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KOMBUHATOPUKA

1 HWaaykuous

3amaua 1. J/lokaxkere 1o MHAYKIMS, Y€ 33 BCIKO KPailHO HEIPA3HO MHOXKECTBO A, OposdT Ha
MOJAMHOYKeCTBaTa Ha A ¢ YeTeH OPoil ejleMeHTH e paBeH Ha Oposi Ha MOJAMHOYKECTBaTa C HEYETEH
Opoii eeMeHTH.

Pemenne: Heka 2?4 crenennoro muokecTBO Ha A. Jledurnpame, de:
22 = {X|X € 2* u [X| e werno uncio.}

22 = [X|X € 2* u |X| e meyerno uuciio.}

Ba/agara ce ChCTOM B TOBa, Jla ce jJloKazke, 9e VA, Takosa ye A # (), 22 = [22]. JlokazaTencTBoTo
e ¢ MHIYKIWs 1o [Al.
Bazsa: |A| = 1. Torasa

24 ={0,A)
OueBnIHO

2= ()

20 ={A)},

Taka e 22 = [22| e BapHo.
NuaykrusHa xummoresa: Heka TBbpaeHreTo e BAPHO 34 BCAKO MHOXKECTBO A, Takosa ue |A| = n.
Toecr,

VA, taxosa ue |A| = n: 22 = |22 (1)

NuaykTuBHA crbika: PasriexkaaMe Ipou3BOJIHO MHOXKeCTBO A, TakoBa 4de |A| = n + 1. Heka
a e mpousBoJieH eeMeHT Ha A. OueBnano 2 ce pa36uBa Ha CJIeTHUTE YeTHPU IOIMHOYKECTBA:

Be ={X€2* a e Xu|X| e gerno aucio}
B, ={X €2?|a € X u [X| e nederno uncsio}
Ce={X€2* a¢Xu [X| e uerno uncio)
Co={X€e2* a¢&Xu [X| e nederno aucio}

OueBuHO

22 =B.UC,
22 =B,UC,



Toit karo BeNCe =0 u BN Cy =0,

22 = [Bel + |Cel (2)
‘Zé’ - ’Bo‘ + ’Co‘ (3)

Heka A’ = A\ {a}. ChrracHo naaykTuBHaTa xumoresa (1),

28] =122 (4)
Ouesnzno e, e 22 = C, u 22 = C,. Caenosarenno,

Cel = [Co (5)
IITe nokazkem, 1e |Bo| = |B,|. 3abenexere, ue

Be| = [Col (6)
HOHeyKe UMa OMEKTUBHO ChOTBETCTBUE MEYKJly eJIeMeHTUTE UM:

® BCEKH eJIeMeHT U Ha B, ce mosiyuaBa ot TouHo equn ejgement v Ha C, upe3 ,a0baBsne” Ha
a; no-popmasno, u =v U {a},

e Bcekn eneMeHT W Ha C, ce moay4daBa OT TOYHO eJIdH eJeMeHT z Ha B, upe3 ,MaxaHe“ Ha q;
no-gpopmasino, w = z \ {a}.

Ananornano,
Bol = IC¢| (7)
HOHEXKEe MMa, OHEKTUBHO ChOTBETCTBUE MEKIY €JIeMEHTUTE UM:

® BCEKH eJieMeHT U Ha B, ce mosydyaBa oT To4HO euH ejgeMmeHT v Ha C. upe3 ,obaBgane” Ha
a; mo-dpopmaano, w =v U {a},

e Bcekn ejeMeHT W Ha C,. ce mojiydaBa OT TOYHO €JIMH eJIleMeHT z Ha B, upe3 ,maxane“ Ha q;
no-gpopmasino, w = z \ {a}.

Ot (6), (5) u (7) caemsa, de |By| = [Col = |Cel = |Bol, a OTTYK ¢bIyIacHO TPAH3UTHBHOCTTA HA
PABEHCTOTO MMaMe:

Be| = [Bol (8)
Ot (5), (8), (2) u (3) cienpa, ue |22 = [22]. O
3amaua 2. Jlokaxkere, 4e

()

n
k=0



Permrenne:

()
> \(—1)“@) + >

ke{0,1,..., nj kef{o,1,..., nj
k gerHO k HeyeTHO

n n
> - X (9)
k k
ke{0,1,..., n} ke{0,1,..., n}
k gerHO k nHegyeTHO

U3BecTHO e, 4e (L‘) e OpoAT Ha MOJAMHOXKECTBATa, UMAIIH K eJeMeHTa, Ha Koe Jia € MN-eJIEMEHTHO

MmHOXKecTBO A. Torasa, oueBHIHO,

n
E ( k) e OpodT Ha HOJAMHOZKecTBaTa Ha A ¢ deren Opoil ejieMeHTH
ke{0,1,..., nj
k geTHO
n (Y]
E K e OpogaT Ha NMOJAMHOXKecTBaTa Ha A ¢ HedeTeH Opoil ejleMeHTH

ke(0,1,..., n}
k HegeTHO

Cworiacuao 3agava 1, Te3u ase cymu ca ennakeu. Ciesia, de uzpassr (9) e Hya. Il

1.1 3acmiaBaHe Ha TBBHPJAEHHETO, KOETO JJOKa3BaMe

B Hgkon ciaydan q0Ka3aTeCTBOTO Ha JIa/I€HOTO TBbPJIeHNe “He U3/113a”, BhIIPEKH Ye TBbPIAEHUETO
e BsIpHO. B TakbB ciydait Moxe Ja onmuTaMe eaHa TeXHUKA: Ja JOKayKeM 10 WHAYKIINS TBhP/IeHHe,
KOETO € IO-CHJIHO OT TOBa, KOeTO HU € JajeHo. [lo NpuHIUI MO-CHIHUTE TBBLPACHUS Ce JOKa3BAT
HO-TPY/JIHO, HO B HIKOU CJIYYau—KOJKOTO U IMapaJoKCaIHO Ja 3BYUU—IIH-CUJIHHTE TBHPIACHUS Ce
JIOKA3BaAT 110-JIECHO, aKO HOJ/I3BAME WH/IYKIUS.

3amaua 3. Jlokaxkere, ye

ol (10)
2n V3n
1

Pemenne, nbpeu onut: basartaesan = 1. JlapaTa cTpana e 5, a IscHaTa € \/lg eiicTBUTETHO
JIIBATa CTPaHa € IO-MaJiKa OT JigcHaTa. bazoBudr ciydail e JoKa3aH.
Jlonyckame, de TBbPAEHUETO € BIPHO 3a HIKAKBa CTOWHOCT HA apryMEHTa T, U pa3rJexjamMe

TBBPJIEHNETO 33 CTORHOCT Ha apryMmenTa N + 1. 3a Ta3u CTOWHOCT, TRHPIEHUETO €

2n—1 XZn—H - 1
n In+2 3n+1)

3a Bcgro n > 1

><§><

N —

x%x...x (11)

(o] —

~
A
1

= [Tpnia-

ChbriaacHo HHIYKIMOHHOTO IIPEIIONIOKEHHe, U3PAa3bT, O3HAUEeH ¢ A, € MO-MaJabK OT

3

raifku ToBa K'bM JisiBATa CTpaHa Ha HepaseHCTBO (11), mosydaBame

2n+1 1 2n+1

A
“m+2 S Bn  Ini2




Jasn obaue
1 n+1 2 1
X <
V3n  In+2 3(n+1)

C TpuBmasiHa ajgrebpa ce ybexkaaBame, 4e He € BAPHO:

1 ><2n—|—1< 1
Vin 2n+2 3(n+1)
n+1 n
< _— —

2n+2 n—+1
n?4+4n+1 n
dn? +8n+4 < n+1
M3 dn+dn?44n+1 <4n®+8n? +4n o
In+1<0

—

HpOBaH’bT Ha J0Ka3aTeJCTBOTO HE 03HaYa6a, Y€ TBbPACHHUETO € HEBAPHO, a CaMO Y€ He CMe yCIIeJIn
da I'o JOKazKeM 710 mMo3u HaGYUH.

Pemenne, Bropm onut: Ille mokaxkeM 1Mo WHIAYKIUS CJI€THOTO TBbPAeHUE

3 >2 1><3>< XZn—1< ] (12)
ABCIKOM > 21 — X — X ...

2 4 2n VvVin+1
Bazara e 3a n = 2. JIasara cTpana e % X % = %, a JsicHaTa e \lﬁ JleiicTBUTETHO JIsiBaTa CTPaHa,

e TIo-MaJIKa OT JidCHaTa. ba3oBudr caydail e qoKa3aH.

Jomyckame, 9e TBbPIAEHHETO € BAPHO 3a HIKaKBa CTOWHOCT Ha apTyMeHTa T, U pa3lyekIaMe
TBBHPIACHUETO 33 CTOHHOCT Ha aprymenTa N + 1. 3a Ta3u cTORHOCT, TBBHPACHUETO €

1 3 2n—1 2n+1 1
=X = X ... X X < (13)
2 4 2n S 2n+2 3(n+1)+1
A
CbryacHO MHIYKIHOHHOTO MPEINoI0KeHne, U3pasbT, O3Ha4eH ¢ A, € TMO-MaTbK OT \/allﬁ ITpu-
Jaraffku ToBa K'bM JisiBaTa CTpaHa Ha HepaBeHcTBO (13), nosrydasame
n+1 1 2n+1

“mt2 S gl Int2

OcraBa ga J0KaxKeM, 4e

1 XZTL—|—1< 1
il il Anid
HeiicTBuremo,

1 2n+1 1

X < —
Vin+1l 2n+2  /3n+4

2n+1< In+1 o
2n+2 n+4

M2 +4dn+1 3n+1 o

mZi8ntd “3ntd
P23+ 12n+3n+16n’+16n+4 < 12n3 + 24n? + 12n +4n’ + 8n+ 4 P
19n < 20n



C rToBa jgokazarencrsoro Ha (12) npukmaousa. Popmaino, tebpaenne (12) we Biede TBbpiEHUE
(10), zamoro (12) e 3a n > 2. Ho siecno ce Bukaa, e (12) 3aeano ¢ gokasareacrsoro na (10) 3a
n =1 ca no-custao TRBHpPAEHUEe oT (10). O

EJHO WHTYUTHUBHO OOSICHEHHE 3aIl0 TeXHHKATA ChC 3aCHUJIBaHE HA TBBPIEHHETO (HMOHIKOra)
paboTH e, e JOKa3aTeJCTBO 10 WHAYKIMS MPUINIa Ha KaTepeHe Mo CThaba: HHe CThIIBaAMe Ha
MH/IYKTHBHOTO LPEJIIIOJOKEHHEe U ce “KayaMe’ eJHO HMBO HArope, JIOKas3Baiflky WH/IYKTHUBHATA,
crbnka. [Ipu mo-cuaHo TBbPJAEHNE CTHIAJOTO, OT KOETO TPhI'BaMe, € MO-BUCOKO.

TexHUKATA ChC 3aCUTBAHE HA TBHPACHUETO € CBECEM PA3AUNHO HEW,0 OT TOKA3aTeJCTBO Upe3
TaKa HapedeHaTa CHJIHA WHIYKIUSA, KOTaTo JOIyCKaMe TBbPIeHHeTO He IPOCTO 3a M, a 38 BCUYKH
CTORHOCTH Ha apryMeHTa, IO-MaJIK{ WA PDABHU Ha M.

2 Ilpuanun Ha JIupuxie

amada 4. B 8 yekmemkera uma 87 mosusa. Oupejesiere HAR-IOIIMOTO ISLI0 YUCJIO M, TAKOBA
e 3aIbKATETHO UMa YeKMeIKe ¢ TL MOJIUBA.

Pemtenne: nade kazano, ThbpcuM 9UCJIOTO N, TAKOBa 4e TBbLpAeHuero “Couiecmeysa nowe edro
yexmedce ¢ L Moausa” € 3aIbIKATETHO BAPHO, HO TBbLpAeHuero “Csuiecmeysa nonwe edno wek-
medoce ¢ 1+ 1 morusa” MoxKe U 1a He e BapHOo. CbrIacHo 0000IIeHusT npuHIUn Ha Jlupuxie,
cbitecTByBa yekmemke ¢ 11 moausa. OT apyra cTpaHa, MOXKe Jia HAMa YeKMe ke ¢ 12 MojanBa—
koraro Bcmaku Kyrtuu umar no 10 win 11 monmmsa. Ortrosopsr e n = 11. U

Bagada 5. Jajena e peanna or N2 + 1 4mcia, HATO JABe OT KOUTO He ca paBHU. Jla ce jg0Kake,
e Tas3W PEINIA ChbIbpPyKa MOHOTOHHA MOPEINIa ¢ IbIKHHA T+ 1.

Hoacnenue: “MonHoToHHA” O3HAYaBa WX HapacTBala, win Hamaagsama. “[lopenuna” o3na-
JaBa YMCIa OT PeJuIiaTa, KOUTO He Ca HeIPEMEHHO C'bCeIH B PeIUIaTa, HO Ca HAIMCAHH B C'bINATA,
OCJIeIOBATETHOCT, B KOATO ¢a B peannara. [IpuMmepHo, ako N = 3 u peannara e

4, 7,11, 2,8, 3,14, 1,6, 9
MOHOTOHHA mopeauna ¢ abaxknaa 4 e 4,7,8,14:
4 7 11,2 18,3, 14, 1,6, 9

Pemtenne: /la jonycHem mpoOTUBHOTO: BCAKA MOHOTOHHA HOpeauna € ¢ abkuHa < M. Heka A
O3HauaBa JaJeHaTa peuna ¢ Abauknaa n? + 1:

A= ar, Az, ..., 0n241
3a Begko i, Takosa e 1 <1< n?+ 1, nedunmpave gBeTe TOAPEUIH!:

i
A" =aq, Qi an2 41
Ai=ay,ay,...,q4

3a BCIKO TaKOBa 1, HEKA Si € JIbJIKMHATA HA Hall-Ibjra pacTsina Mopeauna B Aj ¢ HMOCJIeIeH

eJIeMEeHT d; M Heka tj e JbJoKUHaTa Ha Haji-IbAra HaMaIdBala nopeanna B Aj ¢ IPbHB eJIeMeHT
a;. Ouesngno, Vi(s(i) > 1 At(i) > 1), Tbit KaTo TaKKUBa MOPEIUIU CbIbPXKAT IOHE Q.

f3a pasnuka or nopeauua, Ipu MOIPEIUIA Ce UCKA eJIEMEHTUTE 12 Ca ChCeIu B A



Ot navaaHOTO AomycKaHe ciaeasa, de Vi(s; < n Aty < n). CiaegoBaresino,

1<s;<n

3a Beako 1. T'bit KaTo S; W ty B3eMaT IeJau CTORHOCTH, CJeJiBa, Ue 3a BCIKO OT TAX CTOWHOCTTA
My € eIHa OT Hali-MHOrO N Bb3MOXKHHU. [Ipuiaraiilky OpuHIMIA HA YMHOKEHHETO 3aKJII0YaBaMe,
4e HapejeHaTa JBOIKa (Si,ti) MMa CTOHHOCT M3MeK1y Hafi-MHOro N’ Bb3MoxkHH. Ho i-rara ca
n? + 1 na 6poit. CbraacHo npuHMEHa 1a JIUpux/e, ChIIECTBYBAT B PA3INYHH CTONHOCTH HA
IIPOMEHJIMBATA 1, /1a I HapedeM j u K, Takuba e (sj,t;) = (sy, tyx), Toect

S5 = Sk
t =ty
Jla pasrienamMe exeMenTuTe Ha A, KOUTO €& HA O3UIUH ) 1 K, KONTO HUE HapHYaMe ChOTBETHO (;

1 ay. T'bit KATO BCHYKH eJleMeHTH Ha A ca pa3jnded, a; # dy. la gomycheM, ge 6e3 orpaHndeHme
Ha 00mHOCTTA, 9e j < k. 3Hau|, aj U ay ca pa3loIoXkKeHn B A Taka:

I Ilbpso ja jomycHeM, de a; < ay. 1'bil KaTo S5 € AbJZKMHATA Ha Haii-IbJira pacTdlla Iopeula,
3aBbpIIBAIIA € 4

HapacTBalla MOPeIuNa C S bJKIHA, Sj

1 a; < Ak, T0 B A uMa HapacTBallla OpeIulia ¢ IbIKUHA §j + 1, 3aBbpIIBalia ¢ dy; a HIMeHHO,
CbCTOAILA Ce OT Bede CIIOMeHaTaTa IopeJulia, 3aBbpIIBAIa ¢ (), IJIIOC A HaKpas:

HapacTBalla IOPeIuna C IbJIXKHUHA §j

VvV
HAPACTBAINA HOPEIUIA C Jb/XKHUHA Sj+1

Ho Torasa sy > sj, KoeTo IpoTHBOpedn Ha (aKTa, de MO KOHCTPYKIUS Sj = Sk.

IT Cera na momycuem, e a; > dy. 1Dl kKato ty € IbIKUHATA Ha HAl-TIbHJAra HAMAJABAIIA
. 9 j k k

MOPE/INTIA, 3al0YBaIa C !

HAMAJIABAIA OPEINIA C Ab/DKHHA ty

u a; > dy, TO B A IMa HaMaJ/gBalla IOpeJnna ¢ AbKHHA ty + 1, 3am04BaIma ¢ aj; a EMEHHO,
ChCTO4AIIA Ce OT Bede CIIOMeHaTaTa IopeJulia, 3al09Balla ¢ Ay, IJII0C 0 B HAYaJI0TO:

HAMAJIABAIA TTOPEINIA C AbJDKHHA ty

HAMAaJISIBAIA TOPEJUI ¢ Ib/KUHA ty +1

Ho Torasa tj > ty, koeTo nporuBopedn Ha dakTa, de M0 KOHCTPYKIHULA tj = ty.
CrenoBaTesino, IbPBOHAYAJIHOTO HH JOIYCKaHe, Y€ Hail-IbJrara MOHOTOHHA HOPEIHUIa He € II0-
JUbJITA OT T, € TOT'PEITHO. Ul



Samaga 6. Hexka A ={10,11,...,99}. Jlokaxkere, 4e BbB BCIKO JECET €JAEMEHTHO LOAMHOXKECTBO
Ha A CBIIECTBYBAT JIBE HEIIPA3HH HEIPECHYAIN Ce TIOAMHOKECTBA ¢ eIHAKBA CyMa Ha eJIeMEHTHUTE.

Pemenne: Besko 10 egemenTro nogMuozkectBo nma 2'° — 1 = 1023 Henpas3uu HOIMHOMKECTBA.
Ot apyra crpana, VB C A, takosa 1e 1 < |B| < 10, e B cuia:

10§ng9o+91+...99:935

xEB

OrTyk BHZKIAMe, 4e ) _pX uMa He mosede or 935 pazmmunnu croitnocru. Ho rorasa Gpost Ha
BB3MOXKHITE CyMH € TTO-MaTbK OT Opos Ha moaMHOKecTBaTa. [Ipunarame npuannmna Ha npuxite
U BIZKJaMe, de MOHe JIBe HOIMHOKeCTBA HMAT eJlHa H CbIIA CyMa. O

amadga 7. [Ipodecop X. TBBbpaH, Ue e ¢b37a] TOJKOBA J00Pa KOMIIPeCcHpalla HIporpamMa, 4e
Hes MOKe Ja “cBue’ mpom3BoJieH (baill moHe ¢ efuHUIA. Bb3MoxkHO 11 € ToBa?

Pemenmne: Ilpodecopbr ibixke, ako craBa jayMa 3a Komipecus 0e3 3aryba na wadopmarms. 1oz
“koMmpecupaliia nporpama’ ce pa3bupa Takapa nporpama, KOWTO MOXKE Ja Bb3CTaHOBU II'bPBOHA-
qasHusd ¢ailjl ¢ TouHocT 0 egquH 6uT. Begka KoMmIpecupala nporpama e dactTudHa (hyHKIUsS OT
JIAJIEHO MHOYKECTBO CHMBOJIHH TOCJIJIOBATETHOCTH (CTPHHIOBE) B JIDYIO MHOYKECTBO CTPHHIOBE.
[Tom nmpodecopbT TBBHPIU, Y€ HeroBaTa IporpaMa padboTH BbPXY BCUUKH baitaoBe, 3HAUN 33 JTa-
JIeHa JTbJKHHA M HA dailra (koiito me Obie “cBuBan”), KOMIpeCHpAIIaTa IIPOrpaMa peaan3upa
momanna Gyaxmus f ¢ gomeita ¢ morHOoCT ™ 1 KomomeitH ¢ momtHocT M 3am < n—1. Tyk q e
OposT Ha CUMBOJIN BLB (ailjioBeTe; ( € JABe, aKo pasriexkjaame aitjoBere Kato OyaeBU BEKTOPH,
HO aKo pasrieskaMe dailioBerTe KaTo [OCIeI0BATEIHOCTH 0T Oalitose, q e 28 = 256. Kommpecu-
palmTe IporpaMu TpsaOBa J1a peaau3upaT WHEKIINN, aKO CTaBa JIyMa 3a KoMIpecus Oe3 3aryba Ha
uuadopmarnus. He e 3ab/kuTesiHo a ca OMEKIn, TOECT MOKE /13, He Ca CIOPEKIIUU, TOeCT MOXKE /13
UMa CTPUHTOBE, KOUTO HE ¢a 00pa3u Ha HUKOU CTPUHIOBE, HO HHEKTHBHOCT € 33/IhJIKATETHA. AKO
KOMITpecupaliaTa nporpaMa peaan3npa He-UHeKIUsl, Bb3CTAHOBSIBAHETO HA OPUTHHAJHUS (daili B
HAKOM CJIYUYaH IIe € HEBbH3MOXKHO.

CreneHHHEAT MTOKa3aTe B U3pa3a 3a MOIIHOCTTA Ha KOJAOMeiHa e IMo-MaabK OT N 3apaJid TBbP-
Jienuero Ha npodecopa, de nporpamMara My cBuBa Beeku (hailsi — B YACTHOCT, Tsl HPABU OT BCEKH
daitn ¢ rosemuna N apyr daiia ¢ rojemuna < M. ToraBa KoJOMeHHBT MMa MOIIHOCT, ITO-MaJIKa,
OT Ta3uW Ha JOMeHA.

Coriacuo npunnuia Ha Jlupuxje, He CbIIECTBYBa TOTAJIHA MHEKTUBHA (DYHKIMSA, YUHTO JO-
MeHH HMa IIO-TOJIIMa MOITHOCT OT KOIOMeEHHA. ]

3 Ilpunoxennsa Ha OMHOMHUA KoeUIIMEeHT

3amaua 8. Kosko ca Oy/eBUTe BEKTOPU € T €JUHUNIA U T HYJIH?!

Pemrenne: /la pasriegame Te3H BEKTOPH KATO XaPAKTEPUCTHYIHU BEKTOPH BBHPXY MHOMKECTBO
¢ n 4+ m enementa. CbIiecTByBa OYEBHIHA OMEKIMS MEYKIY T€3M BEKTOPH, OT eJHa CTpaHa,
HOJMHOZKECTBATA € MOUIHOCT T, 0T aApyra. V3BecTHo e, de GposaT Ha Tesu noamuoxectsa e (1M,
Koero e ¢bmoTo Karo ("1M). Chruacno npunnuna Ha GnekuusaTa, orrosopsr e (MM, O

3amada 9. B kojko OyjieBn BeKTOPW C N €AMHUIIA W M HYJIU, CJIeJ BCAKa eIWHUIA CJIeIBa TMOHe
eaHa Hysa?

Permrenue: Ymo6HO e Jla TpeTupaMe BCEKH TOIBEKTOD € IMHUIIA-HYJIa KATO eTHO HeIeJnMO OJT0KTe
. [Ipumepno, ako Bekropst € 10001010010, 1a cu ro npejcraBuM He KATO MOC/IE€I0BATETHOCT OT

7



eJMHA/IeCeT eJIeMEeHTa, a KaTo [IOCJIe/I0BATETHOCT OT CeleM eJIeMeHTa: YeTupu OJI0Ka eTmHIIA-HY1a
7 OIIe TPHA HYJAA MEXKJIY TAX:

[10]00[10][10]0]10]

Basauara ce cBexXK/a /10 3aa9aTa, KOJIKO BEKTOPH OT TL eJIeMeHTa OT eIuH B, (6I0K9YeTa e IuHHIIA-
HyJa) ¥ M — M ejgeMeHTa oT apyr Buj, (“cBobomuu” Hysm) uMa. C 1es Ho-siCHO TIpeJcTaBsiHe Ha
PEIIEeHneTo, HeKa CMEHIUM CHUMBOJIMTE U KaXKeM, 4€ HOBaTa 3a/a4a €: KOJKO BEKTOPU OT P eJIeMEHTa,
OT eIVH BHJ, U ( eJeMeHTa OT ApyT B uMa. Ho Hue 3HaeM OTTOBOpa — ChIVIACHO 3ajaada 8, TOil e
(p;q). 3amecTBaMe P ¢ LU ¢ M — N 7 IIOIydaBaMe (“HT':_”) = (m) Babesexkere, 4e OTTOBOPBLT

e TpaBUJIeH JOPU KOTATO T > M: Toraa OWHOMHUSIT KOeDUIHEHT (:) € HyJIa, KOETO € TOYHUAT
OTTOBOP. O

3amaua 10. Koako OyaeBr BEKTOPH C N eIUHUIA U M HYJIH UMa HIMAT ChCEIHU €IMHUIN’

Pemmenne: 3agauara npmwimaa zHa 3agada 9, HO He e chimara. B Ta3m 3a7a41a orroBOpbT “Gpon’”
1 BEKTOpH, 3aBbpIuBaiiu Ha enuauna, upumepao 10101, kouTto He 6buBaT “Opoenn”’ or 3amada 9.
Heka S e MHOXKECTBOTO OT BEKTOPHUTE, 3a KOHUTO CTaBa JyMa B Ta3W 3ajada. S ce pas3buba Ha
S’ u S”, kpuero S’ ca BeKTOpHTE, 3aBbPUIBAINM Ha HyJaa, a S” ca BeKTOpUTE, 3aBLPIIBAIIA HA
eqnnnna. ChryiacHo npunnmia Ha pasdousanero, |S| = |S’| 4+ [S”|. Ho ume 3uaem kosiko e [S],
3aI10TO BEKTOpUTe 0T S’ ca TOYHO Te3u, 33 KOUTO cTaBa jayMa B 3ajgada 9: |S'| = (TTT)

Ja pasrinegame S”. Beekn BexkTop or S’ 3apbpliBa Ha €JUHAIA, KATO BAIBO OT Hed NMa 3a,bJI-
JKUTeHO Hys1a (MHAYe OM UMAJIO JiBe CbCeTHH euHuIH). ToraBa chiecTBYBa OUeBHIHA OUEKITHSI

MexKay BekTopure oT S” u GyneBuTe BeKTOpH M — | eQWHWIN U T HYJH, B KOUTO CJeJ BCAKA

eJIMHAIA, CJe[Ba IoHe eaHa Hyaa. CbracHo 3agada 9, MOCJIEIHUTE Ca (n“j1). Ot npuHnuma Ha
Onekuara caensa, de |S”| = (n“j]).
OtroBopsbr e |S| = (1:) + (n"j]), KOETO CBIVIACHO JI00pe U3BECTHO CBOMCTBO HA OMHOMHHUTE

KOe(DUIHEHTH € (m:f]) . O

3amadga 11. n Ha 6poii Xopa croaT B peauna. Ilo Kogko HaunHa MOxKeM ja u3dbepeM k oT THX,
k < mn, Taka 4Je ma He u3depeM HUTO IBaMa IYIIH, KOUTO Ca eIWH JI0 APYT B peauiara’

Pemenne: Bcekun n36op Ha Kk woBeka oT 0010 N, KOUTO Ca MOJPEIEHN JUHEHHO ¢ (PUKCHpPaAHA,
no/ipeida, OTroBaps OMEKTHBHO Ha XapaKTePUCTUYEeH BeKTOp ¢ N — k exununu u k wyau. [lo-
I'bJAHATETHOTO YCJIOBHE JIa He ObJAAT MOJADPAHH ChCeIH ce “IpeBexK ia’ TaKa: XapaKTepUCTUUHHAT
BEKTOD JIa HaAMa cbeeauu equnaunn. Coriaacno 3aga4da 10, oTToOBOPBT e (E‘:D Babestezkere, 4e TO3H
OTrOBOp ocTtaBa BepeH Jjiopu koraro kK > m. ToraBa OuHoMHusAT KoedpuIlueHT MMa JIOJIEH HHJIEKC
HyJIa, TOPEH UHJIEKC MO-TOJIAM OT HYJ&, U CAMHUAT TOH € HyJ/I1a, KOeTO TOYHO ChbOTBETCTBA Ha (hakTa,

e TaknBa u3bopu npu K > N ca HEBH3MOKHH. ]

3amaua 12. Kojko 6yjieBu BEeKTOPH ¢ IbJ2KHHA N He ¢habp:KaT HUTO 11, HuTo 00 KaTo moaBek-
topu?

Otroeop: Ako n =0 uma TOYHO eIWH TaK'bB BEKTOP: MPA3HUST. B MpOTHBEH Caydail ca TOTHO
JIBA:

10101010...0 u 01010101 ...1 1pm gerHo n
101010710...1 w 01010101...0 1pwm HEYETHO M

3amaua 13. Koiko Oy/ieBu BEKTOpHU € JIbJZKKHA N HE ¢bAbpzKaT 11 Karo noasekrop?



Pemmenune: OueBnpino e, 4e aKO €IUHUIUTE BbB BEKTOPHU €a “IPEKAJIEHO MHOTO”, TO MOIABEKTOPH
11 ca wemsbexxkuun. Makcumayiauar 6poil e TMHUIN, TP KOWTO MOZKe /1a HaMa noaBekTop 11, e Pﬂ,
MPUMEDHO:

10101010:  oraro n = 8, Haii-mHOrO 4 = ( -‘ eJINHUIN

8
2
101010101 :  xoraro n = 9, Haii-mHOrO 5 = (%W eINHUIA

Heka p e 6posdTt Ha egunumnuTe, a g e 6poar Ha myaure. OT ycaoBueTro umame p + d = n. Toky-mo
ycranopuxme, e p € {0,1,..., Pﬂ }. 3a BCeKM KOHKPETHH P U (, OpOAT HA ThHPCEHUTE BEKTOPHU €

(qg]) cbriacHo 3asada 10, Toect (“_EH). ChriiacHO IPUHIUIA Ha PAa30MBAHETO, OTTOBOPDLT €:

()

p=0
O
Onpenenenue 1. Kpbros BeKTOp uie napuuame 6eKmop, Ha KOUMO NsPeama u NOCACOHAMA
no3uyua (cowo) ce cuumam 3a cscednu. AKo Kps2osuAm 6eKMOp € A1, 02, ..., Ay, 8 He20 cocedc-
meama ca ay ¢ Az, Az € A3, ..., On_1 C Qn, Qn ¢ Q1. Kpseosume sexmopu He ca eKeUBGAEHMHU
cnpamo pomauus, mast kamo umam nomepupary nozuyuu; 0001 uw 0010 ca pasauuru kpseosu
B8EKMOPU. U

3amaua 14. Konko Kpbrosu 0y/1eBH BEKTOPH € L €JIMHUIU U T HYJIU HAMAT CbCEJTHU €TUHUIN !

Permrenne: Jla pasriegame MHOXKECTBOTO S oT jsuHeiiHnTe (TO€CT, “OGMKHOBEHHTE”) BEKTODH C
N eIuHUDM U M Hyau 6e3 cbheegun eqununu. Ot 3agada 10 3naem, ue S| = (mf). Hexa S e
HOJIMOYKECTBOTO Ha S OT Te3M BEKTOPH, KOUTO 3aIl04YBAT U 3aBbpIIBAT ¢ eIuHUIA. ["bpceHudaT B
Tasu 3a1a9a OTroBop € |S| — |S|, Thil KATO KpbroBuTe BEKTOPU 63 CHCETHW EJIMHUIE A TOTHO
Te3U JINHEHHN BEKTOPH 0€3 ChCEIHN ¢IUHUIM, KOUTO OCBeH TOBA HAMAT €IMHUIMU B Hali-IgBaTa u
Hal-AsicHATA TTO3UITUN.

TTa pasrename S. Jla nedunupame, ue p = n + m. Ouesnano, p > 3. Ako p = 3, 10 S ce
¢beTon camMo oT exmH BekTop: 101. Ako p > 4, To BCeKH BEKTOp OT S e oT Buia:

IbJKUHA p—4

JbJ2KUHA P

[TocoueHUAT TOABEKTOP ¢ AbKHHA P — 4 mMa N — 2 eauHAnmM, M — 2 HYJId U eJIAHCTBEHOTO
OoTpaHHYeHHe e, ue HAMa cbeeann eanuaniu. CaeaoBaTe/HO, ako P > 4, To uMa OYeBUIHA OMEKITHsT
MeKIYy S M MHOXKECTBOTO Ha JIMHEHHHWTEe BEKTOPU ¢ N — 2 eQWHHUIM, M — 2 HyJu u 0e3 CbCeIHH

enqununu. Coriacno 3amada 10, mocaeanure uMaTt Opoit (m;ff) = ('::21) To3u pesyarar e B cuia

jnopu Korato p = 3: rorapan =2, m=1n (T:z]) = (8) =1



1 raka, oTroBOpbT Ha 3aja4ara €

a- () ()

B (m+1)! (m—1)!
T (m—n+Ninl (m—-1-mn-2)n-2)!
B (m+1)! (Mm—1)Inn-1)
T (m—-m+Dinl  (m—-m+1)nl
—1)!
= (m(—mn—i—1);!n! (mMm+1T)m—mn-—1))
(m—1)!

2 2
T Ty (M*+m—n*+n)

B (m—T1)!
 (m—m+1)In!
(m—1)!(m+mn)

(m—n)(m+n)+ (m+mn))

- (m—m+1)In! (m—mn+1)
_(m—=1l(m+n)
(m—n)In!
m+n m!
= X
m (m—n)In!

_m—l—nm
 m \n

amaga 15. Punapure Ha Kpbriarta Mmaca ca 12. Te BuHArm csgagaT oKoJI0 MacaTa IO e€IUH U
cbimu HauwH. OCBEH TOBA, MEXKJLy PUUAPUTE MMa BPAaK/M: BCEKH PHUIADP € BbB BParxKJIa C TOYHO
Te3HW JBaMa PHUIAPH, KOUTO Ca HErOBH C'bCeaM OKOJI0 Macara. 1o KOIKo HaumHa MOXKe 13 Obaar
noaopanu 5 purapst ot 12-te 3a Mucus, ako nckaMe B m30paHaTa rpyra jga HIMa BPAKIU?!

g

Pemmenune: Bcegako uzbupane Ha 5 or 12 punapst Mozke Jja ce mpejcTaBd upe3 XapaKTePUCTHIeH
BEKTOP OT 5 eqununu u /7 Hyau. BekTopbT obade He e JIMHeeH, a KPbroB, U He TPAOBa Jia ChIbp-
ZKa CbCEJIHHM €JTMHUIU — TOBA CJeJBa OT “KPpbrOBOTO BpazkyBaHe Ha PHUIAPHUTE OKOJO Macara U
U3UCKBAHETO Ja He ObIaT m30paHu BPaKIyBallll PUIADH.

Bajagara e chIara KaTo 3aJ1a9ara, KOJKO KPbroBU BEKTOPA ¢ 5 eIWHUIM U 7/ HYJIH HE ChIbp-

Kar cbeepan eauannu. CoriacHo 3amada 14, OTTOBOPBT € 7—?(;) = 36. O

4 IlpuHiuO Ha BKJIIOYBAHETO U M3KJIOYBAHETO

3amaua 16. B rpyma or cTyameHTH BceKu BajIee MOHE €INH €3UK 0T aHJIUHCKT, (PPEHCKH 1 HEMCKH.
Heka Ag e MOAMHOXKECTBOTO HA CTY/IEHTHTE, BJIa el aHTJIMACKH, Af € TI0JIMHOXKECTBOTO Ha CTY-
JIEHTHUTE, Baajeern ppeHckn , a Ag e MOJIMHOKECTBOTO Ha CTYJIEHTUTE, BJjajeelin HemMckn. Heka
AEF € IIOJIMHOZKECTBOTO HA CTYJACHTHTE, BJIaJIeeu aHIIHICKU U (PPeHCKU, Agg € MOAMHOKECTBOTO
Ha CTYJIeHTHTE, BJIaJleelll aHTIUACKN U HEMCKH, a Afg € TOJMHOMKECTBOTO Ha CTY/IEHTHUTE, BJa-
neemu ppeHcKu U HeMcKU. Heka Agpg € MOAMHOXKECTBOTO Ha CTYIAEHTHTE, BJIAICCIN aHINACKH,

10



dpencku u memcku. Hajeno e, ge

|Agl =19
|Af| =25
|Agl =21
|Agrl =13
Aecl =7
|Arcl =9
|Aercl =3

OT KOJIKO CTyJIeHTa Ce ChCTOU I'pynara’

Pemtenmne: Heka A e MHOKECTBOTO OT BCHYKHU CTYAeHTH B Ta3u rpyma. 1vit karo A = AgUAFUAG,
A

_A —_ R
MOZKe J1a cMaTaMe, e A e yausepecyMbT 1 A NAF NAg = 0. OT npunHnuna Ha BKIOYBAHE 0

N3KJJI0YBaHe 3HaeM, 4de

— A —A —A
Ae NAr NAg | =|Al = (Al + [AH + |Agl) + (IAerl + |Agc| + [Argl) — [AErg]
ToecT

0=I|A|—(194+25+21)+ (13+7+9) —3

OTK'bJETO
Al =39
O
Samaua 17. Ilpu yciaoBusra Ha 3axada 16,
® KOJIKO CTYJIEHTa 3HASAT TOYHO JBa e3uKa’
® KOJIKO CTYIEHTa 3HASIT AHTJINHCKU, HO He 3HAST HUTO (DPEHCKU, HUTO HEMCKU?
Perrenne: OTropopbT Ha IHPBHUSI BHIPOC €
|Aerl + [Aecl + |Arg] — 3|Agrg =134+ 7+9—-3 x3 =20
OTroBopbT Ha BTOpPUS BBHIPOC €
|Ael — (|Agsl + [Aegl) + Al =19 = (13+7) +3 =2
O

Bamaua 18. Jlagena e rpyna ot 100 crymenta. 3BectHo e, e 37 cTyaeHTa y4ar anrauiicku, 35
CTy/eHTa y4aT hpeHcKu, 33 CTyJeHTa ydaT HeMCKU, 38 CTy/JeHTa ydaT UCHAHCKHU, 16 cTyaeHTa
ydar aHraniicku u ppeHcku, § ydar aHIVIMICKH M HEMCKHU, 18 ydar aHriuiicku u ucmaHcku, 13
y4ar OpeHCcKH W HeMCKH, 9 ydar (ppeHCKH W MCIAHCKH, 13 y4aT HEMCKH W HCIIAHCKHU, D CTYIeHTA
y9aT aHTJINICKY, (PDPEHCKN U HEMCKH, 6 CTY/IeHTa yIaT aHTJINHCKN, HEMCKH U UCIIAHCKHU, 5 CTy/IeHTa
y4aT ppeHcKr, HeMCKU W UCIIAHCKH, a 3 CTYJAeHTa yIaT aHIVIMICKH, HEMCKH, (DPEHCKH U UCIAHCKH.
Kosiko crymenTa ydyar anrmimiicku, (hppeHCKH U HCMAHCKH, ako 14 ¢TyleHTa He W3y4aBaT HUKAKBU
esunu?

11



Pemenne: Heka rbpcenusit 6poit e x. [lo npunnuia Ha BKJIIOYBAHETO U U3KJIIOYBAHETO MMaMe:

14 =100
— (374 35+ 33+ 38)
+(16+8+18+134+9+13)
—(54+46+5+x)
+3

TOECT
14=21—x & x=7
O

Bagauga 19. Kosko ca torasaute ¢pyukmnun f : X — Y, kbgero X u Y ca kpaifHu MHOXKECTBa u
X=muY=n?

Pemmenne: CbriiacHo mpuHIUIIA HA YMHOKEHHETO, OTTOBOPHT € n'™. U

3amaua 20. Kouxko ca vactuunute dyukmun f : X — Y, kbaero X u Y ca KpaiiHu MHOXKeCTBA H
X=muY=n?

Pemtenne: Heka muoxkecTBOTO OT Te3u byuknuu e F. Heka z e ereMenT, KOWTO He ce CbIbPKa
B Y. Heka Z = Y U {z}. Heka Fz e muoxkecrBoro or rorajanure yukuuu f : X — Z. TpuBnasino
e J1a ce TMOoKake, 9e ChINecTByBa Onekius mexnay J u Fz — 3a Beska dyukius ot f € F,| kosaTo e
TOTAJTHA, CHIECTBYBAa TOYHO eaHa PYHKIUSA OT g € F7, TakaBa de:

Va € X,g(a) =f(a)

a 3a Besgka Qyakmua f € F, KOsITO € He e TOoTajHa, ChIeCcTByBa TOYHO enHa (yHKIusS g € Fy,
Takapa de:

f(a axko f(a) e pedpunupano
Va € X, gla) = (a), (a) e zed 1p
z, B IIPOTUBEH CJIydail
Cwriacho npeanara 3agada, |[Fz| = (n+ 1)™. CoriacHo npuHnmna Ha OHEKIUATa, OTTOBOPHLT €
|Fzl = (m+1)™ O

B ciaenpamure 3amaun, noa “dynknug’ pasdupame ‘roranana pyHKInd’.

3amaua 21. Koako ca ciopexktupaure pyukimn f: X — Y, kbaero X n Y ca KpaitHu MHOKeCTBA
uX=muY=n?

Pemtenne: /Ta pbBemem caegnute o3nadenusi. Heka N e 6pogr va Bcwukn dyuaknun. Ot 3aga-
qa 19 3naem, ve N = n™. Ako oT To3u Opoif n3Ba MM OpOsT HA HE-CIOPEKTUBHUTE (DYHKINH, II1e
noJIyYuM Oposd Ha ciopekiuuTe. ToBa 1e HAIIPABUM [TOETAITHO, CHIVIACHO MPUHITUIIA HA BKIIOYBAHE
1 U3KJII0YBaHe. 3a BceKU eeMeHT a € Y, Heka Ny e 6podT Ha GyHKIHHTE, KOUTO “He MOKpUBAT’
a, ToecT Te3u, IpU KOUTO A He e oOpa3 Ha HUTO ejuH ejemeHT oT X. ToBa He 3HAYM, Y€ BCHUUYKHU
OCTaHA/IM eleMeHTH OT Y Ca MOKPUTH, & 9€ ChC CHTYPHOCT G He € MOKPUT — 3& OCTAHAJIUTE eJie-
MenTH oT Y He ce Ka3pa uuino. Ouesuano N, = (n — 1)™, 3amoro ToBa e 6poaT Ha (DYyHKIUUTE C
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sgomeitn X u kogomeiin Y \ {a}, 3a Bcako a € Y. Tbil kKaro a B3eMa N CTOMHOCTH, UMaMe CyMaTa
or Bcudku Ny e n.(n— 1)™ . Ho pasziaukara

nm

—nn-1m (14)
HEe € MpaBHIHUAT 0TroBop (ocBen ako M He e 1), bt Ny, u N, 3a pazauann a1 € Y, a; € Y He
OpoaT (pyHKIMH, KOUTO Ca HCIPEMEHHO PA3INYHU — BCAKA (DYHKIMS, KOATO HE IOKPUBA HATO (71,
HHUTO dp, Ie Objae npebpoena KaTo eInHHUNA BelHbXK OT Ng, U BeaubxK oT Ng,. Vnade kazano,
(14) e mo-MaJKo OT BepHUsI OTTOBOP — U3BAJIMIIN CMe MPEKAJEHO MHOTO.

Heka Ngp e 6poar Ha yHKIHNTE, KOUTO He MOKPUBAT NMpon3BOIHA a,b € Y, a # b. Kakro
U IIpeau, MOXKE Ja MMa M JPYTCH HEIOKPHUTH €IeMEHTH OT Y; C¢hC CUIYPHOCT IIOHE 4 U b He ca
nokputu. Ngp = (N — 2)™, mbit karo ToBa e b6poar na dyukiunre or X B Y \ {a, b}. Cymara or
BCHYIKN TakuBa Ngp, 110 BCUUIKN JBYyeJeMEHTHH TOAMHOXKecTBa {a, b} C Y, e (121) (n—2)™ Ho

nMn(n—1)"4 (Tz‘) (n=2)™ = (—1)° (g) (—0)™4(—1)" (T) (M—T1)™ 4 (=1 )Z(Tz‘> (n—2)™ (15)

BCe OIIe He € BEPHUAT OTTOBOD (OCBEH ako M He e 2), Makap e e mo-6au30 ot (14). (15) e moseue
OT BepHHS OTTOBOP, Thil Kato ¢ +(}) (N—2)™ cMe 106aBUIN TOBEYe, OTKOIKOTO TpabBa, KbM (14).

Ananornuno, Ngpc € 6podar Ha (GyHKIUHTe, KOUTO He IOKPUBAT IPOU3BOJHE a,b,c € Y,
a#b#c#a Ngpe=(n—3)"ucymara or Bcudxk TakuBa Ngp ¢, 10 BCHUKH TPHEJIeMEHTHH

noaMuoxkecTsa {a,b,c} C Y, e (2) (n —3)™ Ako M e J0CTATHLYHO OJISIMO, TO

105 )= om0 () im0 125 ) on - 2m e 12 -3 1)

BCe OIll¢ HE € BePHUIT OTTOBOP, MaKap 4e e OIlle Mo-0Ju30.
CbriiacHO IPUHIUIA HA BKJIIOYBAHETO M M3KJIIOYBAHETO, BEPHUAT OTTOBOD €

(—1)°<g) (M—0)™+ (—1) <T1‘) (n—T1)™+ (—1)2<T2‘) (M—2)"+ .. .+ (17)
(—1)“—‘( n )(n—(n—mm+(—n“(“)(n—n)m
n—1 n

[Tocnennoro cvbupaemMo e HyJa, KOETO ChbOTBETCTBa Ha (hakTa, 4e uMa HyJa MYHKIUH, KOUTO He
MOKPUBAT HUTO €JINH ejieMeHT. HakpakTo, BEpHUAT OTTOBOP €

> ()t
k=0

g

Samaua 22. Koiko crpunra ¢ b/pKHHA T MMa HaJ, JaTHuHCKara ad3yka {a,b,...,z}, rakusa ue
BCEKH CHMBOJI C€ CPEeITa MOHe BeIHbIK

Ynsmeane: Pasriaenaiite crpunropere 6e3 orpaHudeHusl KaTo (PYHKIUH OT MHOXKECTBOTO Ha
MO3UIUKUTE K'bM MHOKECTBOTO OT cuMBosiuTe (a He o6paTHoTo!). OrpaHuYeHneTo 3a BUja Ha CTPHH-
roBeTe Hajlara OrPpaHUYeHHEe BbPXY BHIA HA (PYHKIINHATE — KaKBU TPAOBaA ja ca Te’

Bagaua 23. Kouko mepmyTtanuu Ha guciaara or {1,2,...,n} uMa, B KOATO HATO €IUH €JeMEHT
He cH e Ha MscToTo? Yueaoro i1 cu e Ha MsICTOTO, aKO ce HaMHpPa Ha 1-Ta IMO3WIUs, IPUMEPHO B
nepmytanusara 2 135 6 4, aucjioro 3 cu e Ha MICTOTO U HUKOE JIPYyI0 YUCJIO HE CH € HA MSCTOTO.
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Pemtenne: bposr na nepmyramunre 6e3 orpanndenus e nl. Ille usBagum or n! Oposdr na nep-
MYyTallUUTE, B KOUTO HAKaKBU €JIEeMEHTH Ca CH Ha MACTOTO. TOBa e npaBuM IMMOETaIlHO, C'bIJIaCHO
NpUHIONUIIa Ha BKJAIOYBaHE U U3KJIIOYBaHE.

[lepmyTaruure, B KOUTO JaeH €IeMEHT € Ha MACTOTO CH W HsMa JIDYTH ONPAHHYEHHS, Ca
(n — 1)! Ha 6poii. 3a Bceku Apyr PpUKCHpPAH eJeMeHT, aHAJOrHYHO, uMa (N — 1)! mepmyTanuu, B
KOUTO TOM CHU € Ha MLACTOTO U HIMA APYyru OrpaHuveHusd. T’bﬁ KaTO MMa T eJleMEHTa, OT KOUTO
na (pUKCHpaMe eIeMEHT Ha MO3UIMA, W 33 BCeKH ejeMeHT mMmame (N — 1)! mepmyranuun, cymara
or nocyaeauaute e n.(n — 1), EcrecrBeno, n(n — 1) = n! ve e mpaBuHuAT 0TTOBOD 3a Opost HA
[epMyTAIlMATe, B KOUTO MOHE €JINH eJIEMEHT CH € Ha MSCTOTO, Thil KaTo OpPOM HSKOU MePMYTAIlUH
nosede oT equH wbT. C Apyru AyMH, pa3anKara

n—nmn-—1)!

e MO-MaJKa OT BepHUs OTrOBOP (OCBeH ako N He e 1: HawcTwHa, ipu N = 1 orroBopbT e 0).
CbryiacHO HPUHIKIIA HA BKJAIOYBAHE M U3K/IIOYBaHE ;100aBsiMe OpOsi HA HEPMYTAlUUTE, B KOUTO
JIBa eJIeMEHTa Ca CH Ha MecTara W HsMa JIPYrH orpaHuveHns. Te3m aBa eJeMeHTa MOXKEM 1

n3depem 1o (TZL) HaunHa, 3a Bceku n36op umame (n — 2)! nepmyranun. Ho cymara

n-—-nmn-1)"+ (TZL)(TL—Z)!

e MO-roJIsiMa OT BEPHUS OTIOBOP (OCBEH ako M He e 2), Taka Ye MpObJzKaBaMe aHAJOTHIHO, TI0
NPUHIUIE Ha BKJIIOYBAHETO W W3KJIIOYBAHETO:

2

(_1)°<g> (n—0)!l+ (—1)]<T>(n—1)!+(—1)2<2> (n—2)+...
.+(—1)“’< " )(n—(n—m!+(—n“(“)(n—n)!:

n—1

> =1 )t

n—-—nmn-1)+ <n>(n—2)!+...—|—(—1)“1n(n—(n—1))!+(—1)n(n—n)! =

k=0
ToBa e BepHUAT OTTOBOD. Il
Bamaua 24. Kosako nepmyraruu Ha uciaara ot {1,2,..., N} uMa, B KOWTO TOTHO M €JIEMEHTa Ca

CH € Ha MSCTOTO 3a Hskoe M, Takopa 4e 0 < m < n, ako
e Te3u M ejieMeHTa ca (PUKCUpaHu,
® Te3W M eIeMeHTa He ¢a (PUKCHPAHH.
Bamaga 25. Mzmexay 100 crygenTa:
e 72 nocemanar npakTukym mo C,
e 60 mocemanar nNpakTUKyM 1o Java.

Jlokazkere, 4e moHe 32 OT Te3W CTYIEHTH MOCENABAT U JIBAaTa TPAKTHKYMA.
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Pemrenne: Heka A u B ca muoxkecrsara OT CTYJIEHTUTE, IOCEIIABAIINA ChOTBETHO ITPAKTUKYMHTE
no C un Java. Heka U = A UB. Tlpwraraiiku npuanuna Ha BKJIIOYBAHE U U3KJIIOIBAHE CIIPSIMO TO3H
VHUBEPCYM, U3BEXKTaMe
0 = Ul - ([A[+[B]) +]ANB
9 Ul — (JA] +[B]) + |A N Bl

HAMA €JIEMEHTH B JOII'bJIHEHHETO

Orryk
IANB| = |A| + [B] —[U|=132—|U|
—~

72 60

Twii karo [U| < 100, To |A N B| > 32.

Bazadga 26. Ilo KoIKO HAIMHA MOXKe J[a Ce OIBETAT KBaApaTdeTaTa Ha MPABOBIbIHA MPEZKa M X T
(m pena u n kosonn) B k npsta

a) 6e3 orpaHUIeHUSI;

6) ¢ eJIMHCTBEHOTO OrpAHHYEHHE, Ye BbB BCEKH PeJl HAMA C'bCEeJHU KBAJPATUETA ¢ €HAKbB
BT,

B) C €JIMHCTBEHOTO OTDAHUYEHWE, Y€ BbB BCEKU DPeJl € H3MOJ3BaH BCEKH OT [[BETOBETE.
Permrenne:

a) k™", moHexke BCAKO onBeTsiBaHe e QYHKINS OT MHOZKECTBOTO Ha KBa[paTdeTara B MHOKECT-
BOTO OT 1BeTOBeTe. MIma 0610 mn kBajaparderan k npgara. [Ipumarame popmynara 3a 6pos
Ha dyukuure 6e3 orpannyenus (3an. 8).

6) OrmpersBaneTo Ha MPOU3BOJIEH DEJl € He3aBHCHMO OT OIBETSIBAHUSATA HA JPYIHTE DENOBE.
CaenoBatesino, ako N e OpodT Ha HaYMHUTE Jia O'bJie OIBETEH IPOU3BOJIEH pPeJi, OTTOBOPBT
N™ 10 NpUHIOMIIA HA YMHOXKEHHETO.

Jla pasriegaMe ONBETSIBAHETO HA PEI 1, KbIETO 1 € IPOU3BOJIHO YNCI0, TaKoBa Ye 1 < 1 < m.
Jla pasriesaMe Koe Ja e KBajaparde B pell i, upuMmepHo kpajparde (i,1). 3a nero umame k
Bb3MOKHOCTH 33 OIBETsSIBaHE 3apa/i HAJMINETO HA K Bb3MOKHHU IBATA. 33 ChCEIHOTO MY
kBajparde (i,2) umame k — 1 BB3MOXKHOCTH MODPaJI OTPAHHYEHHETO Ja He Ce U3IOJI3BAT
eIHAKBH IIBETOBE Ha ChCEIHHU KBaJIpaTdera. AHAIOIMYHO, 3a KBaapaTrdera (i,3), (1,4), ...,

(i,n) umame k— 1 Bb3mozknocru. Karo 10, 3a pes i Bb3MOKHUTE PA3IUIHU OLBETIBAHKS
ca k(k — 1), Caenosarenno, N = k(k — 1)™' u orrosopsr e k™(k — 1)™Mn=1),

B) OHBGTHBaHeTO Ha IIpou3BOJieH pel € HE3aBUCUMO OT OUBETABaHHATA Ha APYrurTe peaoBe.
CuenoBarenno, ako N(k,n) e 6poar Ha HaunHuTe 1a Obie OLBETEH IPOU3BOJIEH Pejl, OTIO-
BopbT (N(k,n))™ mo npunmuna va ymuoskerunero. N(k, 1) Moxke ja ce Oaydn BeIHATA OT
dopmynaTa 3a Opost Ha CIOPEKIIMHUTE, HO TYK Ie IO U3BEIeM OT OCHOBHHUTE IMPWHIIHIIN.

Jla pasriegame OUBETSIBAHETO HA PeJ 1, KbJAETO 1 € HPOU3BOIHO IUCI0, TakoBa e 1 < 1 <
m. Heka U e mMHOXKeCTBOTO Ha BCHYKH Bb3MOKHH OIBeTABaHUSA Ha pej 1 ¢ K npsara 0e3
orpanmuenus. |U| = k™ Heka S; e MHOKeCTBOTO OT Bb3MOXKHHTE OIBETSABAHUATA HA PeJ i, B
KOUTO IBAT j He ce U3NOJI3Ba, 3a BCMUKH j, Takupa e 1 < j < ki. Hexa S;, ;, € MHOKeCTBOTO
OT Bb3MOXKHHUTE OIBETIBAHUSITA HA PeJl 1, B KOUTO IIBETOBE j1 U j, HE ce H3MOJI3BAT, 38 BCHUKH
j1 1 jo, TakuBa e 1 < j; < jr < k. Jla HampaBuMm ciaegHaTa gepuHHIMS, KOATO Ce sIBIBA
06001IIeHNEe HA TIPEJIHUTE JIBE 32 IIPOU3BOJIEH OPOil 1BETOBE.

fMoske 1a MMa M IPYrH I[BETOBE, KOMTO He ce M3IO0/3Bar. LIBAT j He ce M3IOI3BA CBC CuzypHOCmM.
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Omnpenenenne

., jt e ce uznossar’, e S;

1. 3a BCHYKH LU MOJOXKHUTEJHH j1, j2, ..., Jt, TakuBa e 1 < j1 < jo <
... < Jjt < k, MHOKECTBOTO OT Bb3MOXKHUTE OIBETSIBAHUSA Ha PeJl 1, B KOUTO IBETOBE j1, j2,

15525000t

ITo HIPpUHIHIIQ Ha BKJIIOYBAHETO U U3KJIIOYBAHETO,

N(k,n) =

u
- 2 I3l
1< <k
IIOHE €JUH IBAT HE CE€ HU3IIOJI3Ba
+ Z |Si1 A Siz|
1<51 <G2<k
A

NV
IIOHE [Ba LBATa HE C€ HU3II0J3BaT

- Z |Si1 ﬂsz ﬂs)'3|

1<51 <G2<95<k
NS

J/

Vv
IIOHEe TPH IBATA HE Ce U3IOJI3BAT

+ (=1t > S5, NS5, N...NS;,|

1<51 <2 <...<e <k

moHe t BATA HE Ce M3I0JI3BAT

k—1
+(—1) z ’Sj1 ﬂszﬂ...ﬂSjkq\
1< <Gz <e<je—1<k
~
none k—1 nBsaTa He Ce H3IO/A3BAT, TOECT H3IOJI3BA CE CaMO | IBAT
k
+(=1) sz1 ﬂszﬂ...ﬂSjkl

k 1BATA He Ce M3IOJI3BAT, TOECT HAMA OIBeTsBaHe m300110; ToBa TpsibBa aa e 0.

TebpanM, de 3a Begko t, TakoBa ue 1 <t <Kk,

S5, NS5, N..

NS = (f)(k—t)“

g

(18)

Tosa e Taka, 3am0TO 32 j1a ONpPeaeJNM HAUYMHUTE Ja Ce OIBETH pej i, Taka de t mpsrTa aa
He ce I0JI3BaT, € JOCTAaTbIHO Ja HaMepuM Oposl Ha HAYMHHUTE Ja ce Iojgdepar t mBsTa OT
k—ro03u Gpoit e (IJ:)—I/I OpogT HAUMHHU Ja Ce OUBETH peja ¢ ocTaHaiuTe K — t mBgara—ro3u

opoii e (k —t)™

Torasa

N(k,n) =

Bamaga 27. [lo kogKo HaumHa MOraT Ja CeJHaT OKOJIO KPbIJIa Maca C
xopara OT . Ha Opoil YKeHeH! JTBOUKY (OYEBUIHO CTaBa jyMa 3a 21 JIyIin),

HATO €JHa ABOIKA Ia

Uspas (18) coienBa BeHAra MO TIPUHIANA HA YMHOKEHUETO.

- K - 13
e 3 () e 0= () ik

t=1 t=0
sl t k n . k k n
;O(—n (t)(k—t) , Tbit kato (—1) (k>(k—k) =0

HE CeIdAT Ha ChCEIHU CTOJIOBE?!

TMoske 12 UMa 1 Ipyru IBETOBe, KOUTO He ce u3nos3sar. Lserose j1, jo, ...
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Pemtenne: Heka apoiikure ca cq, Cp, ..., Ch. Heka S; o3Ha"YaBa, MHOXKECTBOTO OT BCHUKH Bb3-
MOYXKHH CSIJIaHUSA, B KOUTO CHIPY3UTE OT Ci CEJST HENO3BOJIEHO, TOECT €JWH 10 JPYT, KbIETO
i e {1,2,...,n}. Heka U e ynuBepcymbT B Ta3u 3ajada, a MMEHHO, MHOYKECTBOTO OT BCHYKH
BB3MOKHU CsIAHUS HA Te3d 2T JIyIIH OKOJIO Macara (6e3 orjiej Ha MPUHAJTEKHOCT KbM CbIl-
pyKeckKu ,ZLBOIL/'IKI/I). TbpceHuaT OTrOBOP € \8_1 N S_z N...N §LI. Ilo mpuHIUNA Ha BKJIIOYBAHETO U
U3KJI0YBAHETO,

SiNSaN...NS, = U

— > IS4

1<i<n
+ ) Isinsy
1<i<g<n

+(=DMS1NS>N...NS,

Jlecno ce Buxkja, ue [U| = (2n)!, Tbit Karo ToJKOBa ca HauMHHTE, 2N YOBEKa Ja CeaHarT Ha 2N
pasauauMu (HOMepupaHu) MecTa 6e3 HUKAKBE OTDaHUIeHUs.
[Ile mokazkeM, de BcIKa OT CyYMUTe

> S, NSy, N...N S|
1<y <iz<...<ir<n

KbJeTo t e HsIKoe 15110 dncyao, TakoBa de 1 <t < n, e paBHa Ha

(Tt‘) 2n.(2n—t—1)1.2t

Taszu cyma e paBHa Ha OpOd HAaUUHU t JBOWKM @ ca CeIHAJM HEIO3BOJIEHO, 10 BCHIKH Bb3MOXKHH
HAYMHE Ja ObaaT moadpanu t ABOWKM OT {C7,Cy,...,Cn}. VMaMe ciienHuTe YeTHPH HE3ABUCHMHU
CbOOpaYKEHNUsI.

n
o Ilo (t) HadYUHA MOXKeM Ja 1moadbepeM t IBoMKM oT 00IIO M.

e [lo 2n Haumna MoxkeM Ja u30epeM IBa CTOJIA 3a I'bpBaTa JIBOIKa OT Te3u t JABOHKH.

e 3a ocranasure t—1 apoiiku, no (2n—t—1)! Haunna MoXKeM Ja Pa3I0I0KUM XOPATa, OT TE3H
t — 1 aBoiiku, Taka 4e XopaTa OT BCsAKa OT TE3U JABOMKHU Ja Ca ChCeI, U OCTAHAIUTE XOPa
(Te3u, KOMTO He ca B HUTO eJIHA OT BbIPOCHUTE t JABOIKH) 1O ocTaBaiuTe (CJIe/ CsIaHeTo Ha,
bpBaTa JIBOHKa) croJose. [Ipuannara ToBa Ja € Taka e, de riaegame Ha Te3u t — 1 JABoiKH
KaTo Ha ,,0JI0KOBe“, TOeCT ejIHa TaKaBa JIBOWKA € eJuH 00eKT, & BCeKH YOBEK, KOWTO He e B
HSIKOSI JIBOiiKa, e camocTosaresen 00ekt. O0mo obekture ca Ha Opoit

2n—2
—
TOJIKOBA Ca XOpaTa 3a HACTaHABaHE CJIe]| CSJIaHeTO Ha I'bpBaTa JABOHKA
- 20t—1)
—
or TexHusi 6poit BaguMm 6pos Ha Xopara B t—1 aBOMKH
+ t—1 =2n—t—1

—~

TOJIKOBa Ca OOEKTHTE OT BU] , ABOHKA

CrenoBaTesHo, 3a/1a9aTa [0 KOJKO HAUYMHA MOraT Ja cegHar Te3n t— 1 IBOWKYM HEelmo3BOJIeHO
Ha ocTaBamuTe MecTa (CJiejl CIJaHeTO Ha II'bpBaTa JBOMKA) € ChiaTa KaTo 3ajadara, 1o
KOJIKO HQUMHA MOXKEM Ja pas3nosiokuM 2n —t — 1 obekTa B peauia.
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e 3a BCAKaA OT Jl0cera HalpaBeHuTe HOJAOOPKM Ha MecTa 3a CsjiaHe Ha t JBOHKH 110 BCHYKH
BBH3MOXKHI HEMO3BOJIEHN HAYWHM, 33 BCSIKA JIBOMKA MOYKEM Jia PA3MOJI0KUM XOpPaTa OT Hest
no 2 HaunHa Ha aBarta u3bpanu crosa. O6mo ToBa ca 2' BL3MOKHN HaunHA.

Crie KaTo yCTAaHOBHXME, e

Y 18y NSyN...nSyl= (Tt‘).zn.(zn—t—nz.zt

<y <iz<...<ir<n

OTTOBOPBT CJI€/1BA Jla €

SiNS2N..NSal = (2n)i+ Y (<1)4( ) 2n.2n—t—1)L2"
t=1

_ i(_nt. Tt‘ 2n.(2n—t—1)1.2t

—n i(—])t.c‘) (2n—t—1).2t

0

3amaua 28. llo kKoJIKO HadYmHA MOTAT Ja CEJIHAT OKOJIO KPbIJIa Maca ¢ HOMEPHPAHU CTOJIOBE
xopaTta OT N Ha Gpoii yKeHeHU JBOWKY (OYEBHIHO CTaBa JiyMa 3a 2N JIYIIH), TAKa e ChIPY3UTe
OT HUTO €JIHa JBOHKA Jia HE Ce/IdT HA ChCEJHU CTOJOBE U OCBEH TOBA OKOJIO MacaTa Ja ce pejlyBar
JKEeHI M M'byKe, TaKa 9e [1a HAMA HUTO JBaMa MbrKe eIdH JI0 JIPYT, HUTO JBe KEeHH eIHa 10 Apyra’

Pemtenne: Heka cronoere 0ko10 Macara ca Homepupann ¢ 1, 2, ..., 2n. Heka mbpBO cegHar
JaMUTE. ()“IGBI/LZLHO7 T€ MOraT Ada ceJHaT WJIU CaMO Ha YeTHUTE, UJIN CaMO Ha HEYETHUTE HOMEpPa.
Ha dernure HoMepa Te morar na ceanar mo n! maumaa. Ha medernure, cbmo n! maunaa. O6110
uMma 2n!’ maumna, mo KomTo MoraT Ia cemHAT maMuTe, KATO JOTYK He CMe HApPYIIMIH C HHUIIO
OrpaHUYCHMSTA HA Ta3W 3aJada, CJIeJOBATEJHO BCEKH OT Te3u 2n! HAUMHA € Bb3MOXKHO HAYAJI0
Ha TpoIeca Ha csaane. 3a BCeKH OT Te3u 2n! HaumHa, MbyKeTe MOTaT 13 CeJHaT Ha CBOOOIHHTE
CTOJIOBe—CIA3BAKN OrpaHWYEHNsITa Ha 3aJadara—Io eIuH W Chiln Opoit Haunau. /la Hapedem
to3u 6poii g(n). OrroBopsr € 2nlg(n) u cera Tbpcum g(n).

Heka mamure ca Dy, D,, ..., Dy, a mbxkere ca Hy, Hy, ..., H,,. Be3 orpannyenne uHa obmi-
HOCTTA, HEKA JAMUTE Ca CeJHAIH Taka (KpbroBere 03HAYABAT HE3AETHTE CTOJIOBE):

Q- Q
Dn D,
Dn_g D3
Hexka IIpeHoMepupamMe Mecrara, KOUTO Ca OCTaHaJIA CBO60,ZLHI/I C S1, S2, ..., S Taka:

f2nle 2 x (n!), a e (2n)!.
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D

Dn DZ
) ()
Dn_1 D3

Heka S o3mauaBa MHOZKECTBOTO OT BCHYKH BbH3MOXKHHU, N! Ha OpOil, HAYMHA J& CEIHAT MbIKETE.
Hsaxown ot Tax ca pa3perenn, apyru ca 3abpanenu. Besko csgane oT S MOXKe J1a nMa, Wik 13 HIMa,
BCIKO OT CJEJIHUTE CBOCTBA:

P]: H] € Ha S1.

Pz: Hz € Ha Sp.

Pn: H, e Ha sS4t
Qq: Hy e na s,
Qz: Hz € Ha S1.

Q3: H3 € Ha S).

Qn: Hyena sy .

Jla oznauum mMuozkectBoTo {P1, P2, ..., P, Q1,Q2, ..., Qn} ¢ B. Tora ca “Bpearure” coiicTBa 10
OTHOIIIEHHE Ha HaIlaTa 3aJada, T€ Ca CBbpP3aHU CbC 3a0paHeHnTe caaanus. Oueuano g(n) =S/,
K'bIETO

S ={x € S| uuro eaHo cBoiicTBO OT ‘P He e B cwiIA 3a X}

Babesezkere, e He BCAKa KOMOMHAIIMA OT TE3H CBOMCTBA € BL3MOXKHA, IIPUMEPHO HAMa KaK €IHO
camane ja uma Pp n Qy, 3amoro Py A Q2 o3nauaBa, 4e HA S7 CeAdT €IHOBPEMEHHO JBaMa, LyIId
(Hy u Hy). Cbmio Taka HsMa Kak enHo cspaHe jga uMa Pq A Qq, 3amoro ToBa OH 0O3HAYaBAJIO,
qe H; cean emHOBpeMeHHO Ha S7 M S,. CBOiiCTBa, KOUTO € BBH3MOXKHO Ja ObJaT eTHOBPEMEHHO
U3I'bJIHEHH, e HapudaMe CB6MECTIUM.

lpedu da npodsisicum c pewernuemo, edno noacnenue. Hawama uea e da namepum
bpoam wna Hawunume K Mmsoice da cednam Ha 3aOPAHEHU 30 MAL MECMG, U Nocie 0a
NPUAOHCUM NPUHUUNG HA BKAIONBAHEMO U UkA04usanemo. Ecmecmecmeeno, myk ce
uma npedsud moHe k msoce da ca cednasu Ha 3a0PAHERU 34 MAL MECMA — MONHCE
da uma u Opyeu MosoHce HA 3A0PAGHEHU MECA, HO CBC cuypHocm K ca Ha 3a0paHeru
mecma. Hamepum au mosu 6poti, 0065pUIBAHETNO HA PEWEHUETO € HEW0 AECHO.
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B masu 3adaua 3abparenume konduaypauuu—a umenno cadanemo wa K msoce Ha
3GOPAHERU MECTNA—CA NO-MPYIHU 3G NPEOPOABAHE 6 CPABHEHUE, NPUMEPHO, CBC 3a0Pa-
Henume Konduaypayuu 3a K wucaa 6 3adava 23. B 3adaua 23 bewe necho: 3a 8CAKO
YUCAO UMGULE €THO 3a0PAHEHO MACMO, MAKG “e 10 (L‘) HawuHa uzbupame K wucaa,
KOUMOo 0a CAOHCUM HA 3a0PAHEHU MECTA, OCTNAHAAUME YUCAL MONHCEM 004 CAOHCUM TO
obuwo (M —Xk)! nawuna, u cebupaemomo 6 Kpatinus 0mM2060p, KOEMoO Cs0MBEMCMEA Ha
k sabpanenu crazanus, e (—1 )k(;l) (n—k)!. B masu 3adaua obaue 3a 6cexu MBHC UMA
JIBe 3a0paHeHy MECMa, omKsdemo udsam YCAOHCHEHUAMA: NBPE0, Mot He Moxce da
2U NOA36G e0HOBPEMEHHO, U 6MOPO, 304 BCAKO MACMO UMAL 08AMA MBHCE, 6 HE eOUH
MBIHC, 30 KOUMO Mo e 3abpareno. Bsseescdanemo na 2opecnomenamume 2n ceoticmea
HU 0aBa 863MOACHOCT 06 OPOUM CUCTNEMAMUYHO OpoAm Ha 3abpanume cadanus Ha K
MBOHCE.

KaxTo Bede Kazaxme, ThbpcuM Oposi Ha CATAHUITA HA MbKeTe, KONTO HIMAT HUTO €IHO CBOHCT-
Bo o1 ‘B. [lle o HAMepUM C'HIVIACHO TPUHIIKAIA HA BKIIOYBAHETO W U3KJIIOUBAHETO, HO MPUIOKEH 110
oTHolleHune Ha ejieMenTuTe Ha P. Heka 1y e Opodr nHaunnu Jja nojudepem K csemecmumy CBOUCTBA,
ot B. OueBngHo T € OposiT HA HaumHUTE K MbKe Ja ceaHaT Ha 3a0panenu mecta. lorasa

gn)=n!l—ri(n—1+rNn-2)!—...+(=1)"r(n—n)!

Pemapanero Ha 3a1adara ce CBexKIa 10 HAMHPaHETO Ha T Karo dyHKIms Ha K 1 N. OdeBuIHO
T7 = 2N, 3aI0TO KOraTo CTaBa JiyMa 3a €JJHO CBOWCTBO, HEChBMECTUMOCT HsIMa, Taka de T1 = [P| =
2n. Kosako e 1,7 [I'spBo 12 cbobpas3uM, 9e HecbBMECTHMHE ABOMKH cBoiicTBa or ¥ ca Q u Py, P1 u
Q2,QuPy, PouQsz ..., P11 Qpn, Qnu Py, P,y w Q. Toa ca 0610 2n (HeHape1eHn) JTBOHKH.
Jla mapucyBame cJemHaTa HarpaMa Ha eJeMeHTHTe Ha 3 3aeJHO ¢ HeCHBMECTUMOCTUTE MEKITY
TAX:

Pn

Yeppenute juHuUN oTpa3sBar dakTa, Ye Ha eIUH CTOJ He MOXKe Ja CeJHe TOBeYe OT €INH MbiK.
SejleHnTe JUHUU OTpa3daBarT (pakTa, de eIuH MbK He MOXKe JIa CeIHe Ha II0BeYe OT eIdH CTOJI.
Babesexkere, 4e TOBa € KPbIOB BEKTOp ¢ 2N ejgeMenTa. Jla murame KOJIKO € T, € CBhIOTO KaTo Ia
ouTaMe 10 KOJKO HAYMHa MOXKeM 1a m30epeM IBa HeChCeIHHU eJeMeHTa OT TO3H KPbroB BEKTOP.
OrroBopbr 04eBUAHO € 2N (2N — 3), Tbil KaTo 3a IbpBHUd U30paH uMame 2N Bb3MOXKHOCTH, a 3a
BTOpHsi, caMo 2n — 3.

a pasriename 1. Jla mrraMe KOJIKO € Ty e ¢'bIIOTO KATO /I3 IMUTaMe 110 KOJIKO HA9MHA MOXKEM /13
u3bepeM k eeMeHTa OT TO3H KP'bIOB BEKTOP, HUTO JIBa OT KOUTO He ca cbeeau. Ha croii pex ToBa e
CBITOTO KATO Ja MUTaMe, KOJIKO KPbIOBI OY/IeBH BEKTOPA ¢ IbJIKHHA 2N uMaT K enuaunm u 2n—k

HyJIM B HAMAT cbheeann eanauiu. Cbraacao 3agada 10, orroBopbT € ZTLZT_L—Eﬁk(Zlefk) = ZTZL—T_‘k(ZTfk).
CrenoBaresHo,
S 2n [(2n—k

T oam—k\ k
ITpu k = 2 To3m u3pas crasa %(Zn;z) = 52 x (2n—§)x($n—3) = 2n(2n — 3), KoeTo ¢HBHAIA C
Bede M3BeJEHOTO 33 To. U Taxa,

2n (2n—1 2n (2n—-2 2n 2n—n
—nlo N L (e —n)!
g(n) =n 2n—1( 1 )(n )+2n—2< 2 )(n f=e A =) 2n—n( n >(” "
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TOCCT

b n 2n—k
gn) = %(—Wm( 5 >(n—k)!

n OTTOBOPDBHT Ha 3aJavdaTa €

(Y (- )sz—fk (2“]: k) (n—X)!

k=0

U

Bamaua 29. Koako crpunra mma Haj asoykara {0, 1,2}, B KouTo uMa TOYHO JBe OYKBH OT BCEKH
BHJ M HSIMA C'bCEJIHH €JTHAKBH CUMBOJIN

Permrenne:

Ha IIepMyTalliy C IIOBTOPEHUA €

6!

312121 =70

Be3 nocaeanoro orpannyenue, 6pOSAT Ha CTPUHTOBETE ChIVIACHO TPABUIOTO 33 OpOos

Hexka yauBepcymsbT U 718 € TOBA MHOYKECTBO — CTPUHTOBETE ¢ TOYHO JIBE A-Ta, /IBE b-Ta W /IBe C-Ta.
Hexka necdunupame ciegaure mojaMmHozkecrsa Ha U.

e Ny e OpogT Ha CTPUHIOBETE C €IUH U CHIIH CHMBOJ Ha

N, e OposIT Ha CTPUHIOBETE C €JUH U C'bIMUA CUMBOJ Ha

N3 e 6podT HA CTPUHTOBETE C €UH U ChIU CUMBOJI Ha

N4 e OposIT HA CTPUHTOBETE ¢ €IUH U CHITH CAMBOJ Ha

N5 e OposIT Ha CTPUHIOBETE C €IUH U C'bIMUA CUMBOJ Ha

N7 3 e OposaT Ha CTpUHTOBETE C eIWH U CHIIH
CHMBOJI Ha mo3uiuu 3 u 4,

N74 e OposaT Ha CTpHHTOBETE C eIWH U CBIIH
cuMBOJI Ha mo3utun 4 u 5,

N;5 e OposaT Ha CTpUHTOBETE C eIWH U CbIIH
CUMBOJI Ha TO3UINK 5 1 6,

N4 e OposaT Ha CTpUHIOBeTE C eIUH U CbIIH
cuMBOJI Ha mo3utun 4 u 5,

N, 5 € 6poAT Ha CTPHHTOBETE C eIWH M CbHIIH
CHMBOJI Ha TO3UINAKA 5 1 6,

N3 5 e OpoaT Ha CTpUHTOBeTe C eIWH U CBIIH
CUMBOJI Ha IO3UIKAKA 5 1 6,

N735 e 6poAT Ha CTPHUHTOBETE € eIMH U CBIIM CHUMBOJ HA IO3HIAH |
CHMBOJI Ha HMO3UIUN 3 U 4 U eIMH U CHIIU CUMBOJ Ha MMO3UIHUU 5 1 6.
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C']:)FJIaCHO HpI/IHL[I/IHa Ha BKJIIOYBAHE 1 I/ISKJIIOLIBa;He7 T”prGHI/IHT OTFOBOp (S
N =[U—(N;y+Nz+...4+Ns)+ (Ny3+Nys+... +N35) — Ny35

Babems3Bame, ue N = 3 X (;), TBHA KaTO MMa TPU BB3MOXKHOCTH 3a CHMBOJIA HA IbPBa U BTOPA
NMO3nnud, a Ha OCTaHaJIUTE YETUPU TMO3UIUU CJlaraMe JIBa CUMBOJIa OT APYT BUI W JIBa OT TPETH
Buj. Torasa N; = 18. Babenaspame, ue N7 = N, = ... = Ns5.

Ocsen ToBa, N13 = 3 x 2 X 1 = 6, 3am0T0 IMaMe TPU BBL3MOXKHOCTH 32 CHMBOJIA HA II'bPBa
n BTOpa HO3MOUAd, OTTYK JBEC Bb3MO2KHOCTHU 3a CUMBOJIa Ha TPETAa U 4Y€TBbpPTa 1HHO3ULUA, U CaMO
e/lHa Bb3MOZKHOCT CIIPSIMO JJOCETa HalpaBeHHTe W300pH 33 CUMBOJIA Ha OCTaHauTe (IeTa W ImecTa)
nosurun. Cbimo Taka, Nj3=Nj4=... = Njs.

Hakpas, Nj35 = 6 ¢ anajoru4ynn cbobpazkenud. Ivame

N=9%—(5x18)+ (6 x6)—6=30
U

Bagaua 30. Kosko pas/jMyHE HApeIeHW HeTOPKHU (X7,X2,X3,X4,Xs5) OT €CTECTBEHH YHC/IA YI0B-
JIETBOPSBAT

X1+X2+X3+X4+X5:100

Pemtenne: Crapa ayma 3a KoMOMHATOpPHH KOH(MUKyparun 6e3 Hapenba, ¢ IOBTOPEHHE, ¢ ToJie-
vuaa 100 HAJT OMOPHO MHOXKECTBO ¢ 5 e/leMeHTa: MOXKeM Ja MUCTUM 33 Ta3W CyMa KaTo 3a CTO
CHMBOJIA, BCEKH OT KOUTO € eJIUH OT {X1,X2,X3, X4, X5}, KATO BCEKH €JHH CHMBOJI UMa IIPHHOC €11-
nuna. ChIVIaCHO H3BeJIeHUs Ha JEKIUH Pe3y/aTaT 3a Opos Ha Te3H KOMOMHATOPHH KOH(PUTYPAIIHH,
OTTOBOPBT €

100 +5—1

Kﬂi]%):( s

> =4598126

AnTepHaTHBHO OOsicHEHHe, MOZKe OH IIO-fICHO W HAIJIEJHO, € Ipe3 “TONKM W KyTHH . 3aJadaTa e
C'bIATa KATO 33/1a4aTa, 10 KOJIKO Pa3JIuIHE HATKMHA MOTaT Ja ce noctasdar 100 Hepa3/IuIuMu TOIIKH
(ToBa ca crore exaumuuI, uiito c6op e cymara 100) B ner pasiamyanu KyTuu (TOBa ca XUKCOBETE).

4

Samgaua 31. Koako pasnudam Hapegenn meTopku (Xq,X2,X3,X4,Xs5) OT €CTECTBEHH YHUCJA, YI0B-
JIeTBOPSBAT

X1+ X2 + X3+ x4 + x5 = 100
0<% <30
0<x, <30
0<x3<30
0<x4<30
0<x5<30

Pemtenne: 3agauata e nomodOHa Ha 3amada 30, HO cera KYTUUTe UMAT “KalalluTeTH : HAf-MHOTO
30 Tonku B KyTtusi. Heka Bj e mHO)KecTBOTO OT KOH(UIrypamuure-pemnienns or 3agada 30, B KO-
uTo KyTus i e “Hapymures —rtoect B Hes uma moHe 31 Ttonkum—3a 1 < 1 < 5. Topcum 6pos Ha
KOH(UTYpaIMUTe, B KOUTO HAPYIITEHNS HaAMa 3a HUTO efgHa KyTus. C Apyrd JyMu, ThPCHM

BiNB,NB3NBsNBs
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CroriiacHo IpuHIOHUIIa Ha BKJIIOYBAHCTO U U3KJ/JIIOYBAHETO,

BiNB2NB;NBiNBs|=[U— > [Bl+ ) [BiNBjl— >  [BiNBNBi+
1<i<5 1<i<i<5 1<i<j<k<5
> [BinBjNBwNBy—[B;NB;NB3NBsNBs|
1<i<j<k<t<5 roBa e 0
TOB:;e 0

kbaero U e yausepcymsr Kip(5, 100). Kakro nokazaxme B 3agada 30, [U| = 4598 126. fcHo e 3armo
HOCJIEIHUTE JIBe ChOMpaeMu ca Hy/Id: HaMa Kak npu obma cyma 100, 9eTupu Wid meT IpOMeHINBH
na ca more 31. CiremoBaTe/IHO, ThPCEHUSAT OTTOBOD €

BiNB2NB3NBaNBs| =4598126— Y [Bi+ D [BiNBjl— > [BinB;NByl (19)

1<i<5 1<i<j<5 1<i<j<k<5
Ot 06 cpobpazkenud e gcuo, 4e |By| = |B,| = |Bz| = |B4 = |Bs| u [ByN By =... =|B4NBs| u
10 TakuBa
IB;yNB,N B3| =...=|B3N B4 N Bs|. TbpcenusT orrosop e:
1OT;L;HBa
4598126 — 5 x |B]| + 10 x |B] N B2| — 10 % |B1 N Bz N B3| (20)

Kousiko e |Bq|? IIlom Xq e curypen HapyImuTea Ha Kananurera (M HIMa JPYD CATYPeH HAPYIIATeN),
TO e B{PHO, Ue

X1+ X2 + X3 + x4 + x5 = 100
31 < x4
0<xy
0<x3
0<x4
0 <xs

Ja upeacrasum x; kato X1 = x; + 31. Torasa yciosuero 31 < x; e cwmoro kato 0 < x|, a
X1+ X2+ X34+ X4 +x5 = 100 craBa x; + 314+ %2 +x3+ X4 +x5 = 100, TOecT X] + X2+ X3+ X4+ X5 =
69. Ussegoxme, 4e |Bj| e MOIHOCTTa HA MHOXKECTBOTO OT HApeJEeHHUTE HETOPKH (X, X2,X3,X4,X5),
KOHUTO YIOBJICTBOPABAT:

X7+ X2+ X3 + X4 + X5 = 69
0 <xq
0<x;
0<x3
0 < x4
0 <xs

Ho nue 3maem Ko1ko Takuba Hapegenu neropku uma: |Kp(5,69)] = 1088430.
Hanbino ananoruyno, |B; N Byl = [Kp(5,38)] = 111930 u |B; N B, N B3| = [Ky(5,7)] = 330.

Bamectsame B (20) u mosydaBamMe KpailHus OTTOBOD

4598126 —5 x 1088430 + 10 x 111930 — 10 x 330 = 271976
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5 Jloka3zarejicTBa ¢ KOMOMHATOPHU PAa3ChXKICHUS

Bamadga 32. /lokarkere ¢ KOMOMHATOPHU PA3ChIKICHUS, U

n 2
Z n n
k n
k=0
Pemtenne: Heka A e MHOX)ecTBO ¢ 2n enemenTta. Heka Bcekm ejement or A mma aTpuOyT-
IBST, KATO N ejieMeHTa ca 0ejin, a ocraHajure N, depuu. [1o KoJiKko HavuHa MoxkeM Jia 110/10epem

PA3/INYHA NOJMHOXKECTBA Ha A C 10 N ejleMeHTa’
Ot eqna cTpaHa, TOBA MOXKe 78 CTaHE 110

o)

HaYMHA, Thil KATO TOBa ca KOMOMHATOPHM KOH(HUIYpallMH 0e3 IMOBTOpeHue n 6e3 Hapeada — TYK
He 0OpbIaMe BHEMAaHMUE Ha I[BETOBETE Ha MOJAOpAHUTE eJIeMEeHTH.

Ot apyra cTrpaHa, MOXKeM Ja pa3dueM MoAOUPAHAATA 110 OPOst Ha, €JIEMEHTUTE OT €INHUS I[BAT,
J1a pedeMm Gesmsa. Bennre ejleMeHTH, KOUTO TONAAT B JIa1eHO nondupane, Moxke ma ca O win 1 win
... n. CraenoBaTesHO, J1a MoAOepeM T eeMeHTa oT o0Io 2N B Tas3d 3ajJada € CBHIIOTO KaTo
Ja nojadbepeM k ejeMeHTa H3MEXKIY BCHUKUTE M Oejid U Jjia rnmogbepeM M — K eleMeHTa U3MEZK Ly
BCHYKHUTE N depHU. 3a gageHo k, Takosa ve 0 < k < n, 6podT HAUMHA Ja MOAOEpEM TN eJeMeHTa,
oT 061 2n, Taka e k u3mexkay mogOpaHuTe ja ca Oen, e, M0 MPUHITUIA HA TPOU3BEIEHUETO:

6posiT HauuHu K esleMeHTa OT 060 N ga ca 6eau  6posiT HAYUHYE OCTAHAJIUTE €JIEMEHTH [a Ca YepHU

Twoit kato k ce menn or 0 g0 M u noxbupanusita ce pasbupar no K (npu paznmden 6poii Geu
eJIEMEHTH B JiBe MOAOUPAHUS, Te 3 [bJIKUTEIHO Ca PA3IudHn), o0musT 6poii mogbupanus e:

> (16

Ho 3naewm, 4e (nik) = (n

), CJIeJIOBaTe/IHO O0ImuAT Opoit Ha MoADUpaHus €:

K
n n 2
22
> (%) )
k=0
Uspasute (21) u (22) 6Gpogr eHO U CHINO KOJHUECTBO, CJI0BATETHO Ca PABHU. O

Bamada 33. /lokakere ¢ KOMOMHATOPHU PA3ChIKICHUS, U

nl = i (:L) E(—nk(“;m) (m—m—k)!

m=0 k=0

Pemenne: Jlgapara crpana Opou BCHYKHM IepMyTAllMd Ha M eJdeMeHTa, Aa Kaxkem {1,2,...,n}.
O4eBuIHO TOBa MHOXKECTBO MOXKe 1a Obje pa3duro Ha N + 1 HempasHU MOAMHOXKECTBa, 110 TOBA,
TOYHO KOJKO ejeMeHTa ca cu Ha Macroro: O wam 1 win 2 wan ... win n. JscHara crpana 6pon
C'BIIOTO MHOYKECTBO MEPMYTAIMH, HO TO-IeTailIHO, ChIVIACHO CIIOMEHATOTO pa30nBaHe: mMa (:1)
HauMHa jJa u3bepeM TOYHO KOM eJIeMEHTH Jla Ca CU Ha MeCTaTa, 33 OCTAaBAIIUTE T — MM MO3UIUN
noJI3BaMe Bede u3BejeHaTa (popMysia 3a Opos HA HEePMYTaIUUTE, TPU KOUTO HUTO €JIUH eJIeMEHT
HE CH € Ha MICTOTO. O
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3amaua 34. /lokaxkere ¢ KOMOMHATOPHU PA3CHAKJICHUS, Ye
n
n=> (-, )Jmn-1"

Pemtenne: Beue nokasaxme, de OpoAT Ha CIOPEKIMHATE OT T B T €JIeMEHTHO MHOYKETBO €
> o1 )k(E) (n — k)™ IIpm m = n noaydasaMe M3pas3a OT JdcHATa cTpana. Ho ako n = m, 1o
Te3H CIOPEKIIUU BCBITHOCT ca OMEKIMHUTEe MEXKIY IBeTe MHOyKecTBa. A OposT Ha Omekmuure e !,
KOeTO e JIIBaTa CTpaHa. U

3amadga 35. /lokakere ¢ KOMOMHATOPHU Pa3CbIKIACHUS, U

n2" ! = Zk 2

k=0

Pemtenne: 2™ e 6posdT Ha BCUYKK OyJIEBH BEKTOPH ¢ IbJKHHA .. OueBrIHO N2™ e ob1uaT 6poit
HA €JIEMEHTHUTE BbB BCUUKHU OY/IeBU BEKTOPH C ibjizkuna N. Or re3u N2™ ejieMeHTH, HOJIOBUHATA Ca
HYJIH, & APyTraTa IOJOBHHA, eTHHUIN. 1031 (PAKT ce H3BEeXK1a TPUBHATHO OT Ha-00In choOparKke-
HUs: aKO WHBEpTHpaMe MOOUTOBO BCUYKH BEKTOPH, MOJIydaBaMe ChITOTO MHOYKECTBO, KaTO OposAT
Ha eJMHUINTE B HAYATHOTO € paBeH Ha Oposd Ha HYJAHTE B IOJYYeHOTO, HO IOHEXKe IIOyJIeHOTO €
CBITOTO KATO HAYAJHOTO, OPOAT HA eIMHHUIINTE € paBeH Ha Opos Ha HYJIHWTE B HETO.

[[lom momoBuHATA OT N2™ eJeMeHTa Ca eIUHHUIH, TO €IUHUIUTE CA TOYHO %nZ“ = n2" ",
Tosa e sisiBaTa cTpaHa Ha THXKJAECTBOTO, KOETO jJ0Ka3Bame. /[scHara cTpaHa 04eBH/IHO ChIO Opon
eJIMHUIINTE BbB BCUYKHU OYJIEBU BEKTOPHU C JILJIZKHHA T, HO TO MPaBH MO-TIOIPOOHO: k(E) € TOYHO
OpoiikaTa Ha eIUHUIUTE B MOJAMHOZKECTBOTO BEKTOPH, UMAIIH TOYHO K eTHHUIH. O
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