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1 IIpunoun na Dirichlet

Bamaya 1. [leruma npusdrenun Tudar, ¢bCTe3aBaiiKu ce, M0 €JIUH II'bT HA JCH B PO b/IKEHUE HA
YeTHPH TIeJIU TIOCIEIOBATE/IHE Mecella, HO (heBpyapu He € U3MEXKy Te3W Meceln. B HuTo eamH
JICH HUKOU JIBAMa OT TdX HE Ca 3aBbPIIUIN 10 €JHO U CbINo Bpeme. JlokaxkeTe, Ue € UMaJio JiBa
Pa3/IMYIHU JIHUA, B KOUTO Te ca (DUHHUINMPAJIA B €IMH U CHITU PeJ.

Pemtenne. Bb3moxkauTe HapeaOn oT cheTe3aHne Ha meTnMa doBeka ca 5! = 120, ako e Ka3aHo, 4e
HUKOU JiBaMa He (pUHUIIUpAT eanoBpeMeHHo. OT JApyra crpaHa, oM YeTHPHUTE Mecela He BKII0Y-
BaT ¢eBpyapu, Te3n Mecenu uMaT oomo none 122 nena. [Ipunarame npuniuna na Jlupuxie, kato
JIHUTE ca A0bJIKUTE, & PA3JINIHATE HAUMHU 38 (DUHUIIAPAHE ca YeKMeJKeTaTa. 3aK/rodaBamMe, de
€ UMaJIO pa3/IM9YHU JHH, B KOUTO IIeTUMaTa Ca (bI/IHI/IHII/Ipa.HI/I II0 €IMH 1 CbIIW Ha4YMH. D

Bamaua 2. J/lagen e kBajpar c¢bc crpana 1 M. /lokaxkere, 3a IMPOU3BOJIHK €T TOYKU B HETO €
BHpHO, qge C’leeCTByBaT AB€ TOYKHN I/ISMG)K,ZLy HeTTe, TaKHNBa 4€ Me)K,Z[y TAX (,ZLBeTe) paSCTOHHI/IeTO
¢ He moseye oT 1 M.

Pemenme. Jla cu npejictaBuM JuaroHaJiiTe Ha KBaJipaTa U IOJYUYEHUTE YeTUPU PaBHOOEIPEHU
IPaBOBI'LJIHA TPUbI'bJIHIKA, KOUTO IMOKpUBAT KBajapaTa. O4UeBUIHO BCEKHN OT TE€3U TPUbIbJIHUII
ce BIMCBa B OKPBXKHOCT C JAUaMeTbp €JIUHUIA, CJIeJ0BAaTE/THO BCEKH JBe TOUYKH B HEro ca Ha
pascrosiHne He 1oBede oT eaunniia. CbhrilacHo HpuHIUIa Ha JIupuxie, 3a MPOU3BOIHA IIET TOUYKHI
B KBaJpaTa, IIOHe JIBE OT TAX Ca B €JIMH OT T€3U TPUWbHI'bLJIHUIIM, KOETO O3Ha4YaBa Ha PA3CTOTHUE HE
IoBeYe OT eJIMHUTIA €JTHA OT JIpyTa. ]

Bamaua 3. Heka ABC e paBHOCTpaHeH TpUbI'bJIHUK C¢bC cTpaHa 1. /lokaxkere, de KakTo 1 Jia
uzbepeM 5 Toukn oT BbhTpemuocTTa Ha ABC, moHe 1Be 0T TAX ca Ha pa3CTOSHHE, IIO-MAJIKO OT %
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Pentenune. Heka cpengara na crpanara AB ce mapwaa X, cpemara Ha crpanata BC ma e Y u
cpenara Ha crpanata AC ma e Z. ITocrposiBame orceukure XY, YZ u XZ. Pasriex game pazouBane
Ha BbTPENIHoCTTa Ha TpublbjHnka ABC Ha detnpu MHOXKecTBa:

® BLTPEIIHOCTTA Ha TPUbI'bJHUKA AXZ ILIIOC BLTPENTHOCTTa Ha OTceukara XZ,
® BLTPEIIHOCTTA Ha TpUbI'bjHuKa BXY mitoc BbTperHocTTa Ha orceukara XY,
® BLTPENTHOCTTA Ha TpubIbjHuKa CYZ IUIIOC BBTPEITHOCTTA Ha OTceuKkaTa YZ,

® BLTPEIIHOCTTA Ha TPUbI'bJIHUKA XYZ.

Toga ca YeKMelzKeTaTa. KakTo n da CJIO2KHUM II€T TOYKM BbB BBTPEIIHOCTTa Ha ABC (HeTTe TOYKH
ca H6’]3J'[KI/IT6), HMa IIOHE €IHO YeKMe/d2Ke C IIOHE IBE ab6biku. Ho 3a Begko ot BBLIIPOCHUTE YE€THUPU
1

MHO2KeCTBa € BAPHO, Y€ BCEKU JAB€ HEI'OBU TOYKH Ca Ha Pa3CTOdHHE, ITIO-MaJIKO OT 3- O

3amaua 4. Jlagen e kBagpat cbe crpada 14 m. JJokazkere, ge 3a nmpon3soan 50 TOUKN B KBaIparTa,
IIOHE JIBE OT TAX Ca Ha PA3CTOSHUE HE MO-TOJIsIMO OT 3 M.

Pentenune. Jla nmokpuem KBaJipara ¢ KBaJpaTdera 2 X 2, TaKa e IPOU3BOJIHU JIBE OT TIX JIa UMaT
[Ipa3HO CedeHne MM CeUeHne-CTpaHa, HO HUTO JBe Ja HsMaT O0Ia BbTPENIHA TOUYKA. 3a BCSIKO OT
Te3n KBaJIpaTdera € BIPHO, Ue IMPOM3BOJIHA HETOBH JIBE TOUKU Ca Ha Pa3CTOATHE He IIOBede OT TPHU
eJHa OT Jpyra. 3a Ja cbhobpas3ure 3aIro, 3abeekere, e BCAKO KBajparde nMa JuaroHag < 3,
CJIEJIOBATEIHO Ce BIMCBA B OKPBXKHOCT ¢ auaMeTbp < 3. KBaaparderara ca obmo 49. Cbriracuo
npuniuna Ha upuxie, 3a npousBosnu 50 TOUYKH B rojeMusi KBaJpaT € BsIpPHO, Ue IOHE JBE OT
TAX ca 0T edHOo oT 49-Te KBajpaTdera, TOECT Ha Pa3CTOdHME < 3 €IHa OT JIPYTa. Il

3agada 5. Jlokaxkere, 1e 3a Bcekr n300p Ha €T TOYKH C IEJOIUCTIEHN KOOPANHATH B PABHIUHATA,
CHINECTBYBAT MOHE JIBE TOYKK A M D M3MEXK/Iy IeTTe, TAKUBa Je CpejiaTa Ha OTcedKaTa ¢ KPaula
a u b uma 1eJI09NCIeHN KOOPIMHATH.

Pemenue. CobiecTByBaT TOYHO YETUPU PABIUIHU Bb3MOKHOCTH 38 YETHOCTTA HA KOOPINHATUTE
Ha TeTTe TOYKM. A MMEHHO, 3a BCAKa OT IeTTe TOYKH, Ja s HapedeM P = (q1, J2):

1. g7 e 9werHo u (; e 4eTHo,
2. (7 e HeYeTHO, a (2 € YeTHO,

3. (1 € 4eTHO, a () € HeYeTHO,

W~

. (7 € HEYCTHO U () € HEYCTHO.

Ot npunnuna nHa Dirichlet ciensa, 4e mone e oT TOYKUTE UMAT €Ha U CbHIA YETHOCT Ha KO-
OpAMHATHTE CU: WM U ABeTe KOOPAMHATH Ca YeTHH, WM U JBeTe ca HedeTHu. Jla mapeuem Tesn
TOYKEM @ U b u HeKa a = (X1,Y7) u b = (X2,Y,). Heka cpesnara Ha oTceukara ¢ Kpauia a u b e
Totka ¢. UsBecHo e, ye ¢ = (X922, ¥1542) Tl[om X1 1 X; HMAT eJHA U CbIIA TETHOCT, CyMaTa 1M €
X JZ”‘Z e 110 uKcsio. Halrbano anajaioruyno, y‘—?ﬁ € IAJIO YUCJIO. O

YEeTHO YUCJIO, TaKa e

3ama4da 6. IIpeacraBere cu mpaBObIbIHA Mpeka ¢ pasmepnu 5 X 20 KaTo Tas3u:
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JlokaxkeTe, 4e KAKTO M Jia CE€ OIBETIBAT IIPECEYHUTE TOYKHM B IBETOBETE 3€JIeH, YepPBEH U CHUH,
MIPUMEPHO TaKa:

BUHaru MuMa 9eTUpu 1pecednn TOYKHU, JABE I10 JAB€ Pa3/JIM9YHHU, OIIBETECHU B €JUH 1 CLIIU IIBAT, KOUTO
06pa3yBaT IpaBObI"'bJIHUK. B nammuga IpUMEpP, €TO IPAaBObI'bJIHUK CbC 3€JICHU BbPXOBE, O9€pPTaH C
2K'BJITO:

Pemenue. B neiictBuresinoct, 1opu mo-caabo TBbPJCHHEE € BIPHO: JIOCTATHIHO € MperKaTa Jjia €
¢ pazmepu 4 x 19, 3a j1a nma TakbB npaBobrbiaHuk. [lle mokaxkem 3a 4 x 19.

[Mlom pemoBere ca deTupwu, a IBETOBETE ca TPHU, BCAKA OT 19-Te KOJOHU MMa IOBTAPMAIL CE I[BAT
110 IIpUHIIUIIa Ha YEeKMeI2KeTaTa. BT)B BCdKa KOJIOHa I/I36I/IpaMe ,Z[‘BOIU/IKa IpecedHu TOYKU C €AUH U
by uBaT. MMa Hail-MHOT'O (;) — 6 BBb3MOXKHOCTH 34 TE3U JIBE€ TOYKHU (C IIOBTAPSIIIH CE HBGTOBG),
3aIo0To 00mo KosioHaTa uMma 4 toukn. OcBeH ToOBa, MMa 3 BBL3MOXKHOCTH 3a IIBETA HA TaKaBa
JIBOIiKa, OTKbLJIeTO uMa 3 - 6 = 18 paszamunu BbL3MOKHOCTU 38 KOMOMHAIIMU OT I[BAT M ITO3UI[UN
Ha TakaBa JIBOiKa Touku. A KosionuTe ca 19. [Ipuiarame mak IpUHIUIA Ha YeKMeJKeTara, KaTo
KOMOUMHAIMUTE OT IBSAT U IO3WIMs Ha JIBOWKaTa ca YeKMeJKeTaTa, a KOJOHHUTE ca sSObJIKUTE.
Bak/rogaBamMe, 9e UMa, IIOHE JBe 0DbJIKA B UeKMEKe, TOECT, 3a JBE PA3/JINIHU KOJIOHU € BSIPHO,
Je W IMO3UIMNATE Ha JBOKaTa TOYKHM Ca €JIHAKBH, U IBETHT € eJHaKbB. 1oBa OYEBUIHO J1aBa
[PaBOBI'LJIHUK, YUUTO BLPXOBE Ca B €JIMH U CHIIY IIBIT. O

Bamaya 7. [agen e mpaB KpbroB IMUJINHIBD C paJnyc Ha ocHOBaTa 1 m Bucoumna 7. Jlokakere,
ve 3a Beekn 10 TOUKN' OT IMUINHIBPA € BAPHO, Ue MOHE JIBE OT TAX Ca Ha Pa3CTOAHHE, TT0-MaJKO
WM paBHO Ha /5 ejHa OT Apyra.

Pentenune. la cu upejcraBuM, 9e MUIMHILPBT € “Hapd3aH’ Ha 7/ KOHIpyeHTHHU uantbpa Cy,

C7, Bcekm ¢ BHCOYMHa 1, Upe3 IIecT paBHUHMU, yCIIOPeIHW Ha ocHOBUTe. JIecHO ce BUKIA,
qe BbB Beekn Ci, BCKM J(BE TOUKH Ca HA PA3CTOSHUE [O-MAJIKO WM paBHO Ha /22 + 12 = /5,
nonexke cedennero Ha C; ¢ paBHUHA, ChiabpxKaiia octa Ha Ci, € TPABOBI'BJIIHUK ChC CTPAHU C

nbkuan 1 un 2. [punarame npunnuna xHa Jlupuxie, karo Toukure ca sobiakute, a Cq, ..., C; ca
qekmekeraTa. Chryracno npunimina Ha upuxiie, moHe JiBe OT jJeceTTe TOYKU Ca B €JINH U ChIN
Ci, KOETO O3HauaBa, e ca Ha pascrosune < \/5 eqHa oT Apyra. Il

3amaua 8. B 8 uekmemkera nma 87 mosmBa. Onpenenere Hai-roassMOTO IISII0 9HCJIO T, TAKOBA
e 38 IbJDKATEIHO NMa YeKMeZKe ¢ L MOJIUBA.

t3abemeskka: TBHPICHIETO € BAPHO 1 32 8§ TOUKH.
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Pentenue. lnade kaszaHo, ThPCHUM YHCJIOTO N, TakKoBa de TBbpuaeHneTo “Cauiecmeysa nowe
edro uexmedatce ¢ 1 moausa” € 3aIbIKATEIHO BIPHO, HO TBbPAeHHeTo “‘Couecmsysa none eodHo
yexmednce ¢ n+ 1 moausa” moxke n fa He e BapHo. CbritacHo 0bobImeHust npunnun Ha Dirichlet,
cbiecTByBa dekme ke ¢ 11 momuBa. OT apyra crpaHa, MOXKe Jia HIMa YeKMeKe ¢ 12 MojauBa—
korato Bcmuku Kytuu uMat 1mo 10 wim 11 mosmsa. OtroBopbr € 1= 11. U

Bagaga 9. Jlazena e pexuna or n? + 1 4ncia, HATO JBe OT KOUTO He ca paBHH. Jla ce joKaxe,
Ye Tasu PEJINIa ChbIbp:Ka MOHOTOHHA ITOPEINIa C Ib/IKIHHA L+ 1.

Hosacnenue: “MonoTonHa’ O3HaYaBa WM HapacTBalla, uian HamasgBaiia. “Ilopeauna” o3Ha-
JaBa dncia OT PeJIuIlaTa, KOUTO He ca HEIIPEMEHHO ChCEIH B PeIUIiaTa, HO Ca HAIIMCAHU B CbIaTa
IOCJIeJOBATETHOCT, B KOSITO ca B peaurara. Hampumep, ako n = 3 u peaumnara e

4, 7,11, 2, 8, 3, 14, 1, 6, ¢
MOHOTOHHA& Topennia ¢ abkuaa 4 e 4,7, 8, 14:
4. 17,11,2,8, 3,14, 1,6, 9

Pemntenne. Jla jomnycHeM IpOTUBHOTO: BCsIKa MOHOTOHHA MOpeIuIa € ¢ Jbiknaa < n. Heka A
O3HAYABA Ja/IeHATA PEIHIa C IbirKuaa N2 + 1:

A=ap,dy...,0n241
3a BesKo 1, TakoBa de 1 < i < n?+ 1, nedurnpame nBeTe HOIPEIUIN :

i
AP = Qi Qig1y -y Qn2gg

Ai:ahaz,...,ai

3a BCAKO TakKoBa 1, HEKa S; € JAbJDKHHATA Ha Hail-Ibjra pacTsila MOpeInIa B Aj ¢ IOCIeIeH
eJIEMEHT (; U HeKa t; e Jb/KUHATA Ha Hail-IbJra HaMaJdBalla Iopeanna B Al ¢ IPbB eJeMeHT
a;. Oueuano, Vi(s(i) > 1 At(i) > 1), Tbii KaTO TaKMBa MOPEIUIN ChbIbLPKAT IIOHE ;.

Ot nHagaaHOTO slomycKane cieasa, de Vi(s; < n /Aty < n). Ciuegosaresto,

1<s;<n
1§ti§n

3a BCcAKO 1. T'bil KaTo s; m t; B3eMaT IeJM CTOMHOCTH, CJIE€ABa, Y€ 38 BCIKO OT TAX CTOMHOCTTA
MYy € €JIHa OT Hali-MHOTO N Bb3MOxKHHU. [Ipuaraiiky mpuHIUIIA HAa YMHOXKEHUETO 3aK/II0vaBaMe,
e Hape/eHaTa JBOHKa (Si,t;) MMa CTOHHOCT M3MeKIy Hafi-MHOro N’ Bb3MoxkHH. Ho i-Tarta ca
n? 4+ 1 na 6poit. Cebrmacro npuamuia ma Dirichlet, cbimecTByBaT JBe pasimdHn CTOHHOCTH Ha
IIpOMEHJINBATa i, Jja Tu HapedeM j u K, Takusa 4e (sj,tj) = (s, tx), Toect

§5 = Sk
tj - tk
a pasriename ejleMeHTHTe Ha A, KOUTO ca Ha IIO3UIMNU j 1 K, KOUTO HUE HapuiaMe ChOTBETHO (;

1 ay. T'bit KATO BCHYKH eJIeMeHTH Ha A ca pasimdHH, a; # ax. la momycnem, de 6e3 orpanndenne
Ha oOIIHOCTTa, 4Ye j < K. 3Ha4u, aj U ax ca PasloyoKeHu B A Taxa:

f3a pasiuka or mopeuma, IpU MOAPENHUIA Ce UCKa eJIEMEHTHTE Ja Ca ChCEId B A

4
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I IIvpso ma momycmem, de a; < ay. T'bil KaTo §; € Ab/KHUHATA Ha Hali-/Ibjira pacTdiia I0peIula,
3apbpIIBaIIA C Qj:

VT
HapacTBallla IIopeauiia ¢ IbJI2KHHa Sj

1 a; < Qi, TO B A MMa HapacTBaIla IOPeHIa ¢ JIb/KIHA S5 + 1, 3apbpIiBalia ¢ Ay; a IMEHHO,
CBbCTOAIIA CE OT Beve CIOMeHaTaTa IOPeAMIa, 3aBbpliBalla ¢ dj, IJI0C Ay HaKpasd:

HapacTBallla IIopeauiia ¢ IbJI2KHUHA Sj

Vv
HapacTBallla IOpeaulla C JIbJIXKUHA Sj+1

Ho rorasa sy > sj, KoeTo npoTHBOpeyn Ha (paKTa, 4e 10 KOHCTPYKIUS Sj = Si.
IT  Cera na jomycuem, de a; > ay. T'bit Karo ty e Jb/eKuHaTa Ha Hali-Ibara HaMaJlgBalla
MTOpPEJIATIA, 3aII0YBAINA C Ay

A_

N
HaMaJIABaIla IOPEIHIla C Ib/RKAHA ty

1 a; > ay, ToO B A nMa HaMaJIgBallla IIOpe/uIa ¢ JbKuHa ty + 1, 3amousamma ¢ aj; a IMEHHO,
CBCTOSAIIA Ce OT Bede CIOMeHaTaTa MOPeJHIa, 3aIlo9Bala ¢ Ay, IUIOC 0 B Ha9aJI0TO:

HaMaJIsIBaIla OPEINIa C IbJIKUHA Ty

Vv
HaMaJsiBaIa mopeauna ¢ Abikuna ty+1

Ho rorasa tj > ti, KoeTo npoTusopeun Ha QakTa, Ue 110 KOHCTPYKIud tj = ty.
CremoBaTesiHo, I'bPBOHAYAJIHOTO HH JOIYyCKaHe, Ue Haii-Ibjrara MOHOTOHHA IOPEIHUIa He € II0-
JIbJITA OT T, € OTPENTHO. ]

Bamaua 10. Heka A = {10,11,...,99}. Jlokaxkere, 1e BbB BCSIKO JECETEIEMEHTHO MOJIMHOKECTBO
Ha A ChIIECTBYBAT JIBe HEIIPA3HK HEIIPECHUAIIH Ce TIOAMHOXKECTBA C eJIHAKBA CyMa Ha eJIEMEHTHUTE.

Pentenne. Heka B e mpousBoJiHO HENpa3HO JleceTeJIEeMEHTHO MOAMHOKeCTBO Ha A. B mMa TouHo
20 — 1 = 1023 nenpasHm HOIMHOMKECTBA.

Jla pasriesamve MpOM3BOIHO HEMPA3HO MOJIMHOXKECTBO S Ha B m jga Hamepum TOYHU JI0THA 1
ropHa rpaHuiia 3a cyMarta Ha ejemMeHTuTe Ha S. OueBHIHO

10§ng9o+91+---+99

XES

u Te3u rparuim ca rounn. Ho 90491+ .-+ 99 = 945, orkbaero ciejiBa, |ge ers X MOKE J1a IMa
ue rosete ot 945 — 10 + 1 = 936 paziauunu croitnoctu. Ho ToraBa 6posiT HA BH3MOXKHUATE CyMU €
o-MaJI'bK OT Opod Ha mojMHOXKecTBaTa. [Ipunarame npunnuia Ha Dirichlet n Bk iame, 1e mone
nBe Herpasnu nojamuoxkectsa C u D na B umat ena u cbima cyma.

Axo CN D = (), roToBu cMe — IOKazaxMe IOJMHOMKECTBa Ha B ¢be KejgaHuTe cpoiicTBa. AKO
CND # (), neka C’ = C\D u D’ = D\ C. Ha npoct 6birapcku, maxame ot C obuture ejementu ¢ D
u nosygasame C’; anasornuno, maxame or D obmure enementu ¢ C u nonyuasame D/, OueBuano
C’' u D’ uma eqnaxsa cyma Ha ejnemenrure. Ocsen ToBa KakTo C’, Taka u D’ ca menpasuu; Tosa
e Taka, onexke C # D, taka ue, ako C' = (), o C C D, koero e Hepb3MoxKkHO — HaMa Kak C n D
Jla ca MHOXKECTBA OT IOJIOKUTEJTHU YUCJIa, €IHOTO Jia Ce ChIIbp:Ka CTPOro B JPYroTO U Jla UMaT
eqnasa cyma or ejnementure. [Ilom C’ u D’ ca menpasum, ¢ upas3Ho ceyeHune U ¢ eJHAKBa CyMa U
ca IOJAMHOXKECTBa Ha B, Te ca MOIMHOXKECTBATa ¢ YKeJIaHUTe CBOWCTBA. Il
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Bazaga 11. Heka A e MHOXKECTBO OT HIECT IIeJIU IOJIOXKUTETHHI YUCJIA, HAH-TOJIAMOTO OT KOUTO
ne e no-rossimo ot 14, Heka B = {X C A | X # (}. Tokazkere, 4e

JYeBIZEB|Y#Zu ) a=) a

acyYy acZ

Pemenmne. llcka ce jia ce jjoKaxke, Ue UMa pa3/IMIHA HENPA3HU IIOJIMHOXKECTBA Ha A ¢ eJIHa U
cbIlia cyma. EcrecTBeHo e Jia onmuraMe Jia PEIUM 3a/iadaTta ¢ NPUHIIAIA Ha YeKMeJKeTara.

[ToaMmuozkecTBO HA A MOXKe JIa UMa Hafl-MHOTO IIECT eJIEMEHTa, TOECT, Jla € caMOoTo A, U cymaTa
Ha eJIEMEHTHUTe MOXKe MY Jia € Hali-MHOI'O

144+134+124114104+9 =69

[IOHEYKE eJIEMEHTUTE Ca PA3JINIHU e/ JKiC/Ia, HEHAIXBbPsam 14.

HenpasHo mojMHOXKeCTBO Ha A MOXKe Jla MMa Haii-MaJKO eJMH eJIeMEHT, KOWTO MOXKe Jia e
Haii-masiko 1. ToBa maBa ropHa rpanuma ot 69 pasjimdHu Bb3MOKHOCTH 3a cymara. ToBa ca Jek-
MeJKeTaTa.

Hemnpasnure nomvuoxkecTBa Ha A obade ca 2° — 1 = 63. Tosa ca s6biaxure. He moxke 1a
MPUJIOKUM TPUHITUTIA JIMPEKTHO, 3aI0TO sIOBJIKUTE Ca MPEKAJICHO MaJIKO.

[Ile pasriemame camMo Te3W HEPA3HU IMOJAMHOXKECTBa Ha A, KOUTO UMAaT He IoBede OT D ejleMeHTa.
Cymata OT eJleMeHTHTe Ha TaKOBa MHOXKECTBO € Hail-MHOT'O

14+13+12+ 11410 =60

Bnaun, He 1oBede oT 60 YeKMeKeTa. BpoaT Ha Te3u moaMHOXKecTBa e 2° — 1 — 1 = 62; Bajum
1 3apaju IpasHOTO MHOXKECTBO M OINe BEIHDbXK 1 3apaju IIecTe/leMeHTHOTO moaMHozKecTBO. Cera
sabbakuTe ca 62. ChrlacHO NMPUHIUIA HA YeKMeJKeTaTa, [TOHE €JIHO YeKMeJKe MMa I[OBede OT
eHa A0BJIKI; TOECT, TIOHE JIBEé HEITPA3HU IOJAMHOXKECTBA, HUTO €JJHO OT KOUTO He € A, UMaT ejHa
U ChINa CyMa Ha eJeMeHTHUTe. U

Bagaua 12. Hekan € N*. Jlokazkere, 9e kKakTo n 1a n3dbepeMm n+ 1 Ha 6poii, J1Be 10 JBe pa3/ImaHu
qucia or {1, 2, ..., 2N}, HEIpEeMEeHHO JBe OT U30paHuTe YUC/a ca TAaKUBa, e eIHOTO JIEIU APYroTo.

Pemtenne. KiouoBoro HabJOJIeHNE €, Ye BCSIKO IIAI0 MOJOXKHUTEHO YUC/IO K € MPOU3Be/IeHre
Ha HEYeTHO YMCIO U CTemeH Ha apoiikara. Toect, k = ¢ -2, KbIeTo ¢ e HEUeTHO 4MCIO, a j e
€CTEeCTBEHO YUC/IO.

Heka S ={1,2,...,2n}. Hewernure uncsa or S ca TouHo N Ha 6poii — ToBa ca uuciaara 1,3, ...,
2n—1. 3a BCSIKO €JIHO OT TsIX KOHCTPyHpPaMe MHOYKECTBOTO, CbCTOSIIIO Ce OT HETO CAMOTO U HETOBHUTE
[IPOM3BE/IEHUsI CbC CTEIIEHN Ha, JIBOKaTa, KOMTO IPOU3BeIeHNs ca ejieMenTn Ha S. Te3u MHOKecTBA
ca N Ha OPOIi, 10 eJIHO 3a BCIKO HEYETHO OT S, 1 MHOXKECTBOTO OT TsX € pa30OuBaHe Ha S. 3a 1emre
Ha 3aJla4aTa, Te3n MHOYKECTBA ca UYeKMeKeTaTa. A siObJIKUTE ca IIPOU3BOJIHO u3bpanuTe N + 1
quca ot yesaopuero. ChryiacHO NPUHIUIA Ha YeKMeyKeTaTa, IIOHE JBe A0bJIKH MONaJaT B €HO
YeKMeJIZKe; C IPYTU JyMHE, [OHe JiBe OT n3bpanuTe (pasinduu!) ducia ca Mpou3BeJIeHne OT eJIHO U
cbIo HedeTHO U (pasimgnu!) crenenn Ha JBoiikara. ToraBa 0OU4eBHIHO MO-MAJKOTO OT T€3U JIEJIN
[O-TOJISIMOTO.

Karo npumep, neka n = 6. Torasa
S$={1,2,3,4,5,6,7,8,9,10,11,12}
MHOKeCTBOTO OT HEYETHUTE YHC/Ia OT S e

S’ ={1,2,5,7,9,11}
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Besiko mesio or S e npoussesieHre Ha €HO YHCI0 OT S’ M creneH Ha JBOMKaTa, KaTo MMa €JIUH
e/IMHCTBEH HaulH 32 Tosa. Ilpumepno, 1 =1-2°2=1-2''3=3.2° 4 =1.2 u Taka naraTbK.
Torasa yekMeIzKEeTATA Ca,

{1,2,4,8
{3,6,12}
{5,10}
{7}

164

i

Bukia ce, ye KakTo u ja usbupame 7 4ucja OT S, IOHE JBE OT TAX IHIE Ce eJeMEHTH Ha €IHO
OT Te3u MHOKecTBa. Hemo mosede, asere BBLIPOCHU PA3IMYHKU YHCJIAa HE MOXKE Ja Ca eJIEMEHTH
Ha eaHoesieMeHTHUTE MHOXKecTBa, {7} min {9} wmm {11}, a TpgabBa ja ca ejleMeHTH Ha HIKOE OT
npyrure. B, oueBnHO, e ako B3eMeM JiBe pasyndaHu ducia ot {1, 2,4, 8} wu {3, 6, 12} win {5, 10},
[I0-MaJIKOTO JIEJIN II0-TOJIAMOTO. O

Bamaua 13. Heka A = {100,101,...,199}. Heka B e nmpousBo/IHO IOJMHOKECTBO Ha A, TaKOBa
qe |B| = 52. Jlokazkere, ye B chbabprka jgpe yncia, dusaro cyma e 300.

Pemmenue. CreanTe AByeIeMEHTHU TOJMHOXKECTBa Ha A ca TOYHO Te3H, 38 KOUTO CyMaTa Ha
enementure e 300:

{101,199},{102, 198}, ...,{149,151} (1)

exHudaT Opoit e 49. /IBe uncja or A ocTaBaT U3BbH TIX: u . Heka yeTtupumecer u neBerte
T 8 49 A 100 m 150. H
JIByeJIEMEHTHH ITOAMHOYKECTBa U JIBETe YHC/Ia ca ‘deKMezKeTara’. A IMEHHO, YeKMEZKeTaTa ca

{100}, {150}, {101,199}, {102, 198}, ...,{149, 151}

OueBnano uyekMeKeTara ca 51 Ha 6poit, Karo 49 oT TSIX IMAT KalalluTeT ABe, a JIPYTUTE JIBe UMa
KananureT ejiHo. “Aobiakure” ca enementure Ha B. Tbit karo |B| = 52, no npunmnuna na Jupuxiie
nMa TIOHe eJJHO YeKMeJKe C IoHe JBe si0bakn. Ho ToBa dekMe ke TpsiOBa Ja € U3MEXKIY TE3U C
karanurer JBe. Koero e ¢binoro Karo Jia ca u3bpanu (mone) jase ducsa, qusato cyma e 300.

Ako TOBa e HesICHO, MOXKe Ja ce u3pa3uM u mo-rpocto. Moxke ja mnogbdepem Haii-MHOTO 51
qncjaa OT A 0 TaK'bB HAYWH, Y€ HUTO JiBe m30panu ducia ja He ce cymupat g0 300; a mMeHHO,
B3emame 100, 150 u omie 49 uncia, mo eHO OT BCsgKa 0T MHOXKecTBaTa oT (1). Ako m3bepem ore
eJIHO YUCJIO, HEIPEMEHHO IIle UMa JIByeJIEMEHTHO MHOXKeCTBO OT Te3u B (1), Ha KoeTo cMe uzbpasin
U JBaTa eJIeMeHTa. O

Sagada 14. IIpodecop X. TBbpaU, Ue e ¢b3da]d TOJKOBA JI00pa KOMIIpeCHpPallla IIporpama, 9e ¢
Hest MoxKe Ja “‘cBue” mpon3BoJieH aiisl 1moHe ¢ eauauia. Bb3MoxkHO 1 € ToBa?!

Pentenue. IIpodecopbT biKe, ako cTaBa jJyMa 3a KoMmipecus: 6e3 3aryda na nndopmarus. [To
“KoMIIpecupaliia mporpama’ ce pa3dbupa Takapa IIporpama, KOWTO MOKe Ja Bb3CTaHOBU II'bPBOHA~
qayiHnd ailsi ¢ TOYHOCT 70 ejuH Out. Besgka kommpecupariia mporpamMa € dactudna QyHKIUS OT
JaJIeHO MHOKECTBO CHMBOJIHH TTOCJIEIOBATETHOCTH (CTPHHIOBE) B JIDYTO MHOYKECTBO CTPHHIOBE.
[Mlom mipopecopbT TBBHP/IM, Y€ HEroBaTa IporpaMa padboTH BbPXY BCUYKH (hailjioBe, 3HAYN 34 Ja-
JleHa JTbJKUHA N Ha daitia (KoiiTo e Obie “cBuBan”), KOMIpecupalaTa nporpama peajusupa
momanana GyHKIm f ¢ 1oMeltH ¢ MomHocT ™ 1 KojoMeitH ¢ momuocT q"3am < n—1. Tyk q e
OposIT Ha CUMBOJIM BbB (dailioBere; € JBe, aKo pasriexjame dailjoBere KaTo OyjieBU BEKTOPH,

7
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HO aKo pasriexgame aiiloseTe KaTo Iocae0BaTeHoCTH oT OaiiTose, ¢ e 28 = 256. Kommpecu-
paIuTe TporpamMu TpsOBa Ja peau3upar WHEKIUH, aKO CTaBa JyMa 3a KOoMIIpecus 0e3 3aryba Ha
nuadopmarnusa. He e 3a1b/KuTeTHO /14 ca OMEKINN, TOECT MOKe J1a He Ca CIOPEKITNN, TOECT MOXKe JIa
nMa CTPUHIOBE, KOUTO He ca 00pas3u Ha HUKOU CTPUHIOBE, HO MHEKTUBHOCT € 3a/IbJIzKUTe/Ha. AKO
KOMIIpecupaliara mporpamMa peajn3upa He-UHEKINS, Bb3CTaHOBSIBAHETO HA OPUTHHATHUS (Dailil B
HAKOHU CJIydaM IIe € HEBb3MO2KHO.

CreneHHUSAT TOKa3aTe/l B ©3pa3a 3a MOIIHOCTTA Ha KOJOMEHA € M0-MaIbK OT Tl 3apa/ii TBbP-
JIEHNeTO Ha mpodecopa, Te mporpaMaTta My CBHUBa BCeKH (ailjl — B 9aCTHOCT, Tsl IPABU OT BCEKH
daiisr ¢ rolemuHa N Apyr daita ¢ rogemuna < n. ToraBa KOJOMEHHBT UMa, MOIIHOCT, ITO-MaJIKa
OT Ta3W Ha JIOMEHA.

Coriracao npunnuna Ha Dirichlet, He cbimecrByBa TOoTaHA MHEKTHBHA (DYHKIINAA, IUNRTO T0-
MEWH UMa II0-TOJIIMa MOIIHOCT OT KOJIOMENHA. ]

3amaua 15. B npoabizkeHne Ha eaHa rojauHa orT 365 jena VBan ce ympaxKHsiBa 110 KOMOWHA-
TOpUKa, pelraBailki 3aja4un. Beceku meH oT Ta3u roaumHa TOi pelraBa IOHE eIHa 3ajada, HO He
perraBa moBede ot 500 3aatu 0010 3a roguHaTa. /lokaykere, 1e mpe3 Tasuw roMHA UMa HHTEPBAJT
OT TIOCJIEIOBATEHI JTHU, Ipe3 KouTo VBan pemasa Touno 229 3agaqn.

Pemmenue. Heka x; j1a e 6post 3a1ax1u, perntenn ot VBan Ha jien 1 nym npeau Hero, 3a 1 <1 < 365.
OueBUIHO X365 € OPOST HA BCUIKH 3aJ1a49u, perieru oT MBan npes rogunara. OcBeH ToBa, peiunara

A= (Xl)XZ)"')X%S)

e CTPOro HapacTBallla, OT KOETO CIeJBa, e B Hed HaMa eIHakBu dncia. lameno e, e x3g5 < 500,
oT KoeTo ciensa, de Vi, 1 <1< 365:1 < x; <500. Jla pasriegame apyra peauna;

B = (x1 + 229, % + 229, ..., X365 + 229)

Ts cbIo e cTporo HapacTBallla U B Hesd CbINO HaMa enxHaksu dnciaa. Ocsen ToBa 230 < x; 4229 <
729. Cera j1a pasriejame peauiara

C = (X1,X2y .+, X365, X1 + 229, %3 + 229, ..., X365 + 229),
A B

KOSITO ce roJjiydaBa oT “ciaenBanero’ Ha A u B. OueBuano enementure #Ha C ca Touno 730 mean
OJIOXKUTEIHN 4dmciia, nonexke C ce chberonm oT Komme Ha A, cierneHo ¢ komme Ha B. Ho 3a Bcekn
enemenT Ha C nma He moBede oT 729 Bb3MOKHM cTOiHOCTH. CbI/IACHO KOMOMHATOPHUS TTPUHITATL
na Dirichlet, numa none jBa enemenTta Ha C ¢ eana u cbina croitHoct. KakTo Bevue ycTaHOBUXME,
eJleMeHTHUTe Ha A ca JiBa I10 JIBa Pa3/IMIHKU U eJleMeHTuTe Ha B ca asa mo jasa paszanunn. CienoBa-
TeJIHO, BCSIKa JBOKa ejgeMeHTH Ha C ¢ eHaKBa CTOMHOCT Ce CbCTOU OT €IUH eJIeMEHT OT KOIIIEeTO
HAa A U OT eiuH ejleMeHT OoT Konuero Ha B. C apyru jgymu, chInecTByBaT UHJIEKCH ] U K, TAKUBA
ge 1 <j <k <365 uxx =%+ 229 & xx —x; = 229. Tosa oznauasa, 4e Ilpan e pemmsi ToIHO
229 zagatn ot jieH j + 1 BKIIIOYUTENHO JI0 JeH K BKIIOUUTEHO. O

3amaua 16. bokcbop ce bokcupa B IpoabizKeHne Ha 75 jgeHa. VI3BeCTHO e, 9e BCeKH JeH TOI mMa
IIOHE eJINH DOKCOB Mat, HO OOIuAT Opoii Ha MadoBeTe 3a IeJus /95-IHEeBeH IePHO/l He HAIXBbPJIs
125. JlokaxkeTe, 9e CHINECTBYBa PEIUIa OT MOCIEIOBATEIHE IHA, B KOUTO ODOKCHOPBHT UMa TOYHO
24 maga.

Pentenme. Heka m; e OpodT Ha OOKCOBUTE MadoBe OT CAMOTO HAYaJIO JIO Kpas Ha i-ud JIeH, 3a
1 <1< 75. Ilo yciaoBue

T<m<m<mg<---<my <125
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Ha nobasum 24 kbM Besiko oT Te3u uncia. HepasencrBara ce 3amazsat. Vmame
< m+28<m+24<m3+24<---<my+24 <149

a pasriemame MyJITUMHOKECTBOTO
{my,my, ..., mys,my 4+ 24, My + 24, ..., mys + 241

To numa Touno 75 + 75 = 150 enemenTa. Ho Bb3MOXKHUTE CTOMHOCTH HA TE3U €JIEMEHTHU CA IEJIUTE
qnciaa ot 1 g0 149. C apyru gymu, 150-Te eemMenTa B3eMaT CTOWHOCTH W3MeXK Iy Haii-mHoTO 149
qncia. CbriaacHo npuHnuna Ha JAupuxiie, mMa moHe JIBa eJeMeHTa Ha MYJITHMHOXKECTBOTO C eHA
U CbIIa CTOMHOCT.

[Ile mokazkem, Ue eIMHUAT OT TE€3U €JIEMEHTH € U3MEXKIY My, ..., My5, a JAPYTUIAT € U3MEK/Ly
my + 24, ..., mys + 24. onyckanero Ha 0OpaTHOTO BeHAra BOJU JIO IPOTUBOPEYNE, TOHEXKE 110
yeqoBre My < My < Mg < -+ -+ < Mys, OTKbeTo My +24 < my +24 <mz+24 < -+ < mys + 24.

I1 Taka, mokasaxme, 4e HAKOE M; HMa CbIMaTa CTOHHOCT KaTo Hakoe m; + 24. Torasa m; =
m; + 24, karo i > j. C 1pyru gymu, or JieH j + 1 BKIIOUNTETHO [0 JIeH 1 BKJIIOUUTEIHO OOKCHOPBT

e yJacTBaJ B TO9HO 24 Mada. Il
Bamaua 17. Heka (ay, ay, ..., ajo0) € peauna or cro uncia. U3secrro e, ve Vi € {1,...,100}: aq; €
{1,2}. Ussecrro e ocsen tosa, ue Vi € {1,...,91}: Z]?:o aiyj < 16. Jlokazkere, 4e chbImecTByBaT P
nq,rakuBa de 1 <p < q<100u f':pai:39.

Pentenme. Tazu 3aja4va jjocta npuimda Ha 3ajiada 15 u perreHneTo n e jgocta 1moaooHo. Tyk
obade pejuiiaTa € OT €IMHHUIN U JIBOWKHU, KaKBOTO M3UCKBaHe B 3ajada 15 Hama. B 3amaua 15
nUMa OI'paHMYEHUE 3a CyMaTa OT BCUYKHU €JICMEHTU Ha peauliaTa, JOKaTO TYK HMa OI'DaHMY€eHUue,
Ka3Balllo, Y€ BCEKH JeCeT IOC/IEJI0BATE/IHI €JIeMEHTH UMAT CyMa, HeHAIXBbPJISINA IIIeCTHAIeCET.
Toga, KoeTo TPsiOBa J1a ce JOKayKe, € AaHAJOTUYIHO Ha 3a/ada 15: ¢bIecTByBa MOIPEINIA ChC CyMa

39 (B Bamaua 15 e 229).

Pasrnexxgame cymure Si, 3a 1 < i < 100, karo S; e cymara or mbpBute i gucia. OUeBUIHO
ST =ay, a S0 =a; + -+ ajp. 3abenszBame, ue

S1 <8, <S35 <+ < S99 < S0

[IOHEYKe eJIEMEHTHUTE Ca MOJIOKHUTETHN, Taka de S; < Siy1 3a 1 <1 < 99. KimrouoBo HabJI01€HIE €,
qe Sio0 < 160, nmoneske

3100:a1—|-"'—|—Cl1o+(l11+"'+a20+"'+a99+"‘+a1og§160
<16 <16 <16

B ycioBrero ce ropopu 3a 39: ucka ce Ja ce mokazke, 9e UMa Mojipeinia c¢be cyma 39. Ako mobaBum
39 KbM BCAKO OT gmcaaTa Sq, ..., Sjp0, MAKCUMAJIHOTO IIOJIyYE€HO YUCIO Iie € Sigo + 39 1 To He
MOXKe J1a € 1o-rosisiMo oT 199, mom Sipp < 160. U Taka, Besgko oT umcaara Si, ..., Sq0, S1 + 39,
oy Sq00 + 39 e 1o, mostoKuUTEHO U He 1mo-rosstMo or 199. Ho tesu gucia ca 200 wa 6poit. I1o
npuniuna Ha Jupuxiie, mone ase OT TAX ca PaBHU.

Ho uucnara Sq, ..., Sipo ca aBe 1o JBe pasjmyHm, KaKTO Bede oTOessizaxme. Beanara cirensa,
qe S1+ 39, ..., S0 + 39 ca aBe no gBe paznauunu. [llom nma nBe egHakBH Yncaa U3MEKILY S,
ooy S100, S1+39, ..., Sio0 + 39, TpsabBa eHO OT TAX Ja e HaAKoe Sq 3a HaAKoe q € {1,...,100}, a
JAPYroTo Ja e HeAkoe S, + 39 3a Haxoe p € {1,...,100}. 1 raka, nma Takusa p u (, Ue

Sq=S,+39 & Sq—S, =39
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OueBujiHO q > P, 3a10TO cyMuUTe S; HApacTBAT CTPOro ¢ HapacTBaHero Ha i. Torasa

Sqg=ar+-+apa1+ay+apt-+ag
Sp:a1+---+ap,1+ap

MSB&)K,IL&MG BTOPOTO OT II'bPBOTO U I1I0JIydaBaMe
S¢—Sp=ap+--+aq

Ho Beue 3naem, e Sy — S, = 39. Bak/modasame, 4e B pefunara (aj, ..., djp) UMa IHOJAPEIUIA, &
HMEHHO (Qpy1y...,0q), CbC cyMa TouHO 39. Koero TpsbBaiie ja JI0KazKeM. O

Bamaua 18. Ilpexacrasere cu 101 1esn MOJIOKUTENHN YUCIa, HapeJdeHn B Kpbl. V3BecTHO €, e
cymara Ha Bcmdku Tax e 300. Jlokaxkere, We CbINECTBYBa HEIPEKbCHATA IOPEINIA OT TIX IIO
OTHOIIIEHME Ha KpbroBaTa Hape,u6a, TaKaBa Y€ 4YuCJIaTa OT Ta3u HEIIPEKbCHaTa IIOpeAulla MMaT
cyma 200.

Pemenne. Heka unciara ca ap, ..., ajo1. BOO, Heka ca HapeeHn 10 TO3M HAYUH B KPbIOBaTa
napenba. Heka S; = a;+---+aj,3aj € {1,2,...,101}. Babenazpame, ue ako 1 <1 < k <101, o
Si < Sy, moHexke uncsara ca mnojoxkurenan. U raka, auTo ;e cymu S; u Sy He ca pasuu. Torasa
{S;11 <j <101} e MHOXKECTBO CbC CTO U €JUH €JIEMEHTA.

Jla cu mpejacraBuM unciaara Sy, ..., Sqo1, HAIIMCAHU B JIeCETUYHA ITO3UIINOHHA OpOiHA CHCTEMA.
Heka yj; e 1ncioTo, ¢hCTOAIIO ce OT HOCTIEAHUTE JiBe MG pPH Ha Sj; HHatUe Ka3aHo, Yj € Sj 0 MOJLyI
100. 3a Begko j € {1,2,...,101} e Bapno, ve y; € {0, 1,...,99}. Coraacno npunnuna Ha Jupuxie
CBINECTBYBAT Y;i U Yy, Takupa de 1 <1<k < 10T u y; = Y.

Paznexxname pazmukara Sy — S;. [locennure npe mudpn va Tasm pasnmka ca myan. Ho 0 <
S — S m Sy — S; < 300; mocaeaHOTO e BSIpHO, mOoHexKe u Sy, n S; He HagaxBbpaar 300 u ca
nosnoxkureann. Torasa wn Sy — Sy = 100, wmm S, — S; = 200. Ako Sy — S; = 200, To umciara
i1, A2, ..., q umar cyma 200; 3abesexkeTe, 4e Te3U UNCIa Ca HEIPEKbCHATA MOPEIUIA 10
OTHOIIIEHHe Ha KpbroBara Hapemba. Ako Sy — S; = 100, To ocranaauTe UnMC/Ia—KOUTO CHIIO Ca
HeIpeK'bCHATA TOPEJINIA 10 OTHOIEeHNne Ha Kpbropara Hapemgba—umar cyma 200. U

Samaua 19. Hekan e Nt u f:{1,...,n} — {1,...,n} e bueknusa. Heka n e neuerno. Jokaxere,
e IPOU3BEJICHIETO

[Tk~ f0el
k=1

€ YEeTHO. YCJIOBHETO M Jda € He4YeTHO JaJii € ChbIIeCTBEHO 3a Ta3u BaAaqa?

Permienune. [la jiomycHeM NpoOTHBHOTO: CHIECTBYBA HEYETHO €CTECTBEHO M, 33 KOETO MIPOU3BE/Ie-
uuero | [y [k — f(k)| e meqerno. Ho ToraBa BCHYKHM MHOXKHUTENN B IPOM3BEJCHUETO Ca HEYETHN
— OYEBHJIHO €, Y€ aKO €JIMH MHOXKUTEJI € YeTeH, IsIJI0OTO MMPOM3BeieHne e deTHo. M Taka, BCAKO
k — f(k) e meuerno. Torasa BbB Bestka aBoiika (k, f(k)), mwm k e gerno u f(k) e neyerno, mwim k e
negerno u f(k) e yerno. Ho o yciosue n e neyerno umciio, a k B3ema croitnocrure 1, 2, ..., n.
BakmogaBame, 4e OpPOAT Ha HEUYETHUTE CTOWHOCTH, KOUTO K B3eMa, ca ¢ €JIMHUIA [oBeYe OT JeT-
HUTe cToiHOCTH, KOUTO K B3ema. Torasa k B3ema “T“ HEYeTHN CTONHOCTH 1 "5 9eTHH CTORHOCTH;
3abeiexxere, 1e “771+1 = ”T“ 3a Besika HeueTHa cToitHOCT Ha K TpsibBa f(k) na e yerno. Ho, kakTo
BUIsIXMe, dyeTHuTe croitnoctu B {1,...,n} ca nmo-mMajko or HederHure. [Ipunarame npuHImna Ha
Dirichlet u zakmouaBame, e 3a ape pasmuaan Ki,k, € {1,...,n} e Bapuo, ue f(ky) = f(k,). Tosa
nporuBopedn Ha dakra, qe f e Ouekius. v/

10
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Jlamm HempeMeHHO IoJIydaBaMe CbhInug pe3yarar, ako N e derHo! OrroBopbT e “He”. Heka n e
9eTHO U 1o-rosisgMo oT 2. Jla pasriiemame OHEKIUSITA

f(k) = k+1 , ako k e HedeTHo
k—1 , ako k e geTHO

IIpumepno, ako k = 2, tosa jgasa f(1) = 2 u f(2) = 1. Ako k = 4, nmame f(1) = 2, f(2) =1,

f(3) =4 u f(4) = 3. 1 taka HararbK. 3aKOHOMEPHOCTTA, € ICHA 1 OM TPsOBAJIO a € OYEBUIHO,
ye ¢ynkiuara naucruna e oueknus. Ho cera |k — f(k)| = 1 3a Becako k, a npoussenenuero Ha
eJINHAIIA € eJINHNAIIA, KOETO € HEeIEeTHO. O

3a,z[aqa 20. ,HOKa}KeTe, 9e OT BCEKU YE€TUPU eCTEeCTBEHU YUCJIa MOXKEM J1a 1/136epeM ABe 4ducCJjia,
TaKWBa 49€ pa3/IMKaTa UM CE€ JIeJ/IM Ha 3.

Pentenune. [lobpe u3BecTHO €, de octaTbiuTe npu jenenne Ha 3 ca 0, 1 u 2. Ho ToBa ca camo
TPHU Bb3MOXKHU OCTaTbKa, & JaJICHUTe Ync/Ia ca deTupu. Torasa, chryacHo npunmnuia xHa Dirichlet,
IIOHEe JIBe OT TAX, Ja I'M HapedeM a U b, IMaT eJIiH U ChIU OCTATHK T IIPH JIeJIeHre Ha 3, K'bIETO
re{0,1,2}.

[Tom a m b uMaT equH U CHIM OCTATHK T IIPH JieJIeHre Ha 3, ©MaMe MPaBo Jia ' 3aIulleM
kato @ =3k +1u b =3+ 1, kbaero k u £ ca HakakBu ecrecTBeHu 4ucia. Ho ToraBa a —b =
3k+r—(30+71)=3k+r—30—1=3k—30 =3(k—{). OueBugno 3(k — £) ce meau na 3, Koeto
U TpsOBaIe Jia MOKAXKeM. U

Bagaua 21. Heka n € N*t. [Jokazkere, ye KakTo u Ja m3bepeM N + 2 4ucjia OT MHOXKECTBOTO
{1,2,...,2n + 1}, 3saab/okuTessHO cMe n30paJjii IMOHE JIBe YHC/Ia, YAATO cyMa e 2n + 2.

Pemenne. Ille npuiokum NpuHIKIA Ha YeKMeJZKeTaTra. deKMeKeTara ca JIByeJIEMEeHTHUTE
muozkecrsa {1,2n+ 1}, {2,2n}, ..., {n—1,n+ 3}, {(n,n + 2}. Te ca Touno n ma 6poii u cymara Ha
eJIeMEHTHTE Ha BCAKO OT TaX e 2n + 2. Te obaue He obpasysar nokpusane Ha {1,2,...,2n + 1},
3aIoTo N + 1 He € eJIeMEeHT Ha HUKOE OT THAX.

[To ycimoBue, n3bupame n + 2 gucia. J0bJIKATE ca Te3W OT TAX, KOUTO He ca N + 1; ¢ gapyru
JlyMU, A0BJIKATE ca u3dpaHuTe ducia, kouro ca or {1,2,...,nyn+ 2,...,2n + 1}. d6bakure ca
nore N+ 1 o oyeBwynu npudanan. ChIrIaCHO MPUHIKMIIA HA YeKMejKeTaTa, [OHe JiBe A0bJIKH ca
B eJIHO uekMe Ke. Hade Ka3aHo, IMOHE JIBe YuC/ia OT m30panuTe uMar cyma 2mn + 2. U

3agmaga 22. Heka A e muoxectsoro {1,2,...,9} u k e ngiio nonoxurenso dncyio. Heka
Ye={Xe2": [XI=K

Koe e naii-mankoro uncio k € Nt rakosa ge

VBe ). 3CCB |C|:2/\Zx:10 ?

xeC

11
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Pentenue. Tobpcenoro uncio e 6. Tpsabsa ga JoKazkeM JIBe TBbPICHUSI:

VBe Y, ICCB <|C|=2/\ZX=]O> (2)
xeC
ﬁ<VBeJ}5 3CCB <|C|:2/\ZX:10)> T (3)
xeC

JBe)s VCCB <|C|¢2\/Zx¢1o> “

xeC

JBe)s VCCB (ycy:zazmmo)

xeC

(2) ka3Ba, Ue BCSIKO IIECT eJIEMEHTHO MOJMHOXKECTBO Ha A MMa J(Ba (DA3JIMIHI) eJIeMeHTa, THsITO
cyma e 10. Ho ToBa e TpuBunasino ciegcreue ot 3agada 21 cies mojmarane n = 4.

(3) Ka3Ba, Ye MMa IeT eJIEMEHTHO MOJMHOKECTBO Ha A, TAKOBA Y€ BbB BCAKO HETOBO JIBYEJIEMEH-
THO TOJIMHOXKECTBO €JIeMeHTHTe uMaT cyma, pasziauana ot 10. [Ipumep 3a TakoBa mer ejeMeHTHO
nojMHo)KecTBO Ha A e {1,2,3,4,5}. O

2 CsoiicTBa 1 NMPUJIOXKEHUHA HA OMHOMHUSA W MYJITHUHOMHUS
KoepunmeHT

3amaua 23. PasriexkmaMe MHOKECTBOTO OT ObJIrapCKuTe MaJjKu OYKBH a, 6, B, ..., o, 1. Te ca 30
Ha OPOit U ca HApeJIEHU B TO3M PEJI: a MPeIxXoxkKaa 6, 6 mpeaxoxK/ia B, U Taka HATATHK, 10 IPEIX0KIa
. [To KoJIKO HaUMHA MOXKEM Jia CbCTABUM OT Te3u OyKBHU JIBE TAPOJIA P1 U P2, BCIKA OT KOUTO:

e ce cberon oT Touno 10 OyKBH,
e OyKBUTE B Hes Ca B HaPEJIEHW B HAPACTBAII PE/I,
® HsIMa IOBTApPANIN ce OyKBH,
e HsMa O0IIM OYKBHU C Jpyrara rapoJia
U OCBEH TOBa BCAKa OyKBa Ha Pj IPEJIX0XK/ A BedKa OyKBa Ha py?

Pemenne. Jlecno ce BumKa, de py u p; umat obmio 20 6yKBH, IIIOM HAMAT IIOBTOPEHUs Ha OYKBH,
HsiMaT 001 OYKBU U BCsIKa uMa jieceT OykBu. Herro mosede: Bcekn u360p Ha 20 HAIIbJIHO OIPeIeIst
U JIBETE TApOJIM, 3aI0TO Pi ce cheTon OT wrbpsuTe 10 OYKBH, Hape/IeHN KaTO HApacTBaIll P, a
P2 ce cheron oT ocranasuTe 10 6ykBu, Hapejern B HapactBail peg. C JIpyru JyMu, ThPCEHUAT

6poit masmmn e (30) = 30045 015. O

Bamaua 24. Jlokaxkere, e 3a Begko n € NT:

S(e) -

n
k=0

12
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Pemienne.
i n
—1)k -
XS
k=0
Z n Z n
ke{0,1,...,n} ke{0,1,...,m}
k gerHO k HEweTHO
Z n Z n
ke{0,1,...,n} ke{0,1,...,n}
k geTHO k HEeueTHO

k) e OpodT Ha MOAMHOXKECTBaTa, UMAIHM K e/leMeHTa, Ha Koe Ja € N-eJeMEHTHO
muoxkecTBo A. Torasa, 04eBUIHO,

NsBecTHO €, 4e ("

n
E (k) e OposT Ha MOJIMHOXKeCTBaTa Ha A ¢ dereH Opoil eJleMeHTH
ke{0,1,...,n}
k geTHO
n (X]
E K e OpofAT Ha MOJIMHOXKECTBaTa Ha A ¢ HedeTeH Opoil eleMeHTH

ke{o,1,...,n}
k HeueTHO

Jokazaam cMme 1o WHIYKIH, de Te3n jiBe cyMu ca eanaksu. Crejpa, de nspassr (4) e wyma. [
Bamaga 25. Kosko ca OyseBuTe BEKTOPHU C ML €UHUIA W T HYJII?

Pentenme. Jla pasriieiaMe Te3M BEKTOPH KATO XapaKTEPUCTUIHU BEKTOPH BHPXY MHOXKECTBO
¢ N+ m ejgemenTa. CbIIecTByBa OYEBHUIHA OMEKIINS MEXKJy TE3W BEKTOPH, OT €JIHa CTpaHa, 1
[IOJIMHOYKECTBATA C MOIIHOCT M, OT JIipyra. 3BecTHO €, Ye OposT Ha Te3: IMOAMHOXKECTBA € (“+m),

n

KOETO € ChIIOTO KaTO (n;m). CbriacHo NpUHIIAIIA HA OUEKIUATA, OTTOBOPBHT € (Mnm). U

Bajaun 26 u 27 Moxke Jia ObJAT PEIIeHd U 10 JIPYT, TO-IIPOCT HAYUH — KATO CJIAraHUs Ha TOIKU B
kytuu. Brikre 3amaan 107 u 108.

3amaua 26. B kosko OysieBu BeKTOpa ¢ ML €IUHALM 1 M HYJIN, CJIe BCIKa eIUHUIA CJIeIBa ITOHE
eJHa Hysa?!

Permtenune. Y100HO e Jja TpeTupaMe BCEKH MOABEKTOD eMHATIA-HYJ/Ia KaTO eHO HeIeTUMO OJI0KIe
. Hamnpumep, ako BekropsbT € 10001010010, 1a cu ro npeacraBiuM He KaTo IOCJIEI0BATETHOCT OT
eJIMHAJIECET eJIEMEHTa, & KaTO [TOC/IeI0BATETHOCT OT CeJIeM eJIeMeHTa: YeTUpHu OJI0Ka, e TMHIIa-HyJIa
U OIlle TP HYJIH MEXKy THAX:

110]00[10][10]0[10]

Bajiauara ce cBeXkKJIa JI0 3a/[a9ara, KOJKO BEKTOPH OT Tl eJIEMEHTa OT eJ[iH BHI (OJI0K4IeTa eInHIIIA-

HyJIa) B M — M ejleMeHTa oT apyr Buj (‘cBobomun” Hysm) mma. C mes mo-siCHO TpejcTaBsiHe Ha

pelIeHneTo, HeKa CMEHNM CUMBOJINTE U KayKeM, Ye HOBaTa 3a/1a9a €: KOJTKO BEKTOPHU OT P eJIeMeHTa

OT eJIWH BU/JI U ( eJleMeHTa OT JipyT Bu nMa. Ho Hue 3HAaeM oTroBOpa — ChIVIACHO 3ajada 25, Toi
P+q - n+m-n\ __ /m

e ( » ) SamecTBaMe P C N U  C M —TN U [IOJIyYaBaMe ( . ) = (n) 3abesiexkere, e OTTOBOP'BT

€ IpaBUJIeH JOPU KOraTo T > M: ToraBa OMHOMHUAT KoeuImeHT (:) € HyJa, KOETO € TOYHUAT
OTI'OBOP. O
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Samaua 27. Konko OyieBr BeKTOpa ¢ ML €IMHAII U M HYJIU HIMAT CbCEIHU €IMHIIN

Pentenne. 3ajauara npuinda Ha 3ajada 26, HO He e cbiaTta. B Tasu 3aj1a9a oTToBOPHT “Opon”
U BEKTODH, 3aBbpIiBaiiu Ha equnuia, Hanpumep 10101, kouro ne dusar “Opoenu”’ ot 3ajaqda 26.
Heka S e MHOXKeCTBOTO OT BEKTOpPHUTE, 3a KOMTO CTaBa JyMa B Ta3W 3ajada. S ce pas3buBa Ha
S’ u §”, kpuero S’ ca BekTOpHUTE, 3aBbLpIIBAIIKM Ha HyJa, a S” ca BeKTOpHTE, 3aBbPIIBALIU Ha,
eqununa. CbrytacHo npunnuia Ha pasousanero, |S| = |S’| 4+ |S”|. Ho nue 3maem kosiko e |S’],
3aI0TO BEKTOpHUTE OT S’ ca TOYHO Te3u, 3a KOUTO cTaBa jyMa B 3ajada 26: |S'| = (TT’:)

Ha pasriepame S”. Beekn Bekrop or S” 3apbpiuBa Ha €JIMHUIA, KATO BJSBO OT Hes UMA
3a)[bJKUTE/HO HyJla (MHaYe OM MMAJIo JBe CheelHu eiuHuim). ToraBa ChbIIECTBYBa OYEBHJIHA
bueknus Mexky Bekropure or S” u OyjneBure BeKTOpH N — 1 €IMHUIM ¥ TN HYJIU, B KOUTO CJIE]
BCsIKa, €JTMHUIIA CJIeJIBa TToHe eHa Hysa. CbryracHo 3aada 26, OCIeTHuTE Ca (n"j]). Ot npunmmIa
Ha Oueknugara ciejsa, de |S”| = (n"j]).

Otrosopsr e |S| = (‘:) + (n“_‘])7 KOETO CbIVIACHO J100pe M3BECTHO CBOWCTBO Ha OMHOMHUTE

KoepUIMenTn e (m;q) ) O

Samaua 28. n Ha O6poit xopa crosaT B peauna. [lo Koako HaunHa MOXKeM Jj1a n3bepeM K oT TsX,
k < n, Taka de jga He n3depeM HUTO JABaMa JYIINA, KOUTO Ca €JIWH JI0 APYT B peaurara’

Pemenue. Bceku u3bop na k qoBeka oT 00O M, KOUTO Ca MOJIPEJIEHU JIMHEHHO ¢ (buKcupaHa
noipe16a, OTroBaps OMEeKTUBHO Ha XapaKTepUCTu4deH BeKTop ¢ k equmaniiu u n—Xk myu. Jlonbinm-
TEJTHOTO YCJIOBHUE J1a He ObJIaT MoJA0paHu Cheein ce “mpeBexKa’ Taka: XapaKTepUCTUIHUAT BEKTOP

—k+1
na "HaMma cbeeanan equanmny. CobriaacHo 3ajgada 27, OTTOBOPHT € (TL :f” ) Il

Bagada 29. Heka k € N, n € N" u k < n. 3a Begka : {1,2,...,k} — {1,2,...,n} kazsawme,
qe f e empoeo pacmawa, ako Vi,j € {1,2,...,k}:1<j — f(i) < f(j). Ba Begka f:{1,2,...,k} —

{1,2,...,n} ka3Bame, de f e nHenamarssawa, ako Vi,j € {1,2,...,k}:1 <j — f(i) < f(§).
e Kosko crporo pacrsiu dyHkimn ¢ jgomeiin {1,2, ..., k} u komomeiin {1,2,...,n} numa?
e Kousiko nenamassisaiy (gyuxiuu ¢ gomeitn {1,2, ..., k} u kogomeiin {1,2,...,n} numa?

Pentenue. DBpogar na crporo pacrdmure ce onpejiesist Taka. Beska cTporo pactsia (pyHKIUS 0T
TO3U BU/I C€ OIIPEJIe/Isd €THO3HAYHO OT TOBa, KOU eJIeMEHTH OT KoJloMeiiHa ca obpa3u Ha eJIeMeHTH
OT JOMeifHa; He MOXKe eIUH eJIeMEHT OT KOJOMeifHa Ja € oOpas3 Ha IIoBede OT €JIMH eJIEMEHT OT
JloMefiHa, Taka de BCsKa TakaBa (pyHKIMs e wHeknus. Ho Te3m yHKIUN jajied He ca BCUIKU
MHEKITNH, 8 Ca CaMO MAJKa 9acT OT TX (OT MHEKIUUTE), 3al0TO 00pasuTe ca MOJAPEeIeHN B ChIIUsI
pell, B KOiiTo ca mbpBoobpasute. I Taka, Bedka TakaBa (DYHKIUS Ce ONPEJIE/d €IHO3HAYHO OT
TOBa, Kou k ejlemeHTa oT 001110 N ca obpas3u. Mma (E) HaIMHA J1a n30epeM K ejileMeHTa OT L 1 TOBa
€ OTTOBOPBT Ha I'bpBaTa MOA3a1a4a.

Bposit Ha HEHAMaJIABaIIITE ce ompeies 1o mogobeH HaunH. Cera He € HeOOX0IUMO (DYHKITHITE
JJa Ca MHEKIIUN. BCHK& OT Te3n Cb}/'HKLH/H/I ce onpejerid € JHO3HaIYHO OT MYJITUMHOZKECTBO C MOIITHOCT
k, amifTo ejleMeHTH ca OT KOJOMeiiHa, KOHTO € ¢ MOIIMHOCT M. 3HaeM, e uMa (“+k_]) TaKNBa

k
MYJITUMHO2KECTBA. ToBa e OTTOBOPDHT Ha BTOpaTa IIoA3a/JJa4da. O

Bama4ga 30. Kosiko 6ysieBu BeKTOpH € IbJIKUHA L He ¢birbpkaT HUTO 11, HuTo 00 KaTo 1Mo/ IBeK-
Topu?!

Pemenne. Ako n = 0 mma TOYHO €/IMH TaK'bB BEKTOD: MPA3HUAT. B mpoTuBeH cirydail ca TOIHO
IBa:

10101010...0 w 01010101...1 1pm werHo n
10101010...1T w 01010101...0 upm HeueTHO N

14
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3amaga 31. Kosko Oy/ieBu BEKTOPH € JIb/IKUHA T HE CbIbpkar 11 KaTo moaBekTop?

Pemtenne. OueBujiHO €, Ye akO €IMHUIATE Ca IPEKAJEHO MHOIO CIPSIMO T, TO mnoiasekTopu 11
ca Hem3bexxkHu. MakcumaHUAT OpOil e IMHUIM, IPU KOWTO MOXKe Jia HaMa mojaBekTop 11, e (%W,

HallpUMep:

10101010 :  koraro n = 8, Haii-mHOrO 4 = { W €JIUHULN

8
2
101010101 :  koraro n = 9, Haii-mHOTO 5 = BW €JIMHUIIA

Heka p e 6podr na exunuiure, a g e 6poar Ha nysanre. OT ycaosuero umame p + q = n. Toky-1o
ycranoBuxme, e p € {0,1,...,[n/2]}. 3a Bcekn KOHKpeTHU P ¥ (, OPOAT HA ThPCEHUTE BEKTOPU
e (q;]) cbrIacHo 3ajiada 27, ToecT ("_gﬂ). CbryacHO IPUHIMIIA Ha pa3sOMBaHETO, OTTOBOPBT €:

L)

p=0

—p+1 . . .
Ha pasriesiave OMHOMHUS KOeDUITHEHT (“ E+ ) or u3zpasa (5) B KpaiiHus ciiydail, B KOHTO p =

[n/2]. Toecr, na pasriename (“_Eﬁfﬂ H)

e Ako M e dwerno, toect n = 2k 3a mskoe k, to [n/2] = [2k/2] = [k] = k u rorama
(“_Wﬂ H) = (Zk_]l@r]) = (kt]) = k+1. ! nHaucruna uma Touno k+ 1 BEKTOpHU B TO3MU CJIydai.

3a mrrocTpanus, HeKa N = 6 u Torasa BekTopuTe ca Toano 101010, 101001, 100101 u 010101.

e Axo m e Hederno, Toect N = 2k + 1 3a nakoe k, ro [n/2] = [(2k +1)/2] = [k + %] =k+1

n—n/2]+1\ _ (2kH1—(k+1)+T\ _ (k+1\ _
n ToraBa ( ]—n/Z'\ ) ( Kt ) = (k+1) = ] I/I HanuCTHMHa UMa TOYHO ] BEKTOPU B TO3U

caydait. 3a miIrocTpalins, Heka N = 7 u ToraBa BekTopure ca Toaro 1010107.

Babesiexkere, ve He e rpemika ja samumeM (5) u Karo

2 0

p=0
[0 poCTaTa MpUYNHA, Ye aKo P € {[n/Z] +1,[n/2] 4+ 2,... ,n}, TO OMHOMHUAT KOEPUITHEHT
—p+1
(“ Pt ) e HyJa. O
P
Omnpenenenne 1. Kpbros BeKTOp wie Hapuuame 6eKmMOp, Ha KOUMO Nspeama U nocieonama
nosuyua (cowo) ce cuumam 3a cocednu. AKo Kps206UAM 6EKMOP € A1y Ay ..., Ay, 68 HE20 CBCEIC-
meama ca a4y ¢ Az, Ay € A3, ..., Qu_1 C Qn, Gy € Q1. Kpseosume eexmopu He ca eK6UBAACHMHU
cnpamo pomayus, mesi kamo umam womepupary noduyuu; 0001 w 0010 ca pasauunu kpseosu
B8EKMOPU. Ul

Samaua 32. Kosko Kpbrosu O0yaeBr BEKTOPHU C T €IMHUIIA U T HYJIU HIMaT CbCETHU €TUHUIIN !

Pemtenne. /la pasrieame MHOXKeCTBOTO S OT JimHeiitHuTe (TOECT, “OOMKHOBEHUTE”) BEKTOPHU C
N eauHUIM U M Hyau 6e3 cbheennn eaunnnu. Ot 3agada 27 3uaeM, de |S| = (m:]). Heka S e
IIOJMOYKECTBOTO Ha, S OT Te3W BEKTOPHU, KOUTO 3all0UBaT U 3aBbpIIBAT C €IuHUIA. ThbpceHuaT B
Tasu 3a7a4a OTroBop e |S| — S|, it KaTo KPBIOBUATE BEKTOPHU 063 ChCEIHN €IMHUIM OTTOBAPSIT
OMEeKTUBHO HA TOYHO TE3U JIMHEHHM BEKTOpU 0€3 ChbCeIHHM eJIUHUIM, KOUTO OCBEH TOBA HAMAT
eJMHNIIA HUTO B Hali-IgBaTa, HUTO B Hall-IACHATA O3UIH.
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TTa pasrename S. Ja nedunupame, ue p = n+ m. Ouesugno, p > 3. Ako p = 3, T0 S ce
cberon caMo oT e BekTop: 101. Ako p > 4, To Bcekn BEKTOp OT S € OT BUJIA:

AbiKuHA p—4

NV
JbJIZKAHA P

[Tocouenuar mojaBekTOp € IAb/KHHA P — 4 UMa N — 2 eAuHANN, M — 2 HYJIH U €JIUHCTBEHOTO
orpaHuveHue e, ye HaMa cbeeJHu eauaunu. CreoBaTesiHo, ako p > 4, To uMa oueBu/IHA OMEKIINs
MEXKJIy S M MHOXKECTBOTO Ha JIMHEHHUTE BEKTOPH ¢ M — 2 eIUHUIM, M — 2 HyJn U 0e3 CbCeTHI

R -1
equannn. Coriaacno 3aada 27, TOCASIHATE UMAT OPOoit (mn_; ) = (:’11_2). Tosu pesynrar e B cuta

qopu korato p =3: torapan=2 m=1mu (’::21) = (8) =1.
I Taka, OTrOBOPBT Ha 3a/a4aTa e

s-s-()- (22

_ (m+T1)! (m—1)!

T (m=—n+Dinl (m=-1—-mn-=-2)(n-2)!
(m+1)! (m—1Inn-1)

T (m—n+Dinl  (m—mn+1)nl

= (m(—Tnn_—i—]])g!n! (Mm+1)m—m(n—1))

—1)!

_(m(—Tnn+1))!n! (m2+m—n2+n)

(m—1)!

= m—nt (m—m)(m+n)+ (m+n))

~(m—=1l(m+n)
o (m=—mn+1n!
(m—1)!(m+n)

(m—m+1)

(m—n)In!
m+n m!
= X
m (m—n)!n!
_om+n/m
 m \n

i

3amaua 33. Punapure Ha Kpbhviara Maca ca 12. Te BuHarm csgar oKoOJIO Macara 10 €IMH 1
cbimu HadawH. OCBeH TOBa, MEXKJIy PHUIAPUTE MMa BPaK/IM: BCEKHM PHUIAD € BbB BpPaxKJIa ¢ TOYHO
Te3W JBaMa PUIApU, KOUTO Ca HErOBU ChCEIN OKOJIO MacaTa. I1o KoJKo HaumHa MOXKe ja ObIaT
ojiopanu 5 puriapu ot 12-Te 3a MucHus, aKO UCKaMe B nu3dpaHaTa rpyma Ja HaMa BPayK i’

Pemmenne. Bcegko nsbupane Ha 5 or 12 punapu MoxKe Ja ce IpeJCcTaBd Upe3 XapaKTepUCTUIeH
BEKTOP OT 5 eaununu u /7 Hyau. BekTopbT obade He € JUHEEH, a KPbroB, U He TPIOBa J1a ChIbp-
JKa, CbhCEJIHU €JIMHUIIA — TOBa CJIe/IBa OT “KPbI'OBOTO BpaxkKjyBaHe Ha pHUIAPUTE OKOJIO MacaTa u
U3UCKBAHETO JIa He Ob/iaT n30paHu BPaXKyBallll PUIAPH.

Bajauara e chiara KaTo 3ajadara, KOJKO KPbrOBA BEKTOPA C 5 eIMHUIM U / HYJIN He CbIbp-

Kar cbeeaan eaunuim. CobriaacHo 3ajgada 32, OTTOBOPBT € 7—;5 (;) = 36. Il

16



3apgaun ¢ pewenuns no Auckpethn Ctpyktypu, KH2, ®MUN-CV, 2016-2023 r. © Munko Mapkos

3amaua 34. Heka n e meuerno, Toect N = 2K + 1 3a makoe k € N. Pazrienaiite 6mHOMHUS
KOeUIHEHT (E)

1. Jokaxkere, 4e (E) = (kL).

2. Jlokaxere, e () < (}) 3a Beako k' <ku () < (kL) 3a Begko K7 >k + 1.

3. Hokaxkere, 4e (2) € HeYeTHO YHCJIO ToraBa M caMo Torasa, korato N = 2™ — 1 3a H#AKOe

m e N*t.
Pemenne.
ny 2k _ (kDD 2kH1y _ [ m
L(2) = (%) = e = (&0) = (B)-
2.
n n nn—-1)--n—-k'+17) nn—-1---(n—k+1)
(k’) < (k) “ K < K
n(n—])---(n—k’—i—])<n(n—U---(n—k’+1)(n—k’)---(n—k—|—1)
Kl K(k—1)--- (K + 1)K/l
—k--- —k+1 !<—1/ s }(—k/—1 — k' —i
pn Kokt ) oy dloenzt o T ok
k(k—=T1)-- (k' +1) [Ty k—i [Ty k—i
k—k/—1 .
n—k'—1
1 -
< I == @
Ho “Tgi,i_i > 1, monexke k > k/ u n > 2k:
n—k'—i ;. ) , ,

H_[OM O6HLI/IHT MHOXKHUTEJI Ha IIPOU3BEJICHUETO B IdCHaTa CTpaHa Ha HEPABEHCTBO (7) € IIO-
roJjigdM OT €IHO, TO IAJIOTO IIpOUu3BeAcHUE € IIO-I'OJIAMO OT €IHO U HEPAaBECHCTBOTO € BAPHO.

n n
CDaKT’bT, qe (k”) < <k+1)’ ce JOKa3Ba aHaJIOTMYIHO.

2k+1):

3. Pasrnexpame (L‘), KOETO e ( y

(2k+1) (2K DKk — 1) (k4 3)(k+2)

k Kk—1)(k—2)---3-2-1

OueBHIHO MHOXKHUTEINTE B 3HAMEHATE/IS B HApACTBAIll Pel, IIOCIeIBAHA OT MHOXKHUTEIUTE B
YUCIUTE I B HapacTBall pejl, obpa3yBar HapacTBalla HEIPEKbCHATA [10CJIEI0BATETHOCT OT
1 10 2k + 1 = n ¢ egno uskaoYeHne: jauncsa K + 1.

Cera Ja pa3rjieJaMe eCTeCTBeHUuTe ITOJIO2KUTE/IHN YHCJia B HapaCTBalll pe/ 1 1101 BCAKO OT
TAX, 6pOHT Ha HEeroBuTe MHO)KHTGJ'IH—ILBOfIKI/I B 9EPBEHO:

3456 7 8 92 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
co2010301 0 2 o0 1 0 4 01 0 2 0 1 0 3 0 1 0

O —
- N

Yepsenarta pejuiia oT OpoeBeTe Ha MHOXKHUTE/IUTE-TBONKN HE € MepPUoJnIHa, HO JIECHO Ce
3abeJIsi3Ba cjieiHaTa 3akonoMepHoct. [la Hapeuem yepBenara peauna, do, ag, dy, - - -. L' e 6e3-
KpaiiHa, HO BCsAKa HeifHa KpaiiHa nojpe/mia S, oT p Ha Opoil Ioc/e[0BaTe/IHi CTONHOCTH,
3amogBala or aop:

Sp = Qp, a1, A2y -, Ap—
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KbJeTo P e 4uciao or Bujga 2™ — 1 3a makoe m € NT,| ce moimyuasa or “cienBanero” Ha
nojpe/maTa 8,1, YUCJAOTO P, I OTHOBO ToJpeaunaTa S, i:

Sp - Spfl y Py Spf1

Ako KazkeMm OCBeH TOBa, de Sy e 0, mMaMe UHYKTUBHA JePUHUINS 38 KpaHuTe peauiy Sy,
S», §3 m Taka HaTATbHK:

S =0
S =8,1,p,5-1 3ap>0

Hanpumep,
So=0
S =0,1,0

S, =0,1,0,2,0,1,0
S;=0,1,0,2,0,1,0,3,0,1,0,2,0,1,0
S, =0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0

Jla ce BbpHEM Ha OMHOMHUS KOe(UIIMEHT

2k 1\ (2k+T1)(2K)(2k —1) -+ (k+3)(k + 2)

k N k(k—1)(k—2)---3-2-1
KnrogwoBoro nabitojienue e, de ako cu mpejcraBum pequnara 1,2,--- k,k + T,k + 2,k +
3, -+, 2k+1 6e3 yurcBalio 9nuc/io, HeifHaTa CbOTBETHA PeIUIa OT OPOMKUTE Ha MHOXKHUTETUTE-

JBOMKM € JacT OT HAKOA S, KOATO ce HPOCTHPa OT JeBUA Kpail Ha S, JTOHAKDIE.

[TbpBo ga momychem, e N = 2k + 1 e uucio or suga 2™ — 1 3a naxoe m € NT. Torasa
mmncsamoTto unciao k+ 1 e 2™ TebpauM, e B TO3U caydail GpOifKITe Ha MHOKHTEINTE-
JIBOIKYM B YUC/INTENIsT M B 3HAMEHATE/IsI Ca PABHH, OT KOETO BeJHAra CJie/Ba, 4de jipodTa e
HeYeTHO 1ncyio. Jla BujgnM 3armo Te3u Opoiiku ca paBHu. [la ¢bIIocTaBUM €JIEMEHT IO eJIEMEHT
peaunure 1,2, ...,2k, 2k + 1 (6e3 JurcBaiio 9ucio) u Sy, 1:

123 .-k k+1 k+2 k+3 --- 2k 2k+1
Spo1=010 - 0 m—1 0 1 e 0

Kaxkto Beue Bujysixme, S, 1 ce CbCTOM OT €JIHO KOIHE Ha Sp, 2, CJI€JIBAHO OT M — 1, ciej-
BaHO OT Jipyro komwme Ha S, ». Ho amucioro k + 1, Ha Koero chorBeTcTBa M — 1, JIUIICBa B
OuHOMHMST KOeDUIUEHT (TaKbB MHOXKUTEJ HIMA HUTO B YUCJIUTENS, HATO B 3HAMEHATEJIS ),
CJIe/I0BaTE/THO HAMa MHOYKUTEN HUTO B INCIUTE I, HATO B 3HAMEHATEJIS, KOWTO /1a nva m— |
MHOYKUTEJIA-IBOMKN. A 38 BCEKH OT MHOYKUTEJUTE B YUCJIATEISI UMa ChOTBETEH MHOXKUTEI
B 3HAMEHATE/IsI, KOWTO MMa TOYHO CbIUs OPOl MHOXKUTE/IN-IBOWKN, KOETO CJIe/IBa BeJHATA
OT HAJIMIUETO Ha JBe Konnd Ha Sy, 2 B S, 1. Hokazaxme, ge korato n = 2k + 1 e unciio or
Buga 2™ — 1 3a ugakoe m € NT, 6GunoMuuaT KoedpuIUeHT e HeIeTHO IHUCIIO.

Ha pasriename anrepuarusara: = 2k + 1 He e yuciao or Buga 2™ — 1 3a ngakoe m € N,
OtHOBO pefuiiaTa OT MHOXKHUTEINTE-IBONKN 3a 3HAMEHATE IS W YHC/IUTEIS € 9acT OT Hsl-
Koe Sy, 1, HO TO3U II'bT JIMICBAIOTO 4uncyio K + 1 c¢hoTBeTcTBa He Ha M — 1, a Ha HIKOIA
JIpyT OT “depBeHuTe’ eeMeHTH. Begnara ce BUKa, ye OPOWKHTE HA MHOKUTETUTE-IBONKH
B YHCJIMTEJsl U B 3HAMEHATEJsl He Ca PaBHU, TaKa e OMHOMHUST KOeUIMEHT e YeTeH (3Ha-
eM, 9e OMHOMHUST KOeUIUEHT € I5JI0 YHUCJIO, TaKa Y€ HAMa KaK MHOKUTEJIUTe-IBOUKH B
3HAMEHATeJIsl JIa Ca [I0BeYe; IIOBEYETO MHOXKUTE/IU-IBONKH Ca B YUCJIUTEISI). O
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3amaga 35. /lokaxkere TbKJIECTBOTO

(nn_11> = Z(—Umk(z), n>0,k>0mn>k

k=0

3a npocrora pasriezaiire caMo cirydas, B KOHTO 1M e HeueTHO (KOeTO 3Ha4H, Ue CyMaTa NMa YeTeH
6poii deHoBe).

Pentenne. Heka m e meuerno. [Ipeacrasere cu mgnara cyma ¢bC CJIEIHUTE IPYNUPAHUSA Ha
cbOMpaeMuTe 10 JTBONKM:

> (1) -

B ) ) 0+ ) ) ()6

1 2 m+1
rpyna rpyna rpyna 3 rpyna ™

Mssectro e, e

<:1> - <nn_11) * (:1:11) (9)
Anastorumo,

(mi 1) - (:1:]1) N (:1__12> (10)
Pagmkara mexy (9) u (10) e

()= () = (") (a)

Ho () — (") e rpyna 1 B u3pas (8). 3a rpyna 2 mMamMe aHAJIOTUTHO

n B n B n—1 B n—1
m-—2 m—3/ \m-=-2 m-—4
Ba rpyma 3:
n B n B n—1 B n—1
m—4 m—5/ \m—4 m—6
W raka HaTaTbK. 3a Ipearocae HaTa Ipya nMaMe
ny (ny _ n—1 _ n—1
3 2) 3 1
3a mocsiennara rpyna (¢ Homep (m+ 1)/2) umame
ny (n 1 n—1
1 0) N 1
Axo 3amecTuM moJrydeHaTa CTOMHOCT 3a BCSKa rpyla B u3pas (8), mosryuaBame
n—1 n—1 n—1 n—1 n—1 n—1 n—1 n—1 n—1 n—1
(m )_(m72)+(m72)_<m74)+<m74)_<m76)+‘“+( 3 >_( 1 >+( 1 >:< m)
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Tbil KATO BCUYIKU cbOupaemu 6e3 (nm]) ce cbkpamanar. [Toayanxme
m
mex (T n—1
2 (1) =
k m
k=0

Bagaga 36. Kaxbs e xoedumuentnt mpes x'00y20z30wA400 5 (x 4y 4 z +w)100?

Pemenne. CbriracHO n3y4aBaHOTO Ha JIEKIIUH, TOBA € MYJITHHOMHUAT KOe(UIINEHT
1000!
100!200!300!400!

YHuciaenudaT oTroBop, KONTO HE ce UCKA, €

2789553569688506880030579073303120282697168772515581973003
4473176719539138461670593606267761166196211313077563933389
6262910100829701980404963243674083044425575703958938826933
4490097435409584671334057641072954542225252253440236197087
0232694311009529842397167270289565507633940189485867495414
1909680992772682552036991519556342078467633203266874040142
7401648890849187026613578779892383758111931416039028750943
2958594782425233263666186239174044248574428586461255933857
9692473155793871161751918162353815047891464463681508943732
692680357344625429924378288000 ~ 10> O

Bamaua 37. Kakbs e koedumentst npex ab’c’d’e”’ B (a+b+c+d+e)'®?

Pentenne. CbriacHo n3ydaBaHOTO Ha JIEKIWH, 38 PEAJHU IMPOMEHJNBU X1, X2, X3, X4 U X5 €

BSAPHO, Ye

n K1k ks ks Uk
(X1 +%xX2+x3+x4+x5)" = E (k o ke k k>x1‘x22x33x44x55
_ 1y K2y K3y K44y K5
k1+ka+k3+ks+ks=n

n n _ n! .
K'bJIETO (k1 ,kz,k3,k4,k5) € MYJITHHOMEH KOe(UITUEHT, KATO (k1 ,kz,kg,k4,k5) = OioTG el Torasa Tbpce
HUAAT KOeUITNEHT e
16! 57657 600 O
1131312171

Bagaga 38. Kaxbs e xoedurmentsr npes a®bdc®d® B (4a® —5b + 9¢? +7d)'77?

Pentenne. CobriacHo M3ydaBaHOTO Ha JIEKIINN, 3a PEAJHU IIPOMEHINBHA X1, X2, X3 U X4 € BSIPHO,
e

n ki ko ks k
(X1 +%x2+%x3+x4)" = E ( )x11x22x33x44
- k] ) kZ) k3) k4
k1+k2+k3+ks=n

n n — n! _
» ,kz,kg,k4) € MyJITHHOMEH KOeUIUEHT, KaTO (k] ,kz,ks,k4) = TIoiGTG B wacrHoct, 3a x1 =

4a3, x; = (=5b), x3 =9c? u x4 = 7d u n = 19 e UBIbIHEHO

KbIETO (

19
(4(13 + (_Sb) + 9(:2 + 7d)19 = Z (k k. ks k. ) (4a3)k1 (—Sb)kz(9C2)k3(7d)k4 (11)
k1 +ko+kz+ks=19 1y K24 K3y Kg
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KO€TO € CbIIOTO KaTO

19 . . K2 (VK2 (0K [ ~21K3 (7 VK4 [ 31Ka
O R LD W (ke 0209 ()% ) 98625 ()0 (@)

(12)

Tepeum koedurmentsbr npex a’b®c®d®. Jla npenmmem tosm mspas raka: (a®)?bd(c?)?d®. Tosa
[PABU TI0-JIECHU CJIEJIBAIIATE PA3ChIKICHNUs, TIOHeXkKe B cymMaTa BJgAcHO B (12), a yuacTBa ¢ TperaTa
CH CTEIleH, & C yJacTBa C BTOpaTa CU CTEIEH.

Haucruna, B (a?)?b¥(c?)3d®, cymara or crenennure nokazarenu e 2+ 8 +3 4 6 = 19, taxa ue
Ipu oTBapaAHeTo Ha cKobure Ha (4a® — 5b + 9¢? + 7d)" mie ce nomyuar Takusa cnéupaemu. Cres
olpocraBaHeTo Ha cbopa, koeburmentsT 1pes (a®)?b(c?)?d® ce okassa

19 e
(k1,k2,k3)k4)(4) (=5)%(9)%(7)

Kbaero K1 = 2, ko =8, k3 =3 u k4 = 6. OTrosopsbr €

19
(2, 8,3, 6) (4)%(—5)%(9)*(7)

¢ 191(4)2(=5)%(9)*(7)°
- 2181316

YucaeHusaT oTroBOP, KOTO He ce ucka, e 187178576 895 560 250 000 000. O

amaua 39. Marasua 3a caHIBUYHN IIpejjara IeTHAIECeT Pa3/JNIHU BUAa caHapu4n. llermma
NpUATEIN KYIyBaT OOIIO IO €JUH CaHJBUY OT Bceku BuJI. Ilo KoJIKO HadymHa MOXKe Jjia ObJIaT
pa3/IaJieHn CaHIBUYUTE Ha XOpaTa, TaKa ue BCEKH Jia TMOJIYIM €JIMH U C'bINu Opoil cajuBudun’

Pentenune. Bcekn 4oBek mojrydaBa %5 = 3 camgsuya. Heka xopara ca A, B, B, I' u JI. Jla cu
IPEJICTABUM Pa3/IaBaHeTO Ha CAHJIBUIHUTE KATO MPOIEC, B KONTO IbpBO A B3eMa CBOUTE CaHIBUYM,
nociie b n Ttaka mararbk. [llom cangBmumTe ca jaBa 1O JIBa Pa3/IUYIHH, UMa (]35) HaunHa A 1a
B3eMe Tpu capgsuya. Ocrapar 12 capgsuda. 3a BCeKH OT HaYuHUTE A J1a CU B3eMe CAHIBUYUTE,

nMa (132) naunna B ja B3eme csoure. Ul Taka, 3a A u B numa (15 ]2) HadnHA. AKO TIPOJIb/IXKIM

Jla paschbkKiaaBaMe 110 cbinus HadwH, 3a A, b u B nma (135) (]32) (z) Haunna, 3a A, B, B u I' uma

(135) (132) (z) (36,) HavynHa, U OTTOBOPDBT €

15\ 12\ [9\ [6)\ (3
5)G)EEE)

OtroBopbT IpUIMYa MYJITHHOMEH KOeMUIIMEHT, HO 3alMCAH KaTO IMPOU3Be/ieHne Ha OMHOMHU
koedunuentu. ToBa He e ciyuaitno. 3ajadara UMa CbHIIAAT OTIOBOD KaTO 3a/@a4daTa, 110 KOJIKO
HaYMHA MOXKe Jla HapeJuM B JIMHeitHa Hapeada 15 obekrTa, KaTo 3 OT T4X ca OT eanH Bua A, 3 ca
ot Bropu Bua B, 3 ca or Tpern Bu B, 3 ca or werBbpTy By ' u ocranaure 3 ca ot metu Bu [;
00eKTHTe OT BCEKU BU/JI Ca HEPA3JIMINMU TOMeX 1y cu. OT JIeKINN 3HAaeM, € OTTOBOPBT Ha Ta3n

15!

3ajiata € s YucienusaT oTroBop, KoitTo He ce ucka, ¢ 168 168 000. O

3 Ilpunanunu Ha koMOuHaTOpuUKaTa (0€3 BKJI-U3KJI)

Bamaga 40. [lajgenu ca 62 KBajpardera, BCIKO ¢ pa3mepu 1 X 1, jojemnenn egHo J10 JPyro 1o
CJIeIHUS HAYMH:
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Jokazkere, 1e Tasm ¢urypa He MOXKe jia Objle MOKPUTA OT MPaBOBLIbJIHUIM ¢ pasmepn 2 X 1 1o
TaK'bB HAYMH, Y€ Te3W IPaBOBI'bIHUIN Ja He ce 3aCTbIIBAT, Ja He W3JIN3aT U3BbH urypara u Ja
HE OCTaBAT HeNoKputa 4dact or durypara. nade xkazano, jnokaxkere, ue dburypara He MOKe J1a
ObJ1e “Hapsizana’ Ha MPABOBIBJIHUANM ¢ pa3mepu 2 X 1.

Pemenue. 3abensa3same, ue hurypara, Kogto TpsadBa jga 0bjie MOKPUTa, € CTaHIapTHA ITIaXMAaTHA
JIbcka 8 X 8, HO ¢ J[Be JIMIICBAINM KBaJipaTdeTa, KaTo JIUIICBAIIUTE KBaJpaTdeTa ca JUaMeTPAJIHO
poTuBONO/IOKHM. [la cu mpeicraBuM 1isijiata IbcKa 0e3 JINICBAIUTEe KB IpaTdera, 1 TO OI[BeTEeHA
KaTO MCTUHCKA ITAaXMaTHA JIHCKA.

ENENESEN
EENENENE
ENENESEN
EENENENE

ENENENEN
HEENE

ENENESEN
HENENENE

Jla m3pexkeM BbIIpoCHUTE JBe KBaIpaTdeTa. [loyyaBame JrbckaTa OT YCJIOBUETO, HO C OIBETsIBAHE
Ha KBaJipaTdeTaTa, Hac/JIeJeHO OT MaxXxMaTHATa TbhCKa.

EENENENE
HENENENEN
EENENENE
| HE

NEEEN

HEENE
ENENESEN

HENENE

Cera 6u TpsiOBaJIO J]a € OYEBHUIHO 3aIl0 Ta3u (pUrypa He MOXKe Ja “HapsizaHa’ Ha TPaBObIbIHUAIIN
2 x 1. B Hes cuBHTE KBaJpaTdeTa ca C JiBe 1moBede oT Oennure. A BCEKU IMPABOBIbJIHUK C pa3MepH
2 x 1, KoiiTo ce pasmnojara BbpXy TOYHO 2 KBaJpaTdeTa Ha (pUrypara, ce pasiojara Bbpxy €IHO
CHBO U eJHO 0s1510 KBajpaTde. ToBa € 3aIb/IKUTE/IHO BIAPHO, HE3aBUCUMO JIAJN IIPABObIbJIHUKBT
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€ OPUEHTHPAH XOPU30HTAJHO WM BepTUKaHO. llpm mosiokenume, de cuBuTe KBajpaTdera Ca C
JIBE TIoBeve OT OejiuTe, KAKTO U Jla cjaramMe MpaBObIbJIHUIUTE BLPXY (urypara, 1MoHe JBE CHUBU
KBaJIpaTdeTa IMe ¢a HEeTOKPUTH.

3abesiexkeTe, Ye cTaHJapTHATA MIAXMATHA JIbCKa MOXKe Jia O'bJie MOKPUTA 10 YKeJIAHUS HAIUH
— IIPUMEPHO, € 10 4 XOPU30HTAJHU TPABOBOBILIHUIN BHB BeekHu peji. Ho B Hes GposaT Ha cubute
e paBeH Ha 6pos Ha Gesmre (32 cuu u 32 Gesmn).

Nma oveBniao obobienne Ha Tasm 3ajada: pUrypa, ChbCTodIa ce OT JIOJENeHn KOHI'PYEHTHU
KBaJ[paTdeTa, BCAKO OT KOUTO MMa IOHE eHa O0Ia CTpaHa C JPyro KBajpaTde, MOXKe ja Obie
“Hapst3aHa’ Ha MPaBOLIbAHUIN 2 X |1 caMO ako NP aHAJOIMYHO OIBETsIBaHe Ha KBapaTdeTaTa
(Bceku JiBe CbCEJIHU B PA3/IMYHU I[BETOBE) B JIBa IBsTa, OPOs Ha KBaJpaTIeTaTa OT €JMHUS I[BST
e paBeH Ha Oposi HA KBajpardeTara OT JAPYTUs I[BIT.

ToBa mozke J1a ce 1peBejie Ha e3uKa Ha rpaduTe Taka: HeoOX0IMMO, HO HE JIOCTATbIHO, YCIOBUE
B JByjeseH (cBbp3an) rpad nMa mepdeKTHO ChIeTaHne e ABaTa Jisijia ja ¢a PABHOMOIIHH. U

Bamaua 41. Pasriemaiite MHOXKECTBOTO OT I'bpBHUTE 2N IEaN MOJOXKHUTEIHN 4dncia. [1o Koko
HadYnHa MOKe Jia ObJiaT HapeJIeHu B Pejulia, TaKa ue 3a BCsIKa JBONKA CbCEJIHM YUC/Ia B pejuliara,
cyMaTa Ha Te3W YHUCJIa HE € YeTHO UUCJIO?

Pentenne. Cymara Ha JBe YHC/Ia € YeTHO YHUCJIO TOraBa M CaMO TOraBa, KOTaTO WJIM U JIBETE
qucJIa ca YeTHH, WM U JABeTe 4ducia ca HederHu. CjeaoBaTe/HO, BbB BbIIPOCHUTE HAPEJIOU HsIMa
JIBE ChCEJIHM YETHHW YNC/Ia W HAMA JBe ChCedHn HedeTHH unciaa. C Ipyrn JyMu, BCsIKA OT Te3U
peuiy e aJaTepHupala pejiuia OT BUa

YeTHO He4YeTHO dYeTHO HedYeTHO ...... YeTHO He4YeTHO
nJjim
HeYeTHO dYeTHO HeYeTHO YeTHO ...... HEYEeTHO YEeTHO

Pe,ZLI/IHI/ITe OT I'bPpBUA B Ca Tl’ X TL!, peaunuTe OT BTOPpUA BU/L Ca CbITO TOJIKOBa, TaKa 9€ OTTOBOP'BT
e 2 (n!)?. O

Bagada 42. /la gomycHem, e BbB Beeku Kypc Ha @MU (rbpBu, Bropu, TpeTu u 4eTBbPTH) UMa
eJINH U ¢bIny Opoit n crymenTu. [1o KojiKo HaunHa MOXKeM Jia pa3dreM MHOZKECTBOTO OT CTYACHTHUTE
na ®MIU Ha YeTBOpKH, KATO BbB BCAKA YETBOPKA MMa 110 TOYHO €IUH CTYIEHT OT BCEKH Kypc?
YerBopkuTe HAMAT HApEI0a, HUTO UMa Hapeada ME¥XKJLy YeTBOPKUTE.

Pemenne. J[la cu npeicraBuM Bepcusd Ha 3ajadaTa, B KOATO YeTBOPKHTE UMaT Hapeada. Ieme-
pupaMe YeTBOPKUTE II0CJIeI0BATEIHO. 3a I'bpBaTa 4eTBOPKa NMaMe u360p OT M I'bPBOKYPCHUKA,
T BTOPOKYPCHHKA, N TPETOKYPCHHKA U T 4YeTBbPTOKypcHUKa. Vma n* maunmma ma msbepeMm 1o
eJIMH CTYJEHT OT BCEKH KypC, KOeTO IIpaBH 0610 N* HaumHa 3a I'bpBaTa 4eTBOPKA. 3a BTOpaTa
JeTBOpKa HaunHuTe ca (N —1)* 3a Tperara ca (n—2)* u Taka HATATHK, 3a [I0C/IEIHATA Y€TBOPKA
uMma 1% = 1 HaunHa. YMHOMKaBaKN Te3M KOJMUECTBA, IIOJTydaBaMe

nMx =1 xm=2)"x---x2*x1"=(nl)?

3a Jla IoJIydrM BEpHUS OTTOBOD, JIEJIMM TOBa Ha MN!, MOHEXKe 110 YCJIOBHe YeTBOPKUTE HE Ca Hape-
JIeHN, a TIPeJICTABIABAT MHOKECTBO. V Taka, KOpeKTHHAT oTrosop e (n!)3. U

MawwmuHaTa, 3a KosiITO cTaBa AyMa B 3ajada 43, e UCTUHCKA. ToBa e repmaHckaTa KpUnTrpalla MallumHa
Ennrma, koHcTpympana okono 1920 r. n n3nonseaHa WMPOKO No BpemeTo Ha BTopaTa cBeToBHA BOIHA.
Ennrma craHa ocoberno nonynsipna cneg cdunma The Imitation Game, 6a3upaH (BOHsKbBAE) BBPXY
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WCTUHCKaTa UCTopUsi 3a paboTaTa Ha bpuTaHcKuTe KpunToaHanuTuuu B bneunm napk no speme Ha
BOiHaTa, MeXIy KOUTO € U YOBEKBLT, KOWTO B Haii-rosisiMa CTEMeH MOXe Aa Ce Hapede bawa Ha
KOMMOTbpa' — reHnanHusaT mMaTemaTuk n aHanusatop Alan Turing. KoHCTpyKumMsiTa Ha UCTUHCKUTE
EHurmMmn e mHOro no-cnoxHa oT ToBa, KOeTo e onucaHo B 3agadva 43. lNpean BCMYKO, MMa MHOMO
BugoBe Mawmin EHnrma, kato He Bcuykm nmar wekepnanen (steckerbrett Ha Hemckm); noBeveTo Mmat
LieKepnaHes, HO TOW € camo 4acT OT KpunTupawata cuctema. [losede uHdopmauusi 3a MalMHNUTE
Evnrma uma Ha caiita Crypto Museum.

Samaua 43. /lagena e emekTpudecka MalinHa ¢ 26 Bxoja n 26 nsxoja. Ha Bceku BXoz oTroBapst
TOYHO e/THa OyKBa OT JaTuHcKaTa a3dyka | A, B, ..., Z|, Karo ToBa CbOTBETCTBHE € (PUKCUPAHO 1
He MoxKe Jia Obe mpoMensino. Kaszsame, 1e BbB Bxoz 1 “Bimsa’ A, BbB Bxox 2 “Bimsa” B, n Taka
HaTATbK, BbB BX0/1 26 “Biinza’” Z. M3xoanTe ca HOMEpUPAHH U Ha BCEKU U3XO “U3/113a” TOUHO €/IHa,
OT JIATMHCKUTE OyKBH, HO CbOTBETCTBUETO MEXKJy M3XOJAM M OYKBU He € (PUKCHpPAHO, a MOXKe JIa
ObJle TPOMEHSTHO OT OIlepaTopa Ha MalllMHaTa 10 CIeIHns HadnH. MammHara nMa wekepnaHen:
IaHe/l BbPXY JINIEBaTa CTpaHa Ha MalllMHATa, BbPXy KOWTO mMa 26 MajKiu KpPbIVIK OTBOPA C
eJHAaKbB JuaMeTbp. Bcekn oTBOp Ha maHes a € MapKUpaH C TOYHO eHa OT JATUHCKUTE OyKBH.
Omneparopbr pasmnosnara ¢ 13 egnakBu Kabeadera, BCAKO ¢ JIBa Hakpaiinuka. /lagero kabeirde ce
M3II0JI3Ba, KATO HAKPAHUIINTE MY Ce I'bXaT B JiBa OT OTBOpUTE. B equH 0TBOp HE MOXKe j1a ObIaT
I'bXHATH JBa Hakpaitunka. OmepaTopbT Moxke Ja n3nosssa Mexk 1y 0 u 13 kaberdera. Kaberaerara
ca JOCTATBHIHO IbJTH, 3a Ja CBbP:KAT U Hail-OTIajaedeHnTe oTBOPU. EDEKTHT 0T M3II0I3BAHETO
Ha Kabejderara € CJIeHUAAT:

e AKo He Objle M3II0JI3BAHO HUTO €JIHO Kaberde, Ha n3xo | usnmmsa A, Ha usxon 2 uzimmsa B,
1 TakKa HATaTbK, Ha W3XOJ 26 n3an3a Z.

e AKo ObJie M3IOJI3BAHO TOYHO e1HO Kabesrde, epeKThT € TOBa U €JINHCTBEHO TOBa, Y& OyKBHUTE,
KONTO TO CBbP3Ba Ha IMEeKepliaHea, OmBarT pa3meHenn. Hampumep, ako Ha ImekepriaHesa
kabesraero cebp3Ba C ¢ T, To Ha u3xon 3 usimsa T, Ha u3xo 20 uzimmsa C, a Ha BCEKH JAPYT
M3XO0JI M3JIM3a C'bllaTa OyKBa, KOATO OM M3/IM3aja, aKo Ha IeKepliaHe/a HaMalle Kabeadera.

e Ako ObJAT M3MOA3BAHU TOYHO JIBe KabeadeTa Ha IMeKeplaHesa, TeXHUTe ChOTBETHN OYKBU
O6uBaT pasMeHeHHt, ocTaHaJMTe OyKBU M3JIM3aT BCe €JIHO HAMa Kabeadera. Hampumep, ako Ha
IeKepIanesia eJHoTo Kabemde cebp3sa C ¢ T, a apyroro cebp3sa A ¢ M, Ha usxoj 1 uznusa
M, na usxon 3 uzmusza T, Ha uzxon 13 uzmmsza A, ma uzxoxn 20 uzimuza C, a Ha BCEKHU JAPYT
U3XO0J] U3JIN3a ChIaTa OyKBa, KOATO OM M3/m3aJsa, ako Ha IeKeplanea HaMalie Kaberdera.

e Axo Obgar nsnossBann Bcrndkn 13 Kabesrdera Ha IIeKeplaHesia, BCHIKH JIBORKN OyKBH OMBAT
pa3sMeHeH! 110 JIBOWKHU ChIVIACHO TOBa, KOs ¢ KOsi OyKBa € CBbp3aHa Ha IIeKepIiaHea.

OueBn/iHO, TAa3u MAIMHA PeaM3upa padMecTBaHe Ha OYKBHUTE MEXKJy BXoja W m3xoja. Kosko
pa3/InYHA Pa3MeCcTBaHUs Ha OYKBHUTE MOXKe Jia Ob/iaT peaju3upanu npu n3noJssane na 10 kabdes-
gera? A npu usnossBane Ha 13 kabeaera? CpaBHeTe TE€3M YUCTIA C BCMIKU TEOPETUIHO Bb3MOKHI
pasmecTBanus Ha 26-Te OYKBU — CTaBa JiyMa He 3a pa3MeHuTe, KOUTO Ma3u MallliHa PeaJn3upa,
a MaKCHUMAJIHUAT OpOil pasMecTBaHWs, KOUTO Ca TEOPETUIHO BB3MOXKHU. Ha KakBO ce Ib/IKN
roJiiMaTa pa3jnKa MeXK/y I'bPBUTE JIBE YUC/Ia U TPETOTO?!

Pemenue. Axo ce nonssat 10 kabergera, To Toun0 20 OYKBHU yIacTBAT B Pa3MeCTBAHUS 110 JIBOII-

2 2
KU, a 6 OykBu He y4dacTBar. MMa To4uHO (zg) = (66) BBH3MOKHOCTHU 32 U300p Ha OYKBU-yYIACTHUIIN.
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3a Bcekn OT Te3u u300pU, HAYMHUTE Ja ObIaT CBbP3aHn OYKBUTE-YIaCTHUIA 110 JIBOMKH Ca

10
1917 x15x -~ x3x1=]]2i—1) =654729075

i=1

Pazcbikenuero e ciieHoTO: MbpBaTa OyKBa MOKe J1a O'bJIe CBbp3aHa ¢ JBOMKA € KOs JIa € OT OCTa-
nasmre 19, ciern ToBa octaBar 18 OykBu, 3a wbpBaTa nMa 17 OYKBU-KaHIUIATH, 1 TaKa HATATHK.
Orrosopbr 3a 10 Kabemaera e

26 10 . 14.2
(6> X [1[(21—1) — 150738274937 250 ~ 10

Amnajtornvno, orroBopbT 3a 13 kabemuera e

13
[[2i—1) =7905853580625 ~ 10'*

i=1
Ot npyra crpaHa, BCHUKH [IepMyTaluu Ha 26 OYKBU ca

26! = 403291461126 605 635584 000 000 ~~ 107%°

[IpaBu BrHeuaT/IeHME, Y€ TOBA YHCIO € MHOIO MO-TOJIAMO OT 6posi Ha TEepMyTaluuTe, KOUTO pPe-
aau3upa BbIpocHaTa MammHa. OYeBHIHO MAIMHATA PEAJN3UPa CAMO HUIMOKHO MAaJjKa JacT OT
BCUYKHU Bb3MOXKHU TlepMyTannu. MalmHara peajns3npa mepMyTalliid 9pe3 pa3MeHsHe Ha MecTaTa
Ha JIBOIiKM ejlemMenTr. He Besika mepmyTariust MoxKe J1a Objie mojydeHa 1mo To3u HaduH. Hampumep,
nmepMyTanusaTa, npu kosato A otuBa Ha msicToTo Ha B, B ormBa Ha Mscroro Ha C, ..., ) oTuBa
Ha MsicTOTO Ha Z u Z oTMBa Ha MsACTOTO Ha A He Moxke Ja Obje ToJydeHa upe3 (eJIHOKpaTHA)
pasMsiHa Ha JBOWKM CbCeIHM ejieMeHTH. [loydennTe quc/ieHn JaHHE HABEXKJIAT HA MUCHJITA, 9
HepMyTalMuTe, KOUTO Ce IMOJIydaBaT dpe3 pa3MeHsiHe Ha JBOWKU Ca HUIIOXKHO MAaJKa YacT OT
BCUYKH [T€PMYTAIUE, [IPU TOJIsIM OpOii Ha yIACTBAIIUTE €JIEMEHTH. O

Samava 44. Kumxkaprunara npojasa detupu Buga ydeonunn: nckperan Ctpykrypn, Axanms,
Anrebpa u l'eomerpusi. Ot Becekn Bujt uma 110 10 ek3eMInisipa (09€BUIHO HEPABIUIMMHI [TOMEZKTY
cu). Io koko Haumna Moxe ja Objar nojgpejgeru Bendku 40 yueOHHKA HA €J[MH XOPU30HTAJICH
padrt, ako:

a) HAMa ODAHUYEHUS;
6) yuebHurmTe o Asrebpa TpA6Ba a ca euH J0 APYT W HIMa JPYTH OrPaHUICHHS;
B) yueOHUIUTE OT BCEKU BUJI TPsIOBa Jla ca eJIUH JIO JIPYT U HAMA JPYTU OPAHUYEHUS;

r) Hukoil y4ue6uuk no Jluckperan CTpyKTypu um HUKOW yueOHUK 1m0 AjreOpa He MoxKe jia Obie
BJIFICHO OT mo3uiiust Homep 20 u HsMa JpyTrw OrPpaHUIEHUST;

1) yuaebnunure o Asrebpa TpabBa ja ca BIsIBO OT ydeOHunuTe 1m0 [eomeTpust u HsAMa JPYTU
OTPaAHUYICHUS.

Permrenne.

a) Crasa jyma 3a mepMmyraiuu ¢ noBroperre. OTroBOpbHT € MyJITHHOMHUSIT KOeQUIIHEHT

40!
10! x 10! x 10! x 10

;= 4705360 871073570227 520
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6) Yuebuuimre 10 Asrebpa mMoraT ja 6'bJIaT TMOPECHN eINH J0 IPYT caMo 1o equH HaduH. Crey
TOBa IJylejlaMe Ha JieceTTe yIeOHUIM 110 ajredpa KaTo Ha eJquH Heje/ MM ejgeMeHT. To3u ejremeHT
TpsiOBa Ja Pas3MoIoKIM 3ae a0 ¢ 30 Ipyru ejleMeHTa B peIuIia, KaTo Te3n JAPYTH ca B TPU TPYIN
10 JIECET, BbB BCsIKa I'PyIIa HEPa3InIuMu euH oT apyr. OTHOBO MMaMe [IePMYyTAIiK C TIOBTOPEHNE,
TO3U LT Ha 31 Hela, 0T KOUTO JIeceT ca Hepa3JInInMU ITOMEK/Iy CH U OIIE JIeCeT ca Hepa3InInMu
HOMEZKJIy CU ¥ OIIe JIeCeT Ca HePa3JIMIMMU IIOMEXK/Iy CH U MMa OIIe eJIHO Hello (6JIOK'BT OT JecerTe
yuebHuKa 1o Ayrebpa). OTroBopsr e:

31!
10! x 10! x 10!

= 172080900531 540

B) YaebHumuTe 0T KOil J1a € BHI MOXKE Ja Ce CJIOXKAT eIuH JI0 APYr 1no eanH HadmH. Cre ToBa
MOZKe JIa TyIejlaMe Ha [TOpeIiiaTa OT JlecceTe yIeOHMKa OT KO j1a e BUJ] KATO Ha HEJIeTUM eJIeMEHT.
Nwma 4! naunna ma cioxxum tesn 4 egemenTa B peauiia. OTroBOpbT €

41 =24

r) Vuebuurnure 1o Asre6pa u JlucKpeTHr CTPYKTYpH 3aeMaT TOIHO Haifi-resure 20 mo3uImm, Taka
Y€ MHOYXKECTBOTO, YMATO MOIIHOCT TbPCHUM, € JIEKAPTOBOTO IIPOU3BEJICHAE OT pasIojaraHudTa Ha
Haii-yteBute 20 nmosunun Ha yaebuummure 1o Anrebpa n Jluckpersu cTpyKTypu u Ha Hail-gecante 20

|
IIO3UIIMHN Ha OCTaHaJIUTE JIBa BHA. Begko oT Te3m MHOXKeCTBa, UMa MOITHOCT % Pemrennero e:

20! 20!

ToTsc 701 X Tl do1 — S4 134779536

) B rasm mogzazata BCBIMHOCT MMaMe caMoO TPU PA3IMdHH BHJA YIeOHUIIN, KOUTO TpsiOBa Ja
pasriexgame: {uckperan CtpykTypu, AHAINS3 U TPETUST BUJT, KOWTO e 0beinHeHneTo ot Aaredpa
u [eomerpus. [Ipuannaara j1a He pasrpaHmdaBaMe B pelleHneTo cu yuebHunute mo Ajredpara oT
Te3u 1o ['eomeTpusTa e, de moM ajaredpure ca BISBO OT reOMeTpunTe, ako 3uaem 20-Te Mo3uIun
Ha OOeMHEHNETO WM, HHE 3HAEM M TOYHO KOM OT TaX (a mMeHHO, Haii-ieBute 10) ce 3aemar OT
asrebpure u Ko, orT reomerpunte (odeBuHO, ocranaaure 10). Pemenunero e:

40!
20! % 10! x 10!

= 25467973278 667 920

g

Bajaua 45 u31o/3Ba HESTBHO MOHATUATA ‘TIPABObI'bJIHA Mpeka U “MPUJIBUKBaHE B IIPABObI'b/IHA
Mpexka’. He ocobeno dpopmasino, npasoszeana mpestca ¢ pasmepu M X N ce ¢beTor OT M+ 1 Xopu-
30HTAJIHM OTCEYKH, BCIKA C JIbJIKUHA T €JIMHUITN, PA3IOJIOXKEHN €JIHA HaJ| Jpyra Ha Pa3CTOSHUSI
eJIMHUTIN, U OIe N + 1 BepTUKAJIHA OTCEYKHU, BCAKA C JIbJKUHA M eMHUAIIN, PA3IOJI0KEHN €/THA
JIO JIpyra Ha Pa3CTOsIHUS €IUHUIM, TaKa Y€ OT IPECHIaHeTO Ha XOPU3OHTAJIHUTE C BEPTUKAJHUTE
OTCEYKH Ce TIOJIyIaBaT M X L KBa/IpaTa ¢bC CTPpaHa eJINHUIA. FTo npuMep 3a MpaBObIbJIHA MPEKa

2 x4

Mucaum 3a IIpaBObI'bJIHATa MpPEXKa KaTO 3a YJINYHa MpeXKa OT 1M + 1 Yoy B HallpaBJIEHUE
N3TOK-3alla/l 1 O1I1e TL+1 Yoy B HallpaBJIEHUE CEBEP-IOI, KaTO TE3U JIBE I'PYIINA YJINIU Ce IIpecnvar,
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KaKTO € ToKaszaHo. [IpejcraBere cu 4oBeK, KONTO ce HaAMHUpa B IOTO3ANAHUSI bI'bJI (JKBITOTO
kpbrae). Toit win Ts1 TpsibBa Ja ce MPUIBUAKH JI0 CEBEPOM3TOYHUS bI'bJI (3€JIEHOTO KPbIie), KaTo
Ha BCSIKO KPbCTOBUIIE MOXKE JIa TIOEME WJIM Ha CEBEDP, WJIM HA M3TOK, HO HUKOTa Ha IOI' M HUKOTa
Ha 3ana)l. 'ToBa ce Hapu4a npudsusiceane 6 NPasos2sAHAMA MPEXHCA.

Bagada 45. Jlagenn ca Tpu yauwdHu Mpexku (yaunu moj npas brba) A, B u C, mokasanu joiy.
BbB Besika OT TAX crapTEpaTe B JIOJTHUS JISB bI'bJ (C KBJITO KPbIde OKOJIO HEro) u TpsadBa
Jla, IPUCTUTHETE B TOPHHUSI JECEH bI'bJl (ChC 3€JIEHO KPbIde OKOJIO HEero), Karo e JIOMYCTUMO Jia
ce PUJIBMKBAaTE caMO HAaJSCHO WJIM Harope. A e IMpocTo IMpPaBObI'b/IHA MpeKa. B mMa 1mo-cjioxkHa,
dopMa—MOXKEM 14 CH ST IPEICTABUM KATO IIPABObI'b/IHA MPeXKa, ¢ JIUICBAIIN YaCTH—HO IIpaBUIaTa
3a MPUABUZKBAHE Ca CHIIATE, cCaMO Harope min HajsgcHo. C nMa nmpaBObIbJIHA pOpMa, HO NMAa €IHO
3a0paHeHo KP'bCTOBUIIE — TOBA € YePBEHUS KP'bI' OKOJIO HETO. 3a BCSIKA OT MPEXKUTE OIIpeIesieTe o
KOJIKO PA3JIMIHU HAYMHA MOYKETe J1a ce IMPUJIBUKUTE B MpexKaTa OT K'bJITOTO JI0 3€JIEHOTO KPbIie,
kaTo B C He MuHaBaTe Ipe3 3a0PaHEHOTO KPHCTOBHUIIIE.

Pemenne. 3a 0OMKHOBEHa NPABOBLI'LIHA MPEXKa ML X T OTTOBOPBLT € (m:[“), 3aI0TO BCAKO
IPUABUZKBAHE Ce Ollpejieid Hall'bJIHO OT M Ha Opoil XoJia Harope 1 N Ha 6poii XoJa HaJIACHO, KATO
Te3M JBa BHJA XOJIOBE Ca CMECeHM B eJHa JHHeiiHa Hapeaba ¢ rogemuna m + n. C apyru aymn,
3ajadaTa € ChIIaTa KaTo 3ajadaTa, 10 KOJIKO HAYMHA MOKE Jia HApeJIuM M HyJd U N ¢IUHHUIN B
nuHeliHa HapenOa (BrkTe 3asada 25). CregoBaTeHo, 3a A pelIeHnero e (6;5) =462.

Jla pasriename B. JlecHo ce BmKa, de 3a Jia CTUTHEM OT K'bJITaTa 0 3ejeHaTa TOYKa, TPAOBa
Jla MUHEM IIpe3 IOHe €JIHa OT TPUTE CUHU TOYKU:

Hemo I1o0B€4Y€e: HE € Bb3MO2KHO Jla C€ MHUHE IIPE3 I1I0B€YE OT €lHa OT CMHUTE TOYKHU, CJIeJ0BaTEe/IHO
Cce MHHaBa IIpe3 TOYHO €/JHa OT TdX. Nuaue Ka3aHO, MHO2KECTBOTO OT NPpHUABU2KBaHUATa MEXKJITY
K'bJiTaTa M 3eJ/IieHaTa TOYKa Ce pa36HBa Ha TpH IIOAMHOXKECTBa CbhIJIaACHO TOBa, IIPE3 KOdAd CHUHA
TOYKa ce MuHaBa. 1o IIpUHIMIIa Ha pa36I/IBaHeTO, OTTOBOPBT € cyMaTa OT MOIIMHOCTHUTE Ha Te3U
TpUu MHOZKECTBA. ,Ha pas3rjieiaMe IIpOn3BOJIHA CUHA TOYKa, HaIIpDUMEDP Ta3u:
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MHO>XKecTBOTO OT HPUIBUKBAHUATA, MIUHABAIIU IIPe3 Hesl, € JeKapTOBOTO IIPOU3BeIeHNe OT
NPUJIBUZKBAHUATA B YePBEHATA MTOJIMPEXKaA MEXK/LYy K'bJITATa M CUHATA TOYKA, U B KadAaBaTa MOIM-
peka MeXKJly CUHATA U 3eJIeHaTa TOYKA:

B uepBenara mojmMpexka Te ca (415) = 126, a B xadsBara, (6J3r3) = 84. 3a Ta3u cuHsa TOUYKA

nmame 126 x84 = 10584 npuasmkpanus. 3a IpyTruTe IBe CHHU TOYKN HAII'B/IHO aHAJIOTTIHO MMaMe

CrY =< (371 = 15876 1 (°3%) x (*1°) = 10584. OrrosopbT 3a Mpezka B e 10584415 876-+10584 =

37044.

Ha pasriemame C. MHOXKeCTBOTO OT NpUJIBUKBAHUATA, HEMUHABAIIN 1IPE3 Ue€pBEHATA TOYKA, €
pa3/imKaTa MeXKJIy BCUYKU MPUJIBUKBAHUSA MEXK/Iy YK'bJITaTa U 3eJIeHaTa TOYKU 0e3 OrpaHrmdYeHus
(komTO ca, KaKTO BUJIsIXMe, 462) 1 Te3u, KOUTO MUHABAT TIPe3 YepBeHaTa ToYKa. 110 HaunH, HAIIbI-

HO aHaJIOI'MYEH Ha U3BEXK/JIaHEeTO Ha OTroBOpPa 3a B, IIOKa3BaMe, Y€ IIPpUABU2KBaHUATa, MUHaBaIIll

1pe3 YepBeHaTa TOYKa, Ca (3?) X (3J{1) = 140. Orrosopsbt 3a C e 462 — 140 = 322. U

Permennero na 3aiava 46 usnoissa o3Hadenuero JX 3a Hsxkaksu (puKcHpann cTofiHocTn Ha K 1 M.
Ha cu mpunomunm, e J, ={0,1,...,n— 1}. Torasa

]ﬁ:lnxlnx“'xln

k MHOXKUTEIIST

Bajaua 46 MoxKe Jla ce pelu 1 Ype3 PeKypPeHTHU ypaBHeHUs: BUK 3ajaqda 115.

Bagaga 46. Usmexxay umcnara 1,2,...,10'°, xou ca mosede: Tesm, uunTo 3amuc (B JeceTHIHa
HO3UIMOHHA OpOiiHa cucreMa) chbpKa udpara 9, Win ApyruTe, THATO 3aIUC He ChIbpKa 97

Pemenne. CobiecTByBa ecTecTBeHa GUEKIUA MK Ly Te3H YUCIa U BEKTOPUTE OT J19: BCAKO 1mciio
¢ m3xmouenne Ha 10'° choTBeTCcTBa Ha TO3M BEKTOp, KOMTO ce MOydaBa OT 3allica Ha YHCIOTO B
JleCeTHYIHa TO3UIMOHHA OpoliHa cucreMa ¢ JIobaBgHe—aKO € HeOOXOUMO—HA BOJICIIN HYJIU, TaKa
Je JrbJDKMHATA Ha 3amuca ja crage Touno 10; a 10'° cworsercra Ha 0000000000. Anasorndso,
CHIECTBYBA €CTECTBEHA OMEKIINA MKy umciara msMexkiay 1,2,...,10'° xouro maMaT HUTO
eJlHa JIeBATKA B JIECETUYHUA CU 3a1uc, 1 Bekropure ot Ji°. O6mo uucnara 1,2,...,10'° ca 10™
na 6poit. Bexropure or Ji¥ ca 9'° ma 6poii, ciegoBaTenno uucaaTa, KOUTO HAMAT HUTO €HA
neBaTKa B 3ammca cu ca 90 = 3486784401, cienoBaTesHO 4HCIaTa, KOUTO MMAT IOHE €IHA
nessTKa, ca 1010 — 9% = 10000000000 — 3486784401 = 6513215599. Buxxname, ue unciara,

“MAaIlX IIOHE eJIHa JIEBATKA, Ca 3HAUYUTEJIHO OBeYe. Ul
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4 HpI/IHI_[I/IH Ha BKJIIOYBaHETO N U3KJ/JIIOYBAHETO

Bamaga 47. Uzmexay 100 cryaenTn:
e 72 nocemanar npakTukym 1o C,
e 60 mocemanaTr MpakTUKyM 1o Java.
Jlokazkere, de mmoHe 32 OT Te€3U CTYJIEHTH ITOCEIAaBaT U JIBaTa MPAKTHKYMA.

Pemrenne. Heka C u | ca MHOXKecTBaTa OT CTYIAEHTUTE, MOCEIABAIIN ChOTBETHO ITPAKTUKYMUTE
no C u Java. Heka U e mHoxkecTBOTO OT Bemuku cryaentu. daneno e, e |U| = 100, |C| =72 u
]| = 60. CbrytacHo mpuHIMIIA HA BKJIIOYBAHETO W U3KJIIOYBAHETO, B CUJIA €

[CUT| = U —(Cl+ ) +ICn]l &
[ICUJ| =100 (724 60) +ICNJ|
ICNJl=32+|CU]]|

Ho C U] e MHOXKeCTBOTO OT CTYJIEHTUTE, KOUTO HE XOJAT Ha HUTO €JUH OT Te3u npakTukymu. OT
YCJIOBHETO HE 3HAEM JIAJU TOBA MHOYKECTBO € IIPA3HOTO MHOYKECTBO MJIM HE, HO BbB BCEKH CJIyUail
e BAPHO, 4e ’C U I| > 0. 3akmouasame, ge |[CNJ| > 32. O

3agada 48. Ha kourposno o /luckperna maremaruka ca Oumim JajeHn Tpu 3agaqu. V3BecTHO
e, ue 80% oOT cTymeHTHTe ca pemmIu I'bpBaTa 3ajada, 75% ca pemumin propaTa 3ajgada u 70%
ca peluu TpeTaTa 3ajada. Jlokaxkere popMasIHO M Ipenus3Ho, e 1moHe 25% ca pemmam u TpuTe
3a/1a40.

Pentenme. Heka A e MHOXKECTBOTO OT CTYJIEHTUTE, KOUTO HE ca PeNInin I'bpBaTta 3aj1a4da. Heka
B e MHOXKeCTBOTO OT CTYAEHTUTE, KOUTO HE ca PeIuman Bropara 3ajada. Heka C e MHOXKeCTBOTO
OT CTYJ/ICHTHUTE, KOUTO HE Ca Pelni Tperarta 3aja4da. Heka n e 6posT Ha BCUYKHU CTYJIEHTH, KOUTO
ca ce gBWJIM Ha KOHTPoJiHOTO. [lo yemoBue,

Al =0.2n
IB| = 0.25n
|IC] =0.3n

Ouesngno, |A| + |B| + |C| = 0.75n.

[Ile mokazkem, de
IAUBUC| < |A|+|B|+|C] (13)
Hauncruna, or KoMOMHATOPHUS MPUHIIAI HA BKJIIOYBAHETO W M3KJIIOYBAHETO 3HAEM, Ue
IAUBUC| <|A|+[B|+ICl— ((IANBI+IANCI+BNC—IANBNCI) (14)
Ho ouesnino

ANBDANBNC
ANCDOANBNC
BNCDOANBNC
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OTK'BJIETO BejHara cjiejiBa, e

IANB|>|ANBNC|
IANC|>|ANBNC|
IBNC|>[ANBNC]

Toraga
IANB|+|ANC|+|BNC|>3ANnBnNC|
OTK'BJIETO
IANB|+|ANC|+|BNC|>|ANBNC]
TaKa 49e€
IANB|+|ANC|+|BNC|—|[ANBNC|>0

Ot to3u pesynrar u (14) 3akmodasame, de (13) e B cuita. Or (13) u Tosa, ve |A|+[B[+|C| = 0.75n
3aKJII0YaBaMe, 1e

IAUBUC| <0.75n (15)

YuusepcyMbT U B Ta3zm 3a/1a9a € MHOZKECTBOTO OT CTYJAEHTUTE, KOUTO Ca Ce SIBIJIA HA KOHTPOJTHOTO.
CrpsiMO TO3U YHUBEPCYM:

e MHOKECTBOTO OT CTYIEHTHTE, KOUTO Ca PEIIHIN IbPBaTa 3a/1a4a, € A,
e MHOYKECTBOTO OT CTYJIEHTHTE, KOHTO Ca PEIIHIN BTOPaTa 3a/a4a, € B,
e MHOXKECTBOTO OT CTYIEHTHTE, KOUTO Ca PEIIN/IN TpeTaTa 3a/1a4a, e C,
® MHOXKECTBOTO OT CTYIEHTHTE, KOUTO Ca PEIlian u Tpure 3a1a4m, e A N BN C.

Ot 0606mmenns 3akon na De Morgan 3maem, we AN BN C = AUBUC. Ho no onpezenerue e
BSAPHO, 1€

AUBUC=U\(AUBUCQ) (16)
CohbriracHo KOMOMHATOPHUS PUHITAI Ha U3BaKIAHETO

IAUBUC|=|Ul—|AUBUC| (17)
Ot (17), (15) u or daxra, 1e [U| = n, 3akaouaBame, de

IAUBUC| > 0.25n
KOETO € CBINOTO KATO

IANBNC|>0.25n

C apyru aymu, CTyJIEHTHTE, KOUTO Ca PENINIU U TPHUTE 3a1a4u, ca 1more 25%. Il
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Samauga 49. B rpyna ot cTyaeHTH BCEKH BJIa i€ TIOHE €/INH €3UK OT aH/JINHCKU, (PPEHCKU U HEMCKU.
Heka Ag e 110 MHOXKECTBOTO Ha CTYJIEHTHATE, BJIaJleel aHIJIMIHCK, A € TIOJMHOXKECTBOTO Ha CTY-
JIEHTUTE, BjaJieenu (ppeHcKr , a Ag € TOJIMHOYKECTBOTO Ha CTYJAEHTHUTE, Bajeentn HeMcku. Heka
AFgF € TIOJIMHOXKECTBOTO Ha CTYJEHTUTE, BJIAJIEEIN aHTTTUHCKN U PpeHcKn, Agg € MOJMHOXKECTBOTO
Ha CTYJEHTUTE, BJIAJICeN aHTJINUCKA U HEMCKH, a Afrg € IOJAMHOXKECTBOTO Ha CTYIAEHTUTE, BJIa-
neemn pperHcku u Hemcku. Heka Agpg € IOAMHOXKECTBOTO Ha CTYIEHTUTE, BIAICEI aHlIUACKHT,
dpencku u memcku. lajeno e, qe

Al =19
|Af| = 25
|Agl =21
| Al =13
|Aegl =7
|Arcl =9
|Agrcl =3

OT KOJIKO CTyJIEHTa Ce ChCTOU TI'pymaTa’

Pemntenne. Heka A e MHOXKECTBOTO OT BCUYKH CTYJEHTH B Tasu rpyna. 1wt kKato A = Ag UArU

_A —_ —_
Ag, MOXKe fa cMarame, 9e A e yausepcyMbT 1 Ag NAF NAg = (). OT upunnuma Ha BKIIOYBaHEe
U U3KJ/IIOYBaHE 3HAEM, te

A AT NAGY| = A= (1Al + A + Agl) + (IAer] + Aec| + [Arg]) — [Aerdl
TOECT
0=IA|—(194+254+21)4+ (134+74+9)—3
OTKbIETO
|A| =39 O
3anaga 50. Ilpu ycinoBugra na 3ajgaqda 49,
® KOJIKO CTYJEHTa 3HasiT TOYHO JIBa €3UKa’
® KOJIKO CTY/JIeHTa 3HAT aHTJINHCKU, HO He 3HAAT HUTO (PPEHCKU, HUTO HEMCKHU?
Pemenne. OTroBopbT Ha I'bPBUS BBLIPOC €
|Agr| + [Aggl + |Argl = 3[Agrgl =13 +7+9 -3 x 3 =20
OTroBOpPBHT HA BTOPUS BBIIPOC €
|Ae| — (Al + [Aggl) + Al =19 = (13 +7)+3 =2 O

Bagaua 51. Jlazena e rpyma ot 100 crymenta. U3BectHo e, ge 37 cryieHTa y4uar aHrauniickm, 35
cTysenTa ydar gpeHcku, 33 cryjeHTa ydaT HEeMCKHU, 38 CTyJeHTa ydaT UCHAHCKU, 16 CTyJIeHTa
y4aT aHrnickn u (ppeHcku, § ydar aHIIMICKU U HeMCKHU, 18 ydar aHrIuiicku u uUcCIaHcku, 13
y4IaT GpPeHCKH u HeMcKHu, 9 ydar hPEeHCKN U UCIAaHCKHU, 13 yYIaT HEMCKM U UCIAHCKHU, D CTYy/IeHTa
y9aT aHTJINICKN, (PEHCKN U HEMCKH, 6 CTYAeHTa yIaT aHTJINHCKN, HEMCKH U UCTIAHCKHU, D CTy/IeHTa
y4aT (ppeHcKu, HEMCKH 1 UCIIAHCKH, a 3 CTYJEHTa yIaT aHIVIMICKI, HEMCKH, (DPEHCKH 1 UCITAHCKH.
Konko crymenTta ygar anrimiicku, (ppeHCKN U MCIIAHCKHU, ako 14 cTyjeHTa He m3ydaBaT HUKAKBU
e3uru’
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Pentenne. Heka mbpcenudar 6poit e x. [lo mpunImna Ha BKIIOYBAHETO W U3KJIIOYBAHETO MMAME:

14 =100
— (37 + 35+ 33 + 38)
+ (16 +8+18+13+9+13)
—(54+46+5+x)
+3
TOECT
14=21—x & x=7 O

Banava 52. 3a yauBepcurera XYZ ce TBbPIH, Ue:

e lIma o6mro numa 6525 crymenra.

e Ot 1ax 5025 He ca MbPBOKYPCHUITH.

e 3222 crynenta ca B3eH Kypca 1o AHasus.

e 1332 crynenta ca B3eqm Kypca 1o Jluckperan Crpykrypu (/1C).

e 1821 crynenta He ca bPBOKYPCHUIM U Ca B3eau AHaJIHS.

e 1050 crynenta ca B3eu Anamuz n JIC.

e 603 cryuenTta He ca wbpBokKypcuuiy u ca B3esau JC.

e 429 crynenTa He ca MbPBOKypcHUIM U ca B3ean Anamus n JC.
Bb3MOXKHO Jin € Te3u JJAaHHU JIa ca BEpHU?!

Pemenue. I[llom crynerrure ca obmo 6525 u ot tax 5025 ne ca mbpBOKYPCHUIH, TO
OposT Ha WLpBOKypcHunuTe ¢ 6525 — 5025 = 1500 (18)

Heka MHOXKECTBOTO OT CTYIEHTUTE, KOUTO HE Ca I'bPBU KypC U ca B3ean Anaums, e X, a MHO-
JKECTBOTO Ha CTYAEHTHTE, KOUTO He ca ubpsu Kypce u ca s3eau JIC, e Y. Crygenrure, Kouro
He ca I'bPBU Kypce, npeacrasiaasar yausepcyM U, ebabpzkamn kakTo X, Taka un Y. Ilo yenosne
Ul = 5025, [X| = 1821, |Y| =603 u XN Y| =429. [lo upuniuia Ha BKIOYBAHETO U U3KJIIOYBA-
HETO 10 OTHOIIEHNE Ha TO3W YHUBEPCYM € M3II'bJIHEHO

X NY|] =5025— (1821 + 603) + 429 = 3030

N raxa, 3030 cTymeHTH He ca HbPBHU Kypc u He ca B3esn Anamms u He ca B3ean C.

Torapa 6525 — 3030 = 3495 crymeHTH ca TOHE €JHO OT TPHUTE: II'bPBOKYPCHUIM WJIA B3€JN
Anamms win Bzesmm JIC. Heka A e MHOXKECTBOTO OT CTYIEHTHTE OT II'bPBH Kypc, B ca Te3u, kouto
ca B3em Anamms, a C ca resu, B3eu JIC. Toky-mo nokazaxme, ue |AUBUC| = 3495. Ilo ycnosue
IB| = 3222 u |C| = 1332, a ot (18) 3naem, ue |A| = 1500.

[Ilom 3222 crynenta ca B3emn Ananu3 u 1821 mHe-mbpBoKypcHUIE ca B3ean Anamms, To 1401
wbpBoKypcHuim ca B3ean Anamms. [Tlom 1332 crynenta ca B3enn JIC u 603 He-1rbpBOKYpPCHUIIN
ca B3esin Anasus, o 729 wbpBokypeaunu ca B3esu JC. Torasa |[A N Bl = 1401 u |[A N C| = 729.
ITo yciosue, |B N C| = 1050.
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CorytacHo IIPUHIMIIa Ha BKJIIOYBaHETO U USKJ/IIOYBaAHETO,

IAUBUC|=|A|+|B|+IC|—(JANB|+|ANC|+BNC|)+ANBNC|«
3495 = 1500 + 3222 + 1332 — (1401 + 729 +1050) + ANBNC| &
IANBNC|=621

OTHOBO IpuIaraMe IPUHIMIIA Ha BKJIIOYBAHETO U M3KJIOYBAHETO, 3a Ja npecmerneM |(A N B) U

(ANC):

(ANB)UANC)=[(ANB)+|(ANC)|—]IANBNC|
(ANB)U(ANC) =1401 + 729 — 621 = 1509 (19)

U cera zabenszBame nporuBopedne Mexiay (18) u (19): mbpBoTO Kas3Ba, BCHUKA I'bPBOKYPCHUII
ca 1500, BTOpOoTO Kas3Ba, Ue MbpBOKypCcHHUNUTE, B3eau moHe eana ot Anamms3 u JIC, ca 1509.
CiutefioBaTe/IHO, TAHHUTE CA HEBEPHU. O

amaua 53. Jla ce pernu, M3MOJI3BAKM IIPUHIAINIA HA BKJIIOYBAHETO W M3KJIIOYBAHETO,
KOJIKO ca HederHuTe uncia or uaTepsaa [1000,10000], konto HAMAT MOBTApSINK ce Iudpu B
JleceTUYIHa MMO3UIMOHHA OPOiiHA cHUCTEMA.

Pemtenne. 3amagara mMa M3KIIOUATETHO mpocTo pemrenne 8 X 8 X 7 x 5 = 2240, Koero ce
[oJIyuaBa, ako CboOpa3uM, 4de craBa JyMa 3a 4ducjaara ¢ TOYHO deTupu Iudpu (odeBugHO 6e3
BoJlela HyJ1a; wbpBara mudpa e or 1 10 9), jiBe 1O JBe PAa3IuIHU, KOUTO 3aBbpIuBaT Ha 1 wim 3
win 5 wim 7 uian 9. Ilpunarame KoMOMHATOPHUST IPUHIIAIL HA YMHOXKEHUETO II0 ITOIXOISIN, HAUNH:
nMa TOYHO 5 m30opa 3a mocjeaHara nudpa, 3a BCEKA OT TIX TOYHO 8§ m300pa 3a IrbpBaTta, 1pu
u3bpaHu mocseiHa U rbpBa mudpa nva TouHo 8 m3bopa 3a Bropa mudpa (T Bede Moxe ja e 0),
3a BCEKH OT Te3U TPHU u3bopa, nMa TOIHO / u3bopa 3a Tperarta mudpa.

Ho B Tasu 3a/1a1a ce mcKa pelenne ¢ IPUHINAIIA Ha BKIIOYBaHETO 1 n3KrouBaneTo! /la o3Hadmm
¢ U muOoKecTBOTO OT HeuerHuTe yncsa ot uarepsasa [1000, 10 000]. Ja o3nauum ¢ S MHOKECTBOTO
or meuernure ynciaa or uarepsasia [1000,10000], kouro maMar noprapday ce mudpu. 3a BeAKO
x € U, oueBUIHO X ce MpeJicTaBsl B JleCeTUIHa OPOiftHA crcTeMa KaTo

X=Qayqaasq

kbgero a; € {1,2,...,9}, az,a3 € {0,1,...,9}, a4 €{1,3,5,7,9}.
Heka:

e By e muoxkecrBoTO OT UMcsnara or U, 3a Kouto a; = day,

e B, e mmoxkecTBoTO OoT wmciaara or U, 3a Kouro a; = as,

e B; e mHOXKecTBOTO OT 4ncsara or U, 3a Kouto a; = ay,

e B, e muoxkectBoTO OT yncsaara or U, 3a Kouro a; = as,

e Bs e muoxkectrBOTO OT uMcsaTa or U, 3a Kouto a; = ay,

e B; e muoxkecTBOoTO OT umciaara or U, 3a KouTo az = ay.
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OueBuaHO:

S=Uu\ (ByUB;UB3;UB,UB5UB¢) =By UB, UB3UB4UBsUBs
[Ipunarame oborienus: 3akon Ha e Mopran u nosyuasame:
S=BiNB,NB;NBsNBsNBs
IIo IIPpUHIMIIa Ha BKJIIOYBAHETO U U3KJIIOYBAHETO:

S| = (U] (20)
— (IB1] + [Bz2| + [Bs[ + [B4| + [Bs| + [Bg|)
+ (IBy N Byl + [By N B3|+ [By N Byl+
By N Bs| + [By N Bg| + [B2 N B3|+
|B2 N Byl + |B2 N Bs| + |B, N Bgl+
B3 N B4l + [B3 N Bs| + B3 N Bg|+
B4 N Bs| 4 B4 N Bg| + [Bs N Bg)
— (IB1 N B2 N B3|+ By N B2 N Byl + By N B, N Bs|+
IB1 N B, N Bgl + By N B3 N Byl + By N B3 N Bs|+
IB1 N B3 N Bg| + |B; N B4 N Bs| +|B; N By N Bg|+
|B1 N B5s N Bg| + |B, N B3 N Byl +|B> N B3 N Bs|+
B, N B3N Bg| + BN By N Bs| + B, N By N Bgl+
|B, N Bs N Bg| + |B3 N B4 N Bs| + |B3 N By N Bg|+
B3 N Bs N Bgl +[B4 N Bs N Bgl)
+ (IBy N B2 N B3N Byl + [By N B, N B3N Bs| + By N B2 N B3 N Bgl+
IB; "B, N BsN Bs|+|B; N BN By N Bg| + [B; N By N Bs N Bgl+
IB; N B3N B4 N Bs| 4+ |B; N B3N By N By + [B; N B3 N Bs N Bg|+
IBi N B4 N BsNBgl+|B,N B3N BsNBs|+ BN B3N By N Bgl+
1B, N B3 N Bs N Bg| + [B2 N B4 N Bs N Bl + [B3 N By N Bs N Bgl)
— (IBi NB2N B3N By N Bs|+ [By N B, N B3 N By N Bgl+
IB; N B, N B3 N Bs N Bg| + |B; N B3 N By N Bs N Bgl+
B, N B3N Bs N Bs N Bgl)
+|B; N B, N B3N BsN Bs N By

Hexka medunupame, 1e:
e A;, € MHOXKECTBOTO OT umcjaTa oT U, 3a Kouto a; = ay,
e A3 e MHOXKeCTBOTO OT umuciaTa or U, 3a KouTo a; = as,
e Aj4 € MHOXKECTBOTO OT uuciaTa or U, 3a KouTo a; = ay,
e A,3 € MHOXKECTBOTO OT umcjaTa or U, 3a xouto a, = as,
e A4 e MHOXKeCTBOTO OT umuciaTa or U, 3a KouTo a; = ay,

e A3z, € MHOXKECTBOTO OT umuciaTa orT U, 3a KouTo a3 = ay,
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e Aj,3 € MHOXkKecTBOTO OT 4ucjara oT U, 3a xouro a;

e Aj 4 € MHOXKECTBOTO OT uncisara oT U, 3a KOuTo a;

a; = as,

Ay = A4,

Ai34, € MHOKECTBOTO OT uncsiata oT U, 3a Kouto a; = az = ag,

e Aj34 € MHOXKeCTBOTO OT 4mcjaTa oT U, 3a xouto a; = az = ay,

e Aj 34 € MHOXKECTBOTO OT 4mciaTa oT U, 3a KouTo a; = a; = az = a.

OueBnHo:
A= 9
9 BB3MOXKHOCTH 3a
A3l = <
9 BB3MOXKHOCTHU 38,
Aol = S
5 BBb3MOXKHOCTHU 3a,
Azl = <
9 BBb3MOXKHOCTH 32
Al = 9
9 BB3MOXKHOCTH 3a
Asal= 9
9 BB3MOXKHOCTH 38
Aq23| = \9/
9 BB3MOXKHOCTH 3a
(At24] = 2
5 BBb3MOXKHOCTH 38
Ag34| = \5/
5 BB3MO>KHOCTHU 34
(A2zal = <

9 BB3MOXKHOCTH 34

X 10 X 5 =450
~~ ~~
aj=a; 10 BB3MOXKHOCTH 32 A3 5 BB3MOXKHOCTH 3a 44
X 10 X 5 =450
~~ ~—
aj=as 10 Bb3MOXKHOCTH 33 Q) 5 BB3MOXKHOCTHU 3a Q4
X 10 X 10 =500
~~ ~~
ar=ay 10 BBb3MOKHOCTH 3a A2 10 BB3MOXKHOCTH 3a A3
X 10 X 5 =450
~~~ ~—
aj 10 BBb3MOXKHOCTH 33 A2=03 5 BB3MOXKHOCTHU 3a Q4
X 10 X 5 =450
~~ ~~
aj 10 BB3MOXKHOCTH 32 A3 5 BBH3MOXKHOCTH 32 A)=04
X 10 X 5 =450
~~— ~~—
ag 10 BBb3MOXKHOCTH 33 Q) 5 BB3MOXKHOCTH 33 A3=04
X 5 =45
~—
aj=ay=a3 5 BB3MOXKHOCTH 3a (4
X 10 =50
—~—
arj=ar=ay 10 BBb3MOXKHOCTH 33 A3
X 10 =50
—~—
aj=az=as4 10 BB3MOXKHOCTH 3a Q)
X 5 =45
<~

aq

5 BBb3MOXKHOCTH 3a 02=03=04

|A]’2’3’4 | =5 7B KarTo A1’2)314 = {] 111 y 3333, 5555, 7777, 9999}

OueBniHo:

[U| = 4500

3a CyMaTa OT I'OJIEMUHHUTE Ha MHO2KECTBaTa UMaMe:

Z IBi] =5 x 450 + 500 = 2750
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Cera TbpcuM cymMaTa OT TOJIEMUHUTE Ha CeUYeHMATa JBe 110 JBe. JlecHo e ma ce cbobpasu, de:

BiNBy=A1,3
Bi N B3 =Ai)4
BiNBs=Ai,4
BiNBs =Aq,4
BN Bz =Ai34
BoNBsy = Aq,3
BN Bs=Ai34
B3N Bs = Ai4
B3N Bs = A134
BsNBs = Aj34
BsNBs = Aj34
Bs N Bs = Aj34

Bennara ciensa, de:

|B; N B,| =45
IB; N B3| =50
|B1 N Byl =45
|B; N Bs| =50
|B, N B3| =50
|B, N Byl =45
|B, N Bg| =50
|B; N Bs| =50
|B3 N Bg| =50
|B4 N Bs| = 45
|Bs N Bg| =45
|Bs N Bg| = 45

Ocrasa na onpegenum |B1NBg|, |BoNBs| u [B3NBy| npu ceuennsra ase no ase. BiNBg e MuoXKecTBOTO
OT 4HCJIaTa ¢ A = 0y U 3 = 04 — TO He e eJIHO OT Ayj mi Ay . [B1NBg| = 9 x5 = 45 3apajau 9-te
Bb3MOXKHOCTH 3a (1] = 0) ¥ HE3aBUCUMUTE 5 Bb3MOXKHOCTHU 3a A3 = d4. |BoNBs| = 9%5 = 45 zapajn
9-Te BL3MOXKHOCTHI 38 ] = (3 ¥ HE3aBUCUMUTE 5 BH3MOKHOCTH 3a 0y = d4. |[B3N Byl = 10x5 =50
zapaan 10-Te Bb3MOXKHOCTH 3a () = (3 M HE3aBUCHMHUTE 5 BBH3MOXKHOCTH 3a a7 = d4. O0II0 32
cyMaTa OT TOJIEMHHUTE Ha CEUEHHSTa JIBe II0 JIBE HMaMe:

> BiNBj|=8x45+7x50=710 (23)
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Cera TbpcuM cymaTa OT TOJIEMUHUTE Ha CedeHusITa 110 Tpoiku. JlecHo e ja ce cbobpasu, de:

BiNBxNBs=A1,34
BiNB,NBys= A3
BiNB2NBs = Aj34
Bi N BN Bs = Ai234
BiNB3NBs = Aj,34
BiNB;NBs =A 154
Bi N B3N Bs = Ai234
BiNBsNBs =Aj234
BiNBsNBs=A1234
BiNBsNBs = Ai234
BN B3N By = Aj234
B NB3MNBs =Aq234
BoNB3;NBg=A134
BN BsNBs = Aj234
BN BsNBg=A1234
BN BsNBg = Ai,34
B;NBsNBs =Aq234
Bs;NBsNBg=A1,34
B3N BsNBs = Aj34
BsNBsNBg =As34

06110 3a cymaTa OT TOJIEMUHUATE HA CEUEHUSTA 10 TPOWKHU MMaMe:
D IBiNBjN Bl =16 x 542 x 45+ 2 x 50 = 270 (24)

Cera ThbpcuM cymMaTa OT FOJEMUHHUTE Ha CEUCHUSTA 110 YeTBOPKU. BCUYKHU cedeHus 10 IeTBOPKHU
ca paBHM Ha Aj334 , TOECT:

BiNB;NB.NB =A,34
O6m0 3a CyMaTa OT IroJiIeMHMHUTE Ha C€YE€HHUATa 110 9€TBOPKU MMaMe:
> BiNB;NB.NB|=15x5=75 (25)

CeFa T’prI/IM CYMaTa OT T'oJIEMMHHUTE Ha CeYeHUudATa IIO HeTOpKI/I. BCI/I‘{KI/I ceuyeHud 110 HeTOpKI/I
CBIIO ca paBHU Ha Aj)34 , TOCCT:

Bi N Bj N Bk N B1 N Bm = A1’2’3y4
O6HLO 3a CyMaTa OT I'oJiIeMHHUTE Ha C€HYECHUATa I10 IIETOPKN UMaMe:

> BiNBjNByNBINBy=6x5=30 (26)
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Cedennero Ha BCHYIKHUTE IIECT MHOXKecTBa By, ..., Bg e:
BiNnB,NB;NB;NBsNBg = A1‘2,3)4
lonemunara My e:

IBiNB,NB3;NBsNBsN Byl =5 (27)

BamectBame (21), (22), (23), (24), (25), (26), (27) B (20) u moayvaBame

S| = 4500 — 2750 + 710 — 270 + 75 — 30 + 5 = 2240 g

Bagada 54 n 3aaqda 55 He MMOI3BAT TPUHIIAIIA Ha BKIIOYBAHETO M U3KIIOUYBAHETO B PEIIEHUETO CH,
HO ca, CJIOYKEHHU TYK, 3aIll0TO peleHneTo Ha 3ajada b4 ce 1moj3Ba B peleHnero Ha 3ajada b6, Kbiie-
TO IPUHIUIIBT Ha BKIOYBAHETO U N3KJIFOYBAHETO € pelraBalil; 3ajada 5H ce OKa3Ba U3KIIOTUTETHO
Oam3Ka 10 3aja4da 54 U 3aTOBa MMa CMUCHJI J1a Ce IOKayKaT 3ae/IHO.

3amaua 54. Kosko ca toramnute dpyukiun f: X — Y, kbjero X n Y ca KpailHu MHOXKeCTBa U
X=mnY=n?

Pemenue. CobriacHo NpUHINIIA HA YMHOXKEHUETO, OTTOBOPBT € ™. U

3amaua 55. Kosiko ca yactuunure dpyukiun f : X — Y, kbjgero X u Y ca KpailHu MHOXKeCTBa U
X=munY=n?

Pemenne. Heka muoxkecTBoTo or Tesn dyuknuu e F. Heka z e ejleMeHT, KOHTO He ce ChIbpPKa
B Y. Heka Z = Y U{z}. Heka F7 e muoxkectBoro or torajaure ¢pyukuuu f: X — Z. Tpusuaano
e JIa ce MOoKaxKe, Je ChbIeCTBYBa Onmeknud Mexkiay F u Fz — 3a Bcaka pyuknusa or f € F, KodaTo e
TOTA/IHA, ChINECTBYBA TOYHO ejHa GyHKIMA OoT g € Fz, TakaBa de:

Va € X,g(a) =f(a)

a 3a Bcaka GyHKIus f € F, KodTO e He e TOTaJHa, ChIIECTBYBa TOYHO enHa (DYHKIUA g € Fz,
TakaBa de:

f(a), ako f(a) e gedpunupano

Va € X,g(a) =
z, B IIPOTUBEH CJIy4ail
Cworitacno upennara 3agada, | Fz| = (n+ 1)™. CbriacHo npuHiuia Ha OMEKIUSTa, OTTOBOPHLT €
|Fzl = (m+1)™. O

B ciresiBamure 3aa49m, o “‘dyHKIms pazdupame “roraaHa QYHKIU .

Sagaua 56. Kosko ca ciopeknuure f: X — Y, kbaero X u Y ca kpaiiuu Muoxkectsa u [X| = m u
Y| =n?

Pemmenue. Jla BbBenem ciaenante o3Hadenus. Heka N e 6posar wa Bcuukn dyukiun. Ot 3ama-
ga b4 3naem, e N = n™. Ako or 1031 Opoii m3Ba UM Oposi Ha He-CIOPEKTUBHUTE (DYHKIUH, IIIe
oIy 9uM Oposi Ha cropekiuuTe. ToBa I1me HallpaBUM ITOETAITHO, ChIVIACHO IIPUHITUIIA HA BKJIFOUBAHE
U U3KJ/II0YBaHe. 3a BeekKu ejgeMeHT a € Y, Heka Ny e OposaT #Ha QyHKIuNTE, KOUTO “HE MOKpUBAT”
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a, TOeCT Te3U, IIPU KOUTO A He e oOpa3 Ha HHUTO €JInH ejleMeHT oT X. ToBa He 3HAYM, UYe BCUIKU
OCTaHAJIA €JIEMEHTH OT Y ca MOKPUTH, & 9€ ChC CUTYPHOCT A HE € MOKPUT — 3a OCTAHAJIUTE eJie-
MeHTH OT Y He ce Ka3Ba HuIo. OueBnano Ng = (n— 1)™, 3amoro ToBa € 6posiT Ha (YHKIUUTE C
nomeiin X u kopomeitn Y \ {a}, 3a Besko a € Y. T'bit kKaTo a B3eMa N CTORHOCTH, UMaMe CyMaTa
or Benuku Ng e n.(n — 1)™ . Ho pasznukara

m

nt—nn-1" (28)
He € npaBmIHEAT 0TroBop (ocBen ako M He e 1), Toit Ny, u Ny, 3a pasmmunu a; € Y, a; € Y ne
OpodT PYHKIMH, KOUTO Ca HEIIPEMEHHO Pa3/IMYHU — BesgKa (DYHKIMS, KOSITO He IMOKpUBa HUTO dj,
HUTO a3, Iie Ob/e npebpoeHa KaTo eIuHnIa BeIHbK 0T Ng, 1 BeaabK or Ng,. WHade kazamo,
(28) e mo-MaJIKO OT BEpHHsI OTTOBOP — U3BAJIUIIN CM€ MIPEKAJICHO MHOTO.

Heka Ngp e 6podar Ha GyHKIUHTE, KOUTO He MOKPHUBAT Ipou3BosHE a,b € Y, a # b. Kaxro
U IIpEeId, MOXKE Jia MMa W JPYTd HEIMOKPUTH eJIeMEeHTH OT Y; ChC CUI'YPHOCT IIOHE a4 U b He ca
nokputi. Ngp = (N — 2)™, Tbit KaTo ToBa € Oposar Ha dynkimure o X B Y \ {a, b}. Cymara or
BCUYKH TakuBa Ngyp, 10 BCHUKH JBYyeJIeMEHTHH oaMHO)KecTBa {a, b} C Y, e (TZ‘) (n—2)™. Ho

Nt (n—1)"+ <T2‘) (n=2)™ = (—1)° <g> (—0)"4(—1)' (T) (n—1)m+(—1)2(;> (n—2)™ (29)

BCe OIle He € BEPHUAT OTroBop (OCBeH ako M He e 2), Makap ue e 1mo-6;m30 ot (28). (29) e noseue
OT BEPHUsI OTTOBOP, Thil KATO C —1—(721) (n—2)™ cme jo6aBun MOBEYe, OTKOJIKOTO TpsAOBa, KbM (28).

Ananormano, Ngp € OpoaT Ha (QyHKIUUTEe, KOUTO He IOKPHBAT IPOU3BOIHU a,b,c € Y,
a#b#c#a Ngpe=(n—3)™u cymara or Bcuuku TakuBa Ngyp ¢, 110 BCHUKH TpUeJeMEHTHH

noamuoxkecTBa {a,b,c} C Y, e (2) (n—3)™. Ako m e J0CTaTBLYHO TOJISIMO, TO

=00 (g )0 ()= 1 (5 ) in- 2 12§ ) -3 a0

BCe OIll¢ HE € BEPHUST OTIOBOP, MakKap de € OIlle Mo-0J1u30.
ChbritacHO NPUHITAIIA Ha BKJIIOYBAHETO W M3KJ/IIOYBAHETO, BEPHUAT OTTOBOP €

0
(—1)“‘( n )(n—(n—1))m+(—1)“(“)(n—n)m

n—1 n

(—1)0(“) (n—0)™ 4 (=1)' G‘) (n—1)"+ (—1)2@) (M—2)"+...+ (31)

[Tocenroro crOUpaemo e HyJia, KOETO CbOTBETCTBa Ha hakTa, de uma Hy/1a (DYHKIMH, KOUTO HE
HOKpHUBAT HUTO eJuH esleMeHT. Mozke ja npenuineM (31) HakpaTKo Taka:

n n .
;(—1)k(k> (n—k) O (32)

0

Baga4va 57. Koiko crpunra ¢ rbJKHHA T UMa HaJl JIaTHHCKaTa a30yka {a, b, ...,z}, TakuBa 4e
BCEKU CHMBOJI C€ CpeIla MOHE BEIHDBK !

Penitenne. /la cu nipesctaBuM cbCTaBAHETO Ha TaK'bB CTPUHT. VMa N no3unum, Ha BCAKa OT KOUTO
TpsAOBa JIa ce CJIOXKU TOYHO ejHa OykBa OT X. ToraBa BCEKHM CTPUHI C JIbJIKMHA T HAJI a30yKa X
¢ OYHKIHA ¢ JOMEHH MHOMKECTBOTO OT HO3HIMHUTe n KojoMmeitn X!, Orpanmdennero Beaka GyKsa

f3abeseskere, 1e e rpemka Ja B3eMeM Karo goMeitn L! B obmus ciydaii, eqma 6yKBa oT L ce HAMUPA, HA HIKOJIKO
[IO3UINY B CTPUHTA, TAKa U€ TOBa M300parkeHne He Ou 6uyo dyHKIHS.
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Jla ce Ccpellla TIOHE BEJIHbXK B CTPUHTA Ce ‘TIpeBexkKjia’ B TEPMUHOJIOTUATA HA (DYHKITUUTE TAKA:
BbIIpocHaTa (DYHKIUS TPIOBa Jia € CIOPEKITUS.

U1 Taka, pereHreTo e eJeMeHTapHO Tpuiarane Ha ¢Gopmy/arta 3a 6pos Ha ciopekimuTe (32),
kaTro m or (32) cera e n (MomHOCTTA HaA JOMeiHAa), a N oT (32) cera e 26 (6posaTr Ha OGykBHTE B
JaTuHCcKaTa asbyka). OTroBopbT e

> (%) s 0
k=0

Bazmayva 58. Heka X n Y ca kpaitan muoxkectBa u [X| = m u |[Y| = n. Heka Z C Y u |[Z] = p.
Konko ca dyuknuure f: X — Y, kbaero Vb € Z da € X : f(a) = b?

Pentenune. Te3u dyHKIUM ca, B HIKAKbB CMUCH/, “HEI'bJIHN CIOPEKIUN , 3alllOTO TYK HE Ce
HCKa MeJInAT KomoMeiH Y jga Obie “HoKpuT’, a caMo HIKAKBO HEMOBO IOAMHOXKeCTBO Z. 3aToBa n
OTTOBOPBT MHOI'O IPUJINYa Ha OTTOBOpPa 3a OpPOsi Ha CIOPEKIUUTE.

Bewukn dyuakiun ¢ gomeitn X u kojomeiitn Y ca n™ wna Opoit. /la pasriemame mpousBoJieH
a € Z. Konko dyuknun #e ro nokpusar? Ouesumno, (n — 1)™. Ilo Ko/Ko HaunHa MOMKEM 4
n30epeM Henokput ejement ot Z7 Ilo p = (?) N raka, dpopmyaaTa 3ammousa ¢

nm— (?)(n—])m

Bposit na dyHKImuTe, KOUTO HE MOKPUBAT J[Ba (PUKCUPAHU €JIEMEHTa, Jla T HapedeM d U b, OT
Z e (n—2)™ a Oposar Ha HauumHUTE Ja u3dbepeM a u b e (P), TakKa Je IMbPBUTE TPU ChOUpaeMu ca

2
n™— (?)(n—])m—k (g)(n—Z)m

[leymusar orrosop e

Qe s

Haxkpatko,

p P -
k}_o(—nk(k) (n-¥)

U

Samada 59. KoJiko crpunra ¢ abizKuHa 1 HaJl asdykara {a, b, ¢, d} cbabp:kar mnone ejana Oyksa
a, oHe eHa OykBa b 1 moHe enHa OyKBa C7

Pemenue. Heka U e yauBepcagHoTO MHOXKECTBO B Ta3M 33/1a9a: MHOXKECTBOTO OT BCHIKHU CTPUH-
rose ¢ JIbJKUHA N HaJ asdykarTa {a, b, ¢, d}. Heka S, e MHOKecTBOTO OT cTpunrosere 6e3 6yksa a,
Sy € MHOKeCTBOTO OT cTpuHTOBeTe Oe3 OykBa b u S¢ € MHOXKeCcTBOTO OT cTpUHTOBeTe H6e3 OYKBa C.
Torasa S, € MHOKECTBOTO OT CTPUHTOBETE C MOHE e/[Ha OYKBa d, Sy, € MHOYKECTBOTO OT CTPHHIOBETE
¢ HoHe ejiHa GykBa b 1 S, € MHOJKECTBOTO OT CTPHHIOBETE C IOHE eHa OyKBa ¢. Thpcum

’Sa N Sb N Sc‘
C'bFJ'IaCHO K01\16I/IHaTOpHI/IH IIPUHIUIT Ha BKJJIIOYBaAHETO U U3KJ/IIOYBAHETO,

[Sa NSy N Sel = [U| = (ISal + ISp| +IScl) + (ISa N Spl 4 1Sa N Sl + ISy N Sel) —1Sa N Sy N Sel
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Ouesngno [U| = 4™, Ja namepum |Sy|. Ho S, € MHOXKeCTBOTO OT CTPUHIOBE C JIbJIKIAHA T HAJ,
asbykara {b, ¢, d}, Taka ge |Sy| = 3™. Anasornuno, |Sy| = 3" u |S.| = 3™

Ja mamepum |Sq N Sy|. Ho Sq NSy € MHOXKECTBOTO OT CTPUHIOBE € JIbJIXKUHA ML HaJI a3bykara
{c, d}, Taka 4e S, N Sy| = 2™. Ananoruuno, |Sq NS¢l = 2™ u |S, N S| = 2™.

Ha mamepum |Sq NSy, N'Se|. Ho Sq¢ NSy N'S. € MHOXKECTBOTO OT CTPUHIOBETE C IbJIKUHA
n max azobykara {d}. Fma Touno eaun taxbs cTpuHr, a uMmenno dd...d ¢ gbaxuna n. Torasa

1Sa NSy NS =1.

OtroBopbT €
SeNS, NS =4"—3-3"43.2"—1=4"—3"1 £ 3.2 1 0

Bagada 60. Heka L e crangapTHaTa JaTHHCKa a3byka {a, b, ..., z}. 3naem, ue |I| = 26. Hexa L°
€ MHOYKeCTBOTO OT CTPUHIOBeTe HaJ X ¢ AbJiKuHa TodHO 6. Heka G e ciiefHOTO MHOXKECTBO

6= {x € X% |V € Z(He e BAPHO, Ue X ChIbPIKA TOUHO JABE HOSBH HA oc)}
Hawmepete }6‘

Pemenue. Ouesnmno |L° = 26°. Ho I° chbabprka CTPUHIOBe-HADYIITHTE/IH: a UMEHHO TE3H, B
KOWTO ITOHE eJIHa OyKBa ce cpela TOIHO JiBa 'bTu. TpabBa Jjia “‘MaxHeM” CTPUHTIOBETE-HAPYIITUTETN
ot X°, 3a 1a ocranar TouHO crpuHroBere or &. ToBa “Maxane” Iie HAIIPABUM CbIVIACHO MPUHITAIA
Ha BKJIIOYBAHETO U U3KJIIOYBAHETO.

3a Bcgka OykBa & € L, ¢ A, Ime 03HAYaBaMe MHOMKECTBOTO OT CTPUHIOBETE OT XL°, KOMTO MMAT
TOYHO JBe 10siBU Ha OykBara . O4eBUIHO

6] = [(&anAyN---NAY
CobriiacHo IIPpUHIUIIa Ha BKJIIOYBaHETO U U3KJ/IIOYBAHETO,

(@ NA - N =1Z0= D Rla+ ) 12 N Al

xEL «,BeEX, o<

— ) R nAe N

o, B, YEL,a<B<y

Hsama cvucbi jia pasriexkjaMme mosede cboOupaemMu BbB (popMmy/iaTa 3a BKIIOYBAHETO M U3KJIOU-
BaHETO, IIOHEXKE He MOXKe JIa MMa IoBeUYe OT TpU OYKBU-HAPYIINTEIN B CTPUHT C JIbJIXKIAHA 6.

KaxTo Buaxme, |L° = 26°. 3a ma mamepnM || 3a dukcupana 6yKBa o, J1a cboOpPa3MM, Ue TO3H
6poil € IPON3BEICHNETO OT BB3MOXKHITE JIBE MO3UINNA 32 OyKBaTa-HapymmTea o 1 25%, 3amoro Ha
OCTaHa/IMTe YeTUPH HO3UIUKE X He MOXKE JIa ce cpella. Bb3MoKHUTE JIBe IMO3UIINN Ca (g) Ha Opoii,

OoTKbJIeTO Ay = (3)254 3a pukcupana &. ma To9HO 26 BBH3MOXKHOCTH 3a X, OTKbHJIETO MMAME

5 cx Pl = 26(25"
6

Amnasornano, [, N 2Agl 3a burcupann (pasmmdnm) 6yksu & u 3 € (2) (3)244, OTK'bJIETO UMaMe
Zoc,ﬁe)i,o«[i [2Ae N Al = (226> (g) (§)242' e e 12
U makpas, Zoc,ﬁ,vel,oc<ﬁ<v A N Az N A | = (3) (2) (2) (2)220.

B kpaiina cmerka,
6 26\ [6)\ (4 26\ [(6)\ [4) (2
g6 4 2 0 _
|6|_26 26(2>25 +<2)<2>(2>Z4 <3)<2)(2>(2>22 173186026 O
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Bamaua 61. Aszbykara e muoxkectBoto {A, B, ..., fd} or 30 6ykBu. Kosiko crpunra ¢ jbkunaa 60
nMa Ha T a30yKaTa, B KOUTO BCsiKa OYKBa ce MOsiBABA TOYHO JBa IbTH! KOJIKO CTPUHTA C IbJIKIHA
60 uma HaJi a3dykara, B KOUTO BCdAKa OyKBa Ce INMOABSIBA TOYHO JIBA I'bTU U HsMa JIBE CbCEITHU
eJIHaKBU OYKBU?

Pemmrenue. OTroBopbT Ha MbPBUSA BBIPOC € JIECEH, TIOHEXKE CTaBa JIyMa 3a MEePMYyTalliid C MOB-
TOPEHUSI:

|
% = 77495231411805284621904987685599963932802645548817198280704 x 10'* ~ 107> (33)

Ha nomucsium Bbpxy Bropus Bbipoc. Ot (33) Tpabsa jia usBajuM 6post Ha CTPUHIOBETE, B KOUTO
nMa ChCeJIHU eHaKBU OyKBU. ToBa IIe HAIIPABUM ChIVIACHO IIPUHIUIIA HA BKIOUYBAHETO U U3KJIIOU-

BaHeTo. 3a Bcska Oyksa Z € {A, B, ..., d}, Heka Az € MHOXKECTBOTO OT CTPUHIOBETE C IbJIXKIHA
60 u TouHO jJBe OYKBH OT BCEKHU BUJI, B KOUTO OyKBara Z e “HapymuTe/r’;, TOECT JBeTe OyKBU OT
TO3M BUJ ca efHa Jio japyra. Heka Zy, ..., Zy ca k pasimunn OykBu oT az0Oykara 3a HsaKoe K € {1

s+« 30}. TBbpanM, ge

(34)

60— K\ (60— 2k)!
|AZ]mAZZm---mAZk|:< )w;

k 230—k

Ha mocaxkem ToBa. Te3u k OyKBU-HADYIIUTEIN Ce ABABAT 10 JIBOMKM €JHA JIO JIpyTa U MOYKEM JIa
MUCJTIM 32 TIX KaTo 3a k 6/10K49eTa, BCIKo ¢ rosieMuna 2. [la cu mpeictaBuM, g€ bpBO e CJI0KUIM
OJioKUeTaTa, a MOC/Ie 1€ 3all'bJIHUM 110 BCEBbH3MOKHUTE HAYUHUA OCTAHAJIUTE CBOOOIHY ITO3UITIH C
ocTaHaJuTe OYKBU.

Jla obocHOBEM MHOZKUTEJISI (6Ok_ k). Axko k e 1, To mma 59 = (601_ ]) O3UIUN 3a 0JI0K4IeTO. AKO
k e 2, To Bb3MOXKHHUTE MECTa 3a CjaraHe Ha JBeTe OJOKUYeTa, TaKa de Ja He ce “HacTbiBar’, ca
(605 2) = (528) Ha 6poii. 11 m30061110, (601: k) e OposiT Ha MecTaTa, K Ha OPOii, HA KOUTO MOKe Jia O'biar
cnoxkenn k 6JIOKYETa, KOUTO HE CE HACTHIIBAT.

Mmuoxurenar k! orpa3sgBa pa3jaudHATe HAYWMHU JIa CJIOKUM OJIOKUYeTaTa Ha 3aJeIeHUTe Bede
MeCTA.

[llom cnoxkum k Gok4era, HEe cMe ciaoxkman 2k Oykeu m ocraBar ome 60 — 2k OykBuU 3a
ciarane Ha cBoboguuTe Mecra. Tesu ocrananm 60 — 2k OyKBHU C'bIIO ca JiBe O JBE €HAKBU, TaKa
e OposAT HAUUHE J1a ObJIAT CIIOKEHU € (62033—3?!: U3I0J13aMe C'hIIOTO OCHOBaHUe, KaTo B (33).

Cuient karo cme ce ybenman, de (34) e BAPHO, Jia TPUIOKUM [PUHIUIIA HA BKJIOYBAHETO U

N3KJIIOYBAHETO. T’prQHI/IHT OTTOBOD €:

600 & 30\ /60 —k\. (60— 2k)!
S () (e e

k=1

= 1 [(30) (60 — K (60— 2K)!
DI O R L
k=0

282683580066349753950579469325679829880666076183039068896488849408 x 107 ~ 107>

Nma u no-tipocro pemrenne. [lak e ¢ mpuHiuna Ha BKJIIOYBAHETO W M3KJIIOYBAHETO, HO €€ Pa3-
cbKIaBa Taka. 3a k = 0...30, pasriexgaMe Bb3MOKHOCTTa Kk OYKBHU J1a ca HAPYIITUTE/H, TOECT
caBoern B 6okdera. Muoxureaar (—1)% e acen. MuokuTenar (313 ), coiro. [lom u3bepem kKom
OyKBu ca B OJiok4eTa, Bce ejno uMame 60 — k ejleMeHTa Jia Paso/ioKUM B pejuiia: K 6/iok4dera
u ome 60 — 2k 6ykBu. Bedko 6si0K4e e yHUKAJIHO, BCAKA OT OCTaHAJIUTE OYKBU CU UMA JIBOWHUK;

Te3n ABOIKM TpsibBa ma ce oruuraT. 30 — Kk e OpodaT Ha BuaoBeTe OyKBH U3BbH Oj10K4YeTaTa. OTTam
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u 3namenaresar 23075, 06 (60—k)! 6 ;
JIAT . OG0 nMame S5p— HAYMHA JA& CJIOKUM O/I0KYeTaTa i OCTAHAINTE OYKBH

B peauria. Perrenunero e

s 30\ (60 — k!
Z(_”k(k>(z3Tk)

k=0

TpI/IBI/IaJIHO € a Ce IIOKazKe, 4e

(—nk(ff) (6012 k)kl—(&z;zkk“ = (—nk(sf) —(6(2)30_5 ! .

Sagmava 62. Konako nepmyranun Ha uuciaara or {1,2,..., N} uMa, B KOUTO HUTO €JUH €JIEMEHT
He cu e Ha MsicToTo? Umeaoro i cu e Ha MACTOTO, aKO ce HaMUpa Ha i-Ta MMO3WIMsl, HAIIpUMEDP B
nepmyTanuaTa 2 1 35 6 4, aucyioro 3 cu e Ha MICTOTO U HHKOe JIPYTO YUCJIO He CH € Ha MSICTOTO.
Hawmepere pertienne 1pe3 npuHImITa Ha BKIIOYBAHETO U M3KJIIOYBAHETO U M3C/ACIBANTE TPAHHUIIATA
Ha OTHOINIEHHETO MeXKJly ToBa pemnienue u N! (6posaT Ha BCHYKM [IEPMyTAIUH ), KOTATO N HApACTBa
Heorpannveno. Kakbs u3Boj1 ciiejiga 3a 6post Ha nepmyTaiuute Ha {1, 2, ..., 1}, B KOUTO HUTO €JINH
eJIeMEHT He CH € HA MsCTOTO?

Pemenue. bBposar ma nepmyrarmuure 6e3 orpanunyenus e n!. e usBagum or n! 6post na mep-
MyTaIlIUTe, B KOUTO TIOHE €JINH eJIEMEHT CH € Ha MsCTOTO. ToBa Ime ImpaBUM IOETAITHO, ChIVIACHO
[PUHIIAIIA HA BKJIOYBAHE U U3KJIIOYBAHE.

[lepmyTarunTe, B KOUTO JaJ€H €IEMEHT € Ha MSICTOTO CH U HAMa JIPYTW OTPAHWYEHUsS, ca
(n — 1)! na 6poii. 3a Bceku Jpyr GpUKCHPAH €JIEMEHT, aHaJOTn4IHO, uMa (n — 1)! mepmyranuu, B
KOUTO TOW CH € Ha MSICTOTO W HsIMa JIPYTu orpaHudeHus. Tbil KATo UMa TN eJeMeHTa, OT KOUTO
Jla (pukcupame ejleMeHT Ha TO3WINsA, W 3a BCeKH ejeMeHT mMmame (N — 1)! mepmyranuu, cymara
ot nocseauure ¢ n.(n — 1)!. Ecrecrseno, n(n — 1)! = n! #e e upapuinugar orrosBop 3a 6post Ha
HePMyTaIMUTe, B KOUTO TIOHE €MH €JIEeMEHT CH € Ha MICTOTO, Thil KATO OpOU HAKOU IIEPMYTAIlnN
noBeue oT exud wbT. C JApyru jiyMu, pas3jimKara

n'—nn-—1)!

e Mo-MaJjKa OT BepHUs OTrOBOp (O0CBeH ako M He e 1: HawcTuHa, ipu N = 1 orroBopbT e 0).
ChbrilacHO NPUHITUIIA Ha BKJIIOYBaHE W M3KJIOYBaHE JI00aBsiMe Oposi Ha IEPMYTAIlMUTE, B KOUTO
JIBa eJIeMeHTa ca CH Ha MecTaTa U HsIMa JIpYyrd orpaHuveHus. Te3m jBa ejieMeHTa MOXKEM A
n3depeM 110 (72‘) HaunHa, 3a Beeku n3bop umame (n — 2)! nepmyranuu. Ho cymara

n—-nmn-1)"+ (;)(n—Z)!

e MO-roJIsiMa OT BEPHUSI OTTOBOD (OCBEH ako M He € 2), Taka Ue MPOobJzKaBaMe aHAJOIUTHO, IO
IIPUHITAIIA Ha BKJIIOYBAHETO U U3KJIFOYBAHETO:

nl—nn-—1)"I+ (2>(n—2)!+...+(—1)“_1n(n—(n—1))!+(—1)”(n—n)! =

(—1)°<g>(n—0)!+(—1)‘<?>(n—1)!+(—1)2<;>(n—2)!+---

S R [LEUS L RACL G CEATE

n—1

Z(—nk@ (n—¥)

n
k=0
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Tosa e oTroBOpP®HT.

Cera ja u3ciejBamMe I'paHUIATa HA OTHOIIEHUETO MeXK/Jy Tas3u (yHKIMS HA N 1 M!, Koraro n
HapacTBa HEOTPAHUMIEHO:

(=DM (= k)! o (=D g (n— )t
lig 2= )n('k) =W Zico k{iv ik -
n!- Y (= e (=) = (—1)k
nh_f{}o 2 ko nl:.(n K)! — T}LH;OZ % (35)
! k=0 ’

Jlobpe n3BecTHO €, Ye TO3U CTEIeHEH Pe/l

€ CXOJIMM 3a BCSKO peasiHO X U cymara My e e*. Torasa

R
T

3BObT €, Ye 3a BCUYKHU JOCTATBLUHO FOJIEMU T, OposAT Ha nepmyTarmuTe Ha {1,2, ..., 1}, B KOUTO
HUTO €HO YUCJIO He CH € Ha MICTOTO, € IOBEYEe OT % OT BCUYKU [IEPMYTAIIH. O
Bama4ga 63. 3a koJsiko mepmyTarun Ha duciara 1, 2, ..., 100 e BIpHO, e HUTO €IHO I€THO IUCTIO

k me e na k-ta nmosumusa?

Pentenne. Ille permuMm 3aj1a1ata ¢ MeTO/Ia HA BKJIIOYBAHETO U U3KJIIOYBAHETO. Y HUBepcyMbT U
€ MHOXKECTBOTO OT BCHYKHM IepMmyTanun Ha uuciaara 1, 2, ..., 100. Ouesumno [U| = 100!.

Heka £ e MHOXKeCTBOTO OT WeTHUTE €CTECTBEHM IOJIOXKHUTETHN ducia, He mo-rojgemu or 100. C
apyru gaymu, £ = {2,4,6,...,98,100}. 3a Besko Y C &, nedpunupame Xy KaTo MHOKECTBOTO OT
Te3W MepMyTallii, B KOUTO BCAKO K € Y e pukcupano na nosurus kK. [Ipuvepno,

e Xy = U, nonexke HUINO He € (PUKCHPAHO,
e X(;,10) Ca IepMyTalunuTe, B KOUTO 2 € Ha BTOpa no3uiyd u 10 e Ha jeceTa MO3UINA,

® ]I TaKa HaTaTbK.

Hue tbpcum

N¥e

ke&

Or IIPUHIMIIa Ha BKJIIOYBAHETO U U3KJ/JII0OYBaHETO, 3alliCad MHOT'O KOMIIaKTHO U yHI/ICbOpMHO, nMa-
Me:

()X =D _(=D)Mxyl

ke€ YCe
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Kimouooro mabmogenne e, 1e |[Xy| = (100 — [Y])!, nonexxe dpuxcupame Y| Ha 6poii esemenTu
10 MecTaTa UM, a OCTAHAJIUTEe pasllojiaraMe 0 BCUYKM BbL3MOXKHU HAYMHU HA HE3aeTHTE MeCTa.
Torasa

() Xaa| = >_(=1)M(100 — Y])!

ke& YC&

Jlscnara crpana e cyma ¢ 2°° chbupaemu, 3al0TO € 10 BCHYKH IIOJMHOYXKECTBa Ha IHeTeceTe-
JieMeHTHOTO MHOXKecTBO &. Tesu chbupaemu moxkeM ja rpynupame B 51 rpynu no [Y|, kbiaero
Y| € {0,1,2,...,49,50}. BbB Bcsika TakaBa Trpyla, BCHYKH ChOUPAEMU UMAT €JHa ¥ CbIla CTOI-
HOCT, a Ha 6poii Te (chOUpaemMuTe OT €JHA Irpyra) ca (ls\?‘) 1 raxa,

NXu|= X (7)o

keE 0<j<50

Tosa e u orroBopbT. HncjieHUSIT OTTOBOP, KOWTO HE Ce UCKa, €

5653378582651796809160416679142784032669107826587248581076395765
6914211681291077403950004365134195570851173310787907740475875411
902952497701978112000000000000 ~ 108 U

Basa4ga 64. Kosiko nepmyranun wa ducaara ot {1,2,..., N} uMa, B KOUTO TOYHO T YUCJIA Ca CH
Ha MACTOTO, aKO:

e Te3M M Yuc/ia ca (pUKCUpaHu,
® Te3U M Yuc/ia He ca (PUKCUPAHH.
[Ipuemere, e 0 < m < n.

Pemtenne. Axo te3sm M uucia ca (pUKCHpAHU MPEIBAPUTE]HO U Ca CH II0 MecTaTa, TO TPsAOBa
HUTO €HO OT OCTaHAJMTE M — M 9YHcia Ja He cu e Ha Msicroro. CireoBaTesHo, 3ajadara ce
CBEXKJIa J0 TOBa, KOJKO Ca HepMyTaluuTe Ha umciaara or {1,2,...,N} uMa, B KOUTO U3MEXKJy
T — M IpeJIBAPUTETHO ONPEIEICHN YUC/Ia, HUTO €HO He CU € Ha MsacTOTO. CbIVIACHO PEIIEHUETO
Ha 3agada 62 (3amecTBaMe M ¢ M — M), OPOSIT Ha TE3U HEPMYTAIUH €:

E(—nk(“ ;m) (n—m—Kk)! (36)

k=0

Ako obaue Tesm M umcIa He ca (PUKCHPAHH IIPEIBAPUTEIHO, HEE MOXKEM Ja TH m30epeM OT
BCUYKHUTE Tl 9YuUCJIa II10 (1‘:1) Ha4YMHA. HO MHOZKECTBOTO OT BCHUYKU HepMyTaLLI/II/I, B KOUTO TOYHO
M 9HCTa ca CH Ha MACTOTO, KATo Te3M T WhcIa He ca HpeIBapuTeaHo (bUKCHPaHH, ce pasom-
Ba Ha (1) IOJAMHOKECTBA CHIVIACHO TOBA, KOE € HOJMHOKECTBOTO OT HHC/IATa, KOMTO Ca CH Ha
MSACTOTO. 3a BCAKO M30MpaHe Ha 4nCJaTa, KOUTO Ca CH Ha MACTOTO, BBHIPOCHUTE IEPMYTAIUH Ca

o (=DF(M™) (n—m—k)! ceraacuo (36). Ocsen ToBa, 3a BCeKH JiBe H30MpPAHU HA T 9HCIIA,
KOHUTO Ca CH Ha MACTOTO, 6POHT Ha BBIIPOCHUTE IIepMyTallul € €IUH 1 ChIIH. TOFaBa OTTOBOPDBLT €:

(:1) n_m(—nk(“ ;m) (n—m—k)! 0

k=0
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Bamaua 65. /lagenn ca n doBeka hy, ..., h,. B HIKakbB Hada/leH MOMEHT Te ca IOAPeIeHN
B peauila eIH CJIeI Jpyr IO HOMepaTa, a MMEHHO peauliaTa 3aloduBa ¢ hy, ciaeasa h,, ciaeasa
h3, m Taka HaTarbK, B Kpasg e h,. I[lo Koako HaumHa MOKeM Ja IpeHapeIuM Te3d Xopa IIPHU
OI'PAHUYIEHHETO HUKOI YOBEK Ja He ce HaMHpa HeIoCPEeJICTBEHO IIPeId YOBeKa, IIPeId KOIOTO €
OWJI B HAYAJIHIS MOMEHT?

[Ipumepro, ako N = 3, To bpBoHadYaJHaTa peanna € hy hy; h;. Ako npenapeanm xoparta
taka h; hy hz, To cMme cnazuan orpanmdernero. OT apyra cTpaHa, ako IIPEHApPEINM XopaTa TakKa
h; hz hy, To He cMme cra3m/im OrpaHUYEHNETO, ITOHEXKE cera h, e HeloCpeICTBEHO Ipeau N3 ChIno
KaToO B HAYAJIOTO.

Pemenne. llcka ce jga Hamepum dopmysia 3a 6post Ha nepmyranuure Ha {1,2,...,n}, B KOUTO
HE ce cpellla HUTO ejnHa or aoiikure 12, 23, ..., (n—1)n karo cbeeann yncia. Ja Kazxkem,
4ye ToBa ca ‘3abpanenure jpoiiku’. Te ca 1 — 1 Ha Gpoii.

Heka U e MuoxkecTBOTO OT Bemuku mepMyranuu Ha {1,2,...,n}. Tosa e ynusepcymsbT B Tasu

sas1a4a. 3naem, de [U| = nl.
Ba 1l <i<n-—1 mexka S; ca tesu egementn Ha U, B Kouro ce cpema jasoiikara 1i(i+ 1)

KaTO CbhCEIHU UHUCIA. |bpCUM SiNS;N---NS,_il. Coracuo IPUHINIIA Ha BKJIIOYBAHETO U
N3KJJII0YBaHEeTO,
SinSan-nSaal=U— 3 ISi+ Y ISinSi— o+ (CD)VISIN NSl
1<i<n—T 1<i<j<n—1

Jlecno ce Buzkga, de |Sil = (n—1)!'3a 1 <1< n—1, nonexe riegame Ha 12 Kato Ha “O0K4e”
u OGpouM nepmyTaruuTe Ha N — | ejeMeHTa, a MMEHHO OJIOKYeTo U olne N — 2 yucia. Torasa
D icien 1Sil =M —=1)(n—1)!, KoeTo Moxke 1@ 3aIUIIEM KATO ) ;_icn 1 Si| = (nf) (m—1)L

Tebpaum, ge [S;NS;| = (n—2)!3a 1 <1< j<n. Hancruna, ako i =j — 1, To umame eaHo
OJI0KYe OT TPH IOCIEI0OBATEIHN YHUCIa, TpUMepHO 123, m ocTaHaanTe N — 3 9Kcia, Taka de OpouM
nepmyrtanunte Ha 1 +n—3 = n—2 ejxementa. A ako i < j—1, umame eJH0 6JI0K9€e, TIPUMEPHO 12,
JIpyro 6JI0KYe, KOeTo HsiMa OOIU 9Kc/ia ¢ IIbPBOTO, IpuMepHOo 34, u ome N —4 4uciia, Taka 4e 1mak
opoum nepmyramuuTe Ha 14+ 1+n—4 = n— 2 gucia. Torasa Z1§i<j§n—1 1S;N Sl = (n;]) (n—2)!,
moHexke 3abpaHeHnTe KoHdUrypamun ca 1 — 1 1 usdupame JaBe OT TsX.

Mozkem j1a 0606muMm Taka. 3a k € {1,...,n— 1}, B cuia e

|Si] ﬂSiZ ﬂ---ﬂSikl = (Tl—k)'
HE3aBUCHUMO OT TOBa Kou K Ha Opoil 3abpanenn KoHduryparuu ca n3dpann. Torasa
n—1
> Sy, NSNSy l= (7 )=k
]Si] <iz<~~~<ikSTl*]

Pemenuero e

n—1
IS_ms_m---mEI=Z(—1)k<n_1)(n—k)! O

Yemosuero Ha 3aj1ada 66 Ha TPBB TIOTJIE] TOBOPHU 3a MIPABOBLIbJIHA MPeXKa — IOHITHE, JTePUHUPAHO
npean 3astada 45. Ako cr HapucyBaMe MaIbK IIPUMeEp 3a MPaBObI'b/IHA MpeXKa KaTto B 3ajada 45
U MaJIbK IPUMEp Ha MOKPUTHUS ¢ KBAJPATH MPABOBI'LIHUK OT 3ajada 66, Te e n3riexjar ana-
sgormaan. Obade B IpaBObIbJIHATA MpeKa OT 3ajada 45 BayKHU ca OTCEUKUTE MEYKy KBaJIPaTUTE,
3alllOTO IIPpUJIBU2KBAHETO CTaBa II0 TAX. ,HOK&TO TYK Ca BazKHU CaMUTE€ KBa/IpaTH.
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3amaga 66. [IpaBobrbiHuK ¢ pa3mMepu M X N e HOKpUT ¢ KBajgparu 1 X 1, Taka ue BceKu JiBa
pas/IMdHM KBaJjpaTa WM UMaT MPA3HO CedeHre, Wn ob0Ia CTpaHa, HO HUKOra ODINa BBTPEITHA
Touka. Te3m KBajpaTn obpasyBaT M pema u N KojoHU. [[o KOJKO HAUYMHA MOXKE J1a Ce OIBETST
KBaJipaTuTe B K IIBATA

a) 6e3 orpaHUYEHNUS;

6) ¢ eJIMHCTBEHOTO OrpaHWYEHUE, e BbB BCEKU DeJI HSIMa ChCEHN KBAJPATUETa C €THAKDHB
BT,

B) C €JMHCTBEHOTO OPaHUYEHHUE, Y€ BbB BCEKU PEJI € M3IOJI3BAH BCEKU OT I[BETOBETE.
Perrenune.

a) Bcesiko onpersiBane e (byHKIMsI OT MHOXKECTBOTO Ha KBaJpaTderara B MHOXKECTBOTO OT I[Be-
toBete. Mma 06mo mn kBajpatdera u k npgara. [Ipurarame dopmysrata 3a 6posd Ha DyHKIIUATE
6e3 orpanndvenns (3amada 54) u nosydasame KM

6) OrpersiBaHeTO Ha MPOM3BOJIEH PEJ| € HE3aBHCHMO OT OIBETSIBAHUSATA HA JPYTUTE DEJIOBe.
Cnenosaresno, ako N e OposT Ha HaUMHHUTE J1a O'bJIe OIBETEH IMPOU3BOJIEH pejl, oTToBOpbT N™ 110
HMPUHIIAIIA HA YMHOYKEHUETO.

Jla pasriegame onpeTsBaHETO Ha Pej 1, KbJETO 1 € HdaKoe ducjo, TakoBa de 1 < 1 < m. Jla
pasriiesiaMe Koe Jia € KpaJparde B pej i, Haupumep ksajaparde (i, 1). 3a mero umame k Bb3MOXK-
HOCTH 3a OIBeTsIBaHe 3apajiil HAJIUINeTO Ha K Bb3MOXKHU MBITA. 3a CbCEIHOTO MY KBaJpaTde
(1, 2) umame k — T Bb3MOKHOCTH TIOPAJIM OIPAHUIEHUETO JIa He Ce U3IOJI3BAT €JIHAKBH I[BETOBE HA
ChCeIHM KBaJpardera. AHAJIOIMYHO, 3a KBajpardera (i, 3), (1,4), ..., (i,n) umame k— 1 Bb3MOK-
noctu. Karo 110, 3a pef i Bb3MoKHATe pasimdnn onperasanus ca k(k — 1)1, Cirenosarenno,
N = k(k — 1) u orroBopsr e k™(k — 1)™n=1),

B) OrnpersiBaHeTO Ha MPOM3BOJIEH PEJ| € HEe3aBHCHMO OT OIBETSIBAHUSTA HA JPYIUTE DEJIOBE.
CuenoBarenno, ako N(k,n) e 6posar Ha HaunHUTE & ObJE OIBETEH IIPOU3BOJIEH PEJl, OTTOBOPHT
(N(k,n))™ no npunmuma xa ymaoxkenuero. N(k,n) Moxe ga ce mojyun BegHara or (opmysiara
3a Opost HA CIOPEKIIUUTE, HO TYK IIE 'O U3BEJIEM OT OCHOBHUTE IIPUHIAIIN.

a paszriiename onperssanero Ha pe 1. Heka U e MHOXKeCTBOTO Ha BCUYKK Bb3MOYKHHU OIBETIBa-
nus Ha pex 1 ¢ k npsara 6e3 orpanndenus. Ouesngno [U| = k™.

Heka S; e MHOZKECTBOTO OT BB3MOXKHHTE OIBETABAHUATA Ha peJl 1, B KOUTO IBAT j He ce U3I0JI3Ba,
3a Bcumuky j, TakuBa e 1 < j < k. Moxke ma mma u JIpyru 1BeToBe, KOUTO HE C€ U3MOJI3BAT, HO
I[BAT j He ce U3IOJ3BA C5C CU2YPHOCTN.

Heka Sj, 5, € MHOKECTBOTO OT BBL3MOKHHUTE ONBETABAHUATA Ha peJl 1, B KOUTO IIBETOBE j1 1 j, He ce
U3IM0JI3BAT, 32 BCUIKH j1 U j2, TakuBa de 1 < j; < j; < k. Moxke 7a uMa u JIpyTH [[BETOBE, KOUTO
He Cce M3II0JI3BAT, HO I[BETOBE j1 U j; HE Ce M3IOJI3BAT CBC CULYPHOCTN.

Jla HampaBuM ciiegHaTa JIeUHAIS, KOSITO Ce sSIBsiBa 00OOIIEeHNe Ha IIPEJIHUTE JIBE 3a IPOU3BOJIEH
Opoit 1BeTOBE.

Omnpenenenne 1. 3a 6cuuku UeAU NOAOHCUMENHU HUCAG J1, J2, ---, Jt, makuea ve 1 < j; <
’ ) y )t

j2 < ... <ji <K, depunupame, we Sy ;, 5. € MHONCECMEOMO OM 6BIMONCHUME OUCEMACAHUA Ha

ped 1, 6 koumo yeemose ji, ja, ..., jr He ce uznoazsam. Mooice da uma u dpyeu ysemose, KOUMO

HE CE U3NOA3BAM, HO YBEMOBE 1, 2, ..., jt HE CE€ U3NOA36G CHC CUTYPHOCT.
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ITo IIPUHIMITIa Ha BKJIIOYBaAHETO W U3KJIIOYBaHETO,

N(k,n) = [U]

— D 1Sl

1< <k

IIOHE €UH IBAT HE CE U3II0JI3Ba

+ D> 18, NS,

1<j1<G2<k
NS

IIOHE JBa IBATa HE Ce€ U3II0JI3BaT

- Z |Si1 ﬂsiz mSJ’3|

1<91<92<53<k
.

J/

IIOHE TPpU IBATA HE CE€ U3IO0JI3BaT

+(=10 > 18,NS8,N...N S,

151 <G2<.<Ge <k
.

~~
1oHe t 1IBATa He ce U3IO0JI3BAT

+ (—=1)! > S;, NS5, N...NS;, |

1551 <2< <jr—1<k

none k—1 OBdATa HE Ce U3II0JI3BaT, TOECT HU3II0JI3Ba Ce caMO 1 IOBAT

+ (—1)k S;, NS5, N...NS;, |

k mBsTa HEe ce M3IOJI3BAT, TOECT HsAMA OIBETsBaHE U3001110; ToBa Tpsabsa ma e 0.

Tebpanm, de 3a Beako t, TakoBa ye 1 <t < K,

K
S, NS, N...N S| = (t>(k—t)“

(37)

Tosa e Taka, 3aI10TO 3a Ja OIpEJIe/IUM HAYMHUTE Jia Ce OIBETH PeJl 1, Taka de t 1BdaTa Jia He ce
IIOJI3BAT, € JIOCTAThIHO Jla HAMEPUM Oposi Ha HAYUHUTE jJa ce mojadepat t npsara or kK—ro3u Opoit
e (E) —1 OpoAT HAYMHU JIa Ce OLBETH pejia ¢ ocTaHamTe K — t nsara—rosu opoit e (k—t)". Mspas

(37) cenpa BejHATA IO MPUHIAIIA HA YMHOYKEHHUETO.

Torasa

: k : k
Nm) =" = 3 (101 )tk = 3= () e o

t=1 t=0
MozkeM 7a To 3aIuileM U KaTo

k—1

>0 (e

t=0

Tbit Karo (—1 )k(t) (k—k)*=0.

Bamada 67 usnonsea o3Havenuata |, u I,. Jla cu mpunomumm, e J,, ={0,1,...
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,...,n}. Torasa

L‘iZlnX]nX“'XIn

~
k MHOXKUTEJIST

=L xIyx- - xIy

k MHOXKUTEIS

Sagada 67. Kosako japajeceriimdpeHn IeCeTUIHN UNC/Ia MOYKEM J1a 3aIIUIIeM

a) 6e3 orpaHUYEHNUS;

6) c aeserre ucpu 1,2, 3, 4,5, 6,7, 8, 9, Taka e BesiKa Jia ce cpella MOHE eJIUH IIbT;
B) ¢ geserre nucdpu 0, 2, 3,4, 5,6, 7, 8, 9, Taka ue BesiKa Jia ce cpella [OHe eJIUH IIbT;
r) c gecerre rudpn, Taka ge BesKa udpa J1a ce cperna TOYHO JIBa II'bTH.

B zammc Ha 9uCjI0 He ce JIOIMYCKAT BOJEIIM HYJIM, OCBEH aKO TO He € HyJla.

Penitenwne.

a) Ywucnoro Tpsidsa Ja mMa TouHO jaBajecer nudpu. OTroBopbT €, 10 IPUHIAIA Ha TeKapTOBOTO
npoussesienne, 9 x 10" Thit KaTO MHOXKECTBOTO OT 3anucuTe Ha uuciara e lo x J17.

6) Twit kKaTo HysaTa He y4acTBa, 33Jadara € ChllaTa KaTo 3a/adaTa, KOJIKO ca ciopeknuure ¢ 20
eJleMeHTeH JoMeiiH u 9 ejiemenTen KojgomeiiH. OTropopsT e (BrmkTe 3ajgada H6):

9
2[]—4)k(3)(9—-kfo::4358654246117808000
k=0

110 IIPpUHINIIa Ha BKJ/IIOYBAHETO U U3KJIIOYBAHETO.

B) MozkeM Jia permM ToBa MOJYCJIOBUE C JIMPEKTHO 3aMeCTBaHe B PEIeHNeTo Ha 3ajada 58, HO
HEKa JIa PEIrM I0/IyCJIOBUETO OT hpBu npuHimnu. Vma 8 Bb3MoKHOCTH 3a BojemaTa mnudpa,
IOHEXKe HyJsiaTa He MoxKe jia e Bojeria. Ciiell KaTo Be/lHbXK m30depeM Bojemara mudpa, Bede He
€ 3aTbJKUTETHO, BBIIPEKN Y€ OCTaBa Bb3MOXKHO, T Jia Ce IMOsIBE Ha ocTaHajauTe 19 mosunun.
CutesroBaresino, TbpenM 6post Ha byHKIUuTe ¢ 19 eleMeHTeH JIOMEH OT MO3UIINUTE, J1a TO HApeueM
X n 9 exemenTen KogoMmeiH or 1udpure, ja ro HapedeM Y, TakKuBa de 8 1ajleHH eJIeMeHTa OT
JloMeitHa J1a ObJIaT 33/ IbJIKUTETHO n300pazkenus. Pa3cbxKieHusTa ca 1mak ¢ MeTojia Ha BKJIIOUBAHE
W M3KJIIOYBane. YHIBEPCYMBLT IMa MomHocT 97 — TokoBa ca Bemaxu Totasrmn Gynxmmm f: X — Y.
Ba BCEKH OT 3a,IbJDKHTEIHUTE 8 ejeMeHTa, (byHKIUUTE, KOUTO He To “mokpmsar’, ca (9 — 1)17.
Paszmukara

9]9—8'(9—1)19

obave e Mmo-mMajika OT BEpPHHUsI OTTOBOP, 3alllOTO BaJi HAKOW (DYHKIMH 110 TIOBEYE OT €JIWH ITbT.
[IpogbizkaBaMe ¢ pa3chbiKIEHUSTA ChIJIACHO HMPUHIUAIA Ha BKJIIOYBAHETO W M3KJIIOYBAHETO: 34
BCsIKa JIBOWMKA OT 33 bJIKUTEIHATE 8 eJIeMEHTa, a NMa (g) TaKuBa JBOHKM, (PYHKIUUTE, KOUTO HE
nokpuBaT Te3u eiaementH, ca (9 —2)", u taka mararbk. IlomydaBame

8
2

8
3

8
7

8

97 8. (9—1" + g

(9—2)"7 — (9—-3)"7+...— :y9—ﬂ”+ (9—8)"
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1M HaKpPaTKO

- 8
> -0y )i -w

0

koeto e 484 294 916 235 312 000. CrobpasstBame, ¥e TOBaA € CaMo 3a eHa OT OCEMTE Bb3MOKHI BOJIE-
1 udpH, U oy daBame Kpaitaus orroBop 8x484 294 916235312000 = 3 874359329 882496 000.

r) Bogemara nudpa e Kost Ja e, pasindHa OT HyJara. 3a BCsiKa OT Te3u 9 Bb3MOXKHOCTH nMame 19
MO3UITNH, Ha KOUTO MOCTaBAME €JiHa Iudpa OT BUJIA, KONTO CJI0KUXME B HAYAJIOTO, W OIIE JIEBET
nBoiikn g pu. OTroBOpPbT ce MojydaBa KaTo MPOU3BeIeHre 0T 9 U MyJITHHOMEH KOehUITHEeHT:

19!
X1!X\Z!><2!><---XZL_21382927806Z4OOO 2
91‘?1:1"1/1

9

3agada 68. [lo koJKO HadmHa MOraT Ja ceaHaT OKOJIO KPbIVIa Maca ¢ HOMEPHUPAHH CTOJIOBE
Xopara OT N Ha Opoii KeHeH! JBONKN (OUeBHIHO cTaBa JyMa 3a 2N JIyIIH), Taka Y€ ChIPY3UTe OT
HUTO €JIHa JIBOIKA Ja He CeIsT Ha ChCeIHU CTOJI0BE?

Pemenne. Heka jpoiikute ca cq, C, ..., Ch. Heka U e yHuBepcymMbT B Ta3u 3ajava, a UMEHHO,
MHOYKECTBOTO OT BCHYIKHU BBb3MOKHU CsIIAHWS Ha Te3W 21 JIYIIH OKOJIO MacaTa 6e3 OrpaHNIeHus .
Ba 1 <1< mn, neka S; o3HagaBa MHOKECTBOTO OT BCUIKHU Bb3MOXKHU CSIAHNsI, B KOUTO ChIPY3UTE
OT Ci CEIAT HEIO3BOJICHO, TOECT eIMH 110 ApYTL. T'bpcerusar orrosop e |S;1 NS, N ...N Syl ITo
NPUHIIATIA Ha BKJIIOYBAHETO U U3KJIIOYBAHETO,

S1NS;N...NnS. =u|

- Z |Sil

1<i<n

+ > Isins

1<i<j<n

+(=1MSNS;N...NS,
€CHO Cce BUXKJa, U = !, TBil KATO TOJIKOB HAYUHAT JOBEK eaHaT H
Jlecno ¢ a, ge |U 2n)!, aTO TOJIKOBa Ca Ha e, 2N JOBEKa Ja C an
pasyimauMu (HOMepupaHu) MecTa 6e3 HUKAKBU OTDAHMYEHMUS.

IIle nokaxkem, ye Vk € {1,...,n},

Z |511ﬂ512ﬁo--ﬂ51k|=(2>XZTLX(ZTl—k—U!sz (38)

1<ii<izg<-<ig<n
JlokazarejcTBOTO Ha (38) HE € CJIOYKHO, HO € IIeJT T10-7100pa UHTYUIUs HeKa I'-PBO BUJIUM IIPUMED.

Heka n = 4. I'oBopumM 3a 0ceM 40BEKa B YeTHPHU CHIPYKECKH JIBOHKH C1 = (Wq, M),
c; = (wy,my), c3 = (W3, m3) u cqg = (Wy, My). Haumrnre Te3m ocem doBeka jia ceaHar
6e3 orpaHHYIeHHsT BbPXY OCEM HOMepHpaHH CTOJIOBe, HapeaeHd B Kpbr, e 8! = 40 320.
Kakro Bm>xkiaTe, Kpbropata Hapejgba TyK e 6e3 3HadeHHe: aKo CTOJIOBEeTe bsixa Hape-
JleHu JinHeiHo, nak opost mnierre ja e 40320 npwu Jiurica HA OrpaHHYIeHHS.

Cera pa3sriexkjgame 3abpaHeHH csiiaHusl. B KOJIKO pas3imdHu csgaHus Wi 0 My CEJIsT
eaud j10 Apyr? Mozke jga MHCJIHM 3a TsX JQBaMaTa KaTo 3a eIHo Ojokde |[wim, | Mma

50



3apgaun ¢ pewenuns no Auckpethn Ctpyktypu, KH2, ®MUN-CV, 2016-2023 r. © Munko Mapkos

JiBa HaYUHA 3a Pas3loJiaraHeTo UM B OJIOKYeTo, HO ja OCTABHM TOBa CHOODasKeHHe 3a
mo-K'bcHO. B MOMeHTa paschbikgaBaMe 3a TOBa, 4e HUMa 7 €JIEMEHTa 34 Da3HoJIaraHe:
6JIOKYeTO W IIecTTe OoCTaHaJIH Xopa. BJIOK4eTo Moke jga ce CJAOXKH 10 8 pas/ImdHd
HaunHa (HoOMepara ca HOMEPHUPAHHTE CTOJIOBE):

1 2 1 2 1 2 1 2
8 3 8 3 8 3 8 3
7 5 7 4 7 4 7 4
6 5 6 5 6 5 6 5
1 2 1 2 1 2 1 2
8 3 8 3 8 3 8 3
7 4 7 4 7 4 7 4
6 5 6 5 6 5 6 5

3a BCsKO ciaraHe Ha OJIOKYIETO, MECTTe OCTaHAJN I0BEKa MOXKe JIa CeIHAT Ha IMIECTTe
ocraHaJm croJia 1o 6! = 720 maunna. C'brytacHO NPUHITAIIA HA YHMOXKEHHETO, OPOSIT Ha
CsSUTAHUSATA, B KOUTO W1 H T ca BbPXY ChCeJHH CcTOJIoBe, € 8 X 720 = 5760.

Enna crpanmana 3abennexxkka. Ako HapeabaTa oOerle THHEHHA, a He KpbIoBa, TO3H OOt
mrerie jja Ob1e mo-maabk. A umenno, 7! = 5040. Ilpuunnara e, d4e Torasa IsIxXMe Ja
6poum JmHeHUTE HApEAOoHU Ha cejeM obekTa (6sokdero u mmectre ocranasm). Ciejo-
BaTeJIHO, KOTaTO Pa3Ch>KICHUSITA BKIOIBAT 3a0paHeHH JIBOIKH, TOBa, 4e Hapeabara e
KpbroBa, Bede mMma 3HadeHue. Koraro pascbkiaBaxme Ha HUBO HHIUBUIH, OPOSIT
oerrre 8! = 40320 6e3 oryex Ha TOBa, Jajad HapeabaTa e KpbroBa Han juHeHHa. Kiro-
JOBOTO HAOJIIOJIEHIE €, 4e B KpbI'OBaTa Hape0a, OJIOKIeTo MOXKe Jja OOXBAIIla CTOJIOBE
(a mmenno, 1 u 8), konro He MoxKe Jja obxBalla B uHeliHaTa Hapeaoa. Moxke npopu 1a
06061IIM, 1e 3a bJ10KYe ¢ gbjkuaa t < M, B mHeiHaTa Hapenba nma n—t+ 1 HaunHa
J1a CJIOXKHM OJIOKYETO, JJOKATO B KpbIroBaTa Hapeaba HaunHUTe BHHArH ca . Kpaii Ha
cTpaHHYIHATA 3a0€/IeKKA.

Cera jta pa3cbiKgaBaMe 3a JIBe ChIIPYKECKH JIBOHKH, CEJIHAJIN 110 3abpaHeH HaduH. /la
cH TIpeJCTaBUM, Y€ IMbPBO CsIaT Wi H My eIQuH JI0 JAPYI U MIPaBsIT OJOKYe, a IMoc/Ie
Wy B My eJuH JI0 JPYr H MpaBaT OjoKde. 3a IbPBOTO OJIOKYE BB3MOXKHOCTHTE Ca 8,
KaKTO Bede BHJIsIXMe. 3a BTOPOTO OJIOKYe BB3MOXKHOCTHUTE €a D, U TOBa € 3a BCSIKO
pasriojiarane Ha II'bPBOTO OJI0K4e. 3amio He ca 67 3aioro nbpBoTo bJoKde “paskbeBa’
KpbroBata Hapesda; 3a BTOPOTO OJIOKYE HMa IIecT CTOJIa, HO Te ca JIMHEHHO, a He
KPBI'OBO, PA3IIOJIOKEHH, MTOPaJI KOeTO HAaYHHUTE Jja Obje c1oxeHo ca 5. Ero:
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Joryk mmame 8 x5 = 40 Bb3MO>KHOCTH. 34 OCTaHAJIATE YeTHPH Y0BEKA Bb3MOKHOCTHTE
ca 4! = 24, HezaBHCHMO OT TOBa KaK ca CeIHAJIH JIBETe JBOHKH IIpean ToBa. Karo msiio,
3abpaHeHHTE CsiTaHus Ha JiBe aBoHKH ca 8 X 5 X 4! = 960.

Cera jta pa3cbrKkigaBaMe 3a TPH CHIIPYYKECKH JABOHKH, CeTHAJH 110 3a0paHeH HadnH. /la
CH MpeJCTABAM, de ITbPBO Cs[aT Wi H Ty KaTo bJ10K4Ye. /la KaykeMm, de TOBa € IIbPBOTO
bs10k4e. Bujsixme, de uma 8 HaumHa 3a pasmojaraHe Ha IbpBoTo Ojokde. locte W,
u My csigar kaTo 0J10K49e. Jla KaxkeM, de ToBa € BTOpoTo OJi0K4e. Bujsxme, de uma 5
HaYHHa 3a pa3riojaraHe Ha BTOPOTO OJIOKYe IT0 OTHOIIICHHEe Ha KOe J[a € pa3IloJaraie Ha
mbpBOTO OJ10KYe. PaszcbxknaBame 3a Wiy u M. Csgaiiku equH 10 APyT, Te (popMupaT
Tperoro biiokue. MIHTEepecHo HabJ IfoieHne e, 4e OposIT Ha HAYHHHTE 38 Pa3IoJiaraHe Ha
TpeToTo OJI0OKYe 3aBHCH OT TOBA, KaK Ca pasIoJIOKEHH II'bpBHTE JBe bjokdera. Fro:

1 2 1 2 1 2 1 2 1 2
8 3 8 3 8 3 8 3 8 3
® @ ® @ ®
7 5 7 4 7 4 7 4 7 4
6 5 ENE 6 5 6 5, L
3 I:Ié,‘H/IHa 2 HaumHA 2 HaunHa 2 maswmma 3 HaumHa

3a BCsIKO pasriojiaraHe Ha TPETOTO OJIOKYe, OPOST Ha CSAAHHUSTA HA OCTAHAJIHTE XOpa
(re ca camo gBama) e 2!. CiemoBaTesiHO, O OTHOIIEHHE HA €IHO (PUKCHPAHO PA3IIo-
JlaraHe Ha I'bDBOTO OJIOKYe (Haii-rope Ha Gurypara), HAUHHATE 33 pa3IoJaraHe Ha
BTOPOTO H TPETOTO OJIOKYE ce OPOST OT CyMaTa,

3x2 /) cayqaiit @
+2x 20 // cayqait @
+2 %2 // cayqaii @
+2 %2 // cayqait @
+3x 20 // cayqaiit ®

AKo oTunTaMe u BCHYKH Bb3MOXKHHI Pa3Io/iaraHust Ha IIbPBOTO OJI0KYe, OPOSIT 34 TPHUTE
bJI0KYeTa e

8x (34+24+2+2+3)x2=8x12x2=192 (39)

Ha nipbB rioryre s periieHneTo craBa MHOT'O CJI0XKHO: TIPH TPU OJIOKYIETa OPOSIT Ha Pa3Iio-
Jlaranusita (Ha GJIOKYeTaTa) He ce 1MoJlydaBa ¢ MPUHITAIIA Ha YMHOXKEHHEeTO, & C IPHH-
nuIa Ha ¢hbOUPAHETO, H OTTYK 3a YeTHPH, HET U TAKA HATATDHK OJIOKYETa PEITeHHETO
craBa “pa3KJIOHEHO” H yXKaCHO CJIOXKHO.

Ho ToBa e camMo ako pa3cbrKiaaBaMe 3a IIOCJIEJ0BATEeTHO pasloJiaraHe Ha OJIOKJeTaTa:
II'bPBOTO, IIOCJIE BTOPOTO, IIOCJ€ TPETOTO H TakKa HaTaTbK. Moke Ja MHCIAM HHAYe.
IIbpBo crarame mbpBoTO OJ10KYe 1 3a TOBa nMame 8 Bb3MoxkHOCTH. Cjiej ToBa 3abe-
JIsI3BaMe, de II'bPBOTO OJIOKYe, K'bJIeTO U Jla ce HaMHpa, ‘cpsizBa’ KpbIroBaTa Hapesba,
Taka 4e ocTaHAJIHTe 6 CToJa ca HapeaeHH JIMHEHHO. Bbpxy Tesw JimHeidHO HapeleHd
CTOJIOBE cjlaraMe OOeKTH OT JiBa BHja: OJOKYeTa W HHIAHBH/H. BposT Ha pasmosara-
Husita e X!, KbJero X e obmmsaT O6poi Ha 0DeKTHTe, KaTo TOBa € II0 OTHOIIEHHE Ha
eJIHO (pHKCHpAHO pa3iiojarane Ha IIbPBOTO OJIOKYe. AKO oTduTaMe BCHYKH BbH3MOYKHHI
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pastiosaraHusi Ha II'bpBOTO OJi0K4Ye, 6posT craBa 8 X x!. IlpumepHOo, ako 6Jj0KdeTara
ca o0IIo TPH, 3a BCIKO CJaraHe Ha II'bPBOTO OJIOKYE HMaMe Ja CJAOKHM 2 OJI0Kdera
u oile 2 WHAMBHA B JIMHEIHa Hapenba; odeBHaHO X = 4, Taka de oommsaT O6poi Ha
pasIojiaraHusITa e

8 x 41 =192 (40)

U raka, 1Bere pazchbiKIeHUS BOIAT /10 eaHaKbB pesyarar; (39) u (40) gasar 192 karo
YHCJIeH OTTOBOP.

Jla pasriegamve obmqust cirydaii, B KOUTO HMa T CBIIPYKECKH JIBOHKH 3a JJOCTATHIHO
rojeMu M H Jia BHAUM 110 KOJKO HAYHMHA MOYKe Jla CJOKHM TPH 3a0paHeHd JBOHKH;
toect, Tpu 6j10x4era. OUeBUIHO HHIUBHUTE H3BBH OJOKUIeTaTa ca 2n — 6 Ha Opoii.

e AKo pascbikaaBaMe C IOCIEIOBATENHO CjaraHe, 3a IIbPBOTO OJIOKYE HMaMe 2N
HaYHUHA U 110CJI€ UMaMe CJIEJHOTO.

— AKo BTOpPOTO € JI0JIereHo JI0 II'bPBOTO OTJSICHO, TO 3a TPETOTO mMa 2n — 5
HaduHa, OTTYK (2n —5) X (2n — 6)! HaumHa 06110.

— AKo BTOpOTO € Jji0oJIelleHo JI0 IbPBOTO OTJISBO, TO 34 TPETOTO HMa 2N — 5
HaunHa, orTyk (2n—5) X (2n — 6)! maunna obiro.

— AKO BTOpOTO € IIpe3 eAHO OT II'bPBOTO OTASICHO, TO 34 TPETOTO HMa 2N — 6
HadmHa, OTTYK (2N — 6) X (2n — 6)! HaumHa obIro.

— AKO BTOpOTO € mpe3 eJHO OT IIbPBOTO OTJISBO, TO 3a TPETOTO HMa 21 — 6
Ha4YuHa, OTTYK (2N — 6) X (2n — 6)! HaunHa 006110,

— Jla pasriemame ocrapaluusl CJydaii: BTOpoTo OJIOKYe € Ha IOHEe JBa CTOJIA
OoT IBLPBOTO GJIOKYE OT BesgKa crpaHa. Vva Tmouno 2n — 7 BB3MOXKHOCTH 34
cJ1araHeTo Ha BTOPOTO OJIOKYE IO TO3H HAYHH. 3a BCSIKA IIO3UIIHS HA BTOPOTO
O6JI0KYe, MEXKJIy Hero W I'bPBOTO OJIOKYE OT ejHaTa CTpaHa uMa K croja, a
or apyrara crpana uma 2n — k — 4 crosa, kpgero k > 2 uw2n—k—4 > 2,
roect, 2 < k < 2n — 6. ToraBa Tperoro GJIOKYE MOXKE Jja ce CJIOXKH HJIH Ha
k — 1 mosurnuu or egHara crpaHa Ha BTOPOTO, UM Ha 2N — kK — 5 mosurmuu ot
JIpyrara cTpaHa Ha BTOPOTO, KOETO MPAaBH OOIIO 2N — 6 IIO3HUIIHH 38 TPETOTO
6s10k49e. OrTyK nMma (2n—6) X (2n—6)! nauuna 06110 110 OTHOLIEHHE Ha €JHO
¢purcupano pasmnojarane Ha Bropoto bjokde. OTryk uma (2n—7) X (2n —
6) X (2n — 6)! maymna 3a BTOpoTO H TPETOTO OJIOKYE.

CyMHpaMe IO BCUYKH TE3U Bb3MO2KHOCTH U IIOJIydaBaMe

2n(2(2n —5)2n—-6)!+22n—6)2n—6)!+ (2n—7)(2n —6)(2n — 6)!) =
n((2(2n=5)+2(2n—6)+ (2n—7)2n—6))(2n—6)!) =
n((4n—10+4n — 12+ 4n? — 26n +42)(2n — 6)!) =
n((4n? — 18n +20)(2n — 6)!) =
n((2n—4)(2n—-5)(2n—6)!) =

2n(2n —4)! (41)

e AKo paschiKaBaMe II0 JPYTHs HAYWH, 3a IIbPBOTO OJIOKYe HMa 2N HaYHHA, a

cJIeJT ToBa pasIloJjiaraMe B JIMHEHHa Hapenba 2 obekra-Oj0KdeTa u ome 21N — 6
obeKTa-mHIUBHIH, TOECT, 0010 2n — 4 obekra. BposT Ha HaUMHUTE OYEBHUIHO €

2n(2n —4)! (42)
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Ennaxsust pesynrar B (41) u (42) e Hamb/aHO 0YaKBaH, 3aIoTO OPOST Ha Pa3IoJia-
raHUsITa HE 3aBHCH OT PAa3ChXKJCHUSITA, ¢ KOUTO JIOCTHIaMe JI0 HEro, CTHTa Te Ja Ca
KOPEKTHH; pa3/IiKa B pe3yJTaTure OW O3HadaBaJia I'DeIlKa oT Haila crpaHa. Ho pe-
gyararer B (41) Ge u3Begen ¢ npHHIHNA HA Pa3OHBAHETO, CbC 3HAYHTEJHH YCHJIHS,
a m He e 0YeBHJHO KaK ce obobImaBa To3u pesyarar 3a K 6jokdera. /lokaTo pesyii-
TarbT B (42) 6e u3BeseH HA €JMH peJl ¢ IPUHIUIIA Ha YMHOXKEHHETO U 0DOOIEHHETO
My 3a K > 2 OJ0KYeTa € eJleMeHTApHO: 2N HaYhHa 34 IbPBOTO OJIOKYE H CJIET TO-
Ba mMame Jja Hapeaum JimHeiiHo k — 1 obekrta or eqnH Bl (octaHaguTe OJIOKYETa) H
2n—2—2(k—1) = 2n — 2k obekra or apyr Bui; ToBa ca obmio 2n — k — 1 obekra;
b6posT Ha pasmosaranusTta e 2n(2n—k—1)!. 3abenexkere, ye upun =4 u k = 3 ToBa
craBa 8 x 4!, Touno koskoro e (40).

B zaksmrouenme jja orbesieskuM, 9e He BCHIKH KOPEKTHH H3BOJH ca ejgHakBh. llpm Hsi-
KOW pa3ChXKJIEHUS KeJaHUSIT U3BOJ Ce€ JIOCTUTa MHOTO TPYJIHO U C I'OJISIMa BEPOSITHOCT
3a rpelika B 1IpoIfeca Ha W3BEXKJAHETO, NIPH JIPYTH Pa3ChXKICHUS XKeJTAaHUST U3BOJI CE
JIOCTHTa BeJHara ¢ pakTHIecKa HeBb3MOXKHOCT 3a JIOIyCKaHe Ha rpellika. B Texyia-
Ta 3aja4a, NPaBUJIHUAT HAYHH JIa ce pa3ChXKJIaBa € I'bPBO Jla O'bjle HaCTaHEeHa €[HA
JIBOIiKa 110 3a0paHeH HaYHH, KOeTO Pa3K'bCBa KpbroBaTa Hapesba, U 10cC/Ie Jia ce MHUC-
JIH KOJIKO 3a0paHEHU JBOHKH W HHJIABH/HA OCTABAT H IO KOJIKO HAYHHA MOYKEM Jla Ce
cJI0’KaT B JIMHEHHa Hapejba. A IpellHdusT HaduH € ja cjaraMe JBOHKHTe elHa CJIel
JIpyTa U Ja ce 9yauM KOJIKO Bh3MOXKHOCTH HMa 3a BCSIKa CJIe/IBalla.

Cywmara Z1§i1 iy cip<n IS, NSi,N...NS;, | e paBHa Ha Gpos Ha HaunHUTE K ABONKM /1A ca CeTHAIM
HEIIO3BOJICHO, 110 BCUYKN BBL3MOXKHHU HAYMHHU Ja Obaar moadpanu K ABOHKE OT {Ci,Cly...,Cn}.
VmaMe cielHuTe YeTUPH He3aBUCUMU ChOOPasKeHUSI.

n [¥]
e [lo y HadnHa MOXKeM Jia 1oj0epeM K ABOWKHU OT oO0IIo M.

e [lo 2n maumna mozxkeM Jia n3depeM JBa CTOJIa 3a I'bpBaTa JIBOiKa OT Te3u K JIBOHKN.

e ITo (2n — k — 1)! maumna MOXKeM Ja Pa3IOJIOKKUM ocTaHajmTe xopa. OcraHaaure xopa ce
pasbuBaT Ha Te3u B ocTapamure k — 1 ABOMKM, ceaHANN HEIO3BOJIEHO, U WHAMBUIUTE U3BHH
npoiikure. [tegame na tesu kK — 1 aBoiiku KaTo Ha 6JI0KYeTa, & BCEKHM YOBEK, KOHTO He € B
HsKOe OJI0K4e, e camocTosTesieHn 00ekT. 06110 obekTuTe ca Ha OPoit

2n—2
—
TOJIKOBA Ca XOPaTa 3a HACTAHsBaHE CJIEJ] CAIAHETO Ha I'bPBATA JABOMKA
_ 20k—1)
—
oT TexHusi 6poii BaauMm 6post Ha Xopara B K—1 aBoiiku
+ k—1 =2n—k—1
~——

TOJIKOBa ca bJioKdYeTaTa

BposT Ha pasnonaranusita Ha OCTaHAJNATE XOpa € paBeH Ha OpOsl Ha pas3lojaraHusTa Ha
2n — k — 1 obekra B juHeitna napeadpa. Ouesngno Tosa e (2n —k — 1)1

e 3a Bceku m360p Ha MecTa 3a CsjaHe Ha K JIBOIMKH 110 HENO3BOJEH HAYMH, 33 BCAKA JBOMKA
MOZKEM JIa PA3IOJIOKIM XOpaTa OT Hes 110 2 HadynHa Ha JgBaTa u3bpamu croja. O6IIO ToBa
ca 2" Bb3MOXKHN HAYMHA.
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YcranoBuxme, ge

S sy nS, N NSyl = (E)Zn(Zn—k—U!Zk

]Si] <i2<...<ik§n

Torapa oTroBopbT €

SiNS;N...NnS, = (2n)! +Z(—1)k(2>2n(2n—k—1)!2k
k=1

_ i(—nk@)zn(zn—k— 1)12¥

—In i(—])k(g)(Zn—k—l)!Zk (43)

k=0

Ban = 0 dopmyrara (43) He paboru, monexe ce nosrydasa muoxkures (—1)!. Ban = 1 dbopmysara
(43) naBa —2, vo 3a n = 1 3ajauara e GescMmuciena Taka win uaade. 3a n = 2,3,4,5 dopmynara
(43) maBa cvorBetHo 8, 192, 11904 u 1125120. O

Bagada 69 e mouTn cbimara Karo 3ajada 68. EamncrsBenara pasimka e HapegbaTa Ha XopaTa: B
Basada 68 Te ca HapeJeHN KPpbroBo, a B 3ajada 69 Te ca Hapejenn jnHeiHo. O4akBamMe OTTOBO-
pbT Ha 3ajada 69 ma e Hemro OJHM3KO 0 OTroBOpa Ha 3ajada 68, HO croiiHOocTHTE B 3agada 69
Jla ca MaJIKO TO-TOJIEMH 3apa/jid 1O-MaJIKOTO ChCeJICTBa IIPH JIMHEHaTa Hapej0da B CpaBHEHHE C
KpbroBara Hapejba.

Samada 69. [lajgeno e MHOXKECTBO OT N ceMeiinn jBoiku. 1o KoJIKo HaYMHa Morar jia 3acTaHar
Te3W XOpa B pEeJIUIia 0 TaK'bB HAYMH, Y€ XOopaTa OT HUKOS CbIPYKeCKa JBOWKA Jla HE ca CbCeIn
B peaurnara’

Pemtenne. Hexka aBoiikure ca cq, Cp, ..., Cn. Heka S; o3HauaBa MHOXKECTBOTO OT BCHUYKHU Bb3-
MOYKHH CSJIaHUSA, B KOUTO CBIPY3UTE OT C;i CEAAT HEMO3BOJEHO, TOECT €IWH JI0 JPYT, KbIETO
i e {1,2,...,n}. Heka U e yHuBepcymMbT B Ta3u 3ajada, a UMEHHO, MHOKECTBOTO OT BCHYKHU

BbL3MOXKHU CIaHus Ha Te3u 2N aymum B peguna. Tbpeenuar orrosop e [S1 NS> N ... NS, Ilo
IPUHIAIA Ha BKJIIOYBAHETO M M3KJIFOUYBAHETO,

S1NS;N...NnS. =u

— D Isd

1<i<n

+ > 1SS

1<igj<n

+(=1MS1 NS N...NS,

Jlecno ce Buxkia, de |U| = (2n)!, Tbit Karo ToJIKOBa ca HaYMHHUTE, 2N YOBEKA Ja Ce HADEJIAT B
peuIa.
[Ile mokazkeM, 1Ue BCIKa OT CyMUTE

> 1S, NS, N...N Sy |

1<ii<iz<..<ig<n
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KbJETO K € HeAKOoe 1710 Jucyo, TakoBa e 1 < k < n, e paBHa Ha

L)X (2n —k)! x 2%

Hancruna, mo (E) HadYHa MOXKeM J1a n3depeM K JIBOiKM OT 00110 M IBOIKH, cjiej] KoeTo nMame kK Ha,

Opoii 0beKTa-IBOMKY U olrle 2N — 2K obeKTa-Xopa U3BbH JIBOMKH, ToecT 0010 k+2n—2k = 2n—k
obeKTa 3a paslojaraie B JMHeHa Hapeida, U OCBEH TOBa MMaMe TOYHO 2 Pa3/IMYHA HAYUHA
3a pasmoJjiaraHeTo Ha JBaMaTa CbIPY3H OT BCAKA OT Te3W K ABOWKM €IUH JIO JPYL, KOETO JIaBa
MHOKHTET 2.

OtroBopbT €

n
%(—1 ) L) an—x)! 2k (44)

3a croitnoctu Ha aprymenta 0, 1,2, 3,4,5, dopmynara (44) nasa cvorserno 0, 0, 32, 1440, 110592
u 12633 600. O

Bagaua 70 e mspectHa Kato Ménage Problem. Ts e 3HaqUTEIHO TIO-TPY/IHA OT OCTAHAINTE 3aIaTN
B TO3U aii.

Bamaga 70. Ilo koKO HavYMHA MOTAT Jla CEHAT OKOJIO KPbIVIa Maca ¢ HOMEPUPAHHU CTOJIOBE
xopata OT N Ha 6poii KeHeHN JBOMKHN (OYeBHIHO CTaBa JiyMa 3a 2N JIyIIH), TaKa Ye ChIPY3UTe
OT HUTO €JIHa JBOIKa Jla He CeIdT Ha CbCEJIHU CTOJIOBE M OCBEH TOBA OKOJIO MacaTa Ja ce pPelyBaT
JKEHU U M'bKe, TaKa de Jla HIMa HUTO JBaMa MbXKe eJIUH JI0 JPYT, HUTO JIBe XKEHU €JIHa JI0 Apyra’

Pemtenne. Heka crosoBere okoo macara ca Homepupanu ¢ 1, 2, ..., 2n. Heka nbpBo cemgrar
mamure. OYeBUIHO €, We Te MOraT Ja CeIHAT WM CaMO Ha YeTHUTe, WM caMO Ha HEIETHUTE
Homepa. Ha gernumrTe HOMepa Te morar ja ceaHar mo n! maymHa. Ha Hedermumre, c¢bimo mo n!
Haunna. O6mo nma 2 X n! HadyMHa, 110 KOUTO MOraT Jia ceaHar jamure. /oTyk He cMe HapyIInIn
C HUIIO OTPAHMYEHUSTA HA TA3W 3a/1a4a, CJAe0BaATE/THO BCEKN OT Te3u 2 X N! HaunHa € Bb3MOXKHO
HAJYAJI0 Ha MPOIeca Ha csjaHe. 3a BCeKM OT Te3nm 2 X M! HadmHa, MbyKeTe Morar Ja CejJHaT Ha
CBODOHUTE CTOJIOBe—CIA3BaiKI OrpaHUIEHNATa Ha 3a/1a9aTa—II0 euH 1 ChIu Opoil Haunam. [a
HapedeM To3u 6poit g(n). OrropopsT e 2n! X g(n) u cera Tbpcum g(n).

Heka namure ca Dy, D,, ..., Dy, a mbxkere ca Hy, Hy, ..., H,. be3 orpanudenune Ha obmiHocTTa,
HEKa JIaMATe Ca CelHa/M Taka (KpbroBere 03HAYABAT HE3AETUTE CTOJIOBE):

Hexka mpenomepupame mecrara, KOUTO Ca OCTAHAIN CBOOOIHU C S7, S2, ..., Sy TaKa:
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Heka S osnavaBa MHOXKECTBOTO OT BCUYKM BB3MOXKHH, N! Ha Opoii, HAYMHU Jla CeJTHAT MbIKETe.
Haxown or Tax ca pasperenn, apyru ca 3adbpanenu. Besiko csgane oT S MoKe j1a UMa WIn J1a HIMa
BCAKO OT CJIEJHUTE CBOUCTBA:

P1: H] € Ha S7.

Pz: Hz € Ha S).

P.: Hy e ma s,.
Q]Z H] € Ha Sp.
Qz: H; e na s;.

Q31 H3 € Ha S).

Qn: Hy e HA S5,

Ha osnaumm MHOXKecTBOTO {P1, P2y ... Py Q1,Qz, ..., Qn} ¢ P. Tosa ca “Bpegaure” cBOMCTBA 110
OTHOIIEHKE Ha HallaTa 3aja4a, IIOHeXKe ca CBbP3aHu ¢he 3abpanenure cananus. Heka

S = {x € S| muro exnHO cBOICTBO OT P He € B cuiia 3a X}

OdeBuiHo g(n) = ‘§‘

KirouoBo Hab/mrofeHne e, 4e He BCsIKa KOMOMHAIIMsSI OT Te3U CBOICTBa € Bb3MOxKHa. Hampmmep,
HAMa KakK eJIHO Csijiane ja npuTekasa cBoiicrBara Py u Qa, 3amoro Py A Q, o3nadasa, 1de Ha S;
cesaT egHOBpeMenHo jBama aymu (Hy u Hy). Cbino Taka HaMa Kak eHO csane Ja uva P /A Qy,
3aIll0TO TOBa Ou o3HadaBaJj0, ue Hi cenm eanoBpeMeHHO Ha S1 U S,. CBOiiCcTBa, KOUTO € Bb3MOXKHO
J1a ObJAT eTHOBPEMEHHO H3II'bJIHEHH, Ie HapuiaMe Co6MEeCUMU.

IIpenn na nponb/xkuM ¢ perieHueTo, eJHo 1noscuenne. Harmara et e jta Hamepum 6po-
AT Ha HaYMHUTE K MbXKe Jla ce/THAT Ha 3a0paHeHH 3a TSIX MECTa U IOCJIe J[a MPUTOXKIM
NpHUHIATIA HA BKJIIOYBAHETO U H3KJII0OYBaHeTO. EcrecrecTBeHO, TYK ce mMMa IMPEIBHIT
moHe k MbKe Jla ca cejHAJIH Ha 3abpaHeHU 3a TSIX MecTa — MOXKe Jla HMa H JIPYTH
MBXKe Ha 3abpaHeHH MeCTa, HO ChC CUI'YPHOCT K ca Ha 3abpanenu mecta. Havepum jin
TO3U OpOIi, JJOBbPIIBAHETO Ha PEIIEHUETO € HEIO JIECHO.
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B koHTeKCTa Ha PEMeHHeTo, KOeTo 3all0IHaxMe, 3abpaHeHUTe KOH(PUTY DAITHH—a HMEH-
HO, csilaHUsITa Ha K MbKe Ha 3a0paHeHH MeCTa—ca, II0-TPY/IHH 3a IIpedposiBaHe B CPaB-
HeHme, HallpuMep, ChC 3abpaHeHHTe KoH(Hrypamnn 3a K dncaa B 3agada 62. B 3a-
Jraga 62 berre JIECHO: 3a BCSIKO 9HCJIO UMallle €JHO 3a0paHeHO MsICTO, TaKa de I10 (E)
HauynHa n3bupaxme K dmucja, KOUTO Jja CJIOXKHAM Ha 3a0paHeHH MeCTa, OCTAaHAJIATE IHC/Ia
ciaraxme 1o (n —k)! Haunna, u cbbUpaeMoTo B KpaliHUs OTIOBOP, KOETO ChOTBETCTBA
Ha k 3abpanenn cjaaranms, ce okaza (—1 )k(;:) (n —k)!. Tyk obaue 3a BCeKH MbXK HMa,
JIBe 3a0paHeHH MeCTa, OTK'BJIETO HJBAT YCJIOXKHEHHUSTA: II'bPBO, TOH HE MOXe Jia 'l
110J13Ba €JHOBPEMEHHO, U BTOPO, 3a BCSIKO MsICTO HMa JIBaMa MbKe, a He €JHH MBbXK,
3a KOHTO TO e 3abpaHeHo. BbBexkiaHero Ha ropecrioMmeHaTuTe 2N CBOHCTBa HHU JIaBa
BB3MOXKHOCT JIa OPOUM CHCTEeMATHIHO Oposi Ha 3abpaHeHHTe CsIaHus Ha K MbiKe.

KaKTO Be4de Ka3axmMe, TbpCUM 6p0§[ Ha CAJaHHATa Ha MbzKETEe, KOUTO HAMAT HUTO €IHO CBOMCTBO
oT m H_[e 'O HaMEpHUM CbHIVIACHO IIPUHIIWIIa Ha BKJ/IIOYBAHETO M U3KJ/IIOYBAHETO, HO IIPpUJIOZKEH II0
oTHolreHue Ha ejemenTuTe Ha B. Heka 1y e Opodar nauwnu jia nojioepeM k CbBMECTUMM CBOMCTBa
ot B. OueBuHO Ty € OPOAT Ha HAUYMHUTE K MbXKe Ja celHAT Ha 3abpaHeHn MecTa. Torasa

gm)=nl—rTn—N+rmn-2)—...+ (=) "r(n —n)!

Pemasanero na 3a/agara ce cBexKJa 10 HaMUPAHETO Ha Ty, KaTo GyHKIMS Ha k u n. OdeBuiHO
T1 = 2N, 3aI0TO KOraTo CTaBa JyMa 3a €JIHO CBOCTBO, HECHBMECTUMOCT HsiMa, Taka de 11 = [PB| =
2n. Kosko e 1,7 IIbpBo ja chobpasum, ue HechbBMecTuMu J1BoiKK coiictsa or P ca Qi u Py, Py u
Q2, QuuPy, PouQs, ..., Py uQpn, Qnu Py, Py Q. ToBa ca 0610 2n (HeHape/1eHN) TBOHKH.
Jla mapucyBame cjejHaTa JuarpamMa Ha eJeMeHTuTe Ha ¥ 3ae/JHO ¢ HECHhbBMECTUMOCTUTE MEXKIY
TAX:

P] Pz """"""""""""" Pi """"""""""""" Pn

& Q2 Q Qi s

Yeppenure JuHUN OTPa3dBaT (paxkTa, e Ha €JUH CTOJ HE MOXKE JIa CeJHe IMOBeYe OT €IUMH MbIK.
BesiernTe JUHUE O0Tpa3dBar (akTa, Ue eJMH MbK HE MOXKE Jla CeJlHe Ha I[oBede OT €JIUH CTOJI.
Babesexkere, 9e TOBa € KPbroB BEKTOD € 2N ejieMeHTa. Jla muraMe KOJIKO € T € ChIIOTO KATO Jia
muTaMe 1Mo KOJIKO HadrmHa MOXKeM Jia m30epeM J[Ba HEChCeIHU eJIeMEeHTa OT TO3U KPbIOB BEKTOD.
OrroBopbT 04eBHIHO € 2n(2n — 3), Thil KaTo 3a WbpBUsA U30paH MMame 2N Bb3MOXKHOCTH, a 3a
BTOpUs, caMo 2n — 3.

a pasriemame 1. Jla murame KOJIKO € Ty € CbIMOTO KATO Jia MATaMe 110 KOJIKO HAUMHA MOYKEM 18
us6epeM k eleMeHTa OT TO3M KPbroB BEKTOP, HITO JIBa OT KOUTO He ca cheeau’ . Ha cBoii pes Tosa e
C'BIIOTO KATO JIa UTaMe, KOJIKO KP'bI'OBU OYJIeBU BEKTOPA ¢ IbJRKUHA 2N umat K exununy u 2n—k

n—kik (2n—k\ _  2n (2n—k
HYJIM U HAMaT cbeeaan equuannm. CbriacHo 3agada 32, OTTOBOPHT € T;n—_k( 5 ) = ﬁ( 5 )
1 raxa,
2n (2n—k
Tk = —— (45)
2n—k k
IIposepka: npu K = 2 1031 u3pas crapa 213—7_‘2 (anz) = 23:2 X (zn_?gn_a =2n(2n—3),

KOEeTO CbBIIa/la C Be4e U3BEJCHOTO 3a T).

B TepMmunnTe Ha TeopusTa Ha rpaduTe, TOBA € BBHIPOCHT KOIKO K-aHTHKJIMKA UM B Ipadb-IIKbI ¢ 2N BbPXA.
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Toraga
2n [2n—1 2Zn (2n—2 2n 2n—n
—nl—_—— B B Y _2)— S DLl —n)!
gn)=n! 2n—1< : >(n ])'+2n—2( ) )(n D)l —...+(=T1) Zn—n< o )(n n)!
Hakparko,
_ 2n [(2n—k
= 1)k — |
S M e T L
k=0
OtroBopbT Ha 3a/avaTa e
= 2n [2n—k
2 ! 1) —k)! 4
et (3 () (46)

k=0

(46) e mozke Jia ce u3nos3Ba 3a N = 0 3apajiu JieJIeHeTo Ha HyJla B 3HaMeHaresd. 3a n =1 (46)
naBa —2, HO 3a N = | Ta3m 3aja4a e 6e3cMuCIeHa Taka Wik wHade. 3a N = 2,3,4,5 dopmynara
naBa cborBerHo 0, 12, 96 u 3120. O

Bamaua 71. Kosko crpunra uma #aj azoykara {0, 1,2}, B KouTo mMa TOYHO JBe OYKBH OT BCEKU
BUJI I HAMA ChCEJIHU €JIHAKBU CUMBOJIH !

Pemenne. bBes IIOCJIEIHOTO OI'paHUYIEHUC, 6pOHT Ha CTPUHI'OBETE CbIVIACHO IIPaBUJIOTO 3a 6pOH
Ha 11epMyTallii C IIOBTOPEHUA €

6!

32121 =70

Heka yauepcymsbT U 18 € TOBa MHOXKECTBO — CTPUHIOBETE C TOYHO JBE A-Ta, JIBE b-Ta U JiBe C-Ta.
Hexka nedunupame ciaemnure mnoamuozkecrsa Ha U.

e N; e OposAT Ha CTPUHIOBETE C €IMH M CHIU CHMBOJI Ha MTO3UIUN 1 1 2,
e N, e OposAT Ha CTPUHIOBETE C €IMH M CHIU CHMBOJI Ha MMO3UIUN 2 1 3,
e N3 e OposAT Ha CTPUHIOBETE C €IWH W CHIU CHMBOJI Ha mo3uimn 3 u 4,
e N, e OposIT Ha CTPUHIOBETE C €IUH U CHIU CUMBOJ Ha mo3uiun 4 u 5,
e N5 e OposAT Ha CTPUHIOBETE C €JIMH M CHIU CHMBOJI Ha MTO3UIUN O 1 6,

e N;3 e OpoAT Ha CTPUHIOBETE C €IWH W CBHIIU CHMBOJI Ha IO3UIMA | U 2 U €UH U CbIIH
CUMBOJI Ha 103Ut 3 u 4,

e N;4 e OpoAT Ha CTPUHIOBETE C €IWH M CbHIIM CHMBOJI HA IO3UIMK | U 2 U €JUH U CbIIH
CcUMBOJI Ha mo3uiun 4 u 5,

e N5 e OposAT Ha CTPUHIOBETE C €JMH U CbIIU CUMBOJ Ha HO3UIMU | U 2 U eIuH U CbIH
CHUMBOJI Ha, TO3UIAHA 5 1 6,

e N,4 e OpoAT Ha CTPUHIOBETE C €QWH W CbHIIM CHMBOJI HA IO3UIMA 2 U 3 U €JUH U CbIIH
cUMBOJI Ha no3uiun 4 u 5,

e N,5 € OpoAT Ha CTPUHIOBETE C €JUH W CHIM CHUMBOJI Ha IO3UIMUA 2 U 3 U €JUH U CbIIH
CHUMBOJI Ha HO3UIUNA 5 U 6,
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e N35 e OpoAT Ha CTPUHIOBETE C €IWH W CHIIU CHMBOJI Ha IO3UIMA 3 U 4 U €UH U CbIIH
CHUMBOJI Ha, TO3UIAKA 5 1 6,

e Nj35 ¢ OpoAT Ha CTPUHTOBETE C €IUMH M CBIIU CHMBOJ Ha HO3UIMHU 1 M 2 W €IUH U CHIH
CAMBOJI Ha MO3UINN 3 U 4 U eIUH U CHIIY CHUMBOJ Ha IO3UIME D5 1 6.

C%FHaCHO HpI/IHHI/IHa Ha BKJIIOYBAaHE N I/I3KHIOLIBaHe7 T’bpceHI/IHT OTFOBOp (§]
N=[U—(N;+Ny+...4+Ns5)+ (Ny3+Nyjs+... +N35) —Ny35

Babenrsassame, ue Ny = 3 X (g), Tbil KATO UMa TPU BbH3MOKHOCTHU 3a CHMBOJIA Ha I'bpPBa W BTOPA
MO3UIINS, & Ha OCTAHAJUTE YeTHPH IO3UIUU CJIaraMe JIBa CUMBOJIA OT JPYT BUI U JIBa OT TPETH
Bua. Torasa N; = 18. 3abensassame, ue Ny = Ny, = ... = Ns.

Ocsen ToBa, Nj3 = 3 X 2 X 1 = 6, 3a10T0 NMaMe TPH BB3MOKHOCTU 3a CUMBOJIA Ha II'bPBa
1 BTOpa IO3UIMsI, OTTYK JIB€ Bb3MOKHOCTH 3a CHMBOJIA Ha TPeTa W YeTBbPTa MO3UIMSA, U CaMO
eJlHa Bb3MOXKHOCT CIIPSIMO JIOCETa HallpaBeHuTe W300py 3a CUMBOJIA Ha OcTaHajuTe (IeTa u ImecTa)
nosurun. Cbimo Taka, Ni3 = Njs =... = N3s.

Hakpas, Nj35 = 6 ¢ anajgornuan cbobpazkenud. Vnvame

N =90—(5x18) + (6 x 6) — 6 = 30
0

Bamaua 72. Pasrenaiite Benuku gymu ¢ abikuaa 100 Has 6birapekara azdyka (nma 30 6yksn).
“Jlyma” B ciydast e Besika rocsegoBarenocT or 100 OyKBU, a HEe UCTUHCKA, JyMa OT ObJArapCKUs
e3uK (Hafi-MaJKOTO, Ha ObJIFApCKU HsAMa JyMH ¢ TOJIKOBa OyKBH). A30yKaTa nMa eCTeCTBeHa MOJI-
pesiba Ha OYKBUTE OT & KbM 4.

e Kosiko ca pasimaHuTe JyMu, B KOUTO CpeIainuTe ce OYKBH ca BbB BB3XOJMI peJl (OTIABO
HaJISICHO) 7

e Kouko ca pazimunuTe IyMH, B KOUTO BCSKa OYKBa Ce Cpella MoHe BeJIHbK U OyKBHUTE Ca BbB
BB3XOJIAI, PeJl (OTJISBO HAJSICHO)?!

e KoJako ca pa3jndHuTe AyMH, B KOUTO BCAKa 6yKBa Ce Cpe€llla IIoHE Be,ZLH’b}K?

e Kosko ca pasjmyuuTe JyMH, B KOATO BCAKA IVIACHA Ce Cpella IoHe BeJanbxk! [tacaure ca
@), [&). [0), [y} [e] n [u]

Pemrenne.

o MoxkeM Jj1a MUCTIUM 32 T€3U JIyMU KATO 3a MyJITUMHO2KecTBa OT 110 100 ejleMeHTa HaJ1 OIMIOPHO
MHOKecTBO oT 30 estemenTa. ToBa ca Koudurypamnun 6e3 Hapeada, ¢ TOBTaApsIHe U OPOSIT UM
e

100+ 30 —1

( 30 1 =60284731216266553 294577 246 880

e MozkeM Jla MUCJIUM 3a Te3U JIyMU KaTo 3a MyJaTuMHoxkecTBa or 110 100 eemenTta HaJi omop-
HO MHO2KecTBO oT 30 ejleMeHTa, KaTo MYJITUMHOXKECTBATA ChIbPKAT 38/ b/IKUTETHO MTOHE
[0 €JIUH €JIEMEHT OT OMOPHOTO MHOXKECTBBO. OQUEBUIHO TE€3U MYJITUMHOMXKECTBA Ca KOJKOTO
mysituMHOkecTBaTa ¢be 100 — 30 = 70 enemenTa HaJ OMOPHO MHOXKeCTBO OT 30 ejieMeHTa.
Bposar e

(70 +30—1

N ) — 8811701946483 283447189128
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e Bcgka or Te3n mymu ¢bOTBETCTBA Ha TOIHO e/1HA ciopekiust ¢be 100 eremenTen momeitn u 30
enemMeHTeH KojomeitH. KakTo Bujsgxme B perrennero Ha 3ajiada H6, OposiT HA CIOPEKITHUTE C
M eJIeMEeHTeH JIOMEeH 1 M eJleMeHTeH KOJIOMERH e

> ()t
k=0
Torasa TbpceHUAT OTTOBOD €
30
Z(_] )k (3]:’)) (30 o k)lOO
k=0

Yucyienust orroBop uma 148 nmecerununn mudpu:

1725811513043 979316767 735 372054 850 360 566 139
467 808 929 990837105470 974 552 361 365 055 161 249
233420623 865343 547 300 656 708 665 607 104 743 811
933447 546470400 000 000

e OTroBopbT ce MmojIydaBa KaTo B 3ajada H8, KaTo JoMefHbT X ca CToTe HO3UINN, KOTOMEHHBT
Y ca TpumecerTe OYKBHU, & MHOKECTBOTO Z ca IeCTTe IIaCHU:

° 6
Z(_] )k (k) (30 o k)100
k=

0

Karo uucso, orroopst uma 148 neceruvnu mudpu:

4186 848268232717 069 508 448 697 546 078 643779 703
210653 217 353 880557 117558 817 629 650 196 245 532
260080014 829123 140299115253 887760051 816719
640425 081 283 359 354 880

Samaua 73. Pasrienaiite cieanara nmpaBobIlbIHA MpeXKa:

-

Pazrienaiite Bcuuky npuIBUKBaHUS B Hesl, B KOUTO TPpbIBaTe OT JOJHUS JIsIB bI'bJI, MAPKUPAH C
JK'BJIT KP'bT, ¥ IPUCTUTATE B TOPHUS JIECEH bI'bJI, MAPKUPAH CbhC 3ejieH Kpbl. Pa3perienu ca xooBe
caMo Harope M HaJIgCHO 110 MperKaTa, ChbIo KakTo B 3aja4a 45. Koyiko oT Te3u npuaBuKBaHus
MHUHABAT IIPe3 IIOHE eJIHa OT TPUTE IIPECedKH, O3HAUYEHH ¢ KasaBU KPbrope?

Pemienne. la nomepupame TOYKHUTE P1, P2 U P3:
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¢

Heka Ny e MHOXKeCTBOTO OT IpHJIBHXKBaHUSATa, MUHABaIM 1pe3 Px, 38 1 < k < 3. Tupecum
IN7 U N, U Nj3|. CbrytacHO npuHImIIa Ha BKIIOUBAHETO U U3KIIOYBAHETO,

IN7 U N2 UN3| =[Ny 4+ [N2| + N3/ — (IN7y 0Nz + [N2 N N3+ [Ny A N3|) + [N 0 N2 N Ng|

Nmame:
Ny - (3?) (“’;5) — 30030
N2 = <6I4> (77;3) = 25200
INE = <105+5> <3J2r2> = 30030
N7 NNy = (3;2) <3;2> (7?) = 12000
N2 N N3 = (614) <4T1)<3;2> = 10500
Ny N N3 = <3;2> (7;—3> (3;2) = 12000
INy NN, N3l = <3;2) (3;2> <4T1>(3;2> = 5000
OrrosopsbT € 55760. O

Samaua 74. Ilo konko naunaa moxe Jlsmo Kosena na pasgane 19 pasianaau mogapbKa Ha 6 JIe1a,
Taka de BCAKO JIeTe Jia MOJIyUIn IIOHEe JBa MmojapbKa’

Pentenune. 3ajadara e gacteH ciydail Ha 3ajiadaTta, Koiko ca dyuknunte f : X — Y, Takupa 1e
Ve € Yda,b € X:a #bAf(a) = f(b) =c, ako [X| = m u |Y| = n. Moxem j1a HapedeMm Te3u
dyHKINN, “IBYKPATHU CIOPEKIINN ', Thil KATO BCEKU €JIEMEHT OT KOJIOMeliHa TpabBa ja € “nokput’
OT TIOHE JIBa PA3/IMYHU €JIeMEHTa OT JIOMEeHa.

Permenunero ce nosiydaBa Upe3 MpUHIMIA HA BK/IIOYBAHETO W M3KJIIOYBAHETO, aHAJOTUIHO HA
obukHoBenuTe ciopekinu. Cera obade TpssOBa J1a ¢bOOPA3UM 110 KOJIKO PA3IUIHM HAUNHA MOXKE
JTaJIeH eJIeMeHT OT KoJoMeitHa 1a Obae “Hapymuresn . [Ipn 0OnKHOBEHUTE CIOPEKIINN Ja eH eJIEMEHT
MOXKe Jla € “HapymuTes’ 10 €JWH HAadYuH: jja He e oOpa3 Ha HHUKOW ejleMeHT OoT JjoMeiHa. IIpu
JIBYKPATHUTE CIOPEKITMU MOXKe Ja € “HapylnuTes 10 JBa HaYWHAa: Ja He € MMOKPUT U3001110, WK J1a
e TMIOKPHUT caMo BedHbK. OTroBopbr-dopMmysia e

£ (@ (0)f=-0) o)

CpaBrere T0O31u n3pa3s ¢ popmysara 3a OPOs Ha CIOPEKITUUTE:

> () (49

n
k=0
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n k/m
Ha aprymentupanme (47). Hacrra | Y ¢ (—1)%(}) | e cbmara B (47) u (48), 3amoro e cebp3aHa ¢
IPUJIAraHeTO Ha IPUHIAIA Ha BKIIOYBAHETO M U3K/II0YBaHETO: HapymmTeaure ca or 0 10 N, 3a K Ha

o k n
6poil HapymuTeIs chbOupaeMoTo € ¢he 3HaK (—1)%, u uma (k) HadMHA Ja n3depemM K HapyIIuTe s

ot 0610 N esiementa. [lo ornomenne Ha (48), pascbikieHneTo 3a MHOXKUTEA | (L — k)™ | e MHOTO

IIPOCTO: TOBA € OPOAT Ha BCUUIKHU (PYHKINH, 6e3 OrpaHuIeHus], OT M-eJeMeHTeH goMeiia B (n —k)-
eJIEMEHTEH KOJIOMENH.

[To ornommenue Ha (47), pa3CbKJICHUETO 38 MHOKHUTEJIsI Zlf:o ((1;) ( ;z)(m — t)) (n— k)m_1>
e Mo-CJI03KHO. Becekn or Te3m K Hapymmrest MOXKe Ja € HapyIIuTe I 10 €IUH OT JIBaTa HAaYHHA:
MOXKE JIa € He e IOKPUT M300II0, I MOXKe Jia € HOKpHUT eaHokparHo. Heka 1 e Oposar Ha Te3un
HapPYIIUTE/IN, KOUTO ca MoKpuTu emxHokparHo. Cymupame 3a L = 0,...,K ¢be cireganTe chobpa-
JKEHUS.

e [Ipu 1l =0 Bcuuku k Hapymmure/in He ca MOKPUTU U300I10, U CHOUPAEMOTO CTABA

0—1
[[m=t) -k =1x1xn-K"=n-Kk"

t=0

k
0

TOECT TOYHO KOJIKOTO € ChOTBeTHUs MHOKUTE B (48). TyK mMaMe uTeprpaHo Mpon3BejieHne
0—1 .
o (M —1), B KOETO MH/IEKCHATA IIPOMEH/IMBA B3eMa CTOHHOCTH OT IIpa3eH MHTEPBAJI; 10
neduHUIA, TAKOBa IIpou3BeeHne e 17,

e [Ipu 1 = 1 umamMe TOYHO eqWH HAPYIIUTE, KOUTO € MOKPHUT €IHOKPATHO, & OCTAHAJIITE
HAPYIIUTE/IA He ca HOKPUTU n300I110. To3u HapyImmTea MOXKeM Jda u30epeM IIo (]]‘) =k
HaunHa. Tbit KaTo e HOKPUT €IHOKPATHO, HAPYIIUTEJAT € 00pa3 Ha TOYHO €IUH €JIeMEHT OT
JIoMeiiHa, KOWTO MOXKeM Ja u30epeM 110 Hl;g (m—1) = m maunna. Muoxkurensar (n—k)™!
UJBa OTTaM, Y€ 3a OCTAHAJIATE €JIeMEHTH OT KOJOMeiiHa—Te31, KOUTO He ca HapylIuTe I u—
pasriexkaaMe BCHIKn GyHKIun 6e3 orpanudenus or (m—1)-eJ1eMeHTeH JOMERH B TAX. 3aIo
(m — 1)-esrleMenTen? — 3aI0TO TOYHO €IMH €JIeMEHT OT JoMeiiHa OuBa “M3mo/3BaH’, 3a 4
ObJie n300pa3eH B €JIMHCTBEHUS HAPYIIUTE], KOUTO € MIOKPUT €THOKPATHO.

CnbupaemoTo craBa

1-1
[[m-t)m-—K"" =kxmx n-km™"
t=0

k
1

e [Ipu | = 2, mapymmrenuTre, MOKPUTH €THOKpATHO, ca 2. Tax MoxkeMm Ja m3bepeM 1o (;)
HaurHa. [To m(m — 1) maunna Moxem jia uzbepeM J(Ba ejleMeHTa OT JIOMelHHa, KOUTO Ce
n300pa3gBaT B TE3W JiBa HapylmTess. Baxno e ga 6bje pazdpano, de To3u Opoit € UMeHHO

m(m—1), ane (g‘), 3aI[0TO UMa 3HAYEHUE KOii eJleMeHT (0T J[BaTa) OT JIOMeiiHa BbPXY KO OT

2-1
JBaTa Hapymures ce n300passasa. C apyru gymu, Muozkurensr e | [—,(m—t) = m(m—1).
Tbit KaTo Bede U3I03JIBaXMe JIBa €JIEMEHTa OT JOoMeiiHa, ocTaBaT M—2 eJIeMEeHTa OT JOMEHHa,
TaKMBa, 9e 3a IOCJICIHNAS MHOKUTE Pa3TIeKaaMe BCUIKKY (DYHKINUU OT TIX BLpXy (n—Xk)-

eJIeMeHTeH KOJIoMeilH, KouTo ca Ha 6poit (n — k)™ 2. CnbupaemoTo crasa,

2—1
[[m-t |-k =
t=0
J(T’bIU/I KaTo ] € HEYTPAJHUAT €JIEMEHT Ha oOllepalludTa YMHO2KEHHUE. AHaJIOI‘I/I‘IHO7 UTepupaHo CyMupaHe, IIpu

KOETO MHJEKCHATA ITPOMEHJINBA B3€Ma CTOWHOCTH OT Ipa3eH mHTepBaJ, e 0, monexxe O e HEyTPAJTHUST €JIeMEeHT Ha
cbHOUpaHeTo.

k

5 xm(m—1) x (n—k)™?

2
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e [Ipu | = 3, mapymmrenure, MOKPUTH €THOKpATHO, ca 3. Tax MoxkeMm ja muzdepeM 1o (1;)
nauuna. [To m(m—1)(m—2) naunna MozkeM j1a u30epeM TPH eJIeMeHTa OT JIOMeiiHa, KOUTO ce
n300pa3gBaT B T€3U TPU HAPYIIUTEI; a He 110 (?) C npyru aymMu, MHOKUTEJIAT € Hi:; (m—
t). T'bit KaTo Bede M3IO3JIBaXMe TPHU eJIEMEHTa OT JOMeiiHa, ocTtaBaT M — 3 eJleMeHTa OT
JIoMeiiHa, TaKUBa de 3a MOCIeIHUST MHOXKHUTET Pa3riiesK1aMe BCUIKH (PYHKIIUNAN OT TSIX BbPXY
(n — k)-esremenTeH KojioMeiin, KonTo ca Ha 6poif (n — k)™ 3. CnbupaeMoTo crasa

K\ (1= K
(3> H(m—t) (n—k)™3 = (3) xmm—1)(m—2)x (n—k)™?
t=0

e 11 Taka HararbK.

C ToBa 0boCHOBaXMe MHOXKUATEJIS

k K 1-1
> ((3) (TTm-0 ) im0

1=0 t=0

[Ha pasrnegame manbk npyuMep, No-ManbK OT TO3U B 3aja4aTa. Heka goMeliHbT nMa 8 enemeHTa 1 KOLOMENRHBT
uma 4 enementa. OueBMAHO, ABYKPATHN CIOPEKUMM UMA. TexHUsT bpoii e

+1x (1 x1x4%)

—4x (I1x1x34+1x8x3)

+6x(IxTx284+2x8x2"4+1x x 2°)

—Ax (Ix1x1843x8x1 43 x x 1041 x x 1°)
+1x(I1x1x0%4+4x8x0°+6x x 0% 44 x x 07+ 1 x x 01) =
2520

B TPW Pa3Nn4HN UBATaA Ca OUBETEHU TPUTE MHOXWUTENA Ha

(Tl o k)mfl

U raka, obocHoBaxme dopmysnara (47). Ako 3amectum M ¢ 19 U M ¢ 6 U U3BBLPIIUM U3UUCTIE-
HusTa, nojaydaBame orroBop 183421913875200. Tosa e OpodT Ha HaYMHUTE 3a pa3aBaHe Ha
OJIaPBITUTE. Ol

Bamaua 75. lagenu ca muoxecrsara A = {ay, ap}, B ={by,bs}, C ={c1,c2}, D ={d;,dy} u E =
{e1, e2}. a ru napeuem dometinume. Kosiko ca penanuunre ot Buja R € A xBx Cx D xE? 3a kosko
OT TSX € M3II'bJIHCHO, Y€ 3a BCEKN JOMEHH, BCeKM HEroB €JIeMEHT Ce CPella B IOHE eJUH CJIEMEeHT
na pesnanuara’ 1 ma gsara Bbipoca or Bac ce oyaksa ma gajere oTrosop-hopMmysia, KOWTo Ja
Obae 100pe 060CHOBaH, MOCIEABAH OT OTTOBOP-YMCIO. AKO MMaTe IpaBUIEH OTrOBOP-OpMyJIa,
JIABAHETO Ha YUCJICH OTTOBOP € TpUBMAIHO. MoxkeTe j1a M310J/3BaTe OOUKHOBEH KAJIKY/IATOD HJIN
KaKbBTO U J1a € coTyep, 3a Ja HOJyInTe IUCIATA.

Pentenne. Bceuykn BBH3MOXKHEM peJlaliuid ca 225, nmonexke ejgementure Ha A X B x C x D x
E ca 2°, u BCeKm OT TAX MOKe Ja IPHCHCTBA WM Jla He IPHCHCTBA B PETAIlIATa HEe3aBHCHMO
or apyrure. JIpyr Haumn ja ce m3Beie pe3yATATHT € HaOJIOJACHUETO, Y€ CHINECTBYBA OYCBUIHA
Ouekrusl MexK1y OyJieBuTe (PYHKIIUU Ha €T MPOMEHJIMBU U BBIPOCHUTE peJIaIu. JucjaeHusT

otrosop e 4294 967 296.
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8a ma moJyduM BTOpPHSA OTTOBOP, OT TO3HW OPOI Ie M3BaJ UM Oposi Ha peJiallunuTe, 3a KOUTO €
BSIDHO, 1€ He CbbpKaT IIOHE €JUH eJIEMEHT OT IIOHE eJIuH OT JoMmeliHuTe. ToBa Ie CTOPUM CbhI-
JIaCHO MeTOJIa Ha, BKJIIOYBAHETO UM m3K/I0uYBaHeTo. Ma enna ocobenoct: yauBepcyMbT U Heama 1a
€ MHOXKECTBOTO OT BCHUYKH peJIallii, a MHOXKECTBOTO OT BCHYKHU pejaluu 0e3 Impa3HaTa peJia-
5
nusi. Crienosarenno, |U| = 22 — 1. Heka T € MHOXKECTBOTO OT Te3u HeIpa3HU peJlaliii, KOUTO
HE CbIbPZKAT IMOHE eIuH CUMBOJI OT A, Tg € MHOXKECTBOTO OT Te€3U HEIPAa3HU peJIalliid, KOUTO He
CbIbPZKAT ITOHE eIUH CUMBOJI OT B, 1 Taka Hararbk. Hue Thpcum |TAﬁTB NTcNTpNTe ‘ CroritacHo
HNPUHIIAIA Ha BKJIOYBAHETO U U3KJIOIBAHETO,
|TA NTgNTcNTpN TE| = [U| = (ITal + [Ts| + [Tc| + [To| + [Tel)
+ (|TAﬂTB|+|TAﬁTc|+|TAﬂTD|+|TAﬁTE|+...+|TD ﬂTE|)
—(TanNTgNTel+...+|TcNTp N Te|)
+(TaNTeNTeNTpl+...+[TeNTcNTp N Tel)
—TaNnTgNTcNTp N T

Ot 001 ¢boOpazkeHusi € SICHO, U€ BbB BCsIKA OT CyMUTEe B CKOOW CbOMpaeMuTe Ca PABHU, TaKa 1e

_— = = 5
|TAmTBﬂTCﬂTDmTE|:|U|—(1)|TA|

5
T T
—|-(2)|Aﬂ Bl

_ @m ATy Tl
5
+Q)hmﬁm%mm

5
— (5>|TAQTBHTCHTDQTE|

Ha mamepum |Ta|. T'bit KaTo pasriexjjaMe HellpasHUTE peIalldd HaJl IeTTe JoMeiiHa, IoHe eJIuH
eJIEeMEHT OT A IPUCHCTBA BbB BCEKH €JIEMEHT OT KOs Jia € OT pasriexkjaanure penarun. CrenoBa-
TEJIHO ThbPCUM Oposl Ha PeJIalMUTe, B KOUTO IIPUCHCTBA TOYHO €IUH OT {a, ap}. Bewdku nenpasnn
peJianyu, B KOUTO KaTo IpejAcTaBuTe) Ha A e caMo ap ca 22 1. AHaJTOrTIHO, BCUYKU HEIIPA3HH
pesannum, B KOUTO KaTo MPeICTaBUTeN Ha A e caMo a; ca 22" 1. Tesn mHOMmeCTBA HAMAT folJuinis

4 4 4
eJIEMEHTH, CJIEJOBATENHO 110 IPHHIMIA Ha pastusanero, [Ta] =22 — 1422 —1 =21 <22 — 1).

Ha namepum [TaNTgl. C anajgornynm pascbKIACHUS CTUTAMe JI0 U3B0JIA, 9€ KATO [IPEICTABUTE)I
Ha A IpUCHCTBa TOYHO €IUH OT {a7, Az}, a KaTo mpeacraBuTes Ha B, Touno exun or {by, b,}. Tosa
JlaBa 0OII0 YETUPHU BHb3MOXKHOCTH 3a TOBa, KOUTO IpejcTaBuTean Ha A u B ce cpemar. 3a Beska

OT TAX, HEIPA3HUTE PeJIaIun ca 22 1. Crenosarenno, [Ty N Tg| = 22 (223 — 1).
C amasorn4nu pascbxkaenus, [Ta N Tg N Te| = 23 (222 — 1), TANTgNTecNTp| =24 (22] — 1)

0
nTaNTgNTeNTp N T =2° <22 — 1). 3a ImpoBepKa, HOCICIHIAT U3pa3 € 2°, KOeTo € TOTHMAT
Opoil Ha Helpa3HUTEe PeJalii, HeChIbPKAIIU TOYHO €JIMH €JIeMEHT OT BCEKU JOMEIH.
1 taka, orroBopbT-hopmyIia e

d 5
1k k [(H257%
S (-1 ( k) 2¢ (22 1)
k=0
Otroopbr-unciio e 4294 321 153. Toit MoxKe J1a ce TOJIydn JIECHO € JPKOOEH KAJIKYJIaTOp, HO MOXKE
Jla ce M3I0JI3Ba U clrienuaan3upan codpryepen naket, Haipumep Maple ¢ komamnara
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sum((-1) “k*binomial (5, k)*2"k*(2~(2~(5-k))-1), k =0 .. 5);

S
Bamaua 76. Heka S = {a, b}. IIpunonmuere cu, e “bamumnus nam S” e BCeKH eJeMenT Ha 27 .
1. Hamurere B siBeH B BCUYKH (haMUINKA HAJT, S.
2. Hanumiere B siBeH BUJI BCUYKM HOKPUBAHKUSA Ha, S.

3. Nsno/sBaiikn KOMOMHATOPHUS IPUHITUIT Ha BKJIIOYBAHETO W U3KJIIOYBAHETO, HaMepeTe (hop-
MyJ1a 3a 6post Ha MOKPUBAHUSATA Ha IIPOU3BOJIHO N-€JIeMEHTHO MHOXKECTBO, KbiaeTo N € NT.

4. SamecTeTe M ¢ 2 B TOKY-IIIO W3BejeHaTa (opMy/aa W Hamepere YHUCIeHATa CTOWHOCT. s
CbBIAJIA JIX ¢ OPOsi Ha IMOKpUBaHUsATA Ha S?7

Pemenne. Ouesunno

25 = {0,{a}, {b},{a, b}

Ero Benukn pavuiun waz {a, b}:

Fy =0
Fr={0} F, = {{a}} F; = {{v}} F, = {{a,b}}

Fs = {0,{a}} Fe = {0,{b}} F; = {0,{a, b}}

Fg = {{a},{b}} Fo = {{a},{a, b}} Fio = {{b},{a, b}}

Fii = {0,{a},{b}} Fiz = {0,{a},{a,b}} Fi3={0,{b},{a,b}} Fu = {{a},{b},{a,b}}

Fis = {@» {a}> {b}) {(1, b}}

He Beuuku davumum msmexiy Fo, ..., Fi5 ca mokpusanus. IIbpBo, moKpuBaHugTa HE MOXKE Jia
CbIbpKAT KaTo eJieMeHT Ipa3Horo MHOxKecTBo. Torasa Fq, Fs, Fg, F7, Fi1, Fi2, Fi3 1 Fi5 HE ce
nokpuBanug. Bropo, obennHeHneTo Ha eJleMEHTUTE Ha NOKpuBaHe TpsiOBa na e {a, b}. Torasa Fy,
F, u F; cbmio #e ca nokpuanusi. ToraBa mokpusanusTa ca F4, Fg, Fo, F1o u Fi4:

Fy = {{a) b}} Fg = {{Cl}, {b}} Fo = {{a}){a>b}} Fio = {{b},{(l, b}} Fiy = {{(1}, {b}){a>b}}

Cera ja HamepuM OpOs Ha IIOKPHUBAHUSATA Ha T-€JeMEHTHO MHOXKecTBO Heka mmero Ha MHOXKeC-
tBOTO ¢ A. Jla KaxkeM, 4e A = {aj,...,an}, kKaro 1 > 1. Bnaewm, ve |2*| = 2". Torasa 6posT

211
Ha Bcmuky amuaun Hajl A e Touno 2° . IlokpusanusaTa obade He MOXKE JIa ChIbPKAT IPA3HOTO
MHOXKeCTBO, a 3HaeM, e () € 2. Ouesnno e, e 24\ 0] = 2™ — 1.

N taka, yHUBepCYyMBbT 3a IeiUTe Ha Tas3u 3ajada € U = ZZA\‘B, karo |[U| = 22", Babesexe-
Te, 4e YHUBEPCYMbT ChIIbpxKa IpasHara ¢gamuausd {}, ToecT IpasHOTO MHOXKECTBO; TOBa, KOETO
YHIBEPCYMBT HE MOXKE J1a ChIbpKa, e, npumepno, {{ }} = {0}.

EcrecrBeno, He Bcekn esiemenT Ha U mpeacrasisBa mokpuBaxe. OT MOIIHOCTTa HA YHUBED-
cyMa Ie U3BaJIuM Opost Ha (haMUJIMUTEe, KOUTO He MOKPHUBAT OIMOPHOTO MHOMKECTBO B CMUCHJI, Ue
obeauaenrero uM He e A. Ille HampaBuM TOBa M3BaXKJIaHe CHIVIACHO IPHUHIIMIIA HA BKJIIOYBAHETO
1 U3KJII0IBAHETO.

Heka X; e muoxkectBoTo OoT (pammiauute or U, KOUTO He MOKPHUBAT di, 3a IPOU3BOJIHO 1 €
{1,...,n}; ¢ npyru aymMu, KOUTO HE ChIIBPIKAT €JIEMEHT, ChbpzKall a;. ToraBa X; € MHOXKECTBOTO
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or damumure Ha A\{a;}, KouTo He ChabpKAT IPa3HOTO MHOXKeCTBO. T'bii kKaTo |A\{ai}] =n—1,
2A\Maih g

Bcunae Xy =2 . Torasa

an=1_4

Xil =2

Tosu pesysrar octaBa B cuja jiopu npu n = 1: Torasa JisicHaTa CTpaHa € 1, KOeTo € KOPEKTHO,
HoHeke (paMuinsiTa, HEMMOKPUBAIIA €IMHCTBEHUST €JIEeMEeHT ay, € { }.

Torasa X; N X; e MHOKecTBOTO OT pamuauuTe oT U, KOUTO He IIOKpUBAT A; ¥ He IOKPUBAT qj,
3a HAKakBU 1 1 j, TakuBa ve 1 <1< j<n. B cunae

24

X;n Xl =27

U nzobmo, Xi, N---N X, e MHOKecTBOTO OT bamuauntTe or U, KOUTO He MOKPUBAT HUTO €/IUH
OT eJIeMeHTHTE G, ..., Qi , 38 HAKAKBH 11, ..., i, TakuBa e 1 < i; < -+ < i < N, KbJeTO
1<k<n. Bcume

an—k_g

Xi, N NXy | =2

HpI/IHL[I/IH’bT Ha BKJIIOYBaHE€ W U3KJIIOYBaHE Ka3Ba, 1€ TbPpCECHUAT OTTOBOPD €

n n n—k_
> )k(k) XN nXyl= ) (] )k(k) z 49)
0<k<n 0<k<n

kbgeTo npu K = 0 cubupaemoro e [U|, a muoxurenar () e pasen na Gposi Ha HadMHHHTE Ja
uzbepeM iy, ..., i or {1,...,n}

U nakpast, nma u3uncanm croitHocTTa Ha (49) nmpu n = 2:

X 2 27k
(-

0<kL2

2 22-0_4 2 22-1_4 2 22-2_4
(—1)"(0)2 +(—1)‘<])2 +(—1)2<2)2 =

ITx I x 2 4 (—)x2x 2 " 4Ix1x2 "=
24—1 — 2% 22—1 +21—1 —

8—4+1=

5
W mamcTuHa, HEe HaAMEPUXMe TOYHO IeT MOKpUBaHus Ha {a, b}. O
Samaua 77. Heka A e 3aTBopeHusar uarepsal [d,..., b, kbaero a,b € NT ua < b. Heka k € N*

n k < a. Kosnko guciia or A ce jenar Ha k?

Pentenue. Heka ny e Tbpcenoro KoaumdectBo. JlecHo ce BuXKa, e Hall-MaJKOTO YHCJIO, I10-
roJISIMO WJIM PABHO Ha Q, JeJ4I0 ce Ha K, e k - (%W, U Hal-roJISIMOTO YHCJIO, TO-MAaJIKO UJIA PABHO
Ha b, fgessmo ce Ha b, e k- L%J . ToraBa Ny e TOIHO OPOAT Ha IEJINTE YUCIa B 3aTBOPEHNS MHTEPBaJI
[k . {%W N L%H, KOETO € Ha, CBOIi PeJl € ChbIIOTO KaTo OPOAT Ha IeJIUTe YUCIa, JEIAI ce Ha

k, B 3aTBOpEHMs UHTEPBAJI Hﬂ ey LEH, TOECT L%J — (%W + 1. O

Bagada 78. VsnoasBaiiku pesyarata or 3ajada 77, OTTOBOpeTe KOJIKO JeBeTiudpenn (B Jece-
TUYHA [TO3UINOHHA OPOiiHA CHCTEMa) IHC/Ia Ca B3aUMHO MPOCTH ¢be 1657 JIBe 1esn motoKuTe THn
YHCJIa ca B3aUMHO IIPOCTH T.C.T.K. Hafl-rojeMudaT um o011 jgeures e eaunninara. He e Heobxoammo
Jla JaBaTe ducjeH OTTOBOP.
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Pemenue. 165 uma ciennarta dhakropusaiius Ha mpoctu MHOKUTen 165 = 3 x 5 x 11. Tlura
ce, KOJIKO 1esin yucsia ot unrepsasa [100000000,...,999 999 999] ue ce aensar auro Ha 3, HUTO
Ha 5, HuTo Ha 11. Heka My e 6posT Ha 4mcaaTa OT TO3W WHTEPBAJI, JIEJIAIIN ce Ha K, 38 HIKAKBO
IIS1JIO IIOJIO?KUTEJIHO K.

CwriacHo pesyarara oT 3ajada 77:

999 999 999 100000 000 ]

Rl e e e + 1 =900000000

o= 999939999 B _100020000_ 1 — 300000000

e = 999929999 B _1000(5)0000_ 1 = 180000000
- 9999]919999 B _10001010000_ 181818181
s = _9999]959999— _ _10001050000_ 1 — 60000000
aur = 99993939999 _ _100(;030000_ 1 =27272727
MN5x11 = 792999977 959; Ay _—] 00 05050 0007 +1=16363637
N3x5x11 = _—999?22999_ — _—100(1)(6)2000_ + 1 =5454546

C'bFﬂaCHO HpI/IHLLI/IHa Ha BKpIO‘{BaHe nu I/I3K,HIOLIBaHe, OTFOBOp'])T (§]
Ny — (N3 4+ 15 +Na1) + (Maxs + Naxar + Nsxar) — Naxsxn = 436363 637 O

Bamaga 79. Heka n e gm0 nojoxkureno uncio. Kaspame, ge N e 6e3x6a0pammo, ako eImHC-
TBEHUAT TOYEH KBajpar, Koito geqm M, e 1. C apyrm aymu, ako N = 1, To N e 6e3KBaIpaTHO
[0 OIpejesieHne, a ako M > 2, TO N UMa €JIHO e€JIMHCTBEHO pasJjiaraHe Ha MPOCTH MHOMKUTEJN
(chryIacHO OCHOBHATA TeopeMa Ha apUTMeTHKaTa) U M e 6e3KBaIPATHO TCTK BCEKH MPOCT MHOXKHU-
TeJl y9acTBa ChC CBOATA I'bpPBa CTEIEH; aKO IPOCTUTE MHOXKUTEIN Ha M ca Pi, P2, ..., Pq, TO N
e Oe3KBaJIpaTHO TCTK M = Pj - P2 - -+ - Pq. BeAKo mpocTo umeno e 6e3KBaJpaTHO, HO HE BCAKO
6eskBaapaTHO e mpocro. IIpumepno, 6eskBaaparno e 10, 3amoro 10 = 2 - 5, 6es3kBagparho e 11,
zamoTo 11 e mpocto, Ho 12 He e 6e3KBaIpaTHO, 3amoTo 12 = 2% - 3.

Hamepere 6post na 6e3kBajparauTe ducia, HeHa xBbpJdmu 200, KaTo U3mo/s3BaTe IPUHIUIA Ha
BKJIIOUBAHETO U U3KJI0YBaHeTo. Vcka ce oTroBop-4ucio.

Pemenne. 3a neure Ha Tasu 3aja4va, YHUBEpCyMbT e mMHO)KecrBoTo U = {1,2,...,200}. 3abe-
JiI3BaMe, Ue 9IuCI0 N He € 0e3KBaPaTHO TCTK CHINECTBYBa MIPOCTO YUCJIO P, TAKOBA Y€ ML Ce Je/n
na p?. Twit kato 13 e mpocro n 13% = 169, xoeto e mo-masko or 200, a caeaBamoro mpocto e 17
u 17% = 289, koeto e 1mo-rossamo ot 200, UMa CMHUCHJI J1a PA3IJIEkK aMe CaMO IIPOCTH MHOKHUTEIH,
HeHaIXBbpJdamm 13. 3a 1enure Ha 3a/adara, HEKa

P={k € N|k <13 /A k e upocro}

Jlecno ce Buxkja, ye P = {2,3,5,7,11,13}, taka 41e |P| = 6. 3a Bcako k € P, nedunupamve
MHOKECTBOTO

Ac={jeU|3k € P:k* nemn j}

68



3apgaun ¢ pewenuns no Auckpethn Ctpyktypu, KH2, ®MUN-CV, 2016-2023 r. © Munko Mapkos

MmuozkecTBOTO OT HGEe3KBaApaTuTe Uncia, HeHaaxpbpJsimu 200, e

ﬂE:A_mA_mEmATmA_HmA_B

icP

Topcum |ﬂi€P Ai’. CbrIacHO TPUHITUIIA HA BK/IIOYBAHETO U M3KJIIOUBAHETO,

A =Iul
ieP
_ZlAi’
ieP
+ ) IANA
i,jep, i

- ) JAINANAY

ij,keP, i<i<k

+ Z |AimAijkﬂAg|

1,j,k,LeP,  i<j<k<d

— > AiNA; NALNANAL

i,j,k,@,meP, i<j<k<€<m

+IANA3NAsNA;NA NAS (50)
KirouoBu Hab/rogenust ca cjie HuTe.
e 3aBcako i € P, |A{ = L%OJ.

e 3a Bcekn i,j € P, TakuBa ue i < j, |A; N A = {%J Obaue eMHCTBEHNTE TAKUBA JIBOMKHI

(i,j), 3a komro i% - j* < 200, ca
— (2,3), monexe 223% = 36,
— (2,5), monexe 225* =100 u
— (2,7), monexe 227% = 196.

200 200 200
Ouesnano 22112 = 484, a 3252 = 225. Torasa Z IALNA; = {2234 + {ZZSZJ + {2272J ,

Ljeph, i<
[IOHEYKE OCTAaHAJINTE ChOMpaeMu ca HYJIN.

e 3a Bcekn i,j,k € P, makuBa ue i < j < k, [A; N Aj N Ay = 0, nonexe 3a BCAKa Takaba
Tpoiika (i,j, k) e Bapuo, ue i? - j? - k? > 200. 3a ma ce ybeauM B TOBa, Ja CHOOPA3UM, Ue
223%5% = 900, a 3a ocraHAJHUTE TPOIKH IPOU3BEIEHUETO € JOPH HO-TOJISAMO. 3aKJII0uaBaMe,
qe E ‘Al N Aj N Akl =0.

LjkeP,  i<j<k
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Ho ot ToBa ciiejiga, 1e camo mbpsute Tpu peja Ha (50) umar HeHyieBu cbOUpaeMu. A UMEHHO,

(A:| =200
ieP
200 200 200 200 200 200
(15 55 ) [
200 200 200
() [ 33))
(3] [ 2 2] 2 25)
4 9 25 49 121 169
200 200 200
(58] ) [
=200—(504+224+84+44+1+1)+5+2+1) =
=200—86+8 =
=122
N raka, orroBopsT € 122. O
Bamaua 80. Heka A ={1,2,...,360}. Konko eslemenTa o A uMaT 1moHe euH OOII IIPOCT JIETUTEN
¢ 3607

Pemenne. 360 ce passara Ha mpocti MHOKHTeN Taka: 360 = 23 - 32 . 5'. Heka
e A, ={a € A|a e kparHo Ha 2},
e A; ={a € A|a e kparHo Ha 3},
e As ={a € A|a e kparHo Ha 5}.

Topen ce |A; U Az U As|. ChrytacHO NPUHIUIIA Ha BKJIIOYBAHETO W U3KJIIOYBAHETO,

A, UA3U A5l = A+ |As] + |As] — (A2 N A3+ A2 N As[ 4+ [As N As]) + A, N A3 N As|

k 360
3a Bcsiko k, OposiT Ha uncaaTa, KPpATHU HA M U HEHAJIXBbPJANN K, € {EJ Torasa {TJ =
360 360
180, LTJ =120 n L—J = 72. 3HaeM, Ye CEUYEHHEeTO € CBbpP3aHO C KOHIOHKIIUsITA, TaKa de

A; N A3 € MHOXKECTBOTO OT €JIEeMEHTUTe Ha A, KOUTO ca KpaTHU Ha 2 U Ha 3, ToecT Ha 6. Torasa

A, N A3l = L?J = 60. Anajornuno, |A; N As| = L%J = 36, |JAz N As5| = L%J =24 u
360
IA;NA3NA5 = 30| = 12. Torasa oTTOBOPBLT €
AUA3UA;5 =180+ 120+72— (60 +36+24) +12 =264 O

5 JlokazarejicTBa ¢ KOMOMHATOPHN PAa3ChKJIAECHMIS

3agada 81. Heka {E}T o3HadaBa Opos Ha pa3dMBaHUATA Ha MN-eJIeMEHTHO MHOXKECTBO Ha K IO/I-
MHO)KeCTBa (CbriacHo jedunniuaTa Ha “pasbubane’, Te3u k MOIAMHOKECTBaA ca Henpasuu). Jloka-
JKeTe ¢ KOMOMHATOPHU Pa3ChiKICHUS, de

n n—1 n—1
= > >k >
{k} k{ K }+{k_1}3an_214n_k_2

tToma ce mapmua wucao na Cmupaune om émopu pod I ce deTe N-TIOIMHOKECTBO-K.
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Pemenue. /[la pasriemame Hsikoe MHOXKeCTBO A ¢ moHe jiBa ejemenTa. Jla pasriesame mpons-
BOJTHO pas3buBane Ha A Ha K MOJMHOXKECTBa 3a HsaKoe k > 2 u ja HapedeM ToBa pasbubane, C.
Jla dukcupame npousBosieH a € A. OueBuaHO mMa TOYHO enuH ejgemedT Ha C, Ja ro Hapedem
B, koitito chabpxxka a. VMma jBe B3amMHO U3KJ/IIOUYBAIIM ce Bbh3MmoxkHnocTu: wiam B = {a}, uiu B
C'bIbPrKa TIOHE OITEe €JINH eJIEMEHT OT A OCBEH d.

CiieioBaTe/IHO, MHO2KECTBOTO OT BCUYUKM paszbuBanus Ha A ce pa3duBa Ha JiBe: Te3u pa3dUBa-
HUsI, KOUTO ChIIbPyKAT eJIeMeHT {a}, u Te3u pa3buBaHus, KOUTO He ChIbp:Kar {a}.

e Pasbusanusara, chirbpxkamm {a}, ca {Ej} Ha Opoii, 3amoTo ocraHaauTe N — 1 ejeMenTa

1
(ocBen a) busar pasbusann Ha k — 1 nogmuoxkecrsa no {} |} HaduHa.

e PaszbuBanusita, KOUTO HE ChIIbpKAT {A}—C APyru JAyMu, pasbuBanusTa Ha A, B KOUTO O € B
[IOJIMHOXKECTBO C IIOHE OIIEe €JINH eJIeMeHT—ca K X {n?} CBIVIACHO CJICJTHUTE ChOOPAYKEHUSI.
Jla MaxHeM a OT BCAKO €JIHO OT Te3u paszduBaHusd. 1bil KATO A B HUTO €JIHO OT TE3U Pa3-
OuBaHUd HE € “caMOTEeH eJleMEeHT, TO BCIKO OT Te3U pa30MBaHUSA CH OCTaBa ¢ K MHOYKECTBA.
W raka, moayunxme To4HO Te3u pasdousanust Ha A \ {a}, kouro mmar TOYHO Kk MHOXKECTBA.
Texuusar 6poii e {“;]}. Cera 5@ BbpHEM @, 3& Jla MOXKEM OTHOBO JIa TOBOPUM 3a pa3buBame
Ha A. O4eBUIHO, 33 BCAKO OT Te3U Pa3dbUBaHUsA, €JIEMEHTHT A MOXKe Jia O'bJie CJI0YKEeH B KOe
Jla € OT HeroBuTe k MHOYXKECTBa, OTK'bJIETO € U MHOXKUTEIAT K.

[To npunnuna Ha pa3zduBaHeToO, {E} = k{n:} + {Ej . O

Sagada 82. J/lokarkere ¢ KOMOMHATOPHU Pa3ChIKICHUS, U

n = m "
mie - =§(—1)k L) m=K)

Pemmenne. Coriachno 3amada 56, asgcHaTa cTpaHa Opou CIOPEKIUUTE OT N-eJIeMEeHTEH JOMENH B
M-eJIeMEeHTEeH KOJOMEIH — IIpocTo pa3MeHneTe M 1 N B 3ajiada 56 U I1e MoIydIuTe TOYHO JsgcHaTa
cTpaHa Ha »KeJJaHOTO T'hXKJIeCTBO. Beska CIopeKIus 3a/1aBa 110 ChBCEM eCTEeCTBEH HAUYMH pa3duBaHe
Ha JOMEIHA Ha TOJIKOBa MHOYKECTBA, KOJIKOTO € MOIITHOCTTa Ha KOJOMENHA; & UMEHHO, BbB BCSIKO
MHOXKECTBO-€JIEMEHT Ha TOBa pas0dMBaHE ce CbIbpKAT TOTHO TE€3U €JIEMEHTH OT JIOMeifHa, KOUTO
ce n300pa3sdBaT BbPXY €JIMH U CHINUA eJIeMEHT OT KoJjioMeiina. Tbit KaTo ciopeknuuTe “moKpuBaT’
1esisi KOJIOMeIiH, ToBa rapaHTupa, 4e pasoupanero (Ha joMeliHa) HIMA MPa3HU €JIeMEHTH.

Ho 6posiT Ha cropekiuuTe OT N-e/JIeMEeHTeH JIOMEHH B M-e/IeMeHTeH KOJIOMEWH € I0-TOJISIM OT
Opost HA pasdUBaHUATA HA T-€JIEMEHTHO MHOYKECTBO HA M TojMHOXKecTBa. [[puunnara e, 1e MHO-
IO CIOPEKIINN OTTOBApsT Ha €JHO M ChINo pa3buBane. CropekIuuTe ca moBede OT pa30uBaHUSTA,
3aIl0TO €JIEMEHTUTE Ha KOJIOMeiiHa ca pa3jnyHM, TaKa de BCAKa CIOPEKIUS 3aJjiaBa HeIo KaTo
“mojpesieHo pasbuBane”’, B KOETO ejieMeHTuTe My (Ha pasbUBaHETO) ca UHJIEKCUPAHU C €JIEMEHTHTE
Ha KojoMmeiiHa. A jpedununuaTa Ha pasbuBaHe €, MHOXKECTBO OT IIOJMHOYKECTBa, TOECT ODEKT,
YUUTO €JIEMEHTH He ca mojpesenn. Ul Taka, BCUIKu M! CIOpEKIUU, IPU KOUTO €JIEMEHTHUTE Ha, JI0-
MeliHa ca “TPpYyNUpaHd 3a€/IHO” 110 €JIMH U C'HIIM HAYUH, OTTOBAPAT OMEKTUBHO Ha €JIHO pa3dmBaHe
Ha KoJoMeiina. O

Bagaua 83. Heka m,n € NT, karo n > m. Kakro 3naem, {Z} o3Ha4aBa Opos Ha Pa3OUMBAHUATA HA,

- q q—1 s
P-€JIEMEHTHO MHOKECTBO Ha TOYHO ( II0JMHOXKeCTBa, a p o3HavaBa npoussenenueTo | [y (p—1i).
JlokaxkeTe ¢ KOMOMHATOPHU CHOOPAXKEHU, de

= (m
n" = E -k
k
k=1
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Pemenne. Jlasara crpana e 6poar na dynkmuure f: X — Y, kbgero [X| =m u [Y] =n.

Ha pasriemame gscaara crpana. Heka Y/ = {y € Y| 3x € X(f(x) =y)}. Heka |Y'| = k. [la pa3buem
MHOZKeCTBOTO OT (pyHKIuuTe 110 K. k He MozKe Jia e HyJia, 3amoro Y/ e HempasHo; TOUHUTE JT0JIHA
U ropHa rpanui@a 3a k ca chorBetHo 1 m m. Heka g(k, m,n) o3nauaBa 6post Ha (DYHKIMHUTE OT
M-eJIeMeHTeH JIOMEHH B N-eJIeMeHTeH KOJIOMEHH, TaKuBa 4e TOYHO K eJeMeHTa oT KojoMeiiHa ca
obpasu, 3a 1 < k < m. Ilo npunmumna #Ha pasdbuBaHeTo:

n" = 9(k3 m, Tl)

m
k=1

[Ie mokazkem, e

g(k,myn) = {T]:L}k! (Z)

Beska dyHKIMA oT M-ejieMeHTeH JoMeiiH X B M-eJIeMeHTeH KOjoMeiH Y, TakaBa due TOYHO K
eJleMeHTa OT KOJIOMeifHa ca 0bpasu, ce ompeess eJHO3HATHO OT CJIeJHUTE JIBEe HEIIA.

e Kou k enemenra ca obpasu. Tosa e OMHOMHUAT KOeDUITMEHT (';)
/ .
e Kowu eremenTn ot X ce n3obpassBaT BbpXy ejsemeHT oT Y'. ToBa e pousBeIeHneTo OT:

— HaguHUTe 1a Obje pazdout X Ha TOYHO K JIsijia, TOECT {TQ},

— u OposdT Ha OueknuuTe OT ToBa pasdbusane B Y, Toect k!.

[To mpunnuta Ha TPOU3BEJICHNETO, OPOAT HA (DYHKIIUUTE OT M-EJIEMEHTEH JIOMeiH X B N-eJIEMEHTEH
KoJIOMelH Y, TaKkaBa Ye TOYHO K ejleMeHTa OT KoJIoMeliHa ca obpasu, e {?}k! (E) N raka,

= V()

k
Nwmaitku mpeasu, qe (L‘) = 17, lIoJTydaBame KeJJlaHOTO ThKJIeCTBO

n" = Z {?}nk O
k=1

3amaga 84. /lokaxkere ¢ KOMOMHATOPHU Pa3ChKJIECHUS, e

n 2
Z n 2n
k n
k=0
Pemenue. Heka A e muoxkectBo ¢ 2n enementa. Heka Bceku ejgement or A mma aTpudyT-
IBAT, KATO T ejleMeHTa ca 6ejin, a ocraHajuTe M, depHu. [lo KoJIKO HaUnHa MOXKEM J1a oJI0epeM

pa3/IMYHU OJIMHOXKECTBa Ha A ¢ 10 M ejgeMeHTa,’?
Ot exHa cTpaHa, TOBA MOXKE JIa CTaHe I10

o)

HAYMHA, Thil KATO TOBa ca KOMOMHATOPHU KOHMUrypamun 6e3 moBTopenune u 6e3 Hapeda — TyK
He 0OpbIaMe BHUMaHUE Ha [BETOBETE HAa MOJAOPAHUTE €JIEMEHTH.
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Ot gapyra crpana, MOXKeM Jia pa3dueM HoI0MPaHUITa 10 OPOost Ha €JIEMEHTUTE OT €IUHUS [IBSIT,
Jia peueM Gesust. Besure eleMeHTH, KOUTO TONAJIAT B Ja/IeHO ojbupane, Mozxke jia ca 0 min 1 wim
... n. CrenoarenHo, ja noabepeM N eJeMeHTa OT OO0 2L B Tasd 3aJ1a4a € ChIIOTO KaTo
Jla mojoepeM K ejleMeHTa M3MEXKy BCHUKHTE N Geu U Ja mnojgdepeM N — K ejleMeHTa U3MEeXK Ly
BCUUYKNTE N YepHU. 3a JajeHo K, takoBa de 0 < k < n, 6poar Ha9uHE J1a HoAOEpeM T eJIeMEHTa
oT 00110 2N, Taka de k usMexkay mnoadbpaHuTe ja ca Oen, e, 10 MPUHIUIIA Ha ITPOU3BEIEHUETO:

6pOHT Ha4YMHU Kk ejileMeHTa OT O6HIO n ma ca Gestn 6pOHT HaYWMHU OCTaHaJIUTE €JIEMEHTH JIa Ca YepHU

Toit kato k ce mern or 0 10 N u noxbupanusaTa ce pasbupar 1o K (npu pasimden G6poit Gen
eJIEMEHTHU B JiBe MOJOUPAHUS, T€ 3 [bJIZKUTEJIHO Ca Pa3JIudHK), obumsT 6poii moadupaHust e:

> ()65

Ho znaewm, ge (n:‘k) = (E), CJIeJIOBATE/THO OOIUAT OpOoit Ha MOAOUpaHus €:

> () (52)

n
k=0

M =

Uspazure (51) u (52) 6podr €JJHO U CHINO MHOXKECTBO, CJIEJI0BATEJHO PABEHCTBOTO € B cuya. [

Sagada 85. /lokarkere ¢ KOMOMHATOPHU Pa3ChKICHUS, U

nl = i (;D E(—nk(“;m) (n—m—Kk)!

m=0 k=0

Pemtenne. Jlssara crpana 6ponm BCHYKHU MEpMyTalliy Ha T ejeMeHTa, ja Kaxkem {1,2,...,n}.
Jlsicnara cTpana OpoM CbhINUTE MEPMYTAIMU, HO TO-JeTailyino. A mMeHHO, 3abelisi3BaMe, de BbB
BCsKa TepMyTanust Ha {1,2,...,M}, HIKOW YHCIa ca CH HA MACTOTO, a Jpyru, He. PasOuBame
MHOKECTBOTO OT BCUYKHUTE [MEPMYTAIMK 110 TOBA, TOYHO KOJKO €JIeMeHTa CU ca CH Ha MsicToTo: O
win 1 win 2 win ... um . 3a Beceku Gpoif M Ha eJleMeHTH, KOUTO ca Ha Msctoro (m € {0,1,,...,
n}), 6podar Ha mEepMyTaIllMUTe ChIVIACHO pernennero Ha 3ajada 64 e

() Er (o
k=0

[Ipunarame KOMOMHATOPHMS IPUHIIAII Ha Pa30UBAHETO U ITOJIydaBaMe TOYHO JsICHATA CTpaHa Ha
JKeJIAHOTO TbKJIECTBO. ]

3amaga 86. /lokaxkere ¢ KOMOMHATOPHU Pa3ChK/IECHUS, e

nl = i(q )k (D (n—K)"

Pemtenne. Ot 3amaga 56 3HaeM, de OpoST Ha CIOPEKIMATE OT M-€JIeMEHTEH JIOMEHH B M-
eJleMeHTeH KOJOMEH e ZEZO(—Uk(E) (n — k)™ Ilpu m = n nosydyaBaMe u3pasa OT JsCHATA
crpana. Ho ako m = m, To Te3u CIOPEKINN BCBITHOCT Ca OUEKIMUTE MEXKIY JIBETE MHOXKECTBa. A
OposAT Ha OueKIuTe € MN!, KoeTo e JisiBaTa CTpaHa. O
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Samaua 87. /lokaxkere ¢ KOMOMHATOPHU pa3Ch:KIAeHHs, 9e ako m,n € N u m < n, To

n
n
> ()t o
k
k=0

Pentenue. Ot 3ajiaua 56 3HaeM, de JigBaTa CTpaHa € paBHA Ha OpPosi HA CIOPEKIUUTE OT M-

eJleMeHTeH JIOMEHH B N-ejieMenTeH KojioMmeitn. O4UeBUIHO e, Ue moM M < N, TaKuBa CIOPEKIINU
HsaMa; ToecT, 6posat um e 0. Koeto e TowHO JisicHaTa CTpaHA. U

3amauga 88. Jlokaxkere ¢ KOMOMHATOPHU PAa3ChK/ICHUS, 1€

n
n2" ! = Z k(n)

k=0 k
Pentenne. 2" e 6posT Ha BCUUIKHU OyJIEBU BEKTOPH ¢ Ib/KIHA .. OueBuaHOo N2™ e obiuaT Opoit
Ha eJIeMEHTHTE BbB BCUUKH OyJIeBU BEKTOPH ¢ AbjkuHa .. OT Te3u n2™ ejleMeHTH, [T0JI0BUHATA Ca,
HYJIHM, & JApyTraTa IOJOBUHA, eTuHUIN. 1031 (hakT ce N3BexK1a TPUBUAIHO OT Ha-00Imn choOparke-
HUsI: aKO WHBEpTUPaMe MOOUTOBO BCHIKHU BEKTOPH, IMOJIydIaBaMe ChIOTO MHOXKECTBO, KaTO OPOST
Ha €JIMHUINTE B HAYAJIHOTO € paBeH Ha Opod Ha HYJIUTE B MOJYYEHOTO, HO IOHEXKE MOJIYIEHOTO €
C'BIIOTO KATO HAYAJIHOTO, OPOAT Ha €JIUHUIMTE € paBeH Ha Opod Ha HYJIUTE B HETO.

[MTom mosioBuHATA OT M2™ ejeMeHTa ca €IUHHUIU, TO eIUHUINTE Ca TOTHO %nZ“ = n2v '
Tosa e jisiBaTa cTpaHa Ha ThXKJIECTBOTO, KOETO jJ0Ka3Bame. /IscHaTa cTpaHa 04eBHIHO ChIO Opou
eJINHAIIATE BbB BCUYKU OYJI€BH BEKTOPU C JIBJXKHHA T, HO TO IIPABHU IIO-IIOAPOOHO: k(}:) € TOIHO
OpoAT Ha €JIMHUIUTE B ITOJMHOXKECTBOTO BEKTOPH, UMAIIUA TOYHO K €JIMHUIIN. U

3agada 89. Heka k, m u n ca ecrectBenn uncia, rakusa ge k < m < n. /lokaxkere ¢ KomOuHa-
TOPHU ChOOParKEHNS ThKJIECTBOTO

n—k :Z(_”i]-< n—i

m—Kk ; i m
i=0
Pemenne. Jlgpara crpana 6pou m-ejaeMeHTHUTE HOAMHOXKecTBa Ha {1, 2, ..., N}, BCIKO OT KOUTO
ChJIbpKa BCHUKH unciaa 1, 2, ..., K; moM cbiabpka Besgko or 1, 2, ..., K, TO BCIKO TakoBa

M-eJIEMEHTHO TIOJIMHOXKECTBO Ce OIpeJiesisi HAIbJIHO OT TOBa, KOM M — K Ha Opoii ejleMeHTa Ha
{k+1,k+2,...,n} ecbabpxka. Ho {k + 1,k + 2,...,n}| = n — k. CienoBarenno, 6posat Ha M-
eJIEeMEHTHHUTE TOJMHOXKecTBa Ha {1,2,...,M}, BCAKO OT KOUTO ChIbpKa guciaara 1, 2, ..., K, e
(m):
Jlsicnata cTpana 6pou CbIOTO MHOXKECTBO, HO MOJPOOHO U C'HIVIACHO MPUHIIUIA HA BKJIOYBAHE-
TO U U3KJIIOUYBAHETO. YHHUBEPCYMbBT € MHOXKECTBOTO OT BCHYKH T-€JIeMEHTHH IIOJMHOXKECTBA Ha
{1,2,...,n} 6e3 orparnuennsi. O4eBUTHO MOITHOCTTA HA YHUBEPCYMA € (:1)

a pasriegame m-ejileMeHTHUTE TTIOJAMHOXKecTBa Ha {1,2, ..., N}, KOUTO He CbIbPKAT €JIEMEHTA
1. OueBuno Te ca (n;]) Ha Opoit. Benvuku Te3u 1moJIMHOXKECTBa ca “HapyIIUTe | 110 OTHOIIEHUE Ha
U3UCKBAHETO Jia ce Chbpkar ducaara 1, 2, ... k. Hemo nmosede, Hech rbp2KaHeTo Ha KOE J1a € OT
1,2, ..., k upescrasiisiBa “Hapyiierune”’, Taka de o0MUAT OPOil Ha MTOIMHOKECTBATa-HAPYIITATE]TH,
HeChIbpKaIly oHe eauH eaement ot {1,2,...,k}, e k(“n_l]).

Ho orrosBopbr HEe MOxke ja e (:1) — k(“;]), 3AIOTO TYK CM€ W3BaJIUIN MPEKAJIEHO MHOTO.
Pasryiexk jame m-ejieMeHTHHTE TIOAMHOXKecTBa Ha {1,2,..., N}, BCAKO OT KOUTO HE CbIIbPrKa MOHE

JIBe dHCiIa pasjndan mamexay 1, 2, ..., k. ma (1;) HadYMHa Ja u30epeM Te3u pa3jndHHi YUCIa,

k\ (n—2
OTK'bJIETO OPOAT HA TE3M MOIMHOXKECTBA € (2) (nm ) otyk mmame

n n—1 kK /fm—2
—k
m m 2 m
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[IpombizkaBaMe ChIVIACHO IPUHITUIIA HAa BKJIOYBAHETO U m3KJouBanero. CjieBamioro cbou-

paemo e —(1;) (nn_f), CJIeJT TOBa € +(§) (nn_f), u Taka HaTaTbK. [g/raTta cyma ¢ ajTepHupaIiy 3HaIu

MOZKE Ja 3alliIIeM KaTO

)R (L))

Hakparko,

L () :

Bazauga 90. [okaxkere ¢ KOMOMHATOPHU Pa3ChbXKICHMd, 9e 3a BCuuku M,N,T € NT, takusa ue
r < min{m, n} e Bapuo, ue

("m0

Pemmenme. Hexka S e MHOXKECTBO ¢ M + M ejleMeHTa, M OT KOUTO ca YePBEHH, a OCTAHAJUTE Ca
zejtenn. Heka C e MHOZKECTBOTO

C={XcS:X=r}
CwhbritacHo usydasanoro Ha Jjeknun, |C| = (mjn). Ba k € {0,...,r}, neka D} e MHO)KECTBOTO
Dy ={Y € C|Y cbabp:xka Touno K uepBeHu ejileMeHTH }

Babengazsame, ye |Dy| = (T]':) (:k), 3aI0TO MOXKEM JIa T0JI0epeM 10 (?:) gepBenuTe B Dy oT 001110

M depBeHu, 3ejenure B Dy TpsOBa ja ca T — k u TAX MOXKeM Jia 1ojdepeM T10 (Tfk) oT 00110
TN 3eJIeHd, U BCsKa 1I0I00pPKa Ha K UepBEeHHM MOKe Jla ce KOMOMHMPAa ¢ BCsIKa I0J00pKa Ha T — kK
3eJIeHN.

Cuen ToBa 3abengsBame, ye {Dq, Dy, ..., Dy} e pasousane na C, Taka ue

Cl=) Dyl
k=0

KOETO MOXKEeM JJa 3alluIIeM KaTo

. :§ (T:) (rfk)

m+n
T

(")=Z () :

K
Bamada 91. [lajenn ca e/ MOJIOKUTEIHNA 9UCIA N, ..., T KN, TakuBa de y . Ny = n. Ocsen
t
TOBa Ca JaJIeHH IeJIN MOJIOKUTENHNA 9UCIa My, ..., My, TaKUBa e ) . ; My = Ny. [Jokaxere ¢
KOMOMHATOPHHU Pa3ChbKJICHUS, U

( y )< . ) ( § )
ny, Moy ...y Ny my, My, ..., My My, M2y ooy M1, My, MY,y ..., My

1)

N 1oit karo |C| = ( ), cuja e
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Pemenue. Jla cu npejcraBuM OOMKHOBEHO MHOYKECTBO S ¢ MOIIHOCT N ¥ MYJITUMHOXKECTBO M,
KOETO ce rmojydaBa or S upes pukcupano pasousane {Cq, Ca, ..., Ci} Ha S, Takosa 4e |Ci| = ny,
|Cs] = ny, ..., |Cy] = ny, kaTo enementuTe Ha Besako C; craBar HepasauduMu. KakTo 3HaeM or

JIEKIH, OpodAT Ha nepMmyTtanuute Ha M e (m nzn nk)'
yE2yeeey

Ha cu npejcraBuM Jpyro MyJaTuMHOKecTBO M’, KoeTo ce mosydaBa or M u (uKcHpaHO pas-
6uBane {D1,D,,...,D{} na Cy, TakoBa 4e |Di| = my, Dyl = my, ..., Dy = my, xaro ene-
MeHTUTe Ha Beako D;i crasar mepaszimmummu. OueBuaHo e, 4e OpodaT Ha mnepmyTaruure Ha M’ e

( " )( e ) Ho ToBa e Touno sgasara CTpaHa Ha Tb2KJ/IeCTBOTO, KOETO JOKa3BaMe.
MM 2501/ N\, M2, T

KiogoBoro nabsmogenue e, ue M’ Moxke J1a ce MoJIy4n JUPEeKTHO OT S, 6e3 1a ce MuHaBa 1pe3 M
KaTo MeXKJIMHEH erall: pasriexjgame gpukcupano pasdusane {Cy, Cay ..., Cy 1,Dq, D3, ..., D¢} Ha
S, makoBa 4e |Ci| =y, [Cof =ny, ..., [Cial = Mug, Dyl = my, [Dyf =my, ..., D¢ = my, karo
ejeMeHTHTe Ha BCcAKo Ci craBaT HEPa3/JMIUMK M e€JIEMEHTHTE Ha BCIKo Di craBaT HepasInduMU.

Bposar na nepmyranuure na M’ e ( " ) Ho toBa e TouHo jscHaTa crpaHa Ha
T2y U1, M2, T

TH2KIAECTBOTO, KOECTO JOKa3BaMe.

Jlokazaxme ThKIECTBOTO, U3IOI3BANKNA KOMOMHATOPHU CHOOPAYKEHUS. U

3amaua 92. Heka n e ecrecTBeno unciio. /Jlokaxkere ¢ KOMOMHATOPHH pa3CbKIACHUS ThKJIECTBOTO

(5720 :")

Pemenne. Paszrinexmgame muoxkecrsoro S ={1,2,...,n,n+ 1,n+ 2, n + 3}. Heka

X={YCS:|V=5)

n+3

JlgBara crpana ( 5

) e pasHa Ha |X| IO onpeneeHue.

Hsgacnara crpana cboo 6poun |X|, Ho no-geraiino. Paszousame X na muoxkecrsa Zi, Z, ..., Z;
TaKa: BbB BCAKO Z;i, BCUUKHU €JIEMEHTH Ha Zi—a Te Ca D-eJIeMeHTHM MHOXKECTBa—UMAT €JIUH U
CbIId TpeTU 110 I'OJIEMHHa €JIEMEHT m. HeKa IIOIMHOZKECTBOTO Ha Zi OT II'bpBHUA W BTOpPHUA IIO
roJieMuHa eJIeMeHT ce Hapuda Z{, a MOJMHOKECTBOTO Ha Z; OT YeTBbPTHUS U HeTUs 110 TOJIeMUHA,
esiement ce Hapuda Z{. TounnTe 1o/Ha 1 ropHa TPaHUIA 38 M Ca CbOTBETHO 3 1 N+ 1, OTK'b/IETO
t=n+1)—-3+T=n-1.

OueBnaHo
e Akom =3, 10 Z! C{1,2}, a Z C{4,5,...,n+3}.
e Akom=4,10 Z{ C{1,2,3}, a Z C{5,6,...,n+ 3}

Ako m =5, 10 Z] C{1,2,3,4}, 2 Z{' C{6,7,...,m+ 3}.

e 11 Taka HATATBK.

e Akom=mn,10Z C{1,2,....n—1}aZ'Cn+T,n+2,n+3}
e Akom=n+1,10Z C{1,2,...,n},aZ’ C{n+2n+ 3}

BI/I)K,ZL& ce, 4e 3a BCdKa CbI/IKCI/IpaHa CTOMHOCT Ha, m, 6pOHT Ha Ha4dYMHUTE Hda I/136€peM ABYyeJie-

1 _
MeHTHOTO Z{ ca (mz ), a OposAT Ha HaYMHUTE /1@ n3depeM JiByeseMeHTHOTO Z{ ca (“*32 m

npomssezennero (M, ]) (n+327m) e OposT Ha HauuHuTe Ja u3bepem Z! u Z{'. N3bupaiikn Z{ u Z,

HUE HAII'bJTHO omnpejiessme Zi, MoHexKe M e PUKCHPAHO.

) , KaTo
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Heka k osmauaBa m — 1. ToraBa 2 < k < n, a 3a Bcsgko k, HaUnHUTE 128 U30€pEM ChOTBETHOTO
Zica ) ("5 =G (M) =6 ().

Twit kato X ce pazbuBa Ha Zy, Zy, ..., Z,_1, CbIVIACHO KOMOMHATOPHUS PUHITUI HA pa3duBa-
HETO, B CHJIA €

=2 G0

Jlokazaxme, 1e

(57 -2 G0 27) :

3agaua 93. Heka n,k,q € Nu q < k < n. /Jokaxkere ¢ KOMOMHATOPHH CHOOParKeHUsI, de
n\ [k n\ /n— q)
= 53
()0 - ()G )
n+1\ n—q
RPN ) o0
0<q<k

Usnosnssaiikn (53) u (54), mokaxkere, e

(z) n+1
> Heah

0<q<k \q

(55)

Pemtenne. Tohxectso (53) Moxe Ja ce JoKaxe 10 cJieHust HaunH. JIsBara crpaHa 6Gpon Ha-
YUHUTE J1a n30bepeM

e B cTbIKa 1: K esleMeHTa OT M, U HOCTIE
® B CTBIKa 2: OT Te3u K ja u3bepeM (.

BabesiexkeTe, Ue TOBa HE € ChIIOTO KaTo Jia m30epeM caMo ( OT M, 3all0TO UMa 3HadeHne Kou K
eJleMeHTa cMe u30paJjim B CTbIIKa 1.
Ilsicnara cTpana 6pon HAUMHUTE 18 U30epeM

® B CTbIIKa 1: g ejieMenTa OT M, 1 IOCJIe

e B CTBhIIKa 2: j1a m30epeM orie k — ( eJeMeHTa U3MeKIy Te3n M — (, KOUTO He ca n3bpaHu B
CTBIKS 1.

Tesu nBa 6posi ca paBHU, 3aIIOTO UMa, OUEBUIHA OMEKIINS MEK/y JIBeTe MHOXKECTBa OT MOAO0PKH.

ToxkaecrBo (54) Moxe Ja ce jjoKazxKe MO ciaeaaust HaunH. [{scHara ctpana 6pon k-eqeMeHTHUTE
noaMmuoxKecTBa Ha {1,2,...,n+ 1}

Heka X e mpoussosao k-eemenTHo moamuOKecTBO Ha {1,2,...,n + 1}. Heka q + 1 e naii-
MAJIKOTO YHCJIO, KOETO He ce cperma B X, KaTo TounuTe rpanuim 3a  +1cal < g+ 1< k+ 1:
oueBumo q+ 1> 1, a q+ 1 #He Mmoxke J1a e mo-royisiMo ot K+ 1, nonexke vucsaata “BiasgBo” or q + 1
MozKe Ja ca Haii-muoro k ma 6poit. Torasa 0 < q < k.

[ITom q+1 e Haii-MaIKOTO YUCIIO, KOETO He ce cpetia B X, To uyucyaata 1, 2, ..., q 3abJIKATETHO
caB X. llom 1, 2, ..., q 3agbmkurenno ca B X, a d + 1 #e e B X, To TOBa, KoeTo onpeseis X
HAII'bJIHO, € KOU YUCJIa, II0-T0JIEMHU OT  + 1, ca HEroBM eJIeMEHTH; a Te3H 4ucjia ca K — q Ha Opoit,
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nonexe |X| = k. C gpyru jgymu, ako g + 1 e Hall-MaJIKOTO 9HCI0, KOeTo He ce cpema B X, To X ce
OIpeiesis Hall'bJTHO OT TOBa, KOM K — ( [9mcjia oT MHOXKeCTBOTO {q + 2, q + 3,...,n+ 1} ca Herosn
(na X) ejemMeHTH.

dcno e, we {[q+2,q+3,...,.n+ 1}l =n+1—-(q+2)+1 =n—q. Epro, pasiuanunre
Bb3MOXKHOCTH 32 X ¢a TOIHO (E:g)

Ho muO2)KecTBOTO OT k-ejleMeHTHUTE TToMHOXKecTBa Ha {1, 2, ..., n+ 1} ce pasbusa 1o ToBa, Koe
e Hali-MaJIKOTO YUCJI0, KOETO He ce cperra. [IpuiararMe KoMOMHATOPHMS IPUHITUI HA Pa30UBAHETO
u nosrydasame (5H4).

(a)

ToxkaecrBo (55) me qokazkem anrebpudecku. O6IOTO ChGUPAEMO (+) OT JIsIBaTa CTpaHa IpPeJC-

q
TaBsIMe Taka CbIvacHo (53):

() _ (=)
@ ©

Torasa

(o)

0<q<k <2) 0<q<k (Tli)

Ho nemmrensr (L‘) He 3aBUCH OT MHJEKCHATa TpoMeHsnHa . CieoBaresino, BCAKO ChbONPaeMo OT

JsCcHaTa CTpaHa MMa MHOXKUATE (l—), KOMTO MOXKeM Jia u3Ba M 1ipeji ckoou. [losrygaBame jisicnara
k

cTpaHa BbB BUJIA

gz (29

Ho ot (54) smaem, we 3., (1_q) = (") 1 Taxa,

(o)

(&)

Ho
(n+1)!
(V) mrw . nt ]
= — =
(]1:) Kl (:—k)! n+l—k
C koero mokazaxme (55). O

Crennara 3a/a4a peraBamMe Ipe3 UHIYKINs, & He ¢ KoMOnHaTOpHN pa3chxkienus. Ho B 3a1a1aTa
cJIe]1 Hed IIIe I10JI3BaMe KOMOMHATOPHU Pa3ChiKIeHUA.

Bamaua 94. Beskpaitnara pemunia Co, Ci, Co, ... oT wucaa na Catalan ce nedunupa upes
PEKYPEHTHOTO ypaBHEHUE:

Co = 1, C,.= C-Cioizan>0 (56)
i=0

Ome enna nedununus. Jlobpe ckobysar udpas Iie HapudaMe BCEKU CTPUHT X HaJ azdykKarta X =
{(;)}, rakbB Ue
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e OposAT Ha JIEBUTE U JIECHUTE CKOOM B X € paBeH U

® AKO X = X1X3 -+ - Xy (KOETO 3HauW, 4e X UMa JIbJKUHA M), 3a BCAKO 1, TakoBa e 1 <1< m,
OposAT Ha JIeBUTE CKOOM B XX - +Xi € IIO-IOJISIM WM paBeH OT Opod Ha JIECHUTE CKOOU B
X1X2 =Xy .

Hokazkere, e Vn € N, 6posar Ha 100pe cKOOyBaHUTE W3pas3u ¢ Ib/KAHA 2N e TouHo Ci,.

Penitenne. I[lle uznonssame cuana WHIYKITUL.

Baza: Heka n = 0. Or exna cTrpaHa, MHOXKECTBOTO OT JA00pe CKOOYBaHHUTE U3pa3u C AbJKuHA O
nMa caMo eJrH ejleMeHT — npasuuat crpuar. Ot apyra crpana, Co = 1 no pedpunurus. v/

NunaykTuBHO npejamosioykenne: Jla gomycaem, e 3a 3a Hakoe N > 0, 38 BCHIKHU CTOHHOCTH HA
aprymenta Mexkay O u m — 1 BK/IIOYATENIHO, TBHPACHUETO € BAPHO.

NuaykTuBHA cTblika: Pasriexiame npou3BojieH j00pe cKoOyBaH M3pa3d X = X1X2 - - - Xon. Jle-

dunupame bynkuus f: {1,2,...,2n} — 7Z raka: f(i) e Opoar Ha JeBuTe cKOOM MUHYC OPOsT Ha
JlecHUTe CKOOM B IIOJICTPHUHIA X1 - - - Xi. Jabeinsspame, de f(1) e HeoTpuuareaHo 3a BCIKO 1, U 3a
none eano i, a umenno i = 2n, f(i) = 0. Heka k = min{i € {1,2,...,2n}|f(i) = 0}. Ho k e gerno

YHCJI0, 3aI0TO X1 - - - X CbJIbprKa paBeH Opoii jieBn u jiecHu ckobu. Herro mosewe, X - - - Xy € j100pe
CcKOOYBaH M3pa3z, 3aIi0To OpOAT Ha JICBUTE U JIECHUTE CKOOU € eJUH M CHIIU U BbB BCEKH MPEMUKC
JIeBUTE Ca TIOHEe KOJIKOTO jlecHUTe (ako He Oellle Taka, IeIUsT X HaAMalle ja e jo0pe cKoOyBaH
u3pas). Hemro mosede:

e Xx; = (, 3amoTo Beeku 00pe cKOOyBaH M3pa3 3al04Ba C JIsBa CKoba, U

® X = ), 3aIl0TO Xj € Haii-JIgBaTa IMO3UIus, Ha KoaTo ¢ u3irbianeno f(k) = 0, or koero ciesa,
ge f(k—1) =1; ako xi e (, To f(k) 6u 6umo 2.

oM x; = (¥ X =), CTPUHI'BT X3 -+ - Xk_1 € J0Ope CKoOyBaH HM3pa3: MOKeM Ja JeduHupame
dynkua ', amanornyna Ha f, 3a Hero Upes m3BaxkjaHe Ha €JIMHUIE OT cToiiHocTuTe Ha T BHpXY
nero; Toit karo f(i) > 0 Vi € {2,...,k — 1}, ro f'(1) > 0 Vi € {2,...,k — 1}, u ocsen ToBa
f'(lk—1)=0.

Criest KaTo mokazaxme, e X; - - - Xx_1 € JJ00pe CKoOyBaH n3pas, mpuaaramMe WHIYKTHBHOTO ITPE/I-
ojiozkeHue 3a Hero. JIbakunara Ha X)X e K—1—2+1 =k — 2: 94eTHO 4KCII0, KOETO MOXKE
Ja e Haii-maJiko O 1 Haii-mHOro 2n— 2. AKo 03Ha9MM ¢ i IOJIOBUHATA OT JIbJIZKUHATA HA X * * * Xk_1,
o i € {0,...,n— 1}; oueBngHO i = % — 1. ChbriacHo MHIYKTUBHOTO IIPEIIIOJI0KEHUE, OPOAT Ha
n06pe ckoOyBaHuTe n3pasu ¢ abikuHa 21 e Ci. U raka, nma C; Bb3MOXKHOCTH 38 X2 - - * X_1.

Cera pasriexjaame Xy, - - Xn. OUeBHIHO TOBa CBINO € J100pe ckoOyBaH m3pas. IbmKunara
My e 2n — Kk, koeto e gerHo umcio. Ilonosunara My € n— % =n—(1+1) =n—1—1 CbriacHo
UHAYKTUBHOTO IIPEIIOJIOKeHNEe, OpodT Ha 100pe cKoOyBaHuTe M3pas3u ¢ abjokuna 2(n—1i—1) e
Cni1. U maka, mma C,,_i 1 Bb3MOKHOCTH 32 Xy 1 * Xon.-

CbriacHo TPUHIUIA Ha YMHOMKEHHETO, CIIPAMO JajeHo i, 0omo uma Ci - Cp_1_i Bb3MOKHOCTH
3a JlekapToBoTo mpou3BejeHne Ha J00pe CKOOYBAHUTE M3PA3H X2 -+ X1 C Xgp] * - - Xon. L'bil KATO
[PU PA3JUIHUTE CTOWHOCTH Ha 1 MoJIydaBaMe pasjmdHu Jo0pe CKOOYBaHW U3Pas3u Xq -+ Xan, TO
MOXKEM J[a TPUJIOKUM IPUHITUIA Ha pasOMBaHETO U OOIIO

Cn - Ci : Cn71fi O
Samaua 95. /lokaxere, de
c.— 1 (Zn)
n+1\{n
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Pemenue. Ilpunomusme cu KakBo e “pa3xojika B IMPaBObIbIHA MpexKa’ . Pasriexame mpaBo-
bI'bJIHA Mpexka M ¢ pasmepu N X N. Heka poaauar g brbia e Touka (1,1), a ropHusT JieceH,
(n,n). Beska pasxonka 3anousa B (1,1) u 3apbpiiBa B (N, M), IpaBeiiKu caMo XOJIOBE Harope
u HajgcHo. Konko ca Bemuku pasxogaku? Heka pedpunupame sowuam uazonan KaTo CJIEIHOTO
MHOKECTBOTO OT Touku B Mpexkara: {(1,2),(2,3),...,(n—2,n— 1), (n — 1,n)}. Pas6buiire muo-
JKECTBOTO OT BCUYKH Pa3XOJKu Ha dobpu u aoww. Jlommure pasxoJku ca Te3u, KOUTO MMaT IIOHEe
e/lHa 00IIa TOYKA C JIOIIKMS JUAarOHAL.

Bcuukn pasxoakn ovueBuIHO ca (271:) Hobpure pasxonku ca C,. ToBa ce BuxKIa BejHara, ako

3aMECTUM XOJIOBETE HArope ¢ JIEBU CKOOU U XOJ0BETEe HAJISICHO C JECHU CKOOM — IoJlydaBaMe 100pe
cKOOYBaHUTE CTPUHIOBE ¢ IbjzKuHa 2N, kouto C,, Ha 6poii ¢hIyIaCHO I'bpBaTa 3a/a4a.
Jlomure pasxonku ca (“*3:7]‘“) = nzfl) Ero 3amo. CobiecTByBa OMEKIUS MEXK/LY JIOIIATE
Pas3xoJIKu B JjiajieHaTa Mpexka M U BCUYKHU Pa3XoJIKU B JIpyra Mpexka, KosTo e ¢ pazmepu (n—1) x
(n + 1). Usnonssaiiku TepMUHATE OT yI'bTBAHETO, Ha BCSKa JIOIIA pasxoaka X B M ¢hboTBeTCTBa
pasxojKa Yy B Mpexka ¢ pasmepu (n — 1) x (n + 1). T'eomerpudno, Yy ce mojaydaBa OT X 4pe3
pedtekcusi (crpsiMo TIpaBaTa, ChJIbprKAIla JIOIIUs JUaroHa) Ha Ta3u 9acT OT X, KOSITO € CJIe]|
I'bpBaTa CPeIa ¢ JIOMIHUS JUArOHAL.

[TosrygaBame
<Zn)zcn_( n ) (_)Cn:(Zn)_( n )
n n—1 n n—1
Ho
<Zn)_( n )_ (2n)! (20! @)+ @2 2n)t (Zn)D
n n—1/ nnl m+Dnh=1! mMm+Dn! Mm+Dn! Mm+Dnl n+1\n

6 CaaraHns Ha TOIKHN B KyTUH

Tabauna 1 mokassa 1o KOJIKO HAYMHA MOYKe J1a O'b/IaT CJI0YKEHH M TONKU B Tl KyTUU, IPU PA3JIUIHA
yeioBus. Kyrtuure moxke na 6bIaT pasinauMu WM HEPA3IMIUMU (€HAKBH), TOMKUTE, CHIIO,
KOETO J[aBa UeTUPU BapuaHTa Ha 3ajadara. Bcekn OT Te3nm JeTupu BapuaHTa ce pa3duBa Ha TpU
[0/[BAPUAHTA, B 3aBUCUMOCT OT TOBA, AU HMa [IOBEY€e OIPAHUICHUS WJIM HE MOZKE [TOBEYe OT eJTHA
TOTKA B KyTHs WJIH HE MOXKe Jia UMa [pa3Ha KyTus. BapuanTbT ¢ pa3jiudHu TONKH W Pa3/JInIHU
KyTUU, TOECT CUHSATA YacT Ha Tabsuna 1, TouHO OTroBaps Ha TOTAJTHUTE (DYHKIMHE OT T-e/IeMEHTEH
JOMeifH (TonKnTe) B M-eJIeMEHTeH JIOMelH (KyTuute), a mojBapuanture ¢ < 1 TonKa B KyTus 1
> 1 Tonka B KyTHsI TOYHO OTTOBAPSIT ChOTBETHO HA WHEKITMUTE W CIOPEKITUUTE.

B ocranasuTe Tpu BapuaHTa, B KOUTO [TOHE €JIMHUAT BUJ OOEKTH Ca €/IHAKBH, TOECT KadsBaTta,
qepBeHaTa u 3ejieHara 4acT Ha Tabsuia 1, chboTBEeTCTBIETO ¢ TOTATHUTE (DYHKITUH € JTI0CTa YCIOBHO.
B Te3u BapmaHTH, ITOHE €JHOTO OT JOMEIHA MJIM KOJOMEHHA € MYJTHMHOXKECTBO, B KOETO €JINH
€JINHCTBEH eJIEMEHT ce MOBTaps M wim N nbTu. Hamara dopmanna gedpunurms wa “‘dyHkims’
He MTO3BOJISIBA JIOMEHHBT WIN KOJOMEHHBT Jla ca MYJITUMHOXKECTBA C TIOBTApSIn ce ejemernTn. Ho
€ HAITbJIHO MUCJIMMO JIa 3JI0yHnoTpeOuM ¢ dgopmasnarta jeduHunmud Ha ‘QyHKIuA , JTOMYCKATKI
MYJTUMHOXKECTBA C TOBTAPAIIN Ce €JeMEHTH KaTo JOMeiH wmim KojomeitH. ToraBa MoxkeMm u B
kadsiBaTa, TepBeHaTa U 3ejeHaTa 4acTi Ha TabInIaTa jia MUCIUM 38 PA3I0JIaraHusIiTa Ha TOKUTE
B KyTUUTE KATO 33 TOTAJHU (DYHKIUU WJIM UHEKIIUU UJIU CIOPEKIINN.

Tabymmma 1 moxe ja Objie pasmmpaBaHa € OIIe MOJBapUAHTH, HAIPUMED KYTHUTE Jia UMaT
TajleHn Karanurern (MakCuMasieH OpOil TOIKM) WM PebT Ha cjaraHe HA TONKUTE B KyTHHUTE Ja
nMa 3HaueHne (P PasIuIMMU TOIKHU, ECTECTBEHO).
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T TONKN

n KyTun
pa3nyumMm ‘ Hepasan4uMm

6 nm 6 S {v}

€3 orpaHuyeHus €3 OrpaHnYeHms k=1 Lk
s

< <
= | = 1 Tonka B KyTUSA nm < 1 Tonka B KyTUs Hm S TL]]
% (nHekuym) (nHekuyn)
o n
4 > 1 Tonka B KyTusi 2 (_] )k n (Tl o k)m > 1 Tonka B KyTUs {m}

(cropekuun) — k (cropekumn) n

m+n—1 n

s 6e3 orpaHnyeHns ( m ) 6e3 orpaHuyeHus Zk:1 p(m, k)
s
I|= 1 Tonka B KyTUS (TL) < 1 Tonka B KyTuA Hm < Tl]]
S | (nuekyun) m (nHekunn) —
(9]
o
2 | > 1 tonka B KyTus (m—]) > 1 Tonka B KyTuSA
I - -

(ctopekuun) m-—n (ctopekuun) P (m’ Tl)

Tabsuma 1: Cnaranust Ha Torku B KyTun (the 12-fold way).

ObgacHenne Ha HOTAIIMUTE:

e N™ e KpaThK 3aIKC 3a IPOU3BEICHUETO HE:J (n —k). C apyru aymu,

nNt=nxn—-1)xmM—2)x...x(n—m+1)

def
Ouesnno e, ve N™ = 0 mpu m > n. OcBeH TOBa, WMa CMUCHT Ja ce jebunnpa nd = 1,
Thil KaTO eIWHUIATa € HeyTpaseH eJIeMeHT Ha OlepalusaTa yMHOKeHne. ™ ce dere M Ha
nadawa cmenen m (N to the m falling wa anrymiicku).

m 13 79 m
{n}—que ce “M-TIoAMHOXKeCTBO-N"—e wucao Ha Cmupaure om emopu poo. {n} e bpodr
Ha HAYMHHUTE 3a pasduBaHe Ha M-€JIEMEHTHO MHOXKECTBO Ha N IMOJAMHOXKecTBa. B cuia e
PEKYPEHTHOTO YpaBHEHHE

Sy B A S ).
=n + sam>0um>n
n n n—1

C TPAHUYHU yCJIOBUSA {t} =13ak>0mu {g} = 03a k > 0 — Bmx 3agaua 81. CobiecTByBa
caeiHaTa Bpb3Ka Mexk 1y duciaarta Ha CTUPAUHT OT BTOPH PO M OPOSIT Ha CIOPEKIINNATE:

ki(q )k(D (m—k)™ = n!{:}.

0

Ba 1a ce ybeauM, de e Taka, Jla pasriejaMe pelreHneTo Ha 3ajada 82 ¢ pasMeHeHH T 1 M.

e p(m,n) e 6GposT Ha TEIOUNCICHUTE PA3OUBAHKS Ha TUCJIOTO M HA ML 9acTh (Ha AHTTMHACKH,

number of integer partitions). Ilesouucaeno pazbusane Ha M Ha M 4aCMU € BCIKA CyMa OT
T [OJIOKUTEJIHY ecTecTBeHN Yucya (Kbaero 1 < m < m), paBHA Ha M, KbJETO PEbT HA Cy-
MupaHe HsMa 3Hadenue. Torasa ) - p(m, k) e 6posT Ha BCHUKY LIEJOUUC/ICH Pa3OuBaHNsT
Ha YUCJIOTO TM.

81




3apgaun ¢ pewenuns no Auckpethn Ctpyktypu, KH2, ®MUN-CV, 2016-2023 r. © Munko Mapkos

Karo manbk nmpumep, Heka m = 4. E1o Benuku negodncienn pa3douBanus Ha 4:

4=1T+T+1+1

4=1+1+2
4=2+2
4=14+3
4=4

Ouesnano p(4,1) =1,p(4,2) =2, p(4,3) =1 u p(4,4) =1, Taka ue Y_,_, p(4,k) =5.

Bposr na nenounciiennte pasduBaHus MOXKe @ Ce IPecMATa Ype3 CIeTHOTO PEKYPEHTHO
ypaBHEHUE:

p(n,k) :p(n_kvk) +p(n_ k—1)
¢ rparuynn yeiaosust p(k,k) =13ak >0u p(k,0)=03ak >Tup(t,k)=03at<k.
e [q], kbaero q HAKaKbB U3pa3 ¢ OyJeBa UHTEpHpPETAIWs, ce JedUHIPA TaKa:

1, ako g e ucruna

[q] =

0, B mpoTuUBeH ciyYail.

Hanpumep, [m < nj e pasuo na 1, korato m < n, a BbB Bcuuku ocranau caydan e 0. Tazu
HOTAIUs ce Hapuda Homavyua Ha lverson.

3amaua 96. Kosko pa3auynu perennsi B €CTECTBEHN YUC/Ia UMa YPaBHEHHETO
X1+ X2+ X3+ Xq+ X5 = 100

Pemenne. Topcu ce 6podar Ha HapedeHUTE IETOPKH (X7, X2, X3, X4,X5) OT €CTECTBEHHU YHUCIIA,
YUUTO €JIEMEHTH UMaT CyMa CTO. B TEPMHUHHUTE Ha TOIIKKU B KYyTHH, 3a/a9aTa €, II0 KOJIKO Pa3/JINIYHN1
HadMHA MOXKeM Jia cytoxkuM 100 Hepa3ImIuMu TONKY (CTO eJMHUIN) B [IeT Pa3JIndH KyTun (merre
npomensuBu). Ot vepsenara vact Ha TaOsura 1 3HaeM, 4e M eJIHAKBU TONKH MOXKe ja Objar

—1
CJIOZKCHH IIO (mj{j] ) Ha4YMHa B M pa3/IMYHU KYTHUH. n TaKa, OTTOBOPBT €:

(100+5—1

=4 2
5 ) 598126

0

Bagmada 97 n 3asaga 99 ce cBexxgar 10 paslojiaraHusg Ha TOIKH B KYTHU, KaTo obavde KyTUUTE
AMaT KallalluTeTH.

Bamgaua 97. Kosko pasaudam HapeJIeHW TeTOPKHU (Xq1,X2,X3,X4,X5) OT €CTECTBEHU YUCTIA YIO0B-
JIETBOPSABAT

X1+ X2+ X3+ x4+ x5 =100
0<x%x; <30
0<x;,<30
0<x3<30
0<x4<30
0<x5<30
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Pentenne. 3agadara e nmomgobHa Ha 3agada 96, HO cera KyTUUTE UMaT “KalaluTeTH : Haii-MHOTO
30 Tonku B KyTusa. Heka B; e mHOX)KecTBOTO OT KOH(DUTrypanunre-perieans or 3ajgatda 96, B KO-
uTo KyTnsd i e “Hapymmurenr —TtoecT B Hes mMma moHe 31 Tomkm—3a 1 < 1 < 5. Tbpcum 6post Ha
KOH(UTypaIuuTe, B KOUTO HAPYIIEHUs HsMa 38 HUTO efaHa KyTusd. C JIpyru JiyMu, ThbPCUM

By N B, N B3N By N Bs|
CbriacHo IPUHINIA HA BKIOYBAHETO U M3KJIOUYBAHETO,

BiNBzNB;NBiNBsl=U— Y [Bil+ > [BinBj— »  [BiNBNBil+

1<i<5 1<i<j<5 1<i<j<k<s

> [BinB;jNB.NB|—|B;NB;NB;3NBsN By

1<i<j<k<t<5
A\

P ToBa e 0

ToBa e 0

KbgeTo U e yHHBEpCYyMBbT OT BCUYKHU CJIaraHUs Ha CTO €IHAKBHU TOIKN B IMET PA3JIMIHUA KyTHN
6e3 orpannuennsd. Kakro nokazaxme B 3agada 96, U] = 4598 126. Scno e 3amo nociaeaaure jase
chbupaeMn ca HyJId: HaMa Kak mnpu odbima cyma 100, deTupu wim mer IpoMeHJIMBH Jia ca 1moHe 31.
CiieioBaTesIHO, THPCEHUAT OTTOBOP €

BiNB,NB3NByNBs| =4598126— Y B+ > [BinBjl— >  [BinBjNBi (57)

1<i<5 1<i<j<5 1<i<j<k<5
Ot 06mu cbobpazkenus e scuo, de |By| = [By| = |B3| = B4l = [Bs| u [BiN Byl =...=|B4NBs| u
10 T;;(I/IBa
By "B, N B3| =...=|B3N By N Bs|. TbpcennsT orrosop e:
10 ’I;;I/IBa
4598126 —5 x |B]| + 10 x |B1 N Bz| — 10 x |B] N Bz N Bg| (58)

Kozko e |B4|? Illom X; e curypen HapyInmuTes Ha KananuTera (M HsaMa JPYD CUTYPEH HAPYIIUTe),
TO € BSIPHO, 4e

X1+ X2+ X3+ %4+ x5 =100
31 <xq
0<%,
0<x3
0 <x4
0 < x5

Ha mpencrasum x; karo X1 = x; + 31. Torasa yciosuero 31 < x; e cbmoro kKaro 0 < X{, a
X1+X2+Xx3+x4+%x5 = 100 craBa x{ +314+%, +x3+x4+x5 = 100, Toect X] +X2 +X3+X4 +X5 = 69.
U3Begoxme, de [Bi| e MornocTTa Ha MHOYKECTBOTO OT HAPEIEHUTE IIETOPKH (X], X2, X3, X4, X5), KOUTO
YJIOBJIETBOPSIBAT:

X1 + X2+ X3+ Xg4 + X5 = 69
0<x
0 <x;
0 <x3
0<xq
0 < x5
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69+5-1
Ho Hme 3HaEeM KOJIKO TaKuBa HapeJIeHU METOPKU UMa: ( 5+_] ) = 1088430.

Hanbano amamormuno, |By N By = (38;5;1) = 111930 u |B; N B, N B;3| = (723;1) = 330.

BamectBame B (58) u mosrydaBaMe KpaitHus OTTOBOD
4598126 —5 x 1088430 + 10 x 111930 — 10 x 330 = 271976 U

Samaua 98. Kosiko ca neovuncjieHuTe pelieHns Ha YPaBHEHUETO
X1+ X2 + X3 + X4 + X5 =55
[P OTPAHUIEHUATA X1 > 2, X > —3, X3 >4, X4 > —5 u x5 > 67
Pemmenue. 3naewm, de 1e109nuc/IeHUTE PEIIeHns HA X1 + - - - + X = N [P OrpaHUIeHnsT

X]ZO

XkZO

Ca TOJIKOBa, KOJIKOTO Ca Ha9YMHUTE Ia 6’I>,ILaT cyioxkeHn N aHOHMMHU TOIKH B K HOMEpHPpaHU KyTUH,

N+k—1
a UMEHHO ( ]:1 ) Ba 1a moJssBaMe TO3U pe3yJirar obade, TpsAOBa OrpaHUYCHHUATA JIa Ca OT BUJIA

Xi > 0. Heka

X]=x1—26 % =%x]+2
Xx;=x2+3x=x,—3
X5 =x3—4 o x3=x;+4
Xg=X4+5x=%x,—5
X5 =X5— 643 X5 =Xs + 6

Torasa

x1>26x >0
x2>—-3ex>0
x3 >4 x>0
X4 > —5¢3x,>0
X5 > 63 x5 >0

Jla MuHEM K'bM “TIpEMOBUTE” IIPOMEHJIUBHU. Y PABHEHUETO CTaBa
X]+24+x—3+x5+4+x,—5+x%x+6=55%x]+x;+ x5+ x4+ xi =51
a OTPAHUYIECHHUATA Ca IIPOCTO

x; >0
x; >0
x5 >0
x4 >0
xs > 0

Bpodar na menounciiennTe perieHns Ha TOBa ypaBHEHUE € (5];:5; ]) = 341055. Tosa e 6posT Ha

pelieHnuATa 1 Ha OPUT'MHAJIHOTO YpaBHEHUE. Ol

84



3apgaun ¢ pewenuns no Auckpethn Ctpyktypu, KH2, ®MUN-CV, 2016-2023 r. © Munko Mapkos

Bamaga 99. [lnoukamkus TpsiOBa Jia MOKpHUE C IVIOUKKM CcTeHa ¢ pasmepu 2 M. Ha 4 M. Beska
mwiouka e ¢ pasmepu 20 cm. Ha 20 cM., a IBEeTHT A € Wian 3ejeH, win depBeH. OOII0 IIOYKATE
ca 200 ma opoit: 80 zenern n 120 gepBenn. Ilmoukure ce pegdar MIBTHO €IHA JIO JApyra W HE €
paspelreno Jia ce pexkar, CJIeIoBaTeTHO TPsA0Ba 1a ObaaT HapeaeHn B KoHduryparms ot 10 pega n
20 koJtonu. 3ejIeHUTE IJIOYKH Ca HEPA3INIUMU [TOMEXK Y CA U Y€PBEHUTE IJIOYKHU Ca HEPASIMINME
IIOME2K /1y CH. HO KOJIKO Ha4dlHa MO2KeE Ja 6']),&8 HalIpaBEHO IIOKPpHUBaHETO, aKO:

e Hama orpannvenus.

e BB BCekn pea 3ejienuTe IJIOYKHU, aKO UMa TaKHBa, Ca BJIABO OT Y€pBEHUTE, aKO MMa TaKuBa.

Pemenne. B mbpBoTO HOIYCIOBHE € JOCTATHLIHO Ja ChoOpasuM, 4e JByMepHaTa Hapeada Ha
IJIOYKHUTE HIMa HUKAKBO 3HAYEHME 3a ThbPCEeHUsI OPOil Ha Bb3MOXKHUTE MOKPUBAHKA. Bb3MoKHITE
IIOKpHBaHM{A Ca TOYHO TOJIKOBaA (HO IIpUHIHIIa Ha 6I/IeKLH/IHTa)7 KOJIKOTO Ca BDB3MOXKHOCTHUTE da
Obaar Hapeaenn B JmHeitHa Hapeada 80 3emern u 120 geppenu miroukn. C Apyru ayMu, TOBa ca
BB3MOKHOCTHTE 11a m3bepeM 80 mroukn o obmo 200. Bposr e

200

30 ) = 1647278652451762678788128833110870712983 038446517 480945400 ~ 10>

Bropoto nojtyciioBue ce periaBa TouHo Kato 3asada 97. [IbpBo chobpassiBame CJieIHOTO: KAKTO 1
B IIPEJIUIITHOTO IOIYCIOBHE, pa3lojiaraHeTo Ha 3eJIeHUTe IJIOYKN HAITbJIHO OIpeJIesisl pas3ioJara-
HETO Ha YepBeHuTe — YepBeHuTe ce ciaarar Ha 120-Te cBobomau mecta. Ho B ceramnoTo 1moycio-
BHe, 3eJICHUTE IJIOYKHU Ce PEIAT ITbTHO BisiBo. Ha Hskon pemoBe MOxKe M300II0 Ja HsIMa 3eIeHn
IUIOYKM, HA JPYTH MOXKE Jla Ca CaMoO 3eJIeHH IJIOUKH, & aKO MMa U OT JBaTa BUJA, 3€JICHUTE Ca
BJIBO. SICHO e, de 3a BCceKU pesl, OPOAT Ha 3e/IeHNTE IIOYKU—YNCI0 MEXKIy HyJIa U JIBAJIECET
BKJIIOUNTETHO—OIPEJIeNsl HAITbJIHO MOJIPeKIaHeTo B To3u pej. Torasa tsiiarta Hapenba (BbpXy
cTeHaTa) ce ONpeJlelis OT JIECET YHUCTIa, BCIKO OT KOETO € MEXKJIy HyJIa U JIBAJIECET BKJIOYUTENHO,
U BCUYKH Te3u ducja ce cymupar 10 80.

Buumanne — pejiosere ca pasymuanmu! Hamnpumep, ciraranero na 19 3ejieHn 109K Ha IbPBU
pex, 13 Ha BTOpM U 10 6 Ha BCUYKN OCTAHAJIM PEIOBE € PA3JIMYHO cjaraHe or 13 3e1eHn II0YKI
Ha bPBH pej, 19 Ha BTOpHW U 10 6 Ha BCUIKHU ocraHau peaose. CremoBarenHo, cTaBa JyMa He
3a MHOKECTBO OT YHCJIa, & 38 BEKTOP OT YHCja, KouTo ce cymmupar o 80.

Baaaana € CblllaTa KaTO 3a/a4daTa, KOJIKO pelieHud B €CTECTBECHU YUC/la UMa YPaBHEHUETO
X1+ X2 + X3 + X4 + X5 + Xg + X7 + Xg + Xo + X710 =80
IIpU OIrpaHUYCHUATA

0<% <20
0<x,<20
0<x3<20
0<x4<20
0<x5<20
0<x<20
0<x;,<20
0<x3<20
0<x<20
0 <x50<20
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Axko orpanmdenusTa 0sxa camo 0 < xi, 1 <1 < 10, oTroBopbT wHIelIe J1a e

80 +10—1 89
( 10— 1 ) = (9) = 635627275767

Thil KaTO MpK Te3u (MO-IPOCTH) OIPAHUYEHUs CTaBa JyMa 3a KOMOMHATOPHU KOHMUryparmn 6e3
Hapeba, ¢ mnosrapsne, ¢ pazmep 80 HaJI ONMOPHO MHOXKECTBO ¢ MorHocT 10: Bce eIHO mMame
JmHeitHa Hapeaoa oT 80 eIUMHUIN U ce MHTAa, 10 KOJKO HAUYMHA MOXKE 12 CJIOXKHM 9 pasienureis
MEXKJTY TSIX.

[Ipu mo-cioxkuure orpanndenns ot Buga 0 < x; < 20, 1 <1 < 10, xakBUTO ca HaIaTa 3ajadqa,
MOXKE JIa MUCJIIM 38 MHOYKECTBOTO OT (899) pemennsi kKaro 3a yauBepcyM U. Heka B; € U e

MHOZKECTBOTO OT Te3HU pelrenus, B kouto X; > 20, 3a 1 < i < 10. OueBuano nne TupenM |B; N B2 N
B; NBs N Bs N Bg N Bs N Bg N Bo N Bygl. Tlo npunnuna ma BKIIOYBAHETO U M3KJIIOYBAHETO,

BiNB.N...NBl=U— Y B+ > [BinBjl—...+(=1)"BiNByN...N By

1<i<10 1<i<j<10

Cera ma cbobpasmum, Ue HsMa Kak IoBede OT TPU Xi-Ta Ja Obaar mo-rojeMu oT 20: ako YeTUpu ca
mo-rojiemu 0T 20 Besiko, To cymara e Haaxsbpiu 80. C apyru jgyMu, JTOCTATHIHO € Ja pasriiegamMe
Te3n ¢hOMpaeMi B M3pas3a Ha BKIIOYBAHETO W M3KJIIOYBAHETO, B KOMTO MMa CeUeHMe Ha Hail-MHOrO
Tpu B-ra:

BiNB;N...NBpl=[U— > [Bf+ > [BiNBj— > [BiNB;NBy

1<i<10 1<i<j<10 1<i<j<
k<10

Ot ob1u cbobpazkeHus e sicHO, Ye B-TaTta uMmar egHa 1 ChbIa MOIIHOCT U CEUEHUATA UM 10 JTBOMKI
UMaT €JIHA W ChIa MOITHOCT M CEYEHUATa 0 TPOUKHW MMAaT €J[HA W C'bIa MOITHOCT U CEYCHUITa
UM 110 YeTBOPKM MMAaT eJHa U ¢bina MomHocT. Clie10BaTe Ho,

_ - 10 10 10
’B1ﬂBzﬂ...ﬂB10’:|u,— (1)’81’—}— (2>’B1ﬂ82|— (3>’B1ﬂ82ﬂ83’

3a ma noayumm |B| e mocrarbuno ma chobpasuM, e GpodaT pelieHus Ha ypaBHEHHETO
X1+ X2 + X3+ X4 + X5+ Xg + X7 + Xg + Xo + %70 = 80
[P OIPaHUYECHUATA

21 < x4

0<x,<20
0<x3<20
0<x4<20
0<x5<20
0<x<20
0<x;,<20
0<x3<20
0<x9<20
0 <x50<20
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€ chIlaTa KaTo OpPodT Ha PelleHndATa Ha YPaBHEHUETO
X1+ X2 + X3+ X4 + X5 + X + X7 + Xg + X9 + Xq0 =59
IIPpU OTPAHUICHUATA

0 < xq

0<x <20
0<x3<20
0<x4 <20
0<x5<20
0<x<20
0<x;<20
0<x3<20
0<x9<20
0 <x70<20

CrenoBaresHo,

By| = (59;9) _ (698) — 49280065120

Amnayiorngno,

IB;y N Byl = (38;9> = (497) = 1362649145

= (26) = 3124550

Kpaitnugar orrosop e

- — 89 10 /68 10\ /47 10\ /26
s (5)-(5)(9) ()9 ()E)-
2037708900921

Samaua 100. Yeppenara [lamania TpsabBa 1a 3aHece KOITHUIIA C ILI010Be Ha Oaba cu. IlmomoBere
ca 9eTUpHu BUJA: SOBJIKU, KPYIIH, TOPTOKAIN U CMOKHHU. B Korraumara Tpsidbsa ga mma ToaaO 40
IIJIOJIOBE, KATO

e 1oHe 3 ca SI0bJIKH,

e KpymiuTe ca mone 3, HO He 1oBeve or 10,

® TOPTOKAJNTE Cca TMOHe 2, HO He MoBeve OT b,
® CMOKHHHUTE ca IIoHe 6, HO He rmoBeve or 13.

[lIo konko pasznumunu HaunmHa Yepsenata [Ilamuniia moxke a c10KM IJ10/I0BE B KOIITHHUIIATA, Ta-
Ka 4e Jia yaosjierBopu usdbpoenute ycioBus?! Ilpuemere, ue Yepsenara [llamuuia pasmnosara c
HEOTPAaHUYeH OPOIl IJIOJOBE OT BCEKH BUJIL.

Ucka ce uynciieH oTrosop.
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Pentenue. Heka u e O6posar Ha g0bJAKATE, V € OPOSIT Ha KPYIIUTE, X € OpOAT Ha MOPTOKAINATE, a
y (§] 6pOHT Ha CMOKHWHUTE. HI/ITa Ce KOJIKO IIEJIOYUCJICHU pENICHUA MMa YPaBHCHUETO

u+v+x+y=40 (59)
IIpu cJjJaeJHuTe OrpaHnvdeHunsd OTI0JIY

u>3
v>3
x>2
y>6

"1 OTTrope

v<10
x <6
y<13

Orpanndenusita OTJI0JIy ce Mojieupatr jecuo. Heka

uw=u—3
vi=v—3
x'=x—-2
Yy =y—6
Torasa
u=u'+3
v=v'+3
x=x"+2
y=y'+6

BamecrBame B (59) u mosrydaBame

(W+3)+V+3)+x+2)+(y' +6) =40 <

uw+v +x +y' =26 (60)
Tosa e ypaBuenuero, 6poAT Ha YMUTO PEIICHUT TbPCUM, IIPU OTPAHUYCHUATA

VvV 4+3<10 =V <7

x'+2<6 —x'<4
Yy +6<13 &y’ <7

Pasrosopuo kazano, Yepsenara [llamuuiia ciara B KomHumaTa 3 sObIKW, 3 KPyId, 2 MOPTOKAIa
1 6 CMOKUHU, CJIeJ] KOeTO TpsiOBa Jia CJI0XKHU ome 26 ILJI00Be, KATO KPYIIUTE ca He MoBeYe OT 7,
MOPTOKAJIUTE Ca He mmoBede oT 4, a CMOKHHUTE Ca He MoBeve OT 7.

3a mpocToTa mpecTaBaMe Ja IUIIEM MIPUMOBETE; TOECT, BpbIaMe ce K'bM HaYaJHUTE MMeHa Ha
npoMmersimBu. TbpcuMm Oposi Ha peleHusTa Ha

u+v+x+y =26 (61)
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IIPU OIrpaHUYCHUATA
v<7

x <4
y<7/

[Ipuiarame TpuHIUIA Ha BKJIIOYBAHETO W U3KIIOYBaHETO. YHHBEPCYMbT U € MHOXKEeCTBOTO OT
BeudKHu perennst Ha (61) B resn mosoxkuTeaHn ducsia. Heka S, e MOJAMHOXKECTBOTO HA yHUBED-
cyma, B Koeto v > 8. Heka Sy e mogMHOXKeCTBOTO Ha yHHBepcyMa, B Koero X > 5. Heka S, e

MIOJIMHOYKECTBOTO Ha YHUBEpCyMa, B KoeTo Y > 8. Tbpcum
S, NS, NS,

CobriiacHo IIPpUHIMITIa Ha BKJIIOYBaHETO U USKJ/IIOYBAHETO,

[SyN S NSyl = Ul — (ISy] 4+ 1S +1Syl) + (1Su N Sl + 1Sy NSyl +[S, N Syl) = IS, NS NSyl (62)

U e cbu3bponMo ¢ MHOXKECTBOTO OT pasloJaraHusi Ha 26 aHOHUMHHU Tonku (exumHurm) B 4

nMeHyBaHN KyTuu. Torasa

26+4—1
IUI—( 41 )—3654

Ha npecmernem |S,|. Heka v =v” + 8. S, e MHOKECTBOTO OT peIIEHUATa HA
u+v'+8+x+y=26

B IIeJIM [OJIOKUTEIHY duc/a; Toect, Ha u+ v’ 4+ x +y = 18. Torasa

18441
s = () = a0

Ja npecmernem |Sy|. Heka x = x” + 5. S, € MHOXKECTBOTO OT peIIEHUATA Ha
ut+v+x"+5+y=26

B TIe/IU TTOJIOYKUTE/THU 9ucia; ToecT, Ha W+ v + x” +y = 21. Torara

21 +4 —1
= — 2024
S ( o ) 0

Ouesnpno |Sy| = |S,], Taxa 1e |Sy| = 1330.
Ha npecmernem |S, N Syl. Sy NSy € MHOXKECTBOTO OT peIeHUATa Ha

u+v' +8+x"+5+y =26

B [I€JIM TIOJIOKUTETHN ducia; Toect, Ha W+ v” +x” +y = 13. Torasa

13+4-1
!&ﬂsq—( 41 >_5w

Ja mpecmernem [S, N Syl. S, NSy, e MEOXKeCTBOTO OT peneHnATa HA

u+v'+8+x+y+8=26
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B [I€JIM TIOJIOKUTETHN ducia; Toect, Ha W+ v” +x +y” = 10. Torasa

4 _

Ouesngno |Sy N Syl =[S, N Syl, Taxa e |S, N Sy| = 560.
11 nakpas Ja npecmeraeM [S, N S, N Syl. Sy NSy NSy e MHOXKECTBOTO OT pellleHuATa Ha

u+v' +84+x"+5+y"+8=26

B IIeJIU TOJIOKUTEIHYE dnca; toect, Ha W+ v’ 4+ x” +y” = 5. Torasa
5441
5,115, 1Sy = ( . ) — 56

BaMeCTBaMe BCHUYIKHU IIOJIYIE€HN MOIIMHOCTH Ha MHO2KECTBa B JIsiICHAaTa CTpaHa Ha (62) u 11oJiydaBaMe
Sy NSy NSyl = 3654 — (1330 + 2024 + 1330) + (560 + 286 + 560) — 56 = 320 0

Sagaya 101. B marazuna na Xpucro ce mpoJiaBaT CJICIHATE ILJIO/IOBE: ITPACKOBH, Kalicuu, siObJIKH,
Kpymm u JKaHKu. [[100BeTe oT Becekn BuI ca HepasmanMu. 110 KOJIKO HatnHA MOYKEM 18 KyITUM
20 maogoBe mpuBedep, Koraro XPHUCTO € MPOJaJ TojsiMara 9acT OT CTOKaTa M ca ocTaHaaum 25
IIPACKOBH M I10 5 IIJIOJIOBE OT BCEKU OT ocTaHajuTe BUaoBe?! JlaiiTe oTroBOp-dmcCIO.

Pemtenne. Heka U osnauaBa MHOXKECTBOTO OT BCHUYKN BB3MOXKHU u3bmpannsa Ha 20 II010BE
6e3 orpanndenns. ToBa ca myarumHO)KecTBaTa ¢ 20 eeMeHTa, U3rPaleHn OT OTIOPHO MHOXKECTBO
¢ momHocT 5. KakTo 3Haem orT Jiekiuu, 6posaT UM e (2054531— ]) =10626. 1 raka, |U| = 10626.
Heka S; ca uzbupanusara na 20 1mwionoBe, B KOUTO UMa IoHe 6 Kaiicuu, S, ca m3bupanusita Ha
20 mIo0Be, B KOUTO UMa, IOHe 6 g0baku, S3 ca m3bupanusita Ha 20 IJIOZOBE, B KOUTO UMa, IIOHE 6
KpyImn u Sy ca nzdupanuaTa Ha 20 10108, B KOUTO UMa IIOHE 6 JKAaHKH. TbpcuM 1S1NS2NS5NSy).

CobriacHo IIPpUHIMITIa Ha BKJIIOYBaHETO W USKJ/IIOYBAHETO,

SinS:NSnSl=1U— ) IS+ ) ISinSi+ - +(=1)15iNS:N SN Sy

1<i<4 1<i<j<4

Ouesuao [Si| = [S2l = [S3] = [Sa4l, [S1 NSyl = =1[S3N 84, ST NS, NS3[ = =[S, NS3N Syl u
$1NS,NS3NSs =0, Taka ge

B 4 4 4
|51ﬁ52ﬂ53ﬂ34|=|u|—(1>|51|+(2>|51ﬂ52|—(3)|S1ﬂ52ﬂ33|+0

14451 .
IS¢ = ( ;“_5] ) = 3060, Tbii KaTO UMa OUeBHHA OUEKIMs MeXK/y Te3u n3dbupanus (B KOUTO MMa

Kailcus-HapyIIUTeN, TOBa € Iecrarta Kaiicus) u npousBojHu nzbupanus na 20 — 6 = 14 mwioja.

Anasnornano, [S1 N S;| = (SJSFET]) =495 u|S1NS,NS;| = (2;571) = 15. U raxa:

1S NS;NS3NSy =10626—4-3060 +6-495—4-15=1296

Nma u mo-KpaTKo pelleHre Ha Ta3u 3a/1a4a.

Bposit Ha Kynenure JzKaHKU € Koe jJa e 15110 dncyo or 0 10 5 Bki. CbIOTO BaxKu 3a
Kajicuure, SObJAKATE U KPYIIUTe. 3a IPACKOBATE HAMaMe U300p: CJIel] KaTO CMe KyIIn-
JIN JUKAHKWATE, SObJIKATE, KPYIINTE U KalficCuuTe, OCTaHaIUTe IIJI0/I0Be TPsOBa J1a Obiar
npackopu. Ot 0 10 5 BKJI. MMa IIeCT IeJn 9UCja, TOeCT UMaMe 110 6 Bb3MOXKHU CTOM-
HOCTHU 3a Oposi Ha JKaHKWTE, Kajicuure, O0bakuTe n Kpymmure. ChrJIaCHO MPUHITAIIA
Ha YMHOXKEHUETO, OOIIusIT O6poit e 6 -6 -6 - 6 = 1296. Il
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Bajaua 102 ce cBexjia JI0 pa3lo/liaraHns HA TOINKU B KYTHUH, KaTO obadue pebT Ha cjaraHe Ha
TonkuTe nMma 3uadenue. B Tabmuna 1 pebt Ha cjaarane Ha TOIKUTE € O€3 3HAYEHUE; TaM MUCJIAM,
Ye TOIKHUTE Ce ThPKAJAT BbPXYy JibHATa HAa KyTHUUTE U €JIUHCTBEHO 3HAYEHWE UMa KOU/KOJIKO
TONKM ca B Kot KyTus. B 3amada 102 mucinM, 4e KyTUUTE ca BEPTUKAJIHUA TPO3PATHH ITUJINH]IPU
C BBTPEIIEH JIMaMeThbp, KOUTO € MaJKO IO-TOJIsIM OT JuaMeTbpa Ha TOINKA M 110 TO3U HAYWH, aKO
TOIKUTE Ce CJIaraT eJlHa CJIeJ JIpyTa, PebT, B KOITO ce cjarar, mMa 3HadeHue. AJITepHATUBHO,
MOXKEM [[a MUCJIUM 32 KyTHATE KATO 3a IPBHTH, BbPXY KOHTO Ce HAHU3BAT JIMCKOBE (TOMKUTE).
EctecTBeno, ToBa JOMbJIHUTEHO YC/IOBAE HsIMa CMUCDHJI, KO TOIKHUTE Ca HEPASJTMIUMU.

3a,z[aqa 102. Ilo KoJKO HaYMHA MOXKEM Ja CJIOZKUM T Pa3JnvYriMHU TOIIKK B T PA3/INYUMU KyTHUH,
aKO peaAbT Ha C/laraHe UMa 3HadeHue?

Pentenune. Muciinm 3a KyTUNUTE KATO 3 [UJIUHJIPUA, B KOUTO ITyCKaMe TOIKH OTTOPE U Te 3aCTaBaT
eJiHa HaJl JpyTa. 3a I'bpBaTa TOIKa NMa L Bb3MOXKHOCTHU: TOBA Ca IIPa3HUTe MUJINHIPHA. 3a BTOpaTa
TOIKa obave Bb3MoKHOCTHTE ca N+ 1, a He n.. T'bit KaTo wbpBaTa TOIKA BeUe € CJIOKEHA B HAKOI
[IAJIMHIbP, aKO BTOPATa TOIKA Ce Cjlara B CbhIUA MUJINHADBD, Td MOZXKE JIa Ce HaMUPa WA OTrope
Ha Bede CJIOXKeHaTa, WM OTj0Jy. ToBa ca Pas/imdHu Bb3MOXKHOCTH, IOM IbPKUM CMETKa 3a
pea Ha pasmoJaranero. AKo nckamMe ja Ioji3BaMe aHaJIOTHsl C PeaHusl CBAT, eJJHaTa OT TE3W JIBe
BBb3MOZKHOCTH C€ CbCTOU B M3BaKJIaHE Ha II'bpBaTa TOIKA OT BLIIPOCHUIA IIMIUHILD, cjaraHe Ha
BTOpaTa Ha JbHOTO H II0C/E II'bPBaTa BbPXY BTopaTa. 3a TpeTaTa TOIKa Bb3MOXKHOCTUTE ca N+ 2.
HesaBucumo or ToBa maJi bPBUTE JABE TOIKH Ca B €IWH W CHINN IUIXHIbLD WIK He, UMa T + 2
pa3/iM4Hu MecTa 3a cjlaraHe Ha TpeTara TOIIKA.

W uzo0b6mo, 3a k-rara Tonka mma n — (k — 1) sp3moxknocru. [lo npunmumna Ha yMHOXKEHHETO,
OTTOBOP'BT €

nxnM+)xn+2)x---xn+m-—1) :H(n—k—H)
k=1

[Tonsikora ToBa ce OGesleKu KpaTKo Taka: n'™. U
3amaua 103. /lajienn ca Tpu HOMEPUPAHU IPHTA.
a) Io xosiko HauMHA MOXKEM Jia HaHMKeM 11 eJJHaKBU JINCKA BbPXY T3 HPbTU’

6) Ilo kosiko HaumHa MoXKeM Jia HanuzKeM 11 ejHakBu Gesu jucka u 19 eJHAKBU YEpHU JIHCKA
BbPXY T€3U MPHTU?!

Pemienne. Sagaana € ChlllaTa KaTO 3aJa4daTa 3a CJlalaHWdd Ha TOIIKU B PAa3/IMYUMU KYTHH, aKO
PEADBT Ha CJlal'aHE NMa 3Ha4YCHUE.

a) Tomkure ca 11 na 6poit, HO ca mepazimaumu. [lloM ca HepasauIMMHU, peIbT Ha CJaraHe
BCBITHOCT HsIMa 3HAYEHHe, MOHEXKe €IMHCTBEHOTO, KOETO Pa3/indaBa JiBe CJIaraHusl, € KOJKO
TOIIKM UMa BbB Besika KyTusi. CraBa jyMa 3a cjaaranust Ha 11 eJIHaKBM TOIKW B 3 pasyimd-
Hu Kytuu. ToBa MoxKe Jjia cTaHe II0 (”*371) = (13

31 2) HAYMHA CBIVIACHO UepBeHaTa YacT Ha
Tabmuna 1. Yucmenusar orrosop e 78.

6) Cera ciarame 11 Torku or eaus Buj U 19 TONKK OT JPYT BUJ, KATO TOIKUTE OT BCEKU BUJ
ca HepazymauMmu. Tabsiuia 1 He HE JaBa JIUPEKTEH OTTOBOP, 3aIlI0OTO HUTO TOIKHUTE Ca, JIBe
10 JIBe pa3JIMIHM, HUTO BCHYKN TONKHU ca eqHaksu. Ille pasrimemame maBe permeHust: mbPBOTO
e rpy0o, TpY/IHO 3a Bb3IpHeMaHe, TPY/IHO 3a 0000IaBaHe 3a MoBedYe MPBTH U IPEICTaBIABA
OaBeH aJrOpUTbHM, a BTOPOTO € €JIETAHTHO, JIECHO 3a Bb3IPUEMaHe, JIECHO 3a 0000IIaBaHe 3a
1oBeve IPbTU U € ObP3 aJrOPUTHM.
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IIspBo pemtenme. IlbpBOo ja BUAMM 10 KOJIKO HAYMHA MOYKEM JIa CJIOKUM JIUCKOBE HA
wbpBEsA TPBT. [a Kazkem, de OposdT Ha OeJinTe JUCKOBE BbPXY HEro e My, Kbiaero ng € {0, 1
y+..y 11}, @ OposAT Ha YepHUTE JUCKOBE BLPXY HEro e My, kbjgero my € {0,1,...,19}. Te3n
n; + My Jaucka OMBaT HaHU3aHU BBLPXY NPbTa, TOECT OMBAT HApEJeHU B JUHENHA Hapeada.
KakTo 3HaeM oT JjiekIun, MOXKeM J1a HapeJIuM Ty 4+ My 00eKTa, OT KOUTO Ny ca HePa3InIuMu
MOMEXK/JTY CH U OCTaHAJIUTE My CbIIO Ca HEPA3JIMINMU IIOMEXK/y CU, B JIMHEHIHA HApe10a 110
(”‘ +m‘) HauynHa. Tbil KaTO BCEKHM pa3jinydeH u300p Ha Mg WIK My JaBa pas3jndHa Hapejaoda,

m
o0IuaT OPOil Ha Pa3/IMIHUTE HAHU3BAHUS BbLPXY I'bPBUSA IPBT €:

£5

0m1

Cites1 KATO CMe HaHW3AJIM JUCKOBE BbPXY II'bPBUs MIPHT, pasnojarame ¢ To9ao 11 —n; 6en
qucka u 19 —my gepuu jaucka. /la pasriegame Bropus npsT. [la kaxkem, 1e 6post Ha besiute
JINCKOBE BbPXY HEro e My, Kbjero Ny € {0,1,...,11 — ny}, a O6poaT Ha YepHHUTE JTUCKOBE
BbPXY Hero e my, kbaero my € {0,1,...,19 — my}. C HAbIHO AHAJIOTMYHU PA3ChIKICHIS
yCTaHOBsiBaMe, e HAIMHUTE Te3W N, Oesn JUCKa W My YepHU JUCKa Ja ObjiaT HaHU3aHH
BbPXY BTOpHUS MPBT €:

1M—mng 19—y 4 m,
DI

n,=0 my=0

Bposar na HaunHuTE 18 HAHWKEM JIMCKOBETE BbPXY I'bPBUS U BbPXY BTOPHUS IPBHT CE MOJY-
JaBa 110 IPUHIANA Ha YMHOXKEHHUETO — 38 BCAKO HAHU3BaHEe BbPXY I'bPBAA OTYUTAME BCUUIKU
HAHU3BaHUs BbPXy BTOPHUS:

P (P

=0 my= n;=0 my=0

3a mocjiegHus, TpeTu IpbT Opos Ha OeMTe JTUCKOBE € OIpelesieH OT T U My, a UMEHHO
11T — ny — n,. Anajornyno, 6podar Ha depHure auckose e 19 — m; — my. Tyk Hama ja
cyMupaMe, 3al0TO Te3W OCTaHaJIl JIUCKOBe, aKO HM300II0 MMa TaKhBa, TpsOBa Ja Obiuar
CJIOYKEHI BbPXY TPeTHs MPbT. 1ToBa MoXKe Ja CTaHe II0 TOYHO

1T—m—m+19—m;—my o 30—Mm—mn,—m; —m,
1]—11]—112 N 1]—111—1’12

HaunHa. OTroBopbT e:
1 —nj 19— my
Z Z n +my Z Z n+m\ /30— —m,—m; —my
11— n —ny
=0 my= ny;=0 my=0

UHCaeHuaT OTroBop, KOMTO He ce MCKa, € TPYIHO JIa ce MOJIydYd Ha PbKa OT Tasu (popMylIa.
Mozke ja 10 HaMepuM CbC CJIeJHaTa KOMaHIa Ha maple (tm):

> add(add(binomial (nl+ml, nl)*add(add(binomial (n2+m2, n2)x*\
> binomial (30-n1-n2-m1-m2, 11-n1-n2), m2 =0 .. 19-ml1), n2 =0 .. 11-n1),\
>ml =0 .. 19), n1 =0 .. 11);

27095140800
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Bropo pemenune. 3amadara e cbliiaTa KaTo 3aJa4aTa, 0 KOJKO HATHMHA MOXKEM Ja Hape-
M 11 6esn jucka, 19 yepHu jiucka u 2 yepBeHn Jiucka (KOUTO UIPAsAT POJIATA HA Pa3JIeIi-
TeJIN) BbPXY €UH €IMHCTBEH NpbT. Te3u Hapetu choTBeTCTBAT OMEKTUBHO HA HapeIonTe
OT 3ajiadaTa ¢ TPUTE IPbTa, 3aI0TO JIBATa YePBEHU JIMCKa—pa3/Ie/IuTeu pas3ieadaT JInHeli-
HaTa HapeJ0a OT OCTAHAJIUTE JIUCKOBE HA TOYHO TPU YaCTH (HSIKOU OT KOUTO, HO HE BCHUKH,
MOKe Jia ca rpasHn). ToraBa OTrOBOPBT € MYJITHHOMHUAT KOSDUIUEHT

32 32!

= T 27095140800
11,19,2) ~ 1111912

KakTo moxkerrie j1a ce o9akBa, 9UC/IEHUSIT OTTOBOP € ChIMUAT, HO TOBA PEIeHNe UMa OUeBUTHA
MPEIMMCTBA TIPE/T ILPBOTO. U

Sasa4va 104. B rasu 3ajaua u B cieBaniara craBa ayMa 3a HeJOYUCIeHN pa3OUBaHUsT; TOECT, 34
zejieHara dacT Ha Tabsuna 1. [Ipunomusame cu, de “mesounciieHo pasouBane” Ha ISIJI0 ITOJIOXKU-
TEJTHO YHMCJIO TL € MYJTHMHOXKECTBO OT IEJIN MOJIOKUTEHI 9UC/Ia, 9udTo cyMma e N. Tesu umcia ca
wacmume Ha paszbusanero. IIpuMepno, 4ucaoro 6 uma mejo9uciaeHo pasousane 1+ 14242, karo
gacture ca 1, 1, 2 u 2. PexbT Ha cymMupane HaMa 3HAYEHREe. 3a IIbIHOTa PALJIeXK IaMe [eJI0YUCIeHI
pa30uBaHus U KOTATO T € HyJIa.

Hecro n3nos3Bana HOTAIMs 3a Opost Ha IeJIouncIeHnTe pa3duBanus Ha N Ha k gactu e “p(n, k).

JlokaxkeTe ¢ KOMOMHATOPHY pa3CbKICHUS, Y€

1, ako k =n
p(n,k) =<0, ako (k=0un>0) wmn<k (63)
rm—kk)+pn—1,k—1), ako0<k<n

Pemtenne. Hauannure ycioBug ce 000CHOBAT TaKa.

e k = n o3HauaBa, e chbupaemuTe ca N Ha Opoit. Ako n > 0, O9eBUIHO UMa CaMo €/INH TaK'bB
coop:

T+1+--- 41
| S

n cubupaeMu

Ako n =0, mak uma camMo eJInH TakbB cHOp, HO TOM e mpas3HuAT cOop ¢ Hysaa cboupaemu. U
Taka, p(n,n) =1 3a Bcako N €.

e k =0, n > 0 o3nauasa cbop oT HyJia chbOMpaeMu Ha IOJIOKUTEJHO 4Ynucao. ToBa e HeBb3-
MOKHO, Taka 4de p(n,0) =03an > 0.

N < k o3HagaBa moBedye CbOMpaeMu, OTKOJIKOTO € FOJieMUHATa Ha YUCI0TO, KOETO CBIIO €
HEeBB3MOXKHO, Taka e p(n,k) =03an < k.

Aprymenranusra 3a “cbmunackara pexypeust’ npu 0 < k < n e cieanara. Pasriexmame cboposere
Ha N ¢ k chbupaemu. PazbuBame cbopoBere Ha Te31, KOUTO UMaT ¢cbOupaemo 1, u Te3u, 9rueTo Haii-
MaJIKO ¢CbOMpaeMo € MO-roJIsiMO OT 1.

e Bpogar ma Te3mn, kouto nmar moxe eHo choupaemo 1, e p(n—1,k — 1), moHexke cbirecTByBa
oveBHIHA OUEKIUs MEXKJTy TdaX U Bcuuku cobopose Ha N — 1 ¢ Touno k — 1 chbupaemu.
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e Bpogar na Te3m, unero Hail-maako cbbupaemo e mo-rojsimo ot 1, e p(n — k, k). [lpuunna-
Ta e, 9e aKO M3BaJUM €JIMHUIA OT BCIKa ChOMpaeMO—TOBa O3HAYaBa Jla U3BaIUM OO0IIO K
eJINHUATIT—IIIEe TTOJIyIuM K Ha OpOil TOJIOKUTETHU ChOUPAaeMu, TaKa de ChINeCTBYBa OUEKITHs
MeXKIy cOOpoBeTe Ha ML ¢ TOYHO Kk chOMpaeMu, BCAKA OT KOUTO € MO-TOJISIMO OT 1, U BCHYKA
cbopose HAa N — k ¢ TouHO Kk chbOMpaemu.

[To mpunmuma Ha paszdousanero, p(n, k) =p(n—k,k) +pn—1,k—1). O

Bazada 105. Heka n € N*. Hamepu u ob6ocnosere siBHa OMEKIUSA MEXKLY IEI0YUCICHATE Pa3Ou-
BaHMs Ha M Ha HA HEYETHU YACTU U IEJIOUNCIEHUTE Pa3dMBaHUsATa HA T HA YaCTH, KOUTO Ca JIBE
110 AB€ pPa3J/IMIHU.

Pentenne. /la 3anodnem ¢ MabK npuMep. Bendky reiounc/ienn pa3ouBgHus Ha 6 ca e UHAJIeCeT
Ha Opoii, a UMEHHO

6=T+T+14+14+141
6=1+1+1+1+2
6=1+1+2+2

6=2+2+2
6=1+1+1+3
6=1+2+3
6=3+3
6=1+1+4
6=2+4
6=1+5

6=6

PazbuBanusara Ha HedeTHN YaCTU Ca YETUPU Ha OpOIi:

6=14+1+1+1T+T1+1
6=14+14+1+3
6=3+3

6=1+5

PazbuBanusita Ha JacTH, KOUTO Ca JBE 10 JIBE PA3JIUIHHU, CHIIO ca YeTUPU Ha OpOii:

6=1+2+3
6=2+4
6=14+5
6=06

Jla pasriietame oOIust caydaii, B KOiTo N e mpou3BosiHo. Heka X € MHOXKECTBOTO OT IEJI0UUCIe-
HUTe pa3duBaHud Ha N Ha HedeTHH JacTu. Heka Y e MHOXKECTBOTO OT IEeJI0UHUC/ICHUTE pa30MBAHUS
Ha N Ha YaCTU, KOUTO ca JBe 1o ase pasiaundnu. [1le mokazkem u obocnoBem omekims f: X — Y.
Pasruex tame rmpounsBoiHo meoduncieHo pasousane X € X. Heka ynukaiauTe ejiemenTu Ha X ca
b1, ..., by, KaTo TOBa ca HIKAKBU HEYETHHU YHUCJIA C Bb3MOXKHU MMOBTOpeHus. Heka KpaTHOCTTa Ha
b; e my, 3a 1 <1 < kf. Jlo6pe m3BecTen dakT e, 4e BCAKO M0 MOJOKHUTETHO YUCTIO CE TIPEICTABS

fOueBmano e m3mbameno k € {1,...,n}, miy >13a1<i<ku Z?:] by x my =n.
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10 €JIMH eJIMHCTBEH HAYMH KATO CyMa OT CTEIIEHUTE Ha JIBOHKaTa (TOBa € ChIIOTO KATO JIa Ce KaxkKe,
e UMa YHUKAJHO IIPEJICTaBsiHe B JBOMYHA MMO3UIMOHHA OpoiiHa cucrema). [IpencraBsame Bessko my
KaTO CyMa OT CTeleHuTe Ha jBoiikara. V3BbpIiiBaMe yMHOXKEHUATa M; X bi, KaTo mM; € cymMa oT
crereHuTe Ha JiBojikara, 3a 1 < i < k. [losydenoro nenouncieno pasoupane e y = f(x).

Ha sugum npumep. Thii KaTo 6 € npeKajaeHo MajIKO YUC/IO 33 CMUCJIEH IIpUMep, HeKa N = 55.
Hexka x e ToBa pazdouBaHe Ha 55 Ha HEUYETHU JACTH:

35=3+3+3+3+3+3+114+114+15
Torapa k=3,b;=3,b,=1Tubz =15 am; =6, my, =2 u m3 = 1. OueBugHO
34+34+34+3+3+3+1T+1T+15=6x3+2x11+1x15
[IpescraBsHusaTa HA M KATO CyMH OT CTEIIEHU Ha JIBOWKATA Ca TE3MU:

my :6:21+22
TTLZZZZZ1

my=1=2°

Torapa pazdbuBaneTo X ce TpaHcdOpMUpa B TOBA:
2'+22)x3+2"x11+2°x 15

Koraro orBopum ckobute, mosydaBame pasdbubanero y = f(x):
6+12+4+224+15

HaI/ICTI/IHa, JacCTuTe Ha Y ca JBE 110 ABC Pa3JIMIHU.

Ornmcanoro nzobpazkenue f e go0pe medrHrpana QYHKIHS, 3aII0TO BCAKO X € X UMa TOTHO €/INH
obpas f(x) no ornomenue na f. [lle gokazkem, de f e unekiust. 3a 1esrTa pasriezk jamMme IPOU3BOIHO
pasbuBane y € Y u jJ0Ka3Bame, Ue ako Y ce sBsgBa oOpa3 Ha IoHe eJHo X € X, TO ChIIECTBYBa
eauHCcTBeHO X € X, Takosa ue f(x) =y.

JlokazaTeJIcTBOTO e OCHOBaBa Ha eJIeMEHTapHUs (DAKT, e BCSIKO ISJI0 MOJOKUTETHO TUCTIO
ce MpeJICTaBsl [0 YHUKAJIEH HAYMH KATO MPOU3BEJIeHNEe OT HEYEeTHO YUCIO0 (MOXKe Jia € eJIMHUIA)
U CTelleH Ha JiBoiikaTa (KogTo MOxKe Jia e eaunuia). ToraBa dacTure Ha Y, KOUTO Ca JBE 1O JIBE
Pa3/INYHNA 110 KOHCTPYKIMSA, UMAT YHUKAJIHUA IIPeJCTaBsAHUsl KATO IIPOU3BEJIEHUs] OT CTEIeH Ha
,ZLBOIU/IKaTa " HEYETHO YUCJIO. PaSJH/I‘-IHI/I HaCTUu Ha y MOZKeE Ja UMaT €IHO 1 CbINO HEYCTHO YMCJIO
KaTO MHOZKUTEJI. KJ'HOLIOBOTO ,HeﬁCTBI/Ie € I'pyliupaHeTO Ha C'b6I/Ipael\/II/ITe C €IUH 1 CbIII1 HEYETCH
MHOXKHTEJ, KOUTO ce m3BaXK/1a MpeJl CKOOM; B CKOOUTE ce MoJIydaBa CyMa OT CTEIleH! Ha JIBOiKaTa,
JBe 110 e paziudnu. Popmasino, rpancdopmupame Yy B Y’

Y = (290 2900 ) py e (2% e 2%

KbJETO P1, ..., Px Ca PA3IUIHUTE HEUYETHU MHOXKHUTEIN B dacTuTe Ha Y. Hucsaoro t; e OposaT Ha
YaCcTUTe Ha I'bPBOHAYAIHOTO Y, KOUTO MMAT HEYeTeH MHOXKUTET Py, 3a 1 < 1 < k. Yucnara 291,
..., 2994 ca pa3JIMYHUTE CTEIleHNM Ha JIBOiKaTa, KOMTO, YMHOXKEHHU C Pi, Y4acTBAT KATO YaCTU
Ha mbpBonadasnoTo Yy, 3a 1 < i1 < k. 3uaeiiku pedbununudra na f, BimKmgame, de ToBa, KoeTo f
n300pa3gBa B Y, € MeJ0UNCIeHOTO pa30nBaHe X, YMUTO YHUKAJIHI eJIeMeHTH ca Py, . . . , Pk, KbJIETO
KpaTHocTTa Ha P; € 297 4 -+« 4 2%t 33 1 < 1 < k. O4eBugHO yacTuTe Ha X Ca HEUYETHU U CE€
cymupar Jo n, taka de X € X. [llom 06pa3bT Y onpejiesis HAIMLIHO IbPBoOOpas3a X, dyHkIimaTa f
€ UHEKIIN.
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Cera 1mie jokazkeM, 4e f e CIOpeKIHs: pas3rexk/jaMe IIPOU3BOJIHO IeJI0YUCIeHo pasdbuBane Yy € Y
U JIOKa3BaMe, de ChInecTByBa X € X, takoBa 1e f(x) = y. JlokazaTesicTBOTO M3I10/13Ba HA IIPAKTHKA
CBIUTE CHOOPAXKEHUsT KATO Bede HAIPABEHOTO JI0KA3aTeICTBO, e f e mHeknusa. MyaTuMHoKecT-
BOTO Y B Hero Oerrre TPOU3BOJIHO U HUE HAMEPHUXMe HErOBHs MbPBooOpa3 1o otHoirenue Ha f. Epro,
BCSIKO TIEJIOUNCIEHO pa3dbmBaHe oT Y ce siBsgBa obpa3 1o otHorrenue Ha f. Epro, f e ciopekmus. [

3amaua 106. Tyk craBa jiymMa 3a CTaHJIapTHU KyOMYHHU 3apOBE, BCsIKa CTpaHa Ha KOUTO € Map-
kupana ¢ Touno eano ot CJ, (I, (I 6 & €. Tesu cumsosn napuyame auyama. Koraro kazsame “n
pas/imuHu 3apa’ 3a HIAKAKBO T, UMaMe IPeJIBUI, Ye HsMa eJHaKBH 3apoBe — HAIpUMeED BCEKHU 3ap
e OI[BeTEH B IBAT, pa3/JIeH OT IBETOBETE Ha JIPYruTe 3apose. Koraro roBopum 3a 3apoBe OT eJIuH
U CHIY [BAT UMaMe IIPEJBUJL, Y€ Te3U 3apOBe Ca HePa3/InIUMU.

a) [lo Ko/IKO pasau<aHn HAYHHA MOXKEM Jla XBBPJIUM IECT PA3JINIH 3apa’
6) Tlo KoJIKO pas3/iMuHu HAYMHA MOYKEM JIa XBbPJIUM IIECT eJJHAKBY 3apa’

B) Ilo KOJIKO pasinmyHu HaYMHA MOXKEM JIa XBBHDJUM IIEeCT 3apa, TP OT KOUTO ca Oesid, eJliH e
YepBeH, eJH € 3eJIeH U €/INH € CUH!

r) Ilo KoNKO pasinuHu HauMHA MOYKEM Jla XBBPJIMM TPU DA3jIMYHU 3apa, Taka de cyMara OT
qncaara € 9 BbB BCSIKO XBbpJIsgHe?

1) Ilo Konko pasaudaHN HaYWHA MOXKEM Jla XBBLPJIUM TPU €JHAKBH 3apa, TAKWBa Y€ cyMaTa OT
qncaara € 9 BbB BCSIKO XBbpJIsiHe?

e) Ilo KoJIKO pa3ImyHu HAYMHA MOYKEM JIa XBbPJIUM Tpu GeJId U TPU Y€PHU 3apa, TAKUBA, 1€ BCSIKO
OT JINIATA Ce IOABABA IIOHE BEIHDbLIK !

Pemrenne.

a) 3ajauara ce pelaBa TPUBUATHO KATO 3aJ/1a4a 3a CJlaraHe Ha TOIKK B KyTHH, AKO ChOOPa3iM, e
kyrunre ca jurara (J, ) 1 6 6 6 a Tonkure ca mecrre 3apa. O4eBUIHO U KYTHHUTE, U TOIKUTE
ca Pa3JIMYNMH, TaKa de cMe B cuHaATa dacT Ha Tabsmma 1. OrroBopsT e 6° = 46 656.

6) OTHOBO MOXKEM JIa CBEJIEM 3aJ1a9aTa JI0 cJaraie Ha TONKU B KyTun. OTHOBO, KyTHUTE ca JIUIATa
G, 03,60 B3, 6369, a ronkure ca mrectre 3apa. Cera KyTunre ca HaK pasjidduMU, HO TOIKHUTE Ca

eJTHAKBH, Taka de cMe B deppenara dact wa Tabymmna 1. OTtroBopsT e (62571) =462.

B) [la cu npejcraBuM, 4e XBbLPJIsiME HE3ABUCUMO II'bPBO OeJIUTe 3apOBe, KOETO MOXKEM Jla HAIpa-
61
BHUM II0 (3+ ) HaYMHA U II0CJIE I[BETHATE 3apOBE, 33 KOETO Bb3MOKHOCTHTE ca 6°. OTroBopbT ce

MoJTydYaBa Mo IMPUHITUIIA HA YMHOXKEHUETO (SZEY]) x 6% =12096.

r) OrroBopbT MOXKe Jla ce ToJIyun Karo B 3ajadara “Ko/ko nesioqucienn penenusi uma ypasHe-
HIeTo X1 + X2 +x3 = 9, ako 1 < x; < 677, KoITO Ha CBOil pejl MMa CbIMUs OTTOBOP KAaTo 3a/adaTra
“KoJIKO TIeJIOIHCIIeHN PEIleHnsT UMa ypaBHEHHeTo X1 + X3 + X3 = 6, ako 0 < x; < 57" (cpaBHere
cbe 3agada 97). OrroBopbT 25 MOXKe J1a ce TOJIydn KaTo (6;%;1) — 3 x 1 = 25 upes npunarane Ha
[IPUHIMIIA Ha BKJIIOYBAHE U U3KIIOYBAHE.
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Tbit KaTO MHOXKECTBOTO OT peIleHUsITa He € TOJIIMO, MOXKEM H Jia KOHCTpyHpame sBHO, 0e3 a
IoJI3BaMe IIpUHINIIA Ha BKJIIOUBaHe W u3KJouBaHe. Heka 3apduerara ca 651710, 1€pBEHO U YEPHO.

). -]: ¢ 8] -]: ¢ gl -] Cos &3] - 1. Ho®s
@] Ees &) L. -] &)1 HEO
)] )] gl CEm &3] -
] )] &)l ] -
@: il EBm &) -

)] -

,Z[) Nma mecT TakuBa XBBbPJIAHUA, KOUTO MOZKEM JIa OIIMIIIEM fBHO:

GE
G
(JEIEI
6
OEE
G

e) Ilpu mect 3apoBe U IIecT JIUIA, BCSIKO JIMIE Jia Ce MOsBsIBa MOHE BEIHDBK € CBIIOTO KaTo
BCSIKO JIMTIE JIa Ce MOABsIBA TOYHO BEJIHDbK. 3ajladara € CblllaTa KaTo 3ajadara, 110 KOJKO HaunHa
MOXKEM JIa OIBETUM IIEeCT PA3JIMIHU O0EKTa TaKa, Ue TPHU Ja IOoJydaTr Oyl IBAT U TPH, YepeH
uBAT. JlocTaTbTduHO € J1a olpeae/inM KOU ca, HAIlpuMep, bejmre 00eKTH, OcTaHAJATe TPAOBa 1a ca

gepuauTe. MoxkeMm 1a mogbepeM 3 06eKTa 0T 00IIo 6 110 (g) = 20 HaunHA, KOETO € U OTTOBOPBT.

U

Bagaqan 107 u 108 ca cbimumre KaTo 3amaun 26 u 27. Tyk npejyiarame pereHust, KOUTO ¢e Moy daBaT
KaTO cJaraHus Ha TONKH B KyTHUH.

3agaga 107. B koiko OyseBu BeKTOpa C L €JIMHUIIN U TN HYJIU, CJIe/ BCIKa eIMHUIA CJIeIBa TOHe
eJiHa HyJ1a?!

Pemenne. Ilpeacrasmve cu n Ha Opoit O10K4IeTa , OKOJIO KOUTO TPsAOBa Jia “‘HacureM’ OIIe
M —MN HYJIH, 32 Ja [MoJy4InM o010 m Hyu. Hynmrre ca HepasjmmauMu TOIKY, MecTaTa 3a cjlaraHe—

o6 n + 1 wa 6poii—ca pazyimunmu Kytun. OTroBOpbHT € ((mf&)i](;‘j”*]) = (1:) U

Bama4va 108. Kosko OymeBr BeKTOpa ¢ N €IMHATIA U T HYJIM HIMAT ChCEIHU €INHUTIN !

Pemenue. Ilpejncrassame cu n — 1 na 6poit Oj0KveTa U oIle eaHOo OJIoK|e HaKpasd.
O6mmo 610k4yeTaTa ca N Ha O6pos. Okoo Tax TpsOBa ja “Hacuiem” m — N + 1 mynu. Hymmure ca
HEPA3/JINIUMU TOIKW, PA3IUIUMUTE KYyTHHU ca KOJKOTO B 3asada 107 — mak n + 1. OrtroBopsT €
(ML) =) N
Samaua 109. lebunupame “KOMIO3UINAA HA 1110 HOJOKUTETHO UUCIO 1O CJICIHUS HAYUNH. 3a
BCSIKO TISJIO TIOJIOYKUTETHO T, KOMNO3UUUA HG T € BCEKM BEKTOD OT MU TOJIOKUTEJHI UCTIA,
qusTo cyma e n. Ipumepno, (1,2,1,3) e komnosunus wa 7, a (1,1,3,2) e apyra KOMIIO3UIKAS HA
7. 3abenexkere, 9e pebT HA €JIEMEHTUTE MMa 3HAUYCHHE, 3aI0TO KOMIIO3UIIUITA € BEKTOD, a He
myaTuMHOKecTBO. Ciiesr ToBa jecbunupame, de K-komMno3uyus Ha M e BCsiKa KOMIIO3UINA HA ML C
trouno k enementa. [Ipumepno, (1,2, 1,3) e 4-komnosunus Ha 7, a (1,1, 3,2) e apyra 4-KoMIo3uiust
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wa 7. (1,1,1,1,1,1,1) e equncrsenara 7-komro3uims Ha 7, a (7) e exuHcTBeHaTa 1-KOMIIO3UIIHST
Ha /.

Kounko k-kommosunuu na n uma? Koako kommnosumun Ha n uMa?

Crpanrdna 3abe/ie’KKa: BbIIPOCHATE KOMITO3UITHH Ca PA3JIHIHHA OT IeJTOIUCTCHUTE Pa3-
OuBaHUs, KOUTO BbBEJOXMe B 3ejieHaTa dacT Ha Tabsmra 1. Ipu megodncienure pas-
OuBaHUs peJbT Ha ChOUpAeMHTEe HsMa 3HadeHue, MOPaJH KOETO KYTHUTE Ca HepasJIH-
quan. [Ipu Kommosuruure obade pebT Ha ChOUpacMHUTe HMa 3Ha9eHHe, ITOPad KOeTO
KYTHHATE Ca Pa3JIMIuMHi U cMe B deppeHara dacT Ha Tabymma 1. OtroBopbT obade He

1
ce moJiyv4aBa JJUPEKTHO C (mt: ), HOHeKe HMa CHINECTBEHH OIPAHHTCHHSL.

Pemenne. Heka C(k,n) e muoxkecrsoro or k-kommnosurure Ha n. Heka V(k, n) MHOXKECTBOTO
OT BEKTOPUTE, CHCTOAIIM ce oT K— 1 ejleMeHTa OT euH BUJL, Jla T OejieskuM ¢ [, 1 . ejleMeHTa 0T
JPYT BUJIL, Ja I OCJICsKUM € “*”, KOUTO BEKTOPHU HE MOKE J1a 3a104Bar ¢ ‘[, He MoxKe Ja 3aBbPIIBaT
¢ “” u e moxke 1a uMma cheennu ejaementu 7. CoiecrByBa odepwHa 6uekimsa or C(k,n) BbB
V(k,n). [IpumepHo,

e na xomnosunugaTa (1,2,1,3) or C(4,7) cboTBeTcTBa BEKTOPBT *| * *| * | % *x x or V(4,7),
e na komnosunusTa (1,1,3,2) or C(4,7) cboTBETCTBA BEKTOPHT *| * | % * % | % x o1 V(4,7),

e na kommosurmara (1,1, 1,1,1,1,1) or C(4,7) cboTBeTCTBa BEKTOPBT *| * | * | % | * | % |* oT

V(4,7),
e na koMmmnosumusTa (7) or C(4,7) ¢chbOTBETCTBA BEKTOPBT * * * * % * x oT V(4,7).

EslemenTuTe * oTroBapsAT Ha €IUHUINTE-eJIeMEHTapHA ChbOMpPaeMu, OT KOUTO Ce ChCTOU T, a Bep-
TUKAJIHUTE Pa3Jde/IMTeIN II0Ka3BaT KaK Ca IPYLHUPAHU Te3U eJIVHHUIM B K HEHYJIEeBU CHLOMpPAEMU.
Penbr Ha chbupaemuTe nMa 3HaYeHne W HapeabaTa Ha IPYIATE * - - - % BbB BekTopuTe Ha V(K,n)
CHLOTBETCTBA TOYHO Ha peja Ha cbbupaemure BbB BekTopure Ha C(k,n). fcHo e zamo He Mo-
ke Jla uMa “” B Ha9aJao0To WM B Kpas: TOBa OM CHLOTBETCTBAJIO Ha CLOMpaeMo HyJla, KOeTO He €
paspernteno. Cbeean ejleMenTn “|” He ca paspenienn 110 Cbhiara IPUIHHA.

Topeum |V (k,n)|. CrobpassBaMe, 4e BepTUKAJIHHTE pasjeaureaun ca Kk — 1 Ha 6poil u nma
n — 1 mo3uIuu, Ha KOUTO MOXKeM Ja ru ciaarame. Beeku u36op Ha kK — 1 oT 0bmmo n — 1 mosurun
oTIpejiesist €IHO3HATHO €HO OT CJIaraHdsTa Ha BEPTUKAJIHHUTE pas3Ie/nTe/n. 3ak/IiodaBaMe, de

V(k,n)| = (Ej) Ho rorasa |C(k,n)| = (Ej) 10 IPUHIINAIIA Ha OUEKITUSITA.

BposiT Ha BCcHYKM KOMIIO3UIIMKA Ha T Ce IOJIydaBa ¢bC CyMHPaHe 110 Opost Ha K-KOMIIO3UIIMUTE Ha
n, o Bcudku K or 1 10 n. A uMeHHO,

= n—1 n—1 n—1 n—1
;!C(k,n)!— o JTU )l ) el

C'bIvIacHO H3yHaBaHoTO Ha JIEKIH, Tasu cyma e 2" . Bakiouasame, de y . |C(k,n)|=2"".0

7 Sampling with/without replacement, with /without order

Bagada 110. /lajeno e MHOXKecTBO A 0T Nl 06ekTa. VI3BbpiiBame nocieoBaresHo reriere (sampling)
Ha M 00eKTa u3MexK 1y Tax. TersieHeTo MoxKe J1a mMa CJIeIHITE XapaKTePUCTUKI
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[ Pe,IL”bT Ha HU3TErJIdHE MO2KE Ia MMa 3HadeHue, IIPpU KOETO Ka3BaMe, Y€ TEIJICHETO € Hapelde-

HO (with order), miam pemrbr Ha TersieHe MOXKe /1@ HSIMa 3HAYEHHE, TP KOETO Ka3Bame, de
TeryieHeTo e HeHapeseno (without order).

Benubk msrersien ob6eKT Moxke BeHara (IIpeJi CJICIBAIIOTO TerjieHe Ha 00eKT) ja Obje
BpbIAaH B A, KOETO 03Ha4YaBa, 4e Ha CJICBAIIOTO TErJIeHe MOYKEM ITaK JIa M3TETJIMM HEero — B
TO3W CJIydail Ka3BaMe, de TeryieHeTo e ¢ Bpbinane (with replacement); asrepHaTuBHO, MOXKe
BEJIHDBK M3TErJIeH 00EKT Jia He ObJe BPbINAaH, KOETO IPaBU HEBB3MOXKHO Ja Objie U3TEerJIeH
OTHOBO — B TO3M CJIydail Ka3BaMme, de TerjeHeto e 6e3 Bpbinane (without replacement).

Besaka ot II'bPBUTE JABE BH3MO2KHOCTHU MOXKE J1a 6’]3,IL6 cbieTaHa B BCdKa OT BTOpUTE JIB€, TaKa Ye
061110 Ca 9€TUPU Bb3MOKHOCTHU. l[a Ce OIIpeJesin 3a BCAKa OT 9YETUPUTE Bb3MOXKHOCTU, 11O KOJIKO
HadMHa MO2Ke Ida 6"1))16‘ U3BBbPHICHO TEIJICHETO.

Pemenue. Jla pasriiesiame BCAKa OT YeTHUPHUTE BH3MOKHOCTH U J1a s CBEJIEM JI0 HAKAKBO CJIAraHe
HA TOIKHU B KyTHH. BbB BCAKA OT T€3W Y€TUPU BbH3MOKHOCTHU, KYTHUTE ca 00eKTUTEe OT A, CJIe/0-
BaTEJIHO Ca N Ha OpOii, a TOIKUTE CHOTBETCTBAT HA OTJIETHUTE M3TEIVITHU, CJIEJIOBATETHO ca M
Ha Opoit. Tbit kaTo 0bekTuTEe OT A OYEBUJIHO Ca PA3JIMYNMU, pa3liezkKaMe cjlaraHns Ha TOIKH B
pasmmanmMu Kytuu (JisiBata dact zHa Tabmuna 1).

® Hape,ZLGHI/I TerJiecHrug C BPbIIIaHE. Te croTBeTCTBAT HA CjIaraHdsd Ha M Pa3/In9YHU TOIIKK B TL

pPa3/IMIHN KyTHH, KOETO MOXKe Jla ce HalpaBu 1o N™ HaynHa. TonKuTe ca pasmdHu, 3aIio-
TO peJIbT Ha TerjieHe MMa 3HAueHue, KOeTo O3HAYaBa, de OTJEeJHHUTe TerjieHus (TOINKH) ca
Pa3InIUMU.

Hapenenn rernenns 6e3 Bpbinane. Te choTBeTCTBAT Ha CjaaraHud Ha M pa3jndIHU TOIKU B
N pa3/InIHu KyTUH IIPU YCJIOBHE, Y€ UMa He IoBedYe OT €JiHa TOIKa B KyTusd. 1oBa ycJIoBHE
TOYHO ChOTBETCTBA Ha (paKkTa, de BCeKH 00EKT MOKe Jia O'bJe U3TEerJIeH Hail-MHOTO BEJIHbIK.
MozxkeM Ja U3TEeryiuM TakKa o Nt HaduHA.

Henapesenu rernenus 6e3 spbinane. Takusa ca, nanpumep, terienusta B Toro 2 (6 or 49).
Te cboTBeTCTBAT Ha CjIaraHus HA M HEPA3JIUIUME TOIKU B L pa3JIUIHNA KYTUU [P YCIOBUE,
Je uMa He IIOoBeYe OT eJHa TOIKa B KyTHs. 10Ba yCcJIOBHE TOYHO ChOTBETCTBA Ha (hakTa, e
BCEKM 00EKT MOXKe J1a ObJie M3TerJIeH Haii-MHOrO BeTHbXK. MoxKeM J1a M3TermM Taka, 1o (:1)
HAYINHA.

Henapeienu rersiienus ¢ Bpbmane. Te chboTBeTCTBAT Ha C/IaraHus Ha M HEPA3JIUYUMU TOIKH
B N pa3/inuHu KyTuu 6e3 orpannyenud. MoxKeM J1a U3TErIUM TakKa 110 (m?*]) nagmHa. [J

Samaya 111. B marasun 3a ra3upanu HAIIUTKY Ce TIPOJABAT CJACTHUTE HATUTKN: KOKa-KOJIa, TOHUK
u crpaiit. Mima TouHo meT OyTHIKN KOKa-KOJia, ceJieM OyTU/IKU TOHUK U JieceT OYTHUJIKU CIIPAMT.
Nckame ma kynum getupn OyTuiakn. [lo Kosko HaunmHa MOYXKeM Jla CTOPUM TOBA, aKO:

1.

Benukn 6yTuiakn ca pasinaumu (HAIPUMEp, MMAT HIKAKBH YHUKAJIHE HOMEPA) U PeIbT Ha
KyIyBaHe Ma 3HadeHue! .

Bewykn OyTHIKY ca pa3IMmIuMu, HO PEIbT Ha KylyBaHe HIMA 3HAYEHUE.

BYTI/IJIKI/ITG OT Ja/JieH BU/J Ca HEpa3/IMYUMM IIOMEXK/1y CHU, HO PeAbT Ha KYIIyBaH€ MMa 3Hade-
HHeE.

I3Byun crpanno, Ho e BB3MOKHO. Hampumep, BIM3aMe 4eTHPHU I'bTH IOCIEI0BATEIHO B MATA3UHA, U IIPH BCAKO
BJIM3aHe KyIlyBaMe TOYHO €IHa OyTHIIKA.
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4. ByTI/I.HKI/ITe OT JaJ€H BUJ Ca HEPA3JIMIUMU IIOME2KAY CHU U PpeJbT Ha KyIIyBaHE€ HAMa 3Ha4e-

Hue.

Pemrenne.

8

O6mo O6ytmikure ca 5+ 7 + 10 = 22 u B TOBa TOAyCa0BUE ca pasandumu. Tyk crasa
JyMa 3a HapeJeHU TeIvIeHns 6e3 BpbImame Ha 4 mema ot obmo 22. OrrosopsT e 224 =

22 x 21 x 20 x 19 = 175560.

OrHOBO pasriexgame 22 pazauauMu OYTUJIKH, HO Cera TEIVIEHHSTa ca HeHapeJIeHn U 0e3
Bpbiane. OTroBoOpbT € (242) = 7315.

W tasm nojzajada MOXKEM Jia CBEJIEM JI0 CJaraHusl Ha TOIKHM B KYyTHH, HO Cera KyTHUTE
He ca 22-Te OyTUJIKH, & 3-Te BHJa HAIUTKA. Bce eqHo ce muTa, 10 KOJKO HAYMHA MOXKEM JIa
CJIOZKUM 4 pPa3/JIM9IuMu TOIIKA B 3 pa3/In9uMu KyTUU. T"bﬁ KaTO OT BCEKHU BU/ HaIIUTKH NUMaMe
JIOCTATBIHO OPONKHU, 3a Ja OCBINECTBUM KyIyBaHe Ha 4 OyTWJIKM OT JIaJIeHUs BUJ, HIMA
3Ha4YeHNEe TOYHO KOJIKO OpOosi MMa OT BCEKM BHJI — BayKHOTO €, 4e MMa JOCTATHIHO.
Orrosopsr e 3% = 81.

Babesiezkere, e ako MCKaMe Jia CBeJIeM Ta3u 110/[3a/1a49a JI0 TerieHus Ha obekTu (sampling),
cTaBa JyMa 3a HeHapeIeHHU TerjeHus 0e3 BpbIaHe.

Bce eHO ce tuTa, 110 KOJIKO HAYMNHA MOYKEM J1a CJI0KUM 4 Hepas3TmIiuMu TOTIKYU B 3 pa3InIHN
KyTnu. KyTunTe n TONKATE IMaT CHITUAT CMUCHJ KATO B MUHAJIATa 3a/1a49a, HO cera TOIKUTE
ca Hepa3/IMYMMU, [IOHEXKe PebT Ha KyllyBaHe HaMa 3Hadenne. OTroBopbT e (43%;]) = 15.
To3m oTroBop € JOCTaTBHLIHO MAJIKO YUCJIO, TaKa Y€ OMXTe MOIVIM Jla HAIUIIETe B gBEH BU/I
ISJIOTO MHOXKECTBO OT TeTJIEHUS.

Babesiezkere, e aKo MCKaMe JIa CBeJIeM Ta3M I10/[33/a49a J10 TeraeHus Ha obexTn (sampling),
CcTaBa JyMa 3a HeHapeJeH! TETJIEHHUs ¢ BPbIaHe.

g

PekypenTHu ypaBHeHUS

Bamaua 112. Jlsouuen b6posaw ¢ M nozuyuu e BeKTop or M apomunu uucia (0 wim 1), Koiito
ce MHTEePIIPeTrpa KaTo YKUC/I0, 3allMCaHO B JIBOMYHA ITO3UIIMOHHA OpoiiHa cucreMa. bpodaabTr 6uBa
yBe/IndaBaH ¢ 1 B JIUCKPETHU MOMEHTH BbB BpeMeTo. B HauasHus MOMeHT ty OpOSTIbT ChIbprKa
caMo HyJIHM, TOECT NpeJCcTaB/asgBa ducjoTo 0 B JIBOMYHA CHCTEMa, KbM HEro ce jgobaBg 1 u B MO-
MeHT t; TOil HpeJcTaBIgBA YUCJIOTO | B JIBOMYHA CHCTEMa, KbM Hero ce jiobaBs 1 U B MOMEHT
t, Toil mpejicTaBIsgBa YUCIOTO 2 B JIBOMYHA CHCTEMa, KbM Hero ce jo6aBs 1 u B MOMeHT t3 Toii
[PEJICTAB/ISBA IUCJOTO 3 B JIBOMYHA CHCTEMA, U TaKa HATATDHK:

to: 00 -+ 000
ty: 00 -+ 001
t,: 00 .- 010
t3: 00 - 011
ty: 00 -+ 100
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N306110, B MoMeHT ty OposdvIbT CbIbprKa JBOMYHUSA 3aIMC HA YUCJIO0TO K. YBejudaBaHeTO Ha
opostua ¢ 1 mpoabizKaBa, JTOKaTO TOM ChIbpzKa IOHE eaHa Hysa. Koraro 6posgabT ¢hbIbprKa caMo
€TUHUITN:

11 - 111

'
n Ha 6poit

yBeJIn9aBaHETO CIIMpPa 1 6pOH‘I’bT OoCTaBa B TOBa CbCTOAHHUE. OTFOBOpeTe Ha CJeJHUTE BBIIPOCH:

1.

Koe e aucyioro (B gBondna mosunuonHa 6poifHa cucTeMa), KOETO OCTaBa 3allcaHo B Oposya
CJIe CIUPAHETO My

Bumoso obpsusane napudame Besiko rnpemunasane or O B 1 wiaum or 1 B 0 or majzen t; kbm
cinenpantus ti1. Hampumep, npu npemunaBaneTo oT to B t; mMa TOYHO €JIHO OUTOBO OOPb-
ImaHne, & UMEHHO B Hal-JgCHATa MO3UIMdA; IIPUA IpeMuHaBaneTo or t; B t; mma To4yno ase
O6uTOBM OOPBINAHKS, & UMEHHO B JIBeTe Hali-IeCHN MO3WINH | TP IIPEMUHABAHETO OT ) B t3
MMa TOYHO €JIHO OMTOBO OOpPbINaHe; P IpeMuHaBaHeTo oT t3 B t4 uMa To9HO Tpu OUTOBU
oOpbIanus; U Taka HatarbK. Heka T, e OposaT Ha BcMYIKU OMTOBU OOPBINAHUS 38 JIBOUIECH
OpPOSTY ¢ ML MO3UIMU — OT MOMEHTa to 0 IOCJIEIHISI MOMEHT, B KOHTO YBEJINIaBAHETO CIIHPA.
Hamnumrere pexkypenTHo ypaBHEUHE 3a T, 1 JaiiTe KpaTKa apryMeHTAIUs 3a HETo.

3. Permere pekypeHTHOTO ypaBHEHUE Ype3 METOJa C XapaKTEPUCTUIHOTO ypPaBHEHHUE.

Perrenune.

1.

Yucnoro e 2™ — 1.

2. Ako n = 1, 6uToBOTO OOpPBINAHE € caMO €IHO. 3a O-TOJIEMU CTOMHOCTH Ha M 3abesd3BaMe,

Ye JIOKATO CTApIuAT OuT (Hail-BisiBO) e O ce M3BBLPIIBAT BCHYKHM OMTOBH OODBINAHUS HA
nosoposia ¢ AbJKuHA N — 1, mocie ce u3BbpmBar N ouroBn obpbmanusg u or 0171 ...11
opossubT ctaBa 100 ...00 u mocste, J0KaTO cTAPIIUAT OUT € 1, ce M3BBLPIIBAT BCUIKNA OMTOBH
oOpbIIaHus Ha Moa0postda ¢ IbikuHa N — 1. Y Taka:

T =1
T,.=2T, 74+n zan>1

AJrTepHaTUBHO, HAYAJHOTO yCJIOBHE MOXKe Jj1a € 1o = 0, ako JiomyckaMe mpas3eH OposTd.

3. Pemennero e T(n) =2™" —n — 2. O

3amaga 113. B ngkaksa Jio TO31 MOMEHT CTEPUJIHA XPAHUTETHA CpeJia Morajia bakTepus B § daca
cyTpuHTa. BakTepuure ce pa3smMHO)KaBaT Upe3 JieJieHe: HA BCEKU IOJIOBUH YaC BCsKa OakTepus ce
sesin Ha jase. [Ipuemere, e 6akTepun He yMHUPAT.

1.

Hamnurmere pekypentHo ypasHenue 3a S(n), kbiuero S(n) e 6poar Ha GaKTEepUUTE B MOMEHT
n x 30 munyTu cien 8 cyrpunrta, a n € N.

Perere nosryueHoTO peKypeHTHO ypaBHEHHE Ype3 MeTO/Ia C XapaKTePUCTUIHOTO yPaBHEHNE.
Pemennsa upe3 apyru meTou He ce JOIMyCKAaT.

Kosko 6akTepun 1me nma B 8 daca BedepTa Ha CbIUs JI€H?
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Pentenne. Pekypentnoro ypaBhnenue e

S(0) =1
S(m) =2S(n—1) zamn>1

XapaKTepuCTUIHOTO YpaBHEHHUE €
x—2=0
¢ enquHCTBEH KOopeH 2. OOIIOTO pelreHne Ha PEKYPEHTHOTO ypaBHEHHE €
S(n) =A2"
3a HaKakBa KoHncranta A. Twit kato S(0) = 1 no ycioBue, nmame
1=A2
Cnenosarenno, A = 1 u S(n) = 2™. B 8 Beuepra 6axrepunte e ca 222°-8 = 16777216. O

Samaua 114. Tasu 3a7a4a e ycaoxkuenne na 3agada 113, Cera jgomyckame, e OaKTepunTe yMu-
paT, Karo IPOb/RKUTETHOCTTa Ha KMBOTAa Ha BCsKa OaKTephsl € TOYHO eaumH dac. Jlomyckame
OCBEH TOBa, 4e TPU JieJieHe Ha GaKTepus He ce Ch3JaBar JiBe HOBH (C Bb3pacT HyJa) GakTepuu, a
OT cTapara ODaKTepHs ce OTJe/isl eJ[Ha HOBa (C Bb3pacT Hyja), Karo crapara OakTepus WUJIH [PO-
JTbJIZKaBa Jla JKIBEe, aKO Bb3PACTTa 1 € MO-MaJjKa OT €JiH Yac (TOeCT, MOJOBUH Yac), WK YMUDA,
ako e “Hapbprmia’ exaud dac. (OueBuIHO Besska GaKTepus OTJIessi HoBa GAKTEPHsT TOYHO JIBa IbTH
u BeJHAara cjej ToBa ymupa). Jlenenero na 6akrepun e muraoseno. [I'bpsara 6akrepust e (Tasu B
8 cyTpuHTa) e 6usia HA BBH3PACT HyJ/Ia, HOMAJaiiKi B CPEJIATA.

1. Hamwmmere pekypenTHO ypaHenue 3a T(Nn), KbjaeTo T(n) e 6posdT Ha ocTaBaIuTe J1a JKUBESIT
bakTepun B MOMeHT N X 30 munyTH cien 8 cyrpunrta, a n € N.

2. Pemere 1mosiy4eHOTO pEKYPEHTHO ypaBHEHHUE.

3. Kosko 6akrepun me nma B 8 gaca u 1 MuHyTa Bedepra Ha cbinus JeH! He e 3aabikuTeHo
oTroBOpbT Bu J1a e mosiydyeH 4upe3 3aMecTBaHe B PEIIeHUeTO Ha PEeKypPeHTHOTO ypPaBHEHHE,
MOXKe Jla u3BejieTe Opost, U3IMOI3BAlK CaMOTO PEKYPEHTHO YpPaBHEHHUE, a He PEHICHUeTO MY.

Pentenmne. Pekypentnoro ypaBHeHme He € YHHKAJIHO. EjiHa BBH3MOXKHOCT €:

Tm)=2T(n—1)—T(n —3) zamn >3 (64)

Pazcbxkenuero e cieanoro. Heka pedpunupame, ge momernm 3a 1eJIMTe Ha TOBA PEIIeHne € KPbIbJl
Yac WM KPbIbJI Yac u 30 MUH. ¥ HUIIO JPYTo, 3aI0YBAKN OT 8 4. cyTpuHTa. Toect, MOMEHTHUTE
ca top = 08:00, t; = 08:30, t, = 09:00, n Taka Hatarbk. B t; 9aca uma TouHO emHa OaKTepwHs,
I'bPBOHAYAJIHO IO HAIaTa, Ha Bb3pacT Hy1a. B t; Ts oraesns HoBa Oakrepus. B t; or mbpBona-
JaJHaTa ce OTJE/si BTOPO HeifHO KOIMe U Ts BeJHara yMUpa U BTopaTa ChIIO OTIEe s CBOE KOIIHE.
N raka nararbk. Cremgrara ¢purypa WIOCTPUPa TOBA.
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to t 1, t3 {4 {5

6aKTeﬁH5{ 1

bakTepust 3

[

6aKTeﬁMﬂ 5

GakTepus 2

b6axTepus 6

L .

6aKTeﬁMﬂ 7

bakTepus 4

BbB Bceknu cieaBari MoMeHT t, OpodT Ha OAKTEPUUTE € JIBa II'bTU II'bTU IO-TOJIAM OT OPOst UM
B t,_1, HO HEe BCHYKH OT TsIX OCTaBaT KUBHU. 1€31, KOUTO YMUPAT, Ca TOYHO OAKTEPUUTE, POJIEHN B
th_2 (posenuTe peu Yac); TeXHUST OpOit € paBeH Ha OpPOs Ha BCUYKH GAKTEPUU B MOMEHT t 3.

Babesexkere, e DaKTEepUUTE, KOUTO YMHUPAT, HE Ca BCUIKH OakTepuu OT t, 7, a caMo podenume
B ty,_2. B t,_; ocBeH TaX mMMa u Apyru 6akTepun, KOUTO MEKIyBPEMEHHO Ca YMpPesH (& UMEHHO, B
tn_1). CirenoBaresino, pekypeHTHOTO ypasHenue e T(n) =2T(n—1) — T(n — 2) ue e pewenue na
ma3u 3adava.

XapaKTepuCTUIHOTO YpaBHEHHUE €

=2 +1=0

Ypes Merosia Ha XopHep dakTopusupaMe JgsaTa crpana 1o (x—1)(x?—x—1) u ciex permasaneTo

Ha KBa/IPATHOTO ypasHeHne x> —x — 1 = 0 ¢ kopenu %(1 ++/5) u %(1 —+/5) mosrydaBaMe CJIeHoTO

MYJITUMHOXKECTBO OT KOPEHUTE Ha XapPaKTEPUCTUIHOTO YpaBHCHUE:

1 1
{L§U+¢EQU—¢E}

M

Torasa 001I0TO pelieHre Ha PEKYPEHTHOTO YpaBHEHUE €

Tm)=Ax1"+B x (%(1 +\/g))n+C>< (%(1 —\/g))n

kbjeTo A, B u C ca HgkakBu KoHcTaHTH. 19X ompesesgMe, U3MOI3BAKN HAYATHUTE YCJIOBUS

1=A+B+C
2:A+§<1+\/§>+§<1—\/§>

3:A+§@+V®?+%@—v®2
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CpeHJeHI/IﬂA:O,B:%—f-%\/g, C
e

1_3
3= ﬁ\/g. 1 Taka, peneHneTo Ha PEKYPEHTHOTO YpPaBHEHHUE

1 3 1 " 1 3 1 "
T(n) = (Z*ﬁ\/g) (5(1 +\/§)) + (z—ﬁ\/ﬁ) (5(1 —\/E)) (65)
B 8 yaca u ejiHa MUHYTa BedepTa Ha CbIIus JieH 6podaT Ha bakrepunre e e T(24) = <% + % 5)
24 24
(%(1 + \/5)) + (% — % 5) <1§(1 — \/§)> . MoxkewMm j1a omnpoctuMm To3u mspas jo 121393, no

TOBa OIPOCTsiBaHe O OMJIO TPYJIHO M JOCAJIHO, aKO ce IpaBu Ha pbKa. [lo-yiecHo e ja ce pas3Bue
pekypeHTHOTO ypasHenue (64), qoKaTo cTurHeM o n = 24:

n [ T) |
0 |1
1 12
2 13
3 |95
4 18
5 |13
6 |21
7T | 34
8 |95
9 189
10 | 144
11 | 233
12 | 377
13 | 610
14 | 987
15 | 1597
16 | 2584
17 | 4181
18 | 6765
19 | 10946
20 | 17711
21 | 28657
22 | 46368
23 | 75025
24 | 121393

B 8 4. u exna munyTa me nma 121393 bakrepumn.

Nurepecno nabrogenue e, de tabjmiara cbhrbp:ka dncia Ha Fibonacci, a umenno Fy, ..., Fy,
KbJeTo unciaaTa Ha Fibonacci ce nedunupar ape3 pekyperarnoro ypasaenue Fo = 0,F; = 1, F, =
Foo1+Fio23an > 2 C apyru aymu, tabjaunara HA HaBeXK7a Ha MHUCb/ITa, 9e T(n) = F(n + 2).
Tosa He e cydaiiHO CbHbBIAJICHUE: TPUBUAJHO CE JIOKa3Ba M0 MHIYKIU, Ye JucaaTa Ha Fibonacci
VJIOBJIETBOPSIBAT PeKypeHTHOTO ypaBhenme F, = 2F, 1 — F, 3 3a n > 3. Buxkaame, ue enna u
C'bINA PEJIUIA OT YHUCIa MOXKe Ja ObJie onpeseseHa OT PAa3JIMIHd PEKYPEHTHH YpaBHEHUS. U

Bajaua 115 e cbimara karo 3agada 46. Tyk mnpearame pyro perieHue.

Bagaga 115. Wsmexay anciaara 1,2,...,10'°, xon ca mosede: Tesu, unmuto 3amuc (B JeceTndHa,
HO3UIMOHHA OpOiiHa cucTeMa) CbbpzKa nudpara 9, win Ipyrure, YUUTO 3alUC He CbibpKa 97
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Pentenne. TBbpinM, de peKypeHTHOTO YpaBHEHUE

1, ako n =1

T, =
T,1 +10™"  akon >1

JlaBa Opos Ha YHcjaTa C He MoBevYe OT N IudpH B jeceTuvdHa OpoiiHa cucreMa, YuUTO 3aIluc Ma
IMOHEe eJHa JeBsTKa. ApryMeHTaIusTa €, e MHOKeCTBOTO OT Te3W YNCIa ce pasduBa Ha TpU
ITOJIMHOYKECTBA:

e Tesu ¢ me moseue or N — 1 mudpu. Te ca T, HA OpOIi.

e Tesu ¢ Touno n nucpu, dusaTo Bojema udpa He e geser. Te ca 8T, jHa Opoii, 3a10TO Ce
[oJIygaBaT OT YHcjaTa OT I, 1 Ype3 MOoCTaBsiHe BJISIBO KaTo Bojema Iudpa Ha HAKOS OT
mucpure {1,2,3,4,5,6,7,8} u BasgcHO OT Hesl, 3amuca Ha YUCJIOTO OT I, 1; IPH TOBa, aKO
TO3U 3AIUC UMa MMO-MaJIKO OT N — 1 nudpu, HOIrbjIBa ce ¢ HeoOXo MU OPOit HyJIn MEXK Ty
BoJIeIaTa I pa 1 HETro, Taka e obInaTa Jb/IKIHA J1a CTaAHe TOYHO M.

e Tesu ¢ Touno n mudpu, dusaTo Bojemnia mudpa e geser. ToBa MHOXKeCTBO nMa MorHoceT 10!
10 OYEBUIHU IIPUINHIA.

Permtennero wHa ToBa pekypeHTHO ypaBHeHme e T, = 10" — 9™

B3an = 10 Tosa crasa 10" — 910 = 6513 215599. TosikoBa ca unciIara ¢ HOHE eqHa nudpa JIeBer.
Torasa Te3u 6e3 HUTO enna mudpa geser ca 3486784401, KoeTo € 3HAYUTENTHO O-MAJIKO. U

3agaua 116. Heka n € N. [Ipecmernere cymara

1+%+§+ _}_1
2 4 8 2n

Pemmenne. BaAaqa Ce pelaBa €JIEMEHTAapHO C PEKYPEHTHOTO YpaBHEHUE

0, ako n = 0,
a, = 1\ o
Qn_1+n (Z) , B IIPOTUBEH CJIy4ail

ToBa e HEXOMOIeHHO ypaBHEHHE, KOETO MOXKE Jla Ce PeIld upe3 MeToja C XapaKTePUCTUIHOTO
ypaBHenue. XOMOT'€HHOTO ypaBHEHUE €

x—1=0

¢ MyJITEMHOKeCTBO 0T KoperuTe {1}y. OT HexoMoreHHaTa 4aCT UMaMe MYJITHUMHOXKECTBO {%, %}M
Karo nsmo, MyITHMHO2KECTBOTO € {1, %, %}M O6roro pertenne e

o " "
a, =A-1 +B~(z) +C«n«<§)

3a HakakBu koHctantu A, B u C. Ba ma ru namepum, jobaBsMe OIle JIBe HAYAJHEU YCJIOBUS

a; =

— N =

o
N
I
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Torasa

TOECT,
0=A+B
1 B C
A4 — 4+~
SRR
B C
1=A+—+4+ =
+ 1 + >
Pemennero na cucremara e A = 2, B = —2, C = —1, OTKbJETO pPElIeHNeTO Ha PEKYPEHTHOTO

ypaBHEHHE €
a,=2—(m+2)2™" O

Bamava 117. [ajgen e canabk ¢ (popMa Ha MIPABOBIbIIEH MTaPAJIEIEIUIE ] U ¢ BTPEITHU Pa3Mepn
20 cm mHa 20 cm Ha 10N canTMMeTpa, KbJIETO N € IS0 MOJOKUTETHO Tncio. agenn ca u Heor-
paHUYIeHo MHOTO TYXJiH, Bedka ¢ pasmepu 20 cm ma 20 cm mHa 10 cm. Tyxsmre ca Hepasmanmu.
[To kosIKO pa3maHu HadWHA, KaTO (DYHKIUS HA T, MOXKe Ja Objie HAI'bJIHEH CAHIbKBT ITBTHO C
TyXﬂI/I? I/ICKa Ce a HAMa HUKAKBU IIPASHUHU MEXKJ1Y TYXJIMTEC WMJIN OKOJIO TYXJINTE B CaH/bKa. He
e pa3perreHo Jia ce 9ymsT TyxJjn!

Pemmenne. Ille chcraBuM peKypeHTHO ypaBHEHMe U e ro pemuM. Heka S, e 6posiT Ha HaunHUTE
Jla HAIIBJIHUM ILTBTHO CaHbKa ¢ Tyxjm. Ako n = 1, uMa MsICTO 3a TOYHO €JIHA TYXJa, TaKa de
S1 = 1. Ako n = 2, uma MICTO 3a TOYHO JIBe TYXJIM, KOUTO Ca C JOJENEHU TOJIeMU CTPAHU U
3aeJIHO TIpejicTaBsgBar Kyode ¢ pasmepn 20 X 20 x 20. Topa ky61e MoxKe j1a ObJ1e CJI0KEHO 110 TPU
pas/IMJHA HaduHa, Taka 9e S; = 3. Ako n > 3, HeKa CH NPeJICTaBUM 3all'bJIBAHETO Ha CAHITbKa
KaTO IIPOIEC, KOWTO 3aII'bjIBa CAH/IbKa HAIIbKHO, 3alI0YBAKHE OT €JIMHIA KPaii.

e MozkeM J1a CJI0KHUM eJTHa TyXJIa TaKka, de ToJIsiMaTa U cTpaHa Ja € II'LTHO OIPAHA JI0 eUHUS
Kpail Ha caHabKa. ToBa o3HauaBa, Ue OCTaBa 3a 3all'bjBaHe CaHIbK ¢ Ibjkuaa 10(n — 1)
CM.

e MozkeM J1a CI0KKMM eJIHa TYXJIa JIerHaJIa, KaTo eHa 0T MAJKUTe i CTPAHU € ILIBTHO OlPSHA
JI0 eJMHUSI Kpail Ha caHIbKa. ToraBa cMe JUI'bXKHHU JIa CJIOXKHUM JIpyra TYXJa TOYHO BbPXY
Hesd, MHaK 6I/I ce IIoJIydujla KYXHMHa, KOATO HAMa KaK Ja 3all'bJIHUM, 663 Jda IYIIUM TYXJIN.
Cuten, crarageTo Ha BTOpaTa TyXJia, OCTaBa 3a 3all'bjBaHe CAHIbK ¢ Abirkuaa 10(n —2) cm.

e MoxkeM Jla CJIOKUM €JIHa TyXJla M3MpaBeHa, KaTo e€JlHa OT MaJIKUTe W CTPaHU € ILIHbTHO
OolpgHa JI0 €IMHUA Kpali Ha CaH/bKa, a €/[Ha OT IoJIEMUTE U CTPpaHU € ILIBTHO OUpdAHa J0
rbpOa Ha caH/IbKa. ToraBa cMme JIbXKHI JIa CJIOXKUM JIPyTra TyXJia TOYHO JI0 Hesl, UHAK Ou ce
MOJTy9n/ia KyXWHA, KOSITO HIMa Kak J1a 3allbJIHuM, 0e3 mqa aynuM Tyxian. Cjesr ciaraHero Ha
BTOpaTa TyXJa, OcTaBa 3a 3all'bJBaHe CaHIbK ¢ AbizkuHa 10(n — 2) cm.
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Jpyr HaunH ja 3amodHeM HsiMa, a U30pOeHHTe HAYMHU Ca JBa 10 JBa HechbBMecTHMU. CbIyIacHO
IPUHIMIA Ha pa3duBaHeTo, S, = S, 1+ 2S5, > mpu n > 3.
B o0b6o06r1menne,

1, ako n =1
Sp =<3, akon =2
Sno1+2S,,, akon>3

ToBa pekypeHTHO ypaBHEHUE IOJJIE’KH Ha pelllaBaHe ¢ METO/a C XapaKTEPUCTUIHOTO YpPaBHEHHE.
Pemenuero e
on+1 (_1 )n

. = 0
Sn= 3Tt 3

Bamaua 118. Heka S ={0,1,2,3,4,5,6}. 3a Bcako n € N, HeKa A, € 6pOAT HA PEIUIUTE C JIbJI-
JKUHA T, YUUTO €JIEMEHTH ca OT S M KOUTO HAMAT ChCeAHM YeTHU uncia. ChbecraBere peKypeHTHO
ypaBHEHHUE 3a A, U I'O peleTe.

Pemtenne. OueBnmno ap = 1 n a; = 7. Pascbxkaasame 3a a,, ako 1 > 2. S cbabpka Tpu
HEYeTHM M YeTUPU YeTHH duciaa. AKO peauna ¢ JbJAKUHA T 3al09Ba ¢ HEYETHO YUCJIO, TOBA
He HaJjlara HUKAKBH JIOI'bIHUTE/HH OIpAaHUYEHMs 3a IOJpEeIuIlaTa OT BTOPHUs €JIEMEHT HaTaTbK
(ocBen jia HsIMa ChCeHN YeTHH). AKO obade 3al09Ba C Y€THO YUC/IO, CJIEBAIIOTO 33 IbJIXKUTETHO
(§] HequHO7 a 3a HO,ZLpe,ZLI/H_[aTa oT TpeTI/IH CJICMCHT HATAaTbK HAMa JOI'bJIHUTCJIHN OFpaHI/I‘IeHI/IH
(ocBeH Ja HsaAMa cheennu deTHn). [lopaan ToBa MoxKeM Jia MuCIAM, Ye nMa 3 X 4 = 12 Bb3MOKHI
HaJasa ¢ JbJKUHA JBe Ha Peulla, 3al04dBalla ¢ 9eTHO 9uciio. Jla obodmmm

1, akon =0
an =< 7, ako n =1
3a,1+12a, 7, axkomn>2

Jla pemun ypasaenuero. XapakTepHCTHUHOTO ypaBHeHne ¢ X2 —3x — 12 = 0. My/lITHMHOKECTBOTO

3+v57 3—/57
2 Y 2

OT KOPEHHTE € { . Obrioro perenue e
M

357\

n:A
¢ 2

7T1
¥ _|_B

38 HIKAKBU KOHCTAHTHA A U B, KOUTO € HaME€pUM OT HaYaJIHUTE YCJIOBULI.

l=ay=A+B

/7=a1=A %ﬁ +B 3_7\/5
U Taka,

1=A+B

3—+/57

7=A
2

3+2\/§ B
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Pemenmero e

A V57411
257
V57 — 11

B =
257

N Taka,
o (VAT (3457 (VBT -1 (3 V57" -
T\ 2v57 2 257 2

Samaua 119. Jloxkaxkere, ue L(Z + \/Z)“J e HeYeTHO 4ncjio 3a Begko N € N. 3a menra mbpBo
pelrere CJIeHOTO PEKYPEHTHO ypaBHEHUE:

2, akon =0
a(n) =<4, ako n =1

4a(n—1)—2a(n—2), akon >1

Pemenne. Axo n = 0, uzpas3br craBa {(Z + \/Z)OJ, koeto e 1. CireioBaTe/IHO, TBHPAECHUETO €

ucrrHa 3a n = 0. ,Z[a pasriiegaMe II0JIO2KUTEJIHUTE TL.

Pemennero na peKypeHTHOTO ypaBHEHHE €
n n
afm) = (2+v2) + (2-v2) (66)
a pazrieame Te3u Tpu akTa.

Pakr 1: Yne NT:0< (2—\/§)n<1,H0He>KeO<2—\/Z<1.

®akr 2: Vn € N : a, € Z. MoxkeMm Ja JIOKazkKeM TOBa C JIEKOTa 110 MHAYKIMA [0 TN, HOHEeXKe
HAaYaJTHATE YCIOBUS Ca MEJOYUCTIEHN U KOePUIIUEHTHTE B PEKYPCUITa Ca eI TUCTIA.

®PakT 3: Vn € Nt : (2 + \/Z)n > (0. ToBa e oueBHIHO.

Ot (66) u Tpure dakra cienpa, ge
vn e N* : L(2+ \/Z)“J —amn)—1

Ho a(0) u a(1) ca gernu no ycinosue. Ocsen ToBa a(n) = 2(2a(n—1)+a(n—2)) zan > 1.
Enemenrapno e ga ce jokazke 1o MHIyKnus 110 N, 4e a(n) e gerno 3a n € NT. Curenosaresnno,

L(Z + ﬂ)“J e HeuerHo 3a n € N*,

B 3akmogenne, L(Z + ﬁ)“J e meyeTHo 3a n € N.

Samaua 120. /laxenn ca mioukn ¢ pasmepu 1 X 1 B yeTupn 1BsATa, B HEOTPAHUIEHO KOJIUIECTBO
oT Bcekn 1BAT. Jlamenn ca n miodkm ¢ pasmepn 1 X 2 B IeT NBsITa, B HEOIPAHUIEHO KOJMIECTBO
OT BCEKHM IBAT. AKO M € ISJI0 IOJIOKUTEHO YUCII0, TI0 KOJIKO Pa3/IMdHA HadrmHa MOXKe ja Oble
[OKPUT HAII'bJIHO, O€3 IPUIIOKPUBAHE, IPABOLI'bIHUK C Pa3Mepu |1 X T ¢ TAKUBA ILJIOUKH !
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Pemenue. Heka S, e 6podT Ha HAYMHUTE JIa IIOKPUEM TPABOBIBJIHUK 1 X TL 11O OIUCAHUS HAYUH.
Akon = 1, uma TouHO 4 HaunMHA 3a MOKPHUBAHE: MOXKE J1a Ce I0JI3Ba caMo II0YKa 1 X 1 B TOYHO
eJINH OT YEeTUPHUTE I[BATA. JaKIodaBame, de S = 4.
Ako n = 2, uma Touno 21 HauyuHa:

® aKO ce IOJI3Ba ILIOYUKa 1 X 1, Hajgara ce ja ce IoJI3Ba OIle eIHa IIodka 1 X 1, KaTro nmMa
4 -4 = 16 maunHa 3a cjaraHe Ha JBeTe B JIMHeilHA Hapeada;

® AKO ce I0JI3Ba II0OYKa 1 X 2, JIpyra IJI0o9Ka He ce I0JI3Ba, a Ta3u 1 X 2 IUIOYKa € B TOIHO
¢JrH OT IIET IIBATA.

BakmouaBame, ye S; = 16 +5 = 21.
Akon > 2:

® MOKe JIa 3all09HeM C IUIoYKa 1 X 1, KaTo mMa TOYHO YeTUpHU HadWHa jia n3depeM IBera i, u
cJie]l TOBa TIOKPUBaMe IPaBObIbIHUK ¢ pasmepu 1 X (n—1);

e MOXKe JIa 3aI09HEM C IUIOUKa | X 2, KaTo mMa TOYHO IIeT HadunHa J1a n30epeM IBeTa W, U CJIel
TOBa MMOKPUBaMe IIPaBOBLI'bIHUK ¢ pasMepu 1 X (n— 2).

Tesn nauaa ca HECHBMECTHMH, TaKa de, CbIJIACHO KOMOMHATOPHUsI MPUHIMMII Ha CHOMpPaAHETO,
S, =4S, +55,.,.

N3BegoxMe c1eITHOTO peKYPEHTHO YpaBHEHUE:

4, ako n =1
Sp =< 21, ako n =2
4S,.1+5S, 7, akomn>2

Ha permim ypaBHeHneTo. XapakTepUCTUIHOTO yPABHEHHUE €
x2—4x—5=0

¢ kopern 5 u —1. O06m0TO perrenne e
Sp=A5"+B(—-1)"

3a HIKAKBU KOHCTaHTH A 1 B, KouTo 1e HaMepuM OT HAYAJTHUTE YCJIOBUS.
A5' +B(—1)' =4
A5% 4+ B(—1)? = 21

Toecr,

5A—B=4
25A + B =21

Ortyk 30A = 25, Toect A = %. Torasa B = %. Pemennero e

Sp = %(5“*‘4—(—4)“) O

3agava 121. Heka A ={0,1,2,3,4,5} un € N.
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e Kosko ca BeKTOpHUTE C AbJKHHA N, YUATO eJeMeHTH ca oT A7

e Konko ca BekTopuTe C JIB/KHHA T, YAATO €JIEMEHTH ca OT A U B KOUTO HSIMA ChCEIHU
4qKCIa, KOUTO He ce JejdT Ha 37

— CmnberaBere TMOAXOISAIO PEKYPEHTHO YPaBHEHHE.

— Pemrere ypaBuenuero.

Pemenne. Twoit karo |A| = 6, BekTOpUTE ¢ Ib/KAHA N HaJ A ca 6™.

Jla BHIUM KOJIKO OT TSIX HSIMAT CbCEIHU YKCJIa, KOUTO He ce jgendaT Ha 3. OT egemeHTuTe Ha A, Ha
3cepenar Ou 3,al,2 4ub uece genar wa 3. Vcka ce j1a 6baaT mpedpPOeHN BEKTOPUTE, KOUTO
HIMAaT CbCeHn ejtementn ot {1,2,4,5}.

Heka S, e Tbpcenusar 6poii. lcka ce ma chcraBuM peKypeHTHO ypaBHeHme 3a S,. OdueBuHO
So=1u Sy =6, 3amoro npu abkuan 0 u 1 HaMa “Hapymmrean’. 3a N > 2 pa3chbiKIaBaMe Taka.

e Ako mbpBoTo uncso e 0 wan 3, ocTaHajgaTa YacT OT BEKTOpa He TpsOBa J1a ChIbprKa Cb-
cennn ejgementn ot {1,2,4,5}. Ho ocrananara Jacrt e ¢ jrbpKuHa N — 1. 3ak/odaBame, de
PEKYPEHTHOTO ypaBHEHNEe mMa chompaeMo 2S,, 1 BISCHO.

e Axo mbpsoro uucio e ot {1,2,4,5}, To Broporo 3aabiKuTeIHO TpsdBa ma e O min 3, a
ocTaHajiaTa JacT OT BEKTOpa He TpsAOBa Jia CbhIbp:ka cbeeanu ejgementu ot {1,2,4,5}. Ho
ocTaHaJlaTa JacT € C JTb/DKuHAa N — 2. 3akjIodaBaMe, e PeKypPEeHTHOTO ypaBHEHHE HMa
croupaemo 8S,,_ 5 Bascuo. Koedunmenrbr 8 e 3apaau ToBa, ye Bcsako Hadaso or {1,2,4,5}
MOKe Jia ce KoMOuHupa ¢ Bropu ejaement ot {0, 3}.

e /Ipyru cbbupaeMu BISCHO HsiMa, 3aIlIOTO TOPHUTE JIBA CIydas Ca M3UepIaTeTHH.
n TaKa, PEKYPEHTHOTO ypaBHEHHE, 3a€/THO C HaYaJIHUTE YCJIOBU, €
1, akon =0

Sqp =<6, ako n = 1
2S5, 1+8S,,, akon>2

ToBa e JTMHEITHO XOMOTE€HHO PEKYPEHTHO YpaBHEHME ¢ KOHCTAHTHM KOeMUIIMEHTH W KpailHa UCTO-
pus. XapaKTepucTHaHOTO ypasHenue e X2 —2x—8 = 0. Kopennre My ca 4 1 —2, OTK'bJI€TO 0OMIOTO
periienue e

S, = Ad™ 4 B(—2)"
3a HAKAaKBU KOHCTaHTHU A " B OT HaYaJIHUTE yCJIOBI/IH nmMamMe

1=A+B //3an=0
6=4A — 2B //zan=1

Hamvmupame A = % ubB= —%. OrTyk
4 1 1
n:_4n___2n:_4n+1__2n N

Samaga 122. Pasryemaiite peKypeHTHOTO ypaBHEHUE

3, akon =0
a, =
" na, 1 —(n—1), akon >0
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[IbpBo, ObsicHeTe 3aI0 TOBA ypaBHEHME He MOXKE Jia Ce PEIld Ype3 U3ydaBaHus Ha JIEKITIH MEeTO/T
€ XapaKTEePUCTUIHOTO ypaBHeHHe. BTopo, OTKpuiiTe 3aKOHOMEPHOCT IPU CTORHOCTUTE HA Qyn; C
JIDYTH JIyMU, OTTaTHETE PeIleHne Ha PEKYyPEeHTHOTO ypaBHeHHe. Tpero, JloKaxKere 10 WH/IyKINs,
4Je OTraTHATOTO pellleHue Ha PEKyPEeHTHOTO ypaBHEHUEe HaUCTUHA € pellleHue.

Pentenne. YpaBHeHHETO HE MOXKe Jia Ce PEINIU C METO/la, N3yYaBaH Ha JIEKIUHU, ITIOHEXKE HE € C
KOHCTAHTHU KoedurmenTtn. KoedunmenTsbT N BIAICHO HE € KOHCTAHTA.

CroitrocTnTe Ha akTopuesna 3a apryment 0, ..., 8 ca
0! =
1M=1
2l =
3=
41 =24
5! =120
6! =720
7! =5040
8! =40320
Torasa croitHOCTHTE Ha Q, 3a apryment O, ..., 8 ca
ay =3
a; =3
a, =5
az; =13
as =49
as = 241
ag = 1441
a; = 10081
ag = 80641

Bennara ce Bmxka, e

a, =2(n!)+1 (67)
escmiazan €{0,1,...,8}. [Ipasum npemamnooxkenuero, de (67) e B cujia 3a BCSIKO €CTECTBEHO .
Cera mie JI0KazKeM CTPOro pOpMaJIHO 110 MHIYKIS, Y€ TOBA IPEJIIOJI0KEHIE € BIPHO.
Baza: n=0. (67) craBa ap = 2(0!) 4+ 1, roecr, ay = 3. Ho ToBa HamcTuHa € Taka 1o ycjiaosue. v’

NuaykTuBHO mpesamosioxkenne: Jlonyckame, ye 3a Hakoe 1 € NT e Bapuo, ye a, = 2(n!) + 1.
IIle mokazkeM, 4e any1 = 2((n+ 1)!) + 1. Or peKypeHTHOTO ypaBHEHHE 3HaeM, e an,1 = (N +
1)a, — n. CbriaacHo UHIYKTUBHOTO IPEIIOJIOKEHNE, 3aMecTBaMe d, ¢ 2(n!) + 1 u nosyuasame
ane1 = (M +1)(2(n!) + 1) — n. Ho agcuara crpana e

Mm+1)2MH+1)—m=

2m+1) (D) 4+n+1—m=

2(n+ 1)+ 1

Hokazaxme, de (67) e B cujia 3a BCIKO €CTECTBEHO M. O
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Bagmaga 123. Pasrnexgame azbykara X = {x,y,z}. Koiko crpuara ¢ ab/oKuHa N HAJL X HE
cbrbpskar nojgcrpunra xx? [IbpBo chcTaBeTe MOJIXOISINO PEKYPEHTHO YPaBHEHHE U [TOCJIE PeleTe
yPaBHEHUETO.

Pemenne. Heka T(n) e 6posgT Ha CTpUHrOBETE, KOUTO HE ChILPKAT XX M UMAT JILJKAHA L.
Axo JrbJKUHATA € €JTHO, Te3U CTPUHIOBE ca Tpu Ha Opoii, a uMeHHO X, Y U z, Taka e T (1) = 3.
Ako mb/KuHATA € JIBe, Te ca OCeM, 3all0TO eJIMMUHUpaMe XX U ocTaBaT XY, XZ, YX, Yy, Yz, zX,
zy u zz, Taka de 1(2) = 8. Ako n > 2, pazchbkKjgaBaMe Taka: CTPUHT C JIbJIKHHA T C€ CbCTOU
OT eJHa I'bpBa OYKBa, CIeIBaHa OT CTPUHL C JIb/IKIHA T — |, HO cera He MOXKe Jia KOMOMHUPAME
BCsIKa, HadajIHa OyKBa ¢ BCEKU CTPHHT C IbJIKWHA T — |, 3aI10TO MOKe Ja Oy IuM “3abpaHeHuss’
IIOJICTPUHT XX.

e Ako mbpBara OYKBa € Y WM Z, MOYKEM CIIOKOWHO Jia s KOMOMHHMpaMe C BCEKH CTPUHI C
Jb/DKUHA M — 1; aKO TON He ChIbpzKa XX, HAMa Jia ce TOJIy4Id XX OT TOBa, Ue cjarame Y
WM Z B HAYaJ0TO. MHOXKECTBOTO OT CTPHUHIOBETE C JIb/KUHA T, 3all0YBalli C Y WIH Z U
HEChIbpKAIIN XX, uMa MorHocT 2T(n — 1).

e Ako mbpBara OyKBa € X, BTOpara He MOXKEe Ja € X, HHaK OU ce IMOABMI XX KaTO IIOJCTPUHLT.
Bropara moxe ma e y uian z. Orram 70 Kpas cjiejiBa CTPUHT C JbJIKUHA T — 2, HeChIbp-
JKar XX. MHOXKeCTBOTO OT CTPHHIOBETE C JIbJKUHA T, 3al0YBAIlN C X, CJIeJBaH Y WA Z,
HeChbIbPKAIIN XX, uMa, MomHocT 2T (n — 2).

Cworiaacuno npunnuna Ha pasobusanero, T(n) =2T(n—1) + 2T(n — 2). U raxa:

3, ako n =1,
Tn) =<8, aKko n = 2,
2Tn—1)+2T(n—2), akon>2

Pemrennero e
T(n) =1/6 (—2\/§+3) (—\/§+1>n+1/6 (1+\/§)n(2\/§+3> 0

Samaua 124. Kosiko crpunra ¢ abjKrHa N HaJL a3dykara {a, b, ¢, d} He ¢bbpKaT HUTO €JIUH OT
noJicTpuHrosere aa, ab, ba, bb? CheraBere peKypeHTHO YpaBHEHHE U I'O peIeTe.

Pemenne. Heka A, e MHOXKeCTBOTO OT CTPUHIOBE C IbJIXKUHA N HaJl a3dbykara {a, b, ¢, d}, kKouro
He CbIbprKaT HUTO eIUH OT HmojacTpuHrosere aa, ab, ba, bb. Heka T, = |A,|. Ja Buaum kak T,
3aBHUCH OT TIO-MaJIKH CTORHOCTH Ha apryMeHTa. 3a IeJITa Ja pasriejaMme cTpykrypara Ha A,. Heka
X € TPOM3BOJIeH CTPUHT OT A, 3a HaKoe 1 > 1.

e Ako « 3amouBa c¢bc ¢ wim d, TOBa, KOETO CJieJiBa, € CTPUHT OT A, ; 6e3 orpaHUYeHUd.
Tosa chobpakenne Hu JaBa choupaemo +2T,_1 B uspasza 3a T,.

e AKo o 3amouBa ¢ a wiau b, ToBa, KOeTo cJjeliBa, TpsaOBa jJa e ¢ wik d, ¥ IocIe UMa CTPUHT OT
A 2, akon > 2. ToBa chobpaxkenue Hu JaBa choupaemo +4 7T, _, B u3pasa 3a T,,. HerBopkara
€ IIpou3BcACcHUETO OT ABC Bb3MO2KHOCTHU 3a II'bpPBaTa 6yKBa 110 ABE€ Bb3MO2KHOCTH 3a BTOpaTa

OyKBA.
1 raxa,
1, ako n = 0,
T =44, akon =1,

2T, 1 +4T, 2, akon>2
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B Haua/sHuTE YCIOBUS JIOMyCKaMe Mpa3His CTPUHT C JIbJKAHA Hy/a. Toii e TouHo eauH. AKO He
ncKaMe J1a JIOIyCKaMe Mpa3Hus CTPUHT, HAYaJHUTE YCI0BHUs TpsOBa fda ca I; u T, karo T, = 12
ro cMgATaMe Ha PbKa.

Pemenuero e
I I Y I B

Samava 125. Pasrienaiite asdykara X = {a, b, c}. Heka S,, € MHOXKECTBOTO OT CTPUHIOBETE Ha/I
Z C ObJI2KHAQ Tl, KOUTO HE CbAbp2KaT ac xKaTo IIOJCTPUHI 1 HE CbAbp2KaT Cab KaTO IIOACTPHHI.

e Hamepere Sy, S1, S, un S3.
e Hamepere pexypenTno ypasuenue 3a |S,|. He e meobxoaumo ma ro pemasare.

Pemenne. S, = {e}, kbjero € o3nauasa upasuusa crpunr. S; = {a, b, c}.
S; ={aa, ab,ba, bb, be,ca,cb, cc}.
S; ={aaa, aab, aba, abb, abc, baa, bab, bba, bbb, bbc, beca, beb, bee, caa, cba, cbb, cbe, cca, ceb, cec}.

Enna sb3moxknocr ga namepuM |Sy| e tasu. Heka ac u cab ce napuuar sabparenume nodcmpun-
eose. 3an > 0, S, ce paszbusa Ha Sy, q, Snp U Snc, Kbero S, i = {x € S, |x 3aBbpiIBa Ha i}, 32
i€ {a,b,c}. Ilo npunnuna na paszdusaneto, |Sy| = [Snal + [Snpl + [Snecl

Ha mamepum [Sy, of. Jlecno ce Buxga, 4e |Sy o = |Sn_1|, 3amoro HuTo enun or 3abpaneHuTe
[IOJICTPUHIOBE HE 3aBbpIIBa Ha O, TaKa 4e, KOHKaTeHUpailku Koil ja e crpuHr or S, ; ¢ “d’,
oJiydaBaMe CTPUHL OT S;,.

a namepum [Syp|. He e Bapno, 1e |Syp| = |Sy—1|, monexxe exaun ot 3abpameHnTe CTPUHIOBE €
cab, Taka e, KOHKATEHUPANKN CTPUHT OT S;,_1, KOITO 3aBbpIBa HA CA, ¢ b, IIie Moy IuM 3abpaHe-
Hus cab Hakpas. Epro, TpsbBa 1a B3eMeM caMO Te€3H CTPUHIOBE OT S,_1, KOUTO HE 3aBbPIIBAT Ha,
ca. U Taka, 3a ga HamepuM |Sy |, TpsIOBa Ja HaMepuM Opost Ha CTPUHIOBETE OT Sy, 3aBbPIIBAIIH
Ha €a, 3a Ja ro u3BaauM ot |S,_1|. Beceku crpunr or S,,_1, 3aBbpHiBaii Ha €A, ¢e CbCTOU OT CTPUHD
¢ I'bJIKUHA N — 3, He3aBbPIIBAIl Ha A, KoHKaTeHupat ¢ ca. Cera BLIPOCHT €, KOJKO Ca CTPUHIO-
BeTe ¢ JIbJ/DKUHA N — 3, He3aBbpiBaiu Ha a? MHOXKeCTBOTO OT CTPUHIOBETE € JIbJIKUHA L — 3,
3aBBPIIBAI Ha A, € Sy_34. [lo Haumn, HambaHO aHaTOrHYeH Ha HaYMHA OT HpeJHUA maparpad,
u3BezkaMe, de |Sy_3 4| = |Sy_4|. Torasa OposT Ha cTpUHrOBETE € AB/LKUHA N — 3, HE3aBbPIIBAIIH
Ha Q, € |Sn—3| - |Sn—4|- CJIG,HOB&TGJIHO, |Sn,b| = |Sn—1| - (|Sn—3| - |Sn—4|) = |Sn—1| - |Sn—3| + |Sn—4|-

Ja namepu |Sy c|. Anasorn4ano ma ropuus naparpad, me e Bapuo, de |S, | = |Sy_;| 3amoro,
KOHKaTEHUPAWKN CTPUHT OT S,,_1, 3aBbPIIBAIIl Ha A, C C, HoJIydaBaMe 3a0paHeHaTa KOH(DUTYpAIis
ac. Haara ce ma mHamepum 6post Ha cTpUHTOBETE OT S\ 1, He3apbpmBam Ha a. C apryMeHTaIms,
aHAJIOTMYHA Ha apryMeHTAllMuTe B IPeJIHUTE JBa Imaparpada, HaMupame, de To3u Opoii e |S, 1| —
|Sn—2|- Torasa |Sn,c| = |Sn—1| - |Sn—2|-

B kpaiina cmeTka,

|Sn| - |Sn—1| + |Sn—1| - |Sn—3| + |Sn—4| + |Sn—1| - |Sn—2| - 3|Sn—1| - |Sn—2| - |Sn—3| + |Sn—4|

Hauamnnure ycnosus ca |Sol = 1, |Sol = 3, |So| = 8 u |S;3] = 20. O
Bagaua 126. Heka D, e 6poar na mepmyranunTe Ha ejgeMenTute Ha {1,2,...,N}, B KOUTO HATO
eIMH eJIEMEHT He CH e Ha MACToTo. 3abesexkere, ye Dy = 1, 3am10To 3a IpasHaTa HEepMyTaIlUs €
BAPHO, Y€ HUTO eJMH eJIeMEeHT He cu e Ha Mactoro. Ot apyra crpana, D; = 0, 3amoro uma eHa

eJMHCTBEHa [IepMyTallid Ha ejleMeHThTe Ha {1} 1 B Hed MMa eJIeMEeHT—a, UMEHHO, eJUHCTBEeHaTa
€IUTHUTIA—KONUTO CH € Ha MACTOTO.
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e Jlokaxkere ¢ KOMOMHATOPHY PA3CHIKICHUS, T€

Yn>2:D,=(n—1)(Dny+ Dy) (68)

e Jlokaxkere, Ue chIaTa peKypeHTHa 3aBUCHMOCT e B cujia 1 3a (akropuesna. Ho odeBuHO
D, < n! 3a BCHYKH JOCTATHIHO TOJEMH CTORHOCTH Ha M, MoHexKe N! Opou repMmyTarmuTe
0e3 orpaHmYeHusi, KOUTO Ca [oBeYe OT Te3H, B KOUTO HUTO €JINH eJIEMEHT He CU € Ha MsiCTOTO.
Kak obsicusiare ToBa, 1e xem D, < n!, xem u JaBeTe yI0BJIETBOPSIBAT ChIaTa PEKYyPEHTHA
3aBUCUMOCT?!

Pemmenue. Ha nekiun napekoxme Te3n nepmyrarun “nepamxkumventn’. B 3amada 62 namepuxme
perienne 3a O6post Ha JepaH:KUMEHTHUTE Upe3 IMPUHIUIA Ha BKIIIOYBAHETO W W3KJIIOUBAHETO

> =0H() )=

n
k=0
U OTKPUXMeE, Ye 33 BCUYKH JIOCTATHIHO I'OJIEMUA N, HAJL % OT TEpMYyTaIlUUTE Ca JePAHKUMEHTH.
Tyxk e obocHOBEM JApyTO perieHue 3a Oposd Ha JIepPaHKUMEHTHTE, TOI3BAIN0 PEKYPCHS.

a pasriesame Koit Jja e JIepaHKUMEHT C JIb/IKUHA N, KbJeTo N > 2. Jla pasriesame mbpBarta

nosurusi. Ha Hes Moxke jia e Besiko oT unciaara 2, 3, ..., n. Vma Tounu N — 1 Bb3MOXKHOCTH 3a

I'bPBOTO 9nCyI0. Jla KaxkeMm, de Ha bpBa MO3UIHs IUCTIOTO € K; KaKTo Buiagxme, K € {2,...,n}.
Cera riemame nozurnus K. Vma 1Be Bb3MOKHOCTH, N3YEPIIATEIHA W B3AUMHO M3KJIIOYBAIIN CE.

e Ha nosunus k crou gucsioro 1. mame guciio k Ha wbpBa mosuius, ducio 1 Ha k-Ta nosurmus,
a Ha OCTaHAJUTe TO3WIMKA HUTO eaHO oT dmciaara or {1,...,n}\ {1,k} #He cu e Ha mscTOTO.
Bpost Ha HaunaUTE 18 ObaaT caoxkenn ynciaara ot {1, ..., n}\{1, k} Ha mosunun 6e3 mbppara
u k-TaTa 1Mo Tak'’bB HAYWH, Y€ HUTO €JHO YUCJIO Ja He CH € Ha MICTOTO, € Dy .

e Ha nosunumsa k croun unciio, koero ue e 1. mame aunciio K Ha wbpBa MO3UINUS, & Ha OCTAHAJINTE
HO3UIMKE HUTO eaHo oT ducjaara orT {1,...,n}\ {k} He cu e Ha MscroTo. BposiT Ha HaunHKUTE
na 6baar ciaoxkenn unciaara or {1,...,n}\ {k} Ha mosunun 6e3 wLpBaTa 10 TAaKbB HAYUH, e
HUTO €IHO YUCJIO Ja HE CH € Ha MICTOTO, € Dy_1.

OueBnHO IepaHKUMEHTUTE ¢ YUC/IO0 K Ha I'bpBa MO3UIMS Ce pa30MBaT Ha Te3U, KOUTO uMmar | Ha
no3uius K, 1 Te3u, KOUTO UMAT HeIo JIpyro Ha no3uius K. [lo npunnuna na pazduBaneTo, OposaT
Ha Bb3MozkHOocTUTE € Dy 1+ Dy ;. ToBa e 3a dpukcupano k Ha wbpsa mosunus. AKo cymMupame 1o
BCHYKHE M — | Bb3MOXKHU II'bpBH ejieMenTH, noaydasame (n— 1)(Dy_y + Dy3). Jdokazaxme (68).

[Ilo ce oTHacs /10 BTOPOTO IMOYCJIOBHE, II'LPBO I MOKAXKEM, 1e

n=Mmn-1N(n-"1!4+n-2)

3an > 2. Ho Tosa e rpusnasno npeapug dpakra, ve n! = n(n—1)(n—2)!u (n—1)! = (n—1)(n—2)!.
PaBeHCTBOTO, KO€ETO TpH6Ba Jda JOKazKeM, €

nn—-T)n-2)'=n-1)n-1T)(n-2)'+n—-1)(n—2)!
[Ipeasua dakra, e (N —2)! > 1, ToBa € ¢HIOTO KATO

2

nn—T=m—-124n-1) o —nmn=n*—2n+1+n-1

KOeTO e 04eBUIHO BspHO. U Taka, OposT Ha JiepaH:KUMEHTUTEe U (PaKTOPUETbT YIOBIECTBOPSABAT
eJiHa 1 CbhIa PEKYPEHTHA 3aBUCUMOCT IIpH N > 2.
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[Ipuuunara D, ma pacre 1mo-6aBHO € caMo e/iHA: HAYAJHUTE YCJIOBUsA ca pasziaundau. Do = 1 u
D; =0, nokaro 0! = 1 u 1! = 1. Pasyimkara mexxay Dy u 1! e npuunnaTa 3a pas3jumkaTa MKy
D; =1 u 2! =2, xoaT0 Ha CBOI pej Bogau pasimkaTta Mexk iy D3 = 2 u 3! = 6, KosgTo Ha CBOi pet
BOJIM J10 pasjmKaTa Mexjy Dy = 9 u 4! = 24, u taka nHararbk. Kakro Bugasgxme B 3agada 62, D,
e, rpyb0 KazaHo, e I'bTH MO-MaJKo OT N! mpu rojemute croitnoctr Ha N. Cera BUKIame, de TOBA
ce IbJIKU Ha HUIMOXKHATA pasymka Mexjay Dy u 1. U

9 Yucaa na Fibonacci
Yucnara wa Fibonacci ce nedpunupar upe3 cjiefHOTO PEKyPEHTHO ypaBHEHUE:

FOZO
Fi=1
F. = Fq —|—an2 zan> 1

3amauga 127. [Ipencrasere cu crbiabda ¢ n crbnata. [Ipepcrasere cn 1oBek, KONTO N3KaUBA CThJI-
6ara. Toit win T UM B3eMa CTbIAJATA €IHO 10 €JHO, WA 10 JIBe CTbIa]a Ha BEIHbIK, HO HE
noBede. OTKpuiiTe Bpb3Ka MEXKITy OPOs Ha PA3IUIHUTE HAMUHU TO3W UOBEK Jla M3KATU CThjIdATa
n yucjaarta Ha Fibonacci n joKaxkere Tasm Bpb3Ka.

Pemenne. Heka OposiT HaunHu 1a n3Kadu CTbjida ¢ N crbiaia e S,. Ille mokazkeM 110 MHIYKINSA,
e S, =Fp3an>1.

AKO CT'BIIAJIOTO € CaMO €/IHO, UMa €J1MH Ha4YMiH Ja Kadu CT'bII6aTa. AKO CT'bIIaJiaTa Ca JABE, UMa
7B, HAYMHA: WK C JIBE MAJKHU CTBHIKK (OT IO €HO CThIAJO), WA C eJ[HA rojsaMa Kpadka (JBe

crbrnaiia HaBegubK). Taka we Sy =1uS; =2 HoF, =1uF; =2 rakaue S; =F, u S; = F;.
Tosa e 6azaTa Ha JI0KA3aTEJICTBOTO.
Jlommyckame, de 3a HAKoe M > 2 e BapHO, 4e S, 1 = F, u S, 2 = F 1. llle mokaxkem, de

S, = Fui1. IIpu moBede or e1HO CTBbIAIO, MOXKE J1a 3all09He WU C €Ha MaJIKa KpadKa, IIPU KOeTO
me ocraBar N — 1 cTbliaja, KOUTO MOXKE Ja Ce M3KadaT 110 S,_; Ha4uHa, WIK C eJHa TOJISIMA
Kpadka OT JBe CTblaja, IIPU KOETO IIe OCcTaBaT M — 2 cT'bllajla, KOUTO MOXKE Jla ce U3KadarT 110
Sn 2 Haunna. OYeBUIHO MHOXKECTBOTO OT M3KAUBAHUSTA ce Pa3dbuBa Ha JBE IMOJMHOMXKECTBA: TE3H,
KOUTO 3allodBaT C MaJiKa CT'blIKa, U TE€3U, KOUTO 3allodBaT C I'OJidMa KpadKa. HO IIPpUHIUIIa Ha
pasbuBanero, S, = S,,_1 + S,,_». T'bit kKaro momycuaxwme, ae S, 1 = F, u Sy, = F,_1, T0 ciensa,
ve S, = F,+ F.y. Ho F, + F,._; e paBuo na F, ;. Toraa S,, = F,. .y 3an>1. O

Samaua 128. Jlokaxkere ¢ KOMOMHATOPHHU PA3CHXKICHU, U
. _ 12 2
n > 1: an_,_] = Fn +Fn+1
KbJleTo F; osnHadasa i-toro unciio Ha Fibonacci.

Pemenne. TbKIeCcTBOTO € MPAKTUUIECKH CBIIOTO Karo (95), HO TYK ce MCKA JIOKA3ATEJICTBO C
KOMOMHATOPHU pa3cbKAeHUs. Fr, 1 € OpoaAT Ha HAUMHUTE /13 e Kadu CThI0a ¢ 21N cTbIaja, aKo
Ha BCAKa KpadKa KadBaMe €HO MJIN JBE CT'bIIaJla. TGBI/I KaYBaHU4 Cce p336I/IBaT Ha TEe31U KadBaHUAd,
IIPU KOUTO Ce CThIIBA Ha N-TOTO CThIIAIO0, I HA Te3H, IIPU KOUTO HE Ce CThIIBA Ha N-TOTO CTbIIAJO.

MuoxkecTBOTO OT KauBaHHATA, IPU KOUTO CE€ CTHIBA Ha M-TOTO CTBIAJIO, € IPOU3BEJICHUETO OT
kauBaHuaTa or HHBO O (Ipeau bPBOTO CTHIATO) JIO N-TOTO CTHIAIO U KAYBAHUATA OT M-TOTO
cTbIaso j1o 2n-1oro (Hail-roproro) crbrnado. Ipu kausanero or #uBo 0 10 N-TOTO CTBIAIO UMA
TOYHO T\ CT'bIIajIa, TaKa Ue Te3HW KaUBAaHUS MOXKe J1a ce U3BbpIIAT 110 Fny 1 Haunna. [Ipn kauBaneTo
OT CT'bIIAJI0 M JO Hafi-rOPHOTO CTbIAJIO OTHOBO MMa TOYHO M CTbIIaJIa, TaKa e U Te3U KauBaHUd
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MOXKe Jia ce m3Bbpmar 1o F, .y #Haunaa. ChbryiacHO KOMOMHATOPHUS MIPUHIIAIT HA YMHOXKEHUETO,
OposIT Ha HaUYMHATE 3a KadBaHe oT HUBO O J10 HAi-TOPHOTO CThIATIO (21), IPU KOUTO Ce CThHIBA
Ha cThiago n, e Fyy - Fo = Fle.

MHOXKEeCTBOTO OT KauBaHUATA, IIPH KOUTO HE C€ CTBIBA Ha T-TOTO CTLIAJO, € POU3BEICHIETO
oT Kaupanugara or Huo 0 10 (n — 1)-Boro crbuajo, Kaupanero or (n — 1)-soro g0 (n + 1)-Boto
CTBIAIO (AKO MCKAME JIa He CThIIBAME Ha T-TOTO CT'bIAJO U HE MOYKEM JIa IPecKadaMe [oBeve OT
eJIHO CT'BIAJIO, HAJIara ce Jia crbiuM Ha (1 — 1)-BoTo u ortam Ha (1 + 1)-BOTO) 1 KauBaHUsITa OT
(n+ 1)-Boto crbmano 1o 2n-roro crobnano. [Ipu kaupanusara or Huso 0 10 (N — 1)-BoTO CTBHIATO
nMa TOYHO N — | cTbliaja, Taka de Te3W KadBaHUsl MOYKe Jia ce HampaBaT no b, wHadwra. [lpn
Ka4BaHETO—TO € eJHO eJuHCTBeHO—OoT (N — 1)-BoTo 10 (N + 1)-BOTO CTBIAJIO UMa TOYHO JBE
crbuaga. Ipu kausanusara or (N + 1)-BoTo ¢T'bIIaao 0 CTbIAI0 2N UMa TOYHO N — | cTblaja,
TaKa 4e U Te3U KauBaHus MOXKe Ja ce HapasdaT 110 Fn, Haunna. ChryiacHO KOMOMHATOPHUS IIPUHIIALL
Ha YMHOXKEHHETO, OposT Ha HAYMHUTE 3a KadBaHe oT HUBO O /10 HAW-rOPHOTO CTBIAJIO (2N), TIpH
KOWTO He ce CThbIIBa Ha cTboago n, e F,-1-F, = FTzl.

CohriacHo KOMOMHATOPHMS MPWHIMII Ha ChOMPAHETO, OPOAT Ha BCHYKHM HAYWMHU 338 KadBaHe Ha
2 2
crbibara e Fp ., + Fr. O

Samaua 129. IlpeacraBere cu MpaBObIbJIHAK 2 X L CAHTUMETPA U N Ha OpOil MaJIKi IIPaBObI'bJI-
Hudera 1 X 2 caarumerpa. IlokpuBane Ha TojleMust IPABOBbI'bAHAK ¢ MAJKATE IPABObI'bIHAYIETA,
€ BCSIKO TSIXHO CJIaraHe BbPXY IOJIEMES MPABOBI'B/IHAK, TAKOBA Y€ HUTO Te Ce MPUIOKPUBAT, HUTO
ocTaBa HEIMOKPUTA JacT OT TOJIeMUsT MPaBObI'bJIHUK. OQUeBnIHO Opost HA MAJIKATE MPaBObI'bJIHU-
Jera e JIOCTaTbiHa, 3a Jia IMOKpHeM rojeMus. Herno moBeve, HAUMHUTE 38 MOKPUBaHE HA T'OJIEMUS
ca MHOIO, aKO M e ToJIgMO 4uncio. KakBa e Bpb3KaTa MeXKIy HaUUHUTE J1a ObJIe MOKPHUT T'OJIEMUS
IpaBOBILJIHUK 1 4dnciara Ha Fibonacci?

Pemenne. Heka 6pogar na Te3m nokpupanus e C,. [la cu mnpeacraBuM roJieMusi IpaBOrbJIHIK
HApPHUCYBaH XOPU30HTAJHO U IMOKPUT ¢ KBajpardera 1 X 1:

Besiko 0T OKpUBAIIUTE TPABObIbIHIYETa TPAOBA JIa IOKPUE TOYHO JiBe CbeeiHu (¢ 0bIa crpaHa)
KBaJipaTdeTa. /la cu mpejcTaBuM, de IMOKPUBAHETO 3all09Ba OTJIABO. KBaJipaTdeTo B TOpHUS JIaB
BI'bJI TPAOBA Ja ObJie mokpuTo. Mima TouHo jaBa HavumHa Jjia ctane Tosa. [Ipu mbpBus HavnH:

m

Tpﬂ6Ba 3aIbJIZKUTE/IHO JJa IIPOABJIZKUM TaKa:

U cBeXKJIaMe 3aJa4daTa, J0 3a/1a49a 3 MOKPUBaHe Ha IPaBObIbIHuK 2 X (n—2). IIpu Bropus nauun:

cBeXKJIaMe 3ajadara JI0 3ajada 3a [MOKpUBaHe Ha IpaBobI'baHuk 2 X (n — 1). Jokaszaxme, e 3a
BCUYKHM JocTarbano rojgemu croinoct Ha n, C, = C,_1 + C_,. OueBuguo C; =1u C, = 2.

Bmxgame, ve C, = F,,13an > 1. Ul
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Samaua 130. Jlokaxkere, ye

m>1:y Fi=Fup—1

i=1

Pemmenune. Ille mokaxkem TBbpeHneTo ¢ WHAyKIWA 1Mo N. bazara e 3a 1 = 1. Torasa TBBbp/Ie-
HUETO €

1
D Fi=Fa—1
i=1

KO€TO € CbIIOTO KaTO
Fi=F—1

KOETO OYEeBH/IHO € BSIPHO. v/

a momycueMm, We TBBLPIACHUETO € BAPHO 3a HIKOs CTOMHOCT Ha apryMeHTa T, TakaBa e n > 1.
Toect, momyckame, 1e

n

Y Fi=Fpo—1 (69)
i=1

Pasriexxgame TBbpieHneTO 3a cTOiHOCT Ha aprymenTta N + 1. Toect, pasriexmame

n+1

Z Fi=Fopp2 — 1 (70)
i

UspbpriBamMe ciieHUTe eKBUBAJIEHTHU peobpasyBanus ua (70):

n+1
E Fi=F.2—1 ¢ // cBoiicTBo Ha HOTAUUATA 3a CyMUpaHe X
i=1

n
Y Bl +Fa=Fun—1 & //1+2=3
i=1
n
ZFi +Foi=Fus—1 ¢ // cbrmacHo WHEYKIWOHHOTO NpezmoyioxeHue (23)
i=1
Foo—1+Fu1=Fu3—1 ¢ // RKOMyTaTHBHOCT ¥ aCOLMATUBHOCT Ha CHOUpAHETO
(Fooo+Fo)—1=F.3—1 «« // nedununusa ma ymcna Ha PuboHaunm

Fopz—1=Fy3—1
[Mocaenuoro ovueBnno e Bsapuo. Torasa u (70) e BApHO. 0

agaga 131. Hokaxere, 4de

= (o) < (") (024 ()

Pemenue. I[lle jgokaxkeM ThKIeCTBOTO ¢ KOMOMHATOpHU pascbxkienus. Heka T, e Opodr Ha
BCUUKU OYJIeBU BEKTOPHU C JIbJIKUHA N, B KOUTO HaAMa cheeaan epauauiu. [lle mokaxkewm, ve T, =
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Friz23aBeskon > 1. OueBuano Ty = 2, a T, = 3, 3ammoro or derupure OyJIeBH BEKTOPA C JIbJIKIHA,
2, Touno 11 He oTroBapsi Ha YCJIOBHETO.

8a n > 2, chobpas3siBaMe, de BCEKHM TaK'bB BEKTOD MOXKE Ja 3all04uBa C eIUHNIA, HO TOraBa
BTOPUSAT MY €JIEMEHT 33 IbJI2KUTEJTHO € HyJIa U cjiejiBa OyJIeB BEKTOP C JIbJKUHA N — 2 6€3 ¢'bCeIHN
eJIMHUII, WK JIa 3all09Ba C HyJla, KaTo CJIel Hes uMa OyJIeB BEKTOpD C JIb/KHHA N — 1 6e3 cbeeann
equanny. [lo mpunnuma wa pazbusanero, T, = T, 1 + T, 2. dokasaxme, e T, = F,,, 3a Bcako
n>1.

Torasa F,.1 e T,,_1, Taka 4e JiiBaTa cTpaHa Ha THXKJIECTBOTO Opou OY/IEBUTE BEKTOPH C JIbJI-
xuHa N — 1 6e3 cweeann equauim. [1le mokaxkem, e JasgcHaTa crpaHa OpPOU CHIOTO MHOYKECTBO,
Ho mo-moapobro. Ho 3amada 31 Hu Ka3Ba KOJKO OYJI€BU BEKTOPH C JIbJIXKHHA T HIMAT CbCEIHU
enuauu. Ako 3amectum 1 ¢ 1 — 1 B (6), 1Ie MOJyYUM TOYHO JISICHATA CTPaHa HA ThXKJECTBOTO,
KOETO JIOKa3BaMe. ]

Sama4da 132. Heka

Ho

I
—

-1
Ho= ) (n—Kk)Hx
0

3

~
Il

Jokaxkere, ve Yn > 1: H, = Fy,.
Pemtenne. Illom zan > 1 e B cuna
Hy,=H,1 +2H,, > +3H, 3+ - +nHp
TO 33 N > 2 € B cUJIa
Hy1=Hyo+2H, 3+3H, 4+ -+ (n—1)Ho
Hanwucanu 3ae/1H0, Te3u ypaBHEHUsT M3TJIEkKIAT Taka (ToBa € 3a 1L > 2):

H, =H. 1 +2H,»+3H 3+ -+ Mm—1)H; +nH,
Ho = Hyoo+2H, 3+---+ (n—2)H; + (n—1)H,

N3Bazk 1aiiky BTOPOTO OT I'bPBOTO, IOJIydYaBaMe
Hy —Hp g =Hn g +Hpo+Hps+ -+ H; +Ho
Toect, 3a 1 > 2 e B cuiia
H,=2H, ;+H,>+H,3+---+H;+Hp
Torasa 3a n > 3 e B cuia
H.1=2H.,+H, 3+ H.4+---+H; +Hp
OTHOBO M3BazK/1aMe ypaBHEHHETO C JigBa cTpaHa H,_; or ToBa ¢ jgBa crpada H, u mosydaBame

Hn - Hn71 - ZHn71 - anZ &
Hy = 3Hp 1 — Hos (71)

Tosa e B cua 3a n > 3. Hagasaure croitnoctn ca Hy = 3 u Hy = 1, kouto MoxkeM J1a HOJIYIUM
ot nedunmuaTa Ha H, ot yciaosuero, u Hy = 1, KoeTo e 9acT OT yCJIOBHETO.
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Jla pasrirename Fp,. Ako n > 1, or nedununusita Ha pemurara Ha Fibonacci mmame
Fon =Fam+Foan
Akon > 2, B cuiia e
Foni=Fan2+Fans (72)
Fono=Fmis+Fng & Fams=Fno—Funa (73)
Torasa, 3a n > 2, u3nosssaiiku (72) u (73), noryaasame
Fon =Fa +Fon
=Fn o2+ Fams+Fana
=2Fm 2+ Fons
=2Fm 2+ Fm2—Foms
= 3Fam-1) = Fam-2) (74)
Ile mokaxkem, ue H,, = F,, 3a n > 1 ¢be cunna unayKius o n. baszara e 3a n € {1,2}.

e S3an =1, or eqna crpana Hy = 1, a or apyra crpana F, = 1. v/
e 3an =2 orexna crpana H, = 3, a or apyra crpana F, = 3. v

Wunykrusaoro npeanosoxenue e, ue Hy = Fy 3a Besko k € {1,...,n—1}. O1 (71) 3naem, ve
Hn = 3Hn—1 - Hn—Z
OT MHAYKTHBHOTO IpeJIooxKenne 3HaeM, e Hy_1 = Fym_1) 1 Hy2 = Fy(n_2). Torasa
Hyn = 3Fm-1) — Fon)
[Tpunarame (74) u nomydasame, e
H, =Fn Il
3ama4va 133. Pasnoiarare ¢ HeOrpaHMIEHO KOJIMIECTBO OT HAKBU MoHeTH ¢ pajanyc 1. Jlameno e
n € N*. Or Bac ce ucka ja KoHCTpyupare pasioJaraie Ha MOHETUTE ChIJIACHO CJIEIHUTE IIPABUIIA.

e 3amousare ¢ TOYHO T MOHETH, Pa3IOJIOXKEHH TakKa, Je Hnerrposere uM ca (1,1), (3,1), (5,1),
..oy, (2n—1,1). [Ipumepno, npu n = 6:

900009

CraBa jgyma 3a IUIbTHA JIMHEHa Hape0a, IPU KOATO BCEKHU JIBE CbCEIHN MOHETH Ce JIOMNPAT
U IEHTPOBETe Ha MOHETHTE ca BbPXY €/iHa IpaBa. 1a3u Hapeda e nspsusm ped.

e Bbpxy mbpBuUs pej MOxKe Jia caoxkuTte juHeitno mexkry O m m — 1 mMonern, nak HapeJeHu
IUIHTHO, KATO BCJIKA OT TAX Ce JIONMpPa B TOYHO JBE MOHETU OT II'bPBUA pejl. 1e3nm MoHeTH
obpazysat emopus ped. Koako MoHeTH 11ie ¢1okute BbB BTOPHUs pe/i e Barie perierne; Moxke
Jla He CJIOXKUTE HUTO €JIHa M TOoraBa KOHCTPYKIMATA MPUK/IIOUBA. /la KaxkeM, de permure Jia
CJIOXKUTE TPU MOHETH BBB BTOPHA pei. OUeBHIHO MMa TPHU HAYWHA BTOPHUA DPEJl OT TpU
MOHeTH Jia ObJie CI0¥KeH BbpxXy bpBus. lIpumepno, Taka:
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e Jla xaxkem, 1e Bropus pen uma k mounetu. Ako k > 1, mpojrb/KaBaTe aHaJIOTUIHO, H30Upaii-
ku qucyio Mexkay 0 u k — 1. Ako usbpanoro uncyo e 0, KOHCTPYKIUATa CIiupa. B nmpoTuBeH
ciIydait KoHCTpyupare mpemus ped. B 3amodHarTus npuMep, HeKa TPETUSAT PeJi € OT caMo
eJlHa MOHeTa, CJIOXKEeHA TaKa:

e U raka HatarbK. [[puHIMIIBT, 0 KOWTO ce CTPOM BCEKH CJIEIBAII pell, € siceH. CbIecTBEeHO
e, Ue BbB BCEKH PeJl MOHETHUTE Ca HapeJIeH! ILTbTHO. 1'bil KaTo BCEKU CJIeBalll pejl uMa
II0-MaJIKO MOHETH OT PeJia I0JI HEro, paHO WU K'bCHO KOHCTPYKITUATA ITe TTPUKJIIOYH.

Jokazkere, 1e 3a Bcsiko ML > 1, OposAT Ha HAYMHUTE, 110 KOUTO MOZKE JIa Ce U3BBbPIIN KOHCTPYKIIASTA,
€ an,1 .

Pemenune. Jla o3HaduM ThpCceHOTO KOIUIECTBO ¢ I,. Bbp3 ekcnepument mokassa, de T; = 1,
T, =2, T3 =5u Ty = 13. Usrnexna, ge nauctuna I, = Fon_1. Cera e 1okazkeM ToBa pOPMAJIHO.

Pascoxaasame 3a T, mpu n > 1. KirogoBoro Habsroienne e, de ciaraiiku K MOHETH BbB BTOpUS
peJl, HEe 10 ChINEeCTBO MPABUM KOHCTPYKIIUS, YMITO Hal-/101€H pei uMa K MOHEeTH — Hail- IO/ THAAT
pesl (KOTO € OT M MOHEeTH) He ce OTpa3siBa HUKAK Ha O6pos HAYMHU Ja Objie JOBbPIIEeHa KOHC-
TpyKimsaTa. VI Taka, ako BbB BTOpud peJl mMa k MOHeTH, uMa I, HaduHa 3a JOBLPIIBAHETO, 34
BCAKO BB3MOXKHO pasroJjaraHe Ha Te3u K MOHeTH BbB BTOpus peid. Mma Todro N — k Bb3MOXKHI
pasmojiaraHust Ha BTOPHUs Pejl BbpXY bpBus (6bp3a mposepka: ako k = 1, HamcTiHa Ma N — 1
MecTa, Ha KOMTO MOKe J1a ObJie CI0yKeHa eIMHCTBeHaTa MOHeTa BbB BTOPHA Pejl, a ako K =n—1,
HAMCTUHA UMa CAMO €JINH HA4WH J1a ObJlaT cyiokeHn N — 1 MoHeTH BbB Bropust pen). Msriexa,
qe akom > 1, 10 Ty = L:]] (n — k)Ti. Ho ToBa ypaBHeHune mpomyckKa ejHa Bb3MOXKHOCT: Jia He
ce CJIOXKHU HUIIO BbB Bropus pej. VICTUHCKOTO ypaBHEHHE €

T, =1
n—1

To= (Y m—WT]+1, axon>1 (75)
k=1

Crpanfdna 3abejexkKa: buxme Morian Ja gegpurupame To = 1 u ToraBa ypaBHEHHETO
61 1IpoCcTO

.
Tn - (TL - k)Tk
0

3

=~
I

Ho tyk mma Ty. Axo T, = Fynq, 10 Ty 6m 6mmo F_;. Bb3moxkHO e ja necpurupame
yncjia Ha Fibonaccl n 3a orpuijare/iHn HHIEKCH; KO 'O HalIpaBuM, HaucTtuaa F_q =1,
3amjoro toraBa buxme uckajgu Py = Fy + F_1 m npu nosoxxernne, ve Fy = 1 u Fy =
0, exmHcTBeHATa cMmucaeHa croitnoct 3a F_4 e 1. Ho B perernero Ha Ta3mu 3ajada
He HCKaMe Jla BbBexKjjaMe 4ncja Ha Fibonacci ¢ orpunarennn nagaekcu. Ilo-m06pe e
HHeKcHaTa 1mpoMeHmBa kK ja 3amodsa ot 1 u ja uma cwbupaemo +1 H3BBH cyMmara.
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[IpeobpasyBanusTa, KOUTO Ie U3BbPIIUM BbpXy (75), ca MHOrO 1mojo0HN Ha Te3n orT 3aja-
qa 132. Umame

Th=Mmm—1T+M—2)L+n—-3)T+ - +3T3+2T, ,+ 1T+ 1
Akon > 2, to

Toi=m—-2T+n=3)T+ - +3T 4+ 2T 3+ 1T, 2+ 1
NzBaxkjame BTOPOTO OT IIHPBOTO U IOJIydaBaMe

=T =T +TL+T+ -+ T3+ T+ Ty
Toecr,

T.=2T 1+ Tho+Ths3+--+G+TL+T
Ho Torasa

To1=2Tw 2+ T s3+Thu+ - +TH+T+T
[Tak m3BazkaMe BTOPOTO OT bpBoTO. [lomyaaBame

T —Th1=2T, 1 — T2
Toecr,

T,.=3T 1 -T2 (76)

Pekypenrroro ypastenue (76) e ekBuBajeHTHO Ha (75), ako 106aBUM BTOPO HAYAJIHO YCJIOBUE, a
nMenno 1, = 2.

Crpanfdna 3abesnexkka: 3abenexkere npuankata Mexay (76) n (71). Ilo cwimectso,
PEKYPEHTHOTO ypaBHeHHe 3a T, B Ta3u 3a/a4a e ChIqoTo KaTo ToBa 3a Hy B 3azada 132.
Pasmukara e camo B HadasaHute ycaoBusi. B Bamaua 132 Te 6saxa Hy = 1 mw Hy = 3,
Jokaro B tasn 3aga4a ca Iy = 1 u T, = 2. Toa, ye H,, or 3azaua 132 e Fo,,, a T,, B
tas3n 3aja4da e Fyn_q, ce qb/KH camMo Ha pasjnkarta B croiiHocTure Ha Hy m T).

Pekypentaoro ypashenue (76) e pemmMo 4pe3 Merojia ¢ XapaKTePUCTUIHOTO ypDaBHEHHE, KaTo
perernero ¢ Maple(tm) e:

T, — (1/2+ 1/10 fs) (3/2— 1/2f5)n+ (1/2— 1/10\/5) (3/2+ 1/2\/§)n (77)

zan > 1.
Tyx obade mckame ja mokazxkem, de I, = F,,, 1. 3a 1a e Taka, 6u TpssOBaJIO /1a € BSIPHO, e

Fono1 = 3Fn-3 — Fon_s (78)

Haimu (78) e B cuuta? Hawmcruna, 1o ornpejiesieHne umame

Fono1 =Fon2 +Fons (79)
Fon2=Fm 3+ Fmy (80)
Fon3 =Fma + Fons (81)
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Ot (79) u (80) mmame

Fonr=Fms+FmatFams & Fang=2Fn3+Fna (82)
(81) e eKBUBAJICHTHO Ha

Fana =Fan3 —Fans (83)
Ot (82) u (83) mmame

Fon1 =2Fm 3+ Foansz—Fans & Fang =3Fn3—Fons

Ussenoxne (78). Ionspaiiku (78) u (76), TpuBmasHO € Jla MOKayKeM IO WHIYKIHs, qe T, = Fau_1,
HAII'bJIHO AHAJIOIMYHO Ha J0Ka3aTesIcTBOTO B 3amada 132, ge H,, = Fy,. ]

Samaua 134. Jlokaxkere, e 3a Bcako 1 € N e B cuiia

Pemtenne. Ilo onpeesienne, 3a BCAKO JOCTATHIHO TOJIAMO TL € BAPHO, 1€
Fon =Fon1 +Fons (85)
Usnomnssaiikn (85) u ToBa, e

Fono1 =Fpm 2 +Fons
Fon2=Fm3+Fmu

U3BeXK/IaMe
Fon =Fon2+2Fn 3+ Fong (86)
UsnossBaiiku (86) u ToBa, de

Fon2 =Fm3+Fma
F2n73 — F2n74 + FanS
Fona =Fpm 5+ Fums

U3BexKJIaMe

Fon = Fon-3 + 3Fm—4 + 3Fon 5+ Fans (87)
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Bk jame sicHa 3aKOHOMEPHOCT: 3a Besgko M € {1,2,...,n} e BIpHO, ye

m m m m m
FZn - F2n—m—0 + FZn—m—] + FZn—m—Z +e anfmf(m%) + an—m—m
0 1 2 m—1 m

(88)

3a HaIrbJIHO mper3eH u hopMaJieH OTToBOp TpsbBa ja jokaxkeM (88) mo mHykiums. 1o TakoBa
JI0Ka3aTeICTBO. VIHIyKnusdTa € 110 1M, 110 OTHOIICHHE Ha HAKAKBO (PMKCHPAHO T, KATO M B3eMa
croitnocTr or KpaHoTO MHOXKecTBO {1,2,...,n}. Baszara e m = 1. Torasa (88) crasa (85). v/
Wupykruaoro npe/mosoxenue e (88) 3a Hakakso m € {1,...,n — 1}. Usnonssaiiku daxra, ue

Fonem = Foneme1 + Fonem—2 = Fone(ma1) + Fane(ma1)—1
Fonema1 = Foneme2 + Fonemes = Fonmgn—1 + Faneman—2

Fonem—2 = Fon-m—3 + Fanem—a = Fon—(ma1)-2 + Fan(m+1)-3

Fonom+1 = Fonom + Fonom—1 = Fan—(m41)—(m-1) + Fan—(m+1)-m

Fonoom = Fonom—1 + Fonom—2 = Fon—(ma1)=m + Fon—(m+1)—(m+1)

npenncame (88) Taka:
) (Fan(m+1) + Fan(ma1)—1) +
) (Fan—(men)—1 + Fan_(men—2) +

) (Fan—(m+1)-2 + Fan—(ms1)-3) +

N\ 7~ N7 N7
>3

-+
m
_ 1) (Fan—(ms1)—(m—1) + Fan—ms1)-m) +
m
<m> (Fan(m+1)7m + F2n7(m+1)7(m+1)) (89)

sicnara crpana e cyma or m + 1 cbbupaemu, BCIKO OT KOUTO € IIPOU3BEJEHNE OT OMHOMEH KOe-
dbunment u cyma ot gBe uncia Ha Fibonacci. Hero noseue, nsicioro unciio na Fibonacci (B pena,
B KOWTO Ca HAIMCAHU TYK) OT I'bPBOTO ChOUPaeMo e paBHO Ha JIBoTO 4ucio Ha Fibonacci or BrO-
poTo chbupaemo, JasgcHoTo duco Ha Fibonacci or BTopoTo chbupaemo e paBHO Ha JSIBOTO YHCJIO
na Fibonacci or Tperoro chbupaemo, U Taka HATATHK, JFICHOTO 4ucjo Ha Fibonacci or m-toto
chOMpaeMo e paBHO Ha JisiBOTO unciio Ha Fibonacci or (m+1)-Boro cwbupaemo. [Ipenucsame (89),
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rpynupaiiku Mo eJHu U cbiu gducia #Ha Fibonacci, u nosyuaBame cyma ot m + 2 choupaemu:

(o

() (e

(5)+ ()
&

(RN E—

m
(m) Fone(ma1)—(m41) (90)

Ho ot nexiun 3naem, de ( ) ( q ) ( ) Taka de

9)+(0)- ()
() (55

2
() () =)
+
m—1 m m
Barosa npemucsame (90) Taxa:

m
Fon = < 0 ) Fone(m+1) +

m+ 1
: Fon—min—1 +

m+ 1
Fone(ms1)—2 +

2
.
m+ 1
Fon(ms1)-m +
m
m
(m) Fon—(me1)—(m+1) (91)
Babensssame, we () = (") u () = (Eﬂ) u npercBame (91) Taxa:
Fon = (mg 1)F2n—[m+1) + (m1+ ]>F2n—(m+]]—1 + (m; ]>F2n—(m+]]—2 +o+ (mnt ]) +Fn (mi)-m + (21 :)FZn—[m+1)—(m+])

(92)

Ho ToBa e Touno (88) cien 3amectBane Ha m ¢ m+ 1. Jokazaxme (88). v/

YpaBuenue (88), HAIMCAHO KPATKO, €
= /m
F n — F n—m— 93
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Ja zamectm m ¢ n B (93). Iomyuasame

FZn = Z (1]:) ank

k=0

n
n—k

FZn = Z (nT_L k) Fn—k

0<k<n

Bnaem, we () = (", ). Homyuasame

Mlom 0 < k <m, Bcuna e 0 > —k > —n, KoeTo e ChIIOTO KaTo N > N — K > 0, KOeTo € ChIIOTO
kato 0 < n —k < n. Torasa

n
FZn = E F —k
n—k/ "
0<n—k<n
MwunaBame KbM HOBa MHJIEKCHA ITPOMEH/INBa, 3aMecTBaiiku n — k ¢ k. [lorygaBame
n

Fan = E <k) Fy (94)

0<k<n

(94) e oueBuHO CBIIOTO KAaTO (84). O

Fror Ry }

11

K
1

Sagaua 135. Jlokaxkere, 4e 3a Bcako k € Nt e usnbaneno [ } = { FT

ko e

Pentenne. Ille pokazkeMm TBbpAeHneTO 1o nHAyKnusd 1mo K. Bazara e k = 1. OueBuano
1
0 1| |k F
R A

NuaykTuBHOTO JIONyCKaHe €, 1de {

0 11" [Fes Fig
11 TR R

} 3a HaKoe k > 2.

K
Paszriex mame [1 J . B cunae

0 17" _Jo 17" [0 17 _[Fez Fa] [0 17
11 T 11 T Ry R 117
O-Fa+T-F  T-Fa+1-F| | R Fey

Bagauya 136. Jokaxere, ve VYn € N™ u Vm € N e B cuia
Fn+m = Fan—1 + FnFm-H

Pemennme. Heka m,n € N*. CbritacHo 3ajaua 135, B cuia e
0 11" [Fn Fn
1 ] o L Fm Fm+]
0 1" [Fay Fu
11 TR Fan

0 1T"™  [Fymet  Frim
11
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Ho YMHO2KEHHUETO Ha MaTpUIXU € aCOIlMaTUBHO, TaKa e

o 1™ _fo 1™ o 17"
1 1 11 1 1
Torasa
Fnerf] Fn+m _ anl Fn . mel Fm
Fn+m Fn—i—m—H N Fn Fn—H Fm Fm—H
NsBbpriBaMe yMHOXKEHUETO BJISICHO U TIOJIydaBaMe

|:Fn+m—1 Fn+m :| . |:Fn—1Fm—1 + FnFm Fn—lFm + FnFm+1:|

Fn+m Fn+m+1 FnFm—1 + Fn+1Fm FnFm + Fn+1Fm+1

Ho rorasa F. . = Fy_1F + FiF1 3a Bcuuku menn motoKureann m u n. 3abejig3BaMe, de IIpu
m = 0 To3u u3pa3 crasa

Fo=F. Fo+F.Fi=F.1-0+F,-1=F,
Epro, TbxaecrBoro ocrasa B cuia u upu m = 0. Toraan € N" u m € N, B cua e

Friom = FnFno1 + FuFma O
Bagaua 137. Jlokaxere, ue Vn € NT,

Fon =Foy +F, (95)
FZn = Fn(Zanl + Fn) (96)

Pemenne. Ot 3amaga 136 snaem, 9e Frim = FrnFo1+FuFat 3an € N um € N. Pazrexxname
JacTHUS ciaydaif, B koitto m = n — 1. ThxkaecTBoTo cTaBa

FnJrnf] = ananf1 + FnanlJr]
KOETO € CbIIOTO KaTOo
Fanl = F121,] + FTZ1
Cera pasriexjamMe 4acTHUs Caydail, B Koiiro m = n. ThxkaecTBoTo crasa
FnJrn = Fnanl + FnFnJr]
Ho F.,1 = F, + F,_1, Taka ge
Fn+n = Fnanl + Fn(Fn =+ anl)
KOETO € CbIIOTO KaTo

FZn = Fn(Zanl + Fn) O
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Buaropapuoctu. Biarogaps na Crosgsa ToMmulins 3a oTkpuTaTa rpeiika B PeleHnero Ha 3a-
Jada b2 u 3a JIpyru OTKPUTH HETOYHOCTH B mM3Kasza. bjaromaps na AJiekc AJieKcaHAPOB 3a
OTKPUTHTE U KOPUIUPAHU IPEIIKH B peleHnero Ha Sazada 28. Biarogaps na Moan Bacmies
3a OTKpHUTaTa M KOPUIHMpaHa I'peliKa B pelreHneTo Ha 3ajada 42. Biarojgaps na AJjieKcaHIbp
TaHrba0B 32 MHOTOOPOHHUTE OTKPUTU U KOPUTHMPAHU TPENIKU B PEIeHusiTa Ha 3aJaduTe, pe-
3YJITAT OT U3KJIIOYUTETHO TOAPOOHO derene. Biiarogaps na Anekcanabp AuapeeB VIBaHoB 3a
OTKpHTaTa HEKOPEKTHa pedepeHins B pererneTo Ha 3agada 70. Biarogaps na mokrop I'eopru
NBanoB I'eoprues 3a 1mocotueHoTO ejleraHTHO perrenne Ha 3asada 103.
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