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I'maBa 1

OCHOBHU HNOHATHA II0 JIOTMKA

1.1 CobXIUTEJTHO CMATaHEe

Ha anra. Propositional calculus
C’b}K/‘lI/ITe.HHOTO CMATaHe HaHOrZ[O6HBa APUTMETHIHOTO CMATAHE. Bwmecro apuT-

METUYHUTE ONepanuu +,—,-, /, uMaMe CbXKIUTEJHU Olepaluu Karo —, A, V.
Hanpuwmep, (p V q) — —r e goruvecku uspa3. OcBeH TOBa, JOKATO apUTMETHUY-
HUTE NPOMEHIUBH IPUEMAT CTOWHOCTU MPOM3BOJIHU HYUCJA, TO ChXKIUTETHUTE
TTPOMEHJINBY TIPUEMAT caMo croitHocTn uctuHa (1) nan asxka (0).

CobxauTesleH M3pa3 HapudaMe ChbBKYIHOCTTA OT ChKIWTEIHW MPOMEH-
JIUBU D, (q, T, ..., CBbP3aHU CbC 3HALUTE 33 JIOTUYECKHU onepanuu —, V, A\, =, <> 1
CKOOH, ONPEESII Pela Ha OTIEPAIANTE.

C’b}I(,Z[I/ITe.TIHI/I onepanunuu
e Orpunanue —

o Jlmsrouknusa V

o Kontonkmusa A

o lIMmnnukanua —

o EKBUBAJIEHTHOCT <>

IIle w3mon3BamMe TAabOIUIA 33 MCTHHHOCT 33 JIa OIPEIEJINM CTONHOCTHTE HA
OCHOBHHUTE ChKIUTEJIHNA OIEPAIMH MPU BCUYIKKA Bb3MOKHIA HAOOPH HA CTORHOC-
TUTE HA TPOMEHIUBUTE.

plag|-p|pVa|pAg|p—q|-pVag|p < q|Pg V pq
o[0l 1] 0 0 1 1 1 1
01 1 1 0 1 1 0 0
1jolo | 1 0 0 0 0 0
I/1]0]| 1 1 1 1 1 1

CbaKIUTEJHO BepeH (BaJlUjieH) e TO3U JIOTMYECKH U3pa3, KOfTo uMa Bep-
HOCTHA CTOMHOCT 1 PU BCHYKYM Bb3MOXKHHA HADOPY HA CTOWHOCTUTE HA CbXKJIH-
TEeJIHUTE MPOMEHJIUBA B U3Pa3a, T.. CT'bJIObT HA U3pa3a B TaOIUIATA 338 UCTHH-
HOCT TPsOBa /18 CbhAbP2KA caMo croiinocTu 1.



Ise coxkauresnnu Gopmynu ¢ u Y ca eKBUBAJEHTHU, KOETO O3HAYABAME
KaTo ¢ = 1), aKO Ca ChCTABEHU OT EJHW U ChIMU CbXKIUTETHU TPOMEHJIUBUA U
JBATa M3PA3a UMAT €IHU W ChIM BEPHOCTHU CTONHOCTH NMpPU BCUYKKM KOMOWHA-
WY OT BEPHOCTHU CTOHHOCTH HA mpomensuBute. C Apyru mAyMu, KOJIOHUTE HA,
JBaTa M3pa3a B TAOJIUIATE UM 33 HCTHHHOCT TPAOBa 1a cbBmagar. Hampuwmep,
JIECHO Ce BHXK/IA, de

pP—q="pVgq.

CbKaAuTeNHN 3aKOHU

CreqiBa CUCHK OT ChyKIUTEIHN eKBUBaJeHTHOCTH. Te ce HapuyaT 3aKoHH, 3a-
IIOTO Ce M3IOJI3BaT MHOrO 4ecto. He e HeoOXOAMMO Ja TM y4uTe HAu3yCT, HO €
BaskKHO Jla MOXKe Ja IPOBEPHUTE 3a BCEKU OT TAX 3alll0 € BaauieH.

A) Bakon 3a maeHTuTera
pAl=p
pVO=p
B) 3akoHn 3a momuHanmsTa
pvl=1
pANO=0
B) 3akoH 3a ugeMnoTEeHTHOCTTA
PVDP=Dp
PADP=D
I') Bakon 3a gBoiiHOTO OTpULAHUE
1) KomyrarnBeH 3aKOH
pvVqg=qVp
PAG=qAp
E) AcoumaruBeH 3aKoH
(pva)Vr=pVi(qVr)
P A@ ANr=pAlgnr)
7K) ductpubyTuBeH 3aKOH
pA(avr)=@ Aa)Vip AT)

pVg ANr)={@Ve A (pVr)



3) Bakonu Ha ge Moprax
~(pAg) = (-pV—q)
—(pVaq) = (-pA—q)

1) 3akoH 3a KOHTPaANO3UIUSTA
pP—q=—9q—p

K) O06061ieH 3aKOH 3a KOHTPAIIO3UIIUATA
(pAg)=r=(A-T) =g

JI) 3akoH 3a U3KJIIOYEHOTO TPETO
pV-p=1

M) 3akoH 3a cumiiorusma (TPaH3UTHBHOCT)
(p=a) Alg=r)]=(—=r)=1

JlecHo ce mpoBepsiBa ¢ TAOMUIUTE 33 UCTUHHOCT, Y€ 3AKOHUTE Ca BAJIUIHU.

IIpumep 1. Heka mampumep ga mpoBepuM €IHO OT mpaBujara Ha ge Mopram
¥ 3aKOHA, 33 KOHTPAIIO3UIUSATA.

pla|pAg|~(Aq) | -P|—-q|PV—qg|p—q|—g—p
0l0[ 0 1 1] 1 1 1 1
0[1] 0 1 10 1 1 1
1o 0 1 01 1 0 0
11 1 0 00 0 1 1

IIpu Bcuvku CTOMHOCTH HA IPOMEHJIUBUTE P U ¢, CT'bJIOOBETE CHOTBETCTBAIIU HA
ﬁ(p/\q) u —pV g cbBuagar. CieoBaresHo, 3aK0OHbT Ha jie Mopran e BasuieH.
ITo chimus HaumH ce cbOOPA3siBa, Y€ 3aKOHBT 33 KOHTPATO3UIUATA € BAJIUIEH.

IIpumep 2. Moxkem na JOKaKeM BAJHMIHOCTTA HA 3AKOHWUTE U 10 APYT HAYWH,
a MMEHHO 4pe3 JIONyCKaHe Ha MPOTUBHOTO. Taka Ime /J0Ka)KkeM, 4e 3aKOHBT 32
CUJIOIU3Ma € TABTOJIOIHUS.

Jla normycHeM, de CBIECTBYBa CTONHOCT Ha MPOMEHJIUBUTE P,q,T, 38 KOUTO

(p—aq) N(@g—r)—=>p—>7)=0
1 0

Tosa ozunadasa, e

Torasa, KaTo 3aMeCcTuM,

(1—=q9) A (¢g—0)—=(1—-0)=0
Y T

(@]



e Akog=0,10 (1 —=0) A (0—0)=0A1=0, cleroBaTEIHO TO3U CIIydail
€ HEBH3MOYKEH.

e Akog=1,10 (1 =1) A (1= 0)=1A0=0, ciienoBaTesqHO TO3U Cyydail
ChIIO € HEBbH3MOXKEH.

W B gBara ciaydas 3a ¢ qocturaaxme g0 nporuBopeurne. Cjen0BaTeIHO HAIIETO
JOIyCKaHe He e BAPHO, KOETO O3HAYaBa, Y€ TIPU BCAKA CTOWHOCT HA MPOMEHJIN-
BUTE P, ¢, T,

(p—=aq) A (g=1)]—=p—-7r)=1
3azgaua 1. Ilposepere manm ciieIHUTE CHAKIUTETHA (POPMYIH Ca BAJHIHUA.
a) (pAq) = p;
6) p— (pVq);
B) (p—=q) < (~g— —p)
3agaua 2. Ilposepere ganm:
a) p—+q=-pVyg
6) (p ANa)>r=p—=(qg—r)
B) p A ¢=—(-pVq)
n) ~(pAq) = (=pV—g);

=(pVq) = (=pA—g);

)
)
)
r) p<rg=p—q A (¢—p)
)
e)
)

x®) =(p—q) = (pA—q).

3abesexka. O6bpHere BHuManue, 4e (p — ¢) —> 7 HE € eKBUBAJEHTHO HA
p — (¢ — r). Haupumep B3emere p =g =r =0.

3abestexkka. 3a y100CTBO, MOHIKOrA IIE MUIIEM P BMECTO —D U PG BMECTO PA(.

3agaua 3. /la npeamosioKuM, g€ CMe Ha OCTPOB, KOWTO ce 0OMTaBa HETOJHUIN 1
6saropopuunu. Herogaunure Bunaru jabxkar, a 6JaropoHUIUTE BUHAIE KA3BAT
ucrurara. Cperrame TpuMa oO0uTaTe N Ha TO3U OCTPOB, Hapeuenu A, B u B.
a) e A kasBa ,Bcuuku cMe HeromHumm’.

e b ka3Ba ,,Jo4uHO equH OT HAC € DJIATOPOIHUK .

Kaksu ca A.B u B?

6) e A xassa ,Bcuuku cme nerogauiy’.
e b ka3Ba ,,JOYHO equH OT HAC € HerOJHUK .

ToraBa MOXKeM Jin 13, OTIPEJIETUM

e Kakbs ¢ B?

e Kakbs ¢ B?

Kuurara Ha Cmbass [2] e
mbJHA C TaKuBa 3ama4au. Cbiro
u [1, cTp. 23]

a <« abc

b < (abcV abeV abc)

a <« abc

b < (abcV abeV abc)



B) e A xa3sa ,B e nHeromuuk”.

e b ka3Ba ,,A u B ca or equH 1 CbIIl TUI, T.€. WX U JBAMaTa ca 6,1aropo/i-
HWIM, WA U IBAMAaTa Ca HETOIHUIIN .

Kakbs e B?

HokaszarencrBo. Heka c Bceku OT TpuMara OOMTATENST HA OCTPOBA /14 aCO-
nuUpaMe eIHa ChKIUTETHA TpOoMeHInBa. Hampumep, HeKa CbXKIUTETHATA, TPO-
MEHJIMBa, @ 13 UMa cToiiHocT 1, ako A e O/JIarOpOIHMK W HEeKa mMa cToiHocT 0,
ako A e meromguuk. Ilo cbimusa HaYnH CBbpP3BaMe ChbKIUTETHATA TPOMEHINBA b
c oburarens B u chxauTeHATA IPOMEHINBA ¢ ¢ oburarens B.

a) Torasa

a) Axo A e 6uaropoanux, 1o A,B,B ca nerogauuu ce pesexia Ha €3UKa
Ha CbhKIUTETHOTO CMSTAHE KATO

a — abe.

Ako A e HerogHUK, TO TOH JI'bKE, CIETOBATEIHO HE € BAPHO, Y€ BCUUKU
ca meromaumy. ToBa ce MpeBexKIa HA €3UKA HA ChXKIUTETHOTO CMITaHe
KaTo

a — abe,
KOETO € €EKBUBAJICHTHO Ha
abc — a.
CurreioBarenito, B BaTa ciiydas 3a A mosydaBame
(a — @be) A (@be — a) =1,
HJIN
a < abc=1.
Cera nostydaBame CJI€IHUTE €KBUBAJIEHTHH PEOOPA30BAHUS:
a < abc= aabe\ a(abe)
= alaVbVe)

abV ac
1.

6) IlpaBum ananorudHu pascbxiaenus u 3a B.

b < (abcVabeV abe) = b(abe V abe V abe) V b(abe v abe V abe)
= abc V blavbVve)avbVe)(aVvbVe)
= abc V b(aVabVacVabVbeVaeVbe)(aVbVc)

= abe V b(aVbcVbe)(avbVe)
v

abé v abe V abe.

= 1.

a < b

b < (acVac)



B) Cera B3umaMe KOHIOHKIHATA Ha A) u B).
(abV ac) A (@be V abe V abe) = abe = 1.

3akmouaBame, ue A u B ca merogunnm, a B e 6aropoannk.

JIuteparypa

e IIbpsa rnasa or [1| upeacrasisiBa gocTblied U HOAPOOEH YBOJ B C'bXKIAUTEJ-
HOTO cMsiTare. CHUJTHO MPEMOPBUNTETHA, KHUTA 33 YBO B JUCKPETHATA MaTe-
MaTHKa.

e B xuurara na CMbiagH [2] ©Ma MHOrO 3aHHMATEHH 333491, ¢ KOUTO CTY/IEH-
THT MOXKE HEYCETHO Jla HaBJe3€ B AbIOOYUHUTE HA JIOTUKATA.



1.2 Ilpeamkar;m m KBaAaHTOPU

3a pasiiKa OT ChXKJMTEJHOTO CMATAHE, B MPEJUKATHOTO CMITAHE, IPOMEHJIU-
BUTE MOTaT Ja TpUueMaT ITPOU3BOJIHU CTOWHOCTHU B PaMKUTE Ha IIpEABaAPUTETHO
dbukcnpana o6macT oT cToHOCTH (JIOMEiH).

KBanTopu

CsoiicTBaTa MM OTHOIIEHUSTA, HA, €JIEMEHTHUTE B IPOU3BOJIHO MHOXKECTBO C€ Ha-
puuar npemukaTu. Heka na pasriename equn eqnomecren npeaukar P(-).

TBbp/IEHUE

Kora e uctuna?

Kora e neuncruna?

(Vx € A)P(x) | 3a Bcako z B obsactra A,

P(x) e BapHo

ChIECTBYBa & B obacTTa A,
3a Koero P(x) He e BAPHO

(3z € A)P(z) | cbuecTByBa & B 00JacTTa
A, 3a koero P(x) e BsipHo | B obsacrra A

P(x) He e BAPHO 3a BCAKO T

(I) KBaurop 3a obugaocr. 3amucbt (Vo € A)P(x) o3HauaBa, e 3a BCEKU
eslemenT a B A, rBbpaenuero P(a) uma croitnoct ucruna. Hanpuwmep,
(Vr € R)[(z + 1)% = 22 + 22 + 1].

(I) KBauTop 3a cbimectByBaHe. 3anucbr (Jz € A)P(x) o3navasa, ue
CbILECTBYBA €j1leMeHT a B A, 3a Koiito Tebpienuero P(a) uma croitnocrt
ncrnaa. Hanpumep, (3z € C)[z? = —1], wo (Vo € R)[2? £ —1].

3akoHHI Ha npeanKaTHOTO CMATaHe

(I) =VzP(z) + Jz—P(x)
(II) =3zP(x) + Vax—-P(x)
(IIT) VazP(x) + —-Jx—-P(x)
(IV) JzP(x) + —Vz-P(z)
(V) VaVyP(z,y) < VYyVaP(z,y)
(VD) Jz3yP(z,y) < TyIzP(x)
(VII) JaVyP(z,y) — YyIzP(x,y)
3akonu Ha /le MopraH 3a KBaHTOPH
TBbpAeHne | ExBuBasIeHTHO Kora e ucrtuna? Kora e mencruna?
TBbDJIEHIE
—JxP(x) Va—-P(x) 3a Besiko ¢ P(x) He e | cbmectByBa ©, 3a
BSIDHO Koeto P(x) e BIpHO
—VaP(x) dx—P(x) CbILIECTBYBA T,3a KO- | P(zr) e BapHo 3a
ero P(x) He e BAPHO | BCIKO T




Bagava 4. Jda oznauum ¢ K(z,y) rebpaenuero “z nosuasa y”. U3pasere karo
MpeanKaTHa (hOPMYJIa CIAETHUTE TBHPICHUSA.

1) Bceku nosnaBa HAKOTO.

2) Hsxoit no3naBa BCeku.

3) Hskoit e mo3HABAH OT BCHYKH.

4) Bcekn 3Hae HSKO, KONTO HE IO TIO3HABA.

5) Hma TakbB, KOHTO 3HAEe BCEKH, KOMTO TO MO3HABA.

6) Bceku asama no3naru umar o0l [IO3HAT.

Banmaua 5. Heka G(x) o3HaUaBa, 4e 4OBEKbT & € J100BD.

1) Uspasere ¢ ¢popmysia TBbPAEHUETO, Y€ BCUUKHU XOpa ca 106pu 6e3 ja usioJ-
3Bare KBAaHTOpPA V, a caMO KBAHTOPA 1 U JIOTHYECKUTE BPb3KH.

2) Uspasere ¢ ¢dopmysa TBbPACHUETO, Y€ Mohe edur YOBEK € mo0bp 0e3 aa
M3IOJI3BATE KBAHTOPA J, & caMO KBAHTOpA V ¥ JIOTUYECKUTE BPb3KH.

IIpumep 3. Kassame, ue peaunara qo, 1, ..., qn, - - - € CXOAAIIA U KJIOHA KbM
a, aKo

(Ve)(AN)(Yn)[n > N — |a — ¢qu| < €].

O6ukHOBEeHO TOBa 03HaYaBaMe Karo lim, ¢, = a. Jla BuauM KakBO O3HA4YaBa, e
lim,, ¢,, # a.

—(Ve) BN)(Vn)[n > N — la — qn| <e] &
~(Ve)AN)(¥Yn)[n < N V]a—qn| <] <
(Fe)~3N)(Vn)[n < N Vl]a—g,| <e] «
(Fe)(YN)~(Vn)[n < N Vla—q,| <e] «
(F)(VN)(En)-[n < NV]a—qn| <e]
(Fe)(YN)(@n)=[n < NVi]a—qn| <e] +
(F)(VN)(@En)[n > N A |a—gs| > €]

ITpumep 4. Kaspame, ue f: D — R e nenpexscrama B Toukara xg € D, ako
(Ve > 0)(30 > 0)(Vz € D)[|lzg —z| <6 = |f(zo) — f(z)] < el

Ha BuanM KakBo o3HadaBa [ 1a Obae npexkscuama B ToUKara g € D:

—(Ve > 0)(36 > 0)(Vz € D)[|zg —z| <d = |f(m0) — f(z)| <e] «
(e > 0)=(36 > 0)(Vz € D)[|lzg — x| <6 = |f(zo) — f(z)| <e]
(e > 0)(V0 > 0)~(Vz € D)[|lzg —z| <§ = |f(zo) — f(x)| <e]
(Fe > 0)(Vo > 0)(Fzr € D)-[lzg — x| <0 = |f(z0) — f(z)| <¢] «
(3e > 0)(V6 > 0)(Fz € D)=[=(|wo — x < 6) V| f(zo) — f(z)| <e]
(e > 0)(¥6 > 0)(Fz € D)[==(Jzo — x| < 8) A=(|f(wo) — f(2)] <e)]
(e > 0)(V0 > 0)(3x € D)[|zg — x| <0 A |f(xo) — f(z)| > €]

10

VaIyK (z, y)
vy K (z,y)
vy K (y, x)
Va3y (K (z, y) A =K (y, x))
JaVy(K (y,z) — K(z,v))

(Va,y)(K(z,y) & K(y,z) —
3z2(K(z, 2) & K(y,2))

f e mpexkbcHara B xo ako f He
€ HeIIPEeKbCHATA B T(



3amava 6. Kassame, ue f: D — R e pasrHomepro nenpexscrama, ako
(Ve >0)(36 >0)(Vz € D)(Vy € D)[|lz —y| <d = |f(z) — f(y)| < €]

Hamnumere dpopmysa, KosTo Ka3Ba, ue f HE € pABHOMEPHO HENPEK'bCHATA.

3amaua 7. Ha equH ocTpOB XWBEEJIN JIBA BHUIA OOUTATEN - OJATOPOIHUIIA T
Heroauuiy. biraropogHunuTe BUHATH Ka3BaJIM NCTUHATA, & HETOIHUIIATE BUHATH
mbxkenu. EuH mbTernecTBeHNK MONa HAT Ha TO3W OCTPOB M UCKAJ J1a pa3depe
moBede 3a HeroBuTe oburarenn. Becekn oburaren Ha OCTPOBA My Ka3aJl:

a) “Bcuuku Tyk cMme oT eauH u cbil Bux'. KakBu ca kurenaure Ha 0CTPOBa?

6) “Hsikou or Hac ca 61aropoiHuny U HAKOM OT HAc ca Heroxuunu”’. Kaksu ca
KHUTEJIUTE HA OCTPOBA?

Hoxka3zaresicrBo. Heka ¢ K(z) Ja o3nauaBame, 4e kureidar & e 6Jaropol-
Huk (ot anri. Knight), n chorsetHo ¢ =K () mie o3navaBaMe, ue KUTEIAT T €
HETO/THVIK.

a) TebpaeHnero, KOETO Ka3Ba, 9€ BCUYKH OOMTETENU Ca OT €IUH W CbI BHUJL
MOKe Jla ce TIpeBejie Ha e3UKa Ha MPEeINKATHOTO CMATAaHEe KaTo:

Ve K (z) V VK (x).

Torasa, momezke ako oOUTATEAT X € OJIATOPOIHUK, TON BUHATH Ka3Ba MCTH-
Hara, ciaemnara GoOpMysa € BapHA:

(Vz)[K(x) = (Ve K(z) V VK (x))].

ChOTBETHO KO T € HErOMHHK, TO TOIf BHHATH Ka3Ba JIb¥Ka,
(Vz)[-K(z) = =(VaK (z) V Vz—-K (2))].

Taka momygaBame dopmyrara

(Vo)[K(x) + (VaK(z)VVx-K(z))].

Ako uma 6/1aropoOJIHUK HA OCTPOBA, TO BCUYKHK Ca 0JIarOpOJHULIM.
e AKO WMa HEroJHWK Ha OCTPOBa, TO WMa u Omaropoguuk. Ho 1mom mma
01aropoHUK, BCUYKH ca Oaropomuuru. [IporuBopedne.
6) e AKO MMa HErOJHHMK HA OCTPOBA, TO BCUYKU CA HEMOIAHUIIH.

e Ako uma 6JIarOPOIHUK HA OCTPOBA, TO MM U Heromuuk. [llom nma Herom-
HUK, TO BCUYIKH ca Heromauiw. [IporuBopeune.

O

3agauva 8. Cjen TOBa MbTEIECTBEHUKBT MOMATHAN HA APYT OCTPOB, HA KOMTO
TOM CHJTHO Ce WHTEPECyBaJl OT TOBA JANHM obmTarenuTe mymar. 2Kurennre Ha
TO3M OCTPOB MY OTTOBOPHJIM TAKA.

a) “Bcuuku Guaropoguuiu nymar.” Kaksu ca xurejure Ha OCTPOBA U ILyILAT
?
s 7

11

Or xuurara Ha CmbasaH [2]

V(K (x) <
(Ve K(z) VVz-K(z))) — ?

Vz(K(x) <
(FzK(x) A Jz—K (z))) — ?

Va (K (z) < Yy(K(y) —

S(y)) =7



6) “Hsakou meromuuny nymar.” Kaksu ca KuTejuTe Ha OCTPOBA U MyIHaT JIu !
Pemenne.

a) e Iwma Gsaropoauuk Ha ocTpoBa. Torasa Bcuuku 61aropogHuy myiar. AKo
WMa CbIIO TAKa W HErOJHUK Ha OCTPOBA, TO TOraBa MMa OJIATOPOIHUK,
KoiiTo He mymre. ToBa e nporusopedne. Ciie10BATETHO, AKO UMa, TOHE eJINH
0JIarOPOTHUK, TO BCUYIKHA OOUTATEH Ca OJIArOPOTHUIIH.

e llma meromamk Ha ocTposa. ToraBa mma OJATOPOSHHUK HA OCTPOBA, KOHTO
we nyme. Ho ToraBa mbK BCHYKM OJIArOPOJHWIM IIYMIAT, KOETO € IPOTH-
BOpedue.

Bako9aBaMe, 9€ BCUYKU OOUTATEIsT Ha, OCTPOBA €A OJIArOPOIHY MYIIAYH.
6) Ha nomycHem, de uma 61aropogHuK Ha ocrpoBa. CllenoBaTeHO UMa U He-
roguuk, koiiro myme. Ho Torasa (Vy)[K(y) V —S(y)], koero o3HauaBa, de

BCUYKHU HEroJHUIM ca Hemyinadu. JJocrurnaxme po nporusopeuune. Cieno-
BATEJHO BCUYKHU OOMTATEIN HA OCTPOBA Ca HETOJHUIINA, KOUTO CA HEIYIIadu.

O

3amada 9. IIbremecTBeHUKBT OTULIBII U HA TPETH OCTPOB, HA KOUTO BCHYKH
obuTtaren OUIN OT €IUH W CbII BUI.

a) “Axo a3 myrma, TO BCHUKHN mymar.”

=)}

=]

“Hsakou myrmaT, HO a3 He.”

) “AKO HAKON O0MTATEN Ha OCTPOBA IyIlE, TO U a3 myra,.”
r)

“Hakou mymmar.” u ciel ToBa qooasuin - “A3 He myma.”.
KakBo MoxkeM 1a KazkeMm 3a 00MTaTenTe HA TO3W OCTPOB?
Permenne.

a) Axko Bcwuku merommuiy, to (Va)[S(xz) A Jy—S(y)], KoeTo e HEBH3MOKHO.
CrenoBaresino, BCUYKU ca Ojaropomuuny. ToraBa wan BCHUYKU MYIIAT WA
HUKOI He IyIIe.

6) Ako Bcmukwm ca Heroguunm, to (Va)[JyS(y) A —S(z)], KoeTo e HeBb3MOKHO.
CnemoBarento, Bcudku ca Gnaropogauiy. ToraBa Wiv BCUYKU MyIIAT WK
HUKOIl He IryIe.

B) Ako Bcmukn ca Gmaropogauny, To (Va)[3yS(y) A—S(z)], Koero e HeBb3MOK-
no. Caenosaresno, Beuuku ca meroguunu. Torasa (Vz)[Vy—S(y) V S(z)],
KOETO O3HAYABA, 9€ WM BCWYKH IYMAT WM HAKOH HE TMyTITe.

r) Tasu curyanus e HeBb3MOKHA!

12

Vz(K(x) <
Fy(~K(y) A S(y) = 7

Hob6assime Ve K (x) V Ve K (x)
V(K (z) « (S(z) = YyS(y)))
Va(K(z) < (JyS(y) = S(=)))

Vo (K(z) < (3yS(y) A —S(2)))

Vo (K (z) < JyS(y)) A
Vz(K(z) < ~S(z))



I'maBa 2

MHuoxkecTBa

2.1 OCHOBHU IOHATUA

e MHO>KeCTBO € CbBKYNMHOCT OT 00eKTH (ejemMenTn). EIHO MHOXKECTBO MOXKE
ChIIO TaKa /1a ObJe eJIeMeHT Ha HIKOe JPYro MHOXKecTBO. V3nos3BaMe O3Ha-
qeHnero r € A, 4e 00eKTbT T NPUHAIIEKN HA MHOXKECTBOTO A.

(] HpaBHOTO MHO>Ke€CTBO O3HadYaBaMe C @ To uma CJIEJTHOTO CBOMCTBO:
(V)[x & 0]
NN €KBUBAJIEHTHO,

—(3z)[x € 0].

IIpumep 5. ETo HIKOIKO MpUMepa, 38 MHOYKECTBA, KOUTO ITIe N3TOI3BAME IeCTO:

e EcrecTrenuTe uncna,
N=1{0,1,2,...};

o Ilenmre umncna,
Z=A{...,-2,-1,0,1,2,...};

e Pamumonasinure 4uca,

Q:{%|m,nez&n7§0}.

2.2 CpaBHsgBaHe Ha MHOYXECTBA

Kazsame, ue eqHO MHOKECTBO A ce BKJIIOYBA B MHOXKECTBOTO B, KoeTo 03Ha-
gaBame ¢ A C B, aKO BCEKU €JIEMEHT, KOWTO TPUHAJIEKN HA A, TPUHAIJIEKN U
Ha B, T.e€.

(Vz)lx € A — z € B].

O6ukHOBEHO 1Ie Ka3Bame, ye A e moAMHO2KecTBO Ha B. K10 HaKO/IKO puMepa:

13



e ) C A, 3a Bcako mHOxkecTBo A.

e {1,2} C{1,2,3}.

o {{0}}  {{0},0}.

e NCZuZcCQ.

JBe muoxkecrBa A u B ca paBHH, ako

A=B <& ACB&BCA.

2.3 Omneparnuu BbPXy MHOXKECTBA
[ITe pa3riierame HAKOJIKO OMEpAINU BbPXY MPOW3BOJHA MHOXKeCTBA A u B.
(I) Ceuenne
ANB={z | t€ A A z € B}.

Kaszano mo-gopmanno, A N B e MHOXEeCTBOTO, 3a KOETO € H3II'bJIHEHA,
dopmymara

(Vz)[re ANB < (x€ A A x € B).
IIpumepu:

e ANA = A, 3a BCIKO MHOXKECTBO A.

e AND =0, 3a Bcako MHOKeCTBO A.
o {1,0,{0}} n {0} = {0}.
e {1,2,{1,2}}n{1,{1}} = {1}

(IT) O6enuuenne
AUB={z |z €A V x € B}.
AU B e MHOXeCTBOTO, 33 KOETO € M3II'biIHeHa (hopMyIaTa
(Vz)[re AUB < (zx€ AV xz€ B)|.
[Ipumepn:

e AUA = A, 3a BCIKO MHOXKeCTBO A.

e AU = A, 3a BCIKO MHOKECTBO A.
o {1,2,0U{1,2,{0}} ={1,2,0,{0}}.
e {1,2,{1,2}}U{1,{1}} ={1,2,{1},{1,2}}.
(IIT) Passmka
A\B={z | € A N = ¢ B}.
A\ B e MHOXeCTBOTO, 3a KOETO € U3IrbjHeHa (GopMyJiara
(Vz)lr € A\B < (x€ A A ¢ B).

IIpumepu:

14



e A\ A=, 3a Bcako mHOKECTBO A.
e A\ D= A, 3a BcAKO MHOKECTBO A.

e N\ A=, 3a Bcsako MHOKECTBO A.
o {1,2,0}\{1,2,{0}} = {0}.
o {L2,{1,2}3\{1,{1}} = {2,{1,2}}.

(IV) Cumerpuuna pasjmka
AAB = (A\B)U (B\A).
AAB e MHOXECTBOTO, 33 KOETO € U3IIbjIHeHa (hOpMyIaTa
(Vz)lx € AAB < [(x€e AN xgB)V(xeB A xzgA).
IIpumepn:

e AAD = A, 3a Bcako mHOxkKecTBO A.
e ANA = (), 3a BCAKO MHOXKECTBO A.

e AAB = BAA, 3a Bceku ape muoxkecrsa A u B.
o {1,2,03A{1,2,{0}} = {0} U {{0}} = {0, {0}}.
o {12, {1,21}A{1,{1}} = {2, {1, 2} } U {{1}} = {2, {1}, {1, 2} }.

(V) CTeHeHHO MHO2>KeCTBO
P(A)={z |z C A}
P(A) e MHOXKECTBOTO, 338 KOETO € M3IIbJHEHa (hopMyIaTa

(Vz)x € Z(A) & (W)yex—ye A

IIpumepn:
o Z(0) = {0}.
o 2({0}) ={0.{0}}. Honcncrto me s, e axo A
o 2({0,{0}}) ={0.{0}, {{0}},{0,{0}}}. e ) s T meeierime
. 97’({1 2}) = {0, {1}, {2}, {1, 2}}.
Z{0.{1},1}) = {0, {0}, {{1}}, {1}, {0, {13}, {0, 1}, {1, {1}}. {0, {1}, 1}}
Heka mmame pennna or muoxkectBa {Aj, As, ..., A, }. ToraBa nmame ciemnure
oTeparyn:

(I) OGenmueHue Ha peauIia OT MHOXKECTBA

Udi={z13i0<i<n&aec A}

i=1

(Vz)x € OAZ' < (A1 <i<n A xe A

i=1

15



(IT) Cevyenue Ha penuIia OT MHOXXECTBA

ﬂAi:{x|Vi(1§i§n—>xeAi)}.

=1

(Vz)[z € ﬁAi < Vi)l <i<n — z€ A

i=1
IIpumep 6. Heka A={x € N|z > 1} u B={x € N| z > 3}. Torasa :
e ANB={zreN|z>3},
e AUB={zreN|z>1},

A\B={zeN|1l<az <3}
B\ A =0,
AAB={zeN|l<z <3}

2.4 3agaun

Bamaua 10. Heka A = {z e R | [z < 1} u B={z e R | |z — 1] < i}.

Hawmepere:

e AU B;

e ANB;

e A\ B;

e B\ A;

e AAB.

Bamaua 11. Hamepere & (A), Kbaero:

a

6) A={1,2}.
) A={{1,2}}.
r) A={0,{0}}.

) A
) A
)
)
o) A={0,{1,2},7}.
e) A={1,2,3,4}.

3amaua 12. [Iposepere BepHHU U ca CBOACTBATA:

a) ACB < A\B=0 <& AUB=B < ANB=A4;
6) A\D=A,0\A=0, A\ B=B\A.

B) AN(BUA)=ANB;

16

{0}

{0, {1}, {2}, {1, 2}}

{0, {{1,2}}}

{0, {0}, {{0}}, {0, {0}}}



r) AUBNC)=(AUuB)N(AuC)u AN(BUC)=(AUB)nN
1) CCA&CCB—-CCANB;
ACC&BCC—-AUBCC;

x) (Ui A) N B = U/, (4 N B);
(NI, A)) U B = (V- (4 U B);

u) AB=A < ANB=10;

K) A\B=A\(ANB) u A\B = A\(AU B);
(AUB)\C = (A\C)U(B\C);

M) A\ (B\C) = (A\B)\ C;

e

w

JI

H

o

)

)

)

)

)

)

)

)

)

)

) C\(Uizy Ai) = Miza (C\A) 1w C\(NiZy Ai) = Uiz (C\A);
n) (A\BN\C = (A\CN\(B\C) u A\(B\C) = (A\B) U (AN C);
p) AAB=BAAu AAB = (AUB)\ (ANB);
c) AA(BAC) = (AAB)AC
1) AA(BUC) = (AAB) U(AAC);

y) AA(BNC) = (AAB) N (AAC);

$) A\B = AA(AN B);

x) AN(BAC) =(AUB)A(AUC);

) AUB = (AAB)U(ANB);

) ANA=AuAAB =0 + A=B;

) AAB=C « BAC=A « CAA=B;

m) AC B = 2(A) C P(B);

10) P(ANB)=P(A)NP(B)u P(AUB) = P(A)U P(B);
) P(A\ B) = 2(A)\ 2(B) u Z(ALB) = P(A)AP(B).

3amaua 13. [la ce pemar cucreMuTe ¢ TPpOMEHINBaA X :

it

9

juil

) A\X = B

Yolx\4 = c,
K'bJIeTo ca fajenu muoxecrsara A, B,Cu B C A, ANC = 0;

6) ANX = B

AUX = C(C,

KbJeTo ca gajaenn muoxkecrsara A, B,C u B C A C C,
) A\X = B
Polaux = ¢,

KbIeTo ca magenn muoxkecrsara A, B,Cu BC ACC.

17

(AuC);

He e Bapno!

3akonu Ha Jle Mopran

O\ (AU B) = (C\A) N (C\B) 1 C\(AN B) = (C\A) U (C\B)

xZcouA\B)



Benexxkkn

e B [1, IuiaBa 2| ce pasruiexar OCHOBHO KPallHM MHOXKECTBA MJIM MHOXKECTBA
OTpPaAHWYEHN OT HAKAKHB yHUBEpCYM U.
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I'masa 3

Penanun

3a 1a JazmeM OmpeesieHne HA MOHSATHETO Pejallusi, TPsiOBA MbPBO A BbBEIEM
TIOHSITUETO JIEKAPTOBO MTPOU3BEIeHNE Ha MHOYKECTBA, KOETO MMbK OT CBOSI CTPAHA
ce OCHOBaBa Ha MOHATHETO HapeJeHa JIBOMKA.

Hapenena gBoiika
3a aBa enemenrta a u b BbBEXKIaMe OlpenuaTa HapeaeHa aBoiika (a,b). Ha-
penenara aBoika (a,b) uMa CIeJHOTO XapaAKTEPUCTUYHOTO CBOHCTBO:

ap =as N b1 = b2 s <a17b1> = <a27b2>.

ITonsgTmero HapemeHa IBOMKa MOXKe Ja ce JedpWHUPa MO MHOTO HAYWHY, CTHUTa,
Jla U3I'bJIHSABA XapEKTEPUCTUIHOTO CBOMCTBO. KETO MpuMepn Kak TOBa MOXKeE J1a
cTaHe:

1) II'bpBOTO TEOPETUKO-MHOKECTBEHO OIIPEIEJIEHHE HA TIOHATHETO HAPEIEHA IBOM-

Ka e mazerao ot Hopbept Bumep:
(a,b) = {{{a}, 0}, {{0}}}.
2) Omnpezenennero na KypaToscku ce npuema 3a ,,CTaHAaPTHO® B HAIIM JHU:
(a,b) = {{a}, {a, b}}.

3amaua 14. /lokaxkere, 9e TOpHATE ISHUHANNH HANCTHHA U3MTbJIHIBAT XapeK-
TEPUCTUYHOTO CBOICTBO 3a HAPEJIEHU JIBOUKH.

Babesexka. Cera MOxkeM J1a BbBEIEM MOHATUETO HAPEIEHA N-0pKa (a1, . . ., Gy )
3a BCIKO €CTeCTBEHO YHUCIo n > 1:

(a1) = a1,

(a1, a9,...,an) = (a1, {az,...,an))
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Kazimierz Kuratowski (1921)



3.1 JlekapToBO mpomu3BeIeHNIE
3a aBe muoxkecrBa A u B, onpejiesisiMe TSXHOTO JIEKAPTOBO MPOU3BEICHIE KATO
Ax B={{a,b) |ae A& be B}.
3a kpaen Opoit muoxkecrsa Aq, Ao, ..., A,, onpenensame
Ay xAgx---x A, ={(a1,az2,...,an) | a1 € A1 & az € As & ... & ay, € Ay}

3agauva 15. Ilpesepere mamu:

a) Ax (BUC)=(AxB)U(AxC);
6) (AUB)xC=(AxC)U(Bx();
B) Ax (BNC)=(AxB)N(AxC);
r) (ANB)xC=(AxC );

Ax B

e

-~ — O O C
oy
X
Q

(
(A\B)xC=(AxC
(AAB) x C = (A x C)A(
P(Ax B)=P(A) x Z#(B);

~—  ~— =

K

)
) A
)
n) Ax(B\C)=
)
)
)

3

3.2 OcHOBHHU BHUJOBE OMHAPHU peJIaliin

Penamuure or Buga R C A X A ca BaxkeH KJjac, KOiTo 1ie cpemame decto. da
pasriesaMe HAKOJKO OCHOBHYM BHJA PEIAIMH OT TO3HM KJIAC:

I) pedamkcuBHAa, ako
(Vx € A)[(z,z) € R].
Hamnpuwmep, penamuara < C N x N e pedrekcusna, 3aoro
(Vo € N)[z < z].
II) anTupediiekcuBHa, aKO
(Vo € A)[(z,z) & R).
Hampuwmep, penamuara < C N x N e antupediiekcuBHa, 3a1oro
(Vo e N)[z £ z].
III) TpansuTUBHA, aKO
(Vz,y,z € A)[(z,y) € R & (y,2) € R — (z,z) € R].
Hanpuwmep, penamuara < C N x N e Tpan3utuBna, 3a110To

(Ve,y,z€ A)x<y&y<z — x<z].

20

Ha anra. cartesian product

Cunrame, ye (A X B) x C =
Ax (BxC)=AxBxC



IV) cumerpmuna, ako
(Vo,y € A)[(z,y) € R — (y,z) € R].
Hampuwmep, penamuata = C N x N e pedrekcusHa, 3a1oro

(Vz,y eN)z =y — y==x].

V) amTumcmMerpudHa, ako
(Vo,y € A)[(z,y) € R& (y,z) € R— x =y].
Hanmpuwmep, penamuara < C N x N e anTucumerpudna, 3amoTo

Ve,y,ze Az <y &y<z — z=yl.

VI) acumerpuyHna, ako

(Vz,y)[(z,y) € R — (y,x) ¢ R].

Hanpuwmep, penamuara < C N x N e acumerpudna, 3amoTo

(Ve,y eN)z <y — y £ x].

3abenexka. /[oOpe e ma 3amOMHUTE KaK C€ HAPUYAT TE3W OCHOBHU BHUIOBE
peJiaiuu, 3aIioTo e ru u3nosu3same decto. OObpHETE CHIO BHUMAHHE, Y€ aKO
eHa pesalysa He € pedIeKCHBHA, TO TOBa HE 03HAYABA, Y€ Ts € aHTupedIex-
cuBHa. CbINO Taka, ako eJIHa peJallius He € CUMEeTPUYHA, TO TOBA He 03HAYABA,
g€ T € AHTHCUMETPUIHA UJId ACHMETPUYHA.

IIpumep 7. la 0600muM NpUMEPUATE OT MO-TOPE.
a) Pesanuara < C N x N e peduiekcuBua, TpaH3UuTUBHA U AHTUCUMETPUYHA.
6) Penanusara < C N x N e anrupediiekcuBua, TpaH3UTUBHA M ACUMETPUYHA.

B) Penanusara = C N x N e peduiekcuBHa, TpaH3UTUBHA U CUMETPUYHA.

3agaua 16. Ilposepere Kom OT rope-m30pOEHUTE CBOMCTBA MPHUTEXKABA, PeJia-
nugara R:

a) R C N? u e onpesiesina Kato

(a,b) € R < alb.

6) R C Z X Z e oupezeseHa Karo

(z,y) € R < HOL(z,y) =1

B) R C Z? u e onpesienena Kato

(a,b) e R < a-b>0.
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Osu. N2 =N x N
alb < FkeN)(b=k-a)

Osu. R - peannure uucia



r) R C Z? u e onpejiesieHa Kato

(a,0) e R < a+b=0.

1) R C 7% u e onpesnenena KaTo

(a,b) e R < a+b=05.

e) R C 72 u e onpesienena Kato

(a,b) € R < a+b e gerno.

k) R C (Z*)? u e onpenenena Karto

({(a,b),{(c,d)) € R ++ a+d=b+c.

3) R C (Z?)? u e onpesenena KaTo

({a,b),(c,d)) € R <> a-d=b-c.

) RC(Zx (Z\{0}))? u e onpenenena kato

({a,b),(c,d)) €ER < a-d=b-c.
O3H. Z - uenure 4ucaa

K) R, C7Z% m € Z,m > 0 u e onpejejena KaTo
(a,b) € Ry, <> m | (a—0).
1) R C R? u e onpeesena KaTo

(x,y) € R <> (x —y) e pAIMOHAJIHO YHCIIO.

O3n. Q - panuoHaIHUTE YHUCIA

M) R C Q? u e ompesiesiena KaTo

(p,r) €ER <+ p—7T e naIo 4ucio.
1) R C N? n e onpeenena Kato

(a,b) R < a=bVa+1=0.
0) R C N? u e onpeseniena Karo

(a,b) ¢ R +» (3k e N)[a+k =1b].

u) Heka <; C A? 1 <y C B? cavacruunu napentu. R C A?x B? e oupeenena
KaTo

({a,b),(c,d)) ER + a<ic¢ A b<sd.

p) Heka <; C A2 u <y C B? cavacruunu napentu. R C A?x B? e oupesenena
KaTo

({a,b),{c,d)) €ER < a<3c¢ V b<sd.
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3amaua 17. Heka R u S ca penanum HA eKBUBAJEHTHOCT BbPXY MHOYKECTBOTO
A. KaxBu CBOWCTBA MIPUTEIKABAT CJICTHUTE PEJIAIINN:

a) RN S;
6) RUS;
B) R\ S;

Bamaua 18. Heka ¥ = {1,2,...,9} u n e ecrBectBeno umcmo. Heka R C X" X
X", kbaero ({ay,ag,...,apn), (b1,b2,...,by)) € R < a; +1=0b;( mod 2).

Bagaua 19. 3a exno uncno x € N, Heka ¢ T(2) Ja O3HAUaBaMe Hali-KbCus
JIBOMYHHMS 3anuc Ha n, a ¢ No(z) u Ny (z) 6post Ha O-ture ¥ ChOTBETHO Gpost HA
l-mure B x(9). Heka R C N x N, xpaero

L. (z,y) € Riff No(z) < No(y) & Ni(z) < Ni(y)-
2. (z,y) € Riff No(z) = No(y) V Ni(z) = Ni(y).

3agadva 20. Kowu or cienanTe OMHApPHU pEIANN BbPXY MHOXKECTBOTO Ha (yH-
Kuure or Z B 7 ca penanuu Ha ekBuBaseHTHOCT? Onuinere TeXHUTE KIACOBE
HA €KBUBAJIEHTHOCT.

a) R={(f,9) | f(1) = g(1)}.

6) R={(f,9) | f(0) =g(0) A f(1) = g(1)}-

8) R=A{(f,9) | (Vo € Z)[f(x) — g(=) = 1]}.

r) R={(f,9)| Qe € Z)(Va € Z)[f(x) — g(z) = ]}
n) R=A{(f,9) ] f(0) =g(1) A f(1) =g(0)}.

3.3 Penganum Hag gymn

e A30yka e kpaiino mHOXkecTBO X = {ay,...,a,} KaTO €JeMEHTUTE a; Ha X
Hapudame OYKBH.

e Heka na dpurcupame egun enement € ¢ Y. Cera 11e onpenesuM IyMUTe HAT,
aszbykara X. Toa ca:

— € e ayma Haj X;
— Heka o e nyma mag X u a € X e OykBa. ToraBa aa e gyma HaI X;

— HAMA JIPYIU JyMH HAJ 2.

e OznauyaBame ¢ X" MHOXKECTBOTO OT BCUYKH JyMH C JbJR2KUHA 1 HaJL a30yKara
%, X9 = {¢}, zamoro npaznara gyMa e eUHCTBEHATA JAyMa ¢ IbaxuHa (.

e Cbc X* o3HavaBamMe MHOYKECTBOTO OT BCUYKM JyMW HAJ a30ykara X, T.e.

Y = U I

neN
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HapUYaMe € npa3HaTa aAyMa
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Cera e onpejiesium QyHKLIUsATA FbJRKAHA Ha JAyMma. biokunara | na
JqyMaTa o € X* ce ompeens ¢ WHAYKINS 0 MOCTPOEHNETO Ha (.

(i) Heka o = e. Torasa |a| = 0.
(ii) Heka o = fa, 3a Hakoa nayma [ € ¥.* u usakos 6yksa a € X. Torasa

laf = |B] + 1.

Omnpenensve QyHKIMATE KOHKATEHAIUS -, T.€. CJIEIBAHE HA IBE JIyMH. 33
BCEKH JiBe nyMu « U 3 OT X* ompeessiMe TAXHATA KOHKATEHAIUs C WHIYKIUs
IO I'bJKUHATA [3:

(i) |8] =0, e. B =¢. Torasa o - § = .
(ii) |8l =n+1, r.e. B =~b, 3a HAKOA Ay™Ma 7, || = n, u HsAKost OGykBa b € X.
ToraBa o+ 8 = (a-7) - b.

KasBawme, 1ye 1ymara o € HagaJs10 Ha jgymara 3, ako ChIIecTByBa JymMa y € L~
TakaBa, 9e § = a--y. ObukHOBEHO O3HAaYaBaMe « = 3. Anajoruano nedpuHupame
« nma 6bJe Kpall Ha jgymara 3, aKo CbIIEecTByBa ¥ € XX TakaBa, 4e = v - «.

Bamaga 21. Hexa ¥ = {0,1}. Kaksu cpoiictBa umar caeguure GuHapHu pe-
Jarmuu Hag X* 7 Ako R e pejanusa Ha €KBUBAJEHTHOCT, TO OIMIIETE HEHHUTE
KJIACOBE HA €KBUBAJIEHTHOCT M HaMepeTe TeXHUs Opoii.

a) (,f) €ER < a=p;

6) (0, ) ER & (FyeX)[Ha,beX)(vaa &y <8 & a+#bl;
B) (, ) ER & (FyeXM)[Ha,beX)(vaza&yb =P &a<b];
r) (,f) €ER < a=xpV(EyeX)[Fa,beX)(va2a &b <8 & a<b;
n) (a,8) € R < |af = [B] &(Vi < |af)[a; < bil;
e) (o,8) € R « (Vi <min{|al,[B|})]a; < bi;
x) (,8) € R < (I, 12 € X9)[B =nar];
)

3a (PUKCHPAHO TUCIIO N,
(,B)eR & (FvyeX) y=a&y=x4]
u) 3a HUKCUPAHO YUCIIO N,
(B)ER < a=pV(a#B& (I eX) |y 2a&ky=4]).
K) 3a (PUKCUPAHO YUCJIO T,
(a, B) € R + |a| =8| >n & (Vi > n)[a; = b;].

Bamaua 22. a ¢pukcupame nse maoxecrsa B C A. Jedpunupame Gunapaara
pesanus R Bbpxy Z(A) 1o cielHus HAYUH:

R={(X,Y)e Z(A) x Z(A) | (XAY) C B}.
Hoxkazkere, qe:
a) R e pesanusi HA €KBUBAJIEHTHOCT;

6) 3a Besko X € Z(A) cblecTByBa TOYHO efHO MHOXKecTBo Y € [X]g, 3a
koero Y N B = ).
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QynknusTa |-| : ¥* - Ne
BUHAru cropexktusHa. Kora e
6uekTuBHA?

-1 X* X ¥ — ¥* e BuHaru
cropekTuBHa. Moxke ju na
Obae OuekruBHa,?



3.4 Omnepanuu BbPXY peJjalun

I) Komnosumusa na ase penauun S € B X C uT C A X B e penauusira
SoT C A x C, onpeneneHa Karo:

SoT ={(a,c) | (Ibe B)[{a,b) € T & (b,c) € S]}.

IT1) O6pbmane na penanuata R C A x B e penammata R~! C B x A,
oTpeesIeHa KaTo:

R™ = {{z,y) | (y,z) € R}.
IIT) PedaekcuBHo 3arBapsHe Ha penamuata R C A X A e penanusara
P=RU{{a,a)|ac A}.
IV) Urepanusa ua penanuara R C A X A nedbunnpame KaTo 3a BCIKO €CTEC-
TBEHO YHUCJIO N, AeduHupame penanusaTta R™ 1Mo ciieaHms HAYNH:
R'=AxA
R =R"oR.

V) TpaunsutusHo 3arBapsine na R C A X A e pesanusira

Rt =] R"

n>1

3a magena penanysa R, ¢ R* e o3HauaBamMe HEHHOTO pedIeKCHBHO W TPAaH-
3utuBHO 3arBapsue. Or meduHUIMATE € ACHO, Ye

R =] R
n>0
Bagaua 23. Ako P € MHOXKECTBOTO OT BCHYKH XODa, /Ia PA3TelaMe PeTaluuTe
E={{(z,y) € Px P |z esparnay},
F ={(x,y) € P x P |z e upusaren Ha y}.

Ako npuemem, ge OroBOpKaTa ,BparbT HA MOsi Bpar € Mol npusares’ € BapHa,
TO KaKBO HU Ka3Ba TOBA 33 pesjaruure F u F 7

IIpumep 8. Jla pasrienamve OwHapHaTa pejanusa R #wax N, 3a KoaTO
R={(z,y) eN* |z +1 =y},

T.e. TOBA € penanuara nacaednux. Torasa:

e RO={{z,a)]zeNJ;

o R" = {(z,y) € N? | 2 + n =y}, 3a Beako n € N;

o Y ={(z,y) eN* | @n = D[z +n =y} = {{z,y) eN? |z <y}

o R ={(z,9) eN? [ (Fn 2 0)[z + n=y]} = {(z,y) eN* |z < gy}
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OueBupno €, ue P e
pediiekcuBHA peJianusl, J0PU
ako R He e.

Jlecuno ce Buxkza, 4e R'=R

# TIposepere, e RT e
TpaH3UTUBHA pejanus!



3amaua 24. [aitre npumep 3a penanuu R u S, 3a Kouto
RoS #SoR.
3amaua 25. Jlokaxere, de:
a) R e cumerpudna TOrapa u camo Torapa, koraro R~ C R;
6) R e TpaH3uTHBHA TOraBa M caMmo Torasa, kKoraro Ro R C R;
B) R e TpaH3UTHBHA M CHMETPHYHA TOraBa M CaMo Torapa, Korato R = R™1oR.
lokazareJsicTBo.
a) 3amavaTa ce paszess Ha B MOA3a/Ia4H.
(i) Heka R na 6bae cumerpuuna. [lle noxaskem, ue R~ C R, T.e.
(vavy)l(z,y) € R~ — (2.y) € R).

Heka (z,y) € R™!. Torasa no onpezesnenue umave, e (y,r) € R u
caenosaresno (x,y) € R, 3amoro R e cuMeTputvHA.

(ii) Heka R™! C R. Ille moxasxkeMm, e R e cimMeTpudHa, T.e.
(VaVy)[(z,y) € R— (y,z) € R].

Hexa (x,y) € R, cienosaTesnno no onpesenenne (y,x) € R~ Torasa
or R~! C R cnenpa, 1e (y,z) € R.

6) Tasu 3aza4a e siecHa.
B) Heka R~!o R = R. Ille nokaskem, e R e cuMeTpUdHa W TPAH3UTHBHA.

(i) IIle nokaxem, ye R e cuMerpudHa. 3a Le/iTa € JOCTATbIHO Ja B3eMeM
upousBoJHa ABoiiKa (x,y) € R u na nokaxewm, e (y,z) € R. Heka

(
(x,y) € R < (x,y) € (umame, e R™' o R = R)

< (32)[(z, > €R A (zy) € R7']

& (32)[(z,x) € R™Y A (y,2) € R]

& (32)[{y,2) €R A (z,x) € R

< (y,2) e R7!

& (y,z) €

CremoBaresHo,

(Vz,y € A)[(z,y) € R — (y,z) € R].

(ii) IIle mokaxkem, e R e TpaH3uTuBHA. 34 LEJITA € JOCTATHIHO 13 B3eMeM
npoussoiau aBoiiku (z,y) € Ru (y,z) € R, to (x,z) € R.

) €R :
(zy) € R ’
(z.y) eR  (y,z) eR"}
(r,2) e R7'o R
(R"'oR=R)
(x,z) €R
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CureoBaresso,
(Ve,y,2 € A)[((z,y) € R A (y,2) € R) = (x,2) € R].
Hexka cera R e TpamsuTusHa u cumerpuuna. Ille moxaxem, e R~1oR = R.

(i) II'bpso na orbesexxum, ue

(z,y) € R
(x,y) €R (y,z) € R
(r,z) € R N{y,y) € R

(R e cumerpuuna)

(R e Tpan3uTHBHA)
CrenoBaresHo,
(Vz € Dom(R))[(z,z) € R].

(ii) Ile moxaxem, e R~1o R C R.

(z,y) e R"'oR
<Z y> cR1 (CbmecreyBa z)
,2) €ER
% (R e cumerpuuna)
(z,z) € R (z,y) € R " :
(r.y) € R ’
(iii) IIle nokazkem, e R C R~ o R.
(z,y) € R (©Or ()
(y9) € R
wy) R yeRT
(z,y) e R"'o R

O

Bagaua 26. Heka {(a,b)} C R, 3a nsakou a # b. Jlokaxere, ge ako R e cumer-
pudHa, T0 R HE € aHTHCUMETPUYHA.

3agaua 27. Heka R ga Obje penaiusi Ha eKBUBAJIEHTHOCT Bbpxy B u f: A —
B. ledunupame MHOXKECTBOTO

Q={((z,y) e AxA[(f(2), f(y)) € R}.
Hoxkazxere, de () e penanus Ha €KBUBATIEHTHOCT.
3amaua 28. Heka R e pemamus Bbpxy A. [la onmpemenum pesamuuTe:
o S={(z,y) | {z,y) €R A (y,2) € R};
o I'={(z,y) [ (z,y) € R N (y,x) & R}.
Hoxkazxkere, de:
a) S e cumerpuyna u T € aHTUCUMETPUIHA.
6) (z,y) €R & ((z,y) € SV (z,y) €T);

B) ako R e rpausurusaa, 10 S u T ca Cblio TPAH3UTUBHY, HO OOpaTHATA II0COKA
HE € BSIpHA.
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3.5 Penamum m KjgacoBe HA €KBUBaJIEHTHOCT
Heka R C A x A e 6unapna penanus. [la onpemenum MHOXKECTBOTO [Z]r KaTo
[zlr ={y € A| (x,y) € R}.

Ako R e penanust Ha eKBUBaJIEHTHOCT U x € Field(R), To Hapu9aMe MHOXKeCT-
BOTO [T|p KJIaC HA €KBUBAJIEHTHOCT 33 T OTHOCHO pesanusaTta R.

IIpumep 9. Heka S e MHOXKECTBOTO OT BCHUYKHU CTYAEHTH, KOUTO YKUBEAT B
Crynenrcku rpaz. Jda pazriegame ciennara OuHapHa pejanus Haz S:

R = {(z,y) € S x S| x xusee B cbius OJIOK KATO y}.

Jlecuno ce cbobpassiBa, ye R e pesarus Ha eKBUBaJEHTHOCT. ToraBa Bceku OJI0K
B CTymeHTCKM T'PaJ OmpemeNs OTAENEH KJAC Ha eKBHBAJIEHTHOCT. EjieMeHnTHTe
Ha TAaK'bB KJIAC CA BCUYKW CTYAEHTH, KOUTO YKUBEAT B ChOTBETHUS OJIOK.

IIpumep 10. Heka ~4 C N x N e 6unapna penanus, neduHupana KaTro
T~y y & x=y mod 4.

~4 € peJlanus HA €KBUBAJIEHTHOCT W MMa 9eTHPH KJIACa HA eKBUBAJIEHTHOCT
[01~s [ (2] Blvs-

3amaua 29. [a nedpurmpame peranuara R C R x R karo:
(z,y) € R < (x—vy) €Z.

Haumepere muozkecrsata [1]g u [1] 5.
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3.6 Hapenbdn

OOMKHOBEHO Ce U3ydaBaT PEJIAlUU HPUTEKABAIIM PA3JIUIHU KOMOUHAIUU OT
ropuute cpoiicrBa. Cera 1e u36pouM HAKOJKO OCHOBHH BHIA penanuu (TIOHs-
Kora ce Hapuvar Hapenbu). Pemamusara R C A X A ce napuya:

e YyacTWYHA Hapenda, ako T € pedIeKCHBHA, TPAH3UTUBHA W AHTHCAMET-
puuna. Hanpumep, < e yacruuna napeadpa. Cbino Taka, penamusara C MexXILy
MHOKEeCTBa € JacTUIHa Hapeada.

e peJsianus Ha €KBUBAJIEHTHOCT, aKo Ts1 € pedIeKCHBHA, TPDAH3UTHBHA U CH-
MerpuuHa. Hampumep, = e penanua Ha eKBUBAJEHTHOCT.

e JIMHElHA Hapenda, ako R e gacTtuuna Hapeada, U 3a BCEKHU [IBA €JIEMEHTA
x,y TouHO exHo or (x,y) € R, x =y, (y,z) € R e usnbineHo.

o dyHaupaHa Hapeada, akO BCAKO HelpasHo noamuoxkecrso X C A upure-
2KaBa TOHE eINH MUHUMAAEH eJIEMEHT, T.e.

(VX C A)[X £ 0 — 3m e X)~(3y € X)[(y,m) € R]].

e mo0pa Hapeaba, ako BCAKO Helpas3Ho noaMHuoxkecTBo X C A uma Hat-mMaask
€JIEMEHT , T.€.

(VX CA[X £0— 3me X)(Vy € X)[(m,y) € RV m =1y]].

e sekcukorpadcka Hapeaba BLPXy wacTnuHara Hapeaba (X, <) me Hapw-
game Hapenbara (X x X, <), KbJaero

(x,y) =2,y < <2V (x=2" A y<y).
3abenexka. O0bpHETE BHUMAHNE HA PA3IUKATA, MEXKY MOHITUITA MUHUMA-
AEH U HAl-MAABK €JIEMEHT OTHOCHO pejanuara R.

e I( € MUHHMAJIEH eneMenT 3a MHOXKecTBOoTO X C A oTrHOCHO R, aKo He Cb-
uiecrByBar enementu y € X, 3a kouro (y,x) € R, r.e.

(Vy € X)[(y,z) & R].

e 1( e Hali-MabK ejileMenT 3a MHOXKecTBOTO X C A oTrHOCHO R, ako 3a Bceku
apyr esement y € X e usnbianeHo (x,y) € R, re.

(Vy € X)[z #y — (z,y) € R].

Bagaua 30. [la ce qokaxe, ge (N2, <) e 106pe HapeJeHO MHOKECTBO.

3amaua 31. [Jokarkere, 4e CJIEIHUTE IBE YCJIOBUS 38 YACTHIHO HAPEIEHO MHO-
skecTBO (X, <) ca eKBHBaJIEHTHU:

a) BCSKO HEIPA3HO MOAMHOXKECTBO Ha X WMa MUHHMAJEH €TeMEHT;
6) HE CbIIECTBYBa CTPOro HaMaJidBallla peauna rp > To > I3 > ... TO eje-

meHTH Ha X.
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Ha anra. linear order

Ha anrn. well-founded order

Ha anra. well-ordered relation
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Bagaga 32. [la ce pokaxke, 4e 4acTU4HO HapeleHOTO MHOXKecTBO (X, <) e
nobpe HapemeHo TOoraBa M caMo Torama, koraro (X, <) e dynmmpamno m < e

JvHelHa, Hapeaba Bhpxy X .

3amauya 33. Koum or m3bpoenure muOxkectBa ca dbynmupanu?! Koum ca mobpe
HapeaeHn?

a) (N, <);
7,<);

) (

6) (

) (X*, <), kpuero 3a a, f € X*, a < 8 + « e nogayma Ha f3;
) (

) (

=

2N, Q);

—

m) (Fin(N),Q), kbgero Fin(N) e ¢bBKyNHOCTTAa OT BCUYKH KpaiHWU MOIMHO-

kecTBa Ha N;
e) (NT,|), kbaero m|n < m #n & m nenu n.

3amaua 34. [lokaxkere, 4e MOIMHOXKECTBO HA BCIKA aHTHCHMETPUIHA, PEJIAITHS

€ CbII0 aHTHUCUMETPHIHA.
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I'maBa 4

DyHKIIMN

4.1 OCHOBHU CBOICTBA

Penamusara R C A x B ce napuua ToranHa ¢pyaknus or A B B, ako
i) Dom(R) = A, re.

(Va € A)(3b € B)[(a,b) € R].

ii) 3a Bcexkn enemenT a € A chOTBECTBA MOuHO edun eement b € B, T.e.

(V(l S A)(Vbhbg S B)((<a,b1> ER A (a,b2> S R) — b = bg)

ObukHoBeno oznauaBame (yukuuure karo f : A — B u Bmecro (a,b) € f

muwmenm f(a) = b. Kazsame, ye dbyunkuusra f e

® NMHEKIHUA, aKO

Va1, a2 € A)[ag # a2 — f(a1) # f(a2)],

UM eKBUBAJEHTHO,
(Vay,as € A)[f(a1) = f(az) = a1 = as].

® CIOpPEKIUd, aKO

(Vb € B)(3a € A)[f(a) = b].

e OmMeKIus, aKO € WHEKIUS W CIOPEKITUS.
3amaua 35. laiite npumepu 3a dyukius f : N — Z, kosaro e:

a) WHEKTHBHA;

A\

CIOPEKTUBHA;

@

)
)
) HHUTO MHEKTHBHA, HUTO CIOPEKTHUBHA;
r)

MHEKTUBHA, HO HE € CIOPEKTUBHA;
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1) CIODEKTUBHA, HO HE € UHEKTUBHA;
€) CIODEKTHBHA U MHEKTUBHA.

Ha pasrinename dynkmnusara f C (R x R) x R, nedunupana karo:
f(xa y) = -

Kakro mHoro nobpe 3uaewm, 3a croituocru or Buzga (z,0), byuxkuusara f e e
nebunupana. TakuBa dyHknun 1e Hapudame gactudau. OdunmaaHara me-
ununusa e cienuara. Peganmuara R C A X B ce napnya dactudHa PyHKITAS
or A B B, ako 3a BCEeKHU €JIeMeHT a € A CbhOoTBeCTBA HAl-MH020 €OUH €IEMEHT
be B, te.

(Ve € A)(Vy1,y2 € B)[((z,91) € B A (2,92) € R) = y1 = 1]

Bamaua 36. 3a Bcska or caegauTe ToTanHu GyHKImu f onpenesnere nanu f e
MHEKIUs, CIOPeKIus Uiy Ouexnusi.

a) f:R—=R, f(z) =2z +3.
6) f:R—=R, f(x) =22 — 4z +2.
B) f:R—R, f(z)=23+T7.

r+1, ako x e 4eTHO

r—1, aKo r e HEYETHO

r) f:N%N,f(x):{

2) NN, f(z) = rem(z,3).
e) f:NxN=N, f(z,y) = HOL(z,y).

xK) [ NxN=N, f(z,y) = HOK(z,y).

3) [1NxN=N, f(z,y) =3z +2y.

u) fiNXN=N, f(z,y) =272y +1) - 1.
k) f:NxN=N, f(z,y) = @@HD 4 4
a) fiNxNoN, f(z,y) =222y + 1).

M) f:NxN=N, f(z,y) =2z(2 +1).

H) [:NxN-=N, f(z,y) = 2%3v.

0) f:NxN—=N, f(z,y) =2%6Y.

n) f:RxR—=R, f(z,y) = 2% + 2

3amaga 37. lokaxere:
a) Axo f,g ca dyukuuu, To f N g e byuxus;

6) Heka f,g ca dbynxkuuu u (Vz)[x € Dom(f) N Dom(g) — f(z) = g(x)].
Hoxkaxere, ye f U g e pyHKITHSA.
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Tyk HsIMaMe yCjI0BUETO
Dom(R) = A, a camo
Dom( JC A

rem(z,3) - 0oCTaTbBK IpHU
nejeHue Ha 3

HO/I - naii-ronsm o6y
JeJIuTest

HOK - naii-manko 0610
KPaTHO

Kanroposo kogupane



4.2 Omneparuu Bbpxy PYyHKIINNT

O6pa3 u nbpBOOOpa3

Heka e nauena dyunkuusita f : A — B. Ille pasriesave HsKOJKO OCHOBHU
oTepaInuu BbpXy (DYHKIINN.

e OGpa3 Ha MmHOXKecTBOoTO X C A nosx ueiicreuero Ha (QpyHKIuATa f, HApuU-
Jame MHOYXKECTBOTO:

FX)={beB|fla)=b A ac X}

e ITbpBoOGOpas Ha mHOXKecTBOTO Y C B 1noj geiicrBuero Ha ¢yskuusara f,
HApUYaMe MHOKECTBOTO:

fF'Y)={acA| fla)=b A bEY}.

IIpumep 11. Heka f : R — R e medunupana karo f(z) = |z + 1|. Torasa
nMame, Je:

a) f([-1,1)={lz+1||-1<z <1} =10,2);

6) fU~1,1) ={zeR|-1<|z+1] <1} =[-1,0);

r

)
) f

B) fFU([-1,0)={zeR|-1<|z+1] <0} =0
) f([=10) ={lz+1]| -1 <z <0} =1[0,1);
) f

) fH0,2) ={z €R|0< |z +1] < 2} = (=3,1).

Ja nonoxum A = [—1,1). Or 6) u r) smkname, e f(f~1(A)) # A, aor a) u
) pisaame, e f-1(F(A)) £ A]

Banaga 38. Heka e aauena npoussonna dyukius f: A — B. Iposepere:
JFUX UY) = FLHX) U FI )

VX,Y C B)[fNX NY) = (X)) N Y]
JFUXNY) = F LN Y

a) (VX,Y CB
6
B) (VX,Y CB
BfX)nY = f(X N fH(Y)]
Bf(X)NY =0 « X n f71(Y) = 0];
Bf(X)CY « X Cf(Y));

VXY CAF(X)UFY) = F(XUY));

FUier Xi) = User (Xi);

u) npu Kaksn yerosus 3a f, (VX C A)[X = f~1(F(X))];

)
)
)
r) C
) -
e)
x)
)
)
)
)

3

K) npu kaksu yciosus 3a f, (VY C B)[Y = f(f~1(Y))];
a1) mpu Kaksu ycqosus 3a f, (VXY C A)[f(X)\f(Y) = f(X\Y)].
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Bamaua 39. 3a ganena dyukuus f : A — B, onpejesisive OnHapHa pesaius
Ry mo cnegnna HauMH:

a) Ry = {(X,Y) e Z(A) x 2(A) | f(X) = f(Y)};
6) Ry ={(X,Y) e 2(A4) x Z(A) | f(X) C f(Y)};
8) Ry ={(X,Y) € Z(B) x Z(A) | f71(X) = (V)}
r) Ry ={(X,Y) € 2(B) x Z(A) | f1(X) C f71(YV)}.

B saBucuMocT o1 TOBa KakBM CBOMCTBa MMa peJanusara [, olpejesere CBOMCT-
Bara Ha Iij.
Ob6parHa dbyHKIUA

3a Bcsaka OuektuBHa dyHKIUA f: A — B, onpenensme Heitnarta odbparHa (yH-
kmus g : B — A karo:

(Va € A)(Vb € Ran(f))[g(b) =a <« f(a)=1].

O6ukHOBEHO O3HAUYaBaMe g Karo f 1.

Komnosumusa

Heka ca magenun dyukmunre f: A — Bug:C — A. Komnosuyus va f u g e
dyuknusra f o g: C — B onpejesena Karo

fog={(c.;b)| Bae A)g(c) =a A f(a)="bl}.

Kowmmosunusra va f u g MOxke fa ce 3amuile U Taka:

(Ve e O)[(f o g)(c) = fg(c))]
IIpumep 12. Heka f(x) = 2z + 1, g(x) = 2. Torasa:
e (fog)(z)=222+1;
e (gof)(z)=(2x+1)2.

Ipumep 13. Axo medunupave f: A — A karo f(z) =z, 1032 f71: A — A
umame cbio f1(z) = .

3amaua 40. Heka f: A — B, g: B — C ca dyakuun. Bsapuo ju e, ge:
a) Ako f He e uHekuus, 10 g o f He € uHeKuA?

)

AKo ¢ He e uHekuus, TO g © f He € UHeKLMAT
r) AKo g He e cropekus, TO g © f He e CIOpeKIus !

f, g ca uHekTuBHU, TO g © [ € MHEKTUBHA?

)
)
B) Ako f He e ciopekuus, 10 g o f He e cropexkuus?
)
)
)

e) f,g ca clopekTHBHH, TO ¢ © f € CIOpeKTHBHAT
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Hait-nanpen npumarame g u
caen rosa f

Cpewma ce CTyIeHTH A3 MUIIAT,
we f7(z) = 1, xoero e
6e3ymuo!
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K) f,g ca OuekTuBHH, TO g © f € OUEKTUBHA?

3) go f e clopekTUBHA, TO f, g Ca CIODEKTUBHU 7

u) go f e UHEKTUBHA, TO f,§ Ca4 UHEKTUBHU 7

3amaua 41. Heka a najgena npoussonsa dyuknus f : A — B. Ilposepere:
a) TIpu KakBu yciosus 3a f, fo f71 =idp.

6) mpu Kaxkeu ycaosus 3a f, f Lo f =ida.

3amaua 42. Heka f, g ca dyuxuuu. [Ipn kakBu ycioBus :

1. 7' e dyuxuua?

2. fog e nnekTuBHA QyHKIMSA?

3amaua 43. Heka e panena penanusta R C A x B. Jokaxkere, ye R e Ouex-
TuBHA (DYHKIMS TOraBa 1 caMo Torasa, koraro Ro R~ =idy u R™'o R = idp.

Banaua 44. Heka f e wnektuBna dbynkuus or A B Bu g : Z(A) - #(B),
JeduHIpaHa KaTro

(VX € A)[g(X) = f(X)].
Hokazkere, 9e g € HHEKTUBHA.

Sagaua 45. Heka f: A — Bu g: B — #(A), nedunupana karo
(Vb€ B)lg(b) ={z € A| f(z) = b}].

Jokaxere, ge ako [ e CIOpEKTHBHA, TO § € WHEKTUBHA. BspHa jiu e obparHaTa
TIOCOKa?

Sagaua 46. Heka .# = {f|f : A — B} u R e 6unapna penanus Bbpxy B. [la
pasrnemame GmHApHATA penanysa S BbpXy - :

S={{f,9) € F xF | (Va € A)[(f(a),9(a)) € R}
Jlokaxkere wian JaiiTe KOHTPA-TIPUMED 34 CJIETHUTE TBbPICHUS:
a) ako R e pedumkcusHa, 10 S e pedukcusua?
6) ako R e cumerpuuna, To S € cumerpudHa?
B) ako R e rpansurusHa, T0 S € TpaH3UTUBHAT

Bamaua 47. Heka A = R\ {1}. Ta parnename dynkmuara f : A — A onpene-
JIeHA KaTo

r+1
x—1"

fz) =
Hoxkazkere, qe:

a) f e MHeKTUBHA U CIOPEKTUBHA;
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6) fof=rida.

Bamada 48. Heka A = R\ {0} w B = R\ {2}. Jda pasrnemame f : A — B,
KbJIETO

IIpoBepeTe gagu f e HHEKTHBHA W CIOPEKTHBHA. AKO 7da, TO HamepeTe f 1.

Sagaua 49. Heka A =R u B = {z € R | z > 0}. Ja pasruename f : A — B,
K'bJIETO

f(z) =22
I A -1
poBepere manu f € HHEKTUBHA W CIOPEKTHUBHA. AKO 1a, TO Hamepere [~ .

YobrBane. 3a jga Objie enna GyHkius g ooparnara na f, rpabsa j1a uMame
cBoiictBara go f =ida u fog = idg. He e mocrarsaHOo g8 MMaMe CamMoO €IHOTO.

Ako B3emem g(z) = /x, 0 g(f(—3)) = /(—3)2 =3 # 3. O

3amaua 50. Heka f : R — R e onpenenena xkaTo

flo) = 212

IokazkeTe, 4e f e WHeKTHBHA U ciopekTusHA. Hamepere f~1.
3agaua 51. /la parmemame pyHKITATE:
e f:R — R, nedunmpana xaro f(x) = L,
e f1:R — R, nedbunupana karo fi(x) =z +7;
e fo:R — R, nebunnpana xaro fo(r) = £.
Hoxkazkere, qe:

a) f e ObmekTuBHA M Hamepere f!;
6) fof ' =idpu f~'of=id;
B) [= f2 o f1;

) fTh=ft ey

[Ipenumaara 3a1a4a HI TIOACKA3BA, Y€ TPAOBA 13 UMaMe CJIETHOTO CBOMCTBO.

r

Bagaua 52. Heka f: A — B, g: B — C ca 6uexmuenu dyukimu. /lokaxkere,
e

(go )t =ftog™t

3amaua 53. Heka A e nenpa3no MHOXKecTBO 1 ToTanuara byukiwsa f : A — B.
Hedunnpame bunapraara penanusa R Ham A Karo:

R={(r,y) € Ax Al f(z) = f(y)}-

Hoxkazkere, qe:
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2)
5)

Re penanuda Ha €KBHBAJIEHTHOCT.

OnpeﬂeneTe KJIACOBETe Ha eKBUBAJIEHTHOCT Ha R.

3amaua 54. /la pasriename yakiuure f: A— Bug: B — A.

a)
6)

Axo f e cropextuBHa u g 0 f = id4, TO mOKazere, e g = f 1.

Ako f e unextuBHA u f o g = idp, TO HOKaxkere, ue g = f L.

lokazaTeJjicTBO.

a)

Bb3moxkuO 1 € ¢ 7a He e ToTajHa (QPYHKIHS, T.€. 1a ChIeCTBYBa b € B,
3a koero ¢(b) ue e pedunupana ? a jgoiycHem, de CbhlIeCTByBa Takosa b.
TTonexe f e CIOpEKTHBHA, CHIECTBYBA TOHEe enHO a € A, 3a koero f(a) = b.
ToBa o3HaudaBa, 4e (g o f)(a) He e medunupana. ToBa e mpoTHBOpeune ¢
yCIIOBHETO, 1€ g o f = id4.

Cera me mposepmM, de f e mmekTwBHA. OT TOBA IMe ciaeapa, de f !
dynkuua. Heka na pasrimename a,a’ € A, 3a kouro f(a) = b = f( )
Ile nokaxewm, ye a = a’. Wom g o f = ida, To g(f(a)) = g(b) = a u

g(f(a")) =g(b) =d'. dcuo e, ue a = @, 3amoro g e byukys.

Beue 3maem, 4e f e GHEKTHBHA U CIeJ0BATETHO f ' e GHeKTHBHA (DYHKITHS.
Ioneske g e TOTaIHA, JOCTATHLIHO e Ja JoKaxkeM, de g C 1, Te.

(Va € A)(¥b € B)[g(b) =a = f(a) =1].

Heka g(b) = a m f(a’) = b. 3naem, 4e TakoBa a’ CbIIECTBYBa, 3amOTO f
e cropektuBHa. Ho Torasa (g o f)(a’) = a u cnenoarenno a = a', 3amoro
gof=ida.

OTHOBO, BB3MOKHO JIM € ¢ 4 He e ToTamaHa (PyHKINsS, T.e. Ja ChIIECTBYBA
b € B, 3a xoero g(b) ne e nedurnpana? Ho rorasa e sicro, ge (fog)(b) cbiro
HIMA, 73 € JepUHUpPAHA, KOeTO € TPOTUBOPEYne C yCJIOBUETO, Y€ fog = idp.
IIloMm g e ToTAIHA, 34 /12 JOKazXKeM, 9e ¢ = f ! e JoCTaTbYHO Ja IIPOBEPHM,
qe g C f71, re.

(Va € A)(Vb € B)[g(b) =a = f(a) =1).

Tora e jecno ga ce mpoeepu. Heka g(b) = a. Ionexe (f o g)(b) = b, T0

f(g(b)) = f(a) =b.
O
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Bb3moxkuO st e 1ma ca
gacTuaHn QyHKIUN?

Ja namomunm, 1€ ida(a) = a
3a BCAKO a € A

Ha manomuum, 1e idg(b) = b
3a BCsAkO b € B

Jlobpe e na orbemexkum, de
rnoHexke f € HHeKTUBHA HHE
3maem, e f 1 e Gysxmma.

Bsapuo au e, ue f e
cropkTuBHa?



I'masa b

MoimHocT Ha MHO2KECTBa

5.1 OCHOBHU IOHATUA

e KaszBawme, ue eqHO MHOKECTBO A € m36ponmMo Oe3KpaifHo, aKO ChIIECTBYBA
6ueknns or A Bbpxy N.

e E1HO MHOXKECTBO € m30porMMO, aKO € Wi KpaiiHO miin O€3KpaitHO n30pOmMO.

e Kazsame, ue eqHO MHOXKeCTBO A ¢ Hem3bGpommo, ako A e Ge3kpaiino u He
coiiecrByBa Oueknust ot A Bbpxy N.

e Kassame, e MOIIHOCTTA Ha €HO MHOXKECTBO A € He IO-TOJsIMa OT MOIIHOCT-
Ta HA MHOXKecTBOTO B, koero 3amucame karo |A| < |B|, ako cblecTByBa
unexyus f : A — B. Bb3MoxKHO € 13 usnonssame u o3nadenuero A < B,

e Koraro maoxkecTBOTO A € Kpaitno, nanpumep A = {ay, ..., a, }, me 3ammcBame

|A| = n.

e JIBe muoxkecrsa A u B ca pasHoMomuu, |A| = |B|, ako cblecTByBa OHEKIIIs
or A Bbpxy B. Anrepuarusen 3anuc e A ~ B.

e Bamnceame |A| < |B|, ako |A| < |B| u |A| # |B|. AnrepHaTuBen 3ammuc e
AZB,re. AXBu Ay B.

5.2 CpaBHgBaHe Ha MOIIHOCTH

Teopema 1 (Kanrop-IlIpsonep-Bepuiaiin). 3a Bceku Jse muoxkecrsa A
u B,
A<B& B<A = A~B.
HokaszaresicrBo. bBe3 orpanmdenne Ha oOmuoCTTa, HeKa A N B = (). Heka Cropen, yuxunemus t0Ba,
. . nmokazaTesacTBo € Ha ['rona
CbIIO Taka ja (pukcupaMe nHekTuBHd Gyukuuu f : A — Bu g: B — A. Ille Kromnr(1006). eyt
nocrpouM OuekrusHa QyHKums h: A — B. Jlesem Knomur
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1

ITonexe g e unekrusHa, 10 g~ ' Ccbwo e (uyacruuna) GyHkuusd. 3a a € A,

nMaMe CJIE€ITHOTO:

0, a & Range(g)
{b}a g(a) =b

Axo g7 ({a}) = {b}, o Hapuame b nacaednux Ha a. Ananormuno, nonexe f e
uHeKTHBHA, To f ! cbimo e (vacTuuna) dynkims u 3a b € B:

g7 ({a}) =

0, a¢ Range(f)

f{by) = (a}, f(b)=a

Axo f71({b}) = {a}, To kasBame, ue a e nacaednur na b. IpombrxkaBaiiku
ChIATa CXeMa, MOXKEM [ Ce OUTaMe Ja HAMEepUM HACJIeJHUKA Ha a U T.H. 3a
€JIeMEHTa a UMaMe TPpH Bb3MO2KHHU HU3XOJa OT Ta3u IIPOIEaypa:

1) @ uMa Karo 1OC/eJeH HAC/IEAHUK HAKON ejement or A;
il) a uma KaTo MOC/Ie/eH HACJIEIHUK HAKOMN ejleMeHT or B;
iii) a mMa Ge3KkpaitHO MHOIO HACJIETHUKA.
Hanpumep, cienmara Bepura
-1

1 1 —1 —1
afsp i g L e,

[IOKa3Ba, 4e a € A1, 3aI0T0 HOC/IeIHIs HACJEIHUK Ha a e ejJieMenTa as € A. [a
O3HAYUM MHOXKECTBaTa:

Ay ={a € A | Bepurara c HaYaJIO @ 3aBbPINBA C ej1eMeHT or A}

Ay ={a € A| Bepurara ¢ Ha1aI0 @ 3aBbPIIBA C enemeHt or B}

Az ={a € A | Bepurara ¢ Hada10 a e Ge3KpaiiHa}.
Jlecwo ce chobpazssa, ue A3 U Ay U A3 = A m MmHOXKecTBaTa A1, Ay m Az HaMmar
o0Imm ejleMeHTH. AHAJIOrMYHO JedUHUpaMe:

By, ={b € B| epurara c nauasno b 3apppumsa ¢ esement ord}

By ={b € B| Bepurara ¢ Hadano b 3aBbpIIBa ¢ eneMeHT or B}

B; ={b € B| Bepurara c Hagaso b e Ge3kpaiina}.

OrnoBo By U By U B3 = B u muoxkecrara By, By u B3 HsaMaT 00111 €/1eMEHTH.
Ila pasrinemave dyuknunre f; = f [ A;mwg; =g | B;, i = 1,2,3. Jlecuo ce
cbobpassiBa, de

fi 1A = By,
gi IBz' — Az

Hanpuwmep, neka a € Ay u b = f(a). Ja cbobpasum, ye maucruna b € Bj.
Uwmawme, ue f~L1({b}) = {a}, T.e. a e nacrednux na b. lonyuasame BepuraTa:

1 1 1 1 —1
blsalsblsag i fhdeA
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Tosa o3nauasa, 1e naucruna b € Bj.

fcHo e, ue Bcuukm Te3m QyHKIWH f;, ¢g; ca uHEeKTHBHU, | = 1,2,3. 3a 1a
nocTponM OmekTuBHA QyHKIUA h : A — B € I0CTaTHIHO 1A JTOKAYKEM, Ue TTOHE
enna (yHKIMA BbB Begka or apoiikure (f;, g;), ¢ = 1,2,3 e Ouekrusna. Torasa
LI HOJIyYUM h KaTo ,ciaenuM’ Tpu Takuba bueknuu. Kou or Tax ca 6uekTusHu?
JlocTarbaHo e Ja TpOBEpUM Kou 0T TsX ca ciopektuBau. [lle pasrienave Bcuaku
mectT PyHKIINH.

i) Ja pasrnegame b € By. Tosa o3nauasa, ue Bepurara 3auousaiia c b 3a-
sbpmsa B A. Crenosarento, chiectByBa a € Aj, 3a koiito a = f~1(b).
SakaouaBaMe, U fi € CIOPDEKTUBHA U CJIeI0BATEHO OMEKTUBHA.

ii) Jda pasruename b € By. Tosa o3nauasa, ye Bepurara 3amnodsaiia ¢ b 3a-
BbpmBa B B. Obaue Moxke b m300I110 A2 HAMa, HACTEIHUIIN, T.€. Bb3MOXKHO
-1 _
e f7'({b}) = 0. Toa osmauasa, ue moxe Range(f2) G B u Hamame ra-
paHIus, g€ fy € CIOPEKTHUBHA.

iii) Jda pasrnegame b € Bs. ToBa o3nauasa, e Bepurara 3a b e Ge3kpaiiHo
nbara. Cresosarento, chinecTsyBa a € Az, 3a koero f~1(b) = a. 3axio-
yaBaMme, 4e f3 € CIOPEKTHBHA U CJIEIOBATEIHO OUEKTHBHA.

iv) Ha pasrumemave a € A;. ToBa o3nauaBa, 4e Bepurara 3a a 3aBbPIIBA B
A. Obaue nak KakTo B i) MOXKe a u300L10 13 HAMA HACJIEIHULM, T.€.
-1 _
g~ '({a}) = 0. Tosa osnauana, ue moxe Range(g1) G A1 u Moxke g1 1a
HE € CIOPEKTUBHA.

v) Ha pasruename a € As. Tosa o3navasa, ye Bepurara 3a a 3apbpiuBa B B.
Cnenosarento, cbiectsyBa b € By, 3a Koiito b = g~ 1(a). 3akmouasame,
e go € CIOPEKTHBHA U CJIEJOBATEIHO OMEKTUBHA.

vi) [a pasriename a € As. Tosa o3nauaBa, 4e Bepurara ¢ Hadajo a e 6e3K-
paiino mbira. Crenosarenno, cbinectBysa b € Bs, 3a xoero g~ '(a) = b.
3akJouaBamMe, ge gs e CIOPDEKTHBHA W CJI€IOBATEITHO.

Hakpas nonyuaBamve, ye pyakuunte f1, f3 U gs, g3 ca OMEKTHBHHU.
Jla ompemenum Omeknusa h : A — B 10 ClIeIHUS HAUNH:

fi(a), ako a € A
h(a) = { g5 ' (a), ako a € Ay
f3(a), aKo a € As

Taka nokasaxme, ye mHOkecTBaTa A u B ca paBHOMOIIHH, T.e. A ~ B. O

Caencreue 1. Ako ACBCCuA~C,10B~C.

IIpumep 14. He e secuo na ce gokaxe, 1e (0,1)gr ~ (0,1]r xaro ce nocoun
omexnusi. Obadue ¢ Teopema 1 TOBa HE € TOJKOBA TPY/IHO.
1) Ouesunno e, ge nma nuexiws (0,1)g B (0, 1]g;

x

2) Moxem ga nedunnpame unexnus f: (0, 1z — (0,1)r xaro f(z) = 3.

Karo umame 1) u 2), or Teopema 1 ciensa, 4e aBere MHOKECTBA Ca PABHOMOIIHU.
Makap u 11a He cMe [MOCOYH/IN TAaKaBa OWEKIWs, TO OT TEOPEMATA 3HAEM, Y€ Ts
C'bILIECTBYBA.
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3abenexkka., Hanb/iHO Bb3MOXKHO € 3a jaBe MHOKecTBa A u B 1a uMmame,
ue B G A, no A ~ B. Hanpumep, nexka A = Nu B = {2n | n € N},

Teopema 2. Heka A e muoxecrBo u &(A) € MHOXKECTBOTO OT BCUYKH ILOIM-
noxkectsBa Ha A. JTokaxere, ue A 3 Z(A).

HokasaresicrBo.  O®yukiusara h : A — P (A) onpenenena karo h(a) = {a}
e uneknuga. Cnenosaresnno, A < Z(A).

Ha nonycuem, ye A ~ P(A), r.e. coiiecrByBa buekuus f : A — P(A). da
pasriiesamMe MHOXKECTBOTO

B={a€A |a¢ f(a)} € Z(A).

IMTom f e Guexuus, cowecrByBa eduncmeeno ag € A : f(ag) = B. Ho rorasa
UMaMe CJIETHOTO:

e ako ag € B, 1o ag & f(ap) n Torasa ag ¢ B;
e ako ag € B, 10 ag € f(ap) u Torasa ag € B.

I B nBara ciyyas gocrurame g0 nuporusopedne. CieloBareHo He ChIIEeCTBY-
Ba Oueknus or A Bopxy Z(A). Hakpas 3axmouasame, ue A 3 P (A). O

5.3 HN36pouMm MHO>KECTBa

Teoupaenne 1. Muoxkectsoro N x N e m3bponmo 6e3kpaiito.

YubrBane. llenra e 1a mamepum Ouekiusg or N X N sbpxy N. CbiecrByBar
MHOTO TaKUBa, (DYHKITHH.

a) Pasruenaiite dynkuusra

m(x,y) = %((:v +y)? +3z+y).

6) Pasruegaiive Gyukuusira

m(z,y) =22y +1) — 1.

Tebpaenue 2. 3a sesko k, muozkecrsoro N* e u36ponmo Geskpaiino.
YobrBane. Ungykiusa mo k > 2.

e 3a k = 2, OT TIPEINITHOTO TRLPAEHHe nMaMe Gueknnsta m : N2 — N. Jla
TTOJIOXKHUM Ty = TT.

e Heka £k = m + 1. Torasa

7rm+1(n17 e 7nm+1) = 7T2(7Tm(n17 ... 7nm)anm+1)7

K'bJIETO CM€ U3IOI3Baau Ouekmusara m,, : N — N, kogro umame or W.II.
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ToBa o3na4yaBa, 4e MOXKeM 1a
obpa3yBaMe Bce
no-Hen30POUMHU MHOXKECTBA.
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Hapwuua ce Kautoposo
kopupane. Mma ynobuo
rpadudHO IpeacTaBsiHe



O

CaencrBue 2. Ao A e u36poummo 6e3KpaitHo MHOXKeCTBO, T0 A* cbImo e u36-
pouMo 6e3KpaiiHO MHOXKECTBO, K'bJIETO k > 2 € eCTeCTBEHO 9HCIIO.

Tebpaeune 3. /la pasrmemame peauiia or u30pouMo Oe3KpaifHu MHOXKECTBA

A, A1, ... cbe cBoiicrBoTO, e i # j => A; N A; = (). ToraBa MHO2§KeCTBOTO
oo
B=|]JA
i=0

€ n306ponMo OBE3KPaHO.

Teopema 3 (Kanrop 1874). MuoxkecTBoTO Ha parmoHanunTe unciaa Q e
n30pouMo Oe3KpaitHO.

YobrBane. Tyk TpsOBa 1a BHHMaBame, 3aI0TO €JHO PAIMOHAIHO YHCJIO
“Ma, U30POMMO MHOTO TPECTABAHUS KATO JBOWKA OT BUIA g. Pazrnenaiite 3a
n=1,2,3... MHOXKeCTBaTa

m
Qn:{—|m€Z&HOﬂ(m,n):1}.
n
Besko ot Te3m MuOXKecTBa € n3dbponmo Oe3kpaiino. Torasa

Q=Jen

n>1
€ n306pPONMO OE3KPAHO MHOYKECTBO. O
3agaua 55. /lokaxere, 4e ciieHATE MHOKECTBA Ca U30pouMo Oe3Kpaiinm:
a) AU B, kbuero noue exnoro or A u B e uzbpoumo 6e3Kpaiino;

6) Ujen Ai, KBbIETO BCAKO OT MHOXKecTBaTa A; ja e u3dponMo Geskpaitno, 3a
i=0,1,2,...;

B) A X B, Kbjero 1noHe eHo or MHoxkecrBara A u B e uzbpoumo 6e3kpaiiHo;
r) A*, kbaero A e kpaiina a30yka;

n) A*, kbuero A e uzbpoumo Ge3kpaiina azbyka;

e) B - MHOXKecTBOTO OT Te3u nymu Haj asbykara {0, 1}, kouro He 3amousar ¢

0, ¢ uskirouenue na aymara 0, r.e. B = {0, 1,10, 11,100,101,110,111,...};

K) Ppin(N) - MHOKECTBOTO OT BCHUKE KPafiHM IIOIMHOXKECTBA OT €CTECTBEHH
qnCIIa,;

3) Pin(A*) - MHOKECTBOTO OT BCHYKI KpallHU MOIMHOXKecTBa Ha A*, 3a Ipo-
M3BOJIHA a30yKa KpaiiHa uiu u30pouMo Oe3kpaiina a3byka A;

U) CbBKYIHOCTTA OT BCUYKU HOJIMHOMHU HA €/IHA IPOMEHJIMBA C Liesiu Koeduiu-
eHTHU;
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K) CBBKYIHOCTTA OT BCHUYKHU DeaJiHu airebpudnu aucsia (T.e. KOPEHH HA IOJIH-
HOMU C TN KOeDUIMEHTH ).

1) [0,1]g={¢€Ql0<g=<1}
M) [a,blg ={q € Q| a < ¢ < b}, 32 1pou3BO/IHM PALUOHAIHK HUCHA ¢ < b;
dokazaTeJjicTBO.

r) Heka A = {aq,...,ax}. Jlecuo ce cboGpasasa, 1e |A"| = k™. 3a naxoe n,
Jla pasriejaMe MHOXKECTBOTO OT JIyMH

A" ={al,af, ..., o} }.
Moxkewm na medunupame nnektuBHara gyukiusa f, : A" — N karo
fulo) =Y K +i.
<n
Honexke A" N A" =0, 10 f =, fn : A* = N e bynxuus.

n) Heka k : N — A e 6uekuusa. /la uzbpoum Bcuuku OykBu Karo a; = k(i) 3a
1=0,1,2,.... lebunupame 6ueknus f : A* — N no ciaennust Ha9uH:

flag,...,an) = w(n,mpi1(ag, ..., an)),
K'bJIeTO u3moa3Bame pyHkuure nepunnpannd B TBbpaenue 2.

k) Heka Ha KpailHOTO MHOXKECTBO OT €CTECTBEHH YUCJIA
D:{n0<n1<~~<nk}

Ja CbIOCTABUM YHUCIOTO v = 270 4 2™ 4 ... 4 2"k KOeTo IIe HapudaMe KO,
ma D. C D, e o3HagaBaMe KpailHOTO MHOXKECTBO C KOI v. Pasriemaiire
fiN—= P (N) nedunupana xaro f(v) = D,,.

O

3amada 56. Heka A e uzbpoumo Ge3kpaitno muoxkecTBo. JJokaxkere, 4e BCAKO
I C A e u3bpoumo 6e3KkpaifHO uiu KpaifHo.

YubrBane. J[ocrarbuno e ga pasriemame caydasa A = N. Jla pasriemame
6e3kpaitnoro nogmuokecrso I C N. Ba ma mokaxkem, de 10 e u36poumo, 1me
moctponm 6uekins f : N — [. Heka

f(0) =min{i | i € I}
fn+1)=min{i|i e I\ {f(0),...,f(n)}}.

Hoxkaxere, ue f e oueknust or N Bbpxy . O
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# Jlokaxkere, de f e Guexkuus!

# JTokaxete, de f e Guexkuusa!

Axo D = {1, 3,4}, ro
v = (11010)5 = 26

# Jlokaxkere, de [ e 6Guekuus!



5.4 Heun36pouMu MHOXKeECTBA

Bajgaua 57. Jlokaxere, ue NY = {f | f : N — N} e neus6pounmo.

HokazarescrBo. Ille npuiokuMm MeToma Ha nuaroHaan3arusTa. Jda momyc-
HeM, ge NN e u36poumo. Torasa MozkeM Jia IIOAPEIUM B PEIUIA BCUUKA (Y HKIIH

fO?flana""

Hedunupamve dbyukius k, karo k(i) = f;(i) + 1. Ja nonycuem, ge k = f,, 3a
uskoe n. Ho k(n) = fn(n)+1 # fn(n), ciienosaresnno crurame g0 IpOTUBOPEYHE.
Baxsmouasame, e NN e nens6pounmo. O

Teopema 4 (Kanrtop). 3arBopenust mHTepBas or peasnn uncia [0, 1]g e
HEen30pPOMM.

HokasaresictBo. [la nonycuem, ue uarepsanst [0, 1] e m3bpoum. Tosa 03-
HaYaBa, Y€ MOXKEM J1a W30POUM BCUUYKU €JIEeMEHTH B €/IHA, PEINIIA, :

0,1 = {r1,72, -y Tny.-. }-

IlenTa HE e ma mOKaxkeMm, Ue CbmecTByBa peanHo uuciao r € [0, g, koeTo me
TPUHAIEKN Ha Ta3W PEIUTA.

Heka Iy = [0,1], ap = 0, by = 1. a pasrmename wmnrtepsasmre [0,1/3],
[1/3,2/3] u [2/3,1] u na o3HauuMm Karo I; = [a1,b1] exuH OT TAX, 3a KOHTO
r1 & I;. Scho e, ye by —ay = 1/3 u [a1,b1] C [ao, bo]. IIpoxbizkaBame npore-
JlypaTa KaTo pasryiefiaMe WHTEPBATA (a1, bi| pa3menen nak Ha TPU PABHY IACTH.
Ns6upame enna or Tesm gacru [o = [ag, ba], 3a koaTo 19 & [ag, bo]. dcuo e, ve
by —ag = 1/3% u [az, ba] C [a1,b1]. Ilo TO3u Ha¥UMH MPOIbIKABaMe MPOIEIypaTa
KaTo Ha CThIKa N + 1 m3bupaMe UHTEPBAJ

Lit1 = [an+t1, bnya],

3a KOHUTO Ty 11 & [Ans1,bni1]. Torasa b1 — api1 = 1/3"" u I, C I,,.
Haxpas momysasame 6e3kpaitia pemuna {1, },en, KATO HMaMe CBOHCTBATA:

(Vn)[In—&-l C In]a

Ogangan+1<bn+1§bn§1-

Penuinre {a,} n {b,} ca MOHOTOHHM W OrpaHWYEHH, CJIETOBATEIHO Ca CXOSIIN
(r.e. chimecrByBar lim, oo Gy, u lim, o by,). OcBen ToBa, oT

(VYn)[br, — an, < 1/3"]
cIezBa, e
nleréo(bn —a,)=0

1 TOraBa CbHIECTBYBa PE€aJIHO YHCJIO

r =lima, = limb,.
n n

44



3a ToBa 4ucio r,

(Vn)[r # ral,

3amoro r € I, uor,, & I,. Jlocturame no nporusopeune. Cje10BaTEIHO 3aK IO~
yaBaMme, 9e He MOXKEM /JIa MOJPEJUM BCUUKHU peasiHu 4ducja B unrepsasa [0, 1]
B €HA PEINTIA. O

Bagaua 58. Jlokaxkere, 4e OTBOpeHUAT wHTEpBaJ oT peajnu unciaa (0,1)g e
Hen30pOMMO MHOXKECTBO.

HokasaresictBo. [la nornycHewm, ue naTepBansbt (0,1)g e n3dbponm. ToBa 03-
HaUaBa, Ye MOKeM Ja noapenuM Bcuuku ejementu Ha (0, 1)r B pemuna. /la
[PEJCTaBUM BCAKO peasiHo uucio B mHTepBana (0,1)g B Herosara JeceTudHa
dopma. Hsakon peasnm guciaa Morar ma uMar mo ape mecerwdnu dpopmu. Harm-
puwmep,

0.2 =0.1999999....

Hexka Bunaru w3dbumpame Tasu, KOATO 3aMOYBA € TMO-MAJKO YUCJI0, HATIPUMED W3-
oupame 0.1999. .. Bmecto 0.2. [la mogpesum BCUYIKHU PEATTHU YUCTIA B MHTEPBAJIA
(0,1)g B penuna:

To = 0.d00d01d02 ‘e
= 0.d10d11d12 ce

Th = O.dn()ldnldng e

la n3bepem gpe pasguaau qncia Mexay 1 u 9. Hampumep, 5 u 7. Heka

5, aKoO dii = 7,

ki =
7, aKoO du‘ 75 7.

Hedrrarpame Kk KaTO PEATTHOTO IUCIIO0, KOETO NMAa JeceTudHo mpeacrassne 0.kok1 ks . . ..
dcuo e, ue k € (0,1)r. e nokaxem, ye K # r, 3a Bciako n. Ja orbesnexum,
ue TIOHEKE B K HE y4acTBAT peaury or 0-1u uiam 9-Ku, TO CbC CUTYPHOCT Pe-
AJIHOTO YHUCJIO Kk WM €IUHCTBEHO JECeTUYHO mpeiacraBsaue. [la momycuem, ue
K = Ty, 3a HIKkoe n. Ho kyy, # duyn, CI€IOBATEIHO CTUTAME JI0 MPOTHBODPEYHE.
Baksouasame, de (0, 1)g e Hem3GpouMo. O

3abenexxkka. OT mocaegHaTa 3a1a9a JUPEKTHO CJIEABA, Y€ MHOKECTBOTO R e
Hen3bpoumo Ge3KpaiHo.

B crenpamara 3amada e BUAUM, Ue € YI0OHO Ja MOXKEM Ja TPeJCTaBIMe
BCSAKO PeajiHo YHCJI0 B JBOMYHA OpoitHa cucrema. Hampuwmep,

5375 = (1.22 +0.2' +1.2°).(0.27 ' +1.272 + 1272 40274 + 0277 +...)

= (101.011)
1=0.(1.27 " +1.272+1.277 +1274 +1.27° +...)
= (0.11111...)s.
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EcrecrBeno, MHOTrO peajHu 4uCIa e UMAT OE3KPAeH 3aIuC B JBOMIHA OPOIHA
cuctema. Ja pasraemame m = 3.14159 ... n ma BUANM KaK MOXKEM J1a HAMUpaMe
BCe TI0-700pY HETOBY ANMPOKCUMAIINU B IBOMYHA OpoitHa cucrema. Jla ymMHOMKUM
7 1o 23. Tonyuasame umncio mMexkay 25 u 26. 25 = (11001), u ciegoBaTesHo
JBOMYHUAT 3anmc Ha 7 3anousa ¢ (11.001), T.e. npemecTBaMe IBOUYHATA TOYKA
3 mecra HasiaBO. Jla npoBepuM Jajiu TOBa HauCTHHA € Taka. Cera ako yMHOXKHMM
7 no 25, nonyuasame uuciao mexxay 201 u 202. 201 = (11001001),. Haucruna,
JBOMYHUSAT 3amuc Ha 7 3anouBa ¢ (11.001001)s, T.e. mpemMecTBaHe IBOMYHATA
TO4YKa 6 MecTa HAJIABO.

3agaua 59. [loxkaxkere, ¥e caeIHUTE MHOXKECTBA CA PABHOMOITHU W CJIEIOBA-
TEJIHO ca Hen30poummu.

a) MuoxecrBoro na peajnure ducia R;

6) (0, )p={zeR|0<z<1}

B) 0,llg={zeR|0<z<1};

r) (a,b)g = {z € R|a <z < b}, Kbaero a < b ca TPOW3BOIHN PEATHN YHCIIA.
YobrBane.

a) < 6) Enun HauwH e na usnoassame Teopema 1. Toa o3Ha4IaBa, ge € 10CTa-
TbuHO 12 pedunupame uneknus f: R — (0, 1)g.

Exnpo penrenue MoxkeM [1a HOJIydUM KaTO pasriiefaMme ciegHure byHKIHK:
e f1:(1,00)r = (0, })r e nHexma nedwrnpana KaTo

1

fi(z) = e

o fr:[0,1]gr — [%, %]R e uHeKys aepUHIpaHa KaTo

1 =
falz) =+ 7.
o f3:(—1,0)r — (%, %)R e uHeKIus AepUHUPAHA, KATO
1 =z
fs(z) = 5 4
o fi:(—00,—1]gr = (2,1]r e unexuus tedunupana KaTo
3 1
fa(z) = 1 1

WpnesTa HA BTOPOTO pEIIEHHE € 3 KOAUpaMe PEATHATE YHC/Ia KATO IOTEH-
rasHo Ge3kpaitnn mymu Haz asbykara {0,1,2}. Heka mbpBo ga pasriename

PEeAJTHUTE YUCJIa B JIBOUYEH 3anUC. AKO €THO PeasiHO YNCJI0 UMa, IBE TTPEICTABA- Hanpuwep,
HU$ B JBOWYEH 3aIWC, TO B3MMaMe MO-TOJISIMOTO OT JBETE B JIEKCHKOrpadckara (7:25)10 = (111.01);
napepa. Cera Ha PEATHOTO YHCJIO T ChIIOCTABIME €/IHA KpailHa JyMa 11 « -« Ty

u (noreHuuanHo Oe3KpaiiHa) JAyMa Py« -« Py - -+, TAKUBA 4

(r)io = (r1-- Tp-p1p2--"Pn--+ )2,
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1 TpsibBa Ja MOMHUM JaJId YUCA0TO € [IOJIOXKUTEIHO uin orpunarento. Cera ga
pasriename ciaenHara (moTeHnuanHo Ge3kpaiina) ayma Hag asdykara {0, 1, 2}:

72:O...OQ...?TlT-Q...rnp1p2...,

% n+1

KbJeTo ¢ = () ako 7 e TOJIOKUTETHO, ¢ = 1 aKo T € OTPUIATENHO, U § = 2
ako r = 0. Hakpas, dyuxkuuara f(r) = (0.7)19 € unekruna ¢yakuus or R B
(0, 1)g.

Tpero pemrenne me ObAe AUPEKTHO, Oe3 mo3oBaBane Ha Teopema 1. 3HaeM,
qe tan : (—7/2,7/2) — R e 6ueknua. Ocsen toBa, f : (0,1) — (—7/2,7/2),
nedraEpana KaTo

fl@)=n/2 — 7z

cbino e 6neknust. ToraBa KommosuipsiTa Ha qBere GyHKImN tanof : (0,1) — R
€ OMeKImsI.

a) + B) Usnomspaiite Teopema I ¢ €7JHO OT IbPBUTE JIBE DEIEHNS Ha a) <> 0).
6) < r) Pasraenaiive dyukmusra f: (0,1)r — (a,b)r, KbaeTO

f(x)=a+ (b—a)z.

O

3agaua 60. [Joxkaxkere, ¥e CIeIHUTE MHOXKECTBA CA PABHOMOITHHU M CJIEIOBA-
TEJIHO ca Hen3Opoummu.

a) 2(N)={A|ACN}
6

—~

0,)g={reR|0<r<1}

Z

N={f | f:N— N roramma}.

o]

)
)
)
r) 28 ={f | f:N— {0,1} Toramma}

YibTBaHe.

a) — 6) Hdedwunupame h : Z(N) — (0,1) KaTo HA BCAKO TOIMHOXKECTBO OT
€CTEeCTBEHH YHCIIA CHIOCTABSIME PEATHO UHCIIO B IECETHICH 3AINC.

h(S) =0.dpd1ds ..., xbuero d; =1, ako i € S, unaue d; = 0.

Hampumep,

{0}) = 0.100000. ..
{1,2}) = 0.011000000. . .
N) = 0.11111111111 . ..

JlecHo ce Buxkma, ye h e unekius, caegosarenno |Z(N)| < [(0,1)].
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# [IpoBepere manau TOBa €
uHeKuus!

# IIposepere, 1ue f e Gueknus!

3aa) — 6) u6) — a) crpoum
nee naeknuu. Caen ToBa
n3nos3same Teopema 1 3a ma
oJIy4uM OHeKIUs MeXKILy
MHOYKECTBATA OT &) U 6)



6) — a) Ile nocrpoum mueknus g : (0,1)g — Z(N), Karo 3a BCEKH ejleMEHT
b € (0,1)r m3bMpame eJHO HETOBO d60U4HO Npedcmasane (MOXKe 1a UMa TIOBeTe
or exuo) b = (0.bgb1bs . .. )2 u nedunupame

gb)={ieN|b =1}.
3a OmpesesIeHoCT, aKo €JHO PealH0 YHCI0 MMa MOBeYe OT €JIHO MpEeICTaBs-

Husl, n3bupaMe TOBa, KOETO € Hail-roJIsIMO OTHOCHO JieKcuKorpadckara Hape-
6a. Hampumep,

1/2 = (0,100000. .. )y = (0,011111...)s.

Eto makonko npumepa:
e g(0) = g((0.00000...)s) = 0.
(1/4) = 9((0.01000...)2) = {1}.
(1/2) = g((0.10000. .. )2) = {0}.
(3/4) = ~)2) =A{
(3/8) =

e o
o

9(3/4) = ¢((0.1100000. .. )5) = {0,1}.
9(3/8) = ¢((0.01100000. .. )5) = {1, 2}.
g(1) = ((0.1111111...)2) =N.

Enamo uncmo Moxe 1a nMa JIBe TIPEJICTaBAHUS, HO HUE CMe CUTYDPHHU, Y€ Pa3IUd-
HU YUCJIa UMAT PA3JINYHU NPEICTABAHNA.

a) — r) Ja pasruename equo muoxectso A C N. CbnocraBame na A yHK-
muara fa 1 N — {0,1} no creanus nagun:

1, neA
faln) = {0, néd A

I[Iposepere KakBu cBoiicTBa nMa dyrkmuaTa h : P (A) — 2V nedurupana kato
h(A) = fa.

r) — a) Ja pasrnename byukuusra f : N — {0,1}. Ha nes cbnocrassmve
muoxkecrBoro Ay = {n € N | f(n) = 1}. IIposepere kakBu cBoficrBa UMa
bynkmusaTa h : 28 — P(A) nedunnpana xaro h(f) = As.

6) — B) [la pasmrename enna dbyskuusa f : N — N. Ha Hes cbmocraBsive
peasoro aucio 5 € (0,1)r, Kbaero

ry=0,00...0100...01...00...01...
—— Y~ S——
f(0)+1 f(H)+1 f(2)+1

[posepere Kakeu croifcTia nva dbymxmuata h : NN — (0,1)g nedurupana
karo h(f) =ry.

B) — 6) [a pasriename equo peanuo uucio 1 € (0, 1)g, Kbaero
r=0,rgrirers...

Ha roBa uucio cbuocrassme ¢yukuugra f. : N — N karo f.(n) = r,. IIpo-
BepeTe Kak®u cBoiicTBa mva dyrkmuaTa h : (0,1)g — NY gedunmpana karo

h(T) = fr.
O
Bamaua 61. Heka A ~ B u C ~ D. Jlokaxere, ue B4 ~ D,
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I'masa 6

JlokazBaHe Ha TBbPJAeHUSI

IIle pasriegame aBa OCHOBHU METOHA 3a JOKA3aTEJICTBA HA TRHPIAEHUS.

6.1 /lomyckaHe Ha MPOTUBHOTO

Ja mpuemeM, de MCKaMe 1a JOKaXkeM, de CBOHCTBOTO P(x) e BAPHO 3a BCSKO
€CTEeCTBEHO YHUCJIO. EILI/IH Ha4YWH Ja HAalIpaBUM TOBa € CJICJTHHA:

e JlomyckaMe, Ue ChIECTBYBA EJIEMEHT N, 3a KoiTo —P(n).

e Ulznon3paiiku, e —P(n) mpaBuM W3BOI, OT KONTO cienBa (akT, 3a KONTO
3HaeM, Ue BUHATH € JTbKa. ToBa 03HAYaBa, ¥e JOKa3BaMe CJIeIHOTO TBhPICHIEe

Jz-P(z) — 0.
e Torasa moxkeM Ja 3akirouum, e Ve P(z), 3211010 uMaMe cieqHust U3BOL:

Jx-P(z) —» 0
1 — —3z—-P(z)
—Jx-P(x)
Vo P(x)

IIle mrocTprpamMe TO3M METOJ Ha, IOKA3aTEJICTBO KATO PEIINM HIKOJIKO TTPOC-
TH 3aJa49H.

Banaua 62. 3a BcAKO a € 7, ako a® e YeTHO, TO @ € YETHO.
HokazaresictBo. TBbpAEHWETO MOXKE Ja Ce 3aMUIle KaTo

(Va € Z)[a* e werno — a e wernol.

Ja jionycHeM IIPOTUBHOTO, T.€. —~(vz)(A(z) = B(z)) e
€KBUBaJIEHTHO Ha

(Ja € Z)[a® e weTHO A @ He e uerHo). = (32)(A(2) A ~B(2))

ﬂa B3eMEM €IHO TaKOBa HEYETHO a, 3a KOETO a2

a=2k+1,3a uaroe k € Z, n

e gerno. ToBa o3HavaBa, Ue
a® = (2k +1)* = 4k* + 4k + 1,
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KOETO O4YeBHUJHO € HEYETHO YHCJIO. Ho mue JA0IIyCHaxMme, 4de CL2 e uerHo. Taka

JIOCTHTaMe JI0 TIPOTHBOpPEeUre, CJIeJ0BATETHO HAIIETO JOMYCKAHE € TPEIHO 1
(Va € Z)[a* e werno — a e wernol.

O

Teopema 5 (OcHoBHa Teopema Ha apUTMETHKATA). BCIAKO €CTECTBEHO 4YUCIIO0
n > 2 MOXe Ja Cce 3amnuile Mo €JIWHCTBEH Ha4YWH KAaTO TPOW3BE/IEHWE Ha,
TIPOCTH YHUCTA.

JokazaresictBo. Beue 3naem ot 3amada 66, 9e BCAKO YHUCIO MOXKE 1a CE
MPE/ICTaBU KATO MPOM3BEICHNE HA, MPOCTH YuCIa. Jla JomycHem, e nma TakuBa,
KOUTO UMAT HIKOJIKO PA3JIMYHU TaKuBa npejcraBsausg. OT BCUYKU Te3U 9uCa,
HeKa u3bepeM Hati-maikomo ¢ mosa ceoticmeo. a ro ozuaaum ¢ n. Umawme, Te

n=pip2...-Pk = q192 - - - Gm-

MozkeM [1a IIpueMeM, 9€ IPOCTHTE YUCAA D1, ..., Pk U 1, .. ., ¢y €& HOAPEIEHA
BbB Bb3X0Jdll ped. be3 orpannyenne Ha OOIIHOCTTA, HEKA P < ¢1. SHAEM CbC
CHUTYDHOCT, Y€ p; # g1, 3aI0TO aKO P1 = ¢1, TO 0/ = n/p; € YUCIO TO-MAIKO
OT M, KOETO MMa JABE€ PA3JIHUIHU NPEICTABAHUA KAaTO IIPOU3BEIACHNE Ha MPOCTHU
YuUC/Ia, KOETO € MPOTUBOpeYre ¢ n300pa HU Ha N - HAR-MAJKOTO TaAKOBA YUCJIO.

1 raka, meka p; < ¢. CrmegoBarenso, p1 < ¢;, 3a i = 1,...,m. Torasa
CBINECTBYBAT YUCIIA G;, T'j, 38 KOUTO:

¢i = a;p1 + 1.
Acroe,ve 0 <r; <p1 <gi,t=1,...,mmu
n’:ﬁrg...rm<q1q2...qm:n.

Yucaoro n' MOXKe [1a e IPEICTaBH KAaTo IPOU3BEIEHUE HA MPOCTH YUCIIA, KATO
PA3JIOKUM 77, ..., Tpy. SHAEM, Y€ B TOBA MPOU3BEJICHUE HE YHUACMEA P1, 3AIMIOTO
r; < p1. OcBeH TOBa,

n=4qq2...-9m
= (a1p1 +71)(azp1 +72) ... (@mp1 + Tm)
=A+rire... Ty .
—_——

n’!

IMonexe p1|A u p1|n, To p1|n’. ToBa o3HaYaBa, Ye MOXKEM Ja IOJYUUM JPYrO
IpeJCcTaBsaHe Ha 1 KaTo MPOM3BEIEHNE HA IPOCTU YUC/IA, B KOCTO Y4aCmeEa p.
ToBa e TPOTURBOPEYNE C MUHUMATHOCTTA, HA, 7. O

Teopema 6 (Besy). Heka a,b € Z, karo noune equo or asere ne e 0. Torasa
CBITIECTBYBAT &,y € Z, TAKUBA 1€

za + yb =HO(a,b).
JokazaresicTBo. 3a JAJIEHUTE YUCIA a,b € Z, Ta pasriegamMe MHOKECTBOTO

S={z|x>0& z=ma+ nb, 3a nakou m,n € Z}.

50



JlecHo ce chobpassasa, ue S # (.

Jla B3emeM nati-maakusa esemenm s € S. Torasa s = ua-+vb. Ja pasriaegame
TIPOM3BOJICH eIeMeHT & € S, x = ma + nb n Ja JOomycHeM, Ue S He IeJIn I.
ToraBa x = gs+r u 0 < r < s. Imame paBencTBara:

r=qs—u
= qua + qub — ma — nb
= a(qu —m) 4+ b(qv — n)
[Tonexke r > 0, To r € S. Ho or s > r gocrurame /10 IpOTUBOpPEYNE C MUHU-
mMaaHocTTa Ha 5. CllemoBaTeIno, s Jedn T.
Ha oznaunm d = HO/I(a,b). Beue 3naem, ue 3a Besiko x € S, s|z. Ionexe
lal,]b| € S, To umame, 4e s menu |a|, |b|, u ciemoarenno 1 < s < d. Ho mo

onpenenenue, d|a u d|b. Torasa, d|ua u d|vb u d|(ua + vb) = s. [lomyuasame, e
d < s. Cnenosarenno, HOI(a, b) = s. O

3amava 63. lokaxere, ye

b
HOK (a,b) = #(ab)'

HoxkaszaresicrBo. Heka D = HO/I(a,b). Tosa o3nauasa, ue
a = Dal, b= Db1, HOﬂ(al,bl) =1.
ITe nokazkem, 4ye 3a BCSKO ¢, 3a KoeTo alg u b|g, TO chliecrByBa ¢p, TakKoBa e

ab

g = 5(11-

Ha pasriename g, TakoBa de alg u b|g.

Dlaualg = g = Daqgq,

g Dag aiq
Dbublg = I = =49
publy = Db, by

Ionewxe (a1,b1) =1, To ¢ = b1q1. Torama § = a1q1

ab

g = 5(]1~

Torapa 3a ¢ =1,

_ab

g= D
O

Sagaga 64. 3a Bceko a,b € Z u 3a BCAKO IPOCTO YUCJIO P, aKO plab, To pla uiu
plb (Mmoxke u asere).

HoxkasarescrBo. Heka p|ab. Torasa ab = kp. 3naem, de ab = pi*...phm =

kp. ToraBa p = p;, 3a uskoe i = 1,..., m. Ciensa, 4e p ygacTBa B pa3J/iaraHeTo
HA IPOCTU MHOXKUTE/HM WU HA ¢ WK HA b. O
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3agaua 65. /lokaxkere, 4e cleIHUTE UNUCIa HE €A PAIMOHATHU:
a) V2,v3,V6;
6) /D, KBJETO P € IPOCTO YHCIIO;

B) /1, KbJETO N HE € TOYEH KBAJIPAT;
r) u /2 KbJero p u ¢ ca pa3iMYHU NPOCTU YUCIIA;
VPau /B, kbaero pugcap p ;

1) loga3.
lokazaresicTBo.

a) Tpabsa ma JoKaxKeM, e
Va,beZ)b£0 = V2 £ %}.
Ha momycuewm, e /2 e pamoHaaHo YHUCI0, T.€.
Fa,beZ)b£0 A V2= %].

Torasa cwirecTByBar a,b € Z, rakusa qe:

a
V2=
b

Bes orpannuenne, MoykeM 13 TpUEMeM, e a U b ca eCTECTBEHU YUCJIA, KOUTO
HAMAT OOIIH Je/TUTENH, T.€. He MOKeM Ja chbKparum apobra ;. [lomydasame,
qe

2% = a2,
2

ToraBa a® e 4erHO 4mco U OT 3aua4da 62, a e yerHo umuciao. Heka a = 2k.
IlonyaaBame, |e

20% = 4k2,
OT KO€TO CJieBa, 1€
b? = 2k2.

Tosa o3HauaBa, 4e b CbIIO € YeTHO Yucio, b = 2n, 3a usakoe n € Z. Cienosa-
TEJHO, a U b ca 4eTHu Yucsia u uMaT o0l JIeJUTeN 2, KOETO € IPOTUBOPEIHne
C HaIeTo JomycKane, ¥e a w b uamar obmm neautenn. Taka qocturame 1o
nporusopeune. Hakpas 3axmouaBame, qe /2 He e PaIMOHATHO UHCIIO.

6) Ha nomycuem, de \/p = 2 u m u n ca B3aumuo npocru. Torasa n?p = m?.

Or ToBa ciemsa, ge p|m? u ciaemosarenno plm. Hexa m = kp. Torasa np =
k?p? u n? = k?p. Cera numame, 4e p|n, HO Taka cTHTaMe JI0 TIPOTHBOPEYHE C
daxrTa, 9e m u n ca B3AHLMHO IPOCTH.

O
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6.2 MHMuaykiuga BbpXYy €CTECTBEHUTE YHCJIA

ﬂa HaHOMHI/IM, 4Je eCTeCTBEHUTE
HokazaTencTrBoTo ¢ HHAYKIHS M0 N mpeacTaB/isBa CIeIHaTa CXeMa: meaa ca N={0,1,2,...}

P(0) (Vz € N)[P(xz) = P(z +1)]
(Vz € N)P(z)

Tosa o3HavaBa, Y€ aKo MCKaMe Ja JIOKazKeM, 4e cBoiicroro P(x) e BApHO 3a
BCSIKO €CTECTBEHO YUCJIO X, TO TPbOBa J1a JI0KazKeM I'bPBO, e e udirbjneno P(0)
U cJlef, TOBa, 3a IPOM3BOJIHO €CTECTBEHO UHCIO %, aKo P(x) BAPHO, TO CbIIO
Taka e BapHo P(z + 1).

3agaua 66. Bcako ecTecTBEHO 9HCIO 1 > 2 MOXKe 3 Ce 3aIlHIne KATO IIPOu3-
BeleHue Ha IIPOCTHU YHCJIA.

HokasaresictBo.  JI0Ka3aTeJICTBOTO MPOTHYA ¢ WHIYKIUS 1O 1 > 2.
a) 3an =2 e scHo.

6) Ako n + 1 e upocro 4ucso, To Bcuuko e scHo. Ako n + 1 e cberaBuo, TO

n+1=mny-ns.

— Nk . m

Torasa ny = py* ---pp" mng =¢q; " -+ ¢, KBIETO P1,... Dk K 15 -- -, qr

ca mpoctu uncia. Torasa e sicHoO, 1€ n + 1 CbIno e mpon3BeeHne Ha IPOCTH
qucJia.

O

3agaua 67. /lokaxkere, ge 3a BCAKO 7N,

anzi =orntl 1.
=0

HokaszarescrBo.  J[0Ka3aTeICTBOTO MPOTUYA C WHIYKIHU IO 7.
0
e3Ban=0%,_,2"=1=2"—-1.

e Heka TBBpaennero e BApHO 3a n. llle mokaskem, de TBHPIEHUETO € BSIPHO 34

n+1.
n+1 n
BEED SR
=0 =0
=ontl 1 4 9ntl (or I.IL.)
=227t _1q

= o+ g

3agauva 68. lokaxere, ge:
a) 3" e HeYeTHO;

6) n < 2™
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2" < nl3an >4

@

alb
3(n® —n);

6/(n® + 11n);

b=

9|(22" + 15n — 1);
57|(7n+2 + 82n+1);

w

3a BCAKO KpaifHO MHOXKeCTBO A, ako |A| = n, to |Z(A4)| = 2™;
C\Uizo Ai = Mizo(C\ 4);

C\Nizo Ai = Uiz (C\ 4i);

aKO (VZ S n) [Az g BZ], TO m?:o Al g n?:O Bl,

=

=

) axo (Vi < n)[4; € Bi], 1o Uy 4 € U, Bs;
(Nizo Ai) U B = ;_(A; U B);
(Uizo 4i) N B = U;Z(4; N B);
Mizo(Ai \ B) = (NiZo 4i) \ B;

(p1Vp2V--Vpp) & (Fpr Ampa A A py);

H

©)

11

(P ADP2 A App) = (p1rVpe VeV opy);

n n(n+1)
Y) Dy i= %7

(b) Z;L:l 2 = n(n+1)6(2n+1);

. 2 1 2
x) Z?:l i3 = %;

n .4 _ n(n+1)2n+1)(3n2+3n—1) .
m) Y= ! 3()) ;

n . 2 _ (n+1)(2n+1)(2n+3) .,
q) Zi:O(QZ + 1) - 3 ’
n 1 _ n .
m) > Wi+l — ntlo
n 1\i 2n+1+(_1)n .
HI) Zi:o(_ﬁ)Z - 3.9m )
3agaua 69. /lokaxere, 4e 3a BCIKO €CTECTBEHO 9HCIO K,

(2k+1)* =1 (mod 4).

3agaua 70. lokaxkere, ge 3a MPOMU3BOJIHU YHCJIA X,y U €CTECTBEHO UHCIIO N €
U3MBJIHEHO PABEHCTBOTO:

n
Z (n) wiyn.
4 i

=0

(x+y)"
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Bagaga 71 (Teopema na ®epma). Heka p e upocro uucso. Torasa jgokazere,
e 3a IUCJIOTO a:

i) a? = a (mod p);
ii) a?~! =1 (mod p), axko a He ce genu HAa P.
HokazaresictBo. [la pasriejame CJIeJHOTO PABEHCTBO:
(z+1)P =2 + (p>xp1 + (p)xp2 +ot+l= Xp: <p>ml
1 2 = \i
Bai=1,...,p— 1, Beaxo or umcaara () ce nemm ma p, Torasa
(x4 1) =2+ 1 (mod p). (6.1)

Hexka cera ma pasrnegame ciemHaTa peawna, KOATO Ce NOMydaBa OT PaBeHcTBO
(6.1), karo = mpuema croitHocTuTe 0T @ — 1 10 0:

a’? =(a—1)P +1 (mod p) (momarame x = a — 1)
(a—1)P =(a—2)’+1 (mod p) (momarame x = a — 2)
2P =1 (mod p) (momarame x = 0).

Kato cnhbepem Te3u cpaBHEHUsI, MOy YaBaMe:

a? = a (mod p).
AKko a me ce genu Ha p, TO

a?~' =1 (mod p).

Yucna na OuGonaun

3agaua 72. [la onpenenuM CaeaHATa PEIHIA:

Fo=0,F1=1,...,Fh2=F, + Fh11.
IIposepere:
a) Z?:o F? = FoFyy;

€IMHCTBEHO 4JeHOBeTe OT Buma [j, ca derHu;

Fm+n— —l'Fn+Fm'Fn—1;

ako m|n, To Fp,|F,. ,
Wsnonssaiite, 4e ¢~ = ¢ + 1

)
)
)
n) san>0, F 1 Fyoy — F2 = (-1
)
)
)

_&

ako n > 3, To F,, > ¢" "2, kbuero ¢ =




IIbnaa mEAyKINSa BbpXy N

JokazaTencTBo ¢ bjaHa WHAYKINS 0 N 33 cBOMCTBOTO P NpeicTaBadBa CIe-
HaTa CXeMa:
(V2 e N)[(Vy e N)[y <z — P(y)] = P()]
(Vo € N)P(x)

Heka 1a nposepum npunnuia 3a wbiaHa HHAYKIws. /la nomycHem, 4e IpuHIUIbT
He e BepeH, T.e. 33 HAKOe CBONCTBO P e M3MbJHEHO, Ye

Mz eN)|[(VyeN)ly<z — P(y)] = P(z)] A (3z € N)=P(x).

Ja B3emeM Haii-MaJsiKusi eJeMEHT Mg, 3a Koiiro =P (ng). OT Hamiero pomnyckane
3HaeM, 4e TaKOBa Ny CbIIEeCTBYBa. Torasa

(Vy € N)[y <ng — P(y)]
Hn CjIeJOBATEJIHO:

(V2 € N)[(Vy e N)[y <2 — P(y)] — P()]
(Vy € N)[y <nog — P(y)] (Vy e N)[y <ng — P(y)] = P(no)
P(no)

Taka mocTurame 10 IPOTUBOPEYKE, 3aLIOTO noJdydaBame, ye P(ng) A —P(nyg).
Tebpaeuune 4. /Ipara NpUHIANA Ca €KBUBAJEHTHH.

HokasatesictBo. 1) — 2). Heka mmame 1) u meka (Vn € N)[(Vm € N)[m <
n — P(m)] — P(n)]. e nokaxewm, e (Vn € N)[P(n)]. Ja parnegame cpoiicr-
BOTO

Q(n)=P0O) A ... A P(n).

Torasa umame, 9e Q(0) u (Vn € N)[Q(n) - P(n+1)]. Ho or Q(n) — P(n+1)
caeasa, 1e Q(n) — Q(n) A P(n+ 1), re. (Vn € N)[Q(n) — Q(n + 1)]. Taka
nosyBaMe o MareMarudeckara wHaykims, e (Vn € N)[Q(n)]. Ho Torama e
oueBnzHO, e numame (Vn € N)[P(n)], zamoro Q(n) — P(n).

2) — 1). Hexka umame 2) u P(0) A (Vn € N)[P(n) — P(n+1)]. Ille noxaxem,
qe (Vn € N)[P(n)]. [Tonexe nmame 2), JOCTATHIHO € Ja JOKaXKEM

(Vn € N)[(VYm € N)[m <n — P(m)] — P(n)].
e Ako n =0, to e scHo, ue (Ym € N)[m < 0 — P(m)] — P(0).
e Akon > 0, To or P(n) — P(n + 1) momyusame, ae
P0O) A P(1) A ... P(n) = P(n+1),
re. (Ym € N)[m <n — P(m)] — P(n).
ObenunsBaiiky ABaTA CIydas MOJIydaBaMe, de
(Vn € N)[(Ym € N)[m < n — P(m)] — P(n)].

U rorasa or nbanara maremaruucka uaaykuus caeasa, ge (Vn € N)[P(n)] O
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3amava 73. lokaxere, ye 3a BCAKO =,y € N

fz,y) =aY,
KbIETO
flz,y) =4 flz,y—1) %, x #0 Ay e HedeTHO

fz,y/2) * f(x,y/2), x#0 Ay e uerHo

Nunykuuns sbpxy N x N

Onpenenenne 1. Onpenensive jgekcukorpadcekara xHapemda < Bbpxy N x N
KaTo

(m,y) < (@', y) < z<a'V@=12" Ny<y).
Hapuuame upoiikara (xo, yo) munumasna 3a maoxecrsoro A C N x N ako

{zo,y0) € A A (V(z,y) € A)[(z,y) A (20,90)]-

Tebpaenune 5. Besako menpasuo moamuaoxkectBo A C N x N npurexkapa mome
eINH MUHUMANEH ETIEMEHT.

Tebpaeune 6. He coimectByBaT Ge3KpaifHu CTPOro HAMATABAIIM PEIUIINA OT-
vocuo > B N X N, T.e. He cbIiecTByBa

<$071/0> >~ <3317y1> - <x27y2> e <$myn> ...

Onpenenenne 2. JlokazareacTBoro ¢ nHaykius Bbpxy N X N mpemcraBiasgsa
CJIeTHATA CXeMa:

(VY y) (V& g ) [ y) <z y) = P',y)] — P(z,y)]
V(z,y)P(z,y)

la npoBepum cxemara. [la jomycHeM, de Ts He € BAPHA, T.e. 33 HIKOe CBOC-
T80 P e m3mbiHeHo, qe

(Ve y)[(V(2", ¥ D" y") < (2, y) = P(a’,y)] — P(z,y)],

HO
e, y)=P(z,y),

1.e. chinectByBa (x,y) € N x N, 3a koero —P(z,y). Hda pasriename
A={{z,y) e NxN|=P(z,y)}.

ITTom A e HempasHo, TO A WMa MUHMMAJIEH eJIeMeHT (Xq, Yo). Torapa

(V" ) y') < (o, wo) — Pla’,y)].

Ho mne nmame, e

(V<£Bl,y/>)[<l’/,y/> < <$07y0> — P((E/,y/)] — P(anyO)'

Tosa o3nauasa, 1e P(zg,yo), KOETO € MPOTUBOPEIHE.
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3abesexxkka. 3a 13 J0KaXKeM eJIHO CBOMCTBO P ¢ MHAYKIMs 110 JeKCuKorpadgdc-
kara Hapenba pbpxy N x N, mbpro mokaseame P 3a MuHMMasHaTa qBofika (0, 0).
Caren ToBa mokassame, de ako P e BsipHo 3a Bemukm npoiiku (¢, y') < (z,y), T0
P e BsipHo w 3a (x,y).

Bagaua 74. Jokaxere, de f(z,y) = |z — y|, Kbaero

Y, z=0

flz,y) ==, y=0
fx—1,y—1), wunaue

Ioxka3zarescrBo. Unnykmus no (N2 <), kbaero < e mekcukorpadekara Ha-
penba. Umame eaun muanmanen enement (0,0).

£(0,0)=0=[0—0].

Ha nomycuem, [e 3a Besko (u,v) < (z,y),
flu,v) = |u—wvl.

Torasa ako z > 0,y = 0, To
f(z,0)=2=|z—0|.

Ako x > 0,y > 0, T0o

fley)=fle-lLy-D=lr-1-y+1f=lz—y|

Banmaua 75. Iokaxkere, ue f(z,y) = HO(z,y), kbaero 3a x,y € N,
fle—y.y), z>y

flzy) =4 fly,z), r<y
T, T =y.
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DOyHaupaHu MHOXKECTBA

Anrn. well-founded sets
HOHHKOI‘& Ce HaJlara Ja MpaBUM MHAYKOWUA IO MO-CJIOZKHU MHOXKECTBa OT TOBa

Ha €eCTeCTBEHHUTE YHCJIA.

Ounpepesenne 3. Heka e nanena apoiikara (A, R), KbJero A e MHOXKeCTBO, a

R C A%, KasBaMme, ue A e GyHANPAHO MHOKECTBO OTHOCHO R, aKo
R 3amaBa cTpora 4acTUYHA

napenba Bbpxy A
e R e anTu-pedIeKCHBHA, TPAH3UTUBHA, ACUMETPUIHA. pea Py

® QKO BCSKO HEMpa3HoO MoAMHOXKeCTBO X C A mpurerkaBa MOHE €IUH MUHUMA-
AeH eJIEMEHT, T.€.

(VX C A)[X #0 — Fm € X)~(Ty € X)[(y,m) € R]].

O0bpHETE BHUMAHNE, Y€ MUHAMAJIHUAT €JIEMEHT MOXKEe 714 HE € YHUKAJIEH.
IIpumep 15. Heka na ompenennM < Bbpxy N Kato
(x,y) < (2", Yy < z<y A2/ <y

Torapa manpumep X = {(1,2),(2,1),(2,2), (2,3)} nma 1Ba MUHNMAJIHHU €JIE€MEH-
ma - (1,2) m (2,1).

Tsbpaenne 7. Heka < e crpora yacrtuyna Hapeaba sbpxy A. Ciepnure 1Bbp-
JIEHUST C& €KBUBAJICHTHU:

a) ako BCAKO HeupasHo noimuoxkecrso X C A upurexkaBa LIOHE €QUH MUHU-
Maner eJTeMeHT, T.e.

VX CAX#AD— (Fz e X)~(Fy € X)[y < z][;

6) He CbllecTBYBAT GE3KPAHU PEIUIU OT BUIA

T = XL = To = Ty

lokazaTeJsicTBoO.
a) — 6) [a momycueM, ue ChIIECTBYBa OE3KpaiiHO-HAMAJIABAIIA, PEIUIA
Lo > L1 > Ty > coe > Ty

Heka X = {z; | i € N}. Torasa secuo ce B2, 1€ B X HIMA MUHHMAJICH
€JIEMEHT, KOETO € MPOTHBOpeHdHe.

6) — a) [a gomycHem, Ue CbIIECTByBa HempasHo MHOXkecTBO X C A, KOeTo He mpu-
TeXKaBa MUHHUMaJIEH €JIEMEHT, T.€.

(Vz e X)(3y € X)[y < z].

IIle mocTponM Ge3KpaHO-HAMAIABAINA, PEINIa OTHOCHO <. /la B3eMeM mpo-
u3BojieH xg € X. 3naem, ge cbimecTByBa y € X, xo < y. Heka ma uzbepem
eHO TakoBa y € X W ma O3HA4YUM T1 = Y. 1lo TO3W HAYMH MOXKEM M3 ITOCT-
poum

Tog <T1 <Tg <X -+
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Tebpaenne 8. Heka (A1, <1) u (A, <2) ca dbynuupanu. Torasa
(A1 x Az, <)

e byHINPAHO MHOMKECTBO, K'bIIETO
(ar,a2) < (a},ab) < a1 <1a] V (a1 =a] A ag <2 a))

JlokazaTesictBo. [la momycHeM, 9e ChINECTBYBa OE3KPAHO HAMAJISIBAIIA Pe-
JIUIa OTHOCHO <

(xO’yO) -~ ($1,y1) e (x’myn) e

Jla pasriesaMe peunara CaMo OT IbPBUTE KOMIIOHEHTH :
Ty =y e

Tosa O3Ha4YaBa, 9€¢ CbIIECTBYBa YUCJIO 71, TAKOBa Y€

(VE > ny)|zn, = xg].

B nporusen ciygaii me momydmM Oe3KpaiiHO HAMAJISIBAINA PEIHIlA, KOETO IIe
ObJie nporuBopedne ¢ (GyHaupanocrTa Ha Aj. AHAJIOMMYHO, CHIIECTBYBA N,
TaKOBA 4e

(Vk > n2)[yn, = Ykl

B nporuBen ciyuail e monayunM Ge3KpaifHO HaMaJsBAIlA DEJUIA, KOeTO IIe
Obe nporuBopedre ¢ pyHaupadocrTa Ha As. Heka

n = max(ni,ny).
Toraga
(Vk = n)[(zn, yn) = (Tk, yx)].
Taka jocTurame Ji0 MPOTHBOPEUHE C
(Vk = n)[(2n, yn) = (@5, y&)]-
CrenoBarenno < 3amaBa dynaupana Hapenba Bbpxy A; X As. O

Nuanykuusg nmo dyHaupanu Hapeaon

Hokazarencrsoro ¢ unayKius 10 GynaupaHoro muoxecrso (A, <) upexncras-
JABa CJIeJHATa CXeMa.!

(Vz e A)[(Vy € A)ly <z — P(y)] — P(z)]
(Vz € A)P(z)
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Axko pmouycuem, ue cbuiecrByBa & € A, 3a koero —P(z), To Ja pasriename
X={xe€A|-Px)}.

IITom TOBa MHOXKECTBO € Hempa3Ho, TO X WMa TOHE eJUH MUHUMAJIEH eJTEMEHT
xo. Torasa

(Vy € Ay < xz0 — P(y)]-
Ho roBa oznauasa, ye P(xz(), KoeTo e nmporuBopedue.

Bagaga 76. dokaxere, e f(x,y) = |x — y|, kbuero

Y, z=0
flz,y) =4z, y=0
flx—=1,y—1), wunave

HokazarescrBo. Mnaykiusa no (N2 <), kbaero < e jekcukorpadcekara Ha-
penda. Mmame exun munnmasnen exement (0,0).

£(0,0)=0=[0—0l.

Ia momycuewm, ge 3a Beako (u,v) < (x,y),
flu,v) = u—wvl.

Torasa axko x > 0,y = 0, To
flxz,0) =z =|x—0|.

Ako z >0,y > 0, To

f(x,y):f(x—l,y—l):|x—1—y+1|:\x—y|

Bagaua 77. okaxere, e f(x,y) = HO(z,y), kbaero 3a x,y € N,

flx—y,y), >y
flz,y) =< fly, ), r<y
z, T =1y.

Banmaua 78. okaxere, ue f(z,y) = (Z), KbJIETO 38 & > Y, L,y € N,

1, =0V y=0V z=y

flx,y) = {f(x— Ly + f(x—1,y—1), wunaue

HOK(z,y) = z TO4HO TOraBa, KOraTo z € Haf-MaJKOTO 9HCJIO, 33 KOETO €
M3I'BJIHEHO CBOWCTBOTO x|z & yz.
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I'maBa 7

Kombunaropuka

7.1 OcCHOBHU NOHATULA

(0+R+) Koudwurypamuu c nogpenba u c¢ nosropenue. Cbino Taka ce
HapuJar nepmyranuu ¢ nosropenue. Toea e 6posr P.(n, k) Ha Bcuuku jaymMu ¢
JIbJKUHA k HaI n-eleMeHTHa a30yKa.

P.(n, k) = n”

C razu dpopmysna MOKEM J1a HaMUPaMe BCUUYKM k-OyKBeHU Jiymu HaJ a3dyka ¢
n 6yxsu. Hampumep, Bcuukn 4-6yksenu gaymu Haj asbykara {a,b,c} ca 3* na
Opoii. lnage ka3ano, TOBa Ca BCHYKU HAUWHW Ja W30EpeM Mo eaHa OyKBa OT
BCsIKa ypHAa:

a a a a
b b b b
c c c c

U TU MOJpeXKTaMe B PenIia.

(04+R-) Kouduryparmun ¢ moapenba, Ho 6e3 moBropenme. Cbina Taka
ce Hapnvar nepMmyTtaryu. Toea e Gpost P(n, k) Ha mymwure ¢ IbkuHA K HAT
a3byka ¢ n OyKBU, KATO HIMaMe MMOBTOPEHUS HA, OYKBUTE.

n!

P(n,k):n(n71)~~~(nfk+1):m.

Hanpuwmep, Bcuuku 3-Oyksenn mymu 6e3 noemopenus Han azbykara X = {a, b, ¢, d}

ca 4!3!2! ma 6poit. Kak Mmoxkem /1a remepupaMe BCUYKY TAKWBA 3-OYKBEHU JTyMu?
3anouyBamMe € 3 WbJIHU YPHU:

QL O o
QL O o
QL O o

Ot mbpBara ypHa u3bupaMe IPOU3BOJIEH eleMenT u3mex ity 4-re Oyksu. Ham-
pumep b. Tosa e Obau MWHPBUAT CUMBOJ HA Hamara ayma. llorexe Toit He
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MOZKe J]a ce TOBTaps, Hue npemaxsame b or apyrure ypuu. OcraBame ¢ Bropa
¥ TpeTa ypHa:

a a
c c
d d

Ot BrOpara ypraa u3bupamMe IpOU3BOJIEH €JIEMEHT U3MEXK /Ty 3-T€ OCTAHAIN OyK-
Bu. Heka na uzbepem or Bropara ypHa a. ToBa o3HagaBa, 4e HAIIATA TyMa I
zamouna ¢ ba. OTHOBO, MOHEXKE He WCKaMe ¢ /13 Ce TIOBTaps, MPeMaxBaMe @ OT
Tperata ypHa. OcraBame camo ¢ TpeTaTa ypHa:

(4)

3a Tperara OykBa or Hamara Jyma u3dbupame uzmexk iy ¢ u d. Heka ja uzbepem
d. Taka remepupaxme gymarta bad.

(0-R-) Koudurypauuu 6e3 nogpenbda u 6e3 mosroperue. Topa e 6posiT
C(n, k) ua k-ejleMeHTHUTE TIOAMHOKECTBa, (T.€. €JIEMEHTUTE He ¢G4 NodpedeHu)
HA €JIHO N-eJIEMEHTHO MHOXKecTBO. VIMame ciieHaTa Bpbh3Ka ¢ mepmyTanuu 6e3
[TOBTOPEHUE:

P(n,k) = C(n,k) - P(k, k),

T.€. 33 Ja MOJyINM BCHYKK IYMH C IbJKAHA k 6e3 nosmopenus na byxeume,
MOXKEM I'bPBO Ja m30epeM eaHO MHOXKEeCTBO OT k OyKBHM W CJie[ TOBa Ja T'H
nojpeaumM re3u k Ha Opoii 6yksu B eqHa peauna. CiemoBaresiHo,

_ P(n,k) n! _(n
COuk) =BG ~ o (k)

Hampumep, Benuku 3 eneMeHTHN mopMHOXKecTBa Ha {1,2,3,4} ca

{1,2,3},{1,2,4},{1,3,4},{2, 3,4}.

Karo npyr mpumep, OposT Ha BCHYKH KOMOWHAIUN OT MPABUJIHO MOILIHEHH
dumose B Toro 6 or 49 ca (469). Bceku npaBuino nonbiaHeH Ul eIHO3HATHO
ce olpejiesis KATO MHOXKECTBO OT 6 esemenTta uzMexxk iy uucaara {1,2, ..., 49},
3AIOTO HE € BAXKEH PeJia HA HOII'bJIBAHE HA YUCJIATA.

(0— R+) Kom6unauuu Ge3 moapenba m ¢ noBropenue. MyaTuMHOMKEC-
TBO € ChBKYIIHOCT OT O0EKTH, B KOUTO MO3BOJISIBAME MOBTODPEHWE HA, €JIeMEH-
tu. Hanpuwmep, {3,1,1,2} e mynrumuoxkecrso u {3,1,1,2} = {2,1,3,1}, Ho
{3,1,2} # {3,1,1,2}. Bposr Ha n-ejeMeHTHUTE MYJITHU-IIOJAMHOKECTBA HA €JI-
HO k-eJIEeMEHTHO MHOYKECTBO €:

Cln+k—1k—1)= (";‘ff)

Heka na BugmM Kak MOXKeM Ja JTOCTHTHEM 0 Ta3u (opMmysia KaTo HaMepum
BCUYKM 4-ejieMeHTHU MyJITU-noaMuokecTBa Ha {a, b, ¢}. Ile Buiaum, ve na Bes-
KO TAKOBA MYJITU-MHOKECTBO MOKEM /14 CbIIOCTABUM Pejuia oT 6 KyTuu, Karo
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B JIBE€ OT T€3U KyTHH Ca OTOeJISI3aHU C *, & B APYIATe KyTuu ca OyKBUTE OT a3-
Oykara, n30paHU MO CIAETHUS HAYUH - B KYTUUATE 0 MbPBATA % TIOCTABSIME G B
KYTUHUTE MEXKIY IBETE x TOCTABAME b; U B KYTHHUTE CJIEJ] BTOPATA * MOCTABIME
c. Hanpumep, Ha cjaegHaTa penIia OT KyTUU:

[a]a]x][x]c]c|crorsercrra mynmu-unoxectsoro {a,a,c,c}, a na pe-

JUTATa OT KYTHH:

’ a \ * \ b \ * \ ¢ \ ¢ ‘C”I)OTBGTCTB& MyJITU-MHOX)KeCTBOTO {a,b, ¢, c}

Besika TakaBa moapemba ce Ompeesis €IHO3HAYHO OT MO3WIMUTE Ha, IBETE *.

CJIG,HOBELTQJIHO, BCHYIKH MYJITHU-MHOXKECTBa Ca (4+3_1) = (6)

3—1 2

3agaua 79. OTroBopere Ha CJIE€IHUTE BHIPOCH:

2)
6)

Konko 6utoBu HU30BE ¢ IBLJZKUHA eauH OaiT mMa 7
Konko ca Bcrmukm mOOMHOXKECTBA HA MHOXKeCTBOTO A ¢ 8 enemenra 7

Konko 6uroBu HH30BE ¢ AbIKAHA eauH OaiT 3amousar ¢ 1 3apbprBar ¢ 00
o

Bceekn morpeburen Ha egHAa KOMOIOTHbPHA CHCTEMA HMa IIApOJia, KOATO €
Ibira Mexay 6 u 8 cumBosIa. Beeku CMMBOJI € MaJjIKa MM TOJIIMa OYKBA,
nam mudpa. Beaka maposa TpsabBa ga CbhIbprKa moHe eaHa mudpa. Komako
TaKUBa MapOIU UMa’

ITo kosKo HaYMHA MOXKeM Ja noapeaum enementure {a, b, c,d} ?

Konko mgymu moxe ma ce obpadysar or Oyksure B ABC DEF G, Kouto cb-
abpxar ABC.

Konko pasiau4anm gymum mMorar 7ia ce oOpa3yBar KaTo pa3MecTuM OyKBHUTE Ha
nymara MISSISSIPPI?

Kosko pa3inyHu JyMu MOraT Ja ce 06pa3yBaT KaTo Pa3MeCTHM OYKBHUTE HA
nymara TENNESSEE?

Kosko paszmmanam gyMm Morat 1a ce o0pasyBaT KaTO pa3MeCTHM OyKBHUTE Ha
nymara SUCCESS?

Konko pazauanm gymMu Morar 7a ce oOpa3yBaT KaTo pa3MecTuM OYKBHUTE Ha

aymara ABPAKA/TABPA?

Konko pasiauunm gymum mMorar 7ia ce oOpa3yBar KaTo pa3MecTuM OyKBHUTE Ha
nymara [TEPITEPMTKOH?

B cnerezanme yuactBar 10 orbopa. 1o Koako HaUMHA MOTaT Ja C€ pa3mpe-
JeJIAT 3JaTHATE, CPeObPHATE W OPOH30BUTE MEIAJIN !

Konko paznuanu nernudpenn 9ucia MOraT ga ce o0pa3yBar upe3 pa3Mec-
TBane Ha mudpure ot 0,1,2,3.47

Ilo x0nKO pa3jMYHN HAYWHA MOTAT J& Ce HACTAHAT OCEM CTYIEHTH B TPHU
cTau CbOTBETHO C €THO, TPU U YeTHpu Jjeria’

ITo KOKO pa3IMYHKM HAYMHA Y€TUPUMA MJIAJIEKU MOTAT /13 MOKAHAT HA TAHII
YeTUPH OT 7 AEBOUKUT
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p

) IMecr paznuynu npeamera ce GOsAUCBAT [0 CIICAHUS HAYUH: JBA 3€JI€H, /1BA
YepBEH, IBA CWH IBAT. 110 KOJKO PasIndHN HAYWHA MOTAT JIa ce DOosancar
npeaMeruTe’?

) Tlo KOJIKO pa3juuHu HAYMHA MOTAT Ja ce pasnpenenar 10 cnenuanuctu B 4
[Iexa TaKa, 9€ B THAX /I3 MOMAIHAT ChOTBETHO 1o 1,2.3 u 4 aymmu?

) UBau40 u n HErOBU NPUATEM OTUBAT Ha, KUHO. 110 KOJIKO pa3/inyHu HAYnHA
MOTaT BCHUYKH [Ia CeJHAT 3aedHO Ha eIuH perd, Taka de BaHdo e BUHATH
MeXKIy JBaMa HErOBU MPUATEH.

) B napruna or N uznenus, M ca 6pakysanu. IIo Kosiko pazinuynu HadnHA
MOTaT Jia Ce B3eMaT OT HApPTUJATa N U3/eIus, TaKa 9€ TOYHO k OT TdX J1a
obaar 6pakysanu (M < N,k <n < N)?

) Ot Komoza ¢ 52 KapTu ce u3BaxKaar 6 Ipou3BOIHN KapTh 6e3 Bpbinane. 1o
KOJIKO PAa3JIUYIHH HadWHa MOTraT Ja CE€ U3BAJAT KaPTUTE, TaKa 9€ ABE OT TAX
Ja ca JjamMu?

) OT Kosozia ¢ 52 KapTu ce u3BaxKaar 6 npousBosHu KapTu 6e3 Bpbinane. 1o
KOJIKO PAa3JTUYIHH Ha49WHa MOTraT Ja C€ U3BAAAT KaPTUTE, TaKa 9€ ABE OT TAX
Jla ca TPOMKHU U JIBe OCMUIM !

) o KOJIKO pa3/inyHu HAYMHA MOXKE JIa Ce PA3lesid KOJIOAA OT H2 KapTu Ha
JIBE HAa4KW OT 110 26 KapTu Taka, Y€ BbB BCAKa OT TAX /3 MMa 110 JABe JaMu’

) Ilo KoKO HAaYMHA MOXKE Ja Ce pasupenessaT 8 Hojapbka Mex/y 4 Jjuua,
TaKa Y€ BCEKH JIa TOJIYyYH MO IBA TMOIAPHKAT

) IIposexna ce chbpanue ¢ 40 nmpucherBamu. [1o KOIKO HaUMHA MOXKE 71 Ce
n3bepe TpejiceaTes, CEeKpeTap U 5 “JIeHHa KOMUCHS !

3amgadga 80. Ot kosoza ¢ 52 kaptu ce u3dupar 11. ITo Koko pa3InyHu HAIUHA
MoraT Jia ce nu3bepar n3BaJAKM, B KOUTO CE CPEITaT:

a

@ =)

—

b=

e

TOYHO 1 ac;

TIOHE 2 BaJIeTa;

TOYHO 4 MUKH;

Hal-MHOTO 2 Kapw;

TOYHO 2 aca u 2 TOYHO Tpedu;

)
)
)
)
)
)

TOYHO 2 aca ¥ He moBedue oT 2 Tpedu;

Bagaua 81. a) Kosiko e makcuMasauaT Gpoit IpaBu, KOUTO MOTAT Ja, Ce Mpe-

6

B

Kapar npe3 6 Touku?

) Kosxko e makcumasiausaT Opoil npaBu, KOUTO MOraT Ja ce mnpekapar mpe3 10
TOYKHU, TPU OT KOUTO JIeXKAT Ha €Ha IIpaBa’

) B KoJiKO TOUKM ce mpecuyar 7 IpaBu OT eJHA PABHUHA, HUKOU TPU OT KOUTO
HE MUHABAT IIPE3 €/IHA TOYKA U HUKOU JIBE HE CA YCIIOPEIHU?
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r) Kosiko e makcumasauaT 6poii TOUYKM, B KOUTO Ce IPECHYaT 1 IPABU OT eIHA
paBHUHAT

1) Konko e MakcumanuaT Gpoit TOUKH, B KOUTO C€ IIPECUYAT 1 IPABH OT €HA
PaBHUHA, KATO TPU OT TE3W IMPABU Ca YCIIOPEIHU?

e) Kouiko e makcumasinuaT 6poii TOUKM, B KOUTO Ce IPECHYAT 1 IPABU OT €/IHA

PABHHMHA, KATO YE€TUPH [IPABM MUHABAT 1IPE3 €JIHA M CbIIA TOYKAT

k) B KOJIKO TOYKM Ce Ipecuyar n MpaBu OT €IHA PABHUHA, KATO TPHU OT TE3U
MIPaBM Ca yCIOPEeTHW M YeTUPH APYTU MUHABAT MPeE3 eIHA W ChINa TOJIKA.

3agaua 82. lokaxere, ye

k=0

okazaresicTBo.

i (Z)k =n2n 1.

Heka 3a onpenenernoct na monoxknm A = {aq, ..

San . e

JOKarKeM 33Ja9aTa KaTo TpedpOnM IO ABa, IMbTH €IUH W ChII KJIAC OT OOEKTH.

L] ,Z[HCH&T& CTpaHa Ha ThXKIAECTBOTO MOXKEM J1a NMPEACTaBUM IT0 CJIICTHUA HAYNUH!:

n

1=

{B € Z(A)|ai ¢ B}| =

n

> ot =np2nh

i=1

e ToBa HEU TIOJCKa3Ba, Ye 3a JIABATA CTPAHA, MOXKEM Ja W3MOI3BaMe HabJio/e-
HUETO, |e

VZ]{B € P(A

— S STUB € P4(4) | ai ¢ BY.

)l ai g B} =3 > {B e Pu(A)|ai¢ Bl

i=1 k=0

k=0 i=1

Jla pasriename BCAKO k MOOTAETHO KATO M3MOI3BAMeE T'hbXKIECTBOTO:

2(A) = 21(A).
k=0

— 3a k = 0 nonyuBame, ue

D_I{B € P0(4) | a; & BY]

— 3a k = 1 nonyuBame, ue

ZHB € P1(A) | a; ¢ B

Il
[+

—

Il
N
S 3
N———

3

«
Il
-

I
(1
A/
S
=
—
~—

I
3

n—1\n—1
n—2/n—1

I
N
3
|3
—
N——
3
|
=

Orr. (3)
(") +3(n—3)=(3) - (3)

("7 F4n - +1=
BEXGER)

() - (G -1-0)
Eauu meron 3a mI0Ka3aTeaCcTBO

e ¢ uHAyKUus 1o n. Hue me
pasraemaMe Ipyr MeTO.

Ja o3nauum
Pr(A)={BCA||B|=k}u
Jda HallOMHHM, Y€

|2k (A)] = (})

Po(A) = {0}

Ja manomuumM, ge

(Z) - (n ! k))



— Jla BuauM Jaim MOXKEM [1a MOJyduM 33 k = 2 (opMmysia CXOIHA C Ta3H 33

k=0uk=1.

gl{Be% ) lai ¢ BY| = Z(”21)

T
= (nﬁ2>(n—2).

— Cera Beuye nmame 100pa ues KAaK'bB BUI TPsOBA 18 HAMEPUM 33, TTPOU3BOJI-
HO Kk < m:

ZHB € Pv(A) | a; & BY = Z (n; 1>

i=1

_n(nilik);l—llz
= (nﬁk>(n—k).

— Jla pasriemame Hakpas u ciaydas k = n:

DB € 2u(4) |aig BY =Y 0=0= @ 0.

i=1

Jla obenuHUM BCUYKH CIIydad 3a k, MOJIydaBaMe JISBATA CTPAHA:

iil{Be% 4)|ai ¢ BY| = ;( ) _p)
-3 (1)

O

7.2 Ilpuniun Ha BKJIIOYBAHETO W U3KJIIOYBAHETO

Tebpaeuune 9. 3a aBe kpaiinu muOXKecTBa A n B,
a) ako ANB =0, 10 |AU B| = |A| + |B].

6) ako A C B, to |B\ A| = |B| — |A|.

B) |AUB| =|A|+|B|—-|ANB].
lokazaTeJjicTBO.

B) lmawme, ue:

AUB=A\B U (AnB) U B\ A
=A\(ANB) U (AnB) U B\(ANDB)
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TpurTe MHOKECTBA B JIsACHATA CTPAHA HA PABEHCTBOTO CA HEIPECUYAILH CE.
Torasa, u3noa3Baiiku a) u 0),

|JAUB|=[A\(ANB)|+|ANnB|+|B\ (AN B)|
=|A|—|ANB|+|ANB|+|B|—|ANB]
= |A|+ |B|+ |AN B|
O
Tebpaenue 10. Jlokaxkere, ue 3a Bceku Tpu Kpaitnu Mmuoxkectsa A, B u C|
[AUBUC| = |A|+|B|+|C|—|AnB|—|BNC|—|ANC|+|[AnBNC|.
Jloka3zaTeJjicTBO.
[[AUB)UC|=|AUB|+|C| - |[(AUB)NC|
= (Al +[B] = [ANB[) +[C| = [(AnC)U (BN C)|

=|A|+|B|+|C|—=|ANB| - (|JANC|+|BNC|—=|(ANnC)N(BNC)|)
=|A|+|B|+|C|—|ANnB|—|ANC|—|BNC|+|ANnBNC|

O
Teopema 7. Heka A;...A, ca n Ha Opoil KpailHu MHOXKECTBa U 1 > 2.
Toraga:
AT UAp U U A =) |4 =) A0 Ajl+
i=1 i<j
S JAINA N AR =+ (1) A N Ag -0 Ay
1<j<k

3amava 83. Kousiko periennsi B eCTECTBEHUATE YUCIA UMAT YPABHEHUSITA:

a x1+x2+x3:15;

)}

T + x2 + x3 = 15, KaTO T2 < 3;

@

T + x2 + x3 = 15, KaTO T2 > 3;

r) r1 + a9 +x3 = 15, kato x1 > 2 & x5 > 3;

b=

e) 1 +x9+x3 =15, kKaro x1 > 2 & 19 > 3 & x3 < §;

K) 1+ To+x3+ x4 =25, Kato x1 <2 V x9 > 3;

3

)

)

)

)

) x1 + @2 + x3 = 15, kKaro x1 > 2 & xa < 3;

)

)

) &1+ @2 + 23+ x4 = 25, Kato T1 <2 V g = 3;
)

u) 1+ 2o+ x3+x4 =25 KaT0 T1 < 2 V X9 < 3;
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YobTBaHe.

a)

r)

)

Topcum 6posT HA eIeMEHTUTE Ha,
A= {(1'1,.%‘2,.’173) e N3 | xr1+ X9+ T3 = 15}.

ToBa ca BcHuky 15 €leMEHTHH MYJITHMHOMXKECTBA Ha {T1, T2, T3 }. Hanpumep,
MYJITUMHOXKECTBOTO {Z1,X1, X3, T2, L1, T3} OTTOBAPA HA PeIlEHHE HA yPaB-
HEHUeTo r1 + To + x3 = 6, Kbaero x1 = 3, xo = 1, x3 = 2. CiemoBaresnHo,

15+3-1
A = .
3—-1
Tobpcum Opost HA, ETEMEHTHUTE HA,

Ay = {(21,22,73) €EN? | 2y + 29 + 253 = 15 & w3 < 3}
{(1'170,113) e N3 | $1+0+JJ3:15} U
{(33171,503) €N3 | I1+1+$3:15} U

{($1,2,$3) e N3 | 1+ 2+ 23 = 15}.

Jlecro ce chobpa3zsBa, e
16 15 14
As| = .
= (1) () (V)
OrroBopbr €
17 16 15 14
-1l = () - (V) - () - ()
2 1 1 1
Jpyr HAaYWH /1o PEIrM 33/1a9aTa € KaTO ChboOpa3uM, 9e
xo >3 < (I € N)[zo = b + 3.
Tosa o3mHavaBa, 1€ ThpPCUM OPOsT HA PEIIEHUATA HA yPABHEHUETO
x1+ (2h +3)+ 23 =15 & x1 + 25 + 23 = 12.

2)-

ToBa o3HAYABA, Y€ OTTOBOPST € (
JocTarbaHo e 1a HamepuM Oposi Ha PEIIeHUATa Ha YPABHEHHETO:
(x1+2)+ (z2+3)+23=15 < 21+ x2 + 23 = 10.
Tosa o3navaBa, 1e orrosopbT e (') = 66.
Ja o3HaxunM
Ay = {(x1,29,23) EN? | 2y + 29 + 23 =15 & 21 > 2}
As = {(x1,22,23) € N3 |21 + 22+ 23 =15 & 21 > 2 & 29 > 3}.

Bposit na pemenusira Ha ypasaenueto ca |A| — |As| = (125) - (122), 3aI0TO

Ay = {(w1,22,75) € N* | 21 + 23 + 23 = 13}
A = {(21,22,73) € N3 | 1 + x2 + 23 = 10}.
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k) a o3nadum

Ay = {(21, 22,23, 24) eN? | x1 + @0 + 235+ 24 =25 & 21 < 2}
AQZ{($1,$2,$3,$4) EN4 | T1+ X0+ 23+ 24 =25 & 29 23}

Torasa ot IPUHIUIIA 34 BKIIOYBAHETO U U3KJIIOYBAHETO, OTTOBOPBT €

1Ay U As| = |Ay| + |As| — |A; N A).

O

Banaua 84. /la duxcupame muoxecrsoro U = {uy,us . .., u,}. Hamepere 6pos

Ha eJIEMEHTUTE HA CJICIHUTE MHOMKECTBA!
2) S={(X.Y)| X CY CU}
6) S={(X,Y,2) | XY CZCU}

B) S={(X,Y,2)| X, Y, ZCU & XNYNZ=0}

r) S={(X,)Y,2) | X,)Y,ZCU&XNY=0&XNZ=0&YNZ=0};
YobrBaHe.

a) 3a Begko k = 0,...,n, 1a pasriegame

Se={(X,) V)| XCY CU & |X| =k}
Cnobpasere, qe:

o k#K — Sy # S
o |S] = [Uy=o Skl = k=0l Skl-

* [So| =2
° |Sl| = n.2”*1;
o |Sp|=(})2"*%, 3aBeako k=0,1,...,n.

Torasa oTTOBOP®HT €

n

\S|_|Usk Zsk|=z<k)1k2nk (1+2)" = 3"

k=0 k=0

Cera ma BuamuM, 9€ Ta3u 3370398 MOXKE 14 C€ PEITN MO-JIECHO aKO WHTEpIIpe-
Tupame Bceku enemenT or Buga (X,Y) € S karo emHa myma Haj asbykara
Y = {XY, XY, XY, XY}. EZMHCTBEHOTO HEIo, KOeTo TpAdBa Ja ¢hoo-
pasmM e, de HaMaMe OykBu OT Buma XY, 3aIOTO TOBA II€ O3HAYABA, Ue
X ¢ Y. Taka cBexkjamMe 3azadara J0 BbIPOCA KOJIKO Ca BCUYKH JIYyMH C
IbJIKUHA 1 HaJ, a30ykKa ¢ Tpu OykBu. ZlcHO e, ¥e oTroBOpbHD € 3™.

O
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7.3 Kombunaropuu 3amaum 3a QyHKIUN

Bagaga 85. Heka (a1,as,...,a12) e uepmyrauus na uducaara or 1 1o 12, 3a
KOUTO € W3MLIHEHO YCIOBHETO:

a1 > Ay > a3 > aq > a5 > ag < a7 < ag < ag < a1p < a1 < a12.
Hamepere Oposi Ha T€3u mepMyTaIWH.
3agauva 86. /la dpukcupame ecrecTtBenuTe unuciaa m u n. Eana dyHKmms
fAL2,. .. ,nt = {1,2,...,m}
€ MOHOTOHHO HeHaMaJIsBallla, aKO
(Vivj)[L <i<j<n— f(i) < f(5)]
a) Konko Takusa dbyHKIMN CbIIECTBYBAT?
6) Kosko ot re3u dbyHKIMU Ca CIODEKTUBHY TIPHA 7 > 7!
B) Kosko ot re3u dbyHKIMM ca uHeKTUBHA pu N < m?

Banmaua 87. la pasriename dbyukuunre or Buga f : A — B, kbaero |A| =k,
|B| = n.

a) Kousko ca Bcnuku te3u GyHKINN?

6

Konko or Te3uw dpyHKINN Ca WHEKTUBHA

B) Kosko ot te3u dbyuknum ca OuekTuBHU?

)
)
)
r)

Konko or Te3u dpyHKINN Ca CIOPEKTUBHU?

Banaua 88. Jla pasriename dbyukuuure or Buga f : A — B, kbaero |A| =k,
|B| = n. Kosnko or re3n GyHKIMA ca CIOPEKTUBHU?!

Pemrenne. Heka B = {b1,bo,...,b,}. Ja o3Haunm ¢ F Bcuuku HYHKIUK OT
Buma f: A — B.

Fy={f: A= B |b; & Range(f)}.

Ha o3nagum ¢ S ciopexkrusaure ynknuu f : A — B. IloHexke ciopekTuBHUTE
dbyuxmn ca Tes3n, 3a konro Range(f) = B, To

S=F\(FiUFRU---UF,).
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(n—m)+m—1)
m—1

Tonka. Orr. (

o (7)

Orr. n®

Camo axo k < n, n!/(n — k)!
Camo axko n = k, n!

Tosa e mo-tpyznuo. e ro
pasrienamMe KaTo OTIEJHA
3a7a44.

Range(f) ={f(a) | a € A}



Jlecno ce cbobpa3sBa, de mMaMe CJIeJHUTE PABEHCTBA:
|F| =n"
|Ei|=(n—1)"
|F; N Fy| = (n—2)*

S IF =n.(n-1)*
i=1

SNIENE = (Z) (n —2)k

i<j

S IENFNR| = <§>(n3)’“

i<j<l

IIpunaraitku mpuHIUTIA Ha BKIIOYBAHETO W M3KJIIOYBAHETO, TTOTyIaBaMe:

S| =F| =Y _IF|+> IFnF|- Y |[FENFNE|+...
i

i<j i<j<l

—nk <?>(n1)k+<g)(n2)k <Z>(n3)k+...

=nF 4 (=1)! <7;> (n—1)% + (~1)? (Z) (n—2)%+ (-1 <§) (n—3)F+...
- g—w‘(’;‘) (n— i)t

O

Cera 11e BUAMM €IHO IIPUJIOXKEHUE Ha FOpHAaTa 3a/a4a.
Koako ca ciopektusaure
3amaua 89. Heka ma nmame 7 TOOKHK ¢ HOMEpP Ha BCSIKA OT TAX M HEKA ©MaMe 3 ¢dynxumn f : A — B, xaro

Al =7, |B| =37
pPa3IMYHU KyTHH, OTHOBO HOMepupaHu. 1o KOIKO HaYnHa MOYXKEM /13 TIOCTABUM 4] ="7. |B|
TOLKHUTE B KyTHHTE, TAKA Y€ BbB BCIKA KyTHUs Jla UMa IOHE [0 €JIHA TOIKA 7

Babesexka. [la pasriename muoxkecrsara A = {1,2,... ,n}uX = {aj,as,...,ax}.
ToraBa mmame CaemgHUTE NPEBOAU MEXKJy €3MKa Ha (DYHKIUUTE U €3MKA Ha Jly-
MUTe U a30yKuTe.

’ dyukmnuure or Buga f 1 A — X \ JYyMUTE C IbJIKWHA 1 HAT a30ykara X ‘
BCUYKHU TaKUBA (DYHKIIUH BCUYKU TAKUBA JyMU
uHekTuBHUTE QyHKINU, N < k ayvmuTe 6€3 moBTOpeHusl Ha OyKBU
CIOpeKTHUBHUTe QyHKINK, n > k | IyMHUTe, B KOUTO BcaKa OyYKBa ce cpemia
6uekTuBHUTE QYHKIUU, N = k JYyMWUTE, B KOUTO BCSIKa OYKBa OT X Ce
CpEIlla TOYHO BEIHbXK

7.4 Ilpunmun va upuxie

3agagya 90. B eaun mecen or 30 aHu ce mpoBexkaa 0ackeTOOJIEH TypHH, B
KOUTO ce urpae mnoHe eaumH Ma4 Ha J€H, HO BCHYKH Ma4dOB€ Ca He IIOBeYEe OT
45. Tlokazkere, ¥e mMa MEPUOJ, OT MOCTEIOBATETHN THU OT Mecela, B KOHTO ce
poBexKJIaT To4HO 14 maya.
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HoxkaszaresictBo. Hexka a; o3HagaBa cymaTa Ha BCHYKH IIPOBEICHNA MadoBe B
IbpBUTE j THE Ha Mecena. T'bpcumM TakmBa i < j, Ue a; —a; = 14. Ot yciosuero
caenBa, g€ peunaTa ai, s, ..., 039 € CTPOr0 MOHOTOHHO PACTAINIA U

(V4)[0 < j <30 = a; < 45).

dAcnHo e cbio, e penunara a, + 14,a9 + 14,...,a30 + 14 e cTporo MOHOTOHHO
pacrama. O6pazysame pemunia or 60 ememenTa aq,...,asp, a1 + 14,...,a30 +
14, kaTo Bceku eseMeHT HA penmmara npuema croitnoct or 1 mo 59. Torasa or
npunnuna #Ha upuxie ciejBa, 4e CbIIECTBYBAT JIBA €JE€MEHTA HA PEUIATa,
kouTo ca paBuu. [IbpBuTe 30 ca pa3mudHU Ca PA3TUIHU TTOMEKTY CU, BTOPHUTE
30 esemenTa CBINO ca pa3nndIan moMexkay cu. Chemosarenno, a; = a; + 14 3a
HAKOU i, j. ToraBa B gHUTE OT j 70 ¢ Ca MPOBEAEHU TOYHO 14 madga. O

3agaua 91. Heka mmame pemuna ag, ..., 00T N + 1 NPOM3BOJHE 9HCIA, HE-
magpumasany 2n. ITokaxere, ¥e TpsGBa Ja CHIIECTBYBA i TAKOBA, J€ a;|a; 3a
HSIKOe jJ # 1.

HoxkaszatesictBo. Jla mpeacTaBUM BCEKM OT eleMeHTHTe Ha PeJNIaTa a; =

2k; ¢j, KbAETO ¢; e HedeTHO. Jla pasraesamMe peauriaTa OT HEUeTHH YUCA G0, - - - ; Gn,

KaTO MMaMe ’ yCJaoBHeTO ¢; < 2n. ImaMe camMo n HEYeTHH 4UC/Ia B MHTEPBAJIA
[0, 2n], crenoBaTento ¢; = q; = g, 3a HaAkon 4, j. Torasa a; = 2¥igu a; = 2%ign
€ SICHO, Ue WIH G;|a; Wik aj|a;. O

Bamaua 92. Heka nvame pequma OT 1 MPOU3BOJHH, HE HETPEMEHHO Da3Ht-
HH, €CTECTBEHU YUC/IA a7, ...,0n. TOraBa UMa 10JPEIUNa OT MOC/IEI0BATeHI
EJIEMEHTH @, Ajt1, - - -, G5, 3a KOUTO 1|(D % _: ak).

HdokazaresictBo. [la pasrnemave peaumnara ot n + 1 egemenra:

0 1 n

E a;, ai,...,g ;.

i=1 i=1 i=1

Tbit KaTo UMa N Pa3JUYHA OCTATHKA IPH JE/JEHHe Ha 7, TO OT NPHHIANA Ha
] K

Jupuxiye ciessa, 4e UMa HOHE JBa eIeMeHTa y . 4 A, » . 4 G, 33 | < k, KOUTO

JlaBaT eUH M Cbll OCTATbK IIpu Jejenue Ha n. [lonydyasame, e

l k k
o> ai =Y a) = n|( Y a).
i=1 i=1 i=l+1

7.5 JlOombJHUTEJHN 33034

3agaua 93. OrroBopere Ha CJEIHUTE BBIPOCHU:

a) ITo kKoIKO HAYMHA MOTAT 7 MOMYETa W 7, MOMUYETa JIa CeJHAT Ha pex C 2n
CTOJIa, KATO HAMA, ABAMA OT €IWH TIOJI CEISIU €IUH 10 APYT?

6) Ilo KosikO HauMHA MOrar 7 MOMYETa U 7 MOMHYETa Ja CeIHAT HA Pei C 2n
CTOJIa, KATO HAMA JBaMa OT €IWH IIOJT CeIsInu eanH a0 apyr u BaxHwuo u
Mapuiika He ceadr eauH 10 Apyr?
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B) Ilo KOJIKO pa3/invyHu HaYWHA MOraT Ja Ce MOAPEeAdT Ha padT 1N KHUIH, Taka
4ye JBEe OT TX, OIPEE/IeHU IIPeIBAPUTEIHO, 1A Ca eIHa /10 Apyra’

r) Kosiko pasiuynu reppana Morar ja ce HAIPaBAT OT 7. PA3JIMYHU IIEPJIH,
KaTO Ce U3MOI3BAT BCUIKHUTE?

1) Ha xopo B Kpbr ca xBaHaiu oOwo n ayiu, Mexiay kouro u Vsando u
Mapuiika. Koako ca Bb3moxkauTe 101pendu, npu kouto sando u Mapuiika

ca eauH 710 aApyr?

e) Ha xopo B Kpbr ca XBaHaju OOIIO 1 IyIM, MeXIy KouTo u Bando u
Mapwuiika. Kosiko ca Bb3MokHUTE oapeadu, npu kouto Banyo u Mapuiika
HE ca eIWH 10 APYyT?!

k) Umame n cbopyKecku ABOMKYU, KOUTO CEAT Ha 21 MECTA OKOJIO €JIHA KP'bIJIa
maca. [lo KoJKo HaunHa MOTaT Ja CeIHAT BCHUUIKK JIBONKH, aKO POTAIMHTE
ce OpOAT 3a €IHO W CbITO MOAPEXKTAHE, K BCEKH MbXK CEIN 0 IOJOBHHKATA

CH.

3) JIBe camanus Ha eIHA KPbHIJIA Maca He Ca PA3JINUHU, AKO BCEKHU OT CEJIAIIUTE
UMa eIHU U Chinu cheemau. [Io KOJIKO pasjauyHu HAYWHA MOTaT Ja CEeaHAT
OKOJIO €/THA KP'bIVIa Maca:

(a) n(> 2) uoBeka;

(6) n MbKE U T KEHH, KATO JBAMA JYLIA OT €JUH U Cbll 110J HE CEJHdT

Bamaua 94. Jla pasrmiename aszbykara ¥ = {aq, ..

eJINH JI0 APYT.

., Gy }. J1a ce HAMEpSIT BCUYIKN

k-OyxBenu mymu HaJ a30ykara Y, 3a k < n, KbIeTO:

= =)

—

b=

)
)
)
)
)
)

e

a) HUTO enHA OyKBA He ce MOBTApS;

ca TMaJuHIPOMU;

HIMAT JBE€ MOCIEIOBATE/HNA eIHAKBY OYKBH;

UMaT JBE TOCIE0BATE/IHN €HAKBU OyKBH;

CBINECTBYBA OYKBA, KOSTO CE TIOBTAPS;

CHIIECTBYBA CaMoO e/iHa OyKBa, KOSITO Ce CPenfa TOYHO JBA M'bTH;

3amaua 95. Heka U e MHOKECTBO OT N €JIEMEHTa, N > 3. 3a BCAKO MHOXKECTBO
X C U, c X osuagasame U \ X. CbIo Taka, 3a muoxkecrsa X u Y, mOHIKOra
me tumem XY Bmecto X N'Y. Hamepere 6posi HA eslemMeHTHTE HA CJIETHUTE

a) {(X,Y) | X,Y CU}

6) {(X,Y) [ X, Y CU & [X]| =1}
B) {(X,Y) [ X, Y CU & [X]| =2}
r) {(X,Y) [ X,V CU & |X]| =1}
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Orr. 2.(n — 1)!

n!
Orr. 2n

Orr. 2.(n — 2)(n — 3)!

Orr. 2™ (n — 1)!

ToBa e KakTO HPU repaaHuTe

Tazu 3aga4a mucas, de Tpadbsa
na 6bJie Mpu BKIIOYBAHETO U
HN3KJIKYBAHETO

Orr. 7(7:,7—%)!
Orr. nr%]

Orr. n(n — 1)*~1

Orr. n* — n(n —1)k1

k —1)!
Orr. (3)n - (n—<1n—(k)—2))!
Orr. n® — 7(7:119)!
Orr. 4™

Orr. 2(7) gt
Orr. 22 ) 22

OrTr. 4" — 3™



) {(X,Y)| X, Y CU & |X| =k} 3a npoussosno k < n;

&) {(X,Y) | X,Y CU & |X| <1}

®) {(X,)V) | X,)YCU & |X|=1& Y| =1}

3) {(X,Y) | X, Y CU &XNY =0}

n {(X,Y) | X,YCU&|XNnY|=1}

K) {(X,)Y)| X,)Y CU & | X NY| =k} 3a upoussoinso k < n;

M) AXY)[ XY CU&[(X\Y)U Y\ X)| =1}

M) {(X,Y) | X, YCU&XNY=0&|X|>1&[|Y|>1};

) {(X,Y)| X, YCU&XNY=0&|X|>2&|Y]|>2};

o) {(X.Y)| X.Y CU & |X\Y|=1};

o) {(X,Y)| X,)Y CU & |X \Y| =k} 3a npoussonno k < n;

p) {(X,V) | X,Y CU & [(X\YV)U(Y\X)| =1&|X| >2& Y] > 2};

) {X,Y) | X,YCU&XNY=0&|X|>2&|Y]|>3};

) {(X,) V)| X, Y CU&|(X\ YUY\ X)=1&XNY =0&|X]| >
2& Y[ =3}

N AXY, 2) [ X,Y, Z C U}

b) {(X,Y,2) | X,)Y,ZCU & XNY =0}

x) {(X,Y,2)| X, Y, ZCU & XUYZ=XUY};

m) {(X,Y,2) | X,)Y,ZCU&YUX =ZUY};

9) {(X,Y,2) | X,Y,ZCU & XUYZ=XUY & |Z]| =0}

m) {(X,Y,2) | X,)V,ZCU&XUYZ=XUY &|X|>1&|Y|>1&|Z|=1};

m) {(X,Y,2) | X,Y,ZCU&XUYZ =XUY & |X| > 1&|Y|>1& |2 <1}

0) {(X,Y,2)| X,Y,ZCU & XUYZ=XUZ}

a) {(X.Y,2) | X,Y,ZCU & XYUYZ =U};

YnobTBaHe.

a) ITonexxe Benmuku mopMHOXKecTBa Ha U ca 2" n MHOXKecTBara X u Y ca He3a-
BHCHMH €JIHO OT JPYTO, TO JIECHO ce ChoOpa3dBa, 4e OpodT Ha eJeMeHTHUTe
na {(X,Y) | X, Y e U} = Z(U) x Z(U) e 4™. llle nasem u Apyro noKasa-
TEJICTBO, KOETO ITle HM MOMOTHE Jia pelTaBaMe MO-CJIOXKHU 33a9H, B KOUTO
“MaMe BPb3Ka MeXKIy ejeMeHTuTe Ha X u Y.

Hexka U = {uy, ..., u,} u 1a pasrieqame azoykara Y = { XY, XY, XY, XY},

Ha Bcexu enement na {(X,Y) | X,V C U} mMoxKeM €1HO3HAUHO Ja CbIOC-
TaBUM JyMa & = a1 - -+ Gy, HaJ a30yKara X 110 CJIeHUsT HAUHH:

5

Orr. 3" + (711)3"_1
Orr. () (5) =n?
Hamame 6ykBa XY

Enna 6yxsa XY. OTr. (711)3"_1

Orr. 2(?)2”_1 = n2"

MN3nomsssaiiTe npuHmuna 3a
BKJI. 1 U3KJI.

3nonssaiiTe npuHmuna 3a
BKJI. 1 U3KJI.

Orr. 8™
Orr. 6™

U=XYZUXYZUXYZ.
Orr. 3"

Bcekn enement u; € U monanga
B €IUH OT YeTHUPHUTEe CJIydaun



e ako u; € X NY, 10 a; = XY
eakou; € XNY, 10 a; = XY;
e akou; € XNY,100a; = XY;
° aKouiGXﬂY,Toai:XY.

Jla pasriemame HIKOJIKO MPUMeEpA:

e ma jpofikara ({u;},{uz}) cbmocrasame aymata o = ap---ay, KBHAETO

a1 =XY,a0=XY,a;,=XY 3ai>3.

e na gpoiikara (U, {uz}) chnocraBsime aymara o = aj - - Gy, KBIETO Qg =
XY na, =XY 3ai#2.

e na npoitkarta ({uy}, {u1,us}) chrocrapsime mymara o = aj - - - Gy, KbIETO
apr=XYnay=XY,a,=XY 3ai>3.

Ilonexxe BCHYKM JyMU C IbJKAHA 1 HaJ a30yKa ¢ 4 OykBu ca 4", TO BCUYIKH
neoiikn (X,Y) ca cbimo 4™.

TpsibBa Jja HAMEPUM BCHYH lyMH C IbJKHHA 1 Hagt a30ykara { XY, X Y, XY, X Y},

karo 6yxsure XY u XY ce cpemar obmo Beqnbk. ToBa 03HAYABA, 4€ OT
N mo3UIUE TPAOBA 1A m3bepeM enHa, B KOATO fa mocrasuM XY mwim XY,
a B ocraaamre n — 1 mo3ummuu nocrasaMe Oyksure XY mmm XY . Taka
rmoJiyv¥aBaMe KaTo pe3ysitarT

n
2 on—l — pon,

Tyk pasriexgave Te3W AyMH C Ib/DKAHA 1 HAL a30ykara Y, KaTo MMa
mouno edno cpemane Ha XY wiu XY . Beuuku Tesu aymu ca 2(’1‘) on—1

Ioneske X NY = (J, To B gymMuTe He ce cpemart 6yksure XY Z u XY Z. Taxa
ocrtaBaT 6 BBH3MOXKHUA 6yKBI/I " OTTYK Be€JHara CJeaBa, Y€ BCUYKHN TaKHUBa
aymu ca 6™.

Ia pa3riemanme KakBo o3HauaBa X UYZ =X UY.

e Akox € X, 10 x € X UYZ u cnenosaremno z € X UY . Torasa e sicHo,
ge x € Y. ToBa o3nagaBa, 1e umame 6ykpure XY Z u XY Z.

e Axoz € X, 10 X € XUY u crenosarenno x € XUY Z. Cera mosyuasame,
qe ¢ € Y Z. ToBa o3nauaBa, 4e umame Oyksara XY Z.

Buggxme, e ¢ ropHOTO OrpaHUYeHne TPsAOBa Ja pasryieJaMe caMo JIyMUTe
C IBJDKUAHA N cbCTaBenu OT Tpu OykBu. Te ca obmmio 3™ Ha Opoii.

O
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I'maBa 8

byiesn dynkiun

Jla mpunmoMHUM TabINIIATA 32 UCTHHHOCT HA HIKOW OT OCHOBHUTE OyneBn (yH-

KIIU Ha JABa apTyMeEHTa. T @ Yy - CUMETPHYHA PA3JINK3A
’x\y\f\z\/y\xy\x%y\f\/y\x%y\z@y\z?\/iy‘
0]0]1 0 0 1 1 1 0 0
0111 1 0 1 1 0 1 1
11010 1 0 0 0 0 1 1
11110 1 1 1 1 1 0 0

Koraro nse 6ysnesu ¢opmynu ¢ u 1) ca TbXKIAECTBEHO €KBUBAJIEHTHU (T.€.
UMAaT eJIHAKBH CT'bJIOOBE), TO ILE IHUIIEM @ = 1.

8.1 OcHOBHU CBOICTBA

YHecTo BMECTO T A Yy MHULIEM
z -y um ry. Cbio raka,

1) Komyrarusuu coiicrsa il
BMECTO X NUIIEM T

ry=yr, zVy=yVze, zOy=zydx
2) AconmaTuBHE CBOiiCTBa
(zy)z=2(yz), (xVy)Vz=zV(yVz), (@0ydz=z®d(yd=2)
3) JlecHo ce mpoBepsBa ¢ TAGJIUIUTE 38 UCTUHHOCT, Ye:
r@y=a2yVTy=(xVy)(TVY)
4) CpoiicTBa HA OTPHUIIAHUETO
zx=0, zVx=2zV]l xzdx=1

5) 3akoH 3a ABOWHOTO OTPUIAHUE

T

xT

6) CaoiicTBa HA KOHCTAHTHUTE

z-0=0, z-1=2, 2zv0=2z, zVv1l=1l z60=2zx, =&

H
Il
5

7



7) HucrpubyTuBHU CBOICTBA

(a) z(yVz)=zyVaz,
6) zyvz=(xV2)(yV=2),
(B) (zDy)z =z Dyz.

8) MpeMnoreHTEHTHU CBOHCTBA

rr=x, rVIr=x

9) CaoiicTBa HA OTPULAHUETO

rx=0, zvz=1 zdT=1

10) Bakonu na le Mopran

Y

VY, IVY=T-F

3amaua 96. [Iposepere ekBUBaJeHTHU U Ca (POPMYIUTE (p U 1P KATO W3MMOJI3-
BaTe €KBUBAJIEHTHU TPEOOpPa30BaHus Ha (DopMyIuTe.

a) p=(xByz) > (T = (y—2),v=2—((y > 2) = )

6) p=@Vy2) > ((z—=y) > (YVz)—=T),v=(—>y) = {H—I);
B) p=(zyVT2)® ((y—=2) = Ty), Y= (2.(U2) Dy) ® 2;
o=z (F7—=@TZ—9y) =y =c(y—32).

ne=((xVy) 2y2)Vy—z2)Ve—>F—2),v=(@—>yVaz
Peinenue

a) Ille HanmpaBuM eKBUBAJICHTHU TpeobpasyBaHus BbPXY ABeTe (HDOPMyJH 10-
KaTO MOJIYYUM €JINH U CbII Pe3yaTarT.

v=z—=((y—z) = x)

=zV({y—=zVz) =1
p=(zdyz) = (T (y—2)
(Vyz)@FVER)VavyVz
(xVyz)V(@ZVYZ)VaVyVz
TYzVayzVaVyVz= T(yVZ)Ve VgV z
YVEEIVIVYVzZz= TEVIVYV 2

(

xVz)V(xVz)Vg=1vy=1.
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B) IIpaBum OTHOBO CbHLIOTO.

Y= (2.(7) ®y) & 2
zyel)zol)dyaz
=xyzQrydrzbr Oy >dz

o= (g VTz) & ((y = 2) = Ty)

(zg VTz) & (Y V2 VTy)

Y DTz DB (Yyz ® Ty)

Yy Tz DTYz DYz DTY

2y rPrz® 2z (P )yz@ 1) PyzdyPaydy
2Prz®2z2B(xdy(z® 1) ®yzd
=rxP22P2Pryz Yz Dy Dy O yzd
=2yz @y 2z DYD 2.

O
8.2 JIm3roHKTHMBHA HOpMaJIHA popMa
o KOHIOHKT Ha IPOMEHJIUBUTE L1, L3, . . . , Ty, TPEIACTABIABA ChKAUTETHA POP-
MyJ1a OT BHJIA
R R
KbJETO Z]' = x;, ako 0; = 1 u z]' = T;, ako o; = 0.
e Enna coxaurenna dopmyna ®(zq,...,2,) € B AM3IOHKTUBHA HOPMAJIHA

dopma (JHP), ako T8 NpeacTaBiIsBa IUIOHKINSA OT KOHIOHKTH Ha, HAKOU
ot mpomenyimBute Ha ®. Hampumep, popmymara

P(z,y,2) =Ty V 2y
e B Iu30HKTHBHA (popmaHa popma.

e Enna coxmurenna dopmyna ®(x1,...,2,) € B CbBbpIIeHA JU3IOHKTUBHA
HopmasHa dopma (CAHD), ako 151 e e B JTHD 1 BCeKH KOHIOHKT y9IacTBAT
BCUYKHUTE MPOMEHJIUBU X1, ..., Tn. 3& eaHa OyneBa dyuruusa f(rq,...,Ty),
MoxkeM ga HamepuMm dopmyna @(zq,...,x,) B CIIH® ekBupasenTHa Ha Hes
110 CJIeJTHUS HAYWH:

01,0 on

D(x1,...,2p) = \/ R S A
(01...0n)€{0,1}7
f(O'l,-..O'n):l

3amaua 97. C momornra Ha eKBUBaJIeHTHU MpeobpalysBanus nocrpoiire [JTHD
Ha OyneBuTe DYHKIHH

a) f(xayaz): (T\/@\/?)(xy\/z),

0) f(z,y,2) = (Ty © 2) - (2 = y);
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B) f(z,y,2) = (xVyz) (2 VZ) - (TYV 2);
) fl@y,zt) = (@ VyRD(E V) S yz) VY- (2 Vab);
n) f(z,y,2,t) = (x = y).(y = 2).(z = 21);

3agaua 98. [lo nanena /IH® na OyneBara dyukius f mocTpoiiTe HeitHaTa
CIH®.

1) flz,y,2) =2y VZ;

2) f(x,y,2) =TGV Yz V 2%;
3) flz,y,2) =xVyzVEIE;
4) f(z,y,2) =2 VYV Tz
5) f(z,y,2,t) = zyz V zzt;
6) f(z,y,2,t) =zyVytV 2t

3amaua 99. Ilpencrasere 8 CAH® ciennute OyneBu HyHKITNN:

(x’yvz) = (x\/y) — Z;

1)

2) f(x,y,2) = (01010001);

3) f(x,y,2) = (11001010);

4) fz,y,2,t) = (x = yzt)(z — 27);
5) f(z,y,2,t) = (z@y)(z = t);

8.3 Kuaacosere 1) u 17

e Hexka c € {0,1}. Kasame, ue Gyneara bynkuus f(x1,...,T,) 3ana3Ba KOH-
craHTara ¢, ako f(c,¢,...,c) =c.

e OsnauaBame c¢ T dyHKIIUTE, KOUTO 3ana3Bar KoHcranTata 0 u ¢ 17 Te3wu,
KOHUTO 3aIa3BaT KOHCTAHTATa 1.

o CT§ u T o3nauaBaMe Te3u (DYHKIUH, KOUTO Ca HA 1 IPOMEH/IUBU U IPH-
nazgmexkar Ha 1y win 1] chbOTBETHO.

Bagaga 100. Ilpunajmexu su Gyukuusra f na muoxecrsoro 17 \ Ty 7

a) f(z,y,2) = (x = y)(y = 2)(z = 2);

6) f(z,y,2) =z = (y = (2 = 2));

B) f(z,y,2) =ayzVTy Vy;

Bagaua 101. Ilpu kaksu n Gysxkuuara f(xq, ..., x,) npudagiexu va To\ 117
1) f(1,...,2p) =21 Da2® -+ B Xy

2) f(x1,...,2p) = (@?:_11 Ti%ig1) B Tn1;

Tebpaenune 11. Knacosere Ty u T ca 3arBopent, T.e. [Iy] =Ty u [Th] = T7.
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8.4 CamozaBoitHcTBeHU OyJieBu (hyHKINN

e Heka e nanena 6ynesara dyukuus f(z1, ..., z,). Jebunupame Gysesara Qyu-
kuust f*(xq,...,2,) KaTO

f*(l'l»" ) ?(‘rlv DRI n)

e Ille napuuyame f* mBoiiHCTBeHa QyHKUusd Ha f.
e Axko f = f*, o e napuuame f camMoaBOMHCTBEHA (DyHKIMSI.

e IIle o3nagaBame ¢ S MHOXKECTBOTO OT BCHYKH CAMOIABOWHCTBEHU OysieBu (yH-
Kiuu, a ¢ S™ Te3u Ha N IMPOMEHJIUBH.

Tebpaeune 12. Kimachbr Ha camMoaBoWHCTBeHUTE (PYHKIMH € 3aTBOPEH, T.e.
[S] = S. Ocsen toBa, S G 7.

3amava 102. IIposepere manu GyHKImATa g € ABORHCTBEHA HA, f.

1)

y) =z =y, g(x,y) =T.y;

f(z,
2) flay)=@—=7) = (y =),
9(@,y) = (x = y).( > T);
)f(CCZ/?)—wy—%Z;
9(x,y,2) = T.7.2;
4) f(z,y,z,t) = (xVyVz)tVay.z,

(
g(x,y,z,t) = (xVyVz)tVay.z;

5) f(z,y,z,t) =xyVyzVztVtr,
g($7yvz7t) :xzvyt,

6) f(x,y,z,t) = (1‘ — y)(z - t):
g(z,y,z,t) = (x = 2).(x = t).(T = 2).( = t).

3amgaua 103. IIposepere camompoitHCTBeHA JiH € f.

)
6) f(z,y) =z —y;
B) f(z,y) =z y;
r) fi(z,y,2) =2y VyzV zz;
n) f5(2,y,2) =r DY@z O 1;
e) fo(z,y,2) = ryz ® xYzZ O yz ® 2.
x) fr(z,y,2) = 2yz © 2y O yz © 25
3) fl@,y,2)=(z = y) & (y = 2)® (y = 2);
) f(z,y,2) = —=y) Sy —=2)®(z—=>1)dz
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dokazaTeJjicTBO.

xyz || v) | o) | e) | x)|3)
o0 1 010 0 1
xzz || a) | 6) | B) 00100 |0|O0]1
00 o |1]0 010 O | O] O 0 1
01 1 (11 o1t 1|11 1 0
0101 100(0]0]|0]| 01O
11 1 11]0 10011111 1 0
110 | 1} 1 | 1 1 0
111 110 |1 0 1

O

3amaga 104. IIposepere nanu pyHkuusara f e caMoaBOMHCTBEHA, aKO € 3a/a-
JIeHa, BEKTOPHO:

Tla
1) a; = (01001101); He
2) a; = (01100110);
3) ay = (1100100101101100);
4) oy = (1110011100011000);
5) ay = (1100001100111100);
6) oy = (1001011010010110);
( )

7) oy = (1100001110100101

)

Sagaga 105. 3amenere — B x¢ ¢ 0 nam 1 3a Ja MOIyYNTe XapaKTePHCTHIEH
BEKTOD HA CAMOJBOWHCTBEHA (PYHKITHUS.
a) xf=(1-0-);6) x;=(01—0—0——);8) x5 =(—— 01— —11);
8.5 Ilonumnom Ha 2KeraJikuH
e Ilonurom ma 2Kerankun Ha 2 mpoMeHInBH € (POpMyJia OT BHIA:
ap D a1x1 D azx2 D a12x122,
K'BIETO ag, a1, a2, a12 TpuemMar croirnoctu 0 mam 1.
o Tlosmnrom na ZKerankwna na 3 npomerauBu € hopMysia OT BAIA!
ao D a1x1 © azxa © azx3 @ a122172 © a1371T3 D a3T223 D a123T12223,
K'BIETO Gg, a1 - - - ,A123 TpueMaT croitroctu 0 wam 1.

o [losmnom na ZKerankwn Ha n npoMeHauBy € GOPMYyJa OT BHUIA:

ap® @ a; T @ i TiT;D @ ik TiTi Tk - DA12. . T1T2 - Ty
1<i<n 1<i<j<n 1<i<j<k<n
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Teopema 8. Bceska OyneBa (pyHKINA UMa € TUHCTBEH MOIUHOM Ha 2KerajkuH.

YubrBane. Bceekn nonunom Ha 2KerajkuH npeacraBs pa3indna Oyaesa GpyH-
n
Kuug. Bemukn nosmaoMu Ha 2KerakuH Ha n IPOMEHINBE ca 22 . Bewdxu 6y-
n
fesn GYHKIUE HA 1 IPOMEH/IHBH ca 22 . U

3agaua 106. ITo meToma HA HeompemeleHUTE KOEPUITHEHTH, HaMEPeTe MOJIHi-
HoMa Ha zKeraskua Ha QYHKIUITA,

a) f(z,y) =z Vy;

6) f(z,y,2)=xVyVz;

B) f(z,y,2) =2 — (y = 2);
r) f(@,y,2) =2y V7).
JlokazaTescTRO.

a) IMounexke obuusT By Ha Oynesara dbyukiys e f(x,y) = ag®aiz®asybaszy,
TpsAOBa 12 HAMEPUM KOEPUITUEHTHTE G, A1, A2, A3.
ag P a10Ba0Pas0=0v0=0
a0 P a1l Pa0Pas0=1v0=1
a P a10Pal Pas0=0Vv1I=1
apg P a1l ®aslPasl=1v1=1.

CrenoBarenno, xVy =x ®y ®d xy.
O

Banaua 107. 3non3Baitkn ekBuBasenTHOCTH OT Buga A = A®1u AV B =
AB @ A @ B, namepere mosmaoma Ha, 2Kerajnkuu Ha (QyHKIHATA:

1dxdzxy
2 @) =2 -y e
6) f(z,y,2) = (x = (y = 2)); sy s & e
B) f(z,y,2) = ((z = y) = 2); P
r) f(z,y,2) = (x = (y = 2).((x > y) = 2);
n) f(@,y,2,t) = (x> y) = (2 = at);
e) flx,y,z,t) =z V(y—((z > y) = 1)
K) flx,y,z,t) =(xVyV2)tVayz.

8.6 JIuneitHu QpyHKIUN

e 3HaeM, ue Bcgka OyneBa (PYHKIMS MOXKE /13 CE IPEIACTABH N0 €OUHCTMEEH Ha-
yun ¢ IoJIMHOM Ha 2Kerajkut.

e Bcaxka Oynesa dyukuus f(x1,...,%,) ¢ nosunoM Ha 2Kerajkun oT Buga
ao D a1r1 D azx2 -+ D anTn

HapudaMme JIMHEHHa.
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e Ille o3nagaBame ¢ L. MHOXKECTBOTO OT BCHYKH JUHEHHN OyeBn PYHKIUH, & C
L™ Te3m Ha N MTPOMEHJINBH.

3amaua 108. Kosko ca Bcuvky JguHeinn OyneBn (hyHKINN HA N TTPOMEHINBH !

Tebpaenne 13. Knachr Ha auHeitnnTe dbyHKunm e 3arsopes, t.e. [L] = L.
Ocgsen toBa, L & Z».

3agaga 109. JIuneitna mm e GyHKIMATA f ¢ XapaKTepUCTHYeH BEKTOD Xf =
(1001011010010110)?

Bamada 110. 3amenmere — B X5 = (=110 — — — 0) ¢ 0 mam 1, Taka 4e ga
rmosyuuTe f auHeiHa.

3amaua 111. Ilposepere manu f e quHeiiHa GYyHKIHS.

1. f=z—uy;

f=(xVvyz) ®wyz;

f=(zVyz)®Tyz;

T

x; = (11000011);
8. x; = (1001011001101001);

Sagaga 112. 3amenere — B Xy ¢ 0 nim 1, Taka We Ja momydnTe f JnHeitHA.

a) x5 =(10—1);

6) xy=(100-0——=);

B) Xy = (—001——1-);

r) xf=011-0—-——1)

a) x5 =(=0—1--00);

) xf=(——10————0——1—110);

HoxkaszaresicrBo. a) (1001);6) f=1®0zQyPz;8) f=1Pxdydz ;1)
f=1@zoy;n) f=zy; O
8.7 MonsoToHHEHN PYHKOINN

e Heka o = (a1,a1,...,a,) u B = (b1,ba,...,b,) ca nBa GyneBu BeKTOpA C
paBHa qbikuHA. JedunupaMe penanmara < MKy TAX IO CIeIHUA HAYHH.

a=xp & |lal =8N Vi< |a|)|a; < b

Ero msakonko npumepa:
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- (0,1,0) = (0,1,1);
- (0,1,0) £ (1,0,1);
- (1,0,1) £ (0,1,0).

e Bynesara dbyunuus f(z1,...,r,) HappuaMe MOHOTOHHA, aKO
(Vo, B € J3)|ee 2 B = f(a) < f(B)].

e Ille o3nagaBame ¢ M MHOXKECTBOTO OT BCHYIKH MOHOTOHHU Oy/eBH (DYHKIINH,
a c M"™ Te3u HA N TPOMEHJINBH.

Tebpaenne 14. Kinacbr na monoronuure GpyHKiuu e 3arBopen, T.e. [M] = M.
Ocsen ToBa, M G 7.

3amaua 113. IIposepere MOHOTOHHHU JK Ca PYHKITUNATE:

Ja
2) fe.y) =2y o) .
€
6) flz,y) =z — (x—=y);
Ha
B) f(z,y) = (x ®y)zy;
Ja
r) f(z,y,2) =2y ®yz ® za;
He
n) f(@,y,2) =2y ®yz ® 22 © ;3
3amaua 114. 3a semonoronnure QyHKImu f, HAMEpeTe CbCEIHU (v, 3, TAKUBA
qe a < B u fla) > f(B). Orr. a = (010), 8 = (110)
= \/ Tu:
a) f=wyzVay; Orr. a = (010), B = (110)

o) =rx®ydz;

B

=zz D yt;

) f
) f
r) f=xVyz;
a) f
)

e) f(z,y,zt) = (xyt = yz) & t;

8.8 IIbaHOTA M 3aTBOPEHU KJIACOBE

e Heka F' C %5 e muo)kecTBO OT OyseBu dyurnun. C uHIAyKIMSA JeduHIDaME
cJTleTHATA, peauIia 3a BCako n € N:

Fy=FU{l;” | m,keN1<k<m}
F7L+1 :Fn U
{h|3fig1--gm € Fp)h(z1...x1) = f(r(x1- . 2k),y oy gm(21 - 21)]},

B&TBapHHeTO Ha F' o oTHOIIEHNE HA Cyneprno3nuud HapuiaMe MHO>KECTBOTO:

:UFn.

neN

85



Omnpenenenne 4. Heka F' C %5 e muOXKeCTBO OT Oynesu GpyHKIun. F' e IwbJaHo
MHOXeECTRO, ako [F] = %#,. ToBa o3nauaBa, e Besika Oymera dyHKINS MOXKe Ta
ce Mpe/ICTaBU KATO CYMepHo3ulius Ha PyHKIUN OT MHOKeCcTBOTO F'. F' ce Hapuya
Gasmc, axo me coiecrBysa G G F, 3a koero [G] = .

Teopema 9 (Byn). MuoxecrBoro {z V y,Z,x Ay} e bJHO.

YobrBane. Ille jmokaxkewm, 1ue 3a Besaka Oysesa Gynkuus f € Fy € u3nbiHe-
HO, ue f € [{x Vy, T,z A y}]. Ille pasruename aBa ciydast.

e Heka f =0. Torasa f(z1,...,2,) = 21 A T1.
e Heka f # 0. Torasa jiecHO ce choOpa3aBa, |e Ha nanommm, e @' =z,
T =T
— a a.
fx1,. . @) = \/ itz
a1y

O

IIpumep 16. Heka na dukcupame Gynesure Gyukuuu c(x,y) = x Ay, d(z,y) =
x Vy, n(z) =T. Bynesara dbyuxuus

fl@,y,2) =Ty Vv 2

ce m3paszgaBa upe3 cynepuosunusa Ha dyaknunre c(z,y), d(x,y) u n(x) no crex-
HUS HAYWH:

flz,y,2) =n(d(c(n(zx),y), 2)).

Teopema 10 (Kpurepuii 3a mbanora ua Ilocr-A6monckuii). Heka P C
Fo € Hempa3HO MHOXKECTBO OT OyseBu dyukimu. Muoxectsoro P e nsamo
TOraBa W CaMO TOraBa, KOTaro TO He € MOAMHOYKECTBO Ha HUTO €IHO OT
muoxkectsara 1y, 71, S, M, L.

ITpumep 17. [la mpoBepum Jaju CJIEIHOTO MHOXKECTBO OT OyseBu (hYHKIIUU €
mbaHo A = {xy,zVy,z ®y ® z ® 1}. IIpecmsarame 3a Bcska oT DYHKIMATE HA
KOW OT TIeTTE KJIACA TPUHAJIEIKAT:

To | Th | L|S | M

Ty + |+ | = -] +
xVy + |+ | —-]—-1]+
TPY®zdL | — | — |+ |+ | —

Ot Tabaunara uMame, dge:
e tDyDdzd1 Ty Crnenosarenno, A L T.
e xDydz1¢T. Cnemosarenuo, A € Ty.

e zy & L. CienoBarenno, A L.
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o zy & S. CienoBarenno, A Z S.
e xPydzPd1 ¢ M. CnenoBarenno, A L M.

Cnopen kpurepus va [Tocr-A610HCKAI, MHOKECTBOTO A € II'bJIHO.

3amada 115. IIbana i e cucremara or GpyHKIun?
— {Lay( & 2)};
={z =2y 20y}

A={0,7,2(y®2) ®yz};

a) A
6) A
5)
r) A={z >y, T>Jr,cDydz 1}

n) A={y—>Z,T > gz, Dy P z0};

e) A={g =Tz, yVT >z, 2Py Pz 1};
K) A={z@zal,z >7,zd(yVz) el
3) A={1,Z,z(y & 2) T(y® 2),z < y};
n A={Z,z2(y < 2) < yz, 2y Dz}
)
)
)

A={z,z(y+ 2) < (yV2),2hy®z};
A = {xp = (0110), x;, = (11000011), x;, = (10010110)};

K
JI

M) A={xs = (11),xs, = (00), x5, = (00110101)};

Perrenne.

1 -+ 1+1-

rT—y | — | + | —

wE®s) [+ - |- |-

To | TV | L | S| M To | Th | L
+

x@y | + | — | +

L+ =

3amgaua 116. IIpoBepere mbJHO JIU € MHOXKECTBOTO OT OyJIeBU (DYHKITHN:

SNM)U(L\M);
(LOM)\T1)U(SNTh);
LNM)U(S\To);

M\ S)U(LNS);

) A=
) A=
) A=(

r) A=(LNTy)U(SNM);
) A=(
) A= (M\To)U(L\S);
) A=(

M\ To) U (S\ L)
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Pemenue. Bbs Besika enna or 3azadnre Tpsibpa na nposepum gaau A & T,

AgT,AZS, AZMuAgL.

a)

)

Heka A= (SN M)U(L\ M).

e Jla pasruename dyukuusira f(z) = x @ 1. Jlecno ce cbobpasssa, ye f €
L\ M, orkbaero cienpa, de f € A. Obave nue nvawme, e f & Ty, Ty, M.
Cnenosarenro, A € Ty, Ty, M.

e /la pasriegame g(z,y) = ¢ @y ® 1. 3a nes umame, ye g € A, 3a010
g€ L\ M wocsen ToBa g & S.

e Ocrana ma nposepum, ue A € L. Jla pa3riemame
hzx,y,2) = 2y ® yz ® x2.
Toraea h € A, 3amoro h € SN M. dAcuo e, ue h & L.
Hexka A= ((LNM)\Ty)U(SNT).

e Ako eigHa (byHKIMsI € MOHOTOHHA, HO HE 3ala3Ba l-1ara, TO TOraBa ChC
curypHOCT Ta3u (yHkIims e Koucrantara 0, T.e.

(LOM)\ Ty = {0},
e Ako f € SN Ty, to ToBa o3navasa f(1,...,1) = 1 u f(0,...,0) = 0.
Caenosarenno, S NTy C Tp. Homygasame, e A = {0} U (SNTy) C To.
CrenoBarenHo A He e IbJIeH KJac.
Heka A= (LNM)U(S\ To).

e 0 € LN M u cnenosarenno A € Ti;
e 1€ LN M u cnenoBaresno A € Tp;

e U neere koucrantu ca B L N M, HO KAKTO 3HAEM, T€ HE Ca CAMO/IBONHCT-
Bern. CremoBarensno A € S.

e Jla pasriegame
hz,y,z) =zy®arz®yz @ 1.

Jlecho ce cbobpazsasa, ue h € S\ Ty, o h ¢ L. Cnenosarenno, A € L.
Ocsen t0Ba, h & M. Crenosarerno, A € M.

Heka A = (LNTY)U(SNM). Ako f € SN M, to f ne e KoHCTaHTA
n f(1,...,1) = 1. Crneposarenno, f € T;. Honyuasame, we SN M C T;.
SakmouaBame, ue A C T7.

Heka A= (M \ S)U(LNS).

e xdle NS, vox®l Ty, 1. CrenoBarenno, A & Ty, T;. Ocsen ToBa,
xr®dldg M. N raka, AL M.

e Heka f(z,y) =aVy=zy®z Dy ® 1. lvame, ue f € M\ Su f & L.
Cnenonarenro, AZ Lu AZS.
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e) Heka A = (M \ Tp) U (L\ S). Umame, ue M \ Ty = {1}. Cnenosarenno,
ACL.

x) Hexa A = (M \ Tp) U (S \ L).

e lmame, ue 1 € M \ Ty. Crenosarentno, AZ Tou AL S.

e Heka h(z,y,2) =2y @axz®yz® 1. Toraba h € S\ Luh & Ty, h & M.
BakrouaBame, ue A € Ty, M, L.

O
Bamava 117. IIposepere manu cucremara or (pyakiuu A e 6asuc?
a) A={z >y, 2Py, xzVy}
6) A={z®yd2z2Vy01}
B) A={zdydyz,2dyd1};
r) A={ayVz,zy®dz,ay < z};
3amaua 118. Hamepere Bcuaku 6a3ucu Ha Kjaca A, KbIETO:
a) A={L,T,2y(z @ y), xSy Sy ®yz S 2x};
6) A={0,2 By, z = y,xy < xz};
B) A={0,,z®y®z,2yd2ze dyz, 2y ® z,z Vy};
r) A={zy,zVy,zyVz,zdy,x — y}.

3agaua 119. Hamepere 6pos Ha OyneBute QyHKINKM HA 7 IPOMEHIUBH, KOUTO
TPUHA/JIEXKAT HA CJIEIHUTE KJIacoBe:

a) Ty, T1;

0) ToNTh

@

ToUuTy

—

To \ T1;
S;

X

e) ToNS, Ty NS,

x) ToNTi NS,
S\To, S\(ToﬁTl), S\(TOUT1);

L;

3

n

=

ToﬂL, TlﬁL,

=

ToNTi N L;

M

)
)
)
)
)
)
)
)
)
)
) M\ Ti;
)

H

M\To,
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I'masa 9

Teopusa na I'pacdpure

9.1 OcHOBHUM NIOHATHUS
e I'pad e napenena asoiika or Buga G = (V, E), kbaero

— V e XKpaitHO MHOYKECTBO OT BHPXOBE;
— F e 6bunapua penarus wag V.

— Hpoiikure (u,v) € E ce napuyar pebpa B rpada G.
e IIpumka B rpada G = (V, E) e pebpo or Buzga (v,v) € E.

e Heopuentupan rpad e rpad G = (V, E), kbaero penanusra FE e cumem-
puHa.

e ITpoct rpad e neopuenrupan rpad G = (V, E), kbiero penanusra E e
anmupepaercueha.

e Exun upocr rpad G = (V, E) ce Hapuyua I'bJIEH, aKO
(Vu,v € V)[u #v — (u,v) € E],
T.. BCEKW BA PA3JIWYHU BbPXa Ca CBbP3aHu C pedpo.
e ITwT B rpada G = (V, F) npencraBisiBa peanna OT PA3InTHNA BbPXOBe HA V
T = (V0, V1., Un),
ChC CBOMCTBOTO, Y€ 3a BCAKO i < n, (v;,vi41) € F.
e ITuksbiu B rpada G = (V, E) ...
e MapmpyT He 3HaM KakBa € MOJ3aTa OT TOBA MOHATHE;

e Crenen na Bpbx u B rpada G = (V, F) o3uagaBame
dega(u) = [{v e V| {u,v) € E}|.

Axko enuH BpbX v uMa crerer 0, TO TOW ce HAPUYA U3OJIUPAH.

90

ITonsikora ce Ka3Ba
OPUEHTHPAH HUJIM HACOYEH
rpad. Ilonexke Tyk HaMa na
rosopuM 3a Myarurpadu, e
yaobHOo ma mpectaBuM rpada
ype3 OUHAPHA peJlalus

He no3BosisiBame npuMku



e 3a equn rpad G = (V, E), 1a BbBeseM 03HAYECHUSATA:

v(G) = |V
e(G) = |E|
0(G) = min{degg(v) | v € V}

A(G) = max{degg(v) | v € V}.
Koraro pasrnexganuaT rpad G ce nomapas3bupa, Ie MHUIeM TpocTo v, €, 0, A.

e Bennara moxem jja cbobpasum, ge B eu npocr rpad G,

d@g@f»

3amaua 120. /lokarkere CICIHOTO HEPABEHCTBO:

5< <Al
v

doka3zaTeJjicTBO.

vd < Z dega (v;) < VA.

1<i<v
O

3amaua 121. 3a G mpocr rpad, mokaxere, 4e € = (;) TOYHO TOI'aBa, KOraTo
G e mbiieH.

3amaua 122. Jlokaxkere, ue B mpocT rpad ¢ v > 2, WMa TOHE JBA BbHPXA C
€/THaKBa CTEIEH.

HoxkasatescrBo. [a momycuem, we dg(v;) # da(vj), 3a 1 # jui,j < v.
ToraBa mMaMme BpbX CbC cremeH > v. ToBa e IPOTHBOpEYHE C YCJIOBHETO, 9€

rpadbT € TPOCT. O
Paznuunu rpadu moxke ma ca

3amaua 123. Komko rpada ¢ n Bbpxa u m pebpa numa, KOUTO Ca: usomoprn. Nrrepecto e na
¢ce BUIU KOJKO pa3JIuvIHUu

rpadu ©UMa C TOYHOCT A0

a) MPOCTH, T.€. HEOPUEHTUPAHN U O3 MPUMKI; H3oMOpdhuILM

)
6) HeopueHTUpaHu;
B) OpueHTHUpaHu, 6e3 MPUMKHY;
r') OpUEHTUDPAHU;
lokazaresicTBo.

. n .o
a) Bceku npocr rpad mma Hail-MHOrO (2) Ha Opoit pedpa. OT BCuYKE TE3U
pebpa, 6posiT HA KOMOMHAIMKTE, TI0O KOUTO MOXKeM Ja u3depemM m pedpa e

)
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B) Bceku rakbs rpad uma naii-muoro n(n—1) na 6poii pebpa, 3a10To OT BCeKu

r)

BPBX MOKe Ja WMa pebpo 10 BCUUKM octanaan n— 1 sbpxa. OT BCHUKkn Te3n
pebpa, 6posAT Ha KOMOMHAIIMUTE, IO KOUTO MOXKeM Ha m3bepeMm m Ha Opoit
pebpa e

(n(n - 1)>.

3amaua 124. Jlokaxere, qe:

1. BbB BCeKM HeopHeHTHpaH rpad OposT HA BbPXOBETE C HEYETHA CTENeH e de-
TeH;

2. Bcekm peryisiper rpad ¢ HeUETHA CTereH NMa ueTeH Opoil BhPXOBE;

3. Bceku mpoct rpad ¢ € > (”gl) € CBbP3aH;

4. axo B rpada G Bceku BpbX uUMa creneH moHe d, T0 B G WMa MpPOCT IbT C
JbJIKAHA, d.

loka3zareJsicTBo.

1. Jlecro, KaTo ce U3MOM3Ba, € ), dege(v) = 2¢ e 9eTHo.

2. IMTax mecHo.

3. Bamauara ce periaBa ¢ WHIYKIWs O OpoaT Ha BbpxoBere. la gomycHem, de

4.

TBbPAEHUETO € BAPHO 3a Bcuuku rpadu G ¢ v(G) < n. Hda B3emem rpad
G(V,E)cv(G)=n+1ue> (') n ma nomycnewm, we G ne e cenpsan. Tosa
O3HAYABA, I€ UMa BLPXOBE v;,v; € V, MeXIy KOUTO HsAMa IbT. Jla B3eMeMm
IIPOU3BOJIEH BPLX p € V, pasiuten ot v;, v;. Scuo e, ge dg(p) < v—2 =n—1,
3amoro (p,v;) € E unu (p,v;) ¢ E u uama npuvku. Ja pasriename rpada
G'(V',E"), xpaero V' = V\{p} u E’ ce nonyuasa or E Kar0 MaxHeM BCHIKH
pebpa ¢ equn kpait p. Torasa

nin—1)

(n—1)(n—2)
5 A

">e—(n—-1)>
g >e—(n ) 5

—(n—-1)=
Or uryKnuoHHOTO mpennosnoxkenue, G’ e cBbp3an rpad, HO v;,v; € V' u
MEXKAY TAdX HAMA II'bT. TaKa JOCTUTraMe J0 IIPOTUBOPEYIHE.

Ha pasrnemame eann Hail-gbabr mpoct bT m B G. Heka 7 mMa IbiKuHA
p. Tlocmeguuar BpbX B T MMa CTENEH > d U BCHUYKH BHPXOBE, C KOUTO €
CBbP3aH ca B T, 3alll0TO MHAYE Ie MOXKEM Ja o0pasyBaMe IO-IbJIbl IPOCT
ubr. CremoBarento, p < d+ 1 u cblnecrByBa I'bT C AbJKUHA d.

O

3abesiexkka. Ako 3a rpadbr G € U3IbJIHEHO

<”;1) <e< (;)

TO TO# CbC CUI'YPHOCT € CBbP3aH.
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Enun nupocr rpad G ce napuda camogonbJaHUTENEH, ako G =2 G.

3amaua 125. 1. Ilokazkere, 9e ako equH rpad € caMOJOmbIHATEIEH, TO OPOAT
Ha BbpxoBeTe B Hero e pasHed uiu Ha 40 (I > 1), niau na 41+ 1 (I > 0);

2. Hokaxkere, e uzmexy 4-spbxuure rpadu uMa TOYHO €IUH CAMO/ONbIIHU-
TeJIeH, & U3MEXKIY H-BPbXHUTE rpad¥ UMa TOYHO JIBA CAMOJIONbJIHUTEIHY;

3. Ilokaskere, ¥e BCEKWN CAMOJOIbJIHUTEEH rpad € CBbP3aH;

4. Jlokazkere, de IMaMeTbpbT HA CAMOIOMLJIHUTENICH HeTpuBHaieH rpadp G
yaoBjerBopsaBa Hepasencrsoro 2 < diam(G) < 3.

lokazaresicTBo.

1. Hue Bede 3HaeM, 1€ MAKCUMAJTHUAT Opoii pebpa B enun mpoct rpad e [ = (;)

(G) + (@) = (;) & £(G) = £(G).

CureioBaresnino, I € 4eTHO, KOETO € Bb3MOXKHO caMo ako v = 41,41 + 1.

3. 3uaem, ue noue eaun or G u G e cybpsan. Ho Tbit kKaro Te ca usomopd-
HU CIIeiBa, 9€ W JBaTa ca CBbp3aHn. ToraBa ¢bc curypHocT mmame, de G e
CBbP3aH.

4. Ouesngno, diam(G) > 2. Axko diam/(Q)

, To Hue 3HaeM, ue diam(G) < 3
Ho Torasa, nmame mporusopeune ¢ G 3.

>3
G. CJIG,ZLOBELTGJIHO, diam(G) <
]

Bagaua 126. [la pasriename rpada G (6e3 npuMku u 6e3 KparHu pedpa) Che
S KOMITOHEHTH Ha CBbP3aHOCT. Jlokaxkere, 4e v — s < £ < (”_SH).

JokasareactBo. 3a s = 1 e scuo. [Ja pasrnemame ciayuas s = 2. Heka
1 < x < v. Uckame ga mokazkem, 1ge

G+ (2 =(2)=(2) () C)0)
(;) < <x21)+<uz><z1>

r—1<(v—a)(z—1) < 1<v—2 & 1l<z<v
CresoBatesio, Tounara ropua rpammma 3a ¢ e (V5 '). Ouesnamo e, we TouHaTA
JIONHA rpaHnna 3a € e v — 2. Cera JIeCHO ce J0Ka3Ba 33JadaTa ¢ nHnyknnsa. Heka
BCsKA KOMIIOHEHTA MMa 110 1; pebpa.

2 (-2 () (7)< )+ (2
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K'bJIETO Y = Zle n;. Adcro e, ge s+1 < y+1 < v. Cinydadr y = s e TPUBUATIEH,
Heka y > s. ckame ma jokaxkeM, |e

(o)) =) =)L) )0
() = (1) -9

Karto monoxxum © =y — s + 1, moaygaBame

(5) = ("3 ") +w-ve-

r—1<(v—-y)lz—-1) & 1<v—-—y < y+1<v

3a6esexkka. Ako GG e cBbp3aH, TO

v
—1<e<

9.2 W3omopdusbMm HaA rpadu

e Jlpa rpadba G = (V,E) n G' = (V', E') ca nzomopdHH, KOETO O3HATABAME
kato G = G’ ako cbmecTByBa 6uekmus ¢ : V — V'’ ¢be cBoiicTBOTO!

(u,v) € E < (¥(u),9(v)) € E'.

9.3 /InpBera

Omnpenenenne 5. /IbpBo e cBbp3an rpad 6e3 MUK,
Teopema 11. B abpBo, MexkK/1y BCEKH /IBA BbPXa UMa €IMHCTBEH IIbT.
Teopema 12. Axo G e abpso, 10 £(G) = v(G) — 1.

HoxkazareacrBo. C muaykius mo v. 3a v = 1 e sacuo. a momycuem 3a G
¢ 6poit pebpa < v m me mokaxkem 3a G. Heka uv € E u G’ ce momy4asa karto
n3tpuem ToBa pedpo. IlomyuaBame nBa cebpi3anu amukaudau rpada G, Gs.
CirieioBaTesiHO T€ Ca JbpBETa M OT H.II.

e(G1) =v(G1) — 1 & e(G2) = v(Gs) — 1.
TTonyaaBawme, e

(G —w) =e(Gy) +e(Ga) =v(Gy) + v(Gs) — 2.
Hakpas, e(G) = (G —wv) + 1 = v(G1) + v(Ge) —2+ 1 =v(G) — 1. O
CaencrBue 1. Beako HETPHBHAIHO ABPBO MMa TIOHE JBA BbPXA ChC CTETeH 1.

HoxkaszarescrBo. cHo e, ge (Vv € V)[d(v) > 1]. Bnaewm, ge

Zd(v):2€:21/—2,

veV

OT K'bJIETO CJIE/IBA, Y€ UMA IIOHE JIBA BbpXa CbC cremeH 1. O
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9.3.1 IlokpuBamiu abpBeTa

Osnavasame ¢ 7(G) GposiT Ha TOKpUBanTe IbpBeTa Ha G (He HenzomopdHUTE,
a BCHYKH).

Heka u # v,e = (u,v) € E. C G.e = (E', V') o3nauaBame rpada mnosyuen
or GG, karo npemMaxsaMe pebPOTO € U CheIUHABAME KPaMIaTa u,v. JCHO e, Je
v(G.e) =v(G) — 1,e(G.e) = ¢(G) — 1,w(G.e) = w(G).

Teopema 13. Ako e € E ue e npumka, 10 7(G) = 7(G — e) + 7(G.€).

HokazarescrBo. 7(G) = n+m, Kbaero n e 6poaT HA MOKPUBAIIATE IbPBETA
Ha G, B KOUTO HE y4acTBa € U m e OpOoAT Ha MOKPHUBAILIUTE AbPBETA, B KOUTO
yuacrBa e. fdcuo e, ue n = 7(G — e). Ha Bcako nokpusaimo abpso T', B KoeTo
yYacTBa €, ChbOTBETCTBa IOKpHBamo abpBo T.e¢ na G.e. ToBa cborBercTBHE €
B3aMMHO-6JHO3HAYHO, caenosareano m = 7(G.e). O

3amaua 127. Kosko Ha Opoit ca BCuYku u30MOPMOHU U HEN30MOPGMHU MOKPHU-
BaIm IbpeeTta Ha K3, Ky 7

3amaua 128. Ilokaxere, ge ako (G e IbPBO U UMa BPBX ChC creneH > k, To G
uMa moHe k Bbpxa ¢bC cremeH 1.

Bamaua 129. Heka G e cebp3an rpad. Jlokaxere, 4e BCEKHU JIBa HAN-IbJITH
LTS B CBbp3aH rpad uMar o0l BpbX.

3amaua 130. 3a G mpocrt rpad, DoKaxKeTe, 4e € = (g) T.C.T.K. G € IbJIeH.

3amaua 131. Jloxaxere, ge B rpad ¢ v > 2, uMa MOHE B BbpXa C €IHAKBA
CTeTIeH.

3agaua 132. Jlokaxkere, Je:

1. BbB Bceku HeopueHTHPAH I'pad OPOAT HA BbPXOBETE C HEYETHA CTEIEH € de-
TeH;

2. Bceku peryisper rpad ¢ HeEYETHA CTENeH UMa YeTeH OPOil BbPXOBE;
3. Beexn rpad ¢ ¢ > (“;') e cobpzan. Haiine mpuvep 3a Hecsbpsan rpad c
_ (v—1
e=("3).
4. BbB rpad BCHYIKH BbpxoBe mMmar cremnel mnoue d. Jlokaxere, 9e B rpada nma
TbT C AbJKUHA d.

Bagaua 133. [la pasriename rpada G (6e3 npuMku u 6e3 KpaTHu pedpa) Che
S KOMIIOHEHTH Ha CBbP3aHocT. Jlokaxkere, qe v — s < € < (”j“).

3anmava 134. Hera G e rpad ¢ n Bbpxa u B G HIMA TPOCT IMUKBJI C IHIKAHA

2
3. okasere, 7e G mma Haii-MHOTO | "~ | peGpa.

Bamaga 135. Heka G e npoussosen rpad 6e3 npuMKu 1 KparHu pebpa, a G e
HErOBOTO HombjHenue. /lokazkere, e none enaun ot rpadure G, G e cBbp3aH;

3amava 136. 1. Jla ce mocrpoaTr Bcuuku Hem3omopduu rpadwu Ha 1,23 u 4
BbpXa.

2. Hamepere Oposi Ha pebpara Ha rpad 6e3 MUKIN C 1 BbpXa U k KOMIOHEHTH.
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Benexxkkn

o [3]
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I'maBa 10

Anropmrmu 3a rpadnm

10.1 Oo6xoxaaHe HaA rpad

Heka e manen opuentupanusi rpad G = (V, E). IIpn obxoxkaanero Ha rpad,
BCEKH BP'bX MOXKE 13 ObJIE€ B IHO OT TPH ChCTOSTHAS, UJIA KAKTO CM€ 'l O3HAYUJIH
TYK, B €IMH OT TPU UBATa. AKO eIUH BPbX ¥ €

e OsiT, TO TOH OIlle He € CPEITHAT.
® CHUB, TO TOH € CpPeIIHAaT, HO OIe He e HAII'bJIHO 00PaboTeH.

e UEepeH, TO TOH e HAIrbJHO 0OpabOTeH.

10.1.1 OO0xoxkaaHe B MIMPOYMHA

Asgropurbm 1 Unuruanusanus

1: procedure BFS-INIT(G,r)
2 for allv e V'\ {r} do

3 color[v] := WHITE

4 dist[v] := 00

5: pred[v] := NIL
6

7

8

color[r| := GRAY
dist[r] :=0
pred[r] := NIL

3a To3u ajropurbM Haii-ygo00HO e ga umame MacuB Adj ¢ abikuna |V, karo
Adj[u] naBa coMCHK € IpEKUTe HACJIEIHUIMU HA U, T.€.

Adj[u] = {v e V| (u,v) € E}.
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Anaropurbm 2 O6xoxkgaHe Ha rpad B MIUPOIMHA

1: procedure BFS(G,r)

2. BFS-INIT(G,r)

3: Q:=0 > Omarmkara () CbabPKa TOYHO CHUBUTE BbPXOBE
4: pUt(QaT.)

5: while @ # 0 do

6 u = get(Q) > U € TIPEeMaxXHAT OT OMAIIKATA
7 for all v € Adj[u] do

8 if WHITE = color(v] then

9: put(Q,v)
10: color[v] := GRAY
11 pred[v] :=u
12: dist[v] :=distfu] + 1
13: color|u] := BLACK

e AropuTHMBT pabOTH KAKTO 33 OPUEHTUPAHY, TaKa U 33 HEOPUEHTUDAHU TPa-

du.

o Ibiokuna Ha obT (6e3 1uk/au) € Opoar Ha pebpara, KOUTO y4acTBaT B
nbra. Hanpumep, 3a ubrsa p = (vg, ..., vx) B rpada G, Heroara IbJKUHA €
k, zamoro pebpara, kouro y4acrsar B p ca {(vo,v1), (v1,v2),..., (Vk—1,vk)}
u ca 00w k Ha O6poil. OODMKHOBEHO 1€ O3HAYaBAME I'bJ2KMHATA HA I'bTA P C
p| u mmmem vy S vy

e Hexka ma o3nauymMm 3a BCeKW ABa BbpXa u,v € V,

5(u,v) min{[p| | u L v}, ako uma wbr Mexy U,V
u,v) =
’ 00, aKO HAMA TI'bT

e lmawme cBoiictBoro, e 3arpad G = (V, E) u enun Bpbx s € V, ako (u,v) € E,
TO

0(s,v) < 0(s,u)+ 1.

e Barpad G = (V,E), u dukcupan Bpbx r € V, 03nauaBame
Gpred = (Vpred7Ep'red)a
K'bJIETO

Vprea = {v € V| pred[v] # NIL} U {s},
Epreqa = {(u,v) € E | pred[v] = u}.

Cnen usnbianenne Ha BFS(G,r), Gpreq IPEICTaBISBA IBPBO C KOPEH T, 32
BCeKHN JOCTHXKHUM B G OT 1 BPBX v, Gpreq CHABPKA €TUHCTBEH TPOCT BT

P .
7~ v, KATO P € HAl-K'bC M3MEXK Iy BCUYKHU II'bTHINA CBbP3BaIim r ¢ v B G.

Teopema 14. Heka e nanen rpad G = (V,E) u exun Bpbx r € V. Cuen
usnbianenue va BFS(G,r) nonyuasame, e

(Vv € V)[dist[v] = §(r,v)].
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10.1.2 O6xoxaaHe B Ibad0OYMHA

Aaropnrbm 3 O6xoxkIaHe B IbJIO0YMHA

1
2
3
4:
5
6
7

: procedure DFS-VISIT(G,u)
color|u] := GRAY > Bbpxbr 1 e noceren, Ho ne e obpaboren
for all v € Adj[u] do
if WHITE = color[v] then
pred[v] :=u
DFS-VISIT(v)

color[u| := BLACK > [pukiiouniu cme ¢ u

: procedure DFS(G)

for allv € V do > Mannnaiu3amnus
color[v] := WHITE
pred[v] := NIL

for allv € V do
if WHITE = color[v] then

DFS-VISIT(G,v)

10.2 MwuHuMaJJ HO MOKPUBAIIO AbPBO Ha rpad

Tyxk me pasriexgame camo Heopuentupaum rpadbu G = (V, E,w) c Terna
mo pebpara 3amagenu ¢ pyukimara w : F — R.

Enun rpad G = (V, E) ce Hapuda cBbpP3aH, ako UMa, [I'bT MEXKJy BCEKH JBa
/
v,v" € V.

Enwn neopuentupan rpad G ce Hapuyua IbpBo, ako G e cBbp3aH u 6e3 IUKJIn.

ITokpuBaio AbPBO 3a cBb3an Heopuentupan rpad G = (V) E), e 1bpso
T=(V,E'), E' CE.

Termo na emgro mommuOXKecTBO OT pedbpa U C E e uncmoro

ecU

MuHIMaJIHO IMOKPUBAIIO IbPBO 33 CBb3aH HEOPUEHTUPAH IIpeTerjeH rpad
G = (V, E,w) e nokpusaiio xbpso T, 3a KOETO

w(T) = min{w(T") | T" e nokpusamo 1bpso 3a G}.

10.2.1 Auropursm Ha IIpum

Heka e nazen HeopuenTupan nperersied cebp3as rpad G = (V, B, w).
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Agropurbm 4 Hamupane na nokpusaio abpso (IIpum)

1: procedure PRIM(G, r)

2 U:={r} > 3amo4YBaMme OT JbPBO ¢ KOpeH r u 6e3 pedbpa
3 S:=0

4 while (3(z,y) € E)[x € U & y e V\ U] do

5: Nsbupame (u,v) € F, 3a KoeTo

6 w(u,v) = min{w(z,y) |z €U & ye V\U & (z,y) € E}

7 U:=UU{v}

8 S :=8SU{(u,v)}

9 return (U, S) > BpbIiame kaTo pe3ynrar mosy4eHoTo JbpPBO

10.2.2 Auaropursm Ha Kpyckana

Heka e nanen vHeopneHTHpaH cBbp3aH npereried rpad G = (V, E,w).

Agropurbm 5 Hamupane na nokpusaiio abpso (Kpyckas)

1: procedure KRUSKAL(G)
2 X=0 > X me ObJe KOJEeKIusd OT IbPBEeTa
3: for v € V do
4 Hobassame abpeoro T = ({v}, ) xbMm koneknusaTa X
5 E’ :=SORT(F,w) > Coprupame E BbB Bb3XO/II PEJ OTHOCHO TEryia UM
6: for all (u,v) € E' do
7 Hexa v e BpbX B gbpBOTO T3 € X
8: Hexa v e Bpbx B abpBoTO T}, € X
9: if T, # T, then
10: W=V, uV,
11: R:=E,UE,U{(u,v)}
12: T :=(W,R)
13: IIpemaxsame T, u T, or KomekmmaTa X
14: Hobassime 1bpBOoTO 1" KbM X
15: return eJIMHCTBEHOTO JIBPBO OCTAHATO B X

10.3 MwuHuMAJHA OI'BTUIA OT AAaJ€H BP'bX

P
e C u~> v o3HaAYaBaME, 94€ P € WHT OT U JI0 V.

e Tyk me pasmiexigame opuentupanu rpabu G = (V, E), kato umame u
dyukmua w : F — R, koaro 3amaBa TerJia Ha pebpara Ha rpada.

e ITena uHa obT p = (vy,...,vx) B rpada o3HaUaBAME
w(p) =Y w(vi,vig1).
i<k
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e 3a Bceku JBa Bbpxa u,v € V, o03HadaBame

min{w(p) | u % v}, ako uMa mHT or U IO V
o(u,v) =

00, WHaTe

e MuHuMaJIeH I'bT p OT ¥ JI0 U € TaK'bB IIbT, 33 KoiTo w(p) = §(u, v).

., p

e llmame ciemHOTO BaxKHO cBOiicTBO. Heka u ~» v n p e MUHUMAaJIeH I'bT. Jla
ozHauM p = (vg,...,V) U pij = (vi,...,v;) 38 0 < ¢ < j < k. Torasa 3a
Becekn 0 <14 < j <k, p;; € MUHAMAJIEH O'BT OT v; JIO Vj.

e ITukbi e ubr p = (vg, ..., V), KbIETO Vg = V.

e Cbuio Taka Ka3paMme, 4e 1o ubrd p = (Vg, ..., V) UMA HUKbJI, AKO 33 HAKOU
0 <i < j <k nmame, 9e v; = vj.

e AKO MMa IMKBJ € OTPUIATENHO TErJIO MO HAKOH IbT OT U J0 U, TO TOraBa
nmmeM, e §(u, v) = —oo.

e Hekau L v m P € ¢ MUHUMAJTHO Teryio. ToraBa HAMA MUK C TIOJTOKHUTETHO
TErJIo 1o P.

P
e Heka u ~ v m p e ¢ MmunnmanHo Termo. MoxkeMm 06e3 orpanmdeHne Ha OOIII-
HOCTTA JIa IPUEMEeM, 4e HAMA [UKJIU C HYJEBO TErJIO 0 P.

e BaxxHo cBO#CTBO €, 4ye OPOAT HA BHPXOBETE 110 BCUYKU MHUHAJIHU IIHTUINA €

<[Vl

Heka na durcupame enqun Bpbx s € V. llenra nu e 1a HaMepuM MUHUMAJTHA
I'bTHUINA OT S JO BCUYKH JOCTHXKUMH OT S BbPXOB€, KAKTO U TAXHATa HeHa. Ja
OTGeNIe’KUM, 9 aKO WMaMe OTPHUIATENIEH TO HAKOH MhT § ~» v, TO 3aJa9aTa He
e n06pe neduHUpaHa, 3am0TO TOraBa d(s, v) = —oo.

3a Ta3u 1en BbBexKIAME JBa MacuBa, dist u pred, ¢ abikuna |V

e dist[v] - JaBa IeHA HA MUHMMAJEH BT OT § J0 v. AKo dist[v] = oo, TO He e
HaMepeH II'bT S~ .

e pred[v] - JaBa MpeIIECTBEHUKA HA U IO TO3W MUHUMAJIEH II'bT, T.€. aKO pred[v]
U, T0 § ~» u — v. AKo pred[v] = NIL, TO HE € HAMEPEH II'bT § ~» V.

Asropurbm 6 VHnumunanmsanns

1: procedure INIT(s)
2 for allv € V do
3: dist[v] := o0
4
5

pred[v] := NIL

dist[s] :=0
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AsropurbMm 7 Tobpcere Ha TO-100bP KAHIUIAT
1: procedure UPDATE(u,v)

2: if dist[v] > dist[u] + w(u,v) then
3: dist[v] := dist[u] + w(u,v)
4: pred[v] :=u

10.3.1 OcHoBHU cBoiicTBa

Tebpaenune 15 (HepaBencTBO HA TPUBIbIHUKA). 3a BCAKO (u,v) € F,
d(s,v) < 0(s,u) + w(u,v).

Tebpaenne 16. Heka cve usubinuiu INIT(s). Torasa umame cpoiicrsoro
(Vv € V)[dist[v] > (s, v)].

To ce 3anazsa u ciel mpo3Bosen O6poit uznbaHenus: Ha UPDATE Bbpxy pebpa
Ha rpada. OcBeH ToBa, ako BeAHBbXK dist[v] = (s, v), To croitrocTTa Ha dist([v]
[oBeYe He Ce MPOMEHs.

Joka3zarescrBo. Wuaykmnus no 6pos ¢ Ha usmbianenus Ha UPDATE. 3a ¢ =
0 e oueBugno. Ille mokaxkem TBbLpAeHHETO 3a i > 0 m3nbanenus na UPDATE.
Heka dist[v] > dist[u] + w(u, v) u usnbaaum UPDATE(u,v). Torasa karo us-
[IOJI3BaMe MH/IyKIIMOHHOTO IIPE/IIIOJIO?KEHNE ¥ HEPABEHCTBOTO HA TPUbI'bJIHUKA,

dist[v] = dist[u] + w(u,v)

> 0(s,u) + w(u,v)
> 0(s,v).
dcuo e, ue Bemubxk mocturaamm dist[v] = §(s,v), dist[v] He moxe ma ce
MPOMEHH, 3aIOTO TA3W CTOHHOCT MOKE CaMO Ja HAMANABA, & HAE CMEe JTOCTHT-
HAJIM HEHHAS MUHYMyM. O

Tebpaenne 17. Heka cvme usnbianumian INIT(s) u neka wsama nbr or s 10 .
Torasa umame cBOICTBOTO

dist[v] = (s, v) = oo.

To ce 3anazsa u cieq mpo3posen O6poit uznbaHenus: Ha UPDATE Bbpxy pebpa
Ha Tpada.

HokasaresicrBo. oM HsimMa kT OT $ 10 v, TO 0(8,v) = co. Ot TrbpaeHne
16, dist[v] > d(s,v) = co. CrenoBarenHo, dist[v] = oco. O

Tebpaeuune 18. Heka s ~ u — v e bT ¢ MuUHEMAIHO Ter10. Heka cme n3mbii-
wusn INIT(S) u nsakouko uwbru UPDATE, karo usmexiy rax u UPDATE(u,v).
Axko npemn n3mbanennero Ha UPDATE(u,v) nmame, ve dist[u] = (s, u), To
cies ToBa m3nbiHenne dist[v] = (s, v) u crofinocrra Ha dist[v] moBete He ce
POMEHS.

HokasaresictBo.  IIwpro na orbenexnm, ve 3a (u,v) € F, BemHara ciefn
nm3nbianennero Ha UPDATE(u,v) nmawme, 4e

dist[v] < distfu] + w(u,v).
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Ako dist[u] = d(s,u), o or Tebpaenne 16 ToBa pasencrso ce 3anassa. Ilomay-
JaBame, 9e:

distfv] < distfu] + w(u,v)
=d(s,u) +w(u,v)
=d(s,v)

)

3AI0TO § ~» U — U € I'bT ¢ MUHUMAJHA Jb/okuHa. Torasa dist[v] < 0(s,v) u
CJI6JJ0BATEIJIHO

dist[v] = d(s,v),

3amoTo mak or Tebpaenne 16, BUHArM € W3MbJHEHO, Ue distv] > §(s,v), O

10.3.2 AuaropurbpMm Ha leilikcTpa

B ro3u asropurbm, pasriexaame opuenrupanu rpabu G = (V, E,w) ¢ noso-
orcumennu Terna (MM 1eHn) 1o pebpata, T.e. 3a Besko (u,v) € E, w(u,v) > 0.

Agropurbm 8 [Tbruma ¢ mun. reruio or Bbpxa s (Jeiikcrpa)

Require: w: E — RT
1: procedure DIJKSTRA(s)
2. INIT(s)
3 U=V
4 while U # () do
5: Nsbupame ug € U, 3a Koiiro dist|ug] = min{distv] | v € U}
6 U:=V"\{uo}
7 for all v € Adj[ug] do
8 UPDATE (ug,v)

Teopema 15. Heka G e opuenrupan rpad ¢ HEOTPUIIATEJHE TErJIa 110 pedbpara.
Crien M3IbJIHEHUETO HA AJMrOpUTHMa Ha JIefiKcTpa ¢ HavajeH BpbX S,

(Vv € V)[dist[v] = 0(s,v)].
HoxkazarenacrBo. Ille mokaxkem, ye Ha BCsKa mTepanus Ha while-nimkbia,
(Vv € V\ V')[dist[v] = d(s,v)].

IIepeonauammo V \ V' = (. Ille mokaxkem, [We Ha BCsAKa HUTepanus Ha while-
LUK'bJIA, 33 BbPXa U, KOWTO cMe npemaxHaau ot V', e usnbineno, ue dist[u] =
8(s,u). 3a menra ma MOMyCHEM TPOTHBHOTO W HEKA U € MbPBHS BPBHX, KOUTO €
npemaxuaar or V', 3a xoiito dist[u] # d(s,u). Jlecro ce cpobpassasa, ue u #
s. Oceen ToBa, TpsiGBa § ~» wu, 3amoro wHade distfu] = d(s,u) = oo cmoper,
Tebprenne 17. Heka s Lun P € I'bT C MEHUMAJIHO Teryio0. /la pa3duem mbrs p
IO CICTHAA HAYWH:

P1 P2
S~ X — YU,

KbJETO y € I'bPBHA BPbX IO IIbTA P, 3a Koiro y & V'. Slcho e, 4e rorasa
x € V' u rorasa dist[z] = 0(s,z), 3amoro nue usbpaxme u ga Gbae wbpBUL
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BPDBX, 3a Koiito dist[u] # 6(s,u). Ha mreparmmara ma while-nmukbia, Ha KOATO
nobassame x kKbM V', nue usnbaassame UPDATE(x,y) u cnopen Tebpaenue 18,
dist[y] = d(s,y). Ho moHexe y e mpeau u MO WbT ¢ MUHHUMAJHO TETJIO W MPU
TIOJIOKEHNE, Y€ HAMA, pedpa ¢ OTPUIATEHN TETIIA,

0(s,y) < (s, u).
Torasa

dist[y] = 6(s,y)
< 6(s,u)
< dist[u], cnopen, Tebpaenue 16.

Ho monesxe y,v € V' m cme m3bpaam « BMECTO 3, TO TOBa, O3HAYABA, 1€
dist[u] < distly].
CrenosareHo,
distly] = dist[u]
" TOraBa
distu] = 0(s,u),
€ KOETO JIOCTUTaMe JI0 TTPOTHBOpPEYNeE. O

Caencrue 3. Gpreq € IBPBO HA MUHNMATHATE IIBTHIIA C KOPEH S.

Axo BbB V' mma ocramamm BBpPXOBE v, TO Te mMmar §(v) = 0o, T.e. Te ca
HEJIOCTUZKUMH OT S U CJIEJOBATEJIHO IbTAT OT S JI0 ¥ UM JbJIZKUHA OO,

Qurypa 10.2 uiarocTpupa Kak ce mpoMeHst PYHKIUAT, § 10 BPeMe Ha U3II'bJI-
HEeHneTO Ha ajropuTbma. OCBEH TOBA, MOXKEM Ja HAMEDPUM HE CaMO CTONHOCTTA,
Ha Ha-K'bCUTE IMbTHUIIA, HO U CIUCHK C peOpaTa, KOUTO yIaCTBAT BbB BCEKH OT
THAX.

10 09
a
3
S
b )
2
b
(a) Io-mouty 1€ TPUIOKUM AJITOPATHMA HA (6) Ilpmmep, 3a KOWTO aJTOPUTHMBT Ha
JeiikcTpa BbpXy TO3u rpad Hefikcrpa He nasa Bepen pesynrar (3amo?)

Qurypa 10.1
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a b c d e f g a b C d 3 7 g
o [[0]] oo 00 [ o] o | oo |y INIL| | NIL | NIL | NIL | NIL | NIL
7 | [[2]] o0 [0 ] o0 [ o b | [o] | win | wro | win | o
[6] © | 7] © | © NIL | ¢ | NIL | NIL
: 10 oo | 16 : a NIL | a
[10]] : | 14 | 16 [a] | : c | a
: 14 |[12] : ¢ | [d]
1] | :

(a) Macusa dist 3a HaganeH BpbXx b

(6) Macusa pred 3a HagaJeH BPbX b

®urypa 10.2: Anropurbm na eiikcrpa ¢ nadanen Bpbx b 3a rpada or (10.1a)
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