3apgaun ¢ pokazartenctea no unaykums, PMU-CVY, 2016-2025 r.

© Munko Mapkos

SAJJAYN C JOKABATEJICTBA 1O MHAVKLINA.

CobabprKaHne

1

1

OOukHOBEeHA WH/TYKITUS

1.1 TBaKIECTBA . . . . . o o o o e e e e e e e e e e
1.2 HepaBEHCTBa . . . . . . . . . . o
1.3 JeMUMOCTH . . . . . . o o e
1.4 Pasam . . . . L

1.5 HeBaymanm j1oKa3aTeICTBA 1O MHIYKITAS . . . . o o v v oo o o e e e e e e

CuwitHa MHIY KIS
3acuiBaHe Ha TBbPAEHMETO, KOETO J0Ka3BaMe
CrpyKTypHa WHIYKIUS

Nuaaykims npy aBa apryMeHTa

ObukHOBeHA MHAYKINS

1.1 TwxkaecrBa

Bamaya 1. Jlokaxkere 110 UHIYKITHS, €

nn+1)

VneN*:ik: 5

k=1

Pemrenne:

100+1)

Baza: 3a n = 1, tebpaenuero e ZL:] k=-5

OYEBUJIHO € BIPHO. v/
NunykTuBHO 1IpeamnoJsoxkenue: Jlomyckame, 9e TBbPJAEHNETO € BSIPHO 3a HaAKoe 1L > 1.
[To-ogpobHo, momyckame, 1de

= - nn+1)
> -l
k=1

3a HaAKoe N > 1.

, KOETO € CBIIOTO Karo 1 =

1.2
2

24
33
36

37

KO€eTO

(1)

NunykruBHa crbnka: [lle jpokaxkem TBBLpIAEHHETO 3a CTOWHOCT Ha aprymeHTta N + 1.
TBbpaennero 3a croiftHocT N 4 1 Ha apryMeHnTa e

“Z“k:(n+1)(n+z)

2
k=1

(2)
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Pasriexk name sBata ctpana Ha (2):

n+1

Z k= // or cBoiicTBaTa HAa CyMHUPAHETO

k=1

Z k+(n+1)= // or uHAYKTUBHOTO Tpemnookerue (1)

k=1

n(nz+1]

nmn+1 n4+n 2n+2 n*+3n+2 Mm+1)(n+2

Hokazaxme (2), u3mos3Baiiki WHIyKTUBHOTO pesmosokerne (1). I ToBa e KpasT Ha joKa3aresi-
CTBOTO. U

Sanaya 2. Jlokaxkere 10 UHIYKITHS, U

yneN: Y k2 =(n-12M"+2
k=1
Pertenne:

Basza: 3an =1, msbpuennero e 1 x 2! = (1 —1) x 2'*! 4+ 2. JIasara crpana e 2. [sacuara
crpana e 2. TBbpeHneTo B 6a30BuUs Caydail € BAPHO. v/

NuaykTuBHO nipe/moioxkenue: Jlomyckame, 9e TBbPIEHNETO € BIPHO 3a Hsikoe N > 1.

NunykruBHa crbnka: Ille jgokaxkem TBbpAeHHETO 3a CTOWHOCT Ha aprymeHTa N + 1.
Tebpaenuero e:

n+1

D K2k =n2m 42
k=1

JIsBara cTpaHna e:

n+1
Y K2k =
k=1
n
Z k2X + (n+1)2M = (cBenacno uHAYKMUEHOMO npednososicenue)
k=1

(=120 424 (n+ 12V =
nz(nJr]] - 2(n+1) + 2 + nz(n+1) o 2(n+1) —
2 2 =

n2m2 4 2 = v

Bagaua 3. lokaxkere no uaaykmus, ve Vn € Nt : 5 & k(k!) = (n+ 1) —1.
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Pemenne:
Baza: 3an=1ebpaenuneroe 1 x (1) =(1+1)!—1. v/
NuaykTuBHO mpeamnoJioxkenue: Jlonyckame, de TBbPACHUETO € BAPHO 3a HaKoe 1L > 1.

NuaykTuBHa crbnka: Pasriexkmame TBbpaeHneTo 3a N+ 1.

n+1

Z k(k!) =
k=1

Z k(kD+n+1)((n+ 1)) = (cBenacto undyxkmuenomo npednosodtcenue)
k=1
M+ —=1T4+Mn+1)((n+1)) =
T+Mn+1))((n+D)H)—1=
M+2)(n+1H—=1= (cvenacho dedpurnuyuama wa Paxmopuena)
m+2)!—-1=
(M+1)+1) =1 v

g

nn+1)n+2)(n+3)
4

Banaua 4. JlokakeTe 1o uHAyKius, 9e vn € N, Z k(ik+1)(k+2) =
k=1

Peinrenue:
1.2-3-4
1 .

NuaykTuBHO nipeamnosioxkenue: Jlomyckame, de TBbPIEHUETO € BAPHO 3a Hsikoe N > 1.

v

Baza: 3an =1 mebpaenuneroe: 1-2-3 =

NuaykTuBHa crbnka: Pasrimexkmame TBbpaeHneTo 3a n+ 1.

n+1

D k(k+1)(k+2) =
k=1

k(k+1)(k+2)+(n+1)(n+2)(n+3) = (cvenacno und. npednoaoscerue)
k=1
nn+1)(n+2)(n+3)

7] +M+1)(n+2)(n+3) =

(n+1)(n—+2)(n+3) (%H):

(n+ 1)(n +2)(n +3) (“TH>:
M+D((M+D+D)((n+1)+2)((n+1)+3)

4

n

Bamaua 5. Jlokazkere o unaykmud, ge Vn € Nt Z(Zk +1)
k=0

; (M+1)(2n+1)(2n + 3)
B 3
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Pemrenne:

Baza: 3an =1 mebpuenneroe: (2-0+1)72+(2-14+1)2% =

(T+1D2-1+1)(2-1T43)

3 v

NuaykTuBHO nipeamnoioxkenue: Jlomyckame, de TBbPJIEHUETO € BAPHO 3a Hsikoe N > 1.

NuaykTuBHAa cTbnkKa: Pasriexkpame TBbpieHHETO 3a N+ 1.

n+1

D (2k+1) =

k=0

Y 2k+1+2Mm+1)+1) =
k=0

> (2k+1)7 4 (2n+3) =

k=0
M+1)2n+1)(2n+ 3)

3 +
(n+1);2n—|—1) n

2nP4+n+2n+1

(2n+ 3) (

(2n + 3) (

(2n+3)(n+2)22n+5) _
M+2)2n+3)(2n+5)

3
M+ +1D)2M+1)+1)2n+1)+3)
3

Bamaya 6. Jlokaxkere 110 UHIYKITHS, 1€

vn e N* i(—n%z — (—=1)"n (”T“>

i=1

Pemrenne:

Baza: 3an =1 tBbpuennero e

1
. T+1
_11'2: _111 -
Sene=n(45)
JIgaBara CTpaHa €:

(—1)'1% =1

(csenacto und. npedn.)
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lacarara cTpana e

(=" (%) =1

Tebpaennero B 6a30Bus ciaydail € BApHO. v/

NuaykTuBHO nipesamonoxkenune: /[lomyckame, 1e

f}4r¥=c4Wn(E§l)

3a HAKOE I14JIO IIOJIOZKUTEJIHO TL.

NunykruBHa crbnka: [lle jgokaxkem TBbpAeHHETO 3a CTOWHOCT Ha aprymeHTta N + 1.
Tebpaennero e:

n+1

S 0= e (252 ®)

i=1

PaBFJIe}K,ZLaMe JidBaTa CTpaHa:

% e

i=1

(i(_] )i iz) + (=1 )nH (m+ 1)2 = (CBIVIACHO MHJIyKTUBHOTO IIPEJIIOJIOXKEHNUE )
i=1

04Pn<3§l)+e4WHm+1V=

(—1)"(n+1) (Z‘ (n+1))

e (3-1)-
1 (5 +1) =

e (257

JlokazaxMe Ype3 eKBUBAJEHTHU IIpeoOpasyBaHUsl W WHYKTUBHOTO IIPE/IIIOJIOKEHHe, e JisiBaTa
crpaHa Ha (3) e paBHa Ha JFCHATA. O

Bamaya 7. /lokakere mo uHIyKIms, e vn > 1: Z Hy = (n+ 1)H,, — n, kbaero noramusara H,
k=1
osnauasa H, = Y | 1.

Pemrenne:

Baza: 3amecrBaiikn aprymMeHnTa N ¢ eJIMHAIA, TOJTydaBaMe TBbPICHUETO

Z (1+1)H; —1
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KoeTo e cbioTo Karo Hy = 2H; — 1, KoeTo e ¢bIIoTo Kato % =2 x 1 —1, koero e TpusnamHO

[
BSIDHO.

WNnaykTuBHO ipeamnosioxkenne: Jlomyckame, 9e TBbPIEHUETO € BAPHO 38 HAKOS CTOWHOCT
n > 1 Ha aprymenTa.

NunykruBHA crbnka: Jla pasriegame TBBPJCHUETO 3a CTOMHOCT Ha aprymenta N+ 1.
n+1
JlgBara crpana e ) k; Hy. Creanara mocaeaoBaTeIHOCT OT PABEHCTBA € B CHJIA:

n+1
Z Hy = (or ompesesiennero ua Hy,)
k=1
n
(Z Hk> +Huy = (0T MHJI. IPEJIIIOIOKEHNE)
k=1
M+ 1)H, —m+H, = (ot ompenesiernero Ha Hy)

(n+])Hn_n+Hn+1 + (n+])Hn+1 - (n+1)Hn+1 =
(Tl+1)Hn—Tl— (n+])Hn+1 + (n+2)Hn+1 -
Mm+2)H 1 +n+1)(H,—Hyyy) —m = (ot ompeesiernero Ha Hy)

1
M+ 2)Hor + (n+1) (Hn—Hn——) e
n+1

(M4 2DHos + (n+1) (—n%]) n-

(n+2)Hn+1 —1—-n=
(n+2)Hn+] —(Tl—|—])

CaenoBaresHo, ZE;] Hi=n+2)H g —(m+1). O

Bamaua 8. Yucnara na Fibonacci ce nedpunmpar taka: Fo = 0, Fy =T u F, = F,1 + F,, 3a
n > 2. JlokaxkeTe 1o MHIYKINA, Ue 3a Besako N > 1 e B cuyia paBeHcTBoTo Ha Cassini:

FooiFnpr — F = (=1)" (4)

Pemrenne:

Baza: Bsemame n = 1 3a 6asa. Axo n = 1, to (4) crasa FoF, — F# = (—1)', koero e
0-1—1%=—1, Koero e 0YeBHUHO BSAPHO. v/

NuaykruBHO nipeamnoJioxkenue: Jlomyckame, de 3a HIKoe N > 1 e U3II'bJIHEHO

FooiFnpr — F4 = (—=1)" (5)

NuanykTuBHa crbika: Ille moxkazkem, 1e
FuFno —Fo = (=)™ (6)
nin42 n+el —
HpI/IHOIVIHEIMe Cl MHAYKTHUBHOTO IIPEAIIOJIOZKEHHUC!

FoFn —Fa = (—=1)"

n

YMHOKaBaMe JABeTe CTpaHu 110 —1lu IIoJrydaBaMe

Fr —FoFupr = (=)™
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Hoakon > 1, to F,_1 = F,1—Fn, Koero ciaeasa HanpaBo ot nedunnmnusaTa Ha qncia Ha Fibonacci.
Torasa e UBIBIHEHO

F%l - (Fn—H - Fn)Fn—H - (_1 )n—H
KOETO € ChIIOTO KaTo
2 2 1
Fn + FnFn+] - Fn+1 = (_1 )T‘L+
KOETO € ChIIOTO KaTo
Fn(Fn + Fn-H) - Fi-ﬂ = (_1 )n-H
Ho F, + F...1 = F.42, cbritacuo pedununudaTa Ha dncia Ha Fibonacci. ToraBa e u3mbiHEHO
2 1
FaFrni2 — Fn+1 = (_1 )n+

Ho ToBa e Touno (6) — paBeHCTBOTO, KOETO TpsiOBAIIle Jia JTOKaXKeM. O

1.2 HepaBeHncrTBa

Bama4da 9. Heka Xx e HKOe peasHO 9nCI0, TaKoBa de X > —1. Jlokaxkere 1o MHIyKITUSI, T
vneNt: (14+x)">14+nx
Permmenne:
Baza: 3an =1 TBbpiennero e
T4+x>1T+x

KOETO € TPUBHUAJIHO BSIPHO. v/

NanykTuBHO npesamnosioxkeHune: Jlomyckame, ve
(1T+x)">1+nx

3a HAKOE IIOJIOZKHUTEJIHO TLl.

NunykruBHa crbhnka: [lle jgokaxkem TBBLPEHHETO 3a CTOWHOCT Ha aprymeHTa N + 1.
Tebpaenuero e:

T+x)"T">14+n+1)x (7)

PasrnengLaMe JidBaTa CTpaHa:

(14" = (T4+x)"(1+x) > (ChIIACHO MHJIYKTHBHOTO IIPE/IIIOJIOKEHNE)
(T+nx)(1+x) =

T+x+nx+nx’ =

T+ Mm+1)x+nx?> (Twit KaTo nx* > 0)

T4+ (m+1)x

Jlokazaxme upe3 eKBUBAJIEHTHN Pe0OpasyBaHus, HHYKTHBHOTO IIPEIIOIOKEHNE U OYE€BHU IHI He-
paBeHCTBa, |e JABaTa cTpaHa Ha (7) € Mo-ToJisiMa WM PaBHa Ha JISICHATA. O
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n
Samada 10. oxaxKkere 1o nuHayKIims, de Vi > 1: Z —

D \/_
Pemienne:

; 1
Baza: 3aMeCTBaMKH apryMeHTa M ¢ eJUHUIA, [0JIydaBaMe TBBbDIACHHETO ) |, \/LE > V1,

KO€TO € CbIIOTO KaTo \[ > \/1_ KO€TO € TPpUBUAJIHO BAPHO.

NuaykTuBHO ipeamnoJioxkenne: Jlomyckame, 4e TBbPIEHUETO € BIPHO 3a HIKOS CTOWHOCT
n > 1 Ha aprymenTa.

NuaykTuBHA CT'bl'IKa Jla pasriiejlame TBBPIEHHETO 3a CTOWHOCT Ha aprymeHTta M + 1.
JIaBara crpaHna e Zk h 7 Citestnata 1oC/I€0BATETHOCT OT HEPABEHCTBA M PABEHCTBA € B CHJIA:

3
=

T
=l

(0T acormaTUBHOCTTA HA CHOUPAHETO)

v

(OT MHJI. TIpE/IIoJIOZKEHNE)

hE
-

=~
I

_|_
|

N————
+
—l;s—l
_|_

3
+

Bl
14

_|_
|

3
+

?\)

2|+
3%1::
T+ N+ +

3
_|_

=)
+

=)
_|_

Creopareno, Y 1 F=Vvn+l O

Samaua 11. /lokaxkere 110 MHIYKIIN 110 N, Y€ 3a BCAKO IS0 YUCJI0 L > 2 € B CuJia:

(- 50) <%

Perrenne:
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Baza: bBasara e 3a n = 2. TBbpaerunero crasa

1_ﬁ< —
v2—i <= o
V2
(V2-1)(V2+1)
< —

(V22 - 12

A\

V2(V241)
1

2442

KOETO OYEBHJIHO € BSPHO, momHexke /2 > 0.

1

2

1

2

1

V2(V2+1) 2
1

2

)

2

WnpykTuBHO nipeamnosoxkenmne: /[lomyckame, e

2
Vo vk
3a HAKOE N > 2.

NunykTuBHa cTrbiKa: Jla pasriemame

()
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B cuna ca cjlieJHUuTe HEpaBEHCTBa U PpaBEHCTBA.

n+1 n
H (1 — %{) = (H <1 — %)) (] — n1+ 1) // CBrIacHO MHOYKTUBHOTO IPEIIIOJIOXEHUE

k=2 k=2
2 1
< (-7m)
n n-+1

n2yn+1
C2(VAF TN T+1)
oAVt i(Vn+T1+1)
2n+1-1)
n2m+1+vn+1)
2

nn+1l1+vn+1)

2
= // Tv#t KaTo N> vVn+ 1 3a Bcako n > 2

nmn+1)+nyn+1
2

nn+1)+vn+lyn+1
2

nn+1)4+n+1
2
MmM+1)n+1)
B 2
(m+1)2

+1 .
Hakazaxwme, e [ [, (1 — ﬁ) < ﬁ, U3II0JI3BAKN MHJLYKTUBHOTO IIPEJJIOZKeHne U (pakTa, ue

n > vn+1 3aBegko n > 2. Tosu dakT e odeBHjeH, HO 3a IIbJICH OTTOBOP TpsibBa ja Obje
nokazan. ETo kak Moxe na 6bie jgokasan. Heka n > 2. Torasa n — 1 > 0. Torasa (n — 1)2 > 0,
toect N? — 2n + 1 > 0. Torasa

n>nm-lon>n+n—1
Ho mom n > 2, B cuita e
n>n+2-1

toect N? > n + 1. Torasa n > v/n + 1. O
1.3 HdemumocTn

Bamaua 12. Jlokaxkere 1o unaykims, de Yn € Nt : 4™ 4 5221 ce e na 21.

Pemrenne:

Basza: 3an =1 mebpaennero e: 4> +5' =16 +5=0 (mod 21). vV

10
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NuaykTuBHO nipeamnosioxkenue: Jlomyckame, de TBbPIEHUETO € BIPHO 3a Hsikoe . > 1.

NuaykTuBHAa cTbnka: Pasriexxpame TBbpjeHHETO 3a N+ 1.

4(n+1)+1 + 52(n+1)71 —

4.4™1 452,551 =

4.4™1 4255501 =

44M1 4 (44 21).5 =
44M1 145071 4215 =

4 4mT 4 5o + a5 v
( —_——— ) = —
nenu ce Ha 21 CbIVIACHO WHI. IIPEJII. OoueBUIHO ce nen Ha 21

Bamava 13. Jlokaxkere 1o nHayKims, 9e 3™ — 1 € 94eTHO YnCJI0 38 BCIKO €CTECTBEHO M.

Pernrenue:

Basza: Bazosuar ciay4vait e 1 = 0. Tebpaennero crasa, “3° — 1 e weTHO”, KOETO OUEBUIHO €
BSIPHO.

NnaaykTuBHO nipeamnosioxkenue: /la jiomycHeM, de TBbP/IEHUETO € BAPHO 3a HAKOE eCTec-
TBEHO YHCJIO M.

NunykruBHAa crbnka: Jla pasriegame TBBPJIEHUETO 3a CTOMHOCT Ha aprymenTa N+ 1:

“3n+1 _ 1 ¢ yerno uncno”’. Ho

3T 1 =3x3"—1=2+1)x3"=1=2x3"+3"—1

OueBugno 2 X 3™ e YeTHO YHCIO 38 BCAKO ecTecTBeHO M, a 3" — 1 e 4eTHO OT WHIyKTHBHOTO
npeanosoxkenne. Cymara Ha YeTHH YHUC/IA 38 IbJXKATEIHO € deTHO uncyio. C KoeTo moKazaxme, Je
TBBLpAcHIeTo “3™! — 1 ¢ werHo unc10” e BApHO. U

Samava 14. /lokaxkere 1o unaykius, 1e 11" — 6 ce jmenu Ha 5 3a BCAKO €CTECTBEHO M.

Pemrenne:

Basza: Basopusar ciyuait e n = 0. Tebpaennero crasa, “11° — 6 ce memm ma 57, xoero
O4YEeBUIHO € BAPHO.

I/IHﬂyKTI/IBHO IIpearnoJjgo2KeHue: ﬂa JOITYCHEM, Y€ TBHPACHUECTO € BAPHO 3a HAKOE eCTeC-
TBEHO YMCJIO TL.

NuaykrtuBHa crboka: Jla pasriename TBbPAECHUETO 3a CTORHOCT Ha aprymenTa n + 1:
“11*1 — 6 ce mesm wa 5. Ho

MM =11 x1"—6=(10+1)x11"—6=10x 11"+ 11"—6

OueBnanao 10X 11™ ce mesmm a5, a 11" —6 ce jesm Ha 5 OT UHYKTUBHOTO Tpeanooxkenue. Cymara
Ha 9ucia, JeJsIM ce Ha D, 3aab/nKuTeaHo ce jgeyan Ha 5. C KoeTo ImokazaxMme, e TBbPIAEHHEeTO
“TM*1 — 6 ce enm Ha 57 e BsIpHO. O

11
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1.4 Pazam

Bamaua 15. [lokaxere no mmaykuus, e Vn > 1 : (5 A = U, Ai. Moxkere ga nomnssare
HaTroToBO I/I3yanaHI/ITe B 9aC CBOMCTBa HAa OHepaHI/II/ITe Br]:)pr MHOZKeCTBa.

Pernrenune:
. 1 1 5
Baza: BaMeCTBeEKH apryMeHTa M ¢ eJIMHAILA, [OJIy IaBaMe TBbP/EHNeTO ﬂi:1 A= Ui:1 A,
KOETO € ChIIOTO KaTo A = A7, KOETO € TPUBHUAJIHO BAPHO.

NuaykTuBHO 1ipejmosioxkenue: Jlomyckame, e TBbP/IEHUETO € BSIPHO 3a HIKaKBa CTOI-
HOCT N > 1 Ha aprymeHTa.

NuaykTuBHa crbinka: /Jla pasriegame TBbPIAEHHETO 3a CTOMHOCT Ha aprymeHTa M + 1.
JIsBara cTpaHna e:

n+1
m A= (OT acorMaTUBHOCTTA HA CEYEHUETO)
i=1
n
ﬂ Aq ﬂ Anp1 = (or 3akona na e Mopram)
i1
—
ﬂ Ai U Ansl = (OT WHJI. TIPeJIIOIOKEeHNE)
i1
n
UKU Ani = (or aconmaTUBHOCTTA HA O0OEJIMHEHUETO)
i=1

n+1
Um
U

Samaya 16. Jlokaxkere 10 MHIYKIHUS, 9€ 38 BCIKO KPailHO HEIPA3HO MHOXKECTBO A, OpoAT Ha
IIOJAMHOXKecTBaTa Ha A ¢ deTeH OPoil ejleMeHTH e paBeH Ha Oposi Ha IOJMHOXKeCTBaTa C HedeTeH
Opoiil eJ1eMeHTH.

Pemenne: Hexka 2* crenennoro muoxkectsBo Ha A. Jledbunnpame, de:

2} ={X|X € 2* u |X| e yerno uuco.}

28 = {X|X € 2* u [X| e neuerno uucio.}
BajiauaTa ce ChCTOU B TOBA, Ja ce JoKaxke, ue VA, takosa ue A # (), |22 = |2}V]. TTokazaTesncrsoro
e ¢ MHAYKIWs 110 |Al.

Basza: |A| =1. Torasa

28 ={0,A}
OueBuaHoO

20 ={0}

2? = {A})

12
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Al _ DA
Taka qe [2}| = |20'| e BapHo.

NuaykTuBHO npeamnoJioxKeHne: Heka TBLPACHNETO € BAPHO 3a BCAKO MHOXKECTBO A, Ta-
koBa 1e |A| = n. Toecr,

VA, Taxosa ue |A| =n: 22| = [2]}] (8)

NunykruBHa crbika: Pasriexjame Hsakoe MHOXKecTBO A, TakoBa de |A| = n + 1. Heka a
e mponsBoJieH esteMeHT Ha A. OueBmmno 27 ce pasbuBa Ha CJICIHUTE YETHPH IIOIMHOMKECTBA!

B. ={X € 2*|a e X u |X| e uerHo uncsio}

B, ={X €2*|a € X u |X| e Heuerno uncio}
Ce={Xe2* a¢Xu|X| e uerno aucio}
C

o ={Xe2*a ¢ X u |X| e HEUETHO YNCIIO}

OueBuHO
2} =B.UC,
2} =B, UG,

Toit kato B.NCe =0 u B, NC, =0,

’2?| = |Be| + |Ce| (9)
|2?| = |Bo| + |Co| (10)

Heka A’ = A\ {a}. CbriacHo HHIYKTHBHOTO TIpe/IooKenue (8),

221 =121 (11)
Ouesno e, ue 22" = C, u 22" = C,. Crenosaresnno,

Cel =1Col (12)
I1le mokaxkem, ue |B.| = |B,|. 3abenexere, ge

Bel =1C,) (13)
HOHEXKE MMa, OMEKTUBHO ChOTBETCTBUE MEXKJY €JIEMEHTUTE UM:

® BCEKH eJIeMeHT U Ha B, ce mosrygaBa oT TouHO ejun ejiemeHT v Ha C, 4upes , mobaBsHe” Ha
a; mo-dpopmasito, w =v U{a},

e Bcekn esleMenT W Ha C, ce IojlydaBa OT TOYHO €JIMH €JIeMeHT Z Ha B, upes ,Maxane“ Ha Q;
no-gopmasno, w = z \ {a}.

Anajiorndno,
Bol = IC.l (14)
IIOHEXKE MMa OMEKTHBHO CHOTBETCTBUE MEXKIY €JIeMEHTUTE UM:

® BCeKHM ejleMeHT U Ha B, ce mosydyaBa or TouHO enuH ejgemeHT V Ha C, 4upes , mobaBsiHe” Ha
a; no-gpopmasno, w =v U {a},

13
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e Bcekn ejleMeHT W Ha C, ce mojiydaBa OT TOYHO €IMH eJIEeMeHT Z Ha B, upes ,MaxaHe" Ha Q;
no-gpopmasao, w = z \ {a}.

Ot (13), (12) u (14) cnensa, e [Be| = [Co| = |Ce| = [Bol, a orTyK cbIyIacHO TPAH3UTUBHOCTTA HA
PaBEHCTOTO UMaMe:

’Be’ = ’Bo’ (15)
Or (12), (15), (9) u (10) cnenpa, ue |22 = [22]. d

Bamaua 17. Jlajena e kBajpaTHa JbcKa ¢ pazmepu 2™ X 2™ caHTUMETpa, 3a HAKOE eCTECTBEHO
qucyio n. JI'bckata e pa3ueprana Ha eJHAKBYU KBajpardeTa ¢ pa3mepu 1 X 1 cantumersbp. Benukn
KBaJipaTdeTa ca 0e/u ¢ M3KJ0YeHNe Ha €JIHO, KOETO € YepHO, KOeTO Ce HaMUPa Ha NpPou3soAHO
macmo. Kaszpame, de depHOTO KBajparde e “mynkara’. ETo mpmmep 3a TakaBa jbcKa 3a N = 2:

aienu ca n HeorpanndeHo MHOTO ['-00pa3uu hopmu, BCsAKa OT KOUTO C€ ChCTOU OT TPU KBaJl-

pardera, Bcsako 1 X 1 caHTUMETHD, JOJIEIIEHN €TO TaKa: e [-obpasuute dpopmu Moxke j1a Obaar
Bbprenn Ha 90, 180 wam 270 rpajiyca u ja 6bJaT claraiu BbpXy JbcKaTa, Taka e Besgka ['-gopma
Jla TIOKpUe TOYHO Tpu HeliHu beau KBajpardera. Jlynkara He Moxke j1a Obje nmokpubana. Jlokarke-
Te, e BCsIKa JIbcKa 2™ X 2™ ¢ JIyImKa Ha IPOU3BOJIHO MSCTO MOKe Ja Obe MOoKpuTa ¢ I'-o0pas3Hu
dopmu, KouTo He ce 3acTbaBaT. Hampumep, mokasanara abcka 4 X 4 Moxke j1a ObJe IMOKPHUTa €TO

TaKa:

Pemntenne: Ille mokakeM TBbpAeHHETO ¢ HHAYKIMA 110 N. Bazata e 3a n = 1. ToraBa abckarta
e 2 X 2 1 UMa YeTHPH BH3MOKHOCTH 3a MSICTOTO Ha JIyIKaTa:

e E ™

OueBuIHO 3a BCSIKA OT TsIX JbCKaTa MOxKe Jia Obje mokpura or ['-06pasuu dhopmu (M MO-TOUHO,
camMo eJiHa (bopMa, HO TOBA HsIMa 3HAUEHHE).

Jla pasriemame HIKOe eCTECTBEHO ML U JIa JIOIYCHeM, Je ibcKaTta 2™ X 2™ Moke j1a Objie MOKpuTa
¢ ['-obpasznu ¢gopmMu He3aBUCHMO OT TOBa, Kbjle e aynkara. Cera jga pasriegaMe TBbPICHHETO 34
croitHocT Ha aprymenta N+ 1. Pazriexame abeka 2™ x 2™ i cu npejcraBsMe, de T4 ce ChCTOH
OT YeTUPH MOIbCKU 2™ X 2™ joJieneHn eJiHa 10 Jpyra:

Jlynkara ce HaMUpa B TOYHO €JIHA OT Te€3U YETHUPU IOJIbCKU. Be3 orpaHuvenne Ha OOIHOCTTA,
HeKa JIyllKaTa € B TOpHaTa JisiBa IO/ IbCKa:

14
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Tbit KaTo ocTaHaInTE Tpu HOAABCKU HAMAT AYIIKHW, UHIAYKTUBHOTO IIPEAIIOJIO2KEHUE HE € JJTUPEKTHO
IIPUJIO2KHUMO. ,ZLa CJIOZKHM ollle TpU AYIIKH, 110 €IHa BbB BCAKa OT OCTaHaJIUTE IO bCKU €TO TaKa:

Cera Beue MHJIYKTUBHOTO IIPEJIIIOJIOKEHNE € B CUJIA 38 BCIKa OT deTupure morbeku. ChriacHo
HEro, BCAKA OT TAX MOxKe Ja Obje nokputa ¢ [-obpasuu dpopmu, mpu KOeTo BCAKA OT JIyHKUTE
oCcTaBa HEIOKPUTA:

Cera carame ore egHa ['-o0pasna dhopMma, MTOKPUBAKKE TPUTE JIyIKH, KOUTO JTOOABIUXME U3KYCT-
BEHO:

Koncrpyupaxme rbeka ¢ pasmepn 2™ x 21| kosTo uMa JIylKa Ha IIPOU3BOJIHO MACTO U € TIOKPHTA
¢ I'-obpaznu dpopmu. U

Bazauya 18. Heka C e oxpbxkuoct. [Jokazkere, e 3a Beako n € Nt 3a Beako MHOXKecTBO A OT
2n Touku or C, 3a Begko pasbusane Ha {Aq, Ay} Ha A, TakoBa 4e |A;| = |A3|, € BApHO CJIEIHOTO:
CBINECTBYBA TOYKa @ € Ay, TaKaBa de IPU II'bJIHA OOUKOJIKA OKOJIO OKPBKHOCTTA, 3amodBaia (I
3aBbPIIBAIIA) B A, 38 BCEKH MOMEHT OT OOMKAJISTHETO € BSIPHO, Ye 6pPOsIT Ha TOUKHUTE OT Aj, KOUTO
cMe CpeIHaJd JO MOMEHTa, € IMOHe KOJIKOTO Oposi Ha TOYKHUTE OT Az, KOUTO CMe CpEITHAIN 0
MOMEHTA..

Pemmenune: Ilo unaykims mo n. 3a mo-ro/siMa ICHOTa, HEKa TOYKHUTE OT Ay ca YepBEHNTE TOUKU,
a TOYKHTEe OT A, ca CHHUTE TOUYKU. TBBbPJEHNETO CTaBa CJAETHOTO: 33 Ib/IKUTEIHO UMa YepBeHa
TOYKA, TAKABA Y€ aKO TPbIHEM OT Hes (B KOs Jla € [OCOKA) U HAlpaBUM II'bJIHA OOUKOJIKA, BbB
BCEKHM MOMEHT OT OOHMKAJIsIHETO, OPOSIT Ha YepBEHUTE TOUYKH, KOUTO CMe CPEIIHAJIN IO MOMEHTa, €
paBeH WJIK IIO0-T'OJIgM OT 6p0§[ Ha CMHUTE TOYKH, KOUTO CM€ CpeliHa i JJO MOMEHTa.

Baza: Akon =1, To umame TOYHO eHa YepBEHA U TOYHO €/IHA CUHS TOYKA. | BbpIEHUETO
€ OYEBHUIHO BIPHO. v/

15
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NuaykTuBHO TipeanojioxkeHue: Jlomyckame, e TBbPIEHUETO € BIPHO 3a BCSIKO PA3IIo-
Jlarare Ha N — | YepBeHn U N — |1 CHHU TOYKM BbPXY OKPbKHOCTTA 3a HIKOe 1 > 1.

NuaykTuBHa crboka: Jla pasriejgame Tpou3BOIHO pa3liojiaraie Ha MHOXKECTBO A, ChC-
TOSIIO Ce OT ML YepPBEHN U N cuHU TOUYKN. OUeBUIHO CHIIECTBYBA TAKABA YepBEHA TOUKA T U TAKaBa
cuHd TOYKa b, ye T 1 b ca cheeau BbPXy OKPBKHOCTTA IO MTOCOKA Ha YaCOBHUKOBATA CTPEJIKA B
CMUCHJI, Y€ aKO Ce JIBUKUM OT T HATATHK 10 TIOCOKA HA YaCOBHUKOBATA CTPEJIKA, I'bPBATa TOUYKA
oT A, Ha KOATO Tornajame, e Touka b. /la mpemaxnem Touku r u b ot A. Bede BLPXY OKpbKHOCTTA
nMa MHOKECTBO OT ML — | depBeHU n N — | CHHU TOYKU U WH/IYKTUBHOTO IIPE/IITOJIOKEHNE € B CUJIA.
ChbritacHo Hero, MoHe €/IHa OT YePBEHUTE TOYKHU € TaKaBa, de aKo 3all09HeM J1a OOUKAJISIMe OT Hesd,
BbB BCEKM MOMEHT ODOST HA CPENHATUTE YEPBEHU € IOHEe KOJKOTO OPOSAT Ha CPElHATUTE CUHU.
Jla mapeuem Ta3u yepBeHa TOUYKA X.

Cera ma BbpueMm Touku T u b B A. C apyru jaymu, BpbiaMe ce KbM KOH(MUTYpAIUITa OT T
JepBeHM U N cuHU Touku. Ho Mexkay v u b HaMa Touku oT A 110 KOHCTPYKIUS U T € Ipean b B
IIOCOKa 110 YaCOBHUKOBAaTa cTpeska. la cu mpejacraBuM, de mpaBuM II'bJTHA OOUKOJIKA OT X JI0 X IT0
YACOBHUKOBATA CTPEJIKA.

e [Ipenn j1a qocTUTHEM 0 T, OT UHIYKTUBHOTO IIPE/IIIOJIOKEHE 3HAeM, 1€ BbB BCEKH MOMEHT
OpoAT Ha CcpelHaTUTe YePBEHU TOYKH € MOHE KOJKOTO OpOAT Ha CPEIHATUTE CUHU TOYKH.

e JlocTuraiiku T, Be4e € BAPHO, 1Y€ OPOAT Ha CPEIIHATHTE YEPBEHH € TIO-TOJIAM OT OpOs Ha, CPeIll-
HaTHUTe CUHU, 3aII0TO IO OTHOIIEHNEe Ha WHYKTUBHOTO ITPEJITOIOKEHNE, T € JTOIMb/THUTETHA,
JepBeHa TOYKA.

e JlocTuraiiku b, ¢bCc cUTYPHOCT € BSIpHO, Ue OPOSAT Ha CPElIHATUTE YepBEHU JO MOMEHTA €
IOHE KOJIKOTO OPOsi Ha, CPEIHATUTE CUHU JIO MOMEHTa, 3alll0TO IMPUHOCHT Ha b KaHIe/mpa
IIPUHOCA Ha T.

e Cyiesr b, gaxk 70 X, oCTaBa B CHJia, Y€ BbB BCEKM MOMEHT OpOST Ha CPEITHATHTE YePBEHU €
MIOHE KOJIKOTO OpOAT Ha CpelfHaThTe CHHU. 10Ba cjaeBa OT WHYKTUBHOTO IPE/ITOIOKEHIE
— cera IPUHOCHT HA T U b € TOYHO HYyJIA.

Jlokazaxme, 4e 110 BpeMe Ha II'bJIHATa OOMKOJIKA OT X JI0 X II0 YaCOBHUKOBaTa CTPEJIKa, BbB BCe-
K MOMEHT OpOSIT Ha CpeIIHATUTEe YEePBEHU TOUYKHU € IIOHE KOJKOTO OpPOAT Ha CPeIHATHTE CUHHI
TOYKHU. O

Bamaua 19. Heka n € N\ {0, 1}. Heka S,, e MHOXKeCTBOTO OT IepMyTaIuTe Ha ducjiara 1, 2, ...,
n. Ako 1, € S, ca mepmyTarym, Ka3pame, de 7T e MoJIydaBa OT Tl Upe3 mpaHcno3utus, ako
70 ce ToJIydaBa OT 70 Upe3 pa3MsiHa Ha TOYHO JiBe uncja. [Ipumepro, ako 1 =5 u

m =21345
M =41325
m3=14325

TO 777 Ce TI0JIydaBa OT Tl Upe3 TPAHCIIO3UIUS (CHIO Taka € BSIPHO, Ue T Ce MOJIydaBa OT T 4pe3
TPAHCIIO3UINSA) U 7T Ce MOJIydaBa OT 73 UPe3 TPAHCIIO3WIIUS, HO He € BSIPHO, Y€ 7T Ce IMOJIydaBa
OT 7T3 Upe3 TPAHCIIO3UIIHS.

JlokazkeTe Wy olpoBepraiire, 4e 3a BCAKO N > 2, 3a BCEKU JIBe pas3mdanu nepmyrtanuu 77, 7" € S,
e BAPHO, Ue 71’ ce mostydaBa oT 71" upe3 cepus OT TPAHCIO3UIIUN.
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Pemenmne: TBbpjieHNETO € BAPHO U IIe TO JIOKAXKEM ¢ OOMKHOBEHa, WHJLYKITUs 110 M.

Basza. bBaszara e n = 2, xkaro ouesunno |S,| = 2 u Beaka on nepmyranuure 12 u 21 ce nonyuasa
OT Jpyrara upe3 cepusi OT TOYHO €JIHA TPAHCIIOSUIIMS.

NuaykTuBHO nipe/ioioxkenue. Jla jomycHeM, de TBbP/IEHNETO € BIPHO 3a HIKoe N > 2.

NuaykTuBHAa crbnka. Pasriexiame S, 1. MHoxKkecTBOTO S;111 ce pa3dbuBa Ha

e S': mepmyraruure oT Syy1, B Kouro N+ 1 e Ha nosurus N+ 1 (06pa3Ho Ka3aHO, B JeCHUS
Kpaii).

e S”: nepmyramuure or S, 1, B Kouto N+ 1 He e Ha mozuimd N + 1.

Pasriexkjame mpon3BoOTHU Pa3/IMIHE IEPMYyTaIU 0, T € Syq. Cregaure ciydan ca u3depraTe-
HU.

Cayuait 1: o€ S’ uteS’. C apyru nymu, u 0, u T 3abpuBar ¢ N+ 1. Heka ¢ e BeKTOpbT €
JUbJIZKMHA T, KOHTO ce moJiydaBa OT O npu npemaxsane Ha 1+ 1. Heka T/ e BekTOp®T ¢ rb/kuna
N, KO#TO ce moJiyyaBa oT T Ipu npeMaxBaHe Ha N + 1. OueBnjHO e, Ye KakTo 0, Taka u T  ca
eJIeMEHTH Ha S, ¥ 3a T9X UHIYKTUBHOTO Hpejjoxenue e B cua. Illom o’ ce nmosyuasa or T/ upes
cepusi OT TPAHCIIOZUIMN, TO OYEBUIHO O CE€ MOJIydaBa OT T UPE3 ChbIIATa Cepus OT TPAHCIIO3UIINH,
caMo Y€ BbB BCsAKa MEXKJIMHHA IIEPMYyTallus UMa eIHo N + 1 Hakpas.

Cayuait 2: Touno exnara or 0 u T e B S’. BOO, nveka o € S, ;. Toraa B T uncjaoro n + 1
He e Ha mo3uius N + 1, HO To e Hakbie. Jla kaxem, ge B T uncaoro n + 1 e Ha nosumusa K, 3a
1 <k < n. C exna TpaHCIO3UINs, pa3MEHANKN dnciaTa Ha nosununu K u n+ 1, Tparchopmupame
T B nepmyTanus P. Ouesuano, P € S’ u P ce nosyyasa or T upes3 cepus or Tpancuosuimu. [lom
uo,uP casS’ o0 ce nomydasa or P upes cepus or Tpancuosunun Karo Ciry4dait 1. Torasa
OYEBHUHO O Ce MOJIydaBa OT T Upe3 cepusi OT TPAHCIO3UIINN.

Cay4ait 3: Hwuro eanara or 0 u T e e B S’. Torasa B 0 uuciaoro n + 1 He e Ha mO3UIUSI
n+ 1, Ho 1O € HAKBbAE. Jla Kaxkem, de B 0 uncgoro N+ 1 e Ha nmosumus k, 3a 1 < k < n. C exna
TPaHCIIO3UINS, Pa3MeHsI KN dncaara Ha mosunun kK u n + 1, TparcdopMupame O B mepMyTalls
«. Cien ToBa npobkaBame karo B Coyuait 2. O

3amaua 20. N MaXMaTUCTA UT'PAAT B TYPHUP, B KOWNTO BCEKH JIBA YIaCTHUKA UTPASAT TOYHO €JTHA
napTug IoMexK1y cu. BbB Besika U3urpana nmaprus uMma mooegures. /lokaxkere, 1e nMma 1moHe eTiuH
urpad X, TaKbB 4Ue 3a BCEKH JIPYT urpad Y e BIPHO IOHE €THO OT CJICTHUTE:

e Y e zaryous or X;

e Y e 3aryOm/1 oT HsKOIi, KoiiTo € 3aryomn ot X.

Pentenne: [lle pokazkeM TBBHPACHUETO 110 UHIYKIIAA 110 .

Baza. Ha npakruka HsiMa CMUCH/I OT TYPHHAD ChC CAMO €JIMH YIaCTHHUK, TaKa de IIe B3eMeM Dasa
n = 2. Heka n = 2. Jla kaxem, de urpadnre ca Asbena u Bopuc. BOO, neka Anbena nedesm
(koero 3uaum, ue Bopuc ry6m). Tebpiennero e BsapHO, Karo Asnbena e X. v/

NuaykTuBHO nipeanosioxkeHue. Jla jjomycHeM, 1e TBbPIAEHUETO € BIPHO 3a Hskoe N. C apyru
JIYMH, JIOIIyCKaMme, Y€ B TyPHUD N yYaCTHUIU, B KOUTO B KOWTO BCEKH JIBa YUYACTHUKA WUTPAST
TOYHO e/IHa MapTHUd ITOMEXK/Iy CU U BbB BCAKA MApTUs UMa 1100euTe N, TaKbB X UMa, KaKTo U Jia
ca 3aBbPIINJINA [TAPTUUTE.
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NunykruBHA crbnka. Pazriexigame Typuup T ¢ n+ 1 yuacTHUIm, B KOHTO B KOWTO BCEKU JIBA
YYaCTHUKA UT'PAST TOYHO €JIHA MapTHhs MOMEXK/Iy CU U BbB BCdAKA MapTHd UMa M0OeIUTe.
Qukcupame ejaun ydactHuk. la kaxkem, fna. a cu npejcraBum naptTunte, B KOUTo fAHa He
yaacrBa. Ho ToBa e Typuup T’ ¢ N ydgacTHuIM, B KOHTO BCEKH J[Ba YIACTHUKA UI'PAsST TOYHO €/THA
napTus MOMEXKJIy CH U BbB BCdKa mnmapTus nma rmodeanres. CbriacHO MHIYKTUBHOTO MPEIIOJNIO-
»kenue, B T/ uMa yvyacTHUK X, TaKbB 4e 3a Bceku Jpyr ydacTHuk Y, Y e zarybumn or X mwim Y e
3aryOm1 OT HsIKOM, KOiTo e 3aryomn or X. 3abenexkere, de He ce TBbpHU, de X e mobeaures B
cMuChI, ge X camo e medenn! MHOKecTBOTO OT y4yacTHUIUTE B 1 ce pasjeist Ha TPH Jsijia;

e {X},
® MHOXKeCTBOTO L OT Te3u, Kouro 3a 3aryomim ot X,

e MHOXKecTBOTO W oT Te3u, kKouto oT kKouto X e 3aryomnt. OdueBmigHo e, de Bcekn or W e
3aryom oT HIKoi oT L, 3a 1a Oblie U3I'LAHEHO YCI0BUETO 3a X.

ToBa He e HempemeHHO paszbuBaHe cbrlacHO dopmaaHaTa geduHuius, monexke win L, mwim W
MOXKe Jla e npa3Ho (HO He u jBere!), 3aT0Ba U TepMUHDBT € “pasjesiss’; a He “pasdusa’.

Cera jia BbpHeM napruute Ha fna B TypHUpa, nojaydaBaiiku . CjegHuTe TpU BbH3MOKHOCTU
ca m3YepIiaTe/Hu.

e fna e sarybmra or X. ToraBa mobassama dAna kbMm L. Sabensaspame, ge X mMpoabizkaBa Ja €
urpad, TakKbB Ue 3a BCEKHU Jpyr ydacTHUK Y, Y e 3aryoma ot X mwim Y e 3aryous or HAKOM,
KOITO € 3aryomt ot X.

e X e zarybusn or fna, Ho fHa e 3arybmsia or urpau or L. ToraBa jobasame fAna xbm W.
Babensa3Bame, de X TpoOb/KaBa Ja € Urpad, TaKbB Ue 3a BCEKH JPYr ydacTHUK Y, Y e
3aryoms1 or X wian Y e 3aryoms oT HdKoil, KoiiTo e 3aryomt ot X.

e X e zaryomn or fna u dAnua He e rybusa maprug or Hukoit urpad or L. [la pasriemame
MPOU3BOJIEH YYacTHUK Z, KOWTO He e AHa.
— Axo Z =X, 1o Z e 3arybus ot fHa.

— Hexka Z € L. Bnaem, 1e Bcekn jgBaMa yYaCTHUIINA Ca UI'PAJIH, Taka de fIHa e urpaja c¢be
Z. BHaeM, Ue BCAKa UI'pa e mMaJia mobeaure 3ak/aodapamMe, de fHa credesnnia cperry
Z. C apyru nymu, Z e 3aryomn ot Ana.

— Heka Z € W. 3naewm, ue Z e 3aryomn ot Hakoii ot L. 3akimogaBame, e Z e 3aryomt ot
HSKO#1, KOTO e 3aryomi ot fHa.

B TakbB cayyait fdna crasa “noBuat X, a X orusa B L. Bede nokazaxme, ye dAna e urpad,
TaK'bB U€ 3a BCEKHU JIPYTI' YIACTHUK € 3aryoms or fHa wiam e 3aryOoms OoT HAKOMH, KOWTO e
3aryoma ot fna.

Jlokazaxme TBbP/IEHUETO. Il

Bamaya 21. Oyuknugara f: N x N — N e nedunupana taka:

n+1, ako m =0
flmyn) =< f(m—1,1), akom>0un=20
fm—1,f(myn—1)), akom>0un >0

e [Ipecmernere f(1,3).
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e Jlokaxere, ve Vn € N: f(1,n) =n + 2.
e IIpecmernere f(2,3).

e Jlokaxkere, ve Vn € N: f(2,;n) =2n+ 3.

Pemenne: Taszu pyukius e uzsectHa karo pynkimsara Ha Ackermann. /la npecmernem f(1,3).

f(])Z) :f(oaf(])”)

f(1,0) = f(0,1) =141 =2
Torasa

£(1,1) = (0,2) =3

f(1,2) =1(0,3) =4

£(1,3) = £(0,4) = 5

OtroBopsr € 5.
[Ile mokaxkem, ve Yn € N: f(1,n) =n + 2 ¢ uHAYKIWSA 10 N.

Baszara e n = 0. Tpabsa jga nokazkem, de f(1,0) = 0+ 2. Ot exna crpana, f(1,0) = 2, KakTo Beue
nU3BEJIOXME, a OT Jpyra crpana, 0 +2 =2. v/

Wuaykrusnoro npeanosoxkenne e, ye f(1,1) = n + 2 3a HIKOE €CTeCTBEHO M.

B3 ocHOBa Ha MHAYKTUBHOTO IpejmnojoxKenue e gokazkeM, 1e f(1,n+ 1) = n + 3. Ilo oupene-
agenne, f(I,m+1) = f(0,f(1,n+1—1)), roecr, f(1,n+ 1) = f(0,f(1,n)). Ho or unaykrusnoro
upesnosoxkenne nmame f(1,n) = n + 2. Torasa f(1,n+ 1) = f(0,n + 2). [lo onpeenenne, ToBa
en+24+1=n+3.v

Ja npecmernem f(2,3).

Ho f(1,1) = 3, kakro Beue Bujsgxme. Torasa f(2,1) = f(1,3), koero e 34+ 2 =5. Torasa f(2,2) =
f(1,5), koero e 54 2 = 7. Torasa f(2,3) = f(1,7), koero e 7 + 2 = 9. Orrosopsr € 9.

IIle mokaxkem, e Yn € N: f(2,n) = 2n + 3 ¢ unAyKIus 1o mn.

Baszara e n = 0. Tpsabsa na nokazxkem, ge f(2,0) =2 -0+ 3. Ot exna crpana, f(2,0) = f(1,1) no
onpenenenne, a f(1,1) = 3, kakro Beue Buggaxme. Ot apyra crpana, 2-0+4+3 =3. vV

NuyKHIBHOTO TIpemooxKenue e, de f(2,n) = 2n + 3 3a HIKOe eCTeCTBEHO M.

Bb3 ocHOBa Ha MHAYKTHUBHOTO IIPEIIOIOXKeHHe Ime pokaxkem, de f(2n+ 1) = 2(n+ 1) + 3,
roect, 4e f(2,n + 1) = 2n + 5. Ilo onpenenenne, f(2,n + 1) = f(1,f(2,n + 1 — 1)), Toecr,
f(2,n+1)=1(1,f(2,n)). Ho or nuaykrusnoro npeanoaoxkenue umame (2, n) = 2n + 3. Torasa
f(2,n+1) = f(1,2n+3). Ho, xakTo Beue gokazaxwme, f(1,2n+3) = 2n+3+2, koero e 2n+5. [
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Bamaua 22. Ako x,y € R u x <y, omeoperuam unmepsan (X,y) 1o jgeduHUNIUS € CIeTHOTO
mHOXKecTBO: {a € R|x < a < y}. Hekan € NT"\{1} u neka ca jajenu orBoperu unrepsasu (X1, Y1),
(x2,Y2), - .-, (Xn,yYn), Karo X < yi 32 1 <i<n. Heka (xi,yi) N (x5,Y;) #0,3a 1 <i<j<n

n

Jokazkere 110 MHAYKIMA 110 T, 9e ﬂ(xi,yi) £ ().

i=1

Pemenme: Ha npoct Obrapcku, uckKa ce Jia ce JJOKaxkKe 10 MHJIYKITHs, Y€ aKO U3MEXK/1y L OTBO-
PEHH MHTEepBaJia, BCEKU JIBOIKa MHTEepBa/l UMAT HEIPa3HO cedeHue, TO BCUIKU UHTEPBAJJIU UMaT
HelnpasHo ceunne. Jlajan naTEpBaINTE Ca OTBOPEHHU MJIM 3aTBOPEHN € Oe3 3HadYeHne 38 UCTUHHOCTTA,
Ha, TBbPAEHUETO.

[IbpBO €IHO TTOMOIIIHO TBBPIEHUE.

Jlema 1: Heka Z; = (x1,Y1), b = (x2,Y2) u Z3 = (X3,Y3) ca OTBOpEHU WHTEPBAJIH,
takusa ue 7y N1, #0, TiNIs A0 u I, N I3 # 0. Torasa Iy N1, N1z # 0.

JoxkazareacTBo: Jla pasriename JiBa IPOU3BOIHU OTBOpeHu nnrepsasia A = (a,b)
u C = (c,d). BabenszBame, ve

ANC=0 < d<aVb<c (16)

Orpunanuero Ha jsiciaTta crpada Ha (16), cbriaachno 3akona Ha De Morgan, e

—(d<aVb<c) = —~(d<a)A—(b<c) = a<dAc<b
1 raxa,
ANB#0 + a<d/Ac<b (17)

[Tpunarame (17) kbM Hamara 3ajada: momM Zy N7y, B cuiia e
s1 < fr A\ sp <Ay
Ho cbmio Taka e Bapuo u
s1<fi A sa<t
nonexke 77 u Z, ca orBopeHu nnreppaju. Torasa
max{sy, s;} < min{fy, f,}
Hemo noseue, (max{s1,sz}, min{ﬂ,fz}) ey NI,.
[le mokakem, 1e
(max{s1,sz}, min {f1,f2}) NZ; # 0 (18)
Honyckame nporusnoro. Torasa, cbritacuo (16), B cuia e
f3 < max{sy,s;} V min{fy, f;} < s3 (19)

Ha momycuem, ge f3 < max{sy,s,}.
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e Ako max{sy, sy} = s7, umame f3 < sq. Torasa Z3 uma npasHo cedenue ¢ Z;, B
LPOTUBOPEYHE C YCJAOBHETO Ha 3aa4ara.

e Ako max{sy, sy} = s, umame f3 < s;. Torasa Z3 uma npasHo cedenue ¢ I, B

IIpoTUBOpEYMNE C YyCJIOBUETO Ha 3a/avdaTa.

[Tostyuerure nmpoTuBOpevnst MOKa3BaT, ue He e BaApHO, de f3 < max{sy, s;}. a mgomyc-
ueMm, ge min{fy, f,} < s3.

e Axo min{fy, f;} = fy, umame f; < s3. Torasa 73 uma upasuo ceuenue ¢ 7y, B
IIPOTUBOPEYNE ¢ YCJIOBUETO Ha 3aJiadaTa.

e Ako min{fy,f,} = f,, umame f, < s3. Torasa 73 uma upasuo cedenue ¢ 1, B
[IPOTUBOPeYNe ¢ YCJIOBUETO Ha 3ajadaTa.

[Tosryuenure nporuBopedns IOKa3BaT, e He e BapHo, de min {fq, f,} < s;3.

[Ilom muTo f3 < max{sy,s;} e Bapuo, uuro min{fy, f;} < s3 e Bapuo, To u (19) He e
BsipHO. Torasa JiomycKkaneTo Hi € HeBsIpHO, Taka de B cuiia e (18). Ho npu mosoxenue,
ue (max{s1, S2}, min{ﬁ,fz}) e 7y NZ,, (18) e ¢bIOTO KATO

TiNI,NI3 7§ 0
Koeto n TpsibBarie ja goKazkeM. ]

e 3akmounTenu 3abenekku. [IbpBo, hakTbT, e nHTEpBa/INTE Ca OTBOPEHU, € Oe3
3HAYEHNe 3a BEPHOCTTA Ha JieMaTa. AHAJOITIHOTO TBBPJEHUE 3a 3aTBOPEHN WHTEP-
BaJId ce JIOKa3Ba, ¢ aHaJIOTMIHO JIOKA3aTe/ICTBO. BTOpo, Jiemara MOXKe Jia € OYeBHUIHA,
HO TpsiOBa Jia ce JOKarke: 3a IIPOM3BOJIHM TpH MHOXKecTBa X, Y U Z He e BAPHO, 4e

kononkiuaTa X NY D AXNZ ADANYNZ # () sreae XNY N Z = ().

Baza: Basosuar ciayuait e n = 2. Tebpaennero craBa “axo (x1,Y1) N (x2,Y2) # 0, To (x1,y7) N
(x2,Y2) # (7, KoeTo € TpUBHAIHO BAPHO. v/

NuaykTuBHO T1pesiooxkeHue: Jlomyckame, de TBBHPJIEHUETO € BAPHO 3a BCEKH N Ha Opoit
OTBOpEHU MHTEpBaJa, 3a HIKaKBO M, TaKOBa Ye n > 2.

NunykruBHA crbnka: Pazriexmpame npousBosau N+ 1 uarepsana Ly, Iy, ..., Ty 1, Ty, Loy,
BCEKH JIBa OT KOUTO UMaT Helpa3Ho cedenue. Pasriextame Z,,NZ, 1. ToBa MHOXKECTBO € HEIIpa3HO;
HEIO II0Bede, TO € OTBOPEH MHTepBaJl, ITOHEXKe HEIIPas3sHOTO cedeHue Ha OTBOPEHU MHTEPBAJIU €
orBopen unrepsa. [a kaxewm, ue Z,, N L, 1 ce napuua Z'.

Pasriexxname unrepsanure Zy, I, ..., .1, Z'. Tosa ca n na 6poit unrepsaya. [lo koncr-
pykius, 3a Beako k € {1,...,n— 1} e Bapuo, e I NZ, # 0 u I, N Zy1 # 0. 1 ocen ToBa
T, N Ty # 0. Torasa, corimacno Jlema 1

vke{l,....n—1} LN, NThy #0
Ho ToBa e cbitoro Karo

vke{l,....n—=1}: T, NZT" #0 (20)
1 ocsen ToBa, 110 KOHCTPYKIINS,

Vijke{l,....n—1}:j<k — LNT #0 (21)
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Ot (20) u (21) zakmouasame, ue Iy, Iy, ..., Z, 1, Z' can Ha 6poil uHTEpBaJIa, BCEKN JIBa OT KOUTO
uMaT Henpa3Ho cedeHue. lIpuiarame MHIYKTUBHOTO IIPEIIOIOKEHNE U 3aK/II0YaBaMe, U

LTNLN---NLy 1 NI #0 (22)
[peapun dakra, we Z' =T, N T4, (22) craBa
LN NIy NLyNLyq # 0

Koero n Tpsbpaiie ja 0KazxKeM. ]
1.5 HeBasmaam goka3aTeJICTBA MO MHIYKIIAA

Samaua 23. Pasrienaiite cieIHOTO JOKA3aTEJICTBO IO WHLYKITHS:

Ile nokazkem, e 5n 4+ 3 = 5(n — 2) + 8 3a Besako ecrecrBeno ducyo n. Ja joiycraem,
ye TBBHPJICHUETO € BSIPHO 3a HSIKAKBO ecTecTBeHO M. Pasriexkimame TBBpaeHmETO 3a
CTOHHOCT Ha aprymeHTa M+ 1:

5m+1)+3=5(n+1)—-2)+8 & 5MN+5+3=5n+5—-104+8
Gn+3)+5=6n—-10+8)+5 < Gn+3)=6Gn-10+8) «
5n+3=5n—-2)+38

Ho mociieiHoTo paBeHCTBO € HMEHHO HHIYKTHBHOTO IPEIIOJI0XKEHHE U KaTO TaKOBa, €
Bsipao. CiiegoBaTe/IHO, TBbPJEHUETO € BSIPHO 38 BCSIKO €CTeCTBEHO M.

KakBo 6uxTe Kazaan 3a ToBa JIOKA3aTEJICTBO?!

Pemenne: TBbpiaeHnero 09eBUIHO € HEBAPHO: OTBOPETE CKOOUTE BISICHO U U3BaIeTE STL OT JBETE
crparu. [Ilom TBbpAeHHETO € HEBAPHO, HMa KaK JI0Ka3aTe/ICTBOTO Jia € BaJuJaHO. ['pernkara B
TOBa “JI0Ka3aresIcTBO” e Jimicara Ha 6a3a. Haucruna, ako ce onurame Jia pasriegame 0a30B Cirydait
3a HsIKOe KOHKPETHO €CTECTBEHO YHUCJIO T, Ille MOJIYYUM HEBSIPHO TBbpP/IEHNE. U

3amaua 24. [Ipodecop Ib100KoB Ka3Ba, e pasrosara ¢ JIOKa3aTeJICTBO, Y€ aKO T U TL ca ecTec-
TBEHHU 4YMCJIa, TO TN = M. (DYHKLH/IHTa max ce ,ZLerI/IHI/Ipa II0 KJIaCl4YeCcKaTa ,He(l)I/IHI/ILH/IHZ 3a BCEKN
m,n € N,

m, akom=>mn
max (m,n) = 3
N, B IPOTHUBEH CJydail

Heka P(t) e caegumar upeaukar ¢ gomeiin N:
vmeNVn eN ((max(m,n)=t) — (m=n))

[Ipodecopbr nokassa P(t) ¢ upaykims o t. Basosusr ciyuyaii e t = 0 u nancruna P(0) e oueBuaHo
BsipHO. HyKTUBHOTO TIpeaosiozkenue e, ye P(t) e ucrtuna 3a uakakso t. Pasriexaame P(t+1).
Heka max (myn) =t+1. Heka m’ = m—1un’=n—1. Ho Torasa ouesuano max (m’,n’) = t.
OT TOBa M MHILYKTUBHOTO LperooxKenue ciaeasa, ye m’ =n'. lllom m’ = n’, B cuta e m = n.
B zakmouenne, P(t) e ucruna 3a BesKo ecrecTBeHO t.

ObgcHere 3al110 TOBa JI0KA3aTEJICTBO € HEBAJIMIHO.
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Pentenune: I[IpobiembT € B HHIAYKTHBHOTO Ipearnosoxkenne. [IpodecopbT yamobHO e mporrycHam
Jla Kayke eKCILIMIUTHO KOe € MHOXKEeCTBOTO X, OT KOETO B3eMa CTOWHOCTH t B IPEIIIOI0KEHUETO.
Twit kaTo Gazara e 3a croitHocT Ha aprymenta 0, TpsioBa 0 1a e enement Ha X. Ho BmkTe Kak
cTaBa B MHJYKTHBHATA CTbHIKa, ako t = 0.

1 raka, pasriexjame MHIYKTUBHATA CTbIKA OT JI0Ka3aTeJICTBOTO Ha npodecopa mnpu t = 0.
Pasriexxk jame P(0 4 1), koero e P(1). IIpodecopbr kassa “Heka max (m,n) =0+ 1. Heka m' =
m—Twun’=n—1"3a mun 3naem, 9e ca Tpou3BoJHU ecTecTBeHn ducaa. Obade m’ mMoxe

Ja He e ecrecTBeHo umncyo: ako m = 0, m' = 0—1 = —1, a —1 He e ecrecrBero uucyio. Epro,
He MOKe J[a T0JI3BaMe WHLYKTHBHOTO Ipe/ o ioKeHue. VHIyKTUBHOTO MTpeJInoIoKeHne € B CIua
camo 3a ecrectBeHu m u N. Orryk TBbpJAeHHETO, Y6 M’ = M’, He e HenpeMeHHO BsApHO. U
JIOKA3aTeJICTBOTO Jiepailinpa. OJ

[Tokazaxme, Je JOKa3aTEJICTBOTO Ha Mpodecopa e HeBaJMIHO. 3ac/IyzKaBa CH J1a Iopa3ChKIaBaMe
ome. II'bpBo, HEKa ce yOeauM, e aKo J0Ka3aTeJCTBOTO Ha Ipodecopa Oere BaJauIHO, TO IIEIe
Jla cJIeJiBa ‘Vm eENVnReN:m=n ‘ Ha cu npunomuum jgedununuara Ha upeankara P(t):

vm e NVn €N ((max (m,n) =t) — (m=n))

[Ipeaukarbr P(t) e exHOMecTeH, MOHEXKE MPOMEHJIUBUATE T U N ca moj KBaHTopru. Che ChInus
ycrex Mozkerre Ja jeduHupaMe TIpeuKaTa Kato TpumMecter npeaukar Q(m,n,t).

Q(m,n,t) := ((max(m,n)=t) — (m=n))

Ouesuio P(t) e cbmoro karo Vm vn : Q(m,n,t). TebpauMm, de ako
YmeNvVneNVte N: Q(m,n,t)

e ucTuHa, TO
VmeNvmmeN:m=n

e UCTUHA. 3a eITa Ja pasriegame JIOPH TI0-00I TPUMECTEH TIPEJIUKAT
S(myn,t) == ((f(m,n) =t) — (m~n))

kbjeTo f e npouszsosna dyukius wa jase npomensnnn f: N X N — N, a ~ e npousBosiHa pesamus
naj N. TBbpauM, ue ako

YmeNVneNVte N: S(m,n,t) (23)
€ MCTHUHa, TO
VmeNvmneN:m~n

e ucrunal. Epro, mepaimmHocTTa Ha J0Ka3aTeICTBOTO Ha Ipodecopa He e 3apa/Iu HIKaKBU OCO-
OeHoCTH Ha MaKcHMyMa Wid Ha paBeHcrBoro! I raka, Heka (23) e mcruna. f e yHKIWs, KOETO
O3HaYaBa ‘TOTaJHA (DYHKIIAA = 38 BCEKHU JIBE €CTECTBEHH M M T CHINECTBYBa TOYHA €THA (PYHK-
IUOHAJTHA CTORHOCT (1M, ), KOSITO € eCTeCTBEHO YMC/I0. 3a JOKA3aTeJICTBOTO HU € BaXKHO Jia UMa
MMOHe eJIHa TaKaBa (DYHKIIMOHAJIHA CTOWHOCT; Ye € TOYHO eJ[Ha, He e c¢binecTBeHo. U Taka, 3a Bcekn
JIBE€ €CTECTBEHU M U T ChIECTBYBa ecrecTBeHO uncyio f(m,n). Pazriexmame nMinkanusTa

(flm,n) =t) — (m~n)

fOuesnmno Q e wacren ciaywuaii ma S, B Koitto dbynKnuaTa f ¢ max, a pejamuaTa ~ ¢ PABEHCTBOTO =.
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[0 OTHOINEHWE HA MPOM3BOJIHE (DUKCHPAHH M U M, HO 3a Besko t (t He e dukcupano B re3u
paschKIeHus1). 3a Te3u CTOHHOCTH Ha t, 3a KomTo f(M,Nn) e pasjmdna oT t, UMIUIHKAIUIATA €
UCTHUHA, TIOHEXKe aHTeleIeHThT € JibKa. Ho nMa mone ejHa croiiHoct Ha t, 3a kKosito f(m,n) = t.
3a Ta3u cToifHOCT Ha t, aHTeleNeHTHT e nctuHa. Ho ToraBa KOHCEKBEHTHT TpsiOBa Jla € NCTHHA,
MHaK UMILIHKaIusiTa O Omia JIbxKa.

[Tokazaxme, de 3a IMPOM3BOJIHK M U M € BApHO, Ye M ~ N. Ho cbimoro MoxkeM j1a 3amnuiiem
KpPaTKO KaTo

VmeNvmneN:m~n

1 Taka, 6e3 chMHEHHE, aKO JI0KA3aTeICTBOTO Ha Ipodecopa Oelre BaJInuIHO, IIEIIe J1a CaeBa, Je
BCEKM JIBE €CTECTBEHU YHC/Ia Ca PABHU; C JIPYTH JTyMHU Ka3aHO, Ue UMa, CAMO €/THO €CTECTBEHO YHCJIO.
Tosa, pazbupa ce, He e BapHo. OT Apyra cTpaHa obade, OTKPUTUETO, Y€ TBHPIECHUETO € HEBSIPHO,
He pemniaBa 3ajadara. B ycjoBueTo Ha Ta3u 3aj1a49a uMa PeJIozKEeHO KOHKPETHO JI0KA3aTeJICTBO
1 TpsIOBa Ja ce KarkKe 3alll0 TOBa JI0KA3aTeJICTBO € HeBaJIMIAHO. B Hero TpsiOBa [1a ce OTKpHe KOst
CThIIKa € “IipobsieMaTudHa’ B CMHUCHJI, Y€ cjleBallara He cIejBa OT Hesd. 3a Ja PelruM 3a/adara,
He e JIOCTATBIHO Jla pasrjiexkjaMe CeMaHTHYHOTO HUBO (TBBPJEHHETO Ha mnpodecopa e JIbiKa),
a TpgOBa Jla OTKPHWEM TpeNikara B CHHTAKTUYIHOTO HUBO (MH/YKTHBHATA CTBHIKA HE CJIeJBa OT
WH/IyKTHBHOTO MPE/IIIOJIOKEHNE).

amaua 25. Ero “mokazarencTBo’, e BCUUKHM KOHE MMAT €JUH U CBINU IBAT. TBbPIAECHUETO €,
Je BbB BCAKA I'pylla OT N KOH, BCUYKHM KOHE MMAT €JIMH M ChIu nBAT. [IpaBuMm mokasarescTBO
o WHIYKIMs 1Mo M. Baszara e n = 1 u, HaucTuHa, BCEKN KOH MMa €JIMH W CHIIN MBIT ChC cede
cu. a nmomycHeM, e TBBHPACHUETO € BAPHO 3a HAKAKBO M. PasriexkmaMe Ipou3BOTHO MHOXKECTBO
{hi,hay ..oy Ty hayr b or n+ 1 kors. Pasriiexk iame nopmuoxkectsoro {hy, hy,y ..., hy ). To ce eberon
OT M KOHsI U 38 Hero MHIyKTHBHOTO IIPEIIIOJIOKEHHE € B CUJIa. JaKavdaBaMe, 9e BCHIKI KOHE OT
{hi, hyy ... Wy} mvar eue u ebim npat. Cera pasriexkjiaMe mOJAMHOKECTBOTO {hy, ..., hy, )
Ho m 10 ce ¢bcTom oT M KOHd, TakKa 4Ye U 3a HEr0 WHJIYKTUBHOTO IIPE/IIIOJNIOKEHHE € B CUJIa U
3aK/09aBame, 4e Bcudku Koue or {hy, ..., hy, hn1} umar exqun u cbiy usar. Ho mom Benuku
kore or {hy, hy,...,hy} UMaT eaun u cbinU UBAT U BCUIKKH KoHe oT {hy, ..., hy, hyy 1} umar egqun
U CBIIM LBAT, BAPHO €, 4e Bcuuku Koue or {hy, hy, ..., hy, Wy 1} UMaT e 1 ChIum IBIT.

OueBWIHO TBBHPEHUETO € HEBAPHO. Kbjle e rpermkara B IpeIoKeHOTO T0Ka3aTeICTBO?!

Pemmenne: 3a ja e BaJMIHO JI0KA3aTE/JICTBOTO, TPAOBa M+ 1 B MHIYKTUBHATA CTHIIKA JI& € IIOHEe
3, MOHEKe pasryekIaMe BeJHbXK I0JIMHOKECTBO OT Tl €JIEMEHTA, HEChIbPKAIo eJeMenTa Ny, 1, 1
ocJjIe pasriieskjaMe JIpyro MOAMHOYKECTBO OT T eJIEMEHTa, HEChIbPIKAIIO eJIeMeHTa Ny, U ncKame
Te3M IOJMHOYKECTBa Ja MMAaT IOHEe eIuH ODIIl eJIeMeHT, a MMeHHO hy. 3a ja craHe ToBa, TPsAOBa
eJIeMeHTHUTe JIa ca IIOHe 3.

[llom n+ 1 > 3, umame n > 2. Bazara obaue ne e 3a N = 2, a 3a n = 1. I'pemkara B TOBa
“rokaszaTenicTBO” e HeajJdeKBaTHaTa Oasa. basara Ou TpabBaso ga e n = 2, a He n = 1. 3abesexkere,
ye ako T = 2, TBLPJACHUETO € HEBAPHO, IIOHEXKE He BCEKU JIBA KOHS UMAT €/IMH W ChIIU IBIT, TaKa
e IpU U3I0JI3BaHe Ha CMUCIeHaTa 0a3a N = 2, J0Ka3aTeJICTBOTO HE M3JIN3A. O

2 CnaHa MHIYKINUS

Bamada 26. /lokaxkere, 9e ako pasmojiaramMe ¢ HEOIPAHUYIEHU KOJMIECTBA OT IOIMIEHCKH MapKu
oT 4 CTOTMHKHU W 5 CTOTUHKH, TO C TIX MOYKEM Ja IOCTUTHEM IIPOU3BOJIHA CyMa PaBHA Ha WU
HaJIXBbPJIsa 12 CTOTHHKA.
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Pemenue: Trbpau ce, ye 3a BegKa 3a/a/ieHa 1eHa HAJI WX PABHA HA 12 CTOTUHKHU MOXKEM JIa
n3bepeM MapKy U3MEK/Iy JIaJieHuTe, TUATO CyMa OT IEHU € paBHa Ha 3ajajeHara. Hampumep, 3a
Jla TTOCTUTHEM 12 CTOTMHKW B3eMaMe TPU MapKu 10 4 CTOTHHKH, 3a Jia MOCTUTHeM 13 CTOTWHKM
B3eMaMe JiBe 10 4 CTOTUHKH U eJiHa OT 5 CTOTUHKH, 1 Taka HartaTbk. llle joKakeM TBbPICHHETO
C'bC CUJTHA WHITYKITUS.

Baza: Ille uznonssame deTupu 6a30BU CiIydasd, TMOHEXKe MAOJOHBT Ha Ch3JlaBaHe Ha IPO-

M3BOJIHA II€Ha Ce TOBTaps mpes3 deTupu equuunm. Ako 3agaienara mera e 12, ro 12 =3 x44+0 x 5.
Akoe 13,1013 =2x441x5. Akoe 14, 10 14 =1x442x5. Akoe 15, 10 15 =0x4+3 x 5.

WuaykrtnBHO nmpeanosioxkenue: Jla jomycnem, 4e 3a mgkoe N > 15) 3a Besgko k €

{12,13,...,n} MmoxxeM ja u3bepeM Mapku ¢bc cymapha meHa k crorunku. [llom n > 15, B cuita e
{12,13,...,n}| > 4, Taka 4e MHIYKTUBHOTO IPEIIIOJIOKEHUE € 33 [IOHE YEeTUPHU IOCTIET0BATEIHN
CTOMHOCTHU.

NunykruBHa crboka: llle mokakem, ge MoxKe j1a n30epeM MapKu ¢bC cyMapHa rmeHa n+ 1
croruHku. Tbit Karon+1 > 16, B cunae (n+1)—4 > 12, orkbaero (n4+1)—4 € {12,13,...,n}.
CureroBareiHo, MHAYKTUBHOTO HPEAIIOIOXKEHNE € B CUJIa 3a CTOHHOCT Ha aprymenTa (n+ 1) —4,
Taka Je MOXKeM Ja m3bepeM MapKu cbe cymapna neHa (n + 1) — 4 crorunku. Jobapsaiiku egHa
MapKa oT 4 CTOTMHKH, IIOJIydaBaMe MapKH CbC CyMapHa IeHa N + 1 ¢CTOTUHKY. O

Samaua 27. Urpara Nim uma pa3sHOBHIHOCTH, €IHa OT KOHUTO Ie pasriemame Tyk. lamgern ca
ABE KyIIiuHu OT HAKaAKBU Hema, Jda KazKEeM KaMb4deTa. KaM’b‘IeTaTa ca HepaSJH/ILH/HVH/I. I/IrpaTa ce
urpae oTr JiBaMa Urpadu, KOUTO Ce PeyBaT — BCEKU UrPad, KOTaTO € HErOBUAT WU HEHHUAT PeJl,
B3eMa HSIKOJIKO KaMbiera, TOHe €JIHO, OT eJIHA OT KyIYuHuTe (HO He MOXKe Jia B3eMe W OT JIBeTe
kymaunn). [ledenn urpaabt, KoiiTo B3eme nocsiesieH. Jlokaxkere, e ako B HAUAJHUS MOMEHT J[BETE
KYIIUUHA ChIbPKAT €IHAKBLB Opoil KaMbieTa, TO ChIECTBYBa IMEYe/UBIIa CTPATErUs 38 BTOPUI
urpad. C apyru iyMu, TOH Win Ts 38/ Tb/KUTETHO TeYe/H, aKO UTpae OMTUMAJTHO.

Pemienune: Heka Besika KymanHa cbhrbpka TodHO N Kambaera. [lle jmokarxkem TBLPIAEHUETO ChC
CUJTHA WHJIYKIs 110 M. Bazopuar ciaydaii e 3a 1 = 1. ToraBa wbpBusgT Urpad MoyKe Jia HAIpaBU
CaMO eJHO HEeIO — Ja B3EeME€ €JUMHCTBEHOTO KaM'bi€ OT HAKOA OT KYITUYMHUTE, HAMa 3HAYCHHUEC KOLI.
TOI‘aBa BTOPUAT B3€Ma €JUMHCTBEHOTO KaM'bie OT JApyraTa KYIIYUHa U II€9eJIH. \/

Ja jpormycHeM, 4e 3a HSKOe IIJI0 TOJOKUTETHO T 1 Besgko Kk € {1,2,...,n} e BIpHO, Ye uma
cTpaTerus, ¢ KOATO BTOPUAT UT'PAd I€YesIH, aKO BbB BCdKa KyIIuHa WMa To9HO k Kambiera. Jla
pasriiejilave Urpa ¢ JBe KyIauHu, Besika ¢ 1o N+ 1 kambaera. [I'bpBusT urpad e JrbKeH Jia B3eMe j
KaMb4ieTa OT HAKOA KYIITInHa. ToraBa BTOPUAT UI'pad pa3llojara C JABE KYIIYUMHU, €/IHaTa OT KOUTO
chbpxka N+ 1 —j Kambuera, a jpyrarta, n + 1 kambiera. Ako j = n + 1, ToecT ako ennara
KylliiHa € IIpa3Ha, OY€BUJIHO BTOPHUAT HUI'DaY II€4eJId, B3eMallKl BCUYKU KaM'bieTa OT Apyrara
KylauHa. B nmpoTuBen cjiydail BTOPUAT Urpad MOXKe Jia B3eMe TOYHO j KaMbieTa OT KyIYnHATa ¢
n + 1 kaMbUIeTa U 10 TO3U HAYUH OTHOBO WI'DATa € B CbCTOSIHUE, DU KOETO JIBeTe KYITYUHU MMAaT
10 €JIUH U CbIu Opoil KambieTa, a uMeHHO N+ 1 —j. CbryiacHO UHIYKTUBHOTO IIPEJIIIOJIOKEHIE,
BTOPUAT II€e49YeJIN B Ta3U CUTyallud. ‘:‘

Bamaua 28. Ilpejcrasere cu urpa c ejun urpad (solitaire). damenn ca n monern. Homunasmre
Ha MoueruTe ca 6e3 3uadenue. MoHeTnuTe ca HapeJeHN BEPTUKAJHO B eHa KymunHa. Ha Bceku
XOJI, UT'PaIbT U30Upa eJIHa KyIYnHAa, KMAIIa [T0BeYe OT €JlHa MOHEeTa, U Pa3duBa Ta3u KyITdInHa Ha
JIBe TIPOM3BOJIHN Helpas3Hu Kymuunu. 1Ipn ToBa nosryvuaBa nedasnbda, paBHa Ha IPOU3BEIEHUETO OT
O6post Ha MOHETUTEe B Te3u JiBe KymduHu. lIpumepHo, ako urpaubr u3depe Kymamna ¢ 11 moHeTn
u g pa3due Ha eHAa KyIIuHA ¢ 6 MOHETH U Apyra ¢ 5 moneru, nedasbdara e 5 X 6 = 30. Urpara
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3aBbPIBa, KOIraTO BCAKA KYITYUHA Ch/IbpyKa TOYHO ejiHa MoHeTa. llewanbara B 1sgata urpa e
cyMaTa OT IeYaJOuTe OT BCHYKU PA30UBaHUS.

JlokaxkeTe 1o WMHIYKIMA, de TedajsdaTa BUHATH € (“) HEe3aBUCUMO OT TOBa KaK TOYHO HIDae

2
UTPAIbT.

Pentenne: Ille mokaxkeMm TBBPAEHHETO ChC CHJIHA MHAYKIMUS 10 M. 3a IO-SICHO W3JIOKEHUE I
3armcBaMe OMHOMHMS KOSDUIIMEHT KaTo @

Bazara e n = 1. Ot exna crpana, UrpadbT HsMa Bb3MOXKEH XOJ M WUIpaTa HMPUKJIIOYBA C
nevasioa 0. Ot npyra crpana, w eQmpun=1.v

VHIyKTUBHOTO IIPEIOJIOKEHNE € CIETHOTO: 3a HSIKOe ISII0 IOJIOXKHUTEIHO T € BIPHO, de 3a
Beako M € {1,...,mn — 1} e BapHo, Ue urpa, 3amousaila ¢ eJHa KyI4uHa OT T MOHETH, JaBa
nevajba M HE3aBHCHUMO OT KOHKDETHHUTE XOI0BE.

B NHAYKTUBHaTa CTbIIKa pal3rjezKJaMe UI'pa, 3all0o9Ballla C €/Ha KyIIiYidHa OT N MOHETHU. AKO
n > 1, urpaubr uszdbupa #gkoe m € {1,...,n — 1} u ¢ UbpBUs cu X0 pasdUBa KylduHATa Ha
eJHa KyIUMHA ¢ M MOHETH U Jpyra ¢ M — m moneru. Ileuanbara ot To3u xox e m(n — m). Ho

m<nun—m < Mn, Taka 4e HpujaaraMe MHAYKTHBHOTO HIPEAIIOJOXKeHUEe 3a ABeTe KYIIYUHU U

m(m—1) (n—m)(n—m-—1)
3aKjIovaBaMe, e rnevajgonTe ca ChbOTBETHO ——— | > . ToraBa cymapnara redaJba e
m(m—1 n—mjn—m-—1
() M=) ()l ) _
2 2
2mn—2m’+m? —m+nf—mn—-n—mn+m?+m
5 =
n—n_ nn-1)
2 2
Koero n TpsibBarie ga jgoKazkem. O

5

Samaua 29. /lokaxkere 1mo maayKims, de 10 geam n° — M 3a BCAKO €CTECTBEHO M.

Pemenne: C yuebna 1es1 Ie pasriegamMe TPH JIOKA3aTeJICTBa, KATO CaMO IOCIEIHOTO € ChC
CUJIHA, WHLY KIS,
HoxkazaresctBo I:  Ouesunno n° —n = (n— I)n(n + 1)(n? + 1). Ja nokaxkewm, 1e 10 genn
N° — N 3a BCAKO €CTECTBEHO T, € CHIIOTO KaTo Ja jokaxkeM, e (N — 1)n(n+ 1)(n? + 1) ce nenn
Ha 10 3a Bcsgko ecrecTBeHo M. Hwmceso ce jgemm Ha 10 TeTk ce meam Ha 2 u ce genum Ha 5. Ho
(m—TIMmMn+1)(n?+ 1) ce meau Ha 2, 3aI0TO € IPOU3BEICHIE HA YeTHPH MHOMKHUTE/HA, TPH OT
KOUTO, & UMeHHO N — 1, N u n + 1, ca mocjiegoBaTeHl YUCIa; OT BCEKH JBE IIOCJIEI0BATE/IHI
neJjin 4ducila, €JHOTO € 9Y€THO, TaKa Y€ IIOHE €JUHUAT OT TPUTE MHO2KUTEJIA € YeTHO YUCJIO, TaKa
Je 11010 npomsseerne (N — 1)n(n + 1)(n? + 1) e gerno uuco.

Ocrasa 12 jokaxkeM, de (N — I)n(n + 1)(n? + 1) ce gesm Ha 5 3a Besko ecrectseno n. e
pasriieJiaMe IIOOTIETHO Bb3MOKHUTE OCTATbIM IIPHU JIeJIeHe Ha N Ha 5.

n = 5k 3a Hakoe k € N: B ro3u ciyuait (n—1)n(n+1)(m?+1) ce genu Ha 5, oHeXkKe ChIbprKa
MHOKUTET .

n =5k + 1 3a Hakoe k € N: B to3u cayvait n — 1 = 5k, nopaju koero (n —1)n(n+1)(n? +1)
ce JleJd Ha D, TIOHEXKe ChIbpiKa MHOKHATET 1L — 1.

n =5k + 2 3a uakoe k € N: B tosu ciywait n> +1 = (5k +2)2+1 = 25k> + 20k +4 + 1 =
25k? + 20k +5 = 5(5k? +4k + 1), koeto ce nesm Ha 5. Ho Torasa u (n—1)n(n+1)(n? +1)
ce ey Ha 5, HoHeke Chabprka MHOKHTEN (M? + 1).
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n =5k + 3 3a Hakoe k € N: B ro3u caygait n? +1 = (5k + 3)2 + 1 = 25k? +30k+9+ 1 =
25k? 4+ 30k + 10 = 5(5k? 4+ 6k +2), xoero ce gexm ua 5. Ho Torasa u (n —1)n(n+1)(n?+1)
ce JiesIn Ha 5, OHeKe Chabp:ka MHOKATET (N? + 1).

n = 5k + 4 3a uakoe k € N: B tosu crygait n+1 = 5k+5, nopasm xoero (n—1)n(n+1)(n?+1)
ce JIeIM Ha 5, MOHeXKe CbIbpKa MHOKHTET T+ 1.

JlokazaTeJICTBOTO € Hall'bJHO BaJIUJIHO, HO He e 1o mHayKimsd. [loMm B 3ajavara ce nckKa JoKa3a-
TesictBo 1o nuayknud, JlokazaresacrBo I “He craBa” 3a perenne Ha 3ajiadaTa ¢ Ta3u (GOPMYJIN-
OpPBKa. Il

HokazaresactBo II: Ille goxkaxkem TBBHPJAEHUETO ¢ OOMKHOBEHA WHIYKITUS IO TL.

> —m e 0, koeTo oueBuIHO ce e Ha 10. v/

5

Bazara e n = 0. ToraBa n
NupykTuBHOTO TIpEoioKeHne e, e N° — n ce jean Ha 10 3a HAKOE eCTeCTBEHO M.
H31013Baiikn MHIYKTUBHOTO IPEJIIIOJIOKEHHe, e jgokazkeM, de (n+1)° — (n+1) ce mesn ua 10.
Hawncruna,

M+1P -+ =n’+5m*+10n° +10n*+5n+1—-n—1=

N —n+5mt+1m*+1m?+5n=mn"—n)+5mn+2n*+2n+1) =

M —n)+5mn+1)n*+n+1)
Ho cnbupaemoro (n° —n) ce gemn na 10 ¢hIVIaCHO MHIYKTHBHOTO IIPEIIOJIOKCHIE.

Ba Jia JOBBPIIUM J0KA3aTeJCTBOTO, JIOCTATHLIHO € Jla JIOKayKeM, 4e JPYyTOTO ChOMpaemo, a

mvenno 5Sn(n+1)(n?4+n+1), ce gemm na 10. To oueBmIHO ce M Ha 5, a M3MEXK LYy MHOKHATCTATE

nu (n+1), TOYHO eIUHUAT € YeTHO YUCJIO, TaKa 4e IAJI0TO chbupaeMo ce aesu Ha 10.
[lom u aBere cubupaemu ce gesrar Ha 10, mamoro (N +1)° — (n+ 1) ce mesm Ha 10. O

HokazarescrBo III: Ille gokaxkem TBBHPJAEHUETO CbC CUJIHA UHJIYKIINAS 110 T.

Baza: Kakro npejcron ja BujanMm, ejHa 6a3a He e JiocTarbiHa. Pasriiexkaame jiBe 6a3m.
e 1 = 0. Teupaennero crasa “10 gemm 0° — 07, KOETO OYEBHHO € BAPHO. v

e n = 1. Tebpaennero crasa “10 mesmu 1° — 17, KoeTo 0YEBHUIHO € BAPHO. v/

NuaykTuBHO IIpejlriojioXkenne: Jla jiomycHeM, de TBbPJAEHUETO € BAPHO 3a CTOWHOCTH Ha
aprymenTta 0, 1, ..., n— 1, n, 3a aakoe n € N.

NMunykrtuBHa crbnka: Ille nokasken, ue 10 gesm (M +1)° — (n+1). B cuna e

M+1P -+ =(n=1+2°—(n=1)+2) =
M—1°+10n—1*"+40m—1P+80n—1)>+80n—1)+32—(n—1)—2 =
(Nn=1P=Mm=1)4+10n—=1*"4+40n—17>+80(n—1)*+80(n—1) +30 =
(( )

n—1P—m—1))+10(n—=1)*+4m—1324+8mn—172+8(n—1)+3) (24)

Ho or MHIYKTHBHOTO IpenosioxKenue 3uaeM, 4e 10 gemm (n—1)° — (n—1), Taxa ge nMame mpaso
na sammmreM (n—1)°—(n—1) kato 10m, K'bIeT0O M e HAKOEe ecTecTBeHO 4ucio. Torasa mpemnmcsanme
(24) Taka:

TOm+10(n—=1)0 " +4n—-12+8n—172+8m—1)+3) =
0m+mn—1*"+4m—-1P+8Mm—1>+8n—1)+3)
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Hom+4+n—1*+4m—1P2+8n—1)2+8mn—1) + 3 e usuio uucyo, taka ge 10(m+ (n —1)* +
4n—1P+8(m—1)2+8(n—1)+3) e kparno na 10. Jokazaxme, ue 10 gesu (n+1)° —(n+1). O

Jla BuamM 3aI0 ce HaJIara ja pasriegaMe aBa 6a30BHU ciaydasi, a He equd. B 3agaqua 29 mokasame
5

vn e N:Q(n), kpaero Q(n) e exromectrusaT npeaukar | 10 geqm n° —n|.

B wnaykTuBHaTa cTbika gokassame Q(n + 1), usnosssaiiku pomyckanero Q(n — 1). Ho tosa
nomyckane e eauo or gomyckanusta Q(0), Q(1), ..., Q(m—1), Q(n). Epro, n — 1 Tpsabea na e
exement Ha {0,1,...,n}. Toa, Koero 3Haem 3a e, ye N e ecrectBeno uucao. Ho 0 e ecrecrseHo
YUCJI0, TaKa de € Bb3MokHO N = 0. I umame mpobsiem: ako 1 = 0, n — 1 He e ecTeCTBEHO YIUCTIO
u cboTBeTHO HaMame Q(n — 1) Karo jomyckage.

V3xox or ToBa € Ja JoKazKeM BTopa 6a3a 3a M = 1, KOeTo e eJleMeHTapHO, IIOHEeXKe OYEBUIHO
10 nemm 1° — 1 = 0, cien xoeto momyckanuaTa ca Q(1), Q(2), ..., Q(n—1), Q(n), xaro n € NT,
u nak jgokassame Q(n + 1), mossaiiku gomyckanero Q(n —1).

Tosu mpobiiem, n3nckBall JobaBsHe Ha BTOpa 6a3a, ce IMOosiBSIBa, 3aI[0TO B MHIyKTHBHATA CTbII-
Ka IpeIuKaThT CbC CTOMHOCT Ha apryMeHTa M+ 1 ce JoKa3Ba dpe3 JIOIyCKaHe 3a CTOHHOCT Ha
aprymenTa n — 1, KoeTo jnaBa pasimka 2 Mexy Tesn croifnoct (n+1— (n—1) = 2). Ako cu
npejicrasuM rpada wHa “Q(1) ce mokasBa upes Q(j)”, Toit usrIexk A TAKa

¢ & b

-1 0 1 2 3 4

4

OueBnzno 6azara Q(0) ce “mpeckada”, ako HaIpaBUM JIOKA3aTeaCTBO camo ¢ eaHa 6asa Q(0).
Cuaraitkn Bropa 6a3a Q(1), TakoBa “mpeckadane” craBa HEBHb3MOMKHO.

0 1 2 3 4

BobpocHugar 1pobsieM He ce MosiBU B 33Ja9nTe, KOUTO Bede PEIIuXMe ChC CHIHA WHAyKIms. Jla
BUIUM 3alII0.

e B Basaua 26 6azata ce cbeTou oT 4 ¢hiKJIeHU 3a 4 110C/Ie/I0BaTEeIHI CTOHOCTU Ha apryMeH-
Ta. B HHIyKTHBHATA CTBIIKA JOKA3aTeJICTBOTO 3a N+ 1 oYnMBa Ha JIOIyCKaHe 3a L— 3, KOeTO
JaBa pasymka 4, a Hue MPeIBUIINBO ce joka3aan 4 6a3u 3a 4 1moc/ie1oBaTeIHI CTOHHOCTH Ha
apryMeHTa, Taka 4e MHOXKECTBOTO OT Oa3ure He MoxKe Jia Objie “IpecKoveHo” ¢ m3BaXKJIaHe
Ha 4.

e B 3ajaua 27 Ga3zara e OT €JIHO €IMHCTBEHO ChXKJEHUE (3a CTOWHOCT Ha aprymeHTa 1), HO
TOBa CTUra. I/IHILYKTI/IBHOTO IIPEeAIIOJIOZKEHNE € 3a CTOMHOCT Ha, apryMeHTa OT MHOXKECTBOTO
{1,...,n}, koero BuHaru cbabpKa eauHUNATA. B UHAYKTHUBHATA CTBIKA JIOKA3ATEJICTBOTO
e 3a CTOMHOCT Ha aprymeHTa N + 1 movymBa Ha JIOIyCKaHe 3a CTONHOCT Ha aprymeHTa oT {1
,+..,N}. Epro, He e Bb3MOXKHOCT Jia ce oIMTaMe Jia II0JI3BaMe IIPEIUKaTa CbC CTOMHOCT Ha
apryMeHTa, mo-MaJjka oT 1.

e AHajlormyHuAT KOMEHTap € B CiJla U 3a Saﬂa‘{a 28.

Bamaua 30. IlpeiacraBere cu urpa, B KosiTo ce peaysar jama urpadn A n B. Ha macara ca n
CJIOZKEHU KaM'bieTa, KOUTO 3a IeJINTe Ha UI'PaTa ca UJIEHTUYHH, U BCEKM UT'Pad, KOraTo € HErOBUAT
WM HEWHUAT PeJl, B3eMa WJIN €JIHO, WU JIBe, WX TPU KaMbieTa. KaMbie, KOeTO € B3eTO, ToBeYe
He ce BpbIla Ha MacaTa. rpaabt, KOHTo/KoATo B3eMe moce/ieH / ocaeda, ryou. [Ibpso urpae A.
Hlokaxkere ¢bC CHJIHA UHIYKIINS 110 T, Y€ MMa [IeYe/INBINa CTPaTerusd 3a A ToraBa U caMO TOraBa,
korato 1 Z 1 (mod 4).
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Pemtenne: llpenu na pasriieaMe pereHneTo, Jia HAITPABUM pa3sCHEHUE HA CMUCHJ/IA Ha TOHS-
THETO neveauswa cmpamezus. la mva nedeusina crparerus 3a A o3nadaBa A j1a crievesin, ako
urpae ontTuMatHo. /la HaMma mevdeuBIa crparerns 3a A o3nadaBa A ma 3aryOm, KakTo U Jla UTpae,
ctura b 7a urpae ontumasHo. T'bit KaTo B Ta3m urpa HaMa Bb3MOKHOCT 32 PaBeH pPe3yJITar,

® aKko mMMa Tede/mBINa cTparerus 3a A m A urpae ontumasHo, T0 B rybm 3ab/KATETHO,
KaKTO U JIa Urpae,

® aKO HdAMa IICYC/IMBIIIA CTpAaTCrud 3a A, T0o b megesm 3abJIZKUTE/IHO, aKO UI'Ppae OIITHMAaJIHO.

CblecTBYyBaHETO MJIM HECBIIECTBYBAHETO Ha II€YEIMBINA CTpaTerus 3a A MoxKe Jia ce OIHUIIe C
aJiTepHUpaIia pejuiia or kBanTtopu. Jla cbimecTByBa revenusmia crparerus 3a A o3nadaBa ja
CBIIECTBYBA X0/ 3a A, TaKbB Ue 3a BCEKHU X0/I-OTTOBOD Ha b cbiiecTByBa xo1 3a A, TakbB de 3a
BCEKU XOJI-OTTOBOp Ha B ... u Taka HaTtaTbkK ... 3a Bceku xoj Ha b, b rybu aupekrno. B apyru
UI'PHU, TPUMEPHO IAX'bT, Ta3U PeIulla 3aBbpIBa Ha “ChIIECTBYBA X0 Ha A, ¢ KoiiTto A medenn
JIMPEKTHO”, HO B Ta3W 3ajlada Urpara e Takapa, de A medesnn TcTk B B3eMme mocselieH / mocie/na,
TaKa 49€ A HE MO2KE Ja Cliede/in JUPEKTHO. Pe,ZLI/H_[aTa OT KBaHTOPH 3all0YBa TaKa:

dv3av ...

Jlecno ce BmxKjia, Ye Ja He CBLIIECTBYBa II€YEIMBINA CTpaTerus 3a A e OTpUIlaHueTO Ha TOPHUS
u3pas, a UMEHHO, 3a BCEKHM XOJI Ha A ChbIIECTBYBAa X0/-0TIOBOp Ha B, Takbe Ue 3a BCEKM X0/ Ha
A cbIimecTByBa X01-0TroBOp Ha b, ... 1 Taka HaTaTHK ... 3a BCeKM X0 Ha A, A TyOu TUpeKTHO.
Penunara or KBaHTOpPHUTE 3alI04Ba TaKa:

vavd...

Twit kKaTo Kambdyerara ca WJICHTUIHU, €JIMHCTBEHOTO, KOETO MMa 3HAYEeHHE B JaJIeH MOMEHT, €
TeXHUAT Opoil. 3a BCAKO M MOXKeM ja JeduHupame, 4e M € MeYeIUBIIO, aKO MMa IeYeIUBIIA
cTparerus 3a A 1pu N KaMbieTa B HAYAJI0TO, a T € T'yDero, ako HiMa Mede/IMBIIa CTPATEIns 3a
A npu n kambaera B Hada10To. JlecHo ce Bimkma, 4e 1 = 1 e rybemo. n = 2 obade e medeuBIIo,
3amoTo A MOXKe Jia B3eMe eJJHO KaMbue U Ja npuHyau b na B3eme mocsesen/mocienna. C apyru
aymu, A Moze Ja Hastoxku Ha B ry6Gemara (ot riegna Touka Ha B) curyarus ¢ n = 1. AnajorudHo,
n =3 un =4 ca neuesmBum (32 A). Ho n = 5 e ry6emno, 3amoro A He MOXe 1a B3eme
[OBeYe OT TPU KaMmbyiera, Taka de, KOJIKOTO U Ja B3eMe A B Hadyasoro, b moxe ma “Bkapa’ A B
rybemara curyamnus ¢ eqHo kKambae. U raka, n =1 un =5 ca rybemmu. Vcka ce ma gokazkere, de
n=1,5/9,13,17,... ca Touno ry6emmure (3a A) Gpoiiku.

Ero enno pemenne na 3amada 30. Heka n € NT. Heka P(n) e cregauar npeaukar:

B wurpa ¢ n kambuera, ako 1 = 4m + 1 3a uakoe m € N 1o mHama nedenusiia
cTpaTerns 3a urpada, KOWTO/KOSTO € Ha XOJ, B IPOTUBEH CJydail nMa MedesnBIina
CTpaTerus 3a Urpada, KOWTo/KOsATO € Ha XOJI.

[le nokazkem P(n) ¢be cuirHa MHIAYKIMS 110 TL.

Baza: m = 1. Or egna cTpaHa, OYE€BHUIHO CUTYAIUATa C €IHO €JMHCTBEHO HAJUYIHO KaMbie €
ryberia 3a TO3u, KOiTo € Ha xoh. OT apyra crpana, Tbit Karo 1 e or Bujga 4m + 1, npeaukarsbT
Ka3Ba, de HIMa [eYeJIUBIINa CTPATErus 3a TO3U urpad. v’

NuaykruBHo npeamnosioxkenue: Jla nonycuem P(k) 3a 1 <k < n.

NugykruBaa crbika: e nokaxem P(n + 1). Pasriexame derupu ciydan.
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e Heka n + 1 e or Buna 4m 3a nakoe m € NT. Torasa A Bzema Touno 3 kambuera u b e

Ha x0T ¢ 4m — 3 Kambuera. T'bit kKaro N e noue 4, gucyioro 4m — 3 e nmore 1 u e oT BUjIA
4k 4 1 3a makoe ecrectBeHo k. OT WHIYKTUBHOTO TPEIIOIOKEHNE 3HAEM, 9e Ta3U CUTYAIHS
e rybema 3a wrpada, KoiTo/kosaTo e Ha xoj. CiemoBaresiHo, cuTyarmsaTa e rybema 3a b,
KOETO O3HAYaBa, e € IedesuBIa 3a A.

Heka n + 1 e or Buga 4m + 1 3a uakoe m € NT. Beue pasriiegaxme ciydas ¢ apryment 1,
Taka Je MoxKeM Ja jorycHem M+ 1 > 5. A Moxke ja B3eMe WM €IHO, WIN JIBEe, WJIA TPU
KaMbieTa.

— Ako A Bseme enHO KaMbie, ocTaBaT N Kambiera 3a B. Ho n = 4m B Tekymusa KoH-
TekeT. OT UHYKTUBHOTO IIPE/IITOIOKEHNE 3HaeM, Ue Ipu 4m KambieTa nMa Ievde/IMBIna
cTpaTerus 3a urpada, Koiro /Koo e Ha xoj. CJie/IoBaTe/IHO, CATYAIUATA € Ie9Ie/THBIIA
3a b, Koero o3HauaBa, Ue e rybema 3a A.

— Ako A Bzeme jBe Kambuera, ocraBaT N — | kambiera 3a B. Hon—1 =4m —1 8
TEeKyIs KOHTEKCT. Tbit kKato N e moue 4, uncaoro n —1 = 4m — 1 e tore 3 u e
ot Buja 4k + 3 3a Hsakoe ecrectBeHO K. OT MHIYKTUBHOTO IIPEJIIIOJIOKEHIE 3HAEM, Je
npu 4k + 3 KambyeTa UMa TEUeIMBINA CTpaTerus 3a Urpada, KONTo/KoATo e Ha XOI.
CitestoBaresiHo, cuTyanusiTa e mede/impiia 3a B, koero o3nadasa, de e ryberma 3a A.

— Axo A B3eme Tpum Kambuera, octaBaT M — 2 Kambueta 38 b. Hon—2 =4m —2 8
TeKyIms KOHTeKCT. Tbit kKaTto N e mone 4, uncaoro n —2 = 4m — 2 e nore 2 u e
ot Buga 4k + 2 3a Hsakoe ecrecTBeHO k. OT MHIYKTHBHOTO IPEIIIOIOKEHIE 3HAEM, U6
npu 4k + 2 KaMbyeTa UMa IeUesIMBINA CTpaTerus 3a Urpada, KOHTo/KoATo e Ha XOI.
CiiesroBaresiio, cutyanusTa e nedensiia 3a B, koero o3nadasa, de e ryberma 3a A.

e Heka n 4+ 1 e or Buna 4m + 2 3a nakoe m € N*t. Torasa A B3ema Touno 1 xkambue u B

urpae ¢ 4m + 1 kambaera. OT WHAYKTUBHOTO IIPEIIOIOKEHIE 3HAEM, U€ Ta3W CUTYAIUS €
ryberria 3a urpada, KoiTo/KosaTo e Ha xoi. CrefoBaresito, cutyanusra e ryberra 3a b, koero
O3HaYaBa, Je e redesusia 3a A.

Heka n + 1 e or Buga 4m + 3 3a makoe m € N, Torasa A B3ema TouHO 2 Kambyera u b
urpae ¢ 4m + 1 kambaera. OT HHAYKTUBHOTO IIPEIIOIOKEHIE 3HAEM, Y€ Ta3Ul CUTYAIUd €
rybelra 3a urpaJa, Koiro,/koaro e Ha xoj. CiegoBaresino, cutyanusra e rybera 3a b, koero

O3HaYaBa, Je e redesmBiia 3a A.

g

Samaua 31. Heka « e xoncranra. Heka up = 1 n u; = cos (). Heka w, = 2ujun1 — U, 3a
n €{2,3,...}. Jlokaxere, ge 3a Bcsiko n € N e BapHO, 1e U, = cos (na).

Pemenne: Heka U e ubgyKTuBHO JIePpUHIPAHOTO MHOKECTBO {Ug, W1, Uy, . ..}. TpsabBa ja joKa-

xkem Vn € N : P(n), kpgero P(n) e npeaukarsr

u, = cos (n«)

TS,

. [lle m3no/3BamMe CUTHA WHTYK-

B 6azara na U mma TOYHO /Ba eleMeHTa, a UMEHHO Uy U ;. 3aTOBa JI0KA3aTeICTBOTO TPsIOBa
Jta nMa Oas3a, MpoBepsIBallla BEPHOCTTA Ha MPEInKaTa BbPXY BCEKH OT THAX.

Baza: P(0) e|wy = cos (0) |. Ho nsiBara crpana, a uMeHHO Uy, € 1 110 ycJIOBUe, a JsgCcHATa CTpaHa

e 1, zamoro cos 0 = 1. Illom nsamara u gscHara crpana ca pasuu, P(0) e ucruna. v/

P(1) e|u; = cos (1) | Ho gBara crpana, a IMEHHO U, € COS & II0 YCJIOBHE, a JAsCHATA CTPAHA

e cos &, 3amoTo cos 1o = cos . Illom ngBara u ascuara crpana ca pasau, P(1) e ucruna. v/
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NuaykTtuBHOo tpeamnosioxkenmne: Jlonyckame, de 3a Hakoe N € N, cwbxkaenusta P(0), ...,
P(n 4+ 1) ca Bepau. B gacTHOCT, 3a j0Ka3areacTBOTO HU TpsibBaT camo P(n) u P(n+ 1):

u, = cos (n«)

Uny =cos((n+1)x)

NuaykTuBHA cThbnKa: TpgadBa jga JloKaxkeM, e
Uny2 =cos (M +2)x), (25)
U3II0JI3BaiKul NHAYKTUBHUTE IIPEAITIOJIO2KCHNA. Hle II0JI3BaMe€ U T'hzKJIeCTBaTa

cos(a+b) =cosacosb —sinasinb (26)
cos(a—Db)=cosacosb+sinasinb (27)

Ot (26), 3amecrBaiiku a ¢ x u b ¢ (n+ 1)«, mosyuasame

cos(ax+ (n+1a) =cosaxcos(n+ 1) —sinasin (n + 1) (28)
Or (27), 3amectBaiiku a ¢ (n+ 1) u b ¢ «, mosryuaBame

cos((M+T)aa— ) = cos (n+ 1)axcos &+ sin (n + 1)asin (29)
Msnonssaiiku nedununmsTa Ha Wy, 2, IMaMe

Upy2 = 2WUpy1 — Uy // npuwiarave HaIyKTHBHATE TPEATONOKenus u nedunumusaTa ma 1]
=2cos (o) cos ((n+ 1)) — cos (n)
= cos (&) cos ((n+ 1)) + cos () cos ((n+ 1)) —cos (na)  // or (28)
=cos(oc+ M+ T)a) + sinasin (N + 1)oc+ cos (o) cos (N + 1)) — cos (na)
=cos ((m+2)a) +sinasin (n+ 1) + cos () cos (N + 1)) — cos (nex)  // ot (29)

(
(
= cos (
(
(

)ox)

(n+2)a) +sinasin(n+ 1o+ cos ((n+ 1)ox — &) — sin (n + 1)esin o« — cos (na)
=cos((n+2)a) +sinasin (n + 1) e + cos (na) — sin (N + 1)asin & — cos (no)
=cos((m+2)x)

Hokazaxme (25). O

Samadva 32. Heka x € R\ {0} u x + J—< € 7. Hokaxkere, e x™ + Q—n € 7Z 3a Bcako n € N,

Pentenne: [lle jlokazkeM TBBHPACHUETO ChC CUIHA WHIYKIUS 110 TL.

Basza: Basosure cayuan can=0un = 1. 3a n = 0, Tebpaenueto e, ge x° + X]—O € TISJI0 YUCJIO.

Toit kato x # 0, x® = 1, Taka ue x° + 5 = 141 = 2, koeTo, 6e3 CbMHEHHUe, € LAJI0 IHCI0. 3a
n = 1, TBbpieHneTO €, ue X' + Q—] e TISJI0 9HCJIO, KOETO € BIPHO TI0 yCaoBue. v

NnaykrueHO mpeamosoxenne: o fomychen, de 3a Hskoe N € N e BsapHo, 1e X + & € Z,
3a Besko k € {0,2,...,n—1}.

NuayktuBaa crbnka: [lle nokakem, ue x“—l—xin € 7. 3a 1ieniTa 1M1e pasriegaMe Tpon3BeIeHNeTO

X = (x‘” + %) (x + 3—() (30)
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ChbritacHO MHIAYKTUBHOTO IIPEJIIIOJIOXKEHNE, (x“’] + XJ,]) e 1sto uncio. Ilo yesosue, (x+ J;) e
110 gucso. [IpounsBesennero Ha e/ YnUCIa € IsJI0 9UCTI0, CIeIoBaTe/Ho X e Iso ducio. Ha
oTBOopuM ckobute. Torasa

1 1 1 1
f— n_] . n_] . — . . —
X=x X+ x x+x”_1 X+x”—1 ~
n n—2 1 1
Xn—Z xn
1 1
= (x“ + —) + (x“_z + )
xn Xn—Z
Ho Torasa
1 1
n _ o n—2
X —I—X—n—X (x +x“2) (31)
Kaxkro 3naem, X e 15110 1nciio, a (x“_2 + Xn],z) € TJI0 YUCJIO OT WHIYKTUBHOTO IIPEJIIIOIOXKEHIE.
Torasa jgcuara crpana Ha (31) e A0 YUCII0, OTK'BIETO ClIejiBa, de X™ + Xln € IS0 YHCJIO. O
Bamaua 33. Yuciara na Fibonacci ce nedounupar taka: Fo =0, Fy, =1TuF, =F, 1+ F, 2 3a
n > 2. JlokaxkeTe 0 MHIYKINSA, 9€ 38 BCAKO N > | e B cujia CJIeIHOTO PABEHCTBO:
2 2
Pemienne:

Baza: Bgzemame n =1 un =2 3a 6a3u.
Axo n =1, 1o (32) craBa F; = F{ + F}, koero e 1 = 1% + 0%, KoeTo e 0ueBUIHO BAPHO. v/
Axo n =2, to (32) crasa F3 = F5 + F4, koeto e 2 = 12 + 1% xoero e o4eBntHO BAPHO. v’

NuaykruBHo mnpenmnoJjioxkeHune: Heka n > 2. Jlomyckame, de 3a BcsgKo kK, TakoBa e
1 <k <n, e u3rbJIHEHO

Far =F +F (33)
NuaykruBHa cTboka: l3mo/3Baiiku HHLyKTUBHOTO TIPEIIIOJIOKEHNE, TIE JTOKAXKEM, U
Fanit = Fr + (34)
oM n > 2, o peduHAImS
Foni1 = Fon + Fong /) nonexe Fyy = Fony 4+ Fop o ipum > 2
=Fan1+ Fanz+ Fong
=2Fm1+ Fano // nounexe Fan 2 = Fon 1 —Fpn 3 mpun > 2
=3Fu 1 —Foan3 // or unn. upemnonoxenus Fp 1 =F24+F2  uFp 3=F , +F2,
=3(F+F) = (R +Fy)
=3F +2F2 ,—F, // nonexe F,_, =F, —F, ; npun > 2
=3F, + 2F,_; — (Fo — Fn1)?
=3F, +2F, , — Fa + 2F.Fuy — Fi
= 2F2 + 2F Fo +F2 | // monexe Fn_1 =F .y —F, mpun > 2
= ZFi + ZFn(Fn-H —Fu) + (Fn+1 - Fn)z
= 2F, + 2F Foy1 — 2F, + oy — 2F P + F
= Ffw] + szm

Ho ToBa e Touno jgcuara crpana #a (34), KOeTo n TpsAOBaIIe Ja MOKAZKEM. O
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3 3acujBaHe Ha TBbPJAEHNETO, KOeTO JOKa3BaMe

Bb3MOKHO € J1a IpaBUM JIOKA3aTeJICTBO 10 WHIYKIMs HA HEPABEHCTBO U TO (JI0KA3ATEJICTBOTO) JIia
“He ce moJiyun”, BBIIPEKU Y€ TBbLPJAEHUETO, KOETO MCKaMe JIa JIOKaXKeM, € BIpHO. B TakbB cirydait
MOXKE Jla OIHMTaMe €JIHA TeXHUKA: Jia JOKAaXKeM M0 WHJIYKIIUs TBbPJEHUE, KOETO € IMO-CUJIHO OT
TOBa, KOETO HHU € JaJdeHO. HO IIPUHIMUII ITO-CUJIHUTE TBBPACHUA Ce JJOKa3BaT IIO-TPYIAHO, HO B HAKOU
CJIy4an—KOJKOTO U TapaJIOKCAIHO /@ 3By IH—I0-CHJIHUTE TBBHPJCHUS Ce JOKA3BAT I0-JIECHO, aKO
[0JI3BaMe UHJLYKIIUS.

3abesiexkeTe, Ye 3acuyiBale HA TBHPIEHUETO UMa CMUCHJI CaMO IIPH JIOKA3aTeJICTBA Ha HepaBeH-
crBa! AKO JloKa3BaMe PaBEeHCTBO, HsMa KaK Jia 3aCH/INM TBBPJIEHHETO, TPOMEHSIKI TOBa, KOETO
JIOKa3BaMe, 0e3 Jia HapyIIUM UCTUHHOCTTA.

Samaua 34. /lokaxere, de
" 2n—1 - 1
2n V3n

Sa Bcako n > 1

x%x-u (35)

N —

Pelienne, nbpBu OIINT:

Baza: Heka n = 1. Jlasara crpana e %, a JigcHaTa € \/Lg JleficTBUTEJHO JisiBaTa CTpaHa €

[IO-MaJjIKa OT JiicHaTa. v

NuaykTuBHO nipeamnoJioxkenue: Jlonyckame, 4e TBLPACHUETO € BAPHO 3a HAKAKBa CTOM-
HOCT Ha apryMeHTa M.

NungykruBHA cTboKa: Pasriexjame TBbP/IEHNETO 3a CTOHHOCT Ha aprymenta n + 1. 3a
Ta3U CTOMHOCT, TBbPJ/ICHUETO €

1><3>< XZTL—1><2TL+1< 1 (36)
24777 2n  2n+2 3(n+1)
A
C'bIVIACHO HHIYKTHBHOTO IIPE/IIOIOZKEHIE, N3PA3HT, O3HAUCH ¢ A, € 0-MaJIbK 0T ——. [Ipiiaraiiku

V3n’®
TOBa K'bM JIsiBaTa CTpaHa Ha HepaBeHCTBO (36), moJryuaBame

><2n+1< 1 ><2n+1
n+2  J/3n 2n+2

Jlaau obade

1 X2n+1<? 1
V3n In+2 3(n+1)

C rpuBnaHa anrebpa ce yoexkjaBame, de He € BSIPHO:

1 2n+1 1
V42" 3(n+1)
2n+1 n
2n+2< n+1 -
4n? +4n + 1 n
—

M 8ntd ntl
A A’ A A’ +4An+ 1 <4nd +8n? +4n “

In+1<0 X
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HpOBa.H'bT Ha J0Ka3aTEJICTBOTO HE 03Ha41a6a, 1€ TBbPDACHUECTO € HEBAPHO, a CaMO Y€ HE CMe YCIIeJIN
Ja I'O JOKazKeM 710 mo3u Ha“YUH.

Pentenune, Bropu onut: Ille jjokaxkeM 1o MHIYKIUS CJIETHOTO TBbLPJCHUE

1 3 2n—1 1
BaBecgkom >2: = X = X ... X < 37
-2 4 2n V3n+1 (87)
Baza: Heka n = 2. JlaBara crpana e % X f—1 = %, a JgcHaTa e % JleiicTBUTETHO JIsIBATA

CTpaHa € IIO0-MaJlKa OT JigiCHaTa. Bazosusar cnyqaﬁ € JOKa3aH.

NnaykTuBHO nipeamnosioxkenue: /Jlonyckame, 4e TBHPJAECHUETO € BIPHO 3a HIKAKBA CTOM-
HOCT Ha apryMeHTa .

NuaykTuBHA cTbOKa: Pasriexkjave TBbPIEHNETO 3a CTOHHOCT Ha apryMmenTa n + 1. 3a
Ta3" CTOWHOCT, TBBLP/IEHUETO €

1T 3 n—1 2n+1 1
=X = X ... X X < (38)
2 4 2n n+2 3(n+1)+1
A
C’]:;FJI&CHO NHAYKTHUBHOTO IIPEIIIOJNIOZKEHNE, NU3PA3BT, O3HAYECH C A, € IIO-MaJIbK OT \/3# HpI/IJIa-

raifku ToBa K'bM JisiBaTa CTpaHa Ha HepaBeHCTBO (38), mosrydaBame

><2n—|—1< 1 ><2n+1
n+2  /3n+1 2n+2

OcraBa J1a JTOKaxKeM, e

1 " n+1 < 1
il il Anid
JeiicTBUTEIHO,
1 n+1 1

V3n+1 8 2n+2 = Vin+4
2n+1< /3n + 1
2n+2 n+4

M?+4dn+1 3n+41
2t 8ntd 3ni4

PR3+ 120 +3n+16n2+16n+4 <1213 +24n? + 12n+4n° + 8n + 4 o
19 < 20n

C rTosa jokazaresncrBoro Ha (37) npukiousa. Popmasino, Tebpierue (37) He BjeUe TBbPJEHUE
(35), zamoro (37) e 3a n > 2. Ho sieco ce Buka, de (37) 3aeiHo ¢ jrokazaresicTBoro Ha (35) 3a
n = 1 ca no-cusHo TBBPJEHUE OT (35). 0

Enxo nHTYnTHBHO 0GSICHEHME 3aII[0 TEXHUKATA C'bC 3aCHIBAHE HA TBbPJICHNETO (MOHIKOra) paboTH
e, 9e JI0Ka3aTesICTBO 110 MH/IYKINs IPUINYa Ha KaTepeHe 1Mo CT'hbjiba: Hie CThIIBaMe Ha WHJIYKTUB-
HOTO IIPEJINTOJIOKEHNE U ce “KaduBame’ eHO HUBO Harope, JJOKa3BaillKu WHYKTUBHaTa cTbiKa. [Ipu
ITO-CUJTHO TBBPJIEHNE CTBHIIAJIOTO, OT KOETO TPbI'BAME, € TTO-BUCOKO.

BabesexkeTe, e TEXHUKATA CbC 3aCUIBaHE HA TBBHPIECHUETO € CBECEM PA3NUYHO HEeUL0 OT TOKa3a-
TEJICTBO C'bC CUJIHA, WHIYKI[Hst!
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Samaua 35. /lokaxkere 110 MHIYKIMs 10 M, Y€ 3a BCAKO IIAJI0 TOJOKUTETHO L € B CUJIa

1 1 1
1—2+?+"'+F<2

Pemenue: He moxkewm ja JJ0KaxKeM TBBPJIEHUETO B TO3U BUJI, qunpeKH e e BH]_Z)HO [IOHEXKE OT
dakra, 1e ]lz—l-z]—z—l—---—l—# < 2, He cJie/iBa TUPEKTHO 1%-1—21—2-1—---4— + n+12 < 2, Tbil KaTo
1

Tz € HOJIOKUTEIIHO.

[Ie mokazkeM TO-CUJIHO TBbP/ICHHE:

1 1
+ . .. — < 2 - —
n eN ‘12 22 +n2_2 -

Ja xaxkem, de P(k) e npeaukarsr
n
1 1
E <2 -
k? n
k=1
¢ JIOMEHH MHOXKECTBOTO OT IEJIUTe MOJIOKNATeIHN uncia. Veka ce ma qokaxkem V € N7 : P(n).

Baza: Ille nokaxem P(1). Ho P(1) e 11—2 <2- %, KOETO OYEeBUJIHO € BAPHO. v

NuaykTtuBHO npeamnosoxkeHne: Jlomyckame, e 3a Hsakoe n > 1 e apuo P(n). C apyru jgymu,
JIoIlycKame, 4e

1+1+ +1<2_1
12 22 nz — n

3a HAKOE IIAJIO IIOJIO?KUTEJIHO TL.

I/IHI[yKTI/IBHa CT’bl‘IKa H[e nokazkeMm P(n + 1). 3a mesra wbpBo e JOKAXKeM €HO ITOMOIIHO
TBBLPICHUC: =57z + <1

n-H —n’
OueBnIHO BSIPHO €
2 2
n+2n<n“+2n+1
Ho ToBa e cbioro karo

n4+2n< (n+1)32

T'bit KaTo M € IMOJIOXKUTEJIHO,

n+2 < 1 o
M+1)2 " n
n+1+1 < 1 o
Mm+1)?2 —n
1 1 1
< — 39
M+ nil-on (39)
Jlokazaxme, |e (n++)2 + n+r1 < T]T Bpwbimame ce na jokasaresncrsoro Ha P(n + 1). MHayKTuBHOTO

IIPEAIIOJIOZKEHNE €:
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KO€TO € CbIIOTO KaTo
l <2 — l + 1_ + + l
n - 12 22 n?

[peasus (39), B cuta e

LR RS I I
Mm+12 n+1- FEEE 7Y

KOETO € CbIIOTO KaTOo

1+1+ +]+ 1 <9 1
12 22 n? (n+1)2— n+1

Ho ToBa e touno P(n + 1), koero u TpsdBaie ja g0KaxkeM. v

4 CrpyKTypHa UHIYKIIS

3amava 36. Heka ¥ = {0, 1}.

Onpenenenne 1. Baaancupar cmpure Hapudame BCEKM CTPHHI X € X*, KOHTO MMa €IHAKbB
Opoit HyJIM U €JIUHUIIA.

[Ipenoxkere MHAYKTUBHA JeUHUINS Ha OalaHCUPAHUTE CTPUHIOBE M JIOKAXKETE INPEIHU3HO, Ue
JBeTe JeUHUINNA Ca €eKBUBAJICHTHH.

Pemmenune: Crennara neduHnnms e WHJIYKTHBHA U e ekBuBasieHTHa Ha Onpesenenue 1.
Omnpenenenne 2. Baza. [Ipasausar crpunr € npuHajyiexn Ha S.

Crbnka. Heka x € Suy € S. Torasa

1. 0x1 € §,
2. 1x0 € S,
3. xy €8S.

Enna Bmerka: camo 0x1 € S m1x0 € S He ca socrarbanu! Tesun aBe npaBu/ia reHepupaT
baJiaHCHpaHH CTPUHIOBE, aKO X € bajlaHCHpaH, HO He TeHepupaT BCUIKH Oa aHCHPAHH
cTpUHIOBe. 3abejiexkere, de Te TeHepUPAT CaMO CTPHHIOBE, YHHTO II'bPBa U IIOCTIEBA
bykBa ca pazymdaau. Epro, e me morar jga reaepupar 1001, koiito 6e3 cbMHEHHE €
baJtaHCHpAH.

Ero nokaszarenctBo, ge Onpenenenne 1 u Ompesesienne 2 ca eKBUBaJEHTHH.

e B egnara mocoka, Ime JOKayKeM CbC CHJIHA (9IHMCJIeHA) MHIYKINS, 9e BCEKH § OaslaHCupaH
crpunr cbriacHo Omnpenenenne 1 Moxe ja 6bje renepupan ot Oupesenenne 2.

— B 6azoBug ciayuaii na nokasaresncrsoro, |s| = 0. Torasa s e npasausaT ¢TpuHr, KOiTo ce
reHepupa ot or 6azara Ha Oupeaenenne 2.
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5

— MHAyKTUBHOTO MpEIOIOKEHNE €, Ue 3a HIKAKBO YeTHO M > 2, BceKu OajaHCHpaH
cTpuHr ¢ ab/kuHa oT 0 10 M — 2 MOoXKe Ja Obie redepupan or Omnpenenenne 2. 3a-
Oesexkere, Ue BCEKH OaJlaHCHPaH CTPUHI MMa YeTHa TbJKHHA, TaKa ue HsIMa, CMUCHJI
B IIPE/IITOJIOKEHNETO JIa BKJIIOUBaAMe HeUYeTHU JbJDKUHA KaTo 1 mwim n — 1; ToBa He Om
6110 (bopMasiHa I'peIIKa, MPOCTO HIMa CMUCHI.

- B NHAYKTUBHaTa CTbIIKa Ha JOKa3aTe/JICTBOTO pal3lJiezKIaMe IITPOU3BOJICH 6aHaHCI/IpaH
CTPUHI' C ObJI2KHHa M. CHG,ZLHI/ITG CJIydau Ca B3aMMHO HU3KJ/IIOYBalllXd CE€ U U349€epIlaTe/THA.

* C'leeCTByBaT HEIlIpa3HUu 6aJIaHCI/IpaHI/I CTpUHI'OBE S1 U Sy Hall Z, TaKHnBa 4€ S = §1S).

IIpumepro, s = 1001010011, s; = 1001 m s, = 010011.

Ouenano |s1| u s3] ca wernn u [s1] <n—2u[sy] <n—1, Taka de u $q, U S; MOXKe
Obae renepupan or Ouperenenne 2 CbIVIACHO IIPEIIIOI0KEHIETO Ha, JOKA3TEICTBO-
to. ToraBa s mMoxe Jia 6b/1e rerepupan or (3) Ha crbukara Ha Onpejesnenue 2.

He cbiecrByBaT TakuBa S7 # S;.
IIpumepro, s = 110100.

Tbit KaToO § € Hempa3eH, TO S 3aI0YBa U ¢ HyJsa, win ¢ eguauia. KirodoBoro Habd-
JIIOJIEHNE B TO3M TOJICTyYail e, 9e IbpBaTa U mocje HaTa OykBa Ha S ca pa3IndHu.

IIbpBata u nocaearaTa 6yKBa ja ca pasJimdHd € HeoOXOJUMO, HO He JJOCTa-
TBHYHO yCJIOBHE S Jla HSIMa (paKTOpH3aIUs Ha HElPpa3Hu OaTaHCUPAHU 10/
crpuarose. IIpuvepro, s = 1010 nma pas/uaau mbpBa u mocjaeHa OyKBa,
HO ce pakTopusupa Ha s1 = 10 m s; = 10.

WcruanocTTa Ha TOBa KJIIOUOBO HAOJIIOJICHIE Ce BUYK/IA BeJIHAra, aKO ChoOpa3nM, e
B TO3W TOJIC/Iyd4ail (KoraTo s HAMa HeTpUBHAJHA (DAKTOPU3AIHs HA OaTaHCHPAHH
HOJICTPUHIOBE) BCEKN CHIMUHCKN IpeduKe Ha § e JebajaHcupaH, KaTo IPU TOBA
MMa U3JIUIIBK OT TO3M BUJI OYKBA, C KOWTO 3aII09Ba; TOraBa CaMo IOc/IeIHaTa OYKBa
MOXKe Jla DaJlaHCcupa TeIus S U Td TPsA0Ba jia € pa3/jndHa OT IrbpBaTa OYKBA.

Axo s 3amouBa ¢ HyJ1a, TOil 3aIbJKATEIHO 3aBbpInBa ¢ exuanna. 11lom s 3amod-
Ba C HyJla U 3aBbpIIBa C eIuHnIa, Toil e oT Buga Ox1, Kbaero x e Gamancupan
crpunr. Torasa s Moxe Jjia ce reHepupa or (1) Ha crbukaTa.
AKo s 3amouBa ¢ eMHAIA, TOI 33 IbJIKITEIHO 3aBbpInBa ¢ Hy/a. I1lom s 3amod-
Ba C eJIMHUIA W 3aBbPINBA C HyJIa, TOi e or Bujga 1x0, Kbjiero X e bamancupan
crpunr. ToraBa s Moxke Jia ce reHepupa oT (2) Ha CTbIKATA.

e B apyrara mocoka, 1me JoKaxkeM ChC CTPYKTypHa mHAyKIWs, de Oupenesienne 2 reHepupa
CcaMoO CTPUHIOBE C €JTHAKbB OPOil €JIMHUIN U HYJIH. 1OBa ChC CUTYPHOCT € BSIPHO 3a 0a30BUA
cIydail: MpasHuAT CTPUHI UMa eJIHAaKbB Opoil Hy/u U euHUIM. B cTblkaTa, Ipu JIOIyCKa-
HETO, 4e M X, U Y UMaT eJHaKbB OpOil Hy/IM W €JMHHIM, OYEBUIHO BCEKU OT CTPUHIOBETE
0x1, 1x0 n xy uma eJHAKBB OPOil HYJIN U €JMHHIIH. O

Nuayknus mpu aBa apryMeHTa

Jlocera pazriexkjaaxme J0Ka3aTeJICTBa 110 WHIYKIUS P eTHOMeCTeH Ipeaukar. Kak ja 1okaskem
110 MHYKIUST, aKO IPeJInKarsT ¢ asymecren! C apyru ayMu, HCKaMe j1a JoKaxkem vnvm : P(n, m),
KbJETO L 1 M B3eMaT CTOMHOCTH OT HAKAKBH JIOMEIHH, KATO Hail-4ecTo, HO He 3aIbJIZKTETHO, 1

nBaTta joMeiiHa ca N.

[To chimecTBo, HemaTa ca cbiuTe — TPsiOBa Jla ce JoKaXKe HAKaKbB 6a30B ciydail (wim Moxe

6u MHOrO 6a30BU CJlydam) U TOC/IE JIa ce JIOKaXKe, Je BCSIKa JBONKA CTOWHOCTH € JIOCTHXKUMA OT
bazaTa cjel KpaeH Opoii MpuIaraHus Ha CJIEIHOTO
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Homyckame 3a (n',m’) u Bb3 ocHOBa Ha TOBa Joka3Bame 3a (n”, m”).

KaTo IIpU TOBa TPsAOBa J1a MOXKEM Jia JOCTHUIHEM OT Oa3ara 0 BCAKA HapeleHa IBOMKa, BbpPXY
KOSITO JIOKa3BaMe IIpeJuKaTa, M, B oOpaTHaTa II0COKa, OT BCAKA HapeeHa JBOiKa TpsiOBa a
MOKEM Jia JIOCTUTHEM Da3ara, 06e3 Jia s IpecKkadame.

Bamaua 37. Yucaara na Fibonacci ce nedpunupar taka: Fo =0, F;, =1u F, = F,_; + F., 3a
n > 2. Jokaxkere 1o MHIyKIuUs, 4e 3a Beako M € N u 3a Begko n € NT e B cua cieHoTo
pPaBEHCTBO:

Fm+n — Fan_] + Fm+] FT‘L (40)

Pemenne: Heka asymecrausar npegukar P(m,n) ce gedunupa upes (40). Ille morazkem
vYmeNvn e N":P(m,n)

[Ie m3mon3BaMe CUIHA WHTYKITAS.

Baza: bazara e P(myn) 3a m € {0,1} u n > 1. 3abenexkere, 4e 6a3zoBUTE Caydau ca
6e306poii.

e Heka m = 0. IIle nokaxkem VYn > 1: P(0,n). Ho P(0,n) e Fo,r, = FoFn_1 + For1Fn, KoOETO €
cobimoro karo F, = OF,_; + 1F,, KoeTro oueBuHO € BAPHO. v/

e Heka m = 1. Ille mokazkem VYn > 1: P(1,n). Ho P(1,n) e Fy.n = FiF._; + F14F,, Koero e
cbimoro Karo F1 = 1F,_; + 1F,,, Koeto e c¢bmoro karo F, 1 = F,, 4+ F,,_1, KoeTo e BApHO 110
nebunnnysg 3an > 1. v

MNuaykTuBHO mpenmoJioxkeHune: Heka 3a Hakoe m > 1 u 3a Hakoe 1 > 1 ca B cuiia
P(m,n), u P(m — 1,n). ITogpobuo nammcano, J0IMyCKAHETO € TOBA:

Fern = Fan,] + Fm+1 Fn (41)
F(m71)+n - meanJ + Fan (42)

NanykTuBHa crbika: [lle goxkazkem, 1e
P(m—1,n) AP(myn) — P(m+1,n)

sam > 1un > 1. [lo-nogpobHo KazaHo, M3MOI3BANKHA WHIYKTUBHUTE Ipeioioxenus (41) u
(42), me mokazkem, de

F(m+1)+n = Fm-H Fn—] + Fm+2Fn (43)
Ilsicnara crpana e

FrnFnor + Fppbn = // 1o nedunnutnusg npu m > 1

(Foo + Fno1)Foor + (Fur + F)F =

FnFoot + FoiFog + Fpg Fn + FnF =

FinFno1 4 Fopi P+ Fnoi Py + FnFy = // cvraacuo (41) u (42)

Fm+n Fm+n71
Fm+n + Fm+n71 =

Fm+n+1
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C roBa hopMasHATA TACT OT JIOKA3ATEJICTBOTO MPUKJIIOUH: ToKa3axme (43). O

BaciyzKaBa CH Jla ce HAIPaBHU €IHO JIOI'bJIHUTEIHO, He(DOPMAJIHO IOSCHEHHE C HIIOCTPAIASd 3a
TOBa KaK “BbPBU WHJIYKIMATA B TOKY-IIIO HAIIPABECHOTO JI0KA3aTeICTBO. KTo:

Bazavyn > 1:P(0,n) AP(1,n)
Nug. Crboka VM > 1Vn>1:P(m—1,n) AP(m,n) - P(m+1,n)

0 1 n

Babesiexkere, de 1o ycaosue n > 0, Taka ye HapejeHuTe ABoiKu (M, 0) u300110 HE ce PasTIerK/IarT.

3amaua 38. /lokaxKkere 110 MH/YKIUs

mm+1)---(m+n)

ymmneN ) k(k+1)-(k+n—1)= -

k=1

Pemenne: Heka P(m,n) e npegukarsbr

mm+1)---(m+n)
n+1

> kk+1)--(k+n—1)=
k=1

Basara e m = 1, 3a Beako n € NT. lnaue xazano, 6azara e Vn > 1 : P(1,n). Pasrinexmame
[IPOM3BOJIHA CTOMHOCT Ha M, Ha g HapedeMm N'. [lle mokaxkem P(1,n’). Ho P(1,n') e

1(1T4+1)---n'(1+n')
n’ +1

1
D kk+1)--(1T+n/=1) =
k=1

KOETO € ChIOTO KATO
1.2../=1-2...1/

KOeTO 0YeBHIHO e BsIpHO. Jlokazaxme Gazara. v/
VHayKTUBHOTO IIpEAIIoJIOzKeHne e Tosa: pomyckame P(m,n) 3a agxon m,n € NT. ITo-nmogpobuo,

JIOITyCKaMe

mm+1)---(m+n)
n+1

Zkk—H (k+n—1)= // 3a makom myn € N* (45)
k=1

Wznounssaiiku gomyckanero P(m,n), me gokaxkem P(m+ 1,n):

m+1
S K(k1) e (kb n—1) = m(m+1)”'(::1n)(m+n+” (46)
k=1
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Pasriex name jsBaTa crpana ma (46):
(Zk(k+1)~--(k+n—1)>+(m+1)(m+2)---(m+n) (47)
k=1

Or eana crpana, (47) e CbITOTO KATO

m+1

> kk+1)--(k+n—1) (48)
k=1

3apaju cBoiicrBara Ha cymupanero. OT apyra cTpaHa, aKO HPUIOKUM HIIyKTHBHOTO HIPEIIIOJNIO-
xenne (45) kbM (47), momydaBame

m(m+])...(m—|—n)+(m+”(m+2)__.(m+n):

n+1
m(m+1)---(m+mn) N (m+Dm+2)---(m+njn+1)
n+1 n+1 N
(m4+1)---(m+n)m+m+1)(m+2)---(m+n)(n+1)
n-+1 N
(m+1)(m+2)---(m+n)(m+n+1)

n+1
Ot (48) u (49) sakmovyaBame, e

m+1

D k(k+1)--(k+n—1)=
k=1

(m+1)(m+2)---(m+n)(m+n+1)
n+1

Ho ToBa e Touno P(m + 1,n). Msnonssaiikun nHAYKTUBHOTO Ipemnooxkenue P(m, n), mokaszaxme
P(m + 1,n). CbriacHo npuHI@na Ha MaTeMaTHIecKaTa HHILyKIus, B cuia e (44). Ul
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