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AbGcTpakT

M3Bexx1ame TOYHM M3pa3u 3a CJIOXKHOCTTA HA KOHKPETHH IpocTu ajropurmu. llokazame neobxommmocTTa OT
MO-MAJIKO TpEIU3Ha, Mo-rpyba MspKa 3a CJI0KHOCTTa, HA aJlOPUTMUTE. BbBekIame meTTe OOIIONPUETH ACUMII-
TOTUYHU HOTamuu. Pasrimexkgame 3amadara COPTUPAHE W HefHATAa BayKHOCT 3a DPEIIaBaHETO HA JAPYTUA 3aaqd.
BbBexxame moHATHETO cmabusHocm Ha copmupawy anzopumam. Pasriexaame aBa eJeMeHTapHU COPTUPAIIY aJI-
ropuTbMa: INSERTION SORT u SELECTION SORT W aHAJU3UpaMe TIXHATA KOPEKTHOCT, CJIOYKHOCT 10 BPEME U ITaMeT
u crabuaaoct. Oco6eHO BHUMAaHUE OTAE/IsIME Ha KOPEKTHOCTTA, KAaTO BbBEXKIaMe TOKa3BaHe Upe3 WHBAPUAHTA HA

IIUK'bJI.
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1 Tounarta cJIOKHOCT O BpeMe Ha SELECTIONSORT u INSERTIONSORT

Ia pasriemname ciieIHus eTeMEHTapEeH COPTUPAI aaropuTbM. [1o-KbCHO e JoKaXKeM HeroBaTa KOpeKTHOCT. B MmomeHTa
ce UHTepecyBaMe caMO OT TOBa, KOJIKO 0bp30 paboru. CrazBame JIOIYyCKAHUSTA OT I'bPBATA JIEKIUs, Y€ TUCIaTa UMAT
T'oJIEMHHa €e/IMHUIla 1 Ye BCAKa eneMeHTapHa I/IHCprKL[I/IH OTHEeMa eJIMHUIla BpeMe.

ITceBokOIBT, KOITO 11 pasriiename, e 1o yuebuuka [CLRO9).

INSERTION SORT(A[1,2,...n]: MacuB OT Ieju 9ucia)
1 fori—2ton

key «— AJi]

je—i-1

while j > 0 and A[j] > key do
Afj+ 1] — AJj]
jej—1

Alj+ 1] « key

N O O W N

Koo crbiky orHeMa U3I'bJIHEHHETO HA TO3K aJI'OPUTHBbM BbPXYy M uncna’? M3nonssame cjaegHauTe C’bO6pa)KeHI/IH.

e B mamms ompocTeH Mosies1 TOBa, KOETO € Ha pejl 1—a UMEeHHO MHUMIUAJIN3AIUITA HA YITPABJISBAIIATA ITPOMEHINBA
i, mpoBepKaTa 3a MPOIb/KABAHE M HHKPEMEHTHPAHETO € enHa mHeTpykums.! Ts ce ma3mbiamssa n mbrm. Ilo
IIPUHITAIL, BCAKA WHCTPYKIIAA

fori<—a to b

ce m3rbyHgAMa b —a+2 wbru npn a < b. Tyk He craBa JyMa 3a TSAI0TO Ha UK, KOETO Ce N3IbJHIBa b—a+ 1
b, TS ce U3IbIIHSIBA BEHBK HA BCSIKO “3aBbpTaHe’ Ha IUKbJA, U HOCJE OIIe BEJIHDBXK, KOTATO YCJIOBHETO 3a
IpOTbJIZKaBaHe Bede He e BApHO. B To3m ciy4ail, n — 2 + 2 e To9HO N.

e Tstoro Ha mukbia for Ha pemoe 1-7 ce u3rbiHgABA, KakTo Kazaxme, . — 2 + 1 = n — 1 wbru. CiemoBaresHo,
BCEKU OT pejioBere 2, 3 U 7 ce U3I'bJIHABA N — | I'bTH, U Thil KATO BCEKU OT TAX UMA I10 €JIHa UHCTPYKIUS, KOATO
Ce U3IILJIHSIBA 32 eJIHA CT'bIIKa, TOBa ca 00mo 3(n — 1) crbuku.

e Buioxkenust while mukbi Ha pemoBe 4—6 ce U3I'bIHSBA CHIIO N — | I'bTU, HO HEFOBOTO M3II'bJAHEHUE HE CTaBa 34
enna uHCTPYKIus. Heka ki e 6posiT Ha u3mbiHenusTa Ha pen 4 3a Besko i € {2,...,n}. Kakro Beue orbesnsizaxme,
TSJIOTO Ha IUKDBJIA Ce U3IIbJIHABA C €IUHUIA [0-MAJKO II'bTH, CJIEJIOBATENHO, CIPSMO KOs Jia € CTOWHOCT Ha
BbHIIIHATA WHJIEKCHA ITPOMEHJINBA 1, BCEKH OT pesioBe b 1 6 ce usmrbjiasBa ki — 1 wbru. Torasa pes 4 ce U3IIbJIHIBA
Y, ki IbTH 00Wo 30 YANOMO USNBAHEHUE HA AA20PUMBMA, & PepoBe 5 1 6 ce M3mbaHABAT 10 Y-, (ki — 1)
nbra. O6mo m3nbanennero va while mukbabr “crpysa” 315 ki +23 010 5 (ki—1) = (311, ki) —2(n—1) crbukn
10 BPEME HA IISIJIOTO U3IIbJIHEHUE.

n TaKa, B HaIlllg OIIPOCTEH MO/IEeJI, U3II'bJIHEHUETO Ha aJI'OPUTbMa CTaBa B

n n
n43m-N+ (D k| -2m-N)=2n-T+>k
i=2 i=2
CTBIKHA. 38 Ja JOBBbPUINM aHaJInu3a, TpH6Ba Ja OIIpeaejiMM MHUHHUMaJIHATa WU MaKCUMaJIHaTa BBHB3MO2KHa CTOMHOCT HAa

cymara. ki MOXKe Jia e Hail-MaJiko 1, koraro TsiioTo Ha while mukbiia He ce U3IIbJIHIBA U3001110, M HAW-MHOTO 1, KOraTo
Ts10T0 Ha while nukbia ce nsnbianasa i1 — 1 wbTy.

TIIpr mporpamupane Ha HCTHHCKH KOMITIOTBD TOBa He € Taka. CirequusT TpuBHajeH for nukba Ha e3nka C:
for (i=2; i <= n; i++);
KaTo dpparMeHT OT Iporpama ce kommuaupa Bbpxy Intel iCore3 mponecop, Ubuntu Linux, 64 6utoB gcc koMmuiaTop 6€3 ONTUMUABALNS, B
caenHus Ko, (aJpecuTe M OTMECTBAHHUATA, €CTECTBEHO, BApUPAT):
0x4005bb <main+30> movl $0x2,-0x4 (%rbp)
0x4005c2 <main+37> jmp 0x4005c8 <main+43>
0x4005c4 <main+39> addl $0x1,-0x4(%rbp)
0x4005c8 <main+43> mov -0x8(%rbp) ,%eax
0x4005cb <main+46> cmp %eax,-0x4(%rbp)
0x4005ce <main+49> jle 0x4005c4 <main+39>
KaxkTo Br>KZaMe, IIPU UCTUHCKHUSI KOMIIIOTbD MHKPEMEHTHPaAHETO C efuHuna addl, mpoBepKaTa 3a Kpail Ha M3II'bJIHEHHETO Ha IUKbJIA CIp,
U yCJIOBHUAT CKOK jle B U3II'bJIHEHUETO, Ca OTIAEJIHU HHCTPYKIIUH.
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Tt PazpaboTrBane na mporpamMu 3a e€JIeKTPOHHU (POPMU Ha, TUCTAHITTOHHO E:}”Q&
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos ’ EBponeiicku counaneH ¢poHp
[Tokazaxwme, e CJI0KHOCTTA IO BpeMe B Hal-I00pHUs CiIydail e
n
Pm)=2n—1+>1T=2n—T4+n—1=3n-2 (1)
i=2
U CJIO2KHOCTTA II0 BpeMe B Hail-jiomus ciaydail e
n
. nmn-—1 1 3

i=2

Hle aHaJIu3upaMe CJI02KHOCTTa Ha Oolle €IWH aJTOPUTHM II0 aHAJIOTUYCH HAYHH.

SELECTION SORT(A[1,2,...1n]: MaCUB OT IieJIN 9YHCIIA)
1 fori<1ton-—1
2 forj«<—i+1ton
3 if A[j] < A[i]
4 swap(A[i], A1)

Pen 1 ce msmbamssa 06mo N — 1 — 1+ 2 = n obru. Pex 2 ce usnbiaasasa N — 1+ 1 3a Besko 1, 061110 Z?;] n—i+1=

%. Pen 3 ce m3mbaHABa N — 1 3a BegKO 1, 0610 Z::ﬂ n—i= @ Pen 3 ce m3mbaHsABa 06mo k THTH 32
HsIKakBO K, TakoBa ye 0 < k < w, B 3aBUCHUMOCT OT KOHKpeTHusi Bxo. OOIINO CJI0XKHOCTTA €
n+2)(n—1 nn-—1
n—i-( X )—f- ( )+k=n2+n—1+k
2 2
ToraBa coXKHOCTTa B Hail-I00pHUs CIyUail e
P'n)=n?+n-—1 (3)

¥ CJIO’KHOCTTa B Hal-JIomms ciyvai e

—1 1
T’(n)=n2+n—1+¥=%nz+in—1 (4)

2 HeobxoanMma Jin € TOJKOBa HNPEennu3Ha OIeHKAa Ha CJIOXKHOCTTA?

Or u3ioKeHHeTO jJocera TpabBa Ja € CTaHaJO sCHO, Ye TOo4IHU u3pasu Karo (1), (2), (3) u (4) He ca HeOGXOLUMH.
HammmsiT Moziest Ha CJIOXKHOCTTA € JIOCTATHYHO Jlajiede OT PealHOCTTa, Taka e chbupaemoro —1, koero numame B (4),
HsIMa, IPAKTUIECKN HUKAKBO 3HAYEHNE ITO OTHOIIEHNE Ha KAKBATO 1 Jia € codTyepHa peaan3arys Ha SELECTION SORT.
KaxkTo kazaxme, He MOXKEM J[a MIPEABUIUM BPEMETO 38 U3IIbJIHEHUE C TOYHOCT JI0 MUJUCEKYHIA, TaKa 9e [0 OTHOIIEHUE
Ha peaJiHO U3II'bJHeHne, chonpaeMoTo — | He HM Ka3Ba Huw,o. Helno nmosede, Ms10TO ¢bOUpaeMo %n— 1 e 6Ge3cMuceHo.
Ako pasnosiaraMe ¢ KOHKPETHA peajiM3alidsi HA ajJrOPUTbMa M § TeCTBaMe BbPXY Pa3JIMIHUA TECTOBU BXOJIOBE, 33
KOUTO UMaMe Hal-JIoIa CII0XKHOCT (0OpATHO COPTUPAHNU MIOCJIEIOBATETHOCTH) U IIOCJIe aHAJIM3NpaMe JIAHHUTE, ITe CTaHe
SICHO, 1€ ObP30/IEfICTBIETO Ce MHTEPITOINPA OT HAKAKBA KBAIpaTHIHA (DYHKINS, U TOJKOBa. PaKTOpH KaTO KOHKPETHA
OTIEPAIIMOHHA CUCTEMA, KOMIUIATOD, APXUTEKTYPA U BUPTYATHA MAITHHA, KAKTO U YMEHHETO HA IPOTPAMUCTA JA MHUIIIe
Obp3U MPOrpaMu BbpPXY KOHKPETHATA MAIUHA, ChC CUTYPHOCT IIe Ce OTPA3sT MOoBede Ha PEAJTHOTO Obp30/IeiicTBHe.

ToBa, koero uMa 3HaveHue B (4) e GakTbT, Ye OT TpUTe CbOMpaeMu Haii-GbP30 PaCTSNIOTO € KBaJpaTHIHATA
dyHKIWMS %nz. T 3amaBa K6a0PAMUYHG CAOHCHOCT, NO 8peme. AKO BXOIBT € JOCTATBYHO IOJIsSIM, IOPU U Hail-1obpara
KOHKPETHA peaJn3allysi e MMa KBaJIPATUIHA CJIOKHOCT B M. Hukakb m360p Ha KOHKPETHA ONEPAIMOHHA CHCTEMA,
KOMITUJIATOP, TPOrPAMUCTKY TPUKOBE M TaKa HATATHK HE MOraT Ja MoJ00psaT KBapaTUIHATA CJIOKHOCT 110, JIa PeYeM,
aunetna (cies Masko e pedbuHIpaMe JHHEHHa CIIOKHOCT).

11 raxa, Hafi-CHIECTBEHOTO 32 CJIOXKHOCTUTE Ha INSERTION SORT m SELECTION SORT e, 4e B HA-JIomms Cirydaii’
Te ca KBaJApaTUIHN (DYHKIIUN.

fKasaxwme, e croxuOCTTA B Hal-100pus ciiydail He € 0cobeHO nH(MOPMATUBHA U HE Ce II0JI3Ba, HO CU 3aC/Iy»KaBa J1a ce OTOesIeXKu, Je B
Hail-1o6pus ciaydail INSERTION SORT MMa CJIOXKHOCT, KOATO € JInHeiHa GyHKIus, 6€3 aJrOpuTbMbT 13 € MOAUMPUIMPAH YPe3 U3KYCTBEHO
MPUIIATY UHCTPYKIUA 38 CaMO €IUH Hail-100bp CIIydaii.
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B mamara mopeauna oT J0OIMyCKaHUsI, KOUTO OIIPOCTABAT HEIIATa W HU IMO3BOJISIBAT M300IMO 18 MPaBUM AHAJN3
Ha CJOKHOCTTA HA AJTOPUTMHU, CJIEIBA JOMYCKAHETO, Y€ CMeEeneHma Ha Hapacmeare Ha (PYHKIUITA HA CJI0KHOCTTA
€ BCUYKO, KOeTO HU MHTepecyBa 3a Hes. Cjie MaJIKO IIe JaJleM MPEIU3HO OlpejiejieHre Ha “CTelleH Ha HapacTBaHe”,
3acera IIe ce 3aJ[0BOJINM C [IPUMepa C aHAJIM3a Ha JBaTa ajJropuTbMa rope. U Ha npara pyHKIUUTE HA CJIO0KHOCTTA B
Hail-jomus ciaydait ca kBajgparuanu. [lle cmsarame, e CI0XKHOCTTA UM € eIHAKBA: KBAJIPATUYIHA.

1 raxa:

® aKO M3pa3bT 3a CIOKHOCTTA HA JAJIEH AJITOPUTDBM € CyMa, PasmiexaaMe Hafi-Obp3o pacramara byHKIMS n3-
MeKJly ChOMpaeMuTe, B aACUMNMOMUYHUAL cCMucss. A mMenHO, ako m3pasbT e T1(n) + fa(n) + ... + fi(n) uo

. f . . o
limp o % = 00 3a BCAKO 1, TakoBa 4e 2 < 1 < k, To f1(n) e Haii-6bp30 pacramara B aCUMITOTUIHUSA CMHU-
cb1 bynkuus msmexkay f1(n), ..., fi(n)f. Ile cmarame, ye Ha#-6BHP30 PACTAIMIATA B TO3H CMUCHJ (DYHKIHS

JOMUHHPA HaJd OCTAHAJIUTE M TAX MOXKEM JTa HpCHC6peI‘HCM.

e 3a J(Ba Pa3IMYHU AJATOPUTbMA, aKO Bojenmre (DYHKIUKA B TOPHUs CMUCBJ B U3pas3uTe 3a cjaoxkHocTTa ca fi(n)
fi(n)
g1 (n)

ugi(n) u0 < limy o < 00 , e cMATaMe, 9e TE€3U AJTOPUTMH PaboTAT €IHAKBO ObP30.

Ilopu IbPBOTO IOIyCKaHE He 6uHazu e peaaucmuyrno. CMECHIBT Ia ce pasIyIeskIa caMO TCHICHIMS Ha HApaCT-
BaHETO, KOraTo Tl KJIOHH KbM 0e3KpalHOCT, € sACEeH: IO-TOJIEMHTE BXOI0BE ca Ho-mHTepecHn. Ho Ha mpakThmka ToBa
€ BAPHO CaMo JOHAKbJE. Ha mpakTuka, HAUCTUHA MOBEICHUETO HA aJITOPUTBHM 32 COPTUPAHE BBHPXY BXOI € TOJIEMU-
wa 10000000 e mo-uHTEpECHO OT IMOBEIEHUETO MY BBPXY BXOJH ¢ rojiemusa 10, HO eiBa Jin MOXKEM Jia TBBPIUM, de
HOBEJIEHNEeTO My BBPXy BxoJ ¢ rosemumaa 10000 00070000000 ¢ ome mo-mrTepecHo, a ToBa BBHPXY BXOJ C TOJIEMUHA
10000 00010 00000070008 1y omie mo-urTepecto. TToCTeTHNTe B YHCTA CA HAI'BIHO OTBb Bb3MOKHOCTHTE HA
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BCEKU UCTUHCKU KOMITIOTHP, CEeraiieH U ObJEll, TaKa de IMporpaMara, PeaJu3upalna BbIPOCHUs aJrOPUTHM, HIHKOra
HAMA Ia Ma Bb3MOXKHOCT 12 JIEMOHCTPHpPa Obp3MHATA CH BLPXY BXOIOBE ¢ TaKmBa pasmepu. Koraro ce dpokycmpame
caMO BDBPXY BOIEINOTO ChOMpaeMo, HHE TBbPIUM, 9€ M3MEXKIy IBa aJrOPUTDbMA, CIUHUAT OT KOUTO MMA, CJIOXKHOCT
n? +n, a apyrust, ny/n+10'°n, BropusT paboTu m0-6HP30, 3aITOTO HEroBaTa BojeIIa (DYHKIIHS Ty/T pacTe M0-6aBHO
or n?, Bozemata GyHKIHs Ha IbpBus. HancTuHa, ChIIECTBYBa CTOMHOCT Ha IOJEMIHATA Ha BXOJA Mg, TAKABA tUe 32
BCAKO ML 2> T, BTOPUAT aJrOPUTHM TeUen Karo Obp3ojeiicTBre, HO TOBA N € TBbpJe TojisMo. KakTo Beue craHa
SICHO, TO MOXKE J& YUCJI0, KOETO HUKOra He € TOJIEMUHA Ha BXOJ B PeajHus CBST.

BTopoTo momyckane—MrHOPHPAHETO Ha MYJTHILIMKATABHATA KOHCTAHTa BbB BOIEIIaTa (PyHKIUA—€ JOPU Mo-ppa-
mmpairno. Cropes Hero, JBa aarOPHTBMA, €IHIAT OT KOUTO MMa CIOKHOCT N2 + N, a apyrust, 10'°n?, ca ¢ exna n
CbINA CJIOXKHOCT, a UMEHHO KBaJpaTudHa. “Onpasranuero’ HU e, Ye aJrOpUTMHUTE, KOUTO Ce M3IOJI3BaT Ha IMPaKTUKA,
U [OYMBAT BbPXy HParMaTUYHU UIEU 10 MPABUJIO UMAT CJIOKHOCTU, B KOUTO TE3U MYJITUIIMKATUBHE KOHCTAHTH HE
ca (pparnmparto rojemu, Humo ot copra Ha 1070, Taka e ompocrsaBameTo He e mpekaseHo rpy6o. B Teopusita obate ca
M3BECTHU JIMHEHHN aJrOPUTMU, IIPA KOUTO TA3W MYJITHIINKATHBHA KOHCTAHTA, € KyJla OT CTCIeHH Ha IBOHKATA

2
2

2

2

YHUSATO BUCOUMHA € KyJIa OT CTEIeHU Ha JBOHKATA, IUATO BUCOUMHA € KyJIa OT CTEIeHU Ha JIBOMKATa, U TaKa HATATDHK,
neseT mbTr. OYEBUIHO TAKBHB AJITOPUTHM € HEIPAKTUIECH TOPU 3a BXOJ[ C TOJIEMUHA €INHUIIA.

Ha obormm. Korato pasriiexkame TEHICHIUATA HA HAPACTBAHETO IIPU HEOIDAHUYIEHO HAPACTBAHE HA APryMEHTA
T, HHE TPOCTO MPABUM IIOPEIHOTO OIIPOCTSIBAIIO Jlolryckane. [IpuannaTa Jja ro mpaBuM e, Ue Taka e 1mo-jiecHo. Ocsen
TOBa, MPAKTUKATa IOKAa3Ba, Y€ YECTO—HO HE BHMHATU—PE3Yy/JTaTHTe, KOUTO HH J[aBa TOBAa OIPOCTsIBaHe, ca J100pe
KOPEJIMPaHU C Ka9eCTBATa HA PEAJHUTE MPOTPAMU, PEAJHIUPAIINA CHOTBETHUTE AJTOPUTMH.

3 AcCUMITOTHYHU HOTAIUNI

Crenaure nedWHUIME HU JaBaT Bb3MOYKHOCT JIa U3pa3uM (OPMAJIHO TBBPIAEHUETO, Ye jBe (DYHKIMU UMAT eJIHa U
C'bIIIa CTEIEH HA HAPACTBAHE WJIU Y€ eHA PacTe Mo-ObpP30 OT APYyraTa WM CTPOTO MO-ObP30 OT JAPyrara WK Ue JIBeTe
ca HECPABHUMU, U TO B aCHUMITOTHYHUS CMUCHJI. 3abesexere, e nedUHUUUTE He U3IM0/I3BAT HOTanusita lim.

IIpenn ToBa, exmo momontHa gedbuans: dynkmus f(n) ¢ gomeitn n komomeiin R e acummomuuno nososrcumenna,
ako Ing € R : Vn = np,f(n) > 0. Orcera HataTbK mme mme jgonyckame, de dyHKIUM ca Takuba. 1Ipw aHammM3a Ha
AJITOPUTMHU CJIOYKHOCTTA HSIMa KaK Ja He e IOJIOKUTeJIHa (DYHKIWS, TaKa e TOBa JOIIyCKaHEe He e OrPaHuYaBallo.

TTyK mpeJrosiaraMe, Y€ BCUYKU Te Ca ITOJIOXKUTEHU (DYHKIUU.
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N OGY‘ICHI/IC BbB (DaKY.HTCT‘d II0 MaTeMaTuKa 1 I/IH(bOpl\I‘dTI/IKa N
EBponenckmn cbos : : EBponeiicku counaneH ¢poHp
def
O(g(n)) = {f(n) [Ier,c2 >0, Ino : ¥n = no, 0 < cr.g(n) < f(n) < ca.g(n)} (5)

Dopmaiao, O(g(n)) e Geskpaiino MHOXKeCTBO OT QYHKIMN. AKO HCKaMe Ja KaxkeM, 4e h(n) e exHa OT TsX, HHIIEM
h(n) = O(g(n)), mamecro dopmanno kopekrHoro h(n) € O(g(n)). Yerem, “h(n) e Tera-ronsamo or g(n)”. CMUCHIBT
e, ue g(n) 3amaBa Ge3KpailHO MHOXKECTBO (DYHKIMH, BCAKA OT KOHTO Ie CMATaMe 3a eKBHBaJeHTHa Ha ¢(n) Karo
ACHMIITOTUYHA CTEIlEH Ha HapacTBaHe 3abesexere, ue “limy o, 24(2—3 ChINECTBYBA U € PABHO Ha HIKAKBO L, TakoBa 4e
0 < L < o0” e mo-cusno Tbpaenue ot “h(n) = O(g(n))”. C apyru mymu, Tera-HOTAUATA € IO-MOIIHA OT U3PA3ABAHETO
9Ype3 IPaHnIa, 3aI0TO TPAHUIATA HA OTHOIIEHUETO MOXKE JIa HE ChINECTBYBA M BBIPEKU TOBa TeTa-OTHONIEHUETO 1a
e msmbaaeno. [Ipmvepno, rexka f(n) = (2 +sinn)n? u g(n) = n?. Bapuo e, 4e f(n) = O(g(n)). 3a goKazarecTBOTO

. f
MOXKeM Jia B3emeM KoHcraHTh 1 m 3. Obave rpanunara lim, ., fn) He CbINEeCTBYBa, TakKa Ue BbB (popMaan3Ma Ha

g(n)
I‘paHI/IL(I/ITe HE 6I/IXMe MOIVIN J& I/I3pa31/IM KeJIaHOTO TB’])p,HeHI/Ie.

TpuBHaIHO ce JIOKa3Ba, Ue 33 BCHIKH ACHMITOTHIHO mojtoxkuTesaun Gynkiwn f(n), g(n) n h(n):

f(n) = ©(g(n)) — g(n) = B(f(n))
A g(n) = B(h(n)) — f(n) = BO(h(n))

ToBa HE jaBa OCHOBaHHE Jia TBHPANM, de TeTa-HOTAIMATA 3a/1aBa PEJIAIlUs HA €KBHBAJICHTHOCT. 3aTOBA BbHBEXKIAME
ajaTepHaTHBHA HOTarwms: Hamecto f(n) = O(g(n)) moxem na sanumem f(n) = g(n). Tosu 3anuc noxyeprasa, de craBa
JyMa 32 peJialiisl HA eKBUBAJIECHTHOCT.

Msnonseaiiku Tera-HOTAIMsATA, MOYKEM J1a 3AlMIIEM CJIOXKHOCTTA B Hail-nommst caydail T(n) #Ha INSERTION SORT
u T’(n) Ha SELECTION SORT Taka:

Ot ruenna Touka Ha Tera-acMMITOTHKATA, IIO-TIPEIU3€H AHAJN3 HA TE3W aJrOPUTMHU HsMa. Te ca KBaJpATHIHU W
TOJIKOBA. JIMHEEH € BCEKM aJIlOPUThM, YUITO CJIOXKHOCT B Hafl-jiommus ciaydai e O(n).

Bamachr @(n?) = T(n) e HekopeKTeH. 3HakbT 3a pasencTso B Tera-mspasure e eqnonocoden: Tera-HoTanusaTa
Ce TOSABSBA BJIFICHO.

Nskiiovenne 0T T0Ba NPABHUIIO CA U3PA3K KATO

n? +0(n) = O(n?%)

B to3u cayuait Tera-nHoranuure BJISBO U BJISICHO UMAT ChbBCEM Pa3JIMYeH CMUCHJI. Tera-HOTAIUsITa BISICHO MPEICTaB-
JisiBa Oe3KPaAfHO MHOXKECTBO OT (DYHKITUHU, a Ta3U BJSBO € anonumha gynkyusa. Ja nosropum: Tera-HoTanusta BIsBO
[pEeJICTaBJISIBA HEe MHOYKECTBO (DYHKIINH, & CAMO €JIHA, KATO BCUYIKO, KOETO 3HAEM 3a Hes e, 9e MPUHAJJIeKN Ha MHO-
sxectoro O(1). IlemsaT u3pas ce yere Taka: cymara Ha N2 u Kod ja e GYHKIHA OT MHOXKecTBoTo @(N) e dbyHKIms
oT MHOX)KecTBoTO @(n?).

DopMaIIHO TOIJIEHATO, JIAJN I MTUIIEM

107/7n? + 15.5n4/n + 351 = O(n?)

nJI

n? = ©(10v7n? + 15.5n/n + 35n)

e Oe3 3HaUeHMe, W JIBETE TBbLP/eHUs ca BepHu. Ha mpaxThka HUKON He OW mM3mo/I3Baj BTOpus 3amuc. Ilo mpasuio B
ckobure Ha Tera-HOTAIUATA ClIaraMe Bb3MOXKHO HAN-ITPOCTHsI 3AIIUC; TOECT, (DYHKITUSITA OT KJIACa HA eKBUBAJEHTHOCT,
KOSITO MMa, Hall-IIpOCT 3aIluc.

KakTo kazaxme, 1110 ce OTHaCs JI0 aCUMIITOTAKATa Ha HapacTBaHeTo, TeTa-HOTAIMATa JaBa Bb3MOXKHO Hali-110J[poOHaTa,
nadopmarus. Boupekn dye Tera-noranusra e mocrta “xyrabaBa’ B CMUCDJI, 9e, IPUMEPHO, % 1 1000709913 ca Tera
eJIHA OT JIPYTa U CJIEJOBATEJHO Ca eKBUBAJEHTHH, IIOHSKOTa HEe MOXKeM J1a HaMepuM TeTa-orieHKaTa Ha HIKAKBa PyHK-
nusi. 3a TaKUBa CJIydan UMa JIPYTU HOTAINH, o-caabu ot Tera-Ta, KOUTo ca Bee mak nHGOPMATHBHHU 33 aCHMIITOTHKATA

Ha HapaCTBaHETO.

O(g(n)) € {f(n) | 3¢ > 0, Ing : ¥Yn = no, 0 < f(n) < c.g(n)} (6)
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Tt PazpaboTrBane na mporpamMu 3a e€JIeKTPOHHU (POPMU Ha, TUCTAHITTOHHO E:}”Q&
y obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA ~
EBponenckmn cbos EBponeincku coymaneH ¢poHg
Q(g(n) € {f(n) | 3¢ >0, Ing: ¥n > ny, 0 < c.g(n) < f(n)} (7)
o(g(n)) &' {f(n) | Ve >0,Ing: Vn =no, 0 < f(n) <c.g(n)} (8)
w(g(n)) € {f(n) [ Ve >0,Ing: Vn =no, 0 < c.g(n) < f(n)} (9)

Upe3 TAX MOXKEM Ja 3alUCBAME CbOTBETHO ACHMIITOTHYHA HECTPOra TOPHA PAHMIA, ACHMITOTHIHA HECTPOTa JOJIHA
IPaHUIA, ACUMIITOTHYHA CTPOTa MOPHA IPAHUIE M ACUMIITOTHYHA CTpora jnoJHa rpanuna. Ako f(n) = O(g(n)), To 3a
HSIKaKBa IIOJIOXKHUTEJIHA KOHCTaHTa ¢, f(n) He HaaBuIaBa c.g(N), U TO He HEIPEMEHHO HABCSAKbJIE, & OT HAKAKEO MACMO
HAMAMBEK, KATO CTaBa JiyMa 3a No. He 3HaeM TOYHO KaKBO € T, HO NMa TakoBa. Ako f(n) = o(g(n)), To f(n) msocrasa
POU3BOJHO MHOTO OT ¢(M) B CMHCBJI, Y€ KOJKOTO M TOJIAMA KOHCTAHTA C /@ M30epeM, OT €JJHO MICTO—HSIKAKBO Tig
Hararbk—Tf(N) e mo-manka or c.g(n). 3a Q( ) n w( ) uMa aHaAIOTHYHE CHOOpaKeHHs B 00paTHATA IIOCOKA — T€ Ca JIOJIHI
IDAHUIH.

Hamecro f(n) = O(g(n)), f(n) = o(g(n)), f(n) = Q(g(n)) u f(n) = w(g(n)) moxem ma numem cvreerao f(n) <
g(n), f(n) < g(n), f(n) > g(n) u f(n) > g(n). Tesn 3anucBanus ca MOJXOMISAIIM, 3AIIOTO HAIOMHST, Y€ Ca HapeIOu.
< ¥ > ca ICTUHCKH DEJIAIMY HA TOTAJIHA HApeaba, IMOHeXkKe ca pedIIeKCUBHY, AHTUCHMETPUYHA U TPAH3UTHBHA. < 1
> ca aHTUPeIIEKCUBHYE U TPAH3UTHUBHU.

Babesexkere, 4e 3a ase dynknuu f(n) u g(n) moxe muto exno ot f(n) = g(n), f(n) <, f(n) < g(n), f(n ( ),
u f(n) > g(n) ga He GbJie UBIBbIHEHO, IPUMEPHO aKo ca jedUHIPaHN BbPXY ecTecTBeHHTe dncaa u f(n) = n,

n?, 4eTHO

g(n) =

1, HEYETHO

Ouesngno f(n) = g(n) & f(n) < g(n) A f(n) > g(n). Como raka, nama dbysxnun f(n) n g(n), Takusa de
f(n) < g(n) u f(n) > g(n). 3a MaIKOTO-0 U MAJKOTO-OMEra € BAPHO, e

fn) _
f(n) <g(n) nlgf}ﬁm—o
f(n)>g(n)<—>nli_r)nlg((2))=oo

IMoapobua nuckycus Ha acuMmuroruanure norauu uma B [CLRO9).

4 Coprtupasne

4.1 O6ma nedunHUIUA

Twoit karo 3amadara COPTUPAHE ce medpuHHpa 4Upe3 HIKaKBa Hapeada, IMbPBO Ie KarXKeM KaKBa Hapeada mMaMme
upensun. Keasu-napedba wiu npednapedba (Ha anrsuiicku quasi-oder wiu preorder) ce Hapuda pejialius, KOATO €
pedirexknsna u tpamsurusHa’. Penamusara B COPTUPAHE e KBa3u-HApe0a, KOSTO ChbPrKa TOTAJIHA HADEIHA KaTo
noapesiaiysi (T.e., KaTo mogHEMoKecTBO). Haif-obmara nedbunnnus na COPTUPAHE e crennata. Heka A = {a1,...

an} e MHOXkKecTBO, BBPXY KoeTo e jeduHupana KBasu-Hapea0a <, KOATO Chbp:Ka ToTajHa Hapeadat. Ocsen Toba,

?

JIOIyCKaMe, [e 32 eIMHAIA BPeMe MOKe JIa IPABHM CPABHEHHs OT BUIA 0i < aj U 3a eJMHHIA BPEMe MOXKEM JIa U3BbP-
IBaMe IpHUCcBosiBaHuUs ¢ Te3u 0bekTu. He ce ncka obekTure J1a ca HenmpeMeHHO pasinynu. [logyepraBame, Ue IpuMepsT
Ha 33Ja9aTa € NocAedo8amesHocmma i, az, ..., Gn, a He (MYJITH)MHOXKECTBOTO {Q7,...,dn }Mm. 10 OTHOIIEHUE HAa
KpallHIs Pe3yJITaT HaYaIHATA HOAPE6a HsAMA 3HAYEHHES , HO 110 OTHOIICHHE HA CIOYKHOCTTA 110 BPEMe HMA 3HAYCHIE

TOYHO KaK Ca HapeJeHHU €JIEMEHTUTE BbB BXOA.

fJlecHo ce Buka, Ye penanuuTe Ha YACTHYHA HApeADGA M PEJIAIMATE HA €KBUBAJEHTHOCT Ca UACTHH CIydad Ha KBA3W-HAPEIOU: aKo
KBa3u-HapegbaTa € CUMEeTPUYHA, TO T € Pejlalusl Ha eKBUBAJIEHTHOCT; a aKO € AaHTUCUMETPHUYHA, TO Ts € pejlalius Ha YacTU4YHa Hapenda.

/la macrosiBaMe < 7a e TOTaNTHA Hapenba e OrpaHMYEHHME: TOBA PaGOTH CAMO aKO eJEeMEHTHTE Ca yHUKAJIHA. Buxme mckamm ga nedwu-
HHUpaMe Io-00Ius CIydail, B KOMTO HSIKOU eJIEMEHTU WJIM JOPH BCUYKH €JIEMEHTH MOXKE Ja UMAT €JHAKBa CTOHHOCT.

SOcBen aKo HMA eJIEMEHTH C €IHAKBA CTORHOCT, KOUTO BCE IIAK HSIKAK Pas/jiMuaBaMe. B TakbB cilydail pe3y/ITarbT MOXKe Ja Ce Pasjimyer
3a pa3yIMYHU HapeIOu Ha BXOZA, aKO COPTHUPAIIUIT aJI'OPUTHM He € cTabuiieH. 3a TOBa Ile FOBOPUM ITOBEYE HATATHK.
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Nzuucaurenna 3agada COPTUPAHE

O611 mpumep: aj, Az, ..., dn
Nsxon: nepmyranus aj,al,...,al Ha BXoZa, Takasa de af < a) <...< al.
aj, ..., Gn He ca HENpeMEeHHO ecrecTBeHu 4uciaa. Moxke na ca peajHu dmcsa (ToraBa € OCOOEHO BAXKHO Ja Ce

nojaeprae JOMbJIHUTETHOTO [IOIMyCKAHEe, Y€ UMAT IOJIeMUHA €INHUIA U 9e MOXKe Ja O'b/iaT CPaBHIBAHU U IIPUCBOSBAHI
B exunuma speme). Moxke a ca 10pu KOMIUIEKCHU YHC/Ia, KATO TOraBa UMa PA3JIMYHU Bb3MOXKHOCTH 3a JeduHupane
Ha penarnuara <. Moxe /1a ca HIKAKBU MO-00IH CTPpyKTypu. Ha mpakTnka Haii-1ecTO BH3HUKBA HEOOXOIMMOCTTA 1A
ce COPTUPAT 3aNUCU, BCEKA OT KOUTO UMA KAI0% U HAKAKEA CAMEAUMHG UHPOPMAYUA, KATO PeslaluaTa e JepuHIpaHa,
caMo BbpXy Kjrouopere. KirrouoBere MOXKe Ja ca IoBede euH. B Tak'bB cjIydail TOBOPUM 3a I'bPBUYEH KJIF0Y, BTOPUIEH
KJIIOY U TAaKa HATATHK.

C yuebHa 1€ 111e pasryexjjaMe OCHOBHO COPTUPAHe Ha IEJU IUCIIA.

4.1.1 3a kBa3u-HapeaoOuUTE

Hsikosiko mosicHeHusI BbPXY TOBa, KAKBO IIPeJCTaBJIsiBa KBas3u-Hapeada. Ako < e KBasu-Hape0a, B Hesl MOXKE Jla UMa,
KOWMYPU, TOECT 3a HIIKAKBH, JIBA 10 JBa PA3JIMIHM, U], ..., W 38 t = 2 Ja e U3IrbJIHEeHO

WSWSLS W S W Sy

B penamunre nHa yactmuna Hapemba TOBa € HEBHL3MOXKHO. JIbpKUM peJarusTa J1a € NMEHHO KBa3W-Hapemda, a He
TotasHa Hapenbal, 3a 1a Mozke BB BXOIA [ MMa PA3JIMYHE €JIEMEHTH C eHAKDB K04, 110 OTHOIIeH e Ha pesialmsTa
S, BCAKO IIOJMHO2KECTBO OT €JIEMEHTH C €JHaKbB KJIIOY MHAYIIUPa IIoJApeJiallid, KOATO € II'bJIHa: BCEKH OT TdX € B
peJialusi ¢bC BCEKU OT TOBa, IMOJMHOYKECTBO.

Or jpyra crpaHa, He UCKaMe < Jla € JacTUIHA Hape0a, 3all0To B YaCTUIHUTE HApeAOU MMa JTBONKU HECPABHUMU
eslemenTH, 10KaTo Tpu COPTUPAHE MCKaMe BCsIKa JIBOMKA €JIeMEHTH /13 Ca CPABHUMHI. 3aTOBA MCKAMe HE IIPOM3BOJIHA
KBa3mW-Hapea0a, 3aIoTo YaCTUIHATE HApeadM ca KBas3W-Hapea0H, a TaKaBa KBasnW-Hapeada, KOATO ChIbprKa TOTAJTHA
Hapejda B cebe cu.

Hait-obmusiT Byt Ha pesamnusiTa, KosiTo umame mnpeiasu ipu COPTUPAHE, MOXe JIECHO JIa Ce OIUIIE Ype3 HelHus

rpad. Herosure cujiHO CBbP3aHu KOMIIOHEHTH Ca I'bJIHU (OPUEHTUPAHN) ToArpadu ¢ IPUMKH, & TE€3U CUJIHO CBbDP3aHU
KOMIIOHEHTH €& Ha CBOI pej IIOApEeIeHn ¢ TOTaaHa Hapeada. JIecHo ce BUKIa, Ye peJalusTa, KOSTO UMaMe IIPeIBU,
e KBa3u-Hapeji0a, B KOATO UMa BEpUra, ChIbpDKAIla BCUYKM ejemeHTH. [Ipumepno, ako A = {aj,...,a7}m, KbieTo
ar=az3=as5=2,a2=4, a4 =ay; =8, u ag =9, rpadbr Ha pejlanuUsaTa < U3IJIEKIA TAKA:

THPI/IHOI\/IHGTG CH, Y€ TOTaJIHUTEe Hapea6n Ca crienuaJieH C.J'Iy'-[aﬁ Ha 9aCTUYIHU Hapea6n.
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¥ BbPXY TAX MMa TOTAJHA HapeIoda:

JleficTBUTETHO pestanusTa CbIIbpKa TOTaIHA HapeIoa:

4.2 3amio cCOpTUPAHETO € Ba>KHO

Ha mnpakTuka copTHpaHeTo He e CaMOIIeIHO, a OOMKHOBEHO e I'bpBa HacT OT pellaBaHeTo Ha HaKaKba 3ajada. Mma
JIOCTa IIPUMEPH 32 BaKHH 33,1451, 38 KOUTO 6LP30TO pelleHIe H3II0I3Ba COPTIPAHETO KaTo IPeIBapATeIHa 06paboTKa.
AnropurMudnuAT GOIKIOpP Ka3Ba, Ue aKo ChCTABUTEN Ha aJrOPUTMH € U3IpaBeH Ipe] Helo3HATa 3a/a9a, €HO OT
I'bPBUTE Hellla, KOUTO Tps0Ba Jla OINTA, 32 Ja Halpabd edHKaceH AJTOPUTLM, € Ja COPTUPA HIKAKBU JAHHHU W JIa
BUJIM JIAJIA OT TOBa HsIMa Jia Ipousrede Heo nosesHo [Ski08, crp. 106].

4.2.1 JIBOMYHO ThpceHe

B IIPOCTUA CHU BapHuaHT C eﬂHO6I/ITOB OTroBOD, 3aJavaTa TBPCEHE ce ,Iled)I/IHI/Ipa TaKa.

N34yucanrenna 3agadya THPCEHE
ITapamerpu: ai, az, ..., Qn, key: 00eKTH OT €IWH U CHIIA THUIT
Bwobopoc: lamu nma ejleMeHT u3MexiIy dj, dz, ..., On, KOWTO € paBeH Ha key?

Ha npakTuka mo-mosie3na e ta3u BEPCHs, /1a s HApeIeM ONTHUMI3AINOHHA BEPCHUS HA 331a9aTa.

N3uucanrenna 3agaya THPCEHE

OO61, mpumep: aj, az, ..., Gy, Key: 00EKTH OT eIWH U ChIIU TUII

WN3xom: Axo uma ejieMeHT u3Mexkjy aj, d2, ..., (n, KOUTO € paBeH Ha Key, MHJIEKCHT Ha €JIUH TaKbB eJieMeHT. B
MPOTUBEH CJIydYail WHIMKAIUSI, Y€ TaK'bB €JIeMEHT HMA.

Axko BXOIBbT Ha J1aJieH aJIropuThbM 3a T'bPCEHE € npou3eoata TOCIEI0BATETHOCT A, A2, . . ., On, TO €IUHCTBEHATA
BBH3MOYKHOCT 33, JIefiCTBUE € MIPOBEepsIBaHE JTAJ (4 L key 1o Bemuku 1 € {1,...,1}. ToBa ce Hapuda nocaedosamento
mapcene. Hait-yiommust caydail mo OTHOIIEHWE HA CJIOXKHOCTTA €, Key Jla He € HUTO €/IUH OT eJIEeMEHTHTE (1, A2, ...,
an. Torasa anropuTbMbT TPAOBA Ja HAIpaBU N cpaBHeHUsA. AKO obade
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*
* 5 Kk P?li%pél()()TB?lHe Ha IIpOorpaMu 3a €JIEKTPOHHU (b()pMI/I Ha JUCTaAHIIXMOHHO ‘,J"\i
N OGy‘ICHI/IC BbB (DaKy.HTCT‘d II0 MaTeMaTuKa 1 I/IH(bOpl\I‘dTI/IKa N
EBponeinckn cbio3 EBponeiickmn coymnaneH poHA
® ¢ M3BECTHO, Ue eJIeMeHTuTe i, a2, ..., On Ca yHI/IKaJIHI/IT

® Te ca COPTUPAHU

MOXKEM JIa IIPUJIOKUM J60u4Ho mepcene (Ha anrmiicku e binary search), KOeTo € MHOTO 10-0'bP30 OT MOCJIEI0BATETHOTO
TbPCEHE.

BINSEARCHITER(A[1,...,n], key) BINSEARCHREC(A[1,...,n], key, £, h)
1 (= A[] e coprupan *) 1 (= A[] e coprupan *)
2 L1 2 iff>h
3 hen 3 return —1
4 while { <h do 4 else mid « |4
5 mid « |4 5 if A[mid] = key
6 if A[mid] = key 6 return mid
7 return mid 7 else if key < A[mid]
8 else if key < A[mid] 8 return BINSEARCHREC(A[ ], key, {, mid — 1)
9 h < mid — 1 9 else
10 else { « mid + 1 10 return BINSEARCHREC(A[ |, key, mid + 1, h)
11 return -1
Hauasnoro BuKaHe Ha pekypcusHaTa Bepcusi € BINSEARCHREC(A[], ..., n],key, 1,1n). Tlocouenure nsa ajropurbma
pelaBaT ONTHMU3ANUOHHATa Bepcus na T'bPCEHE. Hakparko, TsxHaTa KOpEeKTHOCT ce 060CHOBaBa Taka: aKO H300I10
ejleMeHTHT key ce Hamupa B MacuBa A |, Toii ce Hamupa B ogmacusa Af(, ..., h]. ToBa TBbpaeHUe OCTaBA BAPHO CJIE]T

nmpoMenuTe B uHIeKcuTe { M h camMo 3a1oTo MaCUBBT € COPTUPAH IIPEIBAPUTEIHO.
CitoxkHOCTTa 110 BpeMe M Ha Jpara ajaropurbma e O(lgn) B Hali-iomus caydail, KogTo 06OCHOBKA OCTaBa Ha H-

tarens. Hemo moBetde, TouHaTa CJIOXKHOCT KaTo Opoil cpasmenns A[mid] L key e |lgn| + 1 B maii-yomms caydail.
Paznukara mMex 1y mMoc/ieJoBaTeTHOTO ThPCEeHe B JIMHEHHO BpeMe U JBONYHOTO T'hbPCEHE B JIOTAPUTMUYHO BPEME € Or-
pomua. Ako, mpumepso, . = 7 000000 000, ¢ He noseue om 33 uemenus-u-CPpasHeRUs Ha EAEMEHMU 0T MACUBH MOXKEM
Jla yCTAHOBUM, Y€ JIaJIEH eJIEMEHT HE € BbB BXOJa, aKO IoJI3BaMe JBoMYHO Thpcere. Cpasaere 33 ¢ 7 000 000 000!

4.2.2 Haii-6u3ku ejieMeHTU

Ero nBa BapmanTa Ha 3ajataTa.

WNzuucaurenna 3amada HAN-BJIN3KU EJJEMEHTU 1
OO mpumep: aj, Az, ..., Gy €I JUCTA
Mzxon: min{la; —aj|:1<i<j<n}

N3uucanrenna sagagya HAN-BIM3KU EJIEMEHTH 2
OO011g mpuMmep: aj, Ay, ..., Qn: HEIH IUCTA
Msxon: [lpoiika nnyiexcn (i,j), Taxusa e paszamkaTa |a; — a;| e MuHEMa/IHA.

He e 3agbmKuTeIHO €71IeMEHTHUTE 18, ca TIeIN IUC/Ia, HO TPsA0Ba, 1a 6b/1aT OT MHOXKECTBO, BhPXY KOETO € JeduHupaHA
TOTajIHa Hapejda, U TpsiOBa ja e je(pMHUPAHO Pa3CTOSTHUE MeXKJIy BCEKHU J[Ba eJIEMEHTa, KOeTO Ja Ce M3YHCJIsiBa B
KOHCTAHTHO BpeMme. B ropnara jebunurnus |a; — aj| e pascrosHEeTO.

HauBHOTO pemenne Ha 3ajadara € J1a C€ TECTBAT BCUYKU JBYEJEMEHTH IOIMHOXKECTBA, KOUTO Ca (121) = O(n?)
ua Opoii. ITo-100po pemrenne e, IbPBO ejleMeHTHTE 8 ObIAT COPTUPAHU U CJIEJ TOBA C €IHO €INHCTBEHO CKAHUPAHe
Ha COPTHPAHATA II0CJIe0BATEHOCT OTJISABO HAJSICHO Hali-OJin3Kara JBOiKa Ine Obiae HamepeHa. KakTo Iie BUIUM B
cJIeIBaIa, JIEKIHsl, COPTUPAHETO MOXKe J1a ObJie UMILIEMEHTHPAHO ChC CI0KHOCT O(nlgn), Taka 4e Gbp30TO perieHune
MMa CJIOXKHOCT

BO(nlgn)+ BO(n) =06(nlgn),
~— S~——
coprupaHe CcKaHUpaHe

KOETO e MHOro 110-106pe ot @(n?).

T,Z[BOI/I‘-IHOTO TbPCEHE HE € IMPUJIOKUMO, aKO MOXKE [1a UMa €JIEMEHTH C €/IHAKBa CTOMHOCT, KOUTO BCE IIaK pa3jIndaBaMe HSKAaK, 1 ThPCUM
He MPOCTO TI0 CTOWHOCT, & TOYHO ONPEEJIEH eJIEMEHT U3MEK/Ly Te3U C JajeHa croifnocT. C Apyru aymu, 3a Aa paboTh JBOMYHOTO T'bPCEHE,
TpsAOBa €JIEMEHTUTE Ja Ca IMOJPEIEeHU C TOTAJIHA Hapeada.
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4.2.3 VYHHKaJHOCT Ha €JIECMEHTUTE

N3yucanrenna 3agavya YHUKAJTHOCT HA EJIEMEHTUTE
ITapamerpu: ai, az, ..., Qn: eI IUCTA
Bbropoc: Bspho Jin e, 4e HsIMa HATO JIBa €IHAKBY €JIEMEHTa U3MEXKIY A eHUTe?

Hambiiao anamormano na HAM-B/IM3KM EJTEMEHTU, HAMBHOTO PEIIEHUE CE€ ChCTOU B TECTBAaHE HA BCUYKU JIBYEJIC-
MEHTHU MOJIMHOXKECTBAa, KOETO O3HavIaBa @(nz) TECTOBe B Hail-yiomus ciaydaii. AKo obade bpBO COpTUpAMe YHUCJIATA,
aKO MMa €THaKBU €JIEMEHTH, BCUIKN eJIeMeHTH, KOUTO Ca JIBa 10 ABa €THAKBU, 33/ bJI2KATETHO TIe ce TTOABAT B Hempe-
K'bCHATa IIOCJIEIOBATETHOCT B copTupaHaTa Hapeaba. C elHO CKaAHMPaHe OTJISIBO HAJSICHO Ille YCTAHOHOBUM JAJIM UMa
enHaBku ejemerTH. OTHOBO, CJIOXKHOCTTa Ha TIOJIX0JIa, M3II0JI3BAII 'bPBO cOpTHpaHe, ¢ O(nlgn).

4.2.4 Mopga u meauaHa

Moda e Haii-decTo cpelaHaTa CTOWHOCT U3MEXKLy JajeHn cToiHocTu. Meduara € CTORHOCTTa, KOATO pa3ielisd roJeMu-
HUTE Ha J@JIeHU CTOMHOCTH HarojoBuHa. CTPoro morjeHaTo, Ta3u JeuHUIus Ha MeJUaHa € CMUCJIeHa CaMO KOraro
OpOSIT Ha CTOMHOCTUTE € HEYEeTHO JKCJIO, HO JIa UTHOPUPaMe Ta3u MOPOOHOCT.

U momara, 1 MemuaHaTa MOXKE JIa Cé U3IMC/IABAT BbB Bpeme O(nlgn) upes npensapuresnno coprupane. Ilpodee,
neduHEATA Ha MeIUaHa W3IM0JI3Ba COPTHpAHE HEsBHO: MeIUaHaTa € eJeMEHTDHT, CTOMAII B CpeJaTa Ha COPTUPAHATA
[I0CJIeIOBATEIHOCT Ha cToiHOcTUTE. 3a Ja Oble HaMEpeHa MOIATa € JIOCTATLYHO €IHO CKAHMpPaHEe Ha COPTUPAHUTE
JAHHU, MeJIUaHATa Ce HAMUPa B KOHCTAHTHO BPEMeE CJIEJT COPTUPAHETO.

BaciryxkaBa g ce oTOeJIEKH, 9e MeAuaHaTa MOxKe 1a Obje nzdnciena B O(n) upes ajropurbMa, HaMupall, K-ToTo
10 TOJIEMUHA YHCIIO U3MEXK/Iy TL JIaJICHN IHUCIIa B Auneldno epeme 3a nponssosno k [CLROY).

Mogara e Moxe ma 6bie uzuuciaena Bbs Bpeme o(nlgn). Tosa nie nokaxkem B ObJelna JEKIHsl, KOraTO Pa3riezk-
JaMe aCUMIITOTHYHE JOJHA TPAHUIIA Ha, 3a8a9H.

4.3 AHajau3 Ha cOpTHpANIA AJITOPUTMU

Ananu3br Ha JaJIeH COPTHPAIN AJrOPUTHM Ce ChCTOM B TOBA, KOETO M30POMXMEe MHUHAJATA JIEKIWs 33 aHAJu3a Ha
IIPOU3BOJIEH AJITOPUTHM: JOKA3ATEJICTBO HA KOPEKTHOCTTA U aHAJIM3 HA CJIOXKHOCTTA 110 BpEME U 110 ITaMeT. B KoHTekcTa
Ha COPTHUPAIIUTE AJITOPUTMHA MMa OIIE €/THO CBOICTBO, KOETO IIpeicTaB/isiBa uarepec. To ce Hapuda cmabuanocm. Cera
1e oGACHUM B JIeTailJin KAKBO O3HAYaBa COPTHPAII aIrOPUTHM Jla Obje crabuien ¢ exun npumep’ or [Knu9s|.

Samaua 1 (3amava 2 ma crp. 5 B [Knu98|). Jla gomycrem, we Bcekm 3ammc R; B gazen aitn chabprKa JBa KIOYa,
mepBrdeH Kmod Kj u BTopuyeH K104 Kj, KaTo BLPXY KJII0YoBeTe e Jepunupana ymHeiina napesba <. lepunupane
JIeKCUKOrpadCcKa Hapenda BbpXy KJIYOBETE 110 CTAHJAPTHHUS HATHH:

(Ki,ki) < (Kj,kj) ako Ki < Kj i Ky = Kj ki < kj

Alice B3ema cpailia u ro coprupa mbpBO MO MHPBHYHATE KJIOYOBE, NOJyYaBAUKH T IDYIMH OT 3alUCH C €JHAKBH
II'bPBUYHH KJIIOYOBE BDbB BCAKa I'pyla:

Koy = = Kpii) <Kpgiran) = = Kpig) <ooe <Ky = o0 = K

gbgero iy, = N. Cyex ToBa Ts1 cOpTHPA BCSIKa OT M Ha, OpOIi rpynuTe 110 BTOPUIHUS KJIFOU.

Bill Bzema opuruHa HUST (YA H I'bPBO I'O COPTUPA IO BTOPHIHHS KJIIOY, & CJIe TOBa, 110 I'bPBHIHHSI.

Chris B3ema opurunajHusi paiiyl U IpPaBH €JHO €JUHCTBEHO COPTHPaHe, KaTo obade MOJ3Ba H JBaTa KJIOYa C
JIEKCHKOTpagCcKaTa Hapeaoa.

Jajtn Bceku OT TSIX € MOJIydd/I HEIPEMEHHO €QHH H C'hIIH Pe3yaTarT?

OrroBopbr €, cbe curyproct Alice u Chris e nostyyar ejus u cbiu pesysrar. Pesyiararbr Ha Bill me e rapantupa-
HO CBIMUAT CAMO IIPU YCJIOBUE, Y€ HErOBOTO BTOPO COPTUPAHE—TOBA IO MbPBUYHUS KJIIOY—HE TPOMEHST OTHOCUTETHUS
HOPsIZbK HA 3aIUCU, UMAIIN eJIHAKbB (IrbpBUYeH) KJod. ETo MarbK npuMep: HeKa HAPEJIEHUTE JBONKU OT KJIOYOBETe
ca (1,2), (5,2), (4,5), (2,5), (3,1), (1,4), (3,2). Coprupanara c jekcukorpadcka Hapeada I0CIe[0BATEIHOCT €:

(1,2),(1,4),(2,5),(3,1),(3,2),(4,5), (5,2)

tKuyr osnauasa ¢ N Gpost Ha eJIeMEHTHTE BbB BXOJA, 8 COPTUPAHATA IIEPMyTAIU C Koy <Kpo) < ... s Kpuy™
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Tosa e pesynrarst, Koitto me nosyun Chris cien cBoero coprupane. Kakso Touno me mosyun Bill cien mbpBoro
COpPTHpAHEe 3aBUCH OT COPTUPAINMS AJITOPUTHM, KOUTO 1mos3Ba. CbC CUTYPHOCT HA MbPBa MO3UIUS e € HapeeHaTa
npoiika (3,1), mocie TpuTe HapelleHH IBOWKK ¢ BTopu ejeMeHT 2, mocie (1,4), u Hakpas aBeTe HADEIEHU JBOMKHU C
Bropu ejemeHT 5. IIpumepHo,

3,1),(52),(3,2),(1,2),(1,4),(4,5),(2,5)

Bill coprupa Taszu mHapenda mo wbpBUYHNTE KJI0UoBe. B mosiyueHara Hapeada Ha IIbPBUATE JBE MECTA CA HAPEICHUTE
nsoiiku (1,2) u (1,4). Ho 3abesnexere, 4e npu OPOU3BOJIHO COPTUPAHE IO I'bPBU KJIIOY HsIMa KaK JIa 3HAEM JaJju
(1,2) me e BasiBo ot (1,4) nam we. OT Iy HA TOYKA HA KOPEKTHA JIEKCHKOrpadCcKa COPTHPOBKA, pa3bupa ce, nckame
HAYAJIOTO Ja Oblie

(1,2),(1,4),...
HO MO2Ke [a Ce ITOJIy4In

(1,4),(1,2),...

Tbif KATO IIPU COPTHUPAHETO 10 I'bPBUYHU KJIIOUOBE He “Iiiejia’ BTOPUYHHUTE KJIFOYOBE. 38 COPTHUPAHETO CaMO II0 II'bp-
Buunu Kiodose, (1,2) u (1,4) ca eqmaxsu eslementu! II'bpBara dhaza—CcoOpTUPAHETO [0 BTOPUYHH KJIIOUOBE—KOPEKTHO
e cioxmia (1,2) npenu (1,4), Ho Bropara daza Moxke norennmaino na ciaoxku (1,4) sagso or (1,2), ako ru cuura 3a
€JIHAKBU.

CrabuiiHO copTHpaHe e TAKOBa, KOeTO He PA3MeCcTBa eJIEMEHTH C eJJHAKBHU KJodoBe. [Ipu ctabmiHoTO copTupane,
aKO MMa JIBa eJIeMEHTa C €JHAaKBa CTOWHOCT, KOUTO Ca BCE IIAK PA3JIUYUMU, TO3U, KOHTO € BJISABO OT JAPYTHA IPEIu
COPTUPAHETO, 33 THJIZKUTEJTHO TIE € BJISBO OT HErO W CJIEJ COPTUPAHETO.

5 Eaemenrapuu Coprtupamniu AjJaropurMu

PasiesstneTo Ha cOpTUpAINUTE AJIOPUTME HA eJIeMEeHTAPHH U JPYTH, HeeJleMeHTapHH, € jocra yciaoBHO. Ilon enemen-
TapHU COPTHUpAINU AJITOPUTMHU pa3bupamMe TaKUBA, KOUTO OMXa XPyMHAIH 0BbP30 HA YOBEK, KOHTO 3a IPBLB BT CE
c6bekBa cbe COPTUPAHE. [To mpasuio Te pabotaT BbB Bpeme O(N?) B Hali-TOMHs CIyHail U He M3NOI3BAT HUKAKBH
M3TBHYEHU CTPYKTYDPH JAHHU WU HeTPUBHAJIHU UIEU.

5.1 INSERTION SORT

INSERTION SORT copTupa o HadnH, KOUTO JAJEYHO HAIOMHSI HA HAYMHA, 110 KOHTO KApTOUIpad COPTHPA KapTUTE,
KOUTO JIbPXKH B PbKa (KOUTO ca B IPOM3BOJIHA HAPe0a B HAUAJIOTO) — IUIb3TafiKi [OTJIe OTIISIBO HAJSICHO, TON MJIH TSI
pasriexia mocjeoBares;iHo Kaprure. [Ipu ToBa Besika KapTa, KoATO € 00eKT Ha BHUMaHUE B MOMEHTa, OMBa CJIOYKEHa,
Ha, MPABUJIHOTO W MSICTO B IOIIOCIEI0OBATEIHOCTTA OT KapTUTe BJIsiBO. VIMa eHa BaXKHA pa3jinKa MeXKJIy TO3W HAIUH
Ha HapexkJaHe U paborara Ha ajropurTbma INSERTION SORT: KapTa MOXKe jia Ob/ie 'bXHATA MEXKJy JAPYTUTE KapTh
MHUTHOBEHO, JIOKATO aKO UCKaMe J1a “IbxXxHeM”’ JaJIeHO Qi HIKbIE BJSIBO, I'bPBO TPaOBa da My HAIIPABUM MSCTO, 33 114
He ObJle 3aTPUT eJIEeMEHTHT 0, KOHTO Bede € TaM.

Ha cu npunoMHUM IICEBAOKOIa Ha INSERTION SORT

INSERTION SORT(A[1,2,...n]: array of integers)
1 fori—2ton

key «— AJi]

je—i-—1

while j > 0 and A[j] > key do
Al +1] < A[j]
je=j—1

Alj + 1] « key

N O U W N

5.1.1 KopekTtHocT Ha INSERTION SORT

Jloka3arejcTBOTO 32 KOPEKTHOCT Ie HAIPABUM 4YPE3 UHBAPUAHME WG Yuksaa. Tbil KaTo cera 3a I'bpPBU II'bT IIe
JIEMOHCTPUpAMe Ta3W TEeXHHUKa, Ie ODsICHUM II0J[pOOHO KaK CTaBa JOKA3aTeJCTBO Upe3 MHBapuaHnTta. VHBapumaxHTara
e ednomecmen npedukam, CBbP3aH C IUK'DBJIA, U TIO-TOYHO C Pefia, B KOWTO € yCIIOBHETO 3a Kpail Ha IUKbIa. B ciaydas
TOBa € pej 1, aKo cTaBa JyMa 3a BBHHIMHUA UKL, U pelx 4, ako cTaBa JAyMa 3a BHTPENIHHUA IUKDBJI. 1031 mpennkar
TpsibBa J1a €
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® BEpeH IIbPBUSA II'bT, KOI'ATO U3I'bJIHEHUETO Ha aJITOPUTbMa CTUTHE 10 BBIPOCHUS DEJl, U
® BEpPHOCTTA My TPsAOBA Jla Ce 3ama3Ba 10 BPeMe Ha BCSIKO H3IIbJIHEHUE, U

® B MOMEHTa Ha HaIlyCKaHe€ Ha IHUKbJIa (TaK'bB MOMEHT HaCTbIIBa HeI/136e}KHO7 oM aJI'OPUTBMBT 3an>mea)
HerosaTa BEPHOCT Jla BJiede JUPEKTHO TOBa, KOETO UCKaMe J1a JOKazKeM 3a aJI'OpUuTbMa.

OueBuyiHO CTaBa JAyMa 3a BUJ JOKA3aTEJCTBO 0 WHIYKIUs, CAMO Y€ BbPXYy KPA€H JOMEHH—a MMEHHO, MHOYKECTBOTO
{1,2,,...,m}, KbJero M e OPOAT HA JOCTUTAHUATA HA Pelia, CbIbPXKAI YCJIOBUETO 3a Kpail Ha nukbia. Hail-o6mo,
MPEUKATHT ce (DOPMyJIIpa TakKa:

IIpu k-roTo nocrurane na pesn £ na anropurbm HAKAK'BB AJITOPUTBM € U3II'bJIHEHO «HAKAKGO-MEBPIeHUe-
Popmyauparo-upes-ks.

Axo npenukarsr e P(k), TO 10Ka3aTEJICTBOTO CJIe/Ba [IO3HATA CXEMa HA JIOKA3ATEICTBA 110 WHLYKIHs
P(1) A Vki<kam(P(k) = P(k + 1)) F Vk1<kem (P(k))

'bIIECTBYBa Bb3MOKHOCT IIPEJIUKATHT WHUPa MO-1IPOCTO, HE Y HOM Ha TeK T TUTAaHE H
Cwoiiec a Bb3MOXKHOC €/TIKa a ce Je a IO-IIPOCTO, He Ype3 HoMepa Ha Te OTO JIOCTUI'aHEe Ha
pella ¢ yCJIOBHETO 3a Kpaii, a HAlpaBO 4Ype3 yIPaBJSBAIATA IIPOMEHJIMBA Ha IUKbJa. l[puMepHO, aKO IUKBIBT €
for-mukbJI ¢ MHKpeMeHTUpaHe Ha YIIpaBJisiBallaTa IPOMEHJINBA C €JIMHUIA,

for i < ng to n,

«MANO-HA-UUKDNA»

3a HAKAKBH (BUKCHPAHHM T M T, TO MOXKe Ja B3eMeM 3a joMmein {ni,...,my + 1}1. B tosu ciyuait medbumupame
npeiuKaTa upe3 umero Ha uHuekcHara npomeniusa. oM Ta e i, upemukarsr e P(1). Ho upu no-ciaoxuu while-
[IUKJIM, B KOUTO YIIPABJISIBAINATA MPOMEHJINBA C€ MEHU B TSJIOTO HA IUKbJIA 110 HIKAKDB CJI0YKEH HAYWH, MO-YIATHO €
J1a dbopMyIrpaMe IpeInKaTa BbpXy HOMepa Ha, JIOCTHTAHETO Ha PEJIa C yCJIOBHETO.

Jla ce BbpHEM Ha JIOKA3aTEJICTBOTO HA KOPEKTHOCTTA Ha INSERTION SORT. Ilesra e ja mokaxkewm, 1e INSERTION SORT
COpPTHPA BCEKU CBOIl BXOJ. AJTOpUTHLMBT UMa JIBA BJIOXKEHU IUKbJIa. MHOTO OIpoOHO TOKA3aTeICTBO TPsibBa J1a MMa,
JIBE OTJIEJTHU WHBAPUAHTH.

e UuBapuanta 3a Bbrpemuusi, while, mukba. Tazu uaBapuanrta mie opMyaupamMe CIpIMO j, YIPABJISBAIIATA
[IPOMEHJINBA HA BBHTPEIITHUS IUKDBJI.

e UuBapuanTa 3a ppHHIIHAI, for, mukba. Hesa me dopmymupame cupsmo 1.

JlokazaresicTBaTa 3a KOPEKTHOCT Ha AJITOPUTMH Ca TEXKKHU, 3aIIOTO JaHHUTE, 33 KOUTO TPsAOBA J1a M3Ka3BaMe W
JOKa3BaMe TBbPJeHus, ca dunamuyHu. JaHHnTe ce MeHAT ¢ paboTara Ha aJrOPUTbMAa 3apajid MPUCBOsSBaHuATA. [1pu-
MepHO, INSERTION SORT MecTH npucBosiBa Ha esileMenTH Ha A[ | npyru exemenru or A |. Ciomenasaiiku A[i] B Jlema 1,
KakBO mMame mpeapu! EjgeMenTbT Ha A Ha MO3ulus 1 MPEeau BHLTPEITHUAT IUKBJ Ja TPEMECTH ToMacuBa “Harope”
¢ exua nosuiws? W coten rosa? [losunus 1 va A[ ] Moxe ja Objie 3acersara OT TOBa IPEMECTBAHE, TAKa Y€ B ODIIHs
cydail TOBa ca Pa3JIMYHU eJIEMEHTH. 3a Jia u30sArsaMe oI00HN HESICHOTH IIe JlaBaMe Pa3jInYHu MMEHa Ha MacuBa,
WA HA HETOBU IIOJIMACUBU, B PA3JUIHU MOMEHTH OT U3II'bJIHEHUETO.

Hagscsakbiie B okasaresncrBaTa 01y JAoyckame, ge 1> 1.

JIema 1. /[la paseaedame INSERTION SORT. Cnpamo dadeno usnsanerue na for yuksaa (pedose 1-7), nexa napuuame
nodmacusa A[l,... 1] nenocpedemeeno npedu usnsinenuemo na while yuksaa (pedose 4—6), A'[1,...,1]; u nexa
Hapusame cougua noomacus A”[1,... 1] nenocpedemeeno caed usnsanenuemo na while yuxsaa. Ja donycnem, ue
A'[l,...,i—1] e copmupan. Toeasa while yukxsism uma caednume edexmu:

e j noaywasa cmotinocmma na Hat-2oasmomo wucao om {1,2,...,1—1}, maxosa we A'[j] < key, axo uma maxosa
YUCAO; GKO HAMG MAKOBE YUCAO, NG | NoAyuasa cmotinocm 0.

o cnpamo masu cmotinocm Ha j, macussm A'[j +1,...,1— 1] 6usa npemecmen ¢ edna nosuyus nazope.

fToBa e MHOXKECTBOTO OT CTOMHOCTHTE, KOMTO MHEKCHATA IIPOMEHJINBA B3eMa. 3abejiexkere, 4e Hal-rojisimMaTa OT TAX € My + 1, a He
T, HOHEXKE IPH IOCJIEIHOTO JOCTUTAaHE Ha PEJa C YCIOBHETO—KOraToO YCJIOBHETO Bede HE € U3IIbJIHEHO U TSAJIOTO Ha IHUKbBJIA HAMA J1a Ce
M3I'bJIHSIBA [IOBEYEe—YIIPaBJIsiBalllaTa IPOMEHJINBA € UMEHHO Ny + 1.
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JoxkazarenctBo: Ciennoro TBbpaeHUe € nHBapuanTa 3a while mukbira:
Bcekn b1, KOraTo M3MbJIHEHNETO CTUTHE 10 per 4:

® 3a BCEKH eJIEMEHT X OT Tekyruus nojmacus Afj + 2,...,1], x > key, u oceH ToBa

e TekymuaT nogmacus Afj + 2,...,1] e cbmumar karo A'[j +1,...,1 —1].

Kaxmo xasarme seve, doka3ameacmeomo Ha UHBAPUGHMAMA € JOKA3AMEACTNE0 NO UHIYKUUA. 3anousa ¢ 6a3a, 6 KOAMO ep-
Hocmma Ha npeduxama npocmo ce nposepasa. B obukHnosenume dokazameacmea no uHdykyua caedsausume dse dadu ca, uH-
dykmueHo npednosodicerue u undykmusna cmonka. Tyx eu causame 6 edha Ppasza om 00KA3AMEACTBOMO, KOAMO HAPUUAME
nodopsscka. U naxpas uma nociedna $ada MEPMUHAUUSL, KOAMO HAMA EKSGUBAAEHM NPU 00UKHOSEHUME JOKA3AMEACTEA
no urdykyus. Tepmunauyuiama ce omuacs 0o nocaedHomo docmuzare Ha YCAOBUEMO HA UUKBAL — KO24MO MAAOMO HAMAE 06
CE UBNBAHU HUMO 6ednsoc noseue. Kozamo zamecmum cmotHOCMMG HA YNPABAABAUWGMNG NPOMEHAUBA OM MO3U MOMEHM 6
UHBAPUAHTAMA, MPAOSA 04 NOAYUUM MOUHO TOEG MEBPIEHUE, KOEMO HU MPAOEa 36 0KA3AMEACTEO HA KOPEKTHOCTIIMA.

Basis. Koraro usmbinenunero jocrurie 70 pej, 4 3a wbpBu bT € BapHO, de j = 1 — 1. CirefioBaTesiHO, TEKYIUAT
nonmacuB Afj+2,...,1] Bebuaocr e Ali+1,. .. 1]. T'bii KaTo TOBA € Ipa3eH MOJAMACHB, II'bPBATA YaCT OT HHBAPUAHTATA
€ M3IrbJIHeHa. Bropara 4acT e U3I'bJIHeHa, 3aI0TO U /IBaTa II0/IMACHBa, 32 KOUTO Ts C€ OTHACH, Ce IIPA3HU.

Iloagapbxkka. Jla jgomycHem, We TBBHPJIEHUETO € B CUJA B JaJIEH MOMEHT t, B KONTO U3I'bJIHEHUETO € Ha pel 4 u
while e 6b1e n3IBIHEH NOHE ole BeHbXK. [loceaHoro o3HavaBa, de j > 0 u A[j] > key. Cies pex 5 e BsApHO, ue
A[j+ 1] > key u ToBa € CUPsIMO CTOMHOCTTA Ha j, C KOSTO € 3all0uHala TeKylara urepays. ChbIJacHoO IrbpBaTa 4acT
HA MHBAPUAHTATA, 33 BCEKU €JIEMEHT X OT TeKymms noamacuB Afj + 2,...,1], x > key. Torasa 3a BceKu eJleMeHT X OT
rekymus noamacus Afj + 1,...,1], x > key. Ha pen 6 j namangsa ¢ egununa. CupsMo HOBaTa CTORHOCT HA j TOKY-
0 HAIIPABEHUsI U3BOJ 3ByYM TaKa: 32 BCEKHM €JIEMEHT X OT TeKymms mojamacus Afj + 2,...,1], x > key. Jokazaxme
I'bpBaTa YacT HA UHBAPUAHTATA.

Ila pasriesame OTHOBO u3rbjiHeHWeTO B MoMeHT t. [la pasriiemame Bropara dact Ha nHBapuantara. Cropesn Hes,
TeKymuaT moamacus Afj +2,...,1] e comuar xkaro A'[j+1,...,1— 1]. 3anousa H3IbIHEHNETO HA TAIOTO HA IIHKDBIIA.
Ha pen 5, croitucrra Ha Tekymoro A[j] ce sammcBa B A[j + 1]. Ho emement A[j] me e Momudunupan or while
IUK'bJIa goceral —daKT, KOHTO e HAIIL/IHO OYeBHJICH M HAMA Hy’KJa Ja 6b/1e BK/IIoYBaH B MHBapuanTaTa—Taka de A[j]

sebmaOCT e A'[j]. Crenpa, e rexkymmsr A[j+1,...,1] e cbumsr karo A'[j, ..., 1—1] caen 3anmcsanero Ha cToifHOCTTA
Ha pen 5. Torasa j namansBa ¢ exunauna (pen 6). Korato msnbinennero moiijie Ha pes 4 OTHOBO, 110 OTHOIIEHHE HA
HOBaTa CTOMHOCT Ha j € BApHO, Ye A[j + 2,...,1] cbiusT karo A'[j + 1,...,1 — 1]. Taka mokazaxme u BTOpaTa 4act

OT MHBapHuaHTaTa.

Tepmunarnusa. /[la pasriegame MoMeHTa, B KOUTO H3ITbJIHEHUETO € Ha pef 4 u ycnoBuero TaMm e JIb2ka. Toecr, j < 0
i Afj] < key.

Coayuaii i. [la nonycuem, ge j < 0. T'bit KaTo j HaMaJIsIBa € €JMHAIA, TO HE MOYKE JIa CTaHe OTPHUIIATENIHO, CJIeJ0BATEIHO
j = 0. 3amecTBame j ¢ 0 B MHBApUAHTATA M MOy IaBaMe:

® 3a BCEKW eJIEMEHT X OT TeKymus moamacus A[2;... 1], x > key, u ocBen ToBa
e TekymuaT noamacus A[2;...,1] e chmmsar karo A[1,...,1—T1].
IIbpBara YacT Ha MHBapHAHTATA Kas3Ba, Ye HATO exHo 4ucyo j or {1,2,...,1 — 1} He e Takosa, e A’[j] < key. Ho j

nma croinoct 0, Taka Ye IbPBOTO TBbPJECHIE HA JIEMATa € B CIjia. Bropara 9acT HAa MHBAPUAHTATA Ka3Ba, Y€ CIPSMO
croiinocrra 0 Ha j, opurunannuar nogmacus Afj+1,...,1—1] e 6uwr upemecren ¢ eaua nosurus narope. CiegoBaTesHo
TBBPJICHUSITA Ha JieMaTa ca B cuia, korato j = 0.

Cuayuait ii. Cera ga monycuem, de j > 0 u A[j] < key. Ho A[j] ne e 6un momudunupan or while nukbia.
Crnenosarenno, A’[j] < key.

Cnopen unsapuanrara, or exna crpaua Afj + 2] > key, A[j + 3] > key, u Taka nararsk, A[i] > key, a or gpyra
crpana, A[j +2] = A'[j + 1], A[j + 3] = A’[j + 2], u Taxka mararbk, A[i] = A’[i — 1]. Cnenosarenno, A’[j + 1] > key,
A'[j + 2] > key, u Taka Hararbk, A'[1 — 1] > key.

Ot Te3u gBa dakTa Cie/Ba, 4e HAUCTHHA j I10JIy9aBa CTOMHOCTTA HA HAW-TOJISIMOTO YUCIIO u3Mexay {1,2,...,1—1},
rakoBa 4e A'[j] < key. CienoBaTesnso, mwbpBOTO TBbPICHUE Ha JIEMaTa € B CUIa. BTOpOTO TBbD/EHUE Ha JeMara
GyKBaJIHO C'BIOTO KATO BTOPOTO TBbPJIEHHE OT WHBapuanTaTa. C TOBa JIOKA3aTEJCTBOTO Ha JIeMaTa NPUKIIoYBa. [

TITommuuM, de cera pasriexkjame caMo U3IIbIHeHHsTa Ha While IuKbia CIpsIMO €/[HO U3II'bIHEHNE HA BHHIIHUS fOr IUKbII, 8 He BCHUKH
u3nbjaHeHusi Ha while 1ukbiia or cTapTa Ha aaropuTbMA.
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Jlema 2. INSERTION SORT e copmupauy aA20pUumom.

dokazaTeJsicTBO:
Ha napeuem opurnnanaus macus A'[1,...,n] u meka A”[1,..., 1] e uMeTO Ha MacuBa cyesl NPUKIIOIBAHETO HA AJIr0-
purbMa. CliemHOTO e nHBaInaHTa 3a for MuKbIa:

Bceeku 1wbT, KOraTo usirbjaHeHreTo Ha INSERTION SORT e Ha pern 1, Tekymuar nogmacus Afl,...,1— 1] ce
C'bCTOM TOYHO OT chinuTe ejementu karo A’[1,...,1— 1], HO B copTupan BuJ,.
Basza. IIbpBusT 0br, KOraTo M3I'bJHEHUE JOCTUrHE pej 1 e BsapHO, ue 1 = 2. Ilommacusbr A[l, ..., 1] ce cheron or

€JIMH eJIMHCTBEH €JIEMEHT M OYEBUIHO € chiusT Karo A’[1], Taka de e TpUBHAIHO COPTHPAH.

IMonapbxkka. [la jionycrHem, 4e TBbPJEHUETO € U3I'bJIHEHO NIPU H#AKoe Jocturane Ha pej 1 u for muxbabr me
ObJie u3mrbaHeH oile equH wbT. Heka A[l,...,1] e umero Ha A[] npu 3amousaHeTo Ha U3IbJIHEHHETO Ha for nukbiA.
Tekymara croiinocr Ha A[i], Toecr A[i], ce CbXxpaHsBa B key, j cbibpka croiinocTt 1 — 1 u BbTpemuusT while ce
usrbiagBa. Cbhriaacuo Jlema 1, while mukbabT numa ciaegauTe eekTu:

e j cbirbprka Hadi-rossimoro yucsio ot {1,2,...,1— 1}, rakosa ue A[j] < key, ako nMma TAKOBA YHUCJIO, UK CbIbPKA
0, aKO HsIMa TAKOBA YHUCJIO.

® 10 OTHOIIEHUE Ha Ta3U CTOHHOCT Ha j, nogMacuBbT Afj + 1,...,1 — 1] 6uBa npemecren ¢ eiHa O3UIKS HATODE.

Axko nma eremenTn K[L ...,i— 1], xouro ca no-rosiemu or key = K[i], TO T€ Ca B HEIMPEK'bCHATA COPTHPAHA MTOCIEI0-
BATETHOCT — TOBA CJIeJIBa OT JIOIyCKaHeTo, Koeto sede Hanpasuxme B [logapbixka. Jlema 1 kassa, 4e HHJIEKCHT Ha
Haii-MaJikus or Te3u ejaeMentu e j+ 1. Jlema 1 ocen ToBa kKa3Ba, ye A[j+1,...,1— 1] 6uBa upemecreH BbpXy TeKyIIHsi
Alj +2,...,1]. Torasa B rexymmst A[] e Bspro, 4e A[j + 1] = A[j + 2], Taka 4e IpUCBOSIBAaHETO Ha PeJ| 7 3aINCBa
BBPXY CTOMHOCT, KOsITO Beve e OGmita Konmpana japyraje. OdesuHo, B Kpast Ha for nuksbia e Bsapso, e A[l,... 1] ce
CbCTOM TOYHO OT CBIUTE €JIEMEHTH KATO /~\[1, ...,1], HO B copTupan Bu/I.

OcraBa ja parsiefiame ciydasi, B KOHTO HUTO €JUH €JICEMHT Ha /7\[1, ...,1— 1] me e no-rosisim or key = 7\[1]
Cortacuo Jlema 1, j e paBao ma i — 1 B kpag Ha while nukbia u Huo He € GUIO0 MECTEHO HATOpPE B MaCHBa, TaKa
Ye IIPUCBOABAHETO Ha PeJ| 7 3allucBa BbPXY 1-Hs eleMeHT Ha A cblljaTa CTOHHOCT, KOATO TO € UMajl B HAYaJo0TO Ha
usrbiHenneTo Ha for nmkbia, a umenHo A[i]. OdeBujHO, B Kpas Ha u3IbjHeHuwero Ha for mukwbia, A[l,...,1] ce
CbCTOM TOYHO OT CBIUTE €JIEMEHTH KATO /~\[1, ..., 1], HO B coprupan Bu/I.

Tepmunarusi. [la pasriename MOMEHTa, B KOWTO U3II'bJIHEHHETO € Ha peJi 1 3a mocsiesier bT. O49eBUIHO 1 € paBHO
na n+ 1. BamecrBame croitnocrra 1+ 1 B 1 B unBapuanrara u nosydasame “rexkyiuar mogmacus A[l,... (n+1) —1]
ce cbeTon oT chimTe esemenT Karo A'[1,...,(n+ 1) — 1], Ho B copTupan Bux’. O

5.1.2 CuaoxkHocT mo BpeMme Ha INSERTION SORT

Beue nokazaxme B (2) Ha CTP. 3, Y€ CJI0KHOCTTA 10 BpeMe B Hail-jiommus ciydait Ha INSERTION SORT e @(nz).

5.1.3 CuaoxxHocT o nametr Ha INSERTION SORT

INSERTION SORT o4eBniHO nos3Ba O(1) rombiHETEHA TAMET.

5.1.4 Crabuaaoct Ha INSERTION SORT

INSERTION SORT e crabujieH copTupall ajJropuTbM. [IpenusHoTo 10Ka3aTeJICTBO OCTaBa 3a ylpaykHeHue. TyK caMmo
IIe CIIOMEHEM, Y€ AJITOPUTHMBT € CTabUICH 3apaii H3I0JI3BAHETO Ha CTPOro HEPABEeHCTBO > Ha pen 4; while mukbiabr
Ipecrasa Jia ce M3II'bJIHsIBA 3a I'bpBaTa (MaKcHMaJHaTa) CTOHHOCT Ha j, 3a KostTo A[j] craBa paseHn Ha key M 3apaju
TOBA BCUYIKH JIBOMKM PABHU €JIEMEHTH OCTABAT B C'hIUS OTHOCUTENIEH PEJl, B KAKBBTO ca OUJIN B HAYAJIOTO. AKO HAMECTO
CTPOrO PABEHCTBO MOJI3BAXME > HA TOBA MSICTO, AJITOPUTHLMBT HIMAIIIE Ja € CTabuIeH.

5.2 SELECTION SORT
Jla cu IPUIIOMHUM IICEBIOKO/Ia Ha, SELECTIONSORT.

SELECTION SORT(A[1,2,...n]: array of integers)
1 forie—1ton-—1
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2 forj—i+1ton
3 if A[j] < A[i]
4 swap(A[i], A[j])

5.2.1 KopekTHocT Ha SELECTION SORT

CrenBamure aBe JieMu 0O0CHOBaBaT KOPEKTHOCTTA Ha SELECTION SORT. Toa, ue SELECTION SORT caMO pa3MecTBa
eJIEMEHTHTE Ha BXOJA U B Kpas Ha ajJlOPUTbMa €JIeMEHTUTE B MACHBA Ca TOYHO Te€3W, KOUTO Ca OUIN B HAYAJIOTO,
€ OYeBUJIHO: eIUHCTBeHUTE mpoMmeHu B A[] craBar Ha pen 4 upe3 pasmenu. Tosa orimuaBa Ta3W peaju3anus Ha
SELECTION SORT oT peaju3aiiusita Ha INSERTION SORT, KOsATO Bede pasrjemgaxme. B rociennara He Oele 09eBUIHO,
e eJIEMEHTHTE B Kpas Ca TOYHO Te3W, KOUTO Ca OWIM B HAYAJIOTO, 3aII0TO pPean3annsita Ha INSERTION SORT 110J13Ba
HEe pa3MeHn (svvaps)7 a mpucsBosiBaaus. [lopaju ToBa npu aHaym3a Ha INSERTION SORT ce HAJIOXKU J[a 0OOCHOBEM 3aII0
HUTO €/INH OT OPUTHHAJIHUTE €JIEMEHTH He ce ‘TyOn’, OmBaiilku mpe3anucaH ¢ Herrno apyro. [lpn ananuza #a SELECTION
SORT HsiMaMe TaKUBa ITPUTECHEHMUSI.

JIema 3. Ilo ommnowenue wa edno usnsanernue na esrwrus for yukesa (pedose 1—4) na SELECTION SORT, usnaare-
Huemo na esmpewnua for yuxsa (pedose 2—4) uma caednusn epexm: A[i] e nati-mansr esemenm s Afi, ..., nj.

dokazaTeJsicTBO:
ITo orHOIIEHNE Ha €HO U3II'bJIHEHNME HA BbHIMHUS for MUKbJI, CIeHOTO TBbpJEHNE € NHBAPUAHTa 3a BbrpeliHus for
KB

Bceekn rbT, KOraTo M3IbJIHEHUETO JOCTUTHE peJl 2, TekymuaT A[i] e Mmunnmasten esement B Afi,...,j—1].

Basza. IIbpBusT bT, KOraTo U3I'bJIHEHUETO HA BbTperiHus for 1ukbi e Ha pej 2 e BsapHO, ue j = 1+ 1. Torasa A[i]
€ TPUBHAJIHO Hal-MaIbK exement B Afi,...,(1+ 1) —1].

Ilogapsbxkka. la momycHeMm, 9e TBHPACHUETO € BIAPHO B HIKON MOMEHT, KOTATO U3IIbJAHEHUETO € Ha PeJl 2 U IPEeICTON
BbTpernHusT for nuKbII A8 6ble U3I'bHeH ole BeaubxK. ClieHuTe ABa Clydas ca U3depIlaTesIHu.

Cuyyait i. A[j] < A[i]. Yemosuero Ha pen 3 e ICTUHA u pasmsinaTa Ha pej 4 ce ciyusa. CbIVIACHO JIONYCKAHETO,
A[i] e Munnmasen enement B Afi,...,j —1]. T'bit kato A[j] < A[i], cbruiacHO TpaH3UTHBHOCTTA Ha pesanusTa <, A[j]
€ MIUHIMAJHUSAT eJleMeHT B nojMacuBa Al . .., j] npeaun pasmsinara. Torasa A[i] e MurnMamHuAT esieMenT B Afi, . .., j]
caie)t pasmsnata . Ciie; pa3MsHaTa j HApACTBa C €[MHUIA U U3I'bJIHEHNeTo oTnBa Ha pes 2. ITo oTHOmeHne Ha HOBaTa
CTOMHOCT Ha j e BApHO, 9e A[i] e Munumanuusar esement B Afi,...,j —1].

Cuywqait ii. A[j] € A[i]. Torasa yciosuero Ha pen 3 e JIbXKA u pasmsiaTa Ha pex 4 He ce ciayusa. CbIyacHO

npeanosoxkenuero, Afi] e munnmaser enemenr B Afi,...,j — 1]. Tbit kato A[i] < A[j], oueBugno A[i] e MuHEMATEH
enement B Ali,...,j]. Ilocse j mapacTBa ¢ eauuuna U M3IbjHeHHETO OoTMBA Ha pei 2. Ilo orHomeHwe Ha HOBaTa
cTofiHOCT Ha j e BApHO, Ye A[i] e Munumasen esement B Afi,...,j —1].

Tepmunanusa. [la pasrienanve MOMeHTa, B KONTO U3II'bJIHHEHHETO € HA pex 2 3 nociefer nbT. OUeBUIHO j € PABHO
Ha N + 1. BamecrBame N + 1 Ha MSCTOTO Ha j B MHBapUAHTATA U HOJydaBaMe “TeKylmsT A[i] e MUHUMaJIEH ejleMeHT

B Afi...,(n+1)—=1]" O

Jlema 4. SELECTION SORT € copmupawy ai2opumoMm.

lokazareJsicTBO:

Ha napeuem opurunasnuga macus A'[1,...,n]. Cieanoro e unsapuanTta 3a BbHiHUug for nukbia (pegose 1-4):
Beeku rbT, Kraro usirbjaHeHneTo Ha SELECTION SORT e Ha pej 1, rekymumar nogmacus Afl,...,1— 1] ce
cberon o 1 — 1 Ha 6poii Hali-manku ejgementu Ha A'[1,...,n] B coprupas Buj,.

Baza. Ilpu ubpsoro mocrurane na per 1 e Bapuo, 9e i = 1. Tekymusar nogmacus A[l,...,1—1] e npasen u ce cberon

or HyJia Ha 6poil Haii-manku ejxementu or A'[1,... ;1] B copTupan BuJ.

IMoaapbxkka. Jla gomychHeMm, de TBbPACHUETO € B CHJIA IIPH HIKAKBO JOCTHraHe Ha pel 1, KoeTo He e II0CJIeIHOTO.
Heka napuaame macupa Al ] B To3u moment ¢ umero A”[]. Coraacuo Jlema 3, edexrbr Ha BbTpentaus for nukbi e, de
nocrassd Ha 1™ nozunug nai-maska croiinocr or A”[i,...,n]. Or gpyra crpana, CbIJIacHO HHIYKTHBHOTO JIOILYCKAHE,
A"[1,...,i—1] ce cbcrou or i — 1 Ha Gpoii Hali-manku exementu va A'[1,...,n] B coprupan Buz. 3akiiodaBamMe, e B

Kpasi Ha U3I'bJIHEHNeTo Ha BbHIIHUs for nukbi, Tekymmar All, ..., 1] ce cbecroun or 1 Ha Gpoii Haji-MaJIKK €JIeMeHTa OT
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A'[1,...,n] B coprupau Buj. [Tocse i HapacTBa ¢ equHUIMA 1 U3IIbIHEHEETO oTHBA Ha pes 1. [lo oTHOmenne Ha HOBaTA
croiinoct Ha i e Bapuo, e Tekymmar A[l,...,1 — 1] cbabpxka i — 1 na 6poii Haii-masku esementa or A'[1,...,n] B
COpTHpaH BUJI.

Tepmunanusa. a pasriemame MOMEHTa, B KONTO M3IIbJIHEHUETO € Ha pef 1 3a mocieneH mbT. OdueBuaHO 1 € paBHO

Ha M. 3aMecTBaMe N Ha MSCTOTO HA 1 B MHBapHaHTaTa U IoJydaBaMe “rekymuar nogmacus Afl,...,n — 1] ce cbecron
or n — 1 Ha Gpoii Hali-masnku exementa Ha A’[1,...,n] B coprupan Bux’. Ho Torasa TekymusT A[n] e MakcuMasen
estement ot A’[1,...;n]. C ToBa 10Ka3aTEICTBOTO 38 KOPEKTHOCT Ha SELECTION SORT IPHKJIIOYBA. O

5.2.2 CuoxHocCT Mo BpeMe Ha SELECTION SORT

Beue mokazaxme B (4) Ha CTp. 3, e CJIOXKHOCTTA 110 BpeMe B Haii-lommus cIydaii Ha SELECTION SORT e ©(n?).

5.2.3 CuoxKHocCT mo nmamMetr Ha SELECTION SORT

SELECTION SORT oueBuHO 1101382 O(1) H0ombaHnTeHA TAMET.

5.2.4 CrabunHocT Ha SELECTION SORT

B To3u cu Bug SELECTION SORT He e crabuieH. 3a ja ce ybeauM B TOBa, Jia pasriie/laMe MaJI'bK IIOIXOISIN IIPUMED.
Heka BxoabT €

2, 3,4, 2,1
3a ja pazaudyaBaMe JBOWKHUTE, Jia I'M O3HAYNM TaKa:
I n
2703, 4, 2" 1

OuveBHIHO CJie]] bPBOTO M3II'bJIHEHNE HA BbHIIHUS fOr IUKbJ eJMHUNIATA Ie OTHJIE Ha HAR-JIsIBa O3NS, OUBANKY
pasmenena ¢ 2':
1, 3, 4, 2", 2/

U KpaiiHuAT pe3ysaTar IIe e

1,2"2',3,4

Ilobpe n3BeCTHO e, Ye BCeKU HecTabUJIEH COPTHPAII aJITOPUThM MOXKe J1a O'bJle HallpaBeH CTabUjIeH, aKo ce j106aBu
I'bPBOHAYA/IHATA MMO3UIUSA HA BCEKU €JIEMEHT KATO BTOPUYEH KJIIOY (TOBa € B CJIydaii, Ye MOHAYAJIO0 UMa CAMO eIMH
KJII0Y; aKO [OHA4Ya 0 uMa K Kjroda, nobassame ome eaus, k + 1-Bu, Hafl-MyIa iy KJI0d9 ¢ I'bPBOHAYAJHUTE TO3UIUHN).
Axo manpasum TOBa obade, BJIONIABAME CJOXKHOCTTA 10 IAMeT, IoHexke O(N) JOIrbJHATeHA [IAMET IIe e U3I0JI3Ba
OT HOBHTE KJIIOUOBE, U3I0JI3BAHN 3a crabunusupane. AKO IIpeu TOBa M3KYCTBEHO CTAOUIN3UPAHE CJIOKHOCTTa € OuJIa
O(1), we s BomuMm 70 O(n).

5.3 Bwbpxy moka3zBaHETO Ha KOPEKTHOCT Ype3 MHBAPUAHTU

B zakurrogenue e oTbesieskuM HEIIo BaXKHO BbB BPb3Ka C J0KA3aTeICTBaTa Ype3 naBapuanTu. MuBapuanrara TpsOsa
He TIPOCTO Jjia O'bjie BAPHA, a OCBEH TOBa Ja Objie Tose3Ha. He BCsKo BIPHO TBbPJEHNE, YUATO BIPHOCT C€ 3a1a3Ba IIpU
U3IIBIHEHUSITA Ha JaJIeH IIIK'bJI, CTaBa 3a nHBapuanTta. [Ipumepno, o oraorenue Ha Insertion Sort, ma pasriegame
cJlelHATa WHBAPHUAHTa KATO €BEHTYAJHO CPEJICTBO 3a JI0Ka3BaHe Ha Jlema 2:

Bceku mrbr, Koraro usirbiaHeHreTo Ha INSERTION SORT e Ha pej 1, Texyuusar nogmacus Afl,...;i—1] e
COpPTHpPAH.

ToBa TBBpEHIE € UCTUHA U € WHBAPUAHTA HA BBLHIIHUS UKD, 3AI[0TO BEPHOCTTA MY Ce 3alla3Ba OT KOe J1a € W3-
I'bJIHEHNE Ha CJIeBaIoTo. VI BbIpekn ToBa, Ta3u nHBapuanTta HE CTaBa 3a JOKa3BaHe Ha JIema 2. ITopau
[IpoCTaTa MPUINHA, COPTUPAIIUST aJITOPUTHM TPsIOBa HE IIPOCTO Jia Ch3/aBa COPTUPAH U3XO0J, 8 TAK'bB COPTUPAH U3XO,
KOHUTO ce cbecTom TOYHO OT OPUTMHAJIHUTE eJIEMEHTH. llaBapuaHTaTa, KOATO HaIHCaXxMe TOKY-IIO, HUKbIIE
He Ka3Ba HUIIO 3a ToBa Jaju noamacusbr Afl,...,1— 1] ce ¢beToM OT e1eMeHTH Ha BXOJA WM HE.

3a ja crane ¢bBCEM SICHO 3aIT0 TA3W WHBApUAHTA € He3M0JIe3Ha, J1a pasriiefaMe CJIeIHusT OE3CMUCTIEH aJrOPUTbM.

No SorT(A[l,2,...1]: MACHB OT 1I€JIM YHCIIA)
1 fori—1ton
2 Afi] « i
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Bes cbmuenue, cbabpkanuero Ha A[ ] cien npuBbpiIBaHeTO My € B COPTHpAH BHI, HOHeXx)e odeBuano A[i] = i
3a 1 < 1 < n. Toil Karo opuUrnHAIHUAT MacuB OMBa YHMIIOXKEH, TOBAa HE MOXKe Ja € COpTUpall ajropurbMm. Ho
3abesiexkere, e HocJenHaTa MHBapuaHTa e ucruHa 3a NO SORT! Haucruna nommacusbr A[l,...,1 — 1] e coprupan
IPH BCSIKO JOCTUTAHE HA IIHKbJIA .

U3Bos: He Besika BIpHA MHBapUAHTA € TOJIE3HA 38 TOBA, KOETO UCKAME J1a JIOKAYKEM.
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T3a ma mokarkem GesrosesHaTa, HO BSpHA WHBADHMAHTA HH TPSIGBA €IHO MOMOINHO TBHPIEHHE, 8 HMEHHO de A[i — 1] e paBrO Ha 1 — 1.
ToBa e 6e3 3Ha4YeHMe, TOHEXKE Ta3W MHBapUAHTa € Oe3I0/Ie3Ha TaKa MUJIM MHAYeE.
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