAHO Ha

Qurypa 4.18.

®Purypa 4.18 : Isere MII/l-Ta Ha rpada or @urypa 4.16.

Pasrnexxgame anropurmudHaTa 3amada, npu Jgajgenn G m w ja ce noctpou MITJI. Axko rpadbr
He Oelle TErJIOBeH, 3aadara Ou OmIa Ja ce IMOCTPOU IMOKPUBAIIO JIbPBO Ha rpad, KOETO MOXKE Jia
nanpasuM eduracao ¢ BFS mim DFS. Ako Tersiara na pebpata ca eann u ¢binu, oTHoBo BFS min
DFS naBa eduracuo pemenune. Ho B obmus ciydail aaropurMuTe 3a 00XOXKIaHe HE pelliaBaT
3ajadara 3a rnocrposiane Ha MII/L u ce mamara ma usrossBaMe CleNUaJIM3UPAHNA AJITOPUTMIA.

B moncexknum 4.3.3 u 4.3.4 me pasriegame gaBa ajaropuTbMma 3a rnocrpogBanHe na MIII. Te
ca JIeCHU 3a pa3dbupaHe U 3a peaju3upaHe, HO KOPEKTHOCTTAa UM HE € ChbBCEM OYEBHIHA U W I
JokazkeM upe3 Teopema 53.

4.3.2 MII/I Teopemarta

[IbpBoO J1a ¢ IpUITOMHUM KakBO € “cpe3 B rpad”’, “cpe3-MHOXKecTBO”, “cTpaHu Ha cpe3a’ u “pedpo,

npekocsiBaiio cpesa’: BumkTe Oupenenenne 31 u Gurypa 2.30 3a mroctparus. a BbBemeM o3Ha-
vqeHnst 3a KparkocT. Ako rpadwr e G = (V,E) u cpesnr e {U, W}, 10 ¢ “Ey,w” e o3nagasame

n ”»

Cpe3-MHO2KECTBOTO, a C “Elﬁliw e O3HadYaBaMe€ ITOIMHOZKECTBOTO Ha F—U,W oT pe6paTa C MUHU-
min

masHo Teryio. Ouesnano, Eyw 1 EJ}, ca Henmpasuu, moM G e CBbp3aH U CTPAHUTE Ha Cpe3a ca
HETIpa3HMU.
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Teopema 53: MIIJI Teopema

Heka G = (V,E) e HeopueHTHpaH CBbpP3aH TeryioBeH rpad, KaTo TerjoBHaTa (DYHKIHs e

min

w: E — R. Heka {U, W} e npousBosien cpe3 B G. Torasa, 3a Bcsiko e € EJ}Y},, cblecTByBa
MII/T D, koeTo chbpkKa e.

JlokazaresictBo: PasriexkaamMe IIPOU3BOJIHO € € {j“%v Ha nmonycuem, e mama MIL/, koeto
coabpxka e. Ho G e cebp3an u mone exqno MIIJ/L mvma. Heka T e mpouszsosimo MIIJL na G. Ilo
nomyckane, e ¢ E(T).

Ha mobasum e kbM T. Popmasno, Toa o3Hadasa ja noctponM rpada H = (V,E(T) u {e}). H
e yaunukinaen rpad (Buxkre Omnpenenenne 46). Heka ¢ e mvero Ha nukbiaa B H. Hemo moseue:
e € E(c). Beeku Bpbx Ha ¢ e wim B U, wim 8 W, KaTo 1oHe enH BpbX Ha ¢ € B U U 1oHe enuH
BpbX Ha ¢ e B W. Cbriacuo Habogienue 9, cbiecrsysar jise pasyuyaau e’ e” € E(c), rakuBa ue
eJMHUST Kpail Ha BCcAKO oT Tax e B U, a apyruar e 8 W. Tesu j1Be pebpa MoxKe 1a UMaT WA JIa
HIMaT 001 Kpaii, ToBa HsiMa 3Hadenue. [lone exro or Tax e pasimuno or e. BOO, neka e’ + e.

Jla pasriaegame rpada D = H—e’. D e qbpBo, 3aI10TO ce moaydaBa OT CBbp3aH rpad ¢ TOYHO
eJIMH TNK'bJI Upe3 U3TPUBaHe Ha PeOpPO OT IMUKbJIA; O9eBUIHO H — e’ e aluK/In9IeH u e CBbp3aH.
Hermo noBeue, D e mokpusaiiio jabpBo Ha G, 3amoro V(D) = V. Hemo noseue, e € E(D).

Ja cpapaum Tersiara #Ha T u D. JIbpBoro D ce mosydasa ot T upes nobaBsiHe Ha € U U3TPUBAHE
Ha e, Taka Je

w(D) = w(T) + w(e) —w(e’)

Ho 1o KoHCTpyKIHe € e peGpo ¢ MEUHIMAJIHO TerJIo U3MexK Iy pebpaTa, IIPeKocaBally cpesa. Epro,
w(e’) = w(e), raka 1e w(e) — w(e’) < 0. Ho rorasa

w(D) < w(T)

[Iupeo nma gomycuem, e w(D) < w(T). Ho ToBa e HeBb3moxkHO, 3amoro T e MIIJ/I na G 1o
koncrpykims. Ocrasa Bb3mozkuoctta W(D) = w(T). Ho torasa D cwimo e MII/I. Hemro noseue,
D e MII/I, koeTo cbiabpka pedpOTO €, B MPOTUBOpeYne C JoiycKaneTo, de auto earno MIL ne
CbJIbp2Ka e. (]

4.3.3 Anaropurbm Ha Prim

To3u anropuTbM € OTKPUBaH IOBeYE OT BEJIHBXK, OT PA3JIUIHHU XOpa WU I'PYIN XOpa, OT/JajedeHI
BbB BpeMeTo, 0e3 Jla 3HadT 3a Bede M3BbLpIIeHaTa padoTa. [IbpBoHAYAIHO aJIrOpUTHMBT € O
OTKpUT OT dYermkuTe Maremaruiu Jarnik m Borivka, karo opurunasinara crarusg or 1930 r. Ha
YJeIKN MOXKe Jia O'bjie cBaJieHa o1 caiita Ha Czech Digital Mathematics Library. IIpe3 50-te romguan
Ha 20 BeK aJrOPUTHLMbBT € IPEOTKPUT OT aMepuKaHcKusi MaTreMaTuk Robert Prim [49]. Tyk e ro
Hapudame “ajJropuTbM Ha Prim”, 3ammoro e Jo0u/I HOIMyJIAPHOCT 110/ TOBa UMe.

Asropurbmbr Ha Prim 3a mamupane na MIIJI Ha cBbp3an HeopuenTHpaH TeryioBeH rpad G
JIaJIETHO MIPpUInda Ha o0XoxkaHe. Toit

® 3al0uBa OT €JUH CTapTOB BPbBX, Ja KaykeM BPbX 1, Hamupa Haii-jieko pebpo e; = (1,1)
(0UeBHIHO €1 e MHIMN/IEHTHO ¢ BPbX 1) U cjara e; B IbPBOTO,

e 1I0CTIe HaMupa Haif-71eko pebpo e; = (j, k), TakoBa Ue TOUHO euHUAT OT j, k e ot {1,1} (koeTo
osznadasa, e apyrudar e ot V(G)\{1,1}) u ciara ey B xbpBOTO,

® I TaKa HATATHK, JIOKATO HE CJIOXKM TOYHO N — 1 pedpa B bPBOTO, CJIEJ| KOETO MPUKJIIOIBA U
BPbITA ITIOCTPOEHOTO THPBO.
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Haxkpartko, MIT/I-To 3amo4uBa KaTo eJinH eIMHCTBEH BPbX (CTAPTOBHUAT BP'bX) U CJIE]] TOBA HAPACTBA,
UTEPATUBHO, KATO Ha BCJAKA UTepallns ce CJI00MBa ¢ HOB BPbX U HOBO PeOpO, JIOKATO HE MOKPHUE
nesust rpad. ChIiecTBEHOTO €, Ue 1Mo BpeMe Ha paborara Ha ajropuTbMa, dacrta or MIIJI-To,
KOSITO € TIOCTPOeHa JI0 MOMEHTa, € €JTHO AbPBO; TO CTaBa IMOKPUBAIIO YaK HAKpas, HO BbB BCEKHN
MOMEHT € €JTHO JIbPBO, a He KOJIEKIUs OT JbpPBeTa, 3a pa3/nka oT ajaropurbma Ha Kruskal ma
cTp. 311.

AnaropurbMm 9: AJITOPUTHBM HA PRIM

Bxoi: HeopuenTupan cebp3an rpad G = (V,E) ¢ reryioBra dyuknusg w: E — R.
Nsxom: MILI D na G.

® Koncrpyupaii D = ({1}, &).

® Axko V(D) =V, sbpau D u kpaii.

® B nporusen ciyuaii, Heka E’ e cpes-mHOXkecTBOTO Ha cpesa {V(D), V\V(D)}. Heka E/ .

ce cheron oT pebpara ¢ MuHEMasHO Terio B E/. Heka e = (u,Vv) e mpousBosHO pebpo oT
' ., Karo u € V(D), koeto Biieue v ¢ V(D).

min?

Hamnpasu V(D) < V(D) u {v}, E(D) < E(D) U {e} u ortuau na @.

[ITe mokaxkem, de aaropuTbMbT € KopekTeH. [IbpBo 1mie mokaxkem, de e j106pe jiebuHUPAH: MHO-
skecTBOTO E' B @ e HenpasHo, nnade G He Ou O6us cBbp3aH, Taka 4e u E/ , € HeIpa3HO, OTK'bJIETO
ciesiBa, de pedbpoTo e e jodpe JeduHIpPaHoO.

Tosa, ¥e aaropuTbMbT cTpou MOKpuUBAIl nojrpad D, e 09eBUIHO OT YCIOBHETO 3a Kpail B @.
Toga, ye D e abpBO, ce JI0Ka3Ba TPUBUAJHO 110 WHIYKIHUSA 110 OpOs HA JOCTUTaHUATA Ha @.

e Basara e mbpBOTO JlocTHTaHe, TP KoeTo D, mocTpoeHo B @, 09eBUIHO € TbPBO.

e Jlomyckame, ye mocturame @ c¢ 1bpBo D. AKO M3IbIHEHHETO MPOIbJKKA Ha @, KbM TOBA
JILPBO ce JI00aBAT TOYHO €JIMH HOB BPbX M PEOPOTO MEXK/Iy HEro M HAKON IpexK/ie JI00aBeH
BPbBX, U PE3YJITATHT TaK € JIbPBo. [IpakTudeckn cbiara KOHCTpYKIs nmaxme B Otmpe/ie-
nenue 44, karo B Teopema 23 nokazaxme, de Ts ¢Tpou (caMo) JUbpBeTa.

N raka, aaropuTbMbT BPbIa MOKPUBAIIO IHPBO.

Haxkpast me nokazkeMm, 9e BbpHaATOTO F € MUHUMAJIHO IOKpHUBAIO JbpBo. Ho ToBa ciienBa
BesHAra oT Teopema 53, mpuiokeHa KbM U30PAHOTO € BbB BCSIKO M3IIbJIHEHHE Ha ©: cpe3br e
{V(D),V\V(D)}, cpes-moxkectBoro € E’, Hail-iekure pebpa OT Cpe3-MHOKECTBOTO Ca TOTHO €Jie-
MmeHnTute Ha E] . . a Teopema 53 Ka3Ba, de BCAKO OT TAX e ergeMeHT Ha Hakoe MIIJI, Ttaka e He
MOXKe J1a cObpKaMe, KOeTO M OT TSIX JIa B3EMEM.

Ero cumynanusa na anaropurbma Ha Prim Bbxpy rpada or @urypa 4.16. B Hava10To 4acTUIHO
nocrpoenoro MIIT/T ce e¢bherou camo or Bpbx 1, Koero 3amasa cpesa {{1},{2,3,4,5,6,7}}. Cpes-
MHOXKECTBOTO € HapUCyBaHO yaeOesIeHo.
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Cpes-muOKeCcTBOTO ce ¢herou oT (1,2) ¢ reryio 7 u (1,4) ¢ Terso 5. Us6upame (1,4), karo mobassime
Bpbx 4 kbM V(T) u (1,4) xbm A. Hemara usriexkar taka:

1
5
4

G

Cera cpesbr e {{1,4},{2,3,5,6,7}}. Haii-teko peGpo, npekocssariio cpesa, e (4,6) ¢ reriio 1. Bpbx
6 ce nmobass kbM V(T), a (4,6) ce mobass kbM A. Hermara usriexar raka:

(=

Cera nma JiBe Haifi-eKn pebpa, pekocsBaiy cpesa. Vsmex ity Tsax msbupame mpousosHo (1,2).
Bpbx 2 ce pobass kbm V(T), a (1,2) ce nobass kbm A. Hemara usriexkaar taka:
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Cera Haii-1eKOTO pebpPO, MpeKocsBaIio cpesa, e (2,7) ¢ Terio 2. Bpbx 7 ce mobass kbm V(T), a
(2,7) ce mobasst kbM A. Hemara nsrmexaar taka:

(N

1

2
5
4
) 9

1

7 3

\6_’%

Cera Haii-1ekoTO pebpPO, IpeKocsiBaiio cpesa, e (3,7) ¢ rerio 1. Bpbx 3 ce pobass kbm V(T), a
(3,7) ce nobasst kbM A. Hemara usriexaar raka:

Cera Hail-1eKOTO pebpPO, ImpeKocsBaIio cpesa, e (2,5) ¢ Tero 3. Bpbx 5 ce mobass kbm V(T), a
(2,5) ce mobasst kbMm A. Hemara nsrexar taka:
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A.HI‘OpI/IT'bM’bT IIPUKJIIOYIBa.

4.3.4 AnropurnbMm Ha Kruskal

Asropurbmbr Ha Kruskal e edpukacen asropurbm 3a korcrpyupane Ha MII/, koiiTo e ocHoBan
Ha ChBCEM pas3jIndHa Uesl OT Ta3u Ha aJropuTbMa Ha Prim.

AgaropurbMm 10: AJITOPUTHM HA KRUSKAL

Bxoi: HeopuenTupan cebp3an rpad G = (V,E) ¢ reryioBra dyuknusg w: E — R.
Nsxom: MILI F na G.

O Koncrpyupait mokpusarma ropa® F = (V, J) na G.
® Axko F uma TOYHO €/iHA CBbp3aHa KOMIIOHEHTA, BbpHU F U Kpaii.

® B nporusen ciydaii, neka B/ € E ca TouHO Te3u pebpa, UNNTO KPAUIA Ca OT PA3JIMIHH
cBbp3aHu KoMIoHeHTH (bpBera) Ha F. Heka B/ . ce cberon oT pebpara ¢ MEHIMAJTHO TETJI0
B E’. Heka e = (u,v) e nmpoussosao pebpo ot E/ . . Heka T’ u T” ca Tesu mxbpeera B F, 3a
kouto we€ V(T') uve V(T”).

Koncrpyupait xopsoro D = (V(T') u V(T”), E(T') UE(T”) U {e}). BbB F, 3amenn abnpBerarta
T uT” ¢Duoruau na 6.

“TlokpuBam noarpad Ha G e Bcekn noarpad Ha G ¢bC CHITOTO MHOXKECTBO BbpxoBe Kato G. Bmxkre
Omnpenenerne 10. TTokpuBamusT nmoarpad He e HEIpeMeHHO IbpBO. B @ e KOJEKIUST OT JbpBETa, TOECT,
ropa, U TO TaKaBa, KOsITO HsMa pedpa.

[Ile mokazkem, 1Ye aJropuTbMbT € KOpekTeH. IIbpBo 1me mnmokaxkeMm, 4e e jo0pe jiebuHupan: MHO-
ykecTBOTO E' B @ € Henpasno, unade G He 6u OMJI cBbp3aH, Taka 4de n B/ . e HelpasHo, OTKbJETO
ciiesiBa, 4e pedbpoTo e e j1obpe JeduHIPaHO.

Cren ToBa 11e TOKaxkKeM, de F, KoeTo aJropuTbMbT BPbIa, € MoKpusBalio 1bpBo. Ho ToBa ce
JIOKa3Ba TPUBUAJIHO 110 WHIYKIIHAs 110 OpOst HA JIOCTUTAHUATA Ha @.

e Bazara e mbpBOTO JlocTHIraHe, IPU KoeTo F e rmokpuBalia ropa ¢ n abpsera ot @.

o Jlomyckaiiku, e mocturame @ c ropa F, kosTo nma k abpBeTa, kKato k > 1, BeiHara BuzK jaMe,
ge D ot @ e 1bpBo (cBbp3an rpad 6e3 nuKIIM, KOeTo cielsa oT ToBa, 9e T’ u T” ca cBbp3anu
rpacdu 6e3 MUK, “3aeneHn’” eJIHo 3a JIPYro Ype3 eJUHCTBEHO pedpo e, KOeTO He € OT HUTO
eJIHO OT TSX) U 4e PU CJIeJBAIIOTO JocTurane Ha @, F e nokpusamia ropa ¢ k — 1 jrbpsera.
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WM Taka, aIropuThbMbT BPbIIa IOKPUBAIA ropa ¢ 1 JbpPBO, TOECT, IOKPUBAIIO TIbPBO.

Haxpas me mokazkeM, 9e BbPHATOTO F e MUHMMAaJIHO NOKpHBAIIo 1bpBo. Ho ToBa cieasa
BejHara or Teopema 53, mpuiaoKeHa KbM H30pPaHOTO € BbB BCSKO U3I'bJHEHHEe Ha @: cpe3bT
e {V(T'), V\V(T")}!, cpes-moxecTBOTO € E’, Haii-lekure pebpa OT CPe3-MHOKECTBOTO Ca TOYHO
eslementute Ha E/ . . a Teopema 53 ka3Ba, de BCAKO OT TaX e eeMenT Ha Hakoe MIIJI, Ttaka 4e me

MOXKe Jia cObpKaMe, KOeTO U OT TsIX Jla B3EMEM.

Edukacna peanuzanusgara Ha ajroputbMa Ha Kruskal ce mmoctura, kKaTo mbpBo ce coprupar pebpara
110 TEerJIO U TOCe B HeHAMaJIsBAIllUs PeJl Ha Terjara ce cjaaraT IbpeuTe n — 1 pedpa, 3a BCSIKO
OT KOWTO, B TO3U PeJ, € BAPHO, de He oOpa3yBa IUKBJ ¢ Bede cjoxkeHuTe pedpa. OdeBuHO
I'bPBUTE JIBe peOpa BUHATH “BJINU3AT’, 3aIl0TO JBe pedpa He MOoraT ja odpa3yBaT INUKDLJ, HO OT
TPeToTO pebpo TPsAOBa Ja ce IpoBepsiBa Jaan o0pa3yBa IHUKbJI ¢ Bede CI0KEHUTe pedpa.

Ero npumep 3a paborara Ha ajropurbMma Ha Kruskal Bbpxy rpadaor @urypa 4.16. B mauaaoro
copTHpaMe ejanHajieceTTe pedpa II0 Terjio U IpaBUM IIOKPUBAIA I'Opa, KOATO € MPasHusT rpad;
TOECT, UMa CeJIeM U30JIMPAHHU BbPXOBE.

€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
1 1 2 3 4 5 7 7 7 9 12

Ciiesr ToBa 3amouBaMe Jia pasrjexkjaMe pedpara B COpTUpPAHATA PEJIUIA, KATO BCSIKO pPeOpPO min
“pnusa’, wian ce npeckada. II'bpBo e eqg.

€ljpe2 €7 eg €g €1 €3 €4 €115 €
1 1 2 3 4 5 7 7 7 9 12

€10 BJIM3a, 3alI0TO KpauIiaTra My, a UMEHHO 7 U 3, ca B pa3/JudHHU JbpBeTa Ha ropara. CanBame
Te3W JI'bpBETa ILII0C pedpPOTO €19 B €JIHO €JMHCTBEHO JbpBO. Taka ropara Bede MMa CaMoO IIECT
J'bpBETA.

Ms60pwr Ha T’ e mpomssosen. Che cbimus yenex mMozkente ma B3emeM cpesa {V(T'), VAV(T')}.
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€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €

<1 1123457779 12

€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
1 1 2 3 4 5 7 7 7 9 12

eo BJm3a. Kpaunmara My, a nMeHHO 4 1 6, ca B pa3jIndHA JbPBETA, KOUTO CIMBAME 3a€/IHO C HETO
1 IIoJIydaBaMe ropa ¢bC caMoO IIeT JIbPBETa.

€lpe2 €7 €3 €9 €1 e3 €4 €11€5 €
1 1 2 3 4 5 7 7 7 9 12

IIocre e e.
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€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €

<1 1123457779 12

€11

e7 BJIM3a, 3aI0TO KPaulara My ca B pa3jnduu Jbpeeta. CjnBaMe T 3ae1HO ¢ Hero U IMOJIy 9aBaMe
ropa c’bC CaMoO YE€THPHU JIbpPBeTa.

€lp€2 €7 €3 €9 €1 e3 €4 €11 €5 €5
1 1 2 3 4 5 7 7 7 9 12

)

IIocre e eg.

€lp€2 €7 €g €9 €1 e3 €4 €11 €5 €5
1 1 2 3 4 5 7 7 7 9 12

es BJIN3a, 3alll0TO KPauIaTa My ca B pa3/iminu Jbpsera. CjnBaMe ' 3a€/IHO C HETO U 0JIydaBaMe
ropa C¢bC CaMO TPHU JIbPBETA.
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€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
11 2 3 4 5 7 7 7 9 12

Ilocme e eg.

€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
1 1 2 3 4 5 7 7 7 9 12

Herosute kpamuina ca B €IHO U CbIIO JIbPBO, IIOPaJI KOETO ey ce npeckada. [locse e eq.

€lpez €7 eg €g €1 €3 €4 €115 €
1 1 2 3 4 5 7 7 7 9 12

€1 BJI3a, 3al10TO KpaHulllaTa MYy Ca B pa3/IMYHU JbpBeTa. CimBane i 3a€/IHO C Her'o U IoJjiydaBaMe
ropa CbC CaMO /IBE€ AbpBETa.
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€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
ﬁ\ 11234577709 12

2\

IIocme e es.

€10€2 €7 €3 €9 €1 €3 €4 €11 €5 €
ﬁ\ 123450779 12

2\

e3 BJI3a, 3aI10TO KPAuIaTa My ca B pa3jndnu JbpBeta. CnBaMe I 3ae/HO ¢ Hero U IMOJIy 9aBaMe
ropa ¢’bC CaMoO €JIHO JIbPBO, KOATO € M IMOKPUBAIIO JbPBO 3a rpada.

€lpe2 €7 €3 €9 €1 e3 €4 €11 €5 €5
1 1 2 3 4 5 7 7 7 9 12

Hama cmucshi ma nporb/rkaBaMe Jia pasriex/jiaMe pedpa B COpTHpaHaTa Pejuiia: 3HaeM, de Ipa-
BT nMa cemeM BbpXa, 3HaEM, Ue IecT pedpa Bede ca BJIe3JIN, OTK'BJETO CJIe/IBa, e TOKPUBaIaTa
ropa Bede e (MOKPUBAIIO) JbPBO. AKO pasriex/jjamMe copTHpaHaTa peuiia or pebpa J0 Kpasi, e
ce HaTbKBaMe caMo Ha pebpa (e4, €11, €5 U €g, B TO3U PEJ), YAUTO KPAWIa Ca B €IHO U CbIIO
JIbPBO, U TIe ' npeckadaMe. Taka de ToBa e KpadaT Ha ajgropurbma. [locrponxme MILI.
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4.4 Haii-kbcu nbTumia B rpadn

4.4.1 ®dysngaMeHT

Pazryiexk mame 1o mojipazbupane OpHeHTHPAHE TerJIoBHE rpadu. AKO B JIaJIeH MOMEHT Pa3T/IeK-
JlaMe HeopueHTHpaHu rpadu, ToBa Ie ce Kaxke n3pudHo. Hajamdmero Ha NPUMKHM HE MPOMEHS C
HHIITO Hal-KbCUTe II'bTUIILa — aKO TEIJIOTO Ha IIPpUMKaTa € IIOJIO2KHUTEJIHO, HHUKOI Hali-K'bC II'bT HAMA,
Jla MUHE TIpe3 Hesl, aKo € OTPUIATETHO, TO Ts € oTpurareneH mukbia (Buxkre Oupeenenne 103),
KOMTO 00e3CMUCIIs 3a1a4aTa 3a HaMIpaHe Ha Hall-KbCcH IbTHUlla cbriaacHo Habmomenne 34. Cbino
Taka, HAJIMYNETO Ha CHOIOBe OT MapaJelHi pebpa He MPOMeHs HUIIO — aKO MMa CHOII ¢ TIOBede
OT €JIHO pedPO, TO BCEKH HAl-K'bC II'bT, aKO U300II0 M0JI3Ba PeOPO OT TO3U CHOII, I M0JI3Ba CaMO
Hali-JIekoTo pebpo. Taka de pasriexjgame OOUKHOBEHU OpueHTUpaHu rpadu, 6e3 npuMku u 6e3
napasiesinu peopa. [lo oTHomenne Ha cBbp3HOCTTA, rpaduTe ca MPOU3BOJIHE, KAKTO IE BUJIMM,
aKO HMMa BBbPXOBE, HEJOCTHM2KMMMU OT HJa/JCH Ha4daJieH BPDHbX, TOBa CE€ MHIAUMKHPa YpPeE3 ClIeluaJIHN
CTOIHOCTH W B Kpas Ha aJrOPUTHMA € sICHO KOU BbPXOBE He Ca JIOCTUKUMU.

ITo nozgpaséupane G = (V,E) e opuentupan rersioped rpad ¢ rersopua dbysakius w: E — R.

KonBeniiuga 13

B Iloaceknus 4.4, kazBaliKu “I'bT’, ©IMaMe IIPEJIBUJL LT, KONTO HEe € HEIPEMEHHO ITPOCT.

Horamus 6

Heka u,v € V. Horanmusara “u v~ Vv’ e KpaTbK 3aluc 3a “OpUEHTHPAH II'bT OT W JI0 V.
HorarmsTa “usi»Vv" e KpaTbK 3a1mc 3a “p e OPHEeHTHpPAH BT OT U 10 V.

Onpenenenne 102: Tersio HA T'bT

Teenomo na bt p e W(p) = D, w(e).

Omnpegenenne 103: OrpuiiarejseH MUKbJI

Heka G e mersnoBen rpad. Ako G e opHeHTUPAH, 0MpPUUuAMenreH UuksA € BCEKH TMPOCT -
Kb B G, KOHTO MMa OTpHUIIATEIHA CyMa OT Terjara Ha pebpara. Ako G e HEOpPHEHTUPAaH,
OTpHUIIATE/IeH IUK'bJI € BCEKH IIPOCT IMUKBJI B G, KOHTO MMa OTpUIlATEeHA CyMa OT Terjiara
Ha pedpaTa, KAaKTO U BCAKO PeOPO C OTPHUIATETHO TEIJIO.

Hab6aoaenue 34: IIpobiem nmpu oTpUIlaTETHUTE ITUKJIN.

AKo Teryiara ca caMo MOJOKUATEIHH, “Hali-K'bC II'bT OT U JI0 V' e 100pe JeduHIpaHO TOHITHE.
Obaue 3a BceKn OTPUTIATENIEH IUK'BJI C, 32 BCEKU II'bT P, KONTO CbIbPKA C, ChIIECTBYBa II'bT
p’, TakbB e w(p’) < w(p), Karo p’ chbpKa ¢ moBeve IbTH OT p. Epro, ako moxHe euH mbT
OT BP'BX U JI0 BPBX V ChIbPKa MOHE €JINH OTPUIATE/IEH IIUK'bJI, He MOXKEM Ja JeduHupame
“Hall-KbC BT OT W JI0 V.

AKo HIMa OTpUIIATETHN UKJ/IM, TO3W IIPOOJIEM HE ChIECTBYBa JOPH IIPU HAJIUYINE HA OTPHU-
LATETHU TerJIa.

Karo npumep, na pasriegamve ciegaus rpad:
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Y

Ako pasriexame camMo MPOCTH IIBTHINA, HA-K'bCUAT T (TOM € M eJMHCTBEH) W > Y € TBTST
u,v,w,y c teryio 4. Ako obade pasriexjiame IIbTUAIIA, KOUTO HE ¢a HEIPEMEHHO TPOCTH, Hal-K'bC
I'bT W ~> Y HeMA, 3aIM0TO BCIKO MUHABAHE IIPe3 MUKbJIA V, W, X,V jJobaBsd 1 + 1 —5 = —3 KkbM
TEIJIOTO Ha II'bTs:

U, v, W, X, v, W, X,y uma Terjo 1
U, v, W, X, v, W, X, V, W, X,y UMa Terjio — 2
U, V, W, X, V, W, X, V, W, X, V, W, X, y IMa TerJIo — H

1 TaKa HaTaTbK

Hab6maronenue 35: Koraro HsiMa oTpUIATEIHA TUKJIN.

[Ipu surica HA OTpUIIATETHU IIUKJIU, 38 BCEKU JBa BbpXa W U V, BCEKHA Hall-K'bC II'bT OT U JI0

V 3aJ'bJIZKUTEJIHO € IIPOCT II'bT.

Onpenenenune 104: TersoTro HA HAU-K'bC BT

Teznomo na nati-xsc nsm om w do v e

5(u,v) min {w(p) | uvP>v}, axo uMa mOHE euH U v
u,v) =
’ 00, AKO HIMa TAKbB IIbT

BabesiezkeTe, e aKo CHIIECTBYBA [OHE €JUH U v V, KOHTO Ch/IbprKa OTPHIATENICH UK, TO,
cbriaacno Habmonenne 34, min {w(p) | u~b»>v} crasa —oo. Ilpuuunara na jedunnpame Kato oo
TErJIOTO Ha HAW-K'bC II'BT TIPH JIUIICA HA [IOHE eJiiH 1IbT e oueBuaHa. U Taka, §(u,v) € Ru {—o0, w}.

Vma j1eKo TepMUHOJIOTMYHO HECHOTBETCTBHUE: IIIOM FOBOPHUM 3a “Terjio Ha I'bT , Ou TpsiOBajIo 1a
Ka3BaMme “Haii-JieK I'bT’ 3a II'bT ¢ MUHUMAJIHO TeJro, a He “Hail-Kbe bT . Ho KakTo “rersio Ha mbT’,
Taka 1 “Hafi-K'bC bT (B TEIVIOBHUSI CMUCHJI) BeUe Ca IMUPOKO IPUETH KAKTO Ha O'bJIrapCKu, Taka 1
Ha AHTVIUICKH, KaTO CbOTBETHO ce Ka3Ba “weight of path” u “shortest path weight”, Taka we B Te3n
JIEKIINN 1I1e ce ¢bobpasum ¢ ToBa. U Taka, 1me ce npurbprKaMe K'bM CJIeHATa €3UKOBa KOHBEHITHS.

Konsenmus 14

B konTekcTa Ha 3ajauara, KOSTO pasriexkiame, ‘Hali-KbC IIbT’ € CHHOHUM Ha “II'bT ¢ Haii-
MaJIKo Terjio”. AKO mmame mpeaBui Opost Ha pedpara B I'bTs, e IO KayKeM eKCILIUIIATHO.

KonBeniiusa 15

TernoBauTe (BYHKIUU, KOUTO IIe pasriiexkjaMe, Wik uMaT KojgoMeitn R wim nmar Komo-
MeiiH R, Ho B G HaMma orpunarennun nmukiau. [lopajgm ToBa HuKbIe HAMA J1a jgeduHmpame
II'bTUIATA KATO IIPOCTU II'bTHINA. 1€ I1Ie ce OKa3BaT MPOCTU BCJEACTBHAE HA OTCHCTBUETO HA
oTpunaressHu nuksm, npeasu Habionenue 35.
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4.4.2 IlpunoxxeHus

3aJadaTa 3a Hall-K'bCH IIbTHINA B I'pady UMa IpaMa/JHi IPUIOXKEeHNs. AKO HaAMa Terja, 3a/1adaTa
ce pemtaBa eduxacHo ¢ BFS, Ho HanmameTro Ha Teruia mpaBu 3a/1a4aTa HHTEPECHA H N3UCKBA IIOJIXO/,
MHOT'O [O-U3TbHYEH OT To3: 3a permaBanero Ha BFS. Kakro ce kassa B |1, cTp. 6]:

The shortest path problem is perhaps the simplest of all network flow problems.

ETO CaMO HAKOM IIpUMEPHHU IIPUJIO2KCHHA Ha 3aJadaTa 3a Hall-K'bCH II'bTUINTQ B TETJIOBHU FpaCbI/I,
HAKOM OT KOUTO ca OOIIOW3BECTHH, & Ipyru ca B3eku oT [1], [55] u [16].

[ ] B II'bTyBaHUATa OT MACTO A 10 MACTO B Ipe3 MeKJIMHHU MeCTa, KaKBUTO II'bTyBaHUA XOpaTa
ca MpaBWJIM OT He3allOMHeHH BpeMmeHa. Terjiara ca Jb/KUHUTE Ha II'bTUIIATA, CBbLP3BAIIN
JAPEKTHO JIBOMKHU MECTa.

e B reorpadckure nndopmarmonan cucremu (GIS): cbimara 3amada, HO cera ce perasa ¢
KOMITIOT'BD.

e B mapmpyTusanusTa B KOMIIOTbPHUTE MPEXKU — UCKaMe JIa HaMEPUM MapIIpyT 3a KOMYHU-
Kallud MeXK/J1y JaJ€HU alr€HTU B JaJ€Ha MpexKa, I10 KOWTO MapmipyT 3aK'bCHEHUETO € MUHU-
mastHo. Min nekame Jja HaMepuM MaKCHMAJIHOTO MAHIMAJIHO 3aK'bCHEHUE TIPH KOMYHUKAI[HST
MezKIy KOU JIa € J[Ba areHTa (ToBa e 3ajadara 3a JuaMeTbpa Ha rpada, HO B TEIVIOBEH Ba-
puant). Termara ca BpeMeHa.

e B rpancnoprau 3agaun Karo HaMupaHe Ha Hall-eBTUH IOJIET C IIPeKauBaHUs OT JaJIeHO Jie-
THIIE JI0 JaJIEHO JAPYTO JIETHINE, KaTO IeHUTe Ha JUPEKTHUTE IOJIeTH ca M3BeCTHH. Teriara
ca IIeHM.

e B ypbanucruka rpu usciaejsane Ha Tpaduka — CTAaHJIAPTHO JIOIYCKaHe €, Ye XopaTa OOUK-
HOBEHO Ce MPUJIBUKBAT 10 HA-K'bCUs MAPIIPYT. 3ajadaTa 3a ONTUMU3Upane Ha Tpaduka B
rpajia chbprkKa KaTo 1Mo/i3a/lada 3a/ladaTa 33 HaMupaHe Ha Hall-K'bCU II'bTUIA, B MHOYKECTBO
MHCTAHIAAIINN 33 PA3JIUIHN JBOUKH JOKAINU B TPaJjia.

e Bceku 4oBek, n n300I10 BCIKO JOCTATHIHO CJIOXKHO YKMBO CHIIECTBO, MMa BrpajeHa IPeJc-
TaBa 3a OTCEYKATA KATO HAN-K'bC BT OT €HO MsICTO A 10 Apyro Msicto b BbB dusmdeckus
CBSIT, TIPH JIUTICA HA TIPEMSATCTBAS MEXK Iy Te3n MecTa. [Ipn Hajmmane Ha TPensaTCTBUS JTBUKe-
HUE 110 OTCedKa MOXKE Jia € HEBb3MOXKHO, HO JIOPH TOraBa XOpaTa MMaT BrpajeHa MpeJCcTaBa
3a Haii-epUKaCHUs HAYUH 3a NpuIBHKBaHe oT A 10 B KaTo npuaBmKBane M0 Hal-KbC IIHT.
B T03u cMuchiI, ABUXKEHHETO 110 HAil-KbC I'bT € Hall-eCTeCTBEHOTO JIBUXKEHUE, aKO IIeJITa
€ MaKCHUMYM erI/IKaCHOCT. OTTYK " IPUJIIO2KEHHUETO Ha 3aJadaTa 3a Hal-K'bCUTE II'bTUIIl& B
obacTra Ha naaHupane Ha dsusicenuemo (motion planning): HAMEUPAHETO Ha peaUIa OT
MIPOCTPAHCTBEHN KOHMUryparun, KosaTo “npuasuxkpa’ gajgeH obekT or A no B. [lranupane
Ha JIBUKEHMETO NMa B KOMITIOTbPHATa T'eOMEeTPHUsI, KOMITIOThbPHATa aHUMaIisl, POOOTHKATA 1
KOMIIIOTbPHUTE UTPH. BbB Besika 0T Te3n 00/1aCTH, aJITOPUTMUATE 3a Hali-K'bCH IITUIIA UMAaT
IIPAJIOKEHUE.

e B mpoM3BOJICTBEHOTO MJIAHUPAHE, HAPUMED T. Hap. inventory planning |1, crp. 749| wiu
dynamic facility location |1, crp. 764].

e [Ipu onruMusupane Ha HPOU3BOJICTBOTO, IIPUMEPHO Ha cToMaHeHu rpeju |1, crp. 11].
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e B tunorpadusarta — npumepro, turnorpadckara cucremMa TEX M3M0J/3Ba 3ajadaTa 3a Hali-
K'bCH ITBTHIINA KATO [0/13a/1a4a TP U3YUCISIBAHETO HA ONITUMAJHOTO (110 KPUTEPHUH, KOUTO €A
dbukcupanu or cw3narens na TEX Donald Knuth) paséusane na Tekcra Ha 1babr naparpad
Ha oTJesHN pejiose [1, crp. 21].

e [Ipu ampokcumupane Ha GyHKIHMs, KOATO e JuHefiHa mo dactu |1, ctp. 98]. T'bpen ce mpyra
dyHKINA, CHINO JWHEHa MO0 YacTH, HO C MO-MaJKo breakpoints, Karo ce MCKa TPUEMJINB
KOMITPOMUC MEXKJTy pa3Mepa Ha MPEeJICTABAHETO U TOYHOCTTA Ha allPOKCUMAIIIATA.

e B onrtummsanuoHHn 3aja4qu Karto 3anadara 3a panunara (Knapsack Problem) |1, crp. 100].
BagagaTa MoxKe Ja ce (popMyIupa KaTo 3a7a4a 3a Hail-IbIbl I'bT U OTTaM Ja ce Tpancdop-
MEpa B 3a/aua 3a Hail-kbe mbT. Kakro ce kassa B |1, cp. 100]:

This application illustrates an intimate connection between dynamic programming and
shortest path problems on acyclic networks. By making the appropriate identification
between the stages and “states” of any dynamic program and the nodes of a network, we
can formulate essentially all deterministic dynamic programming problems as equivalent
shortest path problems.

U ome [1, crp. 102]:
“(deterministic) dynamic programming is a special case of the shortest path problem.”

e Cucremu ot qudepenunn orpanndenus (Systems of difference constraints) |1, ctp. 103]. Cra-
Ba JyMa 32 JMHEeHO ONTUMU3MpaHe, IPU KOeTO OIPAHUYCHUATA Ca OT OIPeJIe/IeH BUJI, Ha, TAX
CBHOTBETCTBA HAKAKDLB OPUEHTUPAH I'pad, U CbBKYIHOCTTA OT OIPAHMYEHHATA € YIO0BJIETBO-
pUMa TCTK B CLOTBETHHUS I'pad HAMA OTPUIATEICH UKL, 3ajadaTa 33 yCTAHOBABAHE KN
OTXBbPJIAHE HA CHIIECTBYBAaHE Ha OTPUIATEICH UKD/ Ce PellaBa ¢ aJlOPUTHLM 3a Hall-K'bCcu
ILTHIA.

e Hamwmpane Ha TpaH3UTHBHO 3aTBapsiHe Ha pesarms [55, cTp. 212

e PasnosHaBaHe Ha e€CTeCTBEHa Ped WM ABTOMATH3MPAHO HAMUDAHE HA MPABOIMCHU TDENIKH
[55, crp. 212].

e Apburpax (Arbitrage) npu Tbprosus c BasyTu |16, crp. 679).

4.4.3 Pa3HOBUAHOCTH Ha 3aJadaTa

Bajauara 3a Hali-K'bC BT € U3BECTHA B HIKOJIKO BapuaHTa. [lo oTHOIIEHNe Ha HAYAI0TO U Kpas
Ha Hall-K'bC II'bT BAPHAHTUTE Ha 33/1a9aTa Ca CJICTHUTE.

1. Ilpm nagenn BbpxoBe s,t € V, 11a ce HaMepu Hail-KbC BT S v t.

2. Ilpu najsien BpbX s, jJa ce HAMEPH Hall-K'bC IILT $ > U 38 BCEKH U € V.
3. Ilpm nmajzien BpbX t, Jla ce HaMEPU HA-K'bC BT Uw~>t 38 BceKn U € V.
4. Jla ce HaMepH Hal-K'bC IIBT WV, 38 BCEKU W,V € V.

[IbpBUAT BapmaHT Ha 3ajadaTa, a IMEHHO OT JIaJIeH BPbX § J0 JaJeH BpbX t, N3IJIexK1a aJropuT-
MHUYHO Haii-sleceH. KakTo me ce yoeaum obade, B HaW-JIONIMS CIydail, 3a Jla U3YUC/IUM TerJIOTO Ha
Hali-JleK T § v~ t, ce Haslara Ja U3YUCJIUM U TerJIOTO Ha Hali-JIeK II'bT §vw~> U, 3 BCEKH U € V.
Epro, B nHaii-nommus ciaydaii, rbpBULT BAPUAHT € TPY/EH KOJKOTO BTOPUSI.
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Hue e pasriemame 1moapoobpo BTopusi BapuaHT Ha 3ajiadaTta.
TpeTI/IHT BapUaHT UMa aJITOPUTMUYIHaTa TPYAHOCT Ha BTOPHUA, 3all0OTO TPETUAT BapHUaHT Ce
IPEBPBINA BbB BTOPHUSI IIPH OOPBINaHe Ha IOCOKATE Ha pebpaTa; TOECT, Ha TPAHCIOHHpPaHEe Ha

rpada.
YersbpTudaT BapuanT Ie Objie pasriejial B Kypca [0 aJrOPUTMH.

[Ie pasriiemame u apyra KiacuduKalns Ha 3ajadara 3a Hali-K'bCH I'bTUIIA 110 TOBa, KAKBO NCKAME
34 Hall-K'bC II'bT Uv~> V.,

e Moxe Jda MCKaMe CaMO AbJ/I2KHHaTa, a HE CaMUsd II'bT. ToBa He € MHOIO II0JIE3HO Ha IIpaKTHUKa.

e Mozke Ja UCKaMe JbJXKNHaTa IIJIIOC CaMUd II'bT, KOETO B peaJJiHU IPUJIOZKECHUA € MHOI'O IIO-
IIOJIESHO N I/IH(bOpMaTI/IBHO.

e Moxke ma nckame Opos Ha Hall-K'bCUTE II'BTUIIA W > V.
° MO}KG Jda NCKaMe€ MHOZKECTBOTO OT BCHUYKU Hal-K'bCU II'bTUIIT& W™M> V.,

Hue e pa3rjiezKjaMe aJropuTMu, KOUTO BPpbIIaT AbJIZKNHaTa Ha Hal-KbC II'bT IJIIOC CaMU4 II'bT.

Homrbianenne 28: 'eHepupaHeTo HA BCUYKMN HAl-K'bCHU IIbTUINA € HeepUKACHO

B peannu mpuiioxkeHus MOXKe Ja € MHOI'O IOJIE3HO Jla ObIaT HOMydYeHH BCHUYKU Hal-KbCh
I'LTUINA OT BPbX [0 JAPYr BPbX. VIMallKu BCMUKHM Haii-KbCH I'BTHINA, MOXKE 118 U30epeM OT
TIX BT 10 HAKAKDBB APYr KpUTepuil. 3a chrKajleHue, B Hail-Iomms ciaydaiil, Opoar Ha Haii-
K'bCUTE IIHTHUIIA W >V MOYKE I € EKCIIOHEHIIMAJIEH B T, B KOETO MOXKe J1a ce ybemM ¢ To3u
npocT npumep (Ipuemere, e TeryiaTa ca eJIuHUIMN):

k

Buxmame k ma Opoit mogrpadu, ga ru HapedeM pomboseme, KaTo BCEKI PoMO e <>° Powm-
Gosere ca “cinenenn’ B peauna. OuesuHo Ha durypara uma 25 mbTs oT W 10 V, BCEKH OT
TAX ¢ Ib/KAHA 2K, 3aIl10TO 3a BCEKU POMO, MoxKe jJa MuHeM “‘orrope” uian ‘ormosy’. U Tbii
KaTo e Bb3MOXKHO k = m, B rpada moxe ja uma Q(2™) mbrsa or u jio v. CriegoBaresiHo,
HsiMa, e(pUKACEH aJrOPUTHM, KOUTO CTPOM BCHYKHU IIHTHINA, 3aIM0TO CaMO 3aIlMCBAHETO MM
orHeMa Bpeme Q(2™) B Hafi-somus cirydail.
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4.4.4 CbHIMHOCTHU XapaKTEPUCTUKN HA HAW-KbCUTE II'bTUIIA
Teopema 54: Haii-K'bC I'bT C€ ChCTOM OT HAN-KbCU MOIITIbTHUIIA.

Heka G e opmenTupan TerjioBeH rpad, s u t ca BbpXoBe B HEro U p € Hal-K'bC IIBT OT S
1o t. Heka u, v € V(p), Karo u npeaxoxkjaa v oT $ KbM t B p, ako U u v ca pasanann’. Heka
HOJII'bTAT Ha P OT U JIO V ce Ka3Ba (:

p:swuvﬁwth
- ~- >y

P

Torasa q e Hali-K'bC I'BT OT U JIO V.

%He e HeoOXomuMo s, t, U U V J1a ca YeTUPHU PA3JIMIHYN BbPXa; B HA-eKCTPEMHUsI BADUAHT, MOXKe § = t =
U =V U [IaK 0CTaBa BAPHO, Y€ Hal-K'bC II'bT Ce ChCTOU OT Hai-K'bCH MOJII'bTHUIIA.

JoxkazatescTBo: Ako jomycreM, de uMa IbT ', Takbs de uw o v 1 w(q') < w(q), Bexnara
3aKJI0YaBaMe, e P He € HAl-K'bC I'bT OT § JI0 t, OHeXKe 3aMsiHaTa Ha ¢ ¢ ' B p HaMajsiBa W(p)
c w(q) —w(q'). O
B nokazaresicrsoro na Teopema 54 ce Bb3Iosi3BamMe OT TOBa, Y€ I'BTHINATA HE Ca HEIPEMEHHO
mpocTu. AKO HaCTOABAXME II'BTHUINATA JIa Ca IIPOCTH, TO BMbKBAHETO Ha (' Ha MICTOTO Ha ( MOXKE
J1a € IpobIeMaTHIHO, ITOHEKe HeMa TapaHInd, ue ' 1 p HAMAT JPYru OOIK BbPXOBE OCBEH W U V;
epro, cJiej BMbKBAHETO TEJIUT I'bT MOXKe JIa He € IPOCT. AKO Terjara ca MOJIOKUTETHU, MOXKEM
“ma m3pexkem”’ OOIUTE YaCTH HAa p U (' U Jla MOJyIUM I'bT p”, KOHTO € ¢ JOpH OIle MO-MaJjIKo
TEerJIo, KOeTo IaK HU JlaBa »KeJaHoTo IpoTuBopedne. Obade Ipu OTPUIATEHU TEIJia U 110-TOYHO
P HAJTMYUETO HA OTPHUIATETHU UK/, TOBa “M3pdA3BaHe” MOXKE Ja YBEJUYH TErJIOTO Ha II'bTd,
KOETO € TIPo0JIeM 3a JI0Ka3aTeICTBOTO.

JAbpBOo Ha Hall-KbCUTE IMBTHUITA. AKO MCKaMe Ja W39HC/IUM Haii-K'bC BT S v t, ITamerTa,
KOSITO € HeoOXO/IMMa 38 3aIMCBAHETO Ha IIbTs, UMa OKOJIO N KJIETKHU B Hall-JI0Mus cjrydail, 3a1moTo,
B Hali-JIOINS cJIydail, Ib/zKUHATA Ha LT € N— 1 1 He MOXKeM Jia m30erHeM 3alicBaHeTO Ha BCEKU
BpbX oT Hero. Ha mpbB 1morie/1, ako nuckame Jia 3almiineM [0 €JIUH Hali-KbC II'bT S >V 33 BCEKH
v eV, me Hu TpabBAT 0KOJIO N2 KJIETKH IaMeT.

BebmiaocT, moxkem “ma MumHEM” caMO € OKOJIO M KJIETKHU ITaMeT 3a BCUYKHU II'bTHINA, 3aI0TO
MOXKEM JIa TU TPEJICTaBUM C OPUEHTUPAHO KOPEHOBO JIbPBO-apOOPECIIEHITNS, KOATO MOXKE Ja Ce
[peJICTaBu ¢ MacuB Ha mpeamectsugara 71, ..., n], ebmo kakro npu BFS u DFS. Ille nokaxewm,
Ye Hall-K'bCH II'BTHINA OT $§ MOTaT Jia ce IPeJCTaBAT ¢ ejHa apbopecrieHius ¢ kKopeH s. Heka p
U q ca HAfl-K'bCH I'BTUINA OT § CHOTBETHO JIO U M V, KBbJETO U U V Ca pa3jiniHu BbpxoBe. AKO
eJMHCTBEHUAT OOII BPBX HA P U ( € S, HIMa KaKBO Jia ce Noka3Ba. Heka p m q uMar 1moHe enH
o011 BpbXx ocBeH s. Heka z e Hall-oTJa/ledeHUAT B p U B  BPbX OT S, KOWTO e 00II 3a p U (.
OueBHIHO He MOXKEe z = U = V, IIOHEXKE W U V ca pa3andHu. AKo z = u v wim z = v + u, HIMa
KaKBO II0BeYE Jia [M0Ka3BaMe; TOBa € CJIydanTe, B KOWTO ChOTBETHO P € YacT OT ( W/ ( € YacT OT
p. OcraBa ja pasriegame ciydasi, B KOWto z + u u z = v. Heka moambTaT Ha p oT s JI0 z € p’, a
HOII'BTAT Ha ¢ OT S JI0 z € '
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Tebpmaum, 1e w(p’) = w(q’). Hda nomycuem nporusrnoro. BOO, Heka w(p’) < w(q’). Torasa B q
nojMeHnsme q’ ¢ p':

U [OJIy9aBaMe II'bT g OT S JI0 V, TakbB e w((q) < w(q), B IPOTUBOPEIHE C JIOMYCKAHETO, Ue ( €
Hali-K'bC II'bT OT S JIO V.

[Iom w(p’) = w(q’), MOXKe U B p, U B ¢ JIa M3MOJI3BAME CAMO EJUHUST OT THAX, Ja KaxkeM p’;
110 TO3W HAYWMH, [TOJIydaBaMe Hall-KbCH ITBTUINA OT S JI0 W M OT S JIO V, KOUTO Ce CbCTOSIT OT €JINH
OOII TIOJI'BT OT S JI0 Z, CJIEN KOETO ce “pasjesisaT’ U IoBede He ce chOupar:

w

AKo cu HaIpaBHUM CBITOTO HEINO 3a BCEKH JIBa BbPXa, JOCTHUKIMUI OT S, IIe MOy IuM apOOpeCcIieH-
WS ¢ KOPEH S, KOETO € JIbPBOTO Ha Hali-K'bCUTE II'bTUINA OT S.

3asavaTa 3a Hall-k'bcuTe mbTUIna m 3a7a4vara 3a MIL/I ca pasamyau. Ecrectseno, Te
ca 3aJ]auu BbpXy pa3andHu Bujose rpadu, kKaro MII/I e BbpXy HeopueHTHpaHN TeTJIOBHU Tpadu,
a Hall-K'bCUTE II'bTHUINA Ca BLPXY OPHUEHTUPAHU TErJIOBHU I'Padu, HO CHIIECTBEHATA Pa3J/IMKa He €
B ToBa. [lopm s1a pemraBaMe 3ajiadaTa 3a Hal-KbCUTE ITBTHUINA BbPXY HEOPUEHTHUPAHU TETJIOBHU
rpacdu, T ocTaBa TPUHIMITHO pasjndHa oT 3aja4darta 3a MIL/I. Ero mambk npumep:

u z

Y
O
\J
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Haii-kbeuar mbT Mexkiy s u t e pebporo (s,t) ¢ rerso 2 (B gepseno). Ho MII/I-to (to e camo
eJIHO) Ce CbCTOM OT YeTHpHUTe CHHU pebpa, BesKOo ¢ Tersio 1. AKo cu mpejcraBum paborarta Ha
asropurbMa Ha Kruskal Bbpxy To3m rpad, coprupaiiku pebpata, TOi Ie MOCTABU B HAYAJIOTO
yeTupuTe pebpa ¢ Teryio 1 u cien ToBa pebporo ¢ Teryio 2. Koraro 3amoune jga ciara pebpa, Toi
e CJI0XKH deTupure pebpa ¢ Teryio 1 u 1me cupe, 6e3 ga JOCTUTHE 0 PeOPOTO ¢ TErao 2, KOeTO
peanunsupa Hal-K'bCUd II'bT.

Hab6aronenune 36

BagaunTte 3a Hammpane Ha MII/] m HamMmpane Ha IbPBO Ha Hal-K'bCUTE IIBTHUINA BbHPXY
HEOpPUEHTUPAHHU TerJI0BHE rpadu ca npuHinmHo pazandan. Besko MIL/, 3a Bcekn 1Ba Bbpxa

s u t, gaBa (YHUKAJECH) I'bT P MEXKJLy § U t, HO B 00IIus cIyvail p He e Haii-K'bC IIbT B rpada
MeXKIy s 1 t.

IIpm Haii-k'bcuTe IHTUIIA HE MOXKe 1a ce “oTbpBeM’ OT oTpuliaTeJiHUTe Terja. /Ipyra
BaykKHa pa3jnKa Mex/ 1y 3amaunTe 3a Hamupane Ha MIIJ] n Ha Hali-K'bcu IHTHUINA € BH3MOYKHOCTTA
Ja ce “orbpBeM’ oT oTpunaresnu tersa. Koraro jnepunupaxme 3anadara 3a MIIJL, nedpunupaxme
TerjiaTa KaTo peajiHi Yuc/ia, OCTaBAWKHA Bb3MOXKHOCTTA Te Jia ca orTpunareanun. Hancruna, nuiio
He Ipevn Teryarta ja ca orpurarennn B Teopema 53 win B aaropurmute Ha Prim n Kruskal. Ako
obade 1O HAKAKBA MPUYNHA He MCKaMe OTPHUIATEHU Terja TaM, JIECHO MOXKe Ja Ce OTbPBEM OT
THAX, KATO HAMEPUM Hal-MAJKOTO OTPUIATETHO TEryIo X U nocie jobaBuM |x| + 1 KbM Teriarta Ha
Bcuuku pebpa. Te me cranar nosoxuresnnn, a MII/[-tara na rpada e ocranar cbiuTe.

Tosu Tpuk He PabOTH MPU HAW-KbCUTE MHTUINA. AKO “NOBIAUTHEM TerjiaTta JOCTATHIHO, TaKa
Ye BCUYKU T€ JIa CTAHAT IOJIO?KUTEJIHH, ILPBOTO HA Hal-K'bCUTE IIbTUIA MOXKE Jia Ce ITPOMEHH.
Ero manbk mpumep 3a TOBa, TO3U II'bT C OPUEHTUPAH rpad:

u 1 v 1 z
a oO—>0———»
1:W \
S >0 t

5

OueBHIHO HAK-KBCUAT I'BT OT S J0 t ce ¢hCTOM OT 4YepBeHuTe pebpa u nma Terio 4. Ako obade
nobaBum 1001 KbM TErJI0TO Ha BCAKO pedPO, TaKa de Terjiara Ja CTaHAT CaMO IOJIOXKUTETHU:

Y002 Y 1002 %
a O———»0O0—m»
1 1002 1002
S >0 t

1006

I'bTAT OT YepBeHuTe pebpa craBa ¢ Tersio 4008, a To3u ¢bhe cuHBLOTO Pebpo, camo 1006, Taka de
cera TOM € Hal-K'bCUAT II'bT OT § JO t.
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Hab6aronenue 37

Heka G rersioBen HeopuenTupan rpad ¢ rerjosHa ¢ynknus w: E — R. Heka w': E > R e
napyra TeriaoBHa (yHKIusA, Kato Ve € E: w’(e) = w(e) + ¢, KbJIETO ¢ € MPOU3BOJIHA PeasHa
korctanTa. MIIJI-tata Ha G 1o OTHOIIEHWE HA W U II0 OTHOIIEHMe Ha W' ca €IHU U CbIIH.
Axko obade G TersioBen opueHTHpaH rpad ¢ TersoBHa ¢yHKIua w:E > Ruw' :E—>Re
napyra rerjaosHa (yHKus, kato Ve € E:w’(e) = w(e) + ¢, KbJIETO ¢ € NPOU3BOJIHA PeajHa
KOHCTAaHTa, J/bPBOTO HA Hal-K'bCUTE IILTHIIA 110 OTHOIIEHNE Ha Mpou3BoJieH s € V(G) Moxke
J1a ObJie Pa3/jInIHo 3a W 1 3a W',

CJ'IG,ZLCTBI/IG OT TOBa € (baKT’bT, Je 3aJadaTa 3a HaMHUpPpaH€ Ha MHUHHUMaJIHO IIOKPpHUBaIIO JABbPBO €
AJITOPUTMUYIHO CbllaTa KaTO 3a/ad9aTa 3a HaMUPpaHE Ha MaKCUMaJIHO IIOKPUBaIIO JbPBO:

e ako B AsropurbMm 9 3amenum B/ . ¢ B! —MHOMXKeCTBOTO OT pebpara ¢ MAKCUMAJIHO TErJIO

min max

B BE/—1me mosmyunm ajaropuTbM, KOWTO HaMUPa MaKCHMAJIHO ITOKPUBAIIO JTHPBO;

e axo B Asropurbm 10 3amenum E/ . ¢ B! —MHOXKeCcTBOTO OT pebpaTa ¢ MAKCUMAJIHO TErJI0

min max

B E/—ChINo 111e mosTyInM aJropuTbM, KONTO HAaMIpa MaKCHUMAaJTHO TOKPUBAIIO TbPBO.

min

3a ja Jie yoeuM B TOBa, JIOCTATBLIHO € Jla pasriegame Teopema 53. B mea na zamenum Effy, ¢
UW: HOJMHOZKECTBOTO Ha Eyw OT pebparta ¢ MakCMMAaJIHO Teriio. [lomyyasame TBbLpaeHueTo
“3a Beako e € B, CbIIecTByBa MaKCUMAJIHO MOKPHBANIO JbPBO D, KoeTo ¢hibpKa €, KoeTo e
BAPHO U Ce JIOKA3Ba HAI'b/THO aHAJOru4IHO Ha Teopema 53.
Ot apyra crpana, HEUKOH aArOPUTLM 3a Hall-KbCH II'BTHINA BLPXY obmm rpacdu’ me crasa
AJITOPUTHM 32 Hail-IbJITW IIbTHUINA IPU 3aMdHa Ha min ¢ max. [Ipumumnara e obscuena B o-
bJHeHne 29: IpHU Hail-IbJTUTE IIBTUINA HE € BAPHO, Y€ ONTHMAaJIHATa CTPYKTYpa Ceé ChbCTOU OT

ONTUMAJIHU TOJICTPYKTYPH.

4.4.5 Ilak 3a oTpunaTEeJIHUTE TerJjia

Kakro ce ybeuxme, oTpuriaTe/;THUTE TEr/Ia MPEJICTAB/IABAT 3HATUTEICH TPOOIEM 3a 3ajadaTa 3a
Haji-K'bcuTe IbTHINA (38 pasiauka or 3ajgadara 3a MIIJ, kbaeTo Te HIMAT HUKAKBO 3HAYEHIE).
[Ipn naymaue Ha OTPUIATESIHE TEIJIa HUE MOXKE JIOPH Jia He CMe B ChCTOAHHE Jia JeduHupame
“Hali-K'bC II'bT OT § JI0 t”, aKO IOHE eIUH II'bT OT § JI0 t CbIbprKa OTPHUIIATEEH UK bJI.

Tosa ce abku Ha dakTa, de pasryiexkjaaMe II'bTUINA, KOUTO He ca HEIIPEMEHHO ITPOCTH, KOETO
BJIeUe, e BCAKO ‘BaBbpTaHe’ IPe3 OTPHUIATE]IeH UKD JlaBa olle Mo-Kbe mbT. He moxke jin ja
MOCTyIUpaMe, e pasrjexkaMe caMo MPOCTU IIBTUINA, W 110 TO3W HAYUH Ja HIMa Bb3MOXKHOCT
Jta ce “BbpTuUM’ B IUKIUTE MoHAYIaI0? OTrOBOPHT €, ¥e TEOPETUIHO MOMKEM Jia TO HAIIPABUM, HO
AJITOPUTMUYHO HE MOZKEM JIa [0 UMILJIEeMeHTHpaMe 110 e(puKaceH HaduH. AJITOPUTMHTE 38 HAl-KbCH
I'bTUINA, IpuMepHO To3u Ha Dijkstra, He mpaBgaT npoBepKa J1ain U3rpaJieHUTe IIHTHUINA Ca ITPOCTH
i He. Te ce okaszsar npoctu (Buzkre Habiomenue 35; B anropurbma Ha Dijkstra ce ucka reriara
Jla Ca TIOJIOZKUTEJIHN).

CwrHa ynmKa 3a TOBa, 9e He MOXKe Jla PelmmM IpodjeMa ¢ OTPHUIATE/THUTE UK/ C eJIeMeH-
TapHU CPeJICTBa—IIPUMEPHO, TOCTY/IUpaHe, Ye He pasriezkKaaMe JPYTU IIbTHUINA OCBEH ITPOCTU—e
dakTbT, Ye 3a/a9aTa 3a Hall-K'bCH ITBTHUIIA € CbIaTa KaTo 3ajadaTta 3a Hal-IbJrU I'bTUIIA [TPU
obOpblilane Ha 3HaKa Ha Teryata. Mnade kazano, ako G € OprueHTUPAaH TErJIoOBeH rpad, BbpXy KOWTO
ca nedunupanu tersopau dyHKIwmu w,w': E — R, kato Ve € E(G) : w(e) = —w’(e), To, 3a Bcekn
s,t € V(G), p e Hall-KbC BT § v t [0 OTHOIIEHWE HA W TCTK P € Hal-IbJbI BT § v t 110

THMMa aJrompTMu 3a Hal-KbCH IIBTHINA BbPXY OTPAHMYEHU KJACOBE I'padm, IPUMEPHO Jarose, KOUTO aJl-
FOPUTMH CTABAT AJTOPUTMU 3a HAM-IbJIU I'BTHUINA [TPU 3aMsiHa Ha Min ¢ max.
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oTHOINKeHNe Ha W'. 3ajladara 3a Hali-Tbjaru wbruiia € NP-rbjiHa, KoeTo o3HavaBa, de MouTH
CUTYPHO 3a Hed HaAMAa e(PUKaCeH aJrOPUTHM.

Honbiaaenue 29: 3a cTpyKTypaTra Ha Hall-IbJITUTE II'bTUIIA

3a zajauaTa 3a Hail-TbJITUTE IIMTUINA HE € BAPHO, Y€ ONTUMAJIHATA CTPYKTYPa €€ ChCTOU OT
onTuMaJHU TOACTPYKTYpH (cpaBHere ¢ Teopema 54). ToBa 06siCHSIBa ApacTUYHATA PA3JIAKA
MexK Ty e(DbUKaCHOCTTa Ha Hail-I00pUTe U3BECTHU aJrOPUTMU 3a Hall-K'bCH II'bTHUINA 1 38 Haii-
JIBJITU II'bTUIIIA.

[Ipean Bcuuko, 3a ja JedbuHIpaMe CMUCIEHO 3a/iadaTa 3a Hall-IbJIrnTe IIbTUllla, TpsaoBa J1a
MOCTYJIMPaMe, de pasriekjiamMe caMo IIPOCTH I'bTuina. Mnade, 10pu B He-Ter/IOBHUSA BApUAHT,
3aJ1a9aTa € JIOIIO JepuHIPaHa, TOHEXKE ChITECTBYBAHETO Ha UK'bJI B OPUEHTUPAH rpad nim
Ha peOpo B HEOPUEHTHUPAH rpad BjeUe CbIIECTBYBAHETO Ha HEOTPAHUYIEHO JIbJIIU, KATO OPOii
pebpa, bTHIla, KouTo He ca mpoctu. M Taka, ako jeduHupaMe 3ajadaTa 3a Hali-IbJIu
I'BTHINA 110 OYEeBUTHUsI HAYUH, HACTOSBAKMU II'bTUIATA Ja Ca IPOCTH, € JIECHO Jia HaMEepUM
[pPUMEp, B KOHTO HAN-TbIATUAT [I'bT HE Ce ChCTOU OT Haii-IbJIU HOAIBTHINA (JOIyCKaMe, de
TerjaTa ca eJIUHUIM ):

\J \J S
u Y z
Hait-mbaruar mbT MexKTy s U t e ¢ Ib/KUHA 8 U € HapUCyBaH ¢ YepBeHo. B Hero mma mo bt
MeXKJy § U a ¢ JbkuHa 1. Ho Hafl-1barudar mbT MeXKly s U a € ¢ JIb/KAHA 8, KAaKTO Ce

BIKJIa Ha cJiejiHaTa burypa (B CHHBO):

a b c d

O O O
u v z

O‘{GBI/I,ZLHO HE € BAPHO, Y€ Haﬁ-ﬂ’bﬂl"ﬂTe II'bTUIIIa CE CBhCTOAT OT Haﬁ-ﬂ”bﬂl"ﬂ IIOJII'bTHUIIA.

Cites1 BCUYIKY M3/I0YKEHN [TPOOJIeMU, KOUTO Bb3HUKBAT IIPU OTPHUIATETHU Terjia Ha pebpaTa, Bb3-
HUKBa BbIIPOCa, & 3aIll0 He ce OTKaXKeM OT OTpUliaTenu rersa nonadaso? Hancruna, ako Tersiara
MOJIEJIUPAT HAKAKBU (DU3MIECKU BEJMIUHU, KOUTO 110 HMPUPOJIA @ TOJIOKUTEIHE, ITPUMEPHO 3a-
KbCHEHUA BBB BPpEMETO WUJIM Pa3CTOAHMA B pPeaJIHUA CBAT, HAMa KaK Ja CE IIOABAT OTPUIATC/IHU
Terjia; OTPUIATE/THO 3aK'bCHEHNe, HAIIPUMeD, O3HadaBa I'bTyBaHe Ha3a [ BbB BpeMero. Obade mma
BayKHU IMPAKTUYECKU 3aJ[a49i, B KOUTO € yI00HO J1a ce paboTu ¢ adCTpaKIUATa Ha OTPUIATETHUTE
ynciia. [Ipumepno, ako Mogenmpame HIKAKBU MOTOIM OT CTOKU WJIM TIapH, MOXKEM Jla KarKeM, de
oT cMeTkara Ha X ca npexBbpseHn 100 jeBa B cMeTKaTa Ha Y, KATO KaykKeM, e OT CMeTKaTa Ha
Y ca npexsbpiaenun —100 j1eBa B cmeTkaTa Ha X.
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Hab6aonenune 38

AKo ce oTKakeM OT OTpUIIATETHU Teryia n300I10, rpaduTe HU IMe CTaHAT CbC CTPOTO IO-

MaJIKa MO/ieJInpallia MOIII.

Bsapuo e, ge amropurbmbT Ha Dijkstra, KofiTo € e MHCTBEHUAT aJrOPUTHM 3a HAl-KbCU THTH-
I, KONTO IIe pasriiejaMe B TO3U Kypc, paboTh caMo IpH IoJioKuTeaHu tervia. Ho nma apyru
AJITOPUTMU 3a Hal-K'bCU II'bTUINA, HE TOJKOBa e(pUKACHU KOJKOTO ajaropuTbMma Ha Dijkstra, komn-
TO paboOTAT NPU TPOU3BOIHU TEIJIa, CTUTA Jia HAMA OTPUIATETHU UK. TakKbB aJrOpUTbHM e
pasriegaMe B Kypca IO aJrOpUTMU.

4.4.6 AgaropurnpMm Ha Dijkstra

Axko Ternara na pebpara ca HEOTPHUIIATETHH, MOYKEM JIa U3IOJI3BAME CJIE/IHUS IIPOCT U eJIeraHTeH
aJITOPUTHM 3a pelllaBaHe Ha 3ajadarta 3a Hal-KbCHTE I'bTUINA BbB BapUAHTa OT €JIUH BPBHX J0
BCUYIKHU OCTaHAJIHN, KATO TeHEPUPaMe M CAMUTE I'bTHINA KATO JIHbPBO HA HaW-KbCUTE IHTUIA. AJ-
rOPUTHLMbBT € OTKPHUT OT BeJnkus KommoTbped yiuen Edsger Wybe Dijkstra [19]. Tosu 4osek e
OTKPUJI MHOTO aJITOPUTMU, BCEKU OT KOUTO MOXKe Jia Objie Hapeden “Ajropurbm Ha Dijkstra”, Taka
1e 3a n30sArBaHe Ha JIByCMUCIHE MOXKe Jia ce Ka3pa “Asnropurbm Ha Dijkstra 3a naii-kbcure mbTu-
ma’. B To3u Kypc He pasriexgame apyru aaropurvu Ha Dijkstra, taka ue kparkoro “Agropurbm
Ha Dijkstra” e nperusno HamMeHOBaHUE.

Bbiupekn de ajropuTbMbT € HMPOCT 3a Bb3IMPHEMaHe U IIpOorpaMupaHe, JTOKAa3aTeJICTBOTO Ha
KOPEKTHOCTTa MY CbBCEM HE € IPOCTO U IIe I'0 OTJIOXKUM 3a Kypca 10 aJIrOPUTMU. TyK caMo Iie
BUJIMM KO/Ia, I11e¢ HAIIPABUM Ma/TbK KOMEHTAP BbPXY HEroO U IIe [0 CUMYJINpaMe BbPXY MaJIbK rpad.

AgropurbMm 11: AJITOPUTHM HA DIJKSTRA

Bxom: opuentupan rpad G = (V, E) ¢ TervioBHa dyuknusg w: E — RT Bpbx s or V.
M3xom: MacwB OT NbJDKUHATE Ha Haji-KbCcUTe I'bTHIA d, MAacUB 7T, Peaau3upall KOpeHOBO
J'bPBO Ha Haii-KbCUTE I'LTUINA ¢ KOPEH .

® 3a Bceku BpbX v € V: d[v] « o0, m[v] < Nil

O d[s] —0

®S—

@ Axo BbB V\S HsiMa BPbX U, TakbB Ye d[u] < oo, BbpHu d u 7 1 Kpaii.

® B nporusen ciyuait, uzdepu x € V\S, takbs de d[x] e MEHIMAIHO
®S—Su{x}

@ 3a Bceku y € adj[x]:

® Axo d[y] > d[x] + w(x,y), To
@ dly] < d[x] +w(x,y), nly] —x

® orunn na O

Macuute d u 7t 10 Bpeme Ha paboraTa Ha AJTOPUTHMa UMAT CJIEJIHUS CMUCHJI. 38 BCEKU V € V:
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e d[v] ¢ Haii-ToYHATA ATPOKCHMAIUS Ha JbIXKIHATA HA HAN-KBC BT § W V, KOATO MOKEM
Jla HAaIlpaBUM Bb3 OCHOBA Ha MHOpMaImudaTa 0 MOMEHTA,

e a 7[v| e pojurenaT Ha v B P.

Kaxkro JjiecHO ce BIK/Ta OT KOJIa, TOBA allPOKCHMUPAHe € CaMO OTTOpe U HUKOra OT/0JTy; Toect, d[v]
He MOXKe Jla HapacTBa, a caMo HaMaJidgBa. BApHO e, ue B Kpas Ha aJropurbMma, d ¢hIbpKa TOUHUTE
CTOMHOCTHU, a He allpOKCHUMAIIMH, HO TOBa TPAOBa Jla ce JOKaxKe IPEIU3HO, KOeTO JI0KA3aTeJICTBO
e OTJIOXKUM 3a Kypca 10 aJrOPUTMU.

O u O ca uHUIMATIK3AIATA Ha ajropuTbMa. Hanceruna, d[v] uma cMucbs Ha Hail-106pa ammpok-
cuManus Ha JUbJZKHHATa Ha Hafl-KbC S v~V Bb3 OCHOBA Ha TOBA, KOETO € M3BECTHO JO MOMEHTA:
aKO V = S, OUEBHJIHO Ta3M [IbJIKHUHA € HyJIa, & aKO V + §, He MOXKEM Jla KarkKeM HUIIO 3a Hesl, KOETO
e CHIIOTO KaTo Jia KazkeM, de Ts (Haii-mobpara anpokcuManus) € 6e3KpaiHoCT.

S e MHOXKECTBOTO OT BBPXOBETE, 38 KOUTO 3HAEM TOYHATA CTOMHOCT; C JIDYT'U JIyMH, B HETO Ca
BCUYKHU BbPXOBE V, Takuba 4de d[v] e TOUHO Ib/IKUHATA HA HAR-KbC BT § v V.

YHoeek 6u KazaJ, de TpgOBa Jia WHUIMAIN3UpaMe S ¢ {s}, a He ¢ MPA3HOTO MHOYKECTBO, KaK-
To npaBuM B ®. ToBa e HaI'bJIHO BB3MOXKHO, HO B TaKbB CJaydail TpsOBa ma mpoMeHuM u d u
7-CTOMHOCTHTE Ha Jlerara Ha § KATO YacT OT MHUIHAIU3ANUATA. 3a J1a Oble KOIBbT IMPOCT U eJie-
raHTeH, THUIaJIn3upaMe S IMEeHHO C IIPa3HoTO MHOXKecTBO. IIpu mbpBara urepanus va while-a,
IIPOMEHJINBATA X 3a/IbJIKUTEIHO Ie ChIbpyKa §, TaKa 4e IIPU BbIPOCHATA IIbPBa UTEPAIIA BCIKO
JleTe Ha $ 1e “Bjie3€’ B Y U IIe TOJIyYIU TPABUWIHN d U TT-CTOWHOCTH.

Ia pazriemame cireiHust TersioBeH rpad. 3a mpocTtora, rpadbT € HEOPUEeHTHPAH U CBbp3aH. ler-
JlaTa ca HAIMCAHW C YepBEHO 10 pedpaTa.

20 6 6
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Bbe V\S mma BpbX, a uMeHHO 3, 4usaTO d-CTOHHOCT He e GEe3KpaifHOCT, TaKa |e M3IbJIHEHHETO
orusa Ha @. S craBa {3}. Ha pucynkara na rpada mie orbessgsBamMe ¢bC CHH IBAT HA BbPXOBETE
oT S:

[Tocsie BbB for-mukbia, Yy B3eMa 1Mocje0BaTETHO CTORHOCTUTE Ha cheeauTe Ha 3. Crnucbiure Ha
C'bCEJICTBO HE ca JIaJIeHN, TaKa 4e Ja KaxKeM, de I'bpPBo Y craBa 1. ByseBoTo yciaosue

dly] > d[x] +w(x,y)
BCBHIIHOCT €
w>0+3

KOETO € UCTUHA, TaKa ue u3lr'bjHennero orusa Ha @. Tam d[1] crasa 3, a m[1] crasa 3.

for-mukbrbT TPOIBbIKABA J1a ce u3IbJHsgBa. Y craBa 4. Bynesoro yciioBue
dly] > d[x] + w(x,y)

BCBIIHOCT €
o0 >0+2

KOETO € UCTUHA, TaKa e u3lrbjHeHneTo oruBa Ha @. Tam d[4] crasa 2, a 7t[4] crasa 3.
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fOI'—L[I/IK’bJTbT IIpecTaBa Ja Ce U3II'bJHABa U OTHOBO CM€ Ha @ I/IMa JBa BbpPXa M3BBHH S, quAgATO
d-croifHOCT He e Ge3KpaifHOCT, Taka de oruBaMe Ha @, Kbjero x craBa 4. S crasa {3,4}:

[Tocne y craBa 3 u 5, ja Kaxkem B To3u peji. Korato y e 3, OyieBoTo ycjioBue
dly] > d[x] +w(x,y)

BCBIOIHOCT €
0>2+2

KOETO € JI'b2Ka 1 @ He Ce UIII'bJIHABA. HOCJIe y CTaBa 5 n 6yJIeBOTO ycJjoBue
dly] > d[x] +w(x,y)

BCBIOIHOCT €
oo > 2+ 200

KOETO € UCTUHA, TaKa ue u3l'bjaHennero orusa Ha @. Tam d[5] crasa 202, a n[5] crasa 4:
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for-mukbrbT TIpecTaBa Jia ce M3MbAHABA W OTHOBO cMe Ha @. Vma 1aBa Bbpxa W3BBH S, 9MATO
d-croitHoCT He e Ge3KpaifHOCT, Taka de oruBame Ha @, Kbjero x crasa 1. S crasa {1,3,4}:

Bpbx 1 numa tpu cbeema: 3, 5 u 7. /la kaxkem, 4e wbpBO Yy cTaBa 3. ToBa e onuT 3a “BpblaHe
Haza |, HO ycsioBueTo Ha @ e sibka u @ He ce n3nbaHgBa. [la KaxkeM, e mocse y craBa 5. ByneBoro
yCJIOBHUE

dly] > d[x] + w(x,y)
BCBIITHOCT €
202 > 3 + 100

KOETO € UCTUHA, TaKa 4e u3l'bjanennero orusa Ha @. Tam d[5] crasa 103, a n[5] crasa 1:
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KakTo BizK1aMe, Ta3u anpoKCHMaIUsl Ha JIbJKIHATA Ha HAN-KbC BT 3w 5 e 1o-106pa (Toecr,
[0-MaJika) OT MPEJUIIHATA, HO BCe OIle He € MCTHHCKATA CTOMHOCT.
[Tocne y craBa 7. ByseBoTo yciaoBue

dly] > d[x] +w(x,y)
BCBIIHOCT €
w>3+14

KOETO € UCTUHA, TaKa 4de U3II'bjHennero orusa Ha @. Tam d[7] crasa 7, a n|[7] crasa 1:

S ={1,3,4}

d: [3]od0]2]i0s] od 7]
1234567

for-mukbbT TIpecTaBa J1a ce M3MbJIHABA W OTHOBO cMe Ha @. Vma 1aBa Bbpxa M3BBH S, 9MATO
d-croifHoCT He e Ge3KpaifHOCT, Taka de oruBame Ha @, Kbjero x crasa 7. S crasa {1,3,4,7}:

S=1{1,3,4,7)

d: ‘3|OO|0|2|103|OO|7|
123456 7

Bpbx 7 nma tpu cbeema: 1, 2 m 5. /la kaxkem, 9e mbpBo Yy cTaBa 1. ToBa e onuT 3a “Bpblane
Haza s, o ycaosuero Ha @ e rbka u @ He ce u3mrbiansgBa. [la kaxewm, 1ge mociie y crasa b. Bynesoro
ycJIoBUE

dly] > d[x] + w(x,y)
BCBIMTHOCT €
103 > 7+ 50

KOETO € UCTHHA, TaKa 1e M3bjiHeHneTo oruba Ha @. Tam d[5] crasa 57, a n[5] crasa 7:
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S={1,3,4,7}

d: [3]odo]2]s7]od 7]
1234567

[Tocne y craBa 2. ByneBoro ycimoBue
dly] > d[x] + w(x,y)
BCBIIHOCT €
0>T74+5

KOETO € NCTHHA, TaKa |e M3Ir'bjaHennero ornsa Ha @. Tam d[2] crasa 12, a m[2] craBa T:

S={1,3,4,7}

d: [3]2]0]2]s7]od 7]
1234567

for-mukbrbT TIpecTaBa Jia ce M3MBAHABA W OTHOBO cMe Ha @. Vma 1Ba Bbpxa W3BBH S, 9MATO
d-croifHoCT He e Ge3KpaifHOCT, Taka de oruBame Ha @, Kbjero x crasa 2. S crasa {1,2,3,4,7}:

S=1{1,2,3,4,7)

d: [3]w]0]2]s7]od 7]
1234567
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Bpbx 2 uma Tpu cbeega: 5, 6 u 7. [la kaxkeMm, ye mbpBO Yy craBa 7. ToBa e onut 3a “BpbliaHe
Haza s, no ycaosuero Ha @ e rbka u @ He ce n3mrbiansgBa. [la kaxewm, e mocsie y crasa b. Bynesoro
yCJIOBHE

dly] > d[x] + w(x,y)
BCBIITHOCT €
57 > 20+ 12

KOETO € UCTUHA, TaKa 4Ye u3lrbjanennero orusa Ha @. Tam d[5] crasa 32, a n[5] crasa 2:

S =1{1,2,3,4,7)

d: [3]12]0]2]2]od] 7]
1234567

[Tocse y craBa 6. ByseBoTo yciosue
dly] > d[x] + w(x,y)
BCBIIHOCT €
o0 >12+6

KOETO € UCTUHA, TaKa 4de U3II'bjaHennero orusa Ha @. Tam d[6] crasa 18, a m[6] cTasa 2:

S =1{1,2,3,4,7)

d: [3]12]0]2]32]18] 7]
1234567

for-nmukbbT MpecraBa ga ce M3MbBJIHSBA M OTHOBO cMe Ha @. Vma jaBa Bbpxa M3BbLH S, YUSITO
d-croifHoCT He e Ge3KpaifHOCT, Taka de oruBaMe Ha @, Kbjero x crasa 6. S crasa {1,2,3,4,6,7}:
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S =1{1,2,3,4,6,7}

d: [3]12]0]2]32]18] 7]
1234567

Bpbx 6 mma mBe cbeena: 2 u 5. a Kaykewm, 1e mbpBo Y craBa 2. ToBa e onmuT 3a “BpbIane HA3a1
Ho ycsioBrueTo Ha @D e sibka u @ He ce usnbangsa. [locie y crasa 5. Bynesoro yciioBue

dly] > d[x] + w(x,y)
BCBIITHOCT €
32> 18+ 10

KOETO € MCTHHA, TaKa |e u3lrbjanennero orusa Ha @. Tam d[5] crasa 28, a m[5] crasa 6:

S =1{1,2,3,4,6,7}

d: [3]12]0]2]es]18] 7]
1234567

for-mukbrbT TIpecTaBa 1a ce W3MbJHSIBA U OTHOBO cMe Ha @. Vma equH BPbX M3BBH S, 9MATO
d-croifHoCT He e Ge3KpaiiHoCT, Taka Ue oTuBaMe Ha @, Kbjero x craBa 5. S crasa {1,2,3,4,5,6,7}:

S=1{1,2,3,4,5,6,7}

d: [3]12]0]2]es]18] 7]
1234567
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Bpbx 5 nma et cwheema: 1, 2, 4, 6 u 7. 3a Bcekn oT TgX, Koraro “Biese”’ B Yy, OyJI€BOTO yCJIOBHE
dly] > d[x] + w(x,y)

e Jibxka, Taka de for-mukbabT He npomens nuio. znbianenuero orusa na @, wo cera V = S,
taka de V\S = ¢J, Taka Ue aJropuTbMbT Bpbiia d U 7T U COmpa.

[la ce BbpHEM Ha TOBA, Ue B ajqropuTbma Ha Dijkstra Teryiara ne moxe j1a ca orpuniarennu. Jlopu 1a
HsiMa, OTPHUIATETHU KN, aJropuTbMbT Ha Dijkstra He pabotu KopekTHO, B 00U cirydail, mpu
HAJIMYNE Ha OTPUIATE/HA Terya. KTo Manabk npuMmep 3a Tosa. [IpuMepsT e ¢ opuentupanu rpadu,
3aI[0TO [IPU HEOPUEHTUPAHUTE T'padu BCAKO pedPO ¢ OTPUIATETHO TEryIo 01 OMJI0 TPETUPAHO KATO
OTPUIATE/ICH UK 'DJI.

N raka, eto ¢dpparmMeHT or opueHTHpaH TerjioBeH rpad. ToBa He e nenugar rpad, a camo
HAYATHUAT BPHX S U TPUTE MY Jera W, Vv U Wi

u
10 O
S 20 v
30
Ow

Kaxkro Beue 3HaeM, aJropuTbMbT I'bPBO cjiara s B S, karo d[s] = 0 u mocsie cirara u B S, Karo
d[u] = 10 u 7t[u] crasa s.

u
10
S 20 v
30
Ow

OTTyK HaceTHe, AJTOPUTHMBT HiAMA Jla MPOMEHM HUKAKbB aTpuOyT Ha BpbX W: HETO d[u] me
ce mpomenu, HUTO T[u| 1mie ce mpomenu. ToBa e oueBmHO OT KOJa Ha AsropurbMm 11: Ha pes @
BbpPXOBETE OT S ce UTHOPHUPAT, TaKa 4de HIMAa KaK ITPOMEHJIUBATa X Jla CTaHe W BTOPHU II'bT, CJIE]T
KaTO BEJIHDBXK Bedue W e B/sA3ba B S. C JIpyru JyMu, ajJropuThbMbT CMsTa, Y€ CbC CJIaraHeTo Ha U
B S, 3a U Bede nMamMe TOUYHATa WHPOPMaIlUs, & He allPOKCUMAIIAA — HIMA II'LT OT $ JIO W C TerJio,
mo-mMaJjiko ot 10.

AKo Teryiara ca IOJIOKUTEJIHH, TOBa € TOIHO Taka. IIbT oT s 10 U Moxke Ja “HamycHe” S camo
pe3 eJHO ToKasaHuTe Tpu pebpa. AKO TakbB I'bT MOJI3Ba HsKOe OT pebpata (s,v) mwin (s,w),
HEroBOTO TerJio e crade mone 20 mim 30, KoeTo 3HaYH, Ue TerjaoTo My HaaxBbpis 10. Ako TakbB
II'bT 0JI3Ba PebpPOTO (S, 1), HO ChbpKa U JApYyru pebpa, Mak TErjaoTo My e HaaxBbpJst 10.

Ako obade nMa OTpHUIIATETHU TErJa, Bb3MOXKHO € JIa UMa II'bT OT $ JIO U € TErJIo, I0-MaJjIKO OT
10. ETo kax:
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u
10
s 20 v —24
30
w

Cera mma 1rbT OT § 710 U ¢ TerJio 6, KOHTo MuHaBa mpe3 w. AJIropuTbMbT 00atde HsMa Kak Jia 3HAE
3a HEro, KoraTo X Cbh/I’bpKa S U Y B3eMa CTOMHOCTUTE Ha ChCeJIUTe Ha X = S.

M raka, npu Haju4dne Ha OTPUIATETHU Terjia, yOeJeHOCTTa, Ue HAMAa IMO-K'bC JIO JIaJeH BPbX,
KOSITO yOEJIEHOCT € OCHOBAHUETO TO3U BPHX Jia Bje3e B S, ce MoJydaBa IO-TPYIHO U 110-OaBHO, B
obrus ciydait. Mima aaroputMu 3a Hali-K'bCH IIBTHINA, KOUTO pabOTIT U IIPU OTPUIIATETHU TerJia,
cTUTa Jla HIMa OTPHUIATETHU [UKJIA, HO Te ca Ho-HeedukacHu oT ajropurbma Ha Dijkstra.
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4.5 IloTommu B rpadu

W3iokeHneTo B Ta3W CEKIMs CIeBa M3JI0KEHNeTO Ha MaTepraJsa 3a IMOTOIU B rpadu BbB (yH-
namentannara kKaura Ha Cormen, Leiserson, Rivest u Stein Introduction to Algorithms |16, rinasa

26, ctp. 708].
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biarogapnoctu

Baaropaps na IBo CtpareB u IBan I'aHeB 3a oTkpuTuTe 1 KOpUrnpaHu rpemku. biaromapst Ha
Pymen Vopaakues 3a orkpurara Ipelika B JoKazareicTsoro ma Jlema 4. Biaroxaps na J1o6-
pomup KpamueB 3a MHOroOpoitHUTEe OTKPUTH M KOPUTHPaHU rpemmku. biaromaps na MapTuna
JadeB 3a orkpurara rpemika B Oupesesienne 44. Brarogaps na daura Tep3meBa 3a oTkpu-
TaTa rpenika B JJepUHUIUATA Ha ‘MaTpulla Ha c¢beesicTBO . Biraronaps na Mapmo MetyieB 3a
orkputus npomyck B Oupenenenne 15. Birarogaps na Mapuo MetyieB 3a HIKOJIKO 00bpKa-
HU TPUJIAraTeJIHH U OTCHCTBAIN UJIeHTU(MUKATOP Ha BPHX B eHa oT durypurte. Biaromaps Ha
Anekcaaabp TaurbiaoB 3a orkputara rpemika B Oupesnesenne 28. Biarogaps na Iparomup
BuneB Tomopos 3a orkpuroro nHechorBercTBre B ipumMepa 3a MII/I, mokazan na Purypa 4.16.
Biarogaps na Anekcanbp TaHIbJIOB 32 OTKPUTHTE U KOPUTUPAHU MHOTOOPOITHU MTPABOIUCHA
u cmucaoBu rpemku. Biaarogapuoctu Ha 'adbpuen IIlymaHCcKM 3a oTKpuTaTa I'pelika B HOMEpa,
Ha eqHa durypa. Biaromapuoctu vHa JIrobomup Kaparbo3oB 3a OTKPUTHTE T'PEIIKU B O0SCHE-
nugata kKbM Purypa 2.11 u b Qurypa 2.46. Biarogapuoctu na VIBan 3J1aTeB 3a OTKPUTOTO
nsycmuciue B Oupenenenne 29. Birarogapuoctu na Akara IlaBigoBa 3a oTkpurtarta U KOPUTHU-
paHa Tpelika B IpUMeEpa ¢ MaTpHUllaTa Ha ChCeJACTBO Ha cTp. 257. Biaromaproctn na Axkara
IIaBsoBa 3a oTKpuTaTa U KOpUIHpaHa HETOYHOCT B ycjioBueTo Ha Teopema 47. Biaromapuoctu
na Asekcaaabp AHApeeB VIBaHOB 3a OTKpHUTATa I'PENIKa B JI0Ka3aTeacTBOTO Ha Teopema 19.
Burarogapuoctn na Maprtua Csetsio3apoB CTaH4eB 3a OTKPHUTATA I'PEIIKa B ApryMEHTAIIATA,
e pa3CTOSHUETO B HE HEIIPEMEHHO CBbP3aH rpad € MEeTPUKA.
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