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OnuT 32 onpeseneHne Ha "MHOXECTBO'

[a ce onutame ga gecbmHrpame "MHOXeCTBO', N3N0N3BaRKK
WHTYWTMBHATaA CU NpeacTaBa 3a NOHATUETO.

Onpegenerne 1

MHoxecTBo € HernoapeneHa KONEKUNs OT pasanyHn obeKkTu.

Ho kakBo o3HauvaBa “konekuns’?

Onpegenexne 2

Konekuns e HenoapeseH arperat oT pasinyHu obekTu.

Ho kakBo o3Hauyaga “arperat’'? Il Taka HaTaTbkK.

HuTo eaHo oT Te3m Taka HapedeHn “onpegeneHns’” BCbLULHOCT
He e onpepaeneHne, 3al0TO UAN NON3BA HEONPEAENEHO NOHATHE,
WAN BOAM A0 3aLMKISHE.
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“MHoXecTBO' € NMbPBUYHO MOHATUE

OueBngHo TpsibBa Aa MMa MOHe efHO MOHSTME, KOETO HE Ce
aeduHmpa.

KoneeHuus 1

“Mroxectso” (Ha aHrnniicku e set) e MbPBUYHO MOHSITHE.

MbpBUYHO € NoHSATME, KOETO He ce aeduHumpa.
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3al0 MHOXXECTBATA Ca BaXKHU

Mpn usrpaxgare Ha dyHAaMeHTa Ha MaTeMaTukaTa xopaTa ca
YCTaHOBWUAW, Y€ BCUYKMN As0BE MOraT ga ce hopmMann3upat 4pes
MHOXECTBa.

Underlying the mathematics we study in algebra,
geometry, combinatorics, probability, and almost every
other area of contemporary mathematics is the notion
of a set. Very often this concept provides an underlying
structure for a concise formulation of the mathematical
topic being investigated.

Ralph Grimaldi, Discrete and Combinatorial Mathematics,
5th edition, Pearson Education, pp. 123
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Kak o3HauaBame mHoxecTBaTa (1)

OBuKHOBEHO, HO He BUHArW, UMEHaTa Ha MHOXXECTBATa Ca raBHU
natunHcku bykeu: A, B n Taka HaTaTbk. [1pu nspexpgaHe Ha
enemeHTuTe ce nonseat dpurypHute ckobu “{" n "}", a umenarta Ha
€/IEMEHTUTE Ca Pa3fesieHn CbC 3aMneTaun, Hanpumep

A={ab,c}

MprHaane>XHoCTTa KbM MHOXECTBO Ce 03Havasa ¢ '€, a
HEMpUHAANEXHOCTTa ¢ "¢, Hanpumep

ae{a,b,c}, d¢{a b, c}
PeatT Ha nsbposieae Ha enemeHTuTe e be3 3HayeHue:
{a,b,c} ={a,c,b} ={b,a,c} ={b,c a} ={c,a b} ={c b,a}
MHOFOKpaTHVI NnosABM HAa UME Ha €1IEMEHT HAMAT 3HAYEHUE:

{a,b,c} ={a,a,a,b,c}={a b,c, b, a}

Munko Mapkos minkom@fmi.uni—sofia.bg AunckpeTHN CTPYKTYpU, NeKkunsi 2: MHOXECTBa



Kak o3HauaBame mHoxecTBaTa (2)

CnepHnTe aBe MHOXECTBA Ca Pa3/INYHU:
A ={a, b} " B = {{a, b}}

A nMa TOYHO ABa enemMeHTa: a u b. B nma To4HO eanH enemMeHT:
MHOXeCTBOTO A.

MHHOXeCTBa MOXeE fa Ca eIEMEHTM Ha ApYrn MHOXecTBa!

Cnep,vaT 3annc He O3Ha4YaBa MHOXXECTBO, NMOHEXE € €
CUHTAKTUYHO HenpaBWueH:

{{a. b}
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DurypHuTe ckobu nmaT 3HaveHue!

Heka A = {a, {a, b}, b}. BsapHo e, ue

aeA
be A
{a,b} e A

Ho He e BsipHO, 4e
{a}e A

THil KATO HUTO efuH OT enemeHTuTe Ha A He e {a}. Hanctuna, A
NMa eNIEMEHT a, HO BeYe 3HaeM, Ye a n {a} ca CbBBLPLUEHO
pasAnYHN 0beKTN.
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ctopuyecka cnpagka

Mpe3 19 Bek Gottlob Frege (The Foundations of Arithmetic, 1884)
Cb3[aBa YNCTO JIOTMHECKA TEOPUS—OCHOBA HA ECTECTBEHUTE HNCAA,
TBBpAEKU, Ye apuTMeTKATa U JOPU UsiaTa MaTeMaTKa MOXXe
Aa Ce pa3riexpaa KaTto As/ Ha JlormkaTa. To3n Bb3res ce kasga
logicism.

Frege pecduHmpa ectecTBeHUTE YNCNa YNCTO JIOTUYECKU.
Hanpumep, 3 e cBOICTBO Ha CneaHNTE MHOXKECTBA:

e {a, 6,8},
@ MHOXECTBOTO OT MOeTO cobcTBeHO, balwmnHo n daMuaHo nme,

@ MHOXECTBOTO OT O6pa3OBaTeJ'IHI/ITe CTENEHN 6aKaJ1aB1>p,
MarncCTtbop U OOKTOPD,

@ u apyru.
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BespasbopHoTo nonseaHe Ha ‘MHOXeCTBO BOAU A0

napagokcu (1)

Mpes 1902 r. Bertrand Russell nokasea, 4e uenust Tpya Ha Frege e
HEKOHCUCTEHTEH, 3aLL0TO NON3Ba 'MHOXECTBO OT MHOXecTBa be3
OrpaHnYeHuns.

Onpegenerue 3

MHoxecTBo, KoeTo He chabpKa cebe cu, € 0bUKHOBEHO.
MHoxecTBo, KoeTo cbabpxa cebe cu, € HEObUKHOBEHO.

MpumepsT Ha Russell 32 HeobukHOBEHO MHOXECTBO:

The set of all those things that can be
defined in less than 19 English words

Tyk nonssame camo 16 ymMu, Taka Yye TOBA MHOXECTBO € €/IeMEHT
Ha cebe cu.
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BespasbopHoTo nonseaHe Ha ‘MHOXeCTBO BOAU A0
napagokcu (2)

Onpegenetue 4

O e MHOXXECTBOTO OT BCUYKN OBUKHOBEHN MHOXECTBA.

Hann O e 0bUKHOBEHO, UM € HEOBUKHOBEHO?

e [la ponychem, ye O e obukHoeeHo. CwriacHo Onpeaenexne 4
TO € MHOXXECTBOTO OT 0BUKHOBEHUTE MHOXECTEA,
cneposaTenHo O e enemeHT Ha cebe cu. Ho ToBa ro npasu
HeobukHoBeHo cbraacHo Onpegenerue 3. 4

e [la ponycHem, Ye O e HeobukHoeeHo. CbrnacHo
Onpepenenne 4 To € MHOXECTBOTO OT 0DMKHOBEHUTE
MHOXeCTBa, cnefosaTenHo O He e enemeHT Ha cebe cu. Ho
ToBa ro npaeu obukHoseHo cbrnacHo Onpegenenne 3. 4

Tosa e napagokcsT Ha Russell.
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Akcrnoma 3a obema

3a fa HsMa NapajoKCcn ca BbBEAEHW aKCMOMM 33 MHOXeCTBaTa.
CranpaprtHaTta akcuomatusaums e Ha Zermelo-Fraenkel (ZF). B
TO31 KypC pasraexpame camo vact ot ZF.

Akcroma 1 (Akcroma 3a obema (extensionality))

,HBe MHOXECTBAa Ca PaBHN TCTK CbAbPXXAT €AHN U CbLUN €JIEMEHTU.

YXVY (Vz(zeX o zeY) > X =Y)

Beanara cnenga, 4e peabT, B KOMTO Ca 3aMMCaHmn €1EMEHTUTE Ha
JafleHO MHOXECTBO, KaKTO 1 HaNIMYMETO Ha NOBTOPEHUS Ha
enemeHTn, e be3 3HayeHue.
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Akcroma 3a otaensiHeTo (separation) (1)

ChbLuHOCT Ha akcuomarta

C NpeanKaT MOXeE Aa NOoCTpoum (OT,EI,EJ'IVIM) MHOXECTBO OT
MHOXXECTBO.

Akcuoma 2 (Akcmoma 3a oTgensiHeTo (separation))

Ako X e MHOXeCTBO U Tt € NIPpeanKkaT ¢ JoMeiiH X, TO CbBKYMNHOCTTA
Y ot enemeHTuTe Ha X, KONTO MMAT CBOVICTBOTO T, € MHOXECTBO.

VX 3YVz(zeY o n(z))

KoHcTpykTopcka HoTayus (set constructor notation wnwn set builder
notation) 3a 3anucBaHe Ha 'OTAENEHN MHOXECTBA':

Y = {ae X|n(a)} e mHOXecTBO

N3pasbT B ckobuTe ce yete “Bcuukm a ot X, 3a kouto 7(a)”.
AnTepHaTuBeH 3anuc e

Y ={ae X : n(a)} e MmHOXecTBO
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Akcroma 3a oTaensiHeTo (separation) (2)

AkcuomaTa AaBa HAa4YNH Oa OTAENsIME, HO HE N Oa CTPOUM OT HULLOTO.

Coe set constructor notation Moxe ga ctpoum (oTaensive)
MHOXeCTBO Y OT Apyro MHoxecTBo X, HO caMo ako 3a X Beue
3HaeM, Ye e MHOXXeCTBO. Set constructor notation He mMoXxe faa
CTPpON MHOXECTBaA OT HI/ILlJ|OTO! Tazn KOHCTPYKLNA Ha MHOXECTBO €
HEBaNNAHaA:

Y ={a: n(a)}

Ypes Hest niecHo Moxe Aa “‘noctpoum’ MHoxecTsoTo O OT
napagokca Ha Russell: ako 7t(a) e npegukaTsT “MHOXECTBOTO a €
0bukHoBeHO ', To Y e CbLIOoTO MHOXeCTBO KaTo O.
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Akcnoma 3a oTgensiteto (separation) (3)

E,EI,I/IH AJITEPHATNBEH 3anucC.

CnegHnTe aBa 3anmca ca eKBMBAJIEHTHN B CMUCDHJ, Ye ONpeaensT
€[JHO U CbLLO MHOXECTBO Y MO OTHOLUEHME HAa €4HO W CbLLO
MHoxecTBo X:

Y ={ae X|n(a)}
Y ={alae X Am(a)}

I_I'prI/IﬂT 3annc € NO-KOMNaKTEH N € 3a NpPpeano4YnTaHe, HO ”
BTOPWST € HanmbJIHO BasmgeH. Hewo noseye, BasicHo oT
BEpPTMKAJIHATa YepTa MOXE fa UMa CNOXKEH U3pa3 OT NpeankaTHaTa
JIOTVIKA; aKO TO3W WU3pa3 € BaJAeH, TO MOCTPOEHOTO MHOXECTBO €
nobpe pecbuHmpato.
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Akcroma 3a oTaensiHeTo (separation) (4)

nO,D,MHO)KeCTBa N HaOMHOXEeCTBaA. C'bLLI,I/IHCKVI NOAMHOXECTBA N HAAMHOXXECTBA.

Heka A e MHOXeCTBO, 7T € NPeAnKaT Haj HEero u
B ={aec A: n(a)}. Kassame, 4ye B e nogmHoxecTBo Ha A u
nuLem

BCcA

[MoHsikora nuwem A 2 B un ka3BaMe, 4e A e HagMHOXECTBO Ha B.

NHTepeceH e cnyyasT, B koiiTo B € A, Ho B + A. Torasa kasBaMme,
ye B e cbLMHCKO NOAMHOXeCTBO Ha A n nuwem B < A, kaTto ‘"
npuanya Ha “<". 3a ga e nanwnHeHo B < A, To Tpsibea aa
cbliecTByBa a € A, TakbB 4Ye a ¢ B. [NoHskora kaseame, ye A e
CBLIMHCKO HAaAMHOXECTBO Ha B n nuwem A D B.
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Akcnoma 3a oTgensieto (separation) (5)

Bcsiko mHOXecTBO € NOAMHOXXECTBO Ha cebe cu. ﬂpa3H0To MHO>XECTBO g

[a pasrnepame cnepHnWTe ABa EKCTPEMHU CNlyHasi Ha
MOAMHOXECTBA HA MHOXECTBOTO A:

e Yae A:m(a). B To3mu cnyuaii B = A. Buxgaame, ue BCsiko
MHOXECTBO € MOAMHOXECTBO Ha cebe cu. Hecnyuqaiito

cumBonbT “C" npunuya Ha ‘<

e —Jae A:m(a). B to3n cnyyait B Hama enemenTu. Kassame,
ye B e npa3HoTo mHoxecTBO n nuwem B = & nan B = {}.
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Akcnoma 3a oTgensieto (separation) (6)

BHumagaiite ¢ npa3HoTo MHoxecTBo!

[Mpa3HOTO MHOXECTBO € MOAMHOMXECTBO Ha BCSKO MHOXECTBO,
BKJIFOYUTENHO U Ha cebe cu.

3abenexete pasnnkata mexgy & u {}! Bropoto He e npasHoTo
MHO>XECTBO, @ MHO>XECTBOTO, 4YnnTo €ANHCTBEH E€NIEMEHT €
MpasHOTO MHOXecTBo. B cuna ca

< {T} (1)
e {D} (2)

HO MO Pa3/IMYHUN NPUYUHN. & € MOAMHOXECTBO HA BCSKO
MHOXeCTBO, Taka 4e (1) e BAPHO HE3aBNCUMO OT MHOXECTBOTO
BASICHO, AOKATO (2) e BSAPHO CaMO 3aLLOTO MHOXECTBOTO BASICHO
UMa enemeHT J.
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AKkcroma 3a CTeneHHOTO MHOXECTBO (powerset)

Akcroma 3 (Akcroma 3a CTeNeHHOTO MHOXECTBO)

3a Bcako mHoxecTBo X CbLyeCTByBa MHOXXECTBOTO OT BCUHKU
HEroBu NnOoAMHOXXECTBA, KOETO Hapn4aMe CTENMNEHHOTO MHOXXECTBO

Ha X
VX3YVz(zeY o zc X)

Ha aHrnulickn kassame the power set. CTeNeHHOTO MHOXECTBO Ha
X 6enexxum c 2X wam P(X) nam pow(X).

Mpumepn:

e Heka X = (J. Torasa 2X = {#, &} = {TF}.
@ Heka X = {a, b, c}. Toraea

2 = {@.{a}, {b}, {c}. {a, b}, {a. ¢}, {b, c} {a b.c}}
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Makcumantoct no BkitousaHe (1)

Heka e naseHo MHoxecTBo A u npeankaTt o Bbpxy 24 (npeankaTsT
e BbpXy NMOAMHOXeCTBaTa Ha A, a He Bbpxy esiemeHTuTe Ha Al).

Onpegenetue 5

3a Bcako B € A, kassame, ye B e makcumanHo no BKAtOYBaHe ro
OTHOLLEHNE HA O, aKO

Q o(B)u
Q@ VC(Bc C<cA— —0((C))

Ha 4uct 6barapckn, MakCMMAasHO MO BK/IIOYBAHE MOAMHOXECTBO €
TaKOBa, 33 KOETO CBOMCTBOTO (MPeAnKaThT) € B CUMa, HO TO He € B
CMAA 33 HUKOE CBLYMHCKO HErOBO HAAMHOXECTBO.

3a Aa roBOpUM 3a MakCUMAJIHOCT MO BKJIOYBaHe, Tpsibsa ga
nmame npefsug ceoiicteo (npegukat). bes ceoiicTBo, ToBa
NOHATUE HSIMA CMUCHI.
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Makcumantoct no BkitousaHe (2)

Ha aHrnulicku uma eneraHTHO TEPMUHONOIMYHO pasrpaHuyeHmne
MeXay ‘MakCUManHo no BKAOYBaHe 1 “TnobasiHo MakCUManHo'

@ “makcumanHo no BkAwo4BaHe e maximal,
@ a ‘rnobanHo makcumanHo' e maximum.

Ha 6barapcku HsiMa aHanorn4yHa TEPMUHOMOIMYHA Pa3fnKa,
6asupaHa Ha pa3anyHu cydukcn.
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MakcumanHocT no BKAKOYBAHE: MPUMeEp C KAuKa B rpacu

Kakeo e rpac

Ipach e obekT, KONTO ce cbCTOM OT BBPXOBE N pebpa. ETo
NnpMMepHa PUCYHKa Ha rpad, KaTo BbPXOBETE Ca TOYKUTE, a
pebpaTa ca oTceykuTe:

a v X p
O O
d u
O O
b w y q
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MakcumanHocT no BKAKOYBAHE: MPUMeEp C KAuKa B rpacu

Kakeo e knuka (1)

Knnmka e MHOXECTBO OT BbpXOBE, BCEKU [Ba OT KOUTO Ca CBbp3aHu
c pebpo. Bcekn Bpbx e (Tpuemanna) kamka. Kpauwara Ha BCsiko
pebpo npefcTaBasiBaT kAKMKa; npumepHo, {x, p} n {v, x} ca kankn.
OcgeH ToBa, B npumepa {u, v, w} e knnka un {a, b, ¢, d} e knuka.

a v X p
d u

O O

b w y q
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MakcumanHocT no BKAKOYBAHE: MPUMeEp C KAuKa B rpacu

Kakeo e knuka (2)

{a, b, ¢, d} e naii-ronsimata knmka — Apyra Kimka C YeTupu Bbpxa
Hsama. FcHo e 3awo {a, b, ¢, d} e MmakcumanHa kanka.
Hann {u, v, w} e MakcmaiHa KIMKa B HAKAKbB CMUCHA!

a v X p
d u

O O

b w y q

fa: k™ {u, v, w} He MOoxe fa fAobaBuM BpbX, 3anassaliku
CBOMCTBOTO MHO>XECTBOTO Aa € KJInKa.
{a, b, ¢, d} e maximum, pgokato {u, v, w} e maximal.
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MwuHnmanHocT no BKAtOYBaHE

[yanHoTo noHATWE Ha “MaKCMManHOCT Mo BKtoYBaHe'

Heka e faaeHo MHOXecTBO A 1 npeankaT o Bbpxy 24.

Onpegenetue 6

3a Bcako B € A, kassame, 4e B e mMuHuManHo no BkatoYBaHe ro
OTHOLLUEHNE HA O, aKO

Q o(B)u
Q@ VC(Cc B— —0o(0))

Ha unct 6barapcku, MUHUMANHO MO BKIKOYBAHE MOAMHOXECTBO €
TaKOBa, 3a KOETO CBOWCTBOTO (MPEAMKATBT) € B CUJIa, HO TO He € B
CMNIa 33 HUKOE CbLMHCKO HEFOBO MOAMHOXECTBO.

3a fa roBOpyMM 3a MUHWMMANHOCT MO BKJOYBaHe, TpsibBa Aa
nmame npefsug ceoiicteo (npegukat). bes ceoiicTBo, ToBa
NOHSATME HSIMA CMUCH,
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Onepaunmn BbpXy MHOXECTBA

[edunHrpame HsKONKO OCHOBHYM onepauun (AeACTBMS) BbPXY
MHOXECTBa: obefnHeHNe, CeYeHne, pa3nka, CUMETPUYHA Pa3nka,
JOMBJIHEHME.

Heka A n B ca mHOoXecTBa.
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Onepaunmn BbpXy MHOXECTBA
ObepuHeHne (set union)

Onpegenerue 7

Obeaurenneto Ha A u B e MHoxecTBOTO:

AuB={alaeAvaeB}

ObegunHEHNETO € aHaIOr Ha JIOTUYECKNS CbHO3 LU3IOHKLMS.
Mpumep:

{a,b,c,d}u{a b,x,y}={ab,cd x,y}
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Onepaunmn BbpXy MHOXECTBA
Ceuenue (set intersection)

Onpegenerue 8

Ceuennero Ha A n B e mHoxecTBOTO:

AnB={alacAnaeB}

CeyeHneTo e aHaNoOr Ha JIOTNYECKNS CblO3 KOHKOHKLUNA. Ceyvenneto
€ KOMYTaTUBHO.

Mpumep:
{a,b,c,d} n{a b x,y}={a b}
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Onepaunmn BbpXy MHOXECTBA
Pasznuka (set difference)

Onpegenetue 9

Paznukata A 6e3 B e MHoxecTBOTO:

A\B ={alaeAnra¢ B}

Paznukarta e aHafior Ha florM4eckns Cbio3 nMmnnankKaunms; no-To4Ho,
OTpuLaHNE Ha nMMNAnKauyus. Pasnukarta He e KOMYTaTUBHa.

Mpumep:
{a,b,c,d}\{a, b,x,y} = {c,d}
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Onepaunmn BbpXy MHOXECTBA
CumetpuyHa pasnuka (symmetric set difference)

Onpegenerue 10

CMMET,DI/ILIHaTa pasjinka Ha A n B e mHoxectsoTo:

AsB={alaec A@ace B}

CI/IMETpI/I‘-IHaTa pPa3/inka € aHanor Ha JOrm4eckmsa Cbio3
N3KIKOYBaLLO-1NNn. Tae KOMYTAaTUBHA.

Mpumep:
{a,b,c,d}2{a b, x,y} ={c,d,x,y}
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Onepaunmn BbpXy MHOXECTBA
JonbnHerne (set complement)

Onpegenerue 11

Haka e gageHo yHuBepcaiHo MHoxecTBo, wau yHusepcym, U.
LHonvanennero Ha A go U e mMHOoXecTBOTO:

AU — {alacUna¢ A

Ako U ce nogpasbupa, nuwem npocto “A’.
PasnnkaTa e aHanor Ha AOMMYeCKUs Cbio3 OTpULAHME.
Mpumep: ako U = {a, b, c,d, e, f, g, h}, T0

{a,bc.d} ={ef g h}

BAXKHO: Haii-ronsim yHusepcym HsaAMa.
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OI'IepaLl,VIVI BbPXYy MHOXXECTBA
Wntoctpauum ¢ guarpamu Ha Venn

Mpy fBe MHOXECTBA: ABE OKPBXHOCTN B ODLLO MOJIOXKEHME.

A\B

.@@0@
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Onepaunmn BbpXy MHOXECTBA

MbnHu guarpamu Ha Venn: yHMBEpCyMbT BUHAruM nNpuchbCTBa

AKO e HapncyBaH 1 YHUBEPCYM®BT, paiioHnTe ca To4Ho 27 npu n
MHOXecCTBa. ETo natoctpaumsa Ha obegnHeHneTo: Tpu OT H4eTupuTe

paiioHa ca Bk/todeHn B A U B, CbOTBETHO efjnH paiioH (BBHLWHUAT)
HE e BKJIIOYEH.

Mutko Mapkos minkom@fmi.uni—sofia.bg
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Hunarpamu Ha Venn B 4acTHUM ciy4dam

AKO OKpPBXHOCTUTE He ca B OBLLO MONOXKEHME, TO AnarpamMaTa Ha
Venn mogenupa cutyaumsi, 3a KOSITO CE 3Hae NpeABapuTesHO, He
nma ocobeHocTu (a He e Hali-obLiaTa Bb3MOXKHA).

A Venn diagram explaining my life/future

Things | am
good at

Things that
are useful
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CeoiicTBa Ha onepaunute Bbpxy MHOxecTBa (1)

HanbaHO aHanorn4Hnm Ha CbOTBETHUTE CBOWCTBA Ha JIOTMYECKNTE
cbtosn. [NpumepHo, obeanMHEHNETO 1 CEYEHNETO Ca UAEMMNOTEHTHN,
KOMYTaTWUBHMN 1 aCOLMATUBHMN, NMOHEXEe CHOTBETHO AU3IOHKLMUSATA U
KOHIOHKLMSATA Ca TaKuBa:

AvA=A AnA=A AuB=BUA AnB=BnA
Avu(BuC)=(AuB)uC, An(Bn(C)=(AnB)nC

ObennHeTNETO N CEYEHNETO AUCTPMDYTMPAT efHO CNPSIMO 4pyro:

Au(BnC)=(AuB)n(Au (0),
An(BuC)=(AnB)u(An ()
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CeoiicTBa Ha onepaunmnTe Bbpxy MHOXeCTBa (2)

CeoiicTBaTa Ha KOHCTAHTWTE Ce MPEHACST JUPEKTHO BbPXY
onepaunmn ¢ MHOXECTBA, ako NPa3HOTO MHOXXECTBO CbOTBETCTBA
Ha F, a yHuBepcymMbT CbOTBETCTBA Ha T:

Avgd=A Ang=¢g, AuvlU=U AnU=A

3aKkoHbT 33 ABOVIHOTO OoTpunuaHMe OT JIOrNKaTa NMa CnegHuns
aHanor:

pN|

=A

Munko Mapkos minkom@fmi.uni—sofia.bg AunckpeTHN CTPYKTYpU, NeKkunsi 2: MHOXECTBa



CeolicTBa Ha onepauunTe BbpXy MHOXeCTBa (3)

AHanosute Ha 3akoHuUTe Ha De Morgan ca

>
C
v
I
N
c D
ol

>
D
vs]
I
N
ol
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CBolicTBa Ha onepauunTe BbPXy MHOXeCTBa (4)

AcounaTnBHUTE onepauun KaTo obefnHeHNe 1 CedeHne MOXe aa ce
obobuiaBaT HeBYCMUCIEHO Taka 3a k > 2:

AlvAyu - U A,
AlnAsn-n Ay

[MTonssame cnegHaTa HoTauus:
k
UA;:AluAQU"'UAk
=1

i=

Ai=AinAsn---n Ay

DL

1
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,ﬂOKa3aTeﬂCTBa Ha paBEHCTBa HAa MHOXXECTBA
Tabnuuen metopg,

OcHoBHUTE onepauuu, npeacTaBeHn ¢ Tabanua:

AlB|AuB|AnB|AB|AB|A]
0lo0] o 0 0 0 |1
011 1 0 0 1 |1
110 1 0 1 1 [0
11 1 1 0 0 |0

Nma OVNPEKTHO CBbOTBETCTBNE MEXAY Ta6J1I/ILI|VITe N CbOTBETHUTE
NOrn4eckn Cboro3n.
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,ﬂOKaZBaTeJ'ICTBa Ha paBEHCTBa HAa MHOXXECTBA
Tabnuuen metopg,

NHTepnpeTtauus Ha TabnuuaTta — Hanpumep 3a agnstoHkumsaTa. Mma
yeTupwu paiiona 00, 01, 10, 11. Hanpumep, 01 o3Havaea
NOAMHOXECTBOTO OT €/IeMEHTUTE, HenpuHagaexawm Ha A n
npuHagnexawm Ha B (ponyckame Hapegba, npm kosito A e BasiBo
ot B).

U
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,ﬂOKa3aTeﬂCTBa Ha PaBEHCTBA HA MHOXXECTBA
Egun ot 3akoHuTe Ha De Morgan, Tabnanyvo

AlB|AuB|AGB|A|B|ANE]
0[0] o0 1 [1]1] 1
01| 1 0 [1][0] 0
1[0 1 0 [0[1] 0
11 1 0 [0]0] 0

OT PaBEHCTBOTO HaA HYE€TBBPTATA U C€AMATA KOJIOHA OTAABO
HagsicHo cnegBa, e Au B=An B.
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,ﬂOKa3aT€J'ICTBa Ha PaBEHCTBA HA MHOXXECTBA
CowumaT 3akoH Ha De Morgan ¢ guarpama Ha Venn

P~
=
~
M
——
L
A
A
_—

W pBaTa u3pasa onpenensT efHO U CbLLO MHOXECTBO OT paiioHu, a

UMeHHO “BbHWHUAT  palioH ¢ agpec 00.

JVNCKpeTHN CTPYKTYpU, NEKUNS 2: MHOXeCTBa
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Hwnarpamu Ha Venn 3a Tpu MHOXeCTBa

Au(BnC)=(AuB)n(AuC)

Au(Bn Q) (AuB)n(Au Q)

a A
O 2
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Nuarpamu Ha Venn 3a setupn muoxectsa (1)

C OKPBXHOCTY HE MOXeE

He moxe ga e guarpama Ha Venn 3a obwus cnyvait: uma camo 14
paiioHa. JlunceaT camo-CUHBO-4YEPBEH N CaMO-4EpPHO-3€eJIeH.
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Nuarpamu Ha Venn 3a setupn muoxectsa (1)

C durypu, KOUTo He ca HEMPEMEHHO U3MbKHAMN, MOXE

Bcuukn 16 paiioHa ca Hanuue.
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HNunarpamute Ha Venn He ca doopManHu [0Ka3aTeNncTea

Hunarpamute Ha Venn ca 4yaecHO CpeACTBO 3a OHar/eAsiBaHe 1
noslyyasaHe Ha MHTyuumsi. Te obaye He ca dopManHu CUMBOJIHU
[0Ka3aTesICTBa, KaKBOTO ca TabimunTte Mam ekBUBaNeHTHUTE
npeobpasysaHus.
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HapeneHna ggoiika

MoteHnuunanen npobiem c chopmanHata gepuHnLns

Nckame pa ebBegem Hapenba — TOBa € MOJIE3HO U CMUCIIEHO.
[MpnmepHo, MMa ABa efniemMeHTa a U b 1 UCKaMe Aa Kaxkem, 4e a e
BASIBO OT, uau npegu, b.

Kak ga ro Hanpasum? “Jlaeo” n “asicHo” ca HedpopManHn NOHSATUS.
JlecHo moxem fa BbBefeM HOTaumsTa 3a Hapegba (a, b), Ho Kak Aa
Ka)keM (bOpMasiHO KaKBO O3Ha4aBa ToBa’

He nckame pa BbBeXgame HOBO MbPBMYHO MOHATUE U HOBA
nbpBUYHaA HoTauus. “(a, b)" bu Tpsibeano ma mMoxe fa ce u3spasu B
€31Ka Ha TeopusaTa Ha MHOXeCTBaTa.
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Hapegena agoiika (ordered pair)
Hedbunnnuymsa Ha Kuratowski

Onpegenerne 12

Bcsiko mHoxecTso {{a}, {a, b}} Hapudame HapeseHa pBorika c
nMbpBU €NIEMEHT a n BTopu enemeHT b. Kpatkusat 3anuc e “(a, b)”.

Tbii kaTo AedbMHMLMATA NON3BA MHOXECTBO, ChC CbLyMs yCnex
Moxxexme fa Hanuwem {{a, b}, {a}} n Taka HaTaTbK.
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OCHOBHOTO CBOWCTBO Ha HapeAeHUTE ABOWKM

Cﬂep,HVIﬂT Ba>XE€H PE3YyNTAT NpnemMame be3 AOKa3aTeNCTBO.

Teopema 1

(a,b) = (c,d) Tctka=cub=d.
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HapegeHa Tpoiika, 4eTBOpKa, ..., k-Topka

Bes dopmantu obsicHeHus npremame, Ye NOHATUATA 'HapeAeHa
Tpoiika" 1 Taka HaTaTbK MMaT o4eBuUaeH cmuchba. Hotayunte ca:

@ (a, b, c) 3a HapepeHa Tpoiika (triple).
@ (a, b, c, d) 3a HapegeHa vetBopka (quadruple).

e (a1, a,...,ax) 3a HapepeHa k-opka (k-tuple).
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IlekapToBO NMponsBegeHune

Heka A n B ca mHoxecTBa. [ekapTosoTo npounssegenne Ha A n B
(Cartesian product) e MHOXXeCTBOTO

Ax B={(a,b)lac Anbe B}

Mpumep: Heka A = {1,2} n B = {a, b, c}. Toraga

Ax B={(1,a),(1,b),(1,¢),(
BxA=1{(a1),(a2),(b1)

:—\ p
o~
N L
S~—
—
o N
= O
S~— —
—

o N
N 0O
S~—
— =~

B obwus cayyaii A x B + B x A. Toecr, onepaunsita He e
KOMYyTaTUBHA. Tsi He e 1 acoumaTMBHA — 3aLo’
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ObobueHo [lekapToBo nponsseaeHmne

Ypes HedhopMasiHO BbBEAEHMTE MOHSATUS HapedeHa TPOIiKa,
HapeZeHa YeTBOpKa 1 HapedeHa k-TOpKa MOXXeM [a Hanpasum
cneghute pecbunnumn. Heka A, B, C, D, A, Ay, ..., Ai ca
MHOXXECTBA.

AxBxC={(abc)lacArbeBnanceC}
AxBxCxD={(ab,cd)|]acArbeBArceCnardeD}

At x A x - x A ={(a1,a2,..., a)|are Ar naxeAx Ao A ag € Ax}

k
Moxe ga nuwem “ X A" HamecTo “Ap X Az x -+ x A"
i=1
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Pamunns

B akcnomaTukaTta ZF BCUYKO € MHOXecTBO. Hue npnemame
passnyeH Bb3rNIeA: MMa NPOTOENEMEHTMN, KOUTO OBUKHOBEHO
benexxum ¢ manku Oyken KaTo a, b 1 Taka HaTaTbK;
NPOTOENIEMEHTUTE HE Ca MHOXKECTBA, a MHOXXECTBaTa M3rpakjame
OT MPOTOENEMEHTU 1/UAN APYr MHOXECTBA, npumepHo {a, {b}}.

MHOXeCTBO OT MHOXeCTBa e Hapudame gpamuans (family).
MHOXXEeCTBOTO OT MPOTOENEMEHTUTE, KOUTO MOXKE [a Ce NOsiBSIBaT,
ce Hapuya onopHoTo MHoxecTBo (ground set). KaTo npumep, Heka
OMOPHOTO MHOXeCTBO € A = {a, b, ¢, d}. Pamunnun Hag A ca,
NpUMepHO,

X = {{a, b}, {a,c,d} {b,d} {d}}
Y = {{a.d}}

W = {z}

Z={}=0
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Pa3bvBaHe 1 NoKpMBaHe HA MHOXXECTBO

Heka A e HenpasHo onopHo MHoxecTBO. [Tokpusare Ha A (set
cover) e Bcsika pammins X = {Xq, Xo, ..., Xi}, TakaBa ye k > 1 m:

Q Vie{l,2,... . k}: XiC A

Q@ Vie{l,2,.... k}: Xi+ ,

Q@ U Xi=A
AKo OoCBeH TOBa € BSIpHO, 4e

Q VVj(l<i<j<k—->XinXj=)
kasBame, 4e X e pasbusane (set partition) Ha A.
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[lprmep 3a pa3buBaHe 1 MOKPUBAHE HA MHOXXECTBO

Heka A = {a, b, ¢, d}. MNokpueaHe Ha A e, npumepHoO,
{{a, b,d},{b,c},{a b c d}}
Pasbueane Ha A e, npumepHo,

{{a, c}. {b}, {d}}
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YHapHo obeamnHenne. YHapHo cedenue. (1)

Onpegenetne

Heka X e MHOXeCTBO OT MHOXXECTBa HaJ, OMOPHO MHOXeCTBO A.
Toraga U X" o3Ha4aBa obeAMHEHNETO Ha MHOXeCTBaTa-€NeEMEHTU
Ha X:

UXz{aeA\ (3SeX:a€eS)}

3abenexere, Ye Tasn HOTALMS HE MOXE [ja Ce U3MON3Ba, ako X He
€ MHOXECTBO OT MHOXECTBA; TOECT, ako X NMa €NeMEHTU, KONTO
He ca MHOXecTBa (a ca MpOTOeNeMeHTH).

HyanHata HoTauus e ﬂ X"

(X ={acA|(¥SeX:aeS)}
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YHapHo obeaunHeHne. YHapHo cedenue. (2)

[Mprumepn

Heka A e mHoxecTBO oT npotoenementn A = {a, b, c,...,x,y, z}
(mankute natuHckn byken). Torasa:

| J{{a b.ch.{a d. e} {ax,2}} ={a,bc.d e x 2}
M{{a.b.c}. {2, d. e}, fa,x, 21} — {a}
U {{a,b,c},{{a,d e}},{a,x,z}} ={a bc,x 2 {a d e}}
({a b.c} {{ad e}l {ax2}} = &

CUHTaKTUYHO HenpaBWuieH 3anuc e
U{{a, b,c}, a,d, e {a, x,z}}

NOHEXE HUTO a, HNTO d, HUTO € Ca MHOXECTBA. 1031 3anuc He
O3Ha4aBa HNKAKBO MHOXECTBO, AOPU N NPa3HOTO.
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YHapHo obeaunHenne. YHapHo cedenue. (3)

EgHa 3apava

Heka S e mM-Bo oT M-Ba oT M-Ba. HotauusaTa “( JJ S” osHauasa
“UJUS)". Heka p e cvxperueto “(x,y) € S”, Heka q e
cwxpaenuneto “x € | J{JS" n r e cexpgenneto “y e [ JJS".
Hokaxete p — g A r.

Jokasatencreo: TebpaeHueTo, KoeTo TpsibBa Aa ce fokaxe e,
ve ako (x,y)e€ S, ToxelJUSmnyelJUS. da ponycrem, ye
(x,y) € S. MNo onpegenenne, (x,y) e {{x}, {x,y}}, Taka ue
ponyckaHeto BcblyHocT e {{x}, {x,y}} € S. Torasa cbuiecTByBa
eNneMeHT Ha S, KOMTO € MHOXECTBO 1 CbAbPXKA KaTo eeMeHT
MHOXeCTBOTO {X, y}. 3HaeMm, 4e | J S € MHOXEeCTBOTO, CBCTOALLO Ce
TOYHO OT TE3MN EIEMEHTU, KOUTO CE CbABPXKAT B HAKOW €JIEMEHT Ha
S. 3akntoyaBame, e {x, y} e enement Ha | JS. Ho [ JJS e
MHOXECTBOTO, CbCTOSILLO C& TOYHO OT TE€3U EIEMEHTU, KOUTO Ce
CbAbPXKAT B HAKOI e/leMEHT Ha US. 3akntovaBame, e U X, U y ca

enementn Ha [ JJS.
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Akcrnoma 3a MHAyKuusTa

Tasu akcuoma He e vact ot ZF. YpayHo e ga Mucnmm 3a Hest KaTo
3a KOHCTpPyKUUs, uam beskpaiiHa npouesypa, KOSiTO reHepupa
MHOXECTBO, CTapTupalikn OT HsikakBa ba3a v npunaraiiku
NTEPaATNBHO HSIKAKBW onepauuu.

Akcnoma 4 (Akcnoma 3a MHAYKUMSITA)

Heka e pagero HenpasHo mHoxecTBo Mg, koeTo Hapuyame ba3oBo
MHOXECTBO, W HEMPAa3HO MHOXECTBO OT onepaunn F, npuaoxmmu B
Tasu KOHCTPYKLMSI.

@ Bknarwusame enemeHtute Ha My B M, Toect, M — Mj.

o ﬂpwﬂarame HEOrpaHN4eHo CI€E4HOTO!

o Heka M’ e MHOXeCTBOTO OT efleMeHTUTE, KOUTO Ce NoJyHaBaT
Mpu BCEBB3MOXXHUTE MPUIaraHns Ha onepaymmte oT F Bbpxy
Tekywoto M;

o [flobassme M’ kvm M, ToecT, M — M u M’.

Taka nonyqenoro M e mHoxectBo. [Muwem M = (My, F).
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WNHayktueHo reHepupann mHoxectsa. Mpumep ¢ N. (1)

MHoxecTBa, gecdbuHnpaHn ypes beskpaiiHaTa npoueaypa oT
aKCUoMaTa 3a UHAYKUWATA, Ca MHAYKTUBHO FreHepupaHu
MHOXECTBA.

Hali-npocTusT npumep 3a UHLYKTUBHO FEeHEPMPAHO MHOXECTBO €
MHoxecTBoTo N oT ectecteeHute yncna. Mpn Hero My = {0}, a F
CbAbpXa efHa eANHCTBEHA onepauus: gobassHe Ha egnnmua. Ha
aHIIMIACKM HapUYaT Tasm onepauust SUCcessor operation, nopaamn
KOETO € yAa4Ho fa s benexum cbe “succ’; npumepto, succ(0) = 1,
succ(1l) = 2, succ(99) = 100 un Taka HaTaTbK.
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WNHayktueHo reHepupann mHoxectsa. Mpumep ¢ N. (2)

CbrnacHo KasaHoTO [OTYK, Hy/laTa € eCTECTBEHO YUCIIO, 3aL0TO
KoHCTpyKumsiTa Ha N 3anousa ¢ {0}.

o [punaraiikn onepaumsTa sUCC MO BCEBB3MOXXHUTE HAYMHU
kbMm {0}, nonyyasame 1. [lobassime 1 kbm N u To Beue
cbabpxa 0 m 1.

@ [lpunaraiiku onepauusiTa SUCC NO BCEBB3MOXXHUTE HAYMHN
kbMm {0, 1}, nonyyasame 1 u 2. [lobassme 1 n 2 kbm N u 70
Beye cbabpxa 0, 1 un 2.

o [Mpunaraiiku onepaymsaTa SUCC NO BCEBB3IMOXKHUTE HAYNHM
kbm {0, 1,2}, nonyyasame 1, 2 n 3. Jobaesme 1, 2 n 3 kbm N
n To Beve cvabpxa 0, 1, 2 n 3.

@ Il Taka HaTaTbK.

Muwem N ={0,1,2,...}, kato “..." B gecHus Kpaii Kasga, 4e TO3U
0bekT e beskpaeH.
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MyntumHoxectea (1)

HedbopmanHo: myntumHoxectso (multiset) e Hewo kaTo
MHOXECTBO, HO MHOFOKpaTHWTE MOSIBU Ha AafeH ENEMEHT ca OT
3Ha4YeHNe. rlpl/lMepHO, MYITUMHOXXECTBOTO OT TPU €ANHULN N €OHa
ABOIKa € PasNNYHO OT MYITUMHOXECTBOTO OT [BE EAVHULM N eAHA
OBOIKa.

Mpy MynTUMHOXECTBaTa HsiMa Hapeaba, CbLio KaTo B
0BMKHOBEHUTE MHOXECTBA HsiMa Hapeaba.

Hsama yTBbpaeHa HOTaums 3a MynTUMHOXeCTBaTa. ABTOP®LT Nonsea
HOTauusi ¢ purypHm ckobu, Ho ¢ eauH cybekpunt “M'™:

{1,1,1,2}

M raka, {1,1,1,2} = {1,2,1,1} sy, Ho {1,1,1,2} s % {1, 2, 1} .
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MyntumHoxecTea (2)

Moxkem CnokoiiHO Aa MUHeM De3 NOHATUETO “MYNTUMHOXECTBO .
To unsrnexpaa obobuueHne Ha “MHOXKECTBO ', HO MOXeM Aa Mos3BaMe
“MHOXecTBO" 1 “KpaTHOCT', 3a Aa M3pa3uM TOBa, KOETO
n3passiBamMe 4Ypes ‘MyNTUMHOXECTBO .

Ot ppyra cTpaHa, “MynTUMHOXECTBO' & MHOro ynobHo un Lie ce
NoN3Ba B M3NIOXKEHUATA 33 KOMOMHATOPHU KoHdUrypauum
(cTpykTypmn) n pekypeHTun ypaBHeHus. EanHcreeHaTta onepauus,
KOSITO BbBEXAAME 33 MyNTMMHOXECTBA, e obeguuerne. To e
nopobHo Ha obeanHEHNETO Ha ODMKHOBEHN MHOXECTBA, HO
KpaTHocTuTe ce cymmpar. [1pumepHo,

{a,a,b,c,c,d}pyu{a b, b fiy=1{aaab,bbccd iy
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MynTuMHoXecTBa 1 hbaMuanm

Hsikon aBTopu gecpunupat “cbamunns Hag gafeHo onopHo
MHOXeCTBO A’ KaTo MyNTUMHOXECTBO, HUNTO
€/1eMeHTU-MHOXECTBa ca nogmHoxecTsa Ha A. Toea o3HauaBa, 4e
daMunus Moxe ga MMa MOBTaPsILLY CE ENEMEHTU, KOETO Ha CBOIA
peq Brede, He ako A e KpaiiHoO MHOXeCTBO (MOHATME, KOETO BCe
owe He cMe geduHnpanu opmanto!) ¢ n enemenTa, He MOXe Aa
OAAEM ropHa rpaHuua 3a bpos Ha pamununTe Hag A.

3a uyenuTe Ha Te3M nekuum, GaMUIMNTE Ca MHOXeCTBA (KOETO
03Ha4aBa, Ye HAMaT MOBTApPsILLM CE eNeMEHTN) 1, ako A uma n
enemenTa, To uma 2° damunum Hag A. 3awo ToBa e Taka, We
BUAUM B ClefBalla NekLuns.
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