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Ab6cTpakT

Boeexxmame gsa 6bp3u coprupaliy aaropurbMa, MERGESORT u QUICKSORT, 1 U3CjIeBaMe TSIXHATa KOPEKTHOCT,
CJIO2KHOCT TI0 BpEME M CJIOXKHOCT 10 maMet. V3cimenBame cpegHaTa CIOXKHOCT 10 BpeMe Ha (QUICKSORT.

Cobabpkanne

1 MERGESORT 1

2 QUICKSORT 5
2.1 Oyskmuara PARTITION . . ... ... ... )
2.2  CuoxsocT 10 BpeMe Ha QUICKSORT . .« v v v v v v v e e e e e e e e e e e e e e e e e 7

1 MERGESORT

Coprupaimusr ajiropurbM MERGESORT e uzobperer or John von Neumann upes 1945 r. [Knu98|. Toii e Tunuuen
mpUMep 3a aJropuThM, U3rpajeH mo cxemara Pazmensit-u-Bianeit. Bbe dhaszara Pazgensit Toit senn BXoja Ha JBe
PaBHU YacTU, BCIKA C Pa3Mep %T, 6e3 J1a MPOMEHsI OTHOCUTEJIHUS TOpsIbK Ha enementuTe. BbB dazata Baasmeit
[IpaBU 10 €JIHO PEKYPCUBHO BUKAHE BBPXY BCAKA OT JBere dacTu. BB dazara KomMOuHMpAait Besika OT jiBeTe 4acTu
BeYe € COPTUPAHA, TaKa 4Ye AJIOPUTHMDBLT CauBa (OTKBIETO WJBA M UMETO, CAUGGM B TO3U CMUCBLJI € 0 merge Ha
AHIVIMIACKHA) JBETe COPTUPAHU YACTU B €JIHA OKOHYATEIHA COPTUPAHA IIOCJIEIOBATEHOCT. ECTecTBEHO, BCHYKO TOBA
cTaBa, KOraTo BXOJBT € JIOCTATHIHO TOJIAM. AKO BXOIBT € C pa3Mep eINHUIA WX HyJIa, aJTOPUTHLMBT He IIPAaBU HUIIO
(3aI0TO PA3HUAT MACUB U €{HOCJIEMEHTHUSIT MACAB €& COPTUPAHHU) — TOBA € CIIMPAUKaTa HA PEKyPCHUsiTa. AKIEHTHT
e BbpXy Tperara (a3a, TaM Cce U3BbPINBA UCTUHCKATA PAbOTa 10 COPTUPAHETO.

IIsbpBo 1mie magem nmpumep 3a coptupare ¢ MERGESORT. [IpuMepbT HAPOYHO M3MOI3BA BXOJ C TOJEMHUHA, KOSITO €
TOYHA CTEIEH HA JBOIKATa, HO KOIbT, KOWTO JaBaMe HATATHK, pabOTH KOPEKTHO 3a BCdka rosiemmna. Il taka, Heka
BXOIIBT €:

52314876

C xbaT GOH U YEpBEH IBAT Ha OrpaxKkjaIiara KyTusl O3HAYaBaMe Ta3W YacT OT MacChBa, KOSITO € BXOJ| Ha TEKYIIO
aKTUBHOTO PEKYPCUBHO M3BHKBaHe. B caMOTO HaYaI0 Ta3W YacT CHBIAJA C IEJIUS MACHB.

Toit kKaTo TOIEMUHATA HA BXOJa € [OBEYe OT EAWHWIA, JEJIUM BXOJa HA JIB€ PABHU YACTHA U MPABUM IO €JHO
PEKyPCHUBHO M3BUKBAaHE BbPXY BCSIKa OT TdAX. 1e3u [1Be PEKYyPCUBHU U3BUKBAHUS HE CE CJIYIBAT €IHOBPEMEHHO, 3AI0TO
HaIIMAT U3YUCIUTEJIEH MOJE/ He II03BOJIsABa Hapastesn3bM. Jla pedeM, de mbpBO U3BUKBAMe PEKYPCUBHO aJrOPUTbHMA
BbPXY MacUBa BJISIBO.

5231 [4876]

C x)birT (HOH 1 YepBeHa Orpazkalia KyTHsI € CAMO Ta3u YacT OT HAYAHHUs MACHB, KOSTO € BXOJI Ha TE€KYIIOTO PEKYp-
cuBHO BukaHe. [oHexke rosleMrHaTa Ha TO3U BXOJ, € YETUPH, KOETO € IO-TOJISMO OT €HO, IIAaK JIeJIUM BXOJa Ha JBE U

B meficTBUTETHOCT pa3/esIsiHETO € Ha eIHa YacCT C pasMep [%J " Ipyra 4acT C pa3Mep [%]
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IIPaBUM /JIB€ PEKYPCUBHU BUKaHU, IbPBOTO BbPXY YaCTTa BJISABO:

52| [31]] [4876]

Tbit KaTo roTeMuHATA HA BXOJIa HA TEKYIIOTO PEKYPCUBHO BUKAHE € JIBE, KOETO € TMO-TOJIIMO OT €HO, TaK JIJTIM BXO/Ia
Ha JiBe IIpaBUM JIBe PEKYyPCUBHU BUKAHUS, I'bPBOTO BbPXY YaCTTa BJIABO:

Cera Bede roJieMuHaTa Ha BXOJa Ha TEKYIOTO PEKYPCHBHO BHKAaHE € €JIHO, U aJI'OPUTHBMDBT HE IIpaBU HUIIIO B TOBa
U3BUKBaHEC U BPBIIA JUPEKTHO YIOPABJIEHUETO Ha IIPETHOTO U3BHUKBaHE, KOCTO Ha CBOIT pea BUKa ajJIrOPpUTbHMa BBHPXY
Apyrusd IoaMacuB C ToOJIEMAHa €1HO:

CeetniozeniernsaT (hOH O3HAYABA, 9€ BbPXY TO3M IIOJIMACHB BeUe € JIOCTUTHATO JBHOTO Ha pekypcusta. OTHOBO roJte-
MUHATA Ha TEKyUWsi BXOA (3KbJT BOH) € €JHO U AJIrOPUTHMBT JAUPEKTHO BPbBINA YIPABJIEHHETO Ha TOPHOTO HUBO,
OuJIeKY IPUBBLPIINI U C JIBETE BUKAHUS

Cera aJropuTbMbT CJIUBA JBaTa COPTHUPAHU IIOJMACUBA, ¢ MOJIEMUHYU €IUHUIU B €IUH COPTUPAH [IOJAMACHB C T'OJIEMUHA
JIB€:

125] 31| [4876]

Uzuaucaennero IpoabJizKaBa TaKa.:

[25] [31]] [4876]

1576

1876

125] [31]] [4876]

[1235] [4876]

[Ipeckagame HSIKOJIKO CT'BIKH, KOUTO ChOTBETCTBAT HA BTOPOTO DPEKYPCUBHO BuKaHe Bbpxy 4876, u pasriexiame
MacHuBa CJieJi IPUKJIIOYBAHE HA TOBA BTOPO PEKYPCHUBHO BUKAHE:

11235| [4678]
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PazpaboTrBane na mporpamMu 3a e€JIeKTPOHHU (POPMU Ha, TUCTAHITTOHHO E:}”Q&
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeincku coymaneH ¢poHg

CauBanero Ha aBaTa COPTUPAHN MOIMACHBA BOIN IO
12345678

Cera 1m1e J1a/1eM TICEBIOKO/T ca (DYHKIHSITA, KOSITO OCHINECTBIBA CIUBaHeTO. HeltHaTa KOPEKTHOCT € yCJIOBHA: TS paboTh
KOPEKTHO MPU yCJOBUE, Ue JIBeTe MOJOBUHU Ha BXOJIHUS U MacuB ca coprupanu. CUMBOIBT 00 O3HAYABA THCJIO, MO~
TOJISIMO OT BCSIKO JIPYTO UUCJIO0, KOETO MOXKe Jia ce cpelHe. To3u cuMBOII ce Hapuya na3av (Ha aHrIuiicky, sentinel, mo
repmuHosiorusita Ha [CLRS09]). 3nonssanero My He € 3a/bJIZKUTEJHO, HO C HErO KOAbT CTaBa IO-JIECEH 32 YeTeHe U
BepUUKAIIHS.

MERGE(A[1,2,...n]: array of integers; 1, mid, h: positive integers, such that 1< 1 <mid < h <n)
1 (% mommacusure A[l,...,mid] u A[mid +1,..., k] ca coprupane #)

2 ny<—mid—1+1
3 My« h —mid
4 cw3mait L[1,...,n1 + 1] u R[1,...,nz + 1]
5 L<—A[l,...,mid]
6 Re—A[mid+1,...,h]
7 Lng+1] <o
8 Rn2+1] o0
9 1«1
10 j«1
11 fork < 1 to h
12 if L[i] < R[j]
13 Alk] < L[i]
14 ie—i+1
15 else
16 Alk] < RIj]
17 je—j+1
JIema 1. Ilpu donyckanemo, we noomacusume A[l,...,mid] u A[mid+1,...,h] ca copmupanu, macuesm A[l,..., h]

e copmupan caed kamo MERGE 3asspuiu.

dokazaTeJsicTBO:
Cunennoro e nuaBapuanta 3a for nukbia (pegose 11-17):

gact i Bcekn mbr, Korato msmbiasennero Ha MERGE e na pex 11, A[l,...,k — 1] coubpxa k — 1
Haii-maJsku esemenTa Ha L[] u R[], B coprupan Buj

gact ii Ocsen 1oBa, L[i] 1 R[j] ca naii-mankure exementu cvorBeTHo B L[] m R[], xouTo ome me ca
konupanu B A ].

Baza. Koraro usirbisHennero e Ha pej 11 3a npbB mbT e BApHO, ue k = 1. Torasa nommacuesr A[l,...,k — 1]
BCBIIHOCT € A[Z yeeey L — 1], ToecT e mpaseH. [IpasHusar MacuB e copTupaH u cbbpKa k — 1 = 0 Haifl-MaJIKu eJleMeHTa
Ha L[] u R[], B coprupan Bux. Ocsen ToBa, L[1] u R[1] ca Hait-manxure erementn cborBerHo B L[] u R[], kouro BCe
oire He ca Konupanu B A .

IMonapbxkka. Heka TBBLpAeHHeTO e B cuia IMIpHM HAKOE JOCTHTaHe Ha pen 11, Koero He e mociaemHoTo. VMMa msa
aNTepHATHBHU HAYMHA, 10 KOUTO M3II'bJIHEHHEeTO MOKe Ja IPeMIHe Ipe3 TAIO0TO Ha IuKbiaa. 1lle ru pasriemame u
neara. [Ipeau fa HanpaBuM TOBBa obade, I JOKasKeM €JIHO BaXKHO IIOMOIIHO TBbpJIeHue; 3abeiexere, ue u L[], u R[]
ChIbPIKAT CTORHOCT 00, TakKa ue TPsOBa Ja CMe CHI'YpHIH, de JBeTe CTOHHOCTH 00 He OGMBAT CPABHSBAHI .

B cpasnernuemo na ped 12, ne moorce ednospemenno L[1] u R[j] da ca .

Hoka3zaresictBo: la nonycHeM npoTusHOTO. ChIVIACHO MHYKTUBHOTO IPEIIONOKeHne, k — 1 Ha 6poit
esleMeHTH ca Kommpanu B A or L[] u R[], u ocBeH TOBa, Ts/IOTO Ha IUKbBJIA IE Ce U3IIBJIHM IIOHE OIIE
BEIIHDbXK, TaKa OpodT Ha KomupaHute eaeMeHTH € < kb — 1. CbIVIACHO JIOIyCKAHETO, KOETO HAIPABUXME,
Bede ca KOIHPAaHU T+, eJIeMeHTa, KOUTO He Ca 00, TaKa de OPOAT Ha KOIMPAHNUTE €JIEMEHTH € = Ty +N) =
mid—1+1+h—mid=h—-1+1>h—1. }

TCpaBHeHHe Ha JBe 00 CTOHHOCTHU He € fAedPUHUPAHO
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Ha pasriename cpaBuenuero Ha pen 12. Tbit karo mama kak u L[i], u R[j] ma ca o, pesyararbr or cpaBHHETO €
nedbunupan. IIbpso ma momycuem, de L[i] < R[j]. OueBunuo, L[i] < 0. Cbriuacuo 49acT ii Or MHIAYKTHBHOTO LPE-
nosioxkenue u jgoryckanero, de L[i] < R[j], sakmouaBame, ue L[i] e naii-mankusar esement B L[] u R[], koiiro Bce
omie He e KommpaH. CbIVIACHO YacCT i Ha MHAYKTUBHOTO HpEJIOJIOXKeHne, L[i] He e mo-mMasika OT HUKOH eJleMeHT Ha
All,...,k-1]. Usubianennero otuBa Ha pexn 13. 3abenszpame, ue A[k] He e MO-MaJ'bK OT HATO €JMH €JEMEHT Ha
All,...,k-1] u 3akmouaBame, ye A[l,...,k] e coprupan u cbabpxka k — 1 +1 = (k + 1) — 1 na 6poil Haii-maku
enementa Ha L[] u R[]. Ho k GuBa unkpemenTupano upu cjeasamoro gocrurade Ha peq 11. Cupsmo HoBara cToitHOCT
Ha k e BApHO, ue A[1,...,k-1] coubpxka k — 1 Haii-masku exementa Ha L[ | and R[], B coprupan Buzi. U raka, gacr i
Ha WHBaPUAHTATA OCTABA B CHJIA.

Cera e jokazkeM 1 9acT iina masapuantara. ITo gomyckane, L[] u R[] ca coprupanu. Ilpeau npucsosiBareTo Ha
pen 13, L[i] 6eme Haii-manbK eqement or L[ ], koitto Bee ome He e xormpan B A[]. Ciien ToBa npucsosiBase, L[ + 1]
e Haii-mMaJbk esemerT or L[], koiito Bce ome He e konupan B A[]. Ho npomensuBara i 6uBa MHKpeMEHTUpAHA IIPU
caresBamioTo pocrurane Ha pex 14. Ilo orHomenue na HoBaTa croitHocT Ha i, L[i] e Hail-manabk esement or L[] xoiito
BCe olle He e KonupaH B Af |.

Cera na forycHeM, e usirbjHeHneTo Bee oie e Ha pex 12 u L[1] € R[j], roect L[i] > R[j]. Joka3arencrBoro e HAIIbIHO
AHAJIOTUIHO HA TOKY-IO HAIPABEHOTO.

Tepmunarmusa. Ilpomennusara k cbiabpzxka h+ 1 mpu nociesHoTo gocrurare Ha pen 11. 3aMecTBaMe Ta3u CTORHOCT

B MHBapHaHTaTa U Nojydasame “nopMacuBbT All, ..., h — 1] chabpika k — 1 Haii-manku esementa Ha L[] and R[], B
COPTUPAH BUI . O
MERGESORT(A[1,2,...,n]: array of integers; 1, h: indices in A[])

1 ifi<n

2 mid — |52

3 MERGE SORT(A, 1,mid)

4 MERGE SORT(A,mid + 1,h)

5 MERGE(A, 1, mid, h)

JIema 2. Anzopumsm MERGESORT e Kopexkmen Copmupaiy, aa2opumsm, ako Ha4%asnomo useukeane ¢ MERGE SORT(A,

lokazaTeJsicTBO:
ITo muaykius mo pasiaukara h — 17, Cumsitame 3a OYeBUIHO, 4¢ h — | MOXKe [1a CTaHe Hali-MaJKO HyJa, HO HE U
IIO-MaJIKO, U 4e 6a3ara Ha HAIIEeTO JoKa3aTejacTso ¢ h — 1 = 0.

Baza. Heka h — 1 = 0, roect h = . Macusbr A[l,...,h] e exnoenemenren. Or efHa cTpaHa, €AHOEIEMEHTHHUAT
macuB A[ 1] e rpunasnno coprupan. Ot apyra crpana, MERGESORT He paBu HUIIO, Korato h = 1. Taka e MacuBbT
€ COpTHpaH B Kpas Ha aJropUTbMa.

ITonapbxkka. Jomyckame, ve MERGESORT copTupa KOpeKTHO mopmacusure A[l,...,mid] u A[mid + 1,...,h]
(pemoBe 3 u 4) Upu BCUYKHU PEKypPCUBHU BUKaHus, Takusa 4e h > L. Ot Jlema 1 cienpa, ue B Kpas na paborara Ha
TEKYIIOTO PEKYPCUBHO U3BUKBaHe, neuar A[l,..., k] e coprupan.

Tepmunamusa. Koraro mokazBaMe KOPEKTHOCT Ha PEKyPCHBHU aJFOPHTMH II0 MHIYKIHA, cTblIkaTa TepMuHanms
ce OTHacd JI0 NPHUKJIIOYBAHETO HA U3I'LJIHCHHETO Ha HAYAJHOTO BHKaHE. B TO3M Cilydail, HAYAJIHOTO M3BHKBAHE €
MERGESORT(A[T,...,n]). C MERGESORT, Ta3u CI'blika € TPUBHApPHA: IPOCTO 3abeisi3BaMe, de ajrOPUTbMbT [IPHUK-
groun padorara cu, A[l,...,n] e coprupas. O

C102KHOCTTa 10 BpeMe Ha MERGESORT ce orpenesid ¢ peKypeHTHOTO OTHOIICHUEe

T(n) =2T (E> +n
2
Pemennero, cbriacHo Bropus ciydaii na Macrbp reopemara, e T(n) = nlgn. Cuoxuocrra no namer e ©(n), ako
AJITOPUTHMBT Ce MMIUIEMEHTUPA TPAMOTHO (MMILIEMEHTAIUS, KOATO OYKBAJHO CJIe/IBa ICEBIOKOAa rope Om mMmasa
JIMHENHA CJOXKHOCT II0 BPeMe, HO Ha IIPaKTUKa Ou Ousa TBbPIe OaBHA 3apajy UeCTOTO AJIOKUPAHE U JIeAJIOKUPaHe Ha
namer). MERGESORT e cTaOujIeH COPTHpAIL, aJrOPUTbM, 3am0To Ha pes 12 BbB dyHKiusaTa MERGE MMa HECTPOro
HepaseHcTBo. [Topaju ToBa, ako GuBaT cpasHsiBaHu JBa ejeMenta (o1 L[] u or R[]) ¢ paBHHU KiIo9oBe, €J1€MEHTHT OT
L[] me okazke BisiBo or To3u or R[] B oKOoHUaTesHATA TOAPEIDA.

f3a6emerxere, ue TOBa He e JOKA3ATENCTBO ¢ MHBAPHAHTA Ha IUKb/IA, TOHeske MERGESORT HE € HTEPATHBEH, a € PEKyPCHUBEH, aJITOPUTHM.
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2 QUICKSORT

2.1 dPynknusata PARTITION

QUICKSORT e uzobperen or Hoare [Hoa62] B nauasoro na 1960-re. Ha npakTuka ToBa ce 0ka3Ba Hal-Obp3usdT COPTU-
palll aJropuTbM, OTTAM U UMETO, U TOBA € CTAHJIAPTHUAT COPTHUPAI AJITOPUTHM B OHOJIMOTEYHUTE MMILIEMEHTAIUH,
KaTO peajIHuTe UMILJIEMEHTAIMK Ca II0-CJIOXKHU OT IICEBIOKO/Ia, KOWTO JaBaMe TYyK.

QUICKSORT e TunudeH 3a cxemara Paznessiit-u-Bianeit anropurbm, Makap J1a € MHOro pasjunder or MERGESORT.
Hait-o6mmo kazano, umesra e ga Obiie n3d0paHa HIKAKBa CTOWHOCT, KOSTO Ce€ HApWYa pivot, U CIIPIMO Hesl MACUBBT Jia
Objie IPEeHapeJIeH Taka, 9e B JisBaTa 4acT (MOXKe U Jla e Ipa3Ha, TOBa 3aBUCH OT pivot) Ja ca caMoO eJeMeHTH, I10-
MaJIK{ WA PABHHU Ha pivot, a BISICHO OT TdAX, CAMO €JIeMEHTH, II0-rojieMu OT pivot. KakbB € oTHOCHTEHUAT TOPAIbK
B JIsiBaTa W JIFICHATA JacT HsIMa 3HAaYeHWe — He Ce HCKa IIPU TOBA IPEeHApPEeXK/IaHe Ja Ce [MOCTUI'HEe COPTHUPAH MACUB,
TOBa Ou OMJIO ITpeKaJieHO CUJIHO m3uckBaHe. CopTupaHe Ie ce MOJIyYd YaK Cjiej Kpas Ha peKypCcuBHUTe BuKaHus. Ha
TO3M eTall UCKaMe IIPOCTO BJSBO Ja ca “MajKuTe’ eJIeMeHTH, a BISCHO OT TdX, ‘rojgemure”’. ToBa mpeHapex)gamHe e
dazara Pazmensii na ajsropurnma. Cren ToBa ajropuTbMbT OMBAa BUKAH PEKYPCHUBHO BBPXY BCSKa OT T€3W YACTH,
aKo T € JIOCTaTHLIHO rojsiMa. ToBa e dazata Biangeii. ®azara KomouHMpaii e nmpa3ma: ce/l TpUKJIIOIBAHETO HA
N3BUKBAHUATA, MACHBBT € COPTUPAH.

Ns360pbT Ha pivot, KAKTO 1€ BUIUM, € OT O'POMHO 3HAYEHHUE 3a CJIOXKHOCTTA 110 Bpeme. He e 3a)1b/zKUTeIHO pivot
JIa € eJIEMEHT OT MacuBa, MaKap 4de IMPOCTUTE UMILIEMEHTAIINY N30UpaT 3a pivot MPON3BOJIEH eJIeMEHT, IPUMEPHO Haii-
JieBUs win Hail-mecHus. B upeannus ciydail cToifHOCTTa Ha pivot € TakaBa, Ue CIPsIMO HEro MACHUBBT €€ Pa3iess Ha
pasuu wactu. C Jpyru JiyMu, B HJI€AJIHAS CJIydail pivot e meauana. Jlo6pe m3BecTHO €, Ue MeInana MOXKe Jja ce HaMepu
B smaeiiHO Bpeme [CLRS09, crp. 189], camo ue Ha mpakThKa 3a6aBSHETO, 0 KOETO BOJM ThPCEHETO HA MEINAHA, IPABH
AJITOPUTBMBT HAI'BIHO HenpakTuden . Ha mpakTika m360pbT Ha pivot cTaBa 3a KOHCTAHTHO BPeMe M HsIMA TapaHIIs,
ye Pas3oJIsIHeTO CTaBa Ha JBe PABHU YaCTU — Pa3/IMKaTa MEXKJy IOJieMUHATa Ha JsIBAaTa U Ha JICHATA 9acT MOXKE Jia
€ TIPOU3BOJIHA.

Bmxame ena ocHoBHA pazinka Mexry QUICKSORT u MERGESORT. [Ipu MERGESORT daszara Pazgensiii e Tpu-
BHAJIHA U ChIIMHATA Ha aJIrOPUTbMa € BbB daszara Komounmupaii. [Ipu QUICKSORT dazara Pasmessiii e cbiuHara
Ha aJITOPUTHMA, JoKaTo dazara KombuHupait e npasna.

QPaszara Pasmensii na QUICKSORT 04eBUIHO MOXKE JIa C€ UMILJIEMEHTHPa B JIMHEIHO BpeMe, KaTo TOBa € U JOJIHA,
rpanuia (3aI0TO BCEKU €JIEMEHT OT MacuBa TpsbBa sa Obie “upersiesan” npu ToBa HpeHapexjane). KiodoBoTo
HabJIIO/IeHne €, 9e TS MOXKe Ja ObJje peaju3upaHa caMO ¢ KOHCTAHTHA JOMbJHUTENHA maMmeT, ToecT in-place. Ero
IIPEBIOKO/a Ha paszessHeTo cuope Hoare.

PARTITION-HOARE(A[T1, 2, ..., n]: array of integers; 1, h: indices in A[])
1 pivot « A[l]
2 ie—1-1
3 j=h+1
4 while TRUE do
) repeat
6 je—j—1
7 until A[j] < pivot
8 repeat
9 Te—i+1
10 until A[i] > pivot
11 ifi<j
12 swap(A[i], A[j])
13 else
14 return j
TcenokombT e mourn Gyksasmo o [CLRS09]*. Jla cu npunommnM, ge repeat . . . until KOHCTPYKIUATA U3THITHSBA

THEAPSORT 1 MERGESORT ca O(nlgn) coprupamu amropurmu. KaxrTo e BHIUM B CIeABalla JIEKIWs, TOBA € aCHMITOTHYHO OITH-
MaJIHO, MO-0bP3 aJIrOPUTHM B ACUMITOTHYHUSA CMHUCHJI 32 COPTHUPAHE He € Bb3MOXKeH. [IpeaumcTBoTo Ha QUICKSORT €, Ye € OKOJIO /IBa
nbTH H0-0bP3 Ha IPAKTHKA OT TE3W AJTOPUTMU, BBIPEKM e, KAKTO Ife BHIUM, B Hai-JIomus cjaydail Toi e @(nz). AKo ce ommrame na
“momo6pumM” QUICKSORT, HACTOsABAKU Pivot Jja e HEIPEMEHHO MeJuaHaTa, B Haif-jommus ciaydail Toii me crane ©(nlgn), Ho Ha HpaKTHKa
me e MHOro mo-6aBeH or HEAPSORT u MERGESORT U HHKO# HfIMa Ia 'O H3IIOJI3BA PEAJIHO.

1T03I/I IICE€BOOKO/ pa3MeCTBa HEHY?KHO €JHaKBU €JIEMEeHTH, HO, OT Apyra CTpaHa, TOU € MaKCUMAJIHO OIIPOCTEH.

5 Muwunko Mapkos, @MU, CY



%% OII “PazBuTne Ha YOBEIMIKNUTE peCcypcn’ M\P
P Torosop BG051P0001-4.3.04-0018 eC®
*

Tt PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO Ejﬁ\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

TSIJIOTO HA IUKBJIA TOHE BEHBIK, & U3II'BIHEHIETO Ha IUKbJIA e MPEKPATIBA TOraBa U CAMO TOraBa, KOraTo YCJIOBHETO
cimen until me e BapHO.

I'py6o kazamno, i u j ca UHIEKCH, KOUTO “BbPBAT’ €/IUH CPEILy JAPYT, ChOTBETHO OTJISBO HAJSCHO U OT/SICHO HAJISBO,
JIOKATO He “OTKPUSIT’ eJIEMEHTH OT MAaCHBa, KOUTO Ca “HEIPABUJIHO PA3IOJIOKeHN CIPsIMO M30paHus pivot, cjer KoeTo
TE3U eJIEMEHTH C€ PA3MEHSIT.

IMo-npenusHo Ka3aHo, 110 BpeMe Ha paboTara Ha AJrOpUTbMA, MACUBBT € PAa3OUT Ha TPU 30HU (HAKOU, HO HE BCUYKH,
OT KOUTO MOZKE JIa Ca [IPA3HHU):

e 3esnena 3oHa A[l,...,1]. Tam ca ejlemenTH, I0-MaJIKU WJIM PDABHU Ha Pivot.
e Cusa 3ona A[i + 1,...,j — 1]. ToBa e HemscieaBaHara IacT OT MACHBA.
e 2Kwbura 30Ha Afj,...,k]. Tam ca eseMeHTH, TO-TOJIEMH WM DaBHU Ha pivot.

Ns60pbT Ha MMeHa 3a 30HUTE € mpou3BojieH. C OlBeTsiBaHE JIECHO Ce WJIICTpUpa paboTara Ha ajJrOPUTbMa BbPXY
KoHKpereH npumep. Korato n nsara repeat ...until mukbaa npukiodar, u A[i] > pivot, u A[j] < pivot. B
ciydail, e 1 < j, U3I'bJIHEHUETO OTUBA HA pej 12; cies pa3MecTBaHeTO, cieaBaiiuTe yBejndaBane Ha i (pem 9) u
HamaJisiBaHe Ha j (pen 6) yBesndaBaT ChbOTBETHO 3€JICHATA U YK'bJITATA 30HA C 110 eJHa KieTKa. AKO 1 € j, HaIMa KaKBO
IoBede J1a Ce IPaBH.

TOBa HE € UCTUHCKO (bOpMaJIHO JOKa3aTeJICTBO 3a KOPEKTHOCT C MHBapHaHTa Ha IMUKbJIa. HeKa quTaTeJiuTe ornmuraT
Ja HAIpaBaT (GOPMAJIHO JTOKA3ATEICTBO 38 KOpeKTHoCcTTa Ha PARTITION—HOARE. Cera mie gemMoHcTpupame paborara

Ha Ta3u QyHKIMs ¢ mpumep. Heka

A=(31857624

karo 1 e 1 u h e 8. B mauanoro pivot e A[l] = 3. Tlocne i u j “3acTaBar’ W3BbH I'PAHUINTE HA MACHBA, TAKA e
3eJICHATa W K'bJITaTa 30HA Ca IPA3HN:

31118 (5| 7|6|2]|4

IMocae j “ciuza” namony u crasa 7 (A[7] = 2, raka 1e A[2] < pivot), a 1 ce “kaua” marope u crasa 3 (A[3] = 1, raka
e A[3] = pivot):

e —| oo
\_l-_> N

MNsnbanennero gocrura pen 11. Ilonexke 1 < j, m3nbiaHaABaMe pa3MsHATA!

21576

—
\-a._» m

IMocuie j “cimza” Haloay u craBa 3, KOJIKOTO € i, 3amoro A[3] = 2 e Hall-JeCHUAT eJIeMEeHT, IO-MaJIbK UM PaBEH Ha
pivot:
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ITocne j ce “kauBa’ marope, craBaiiku 4:

Nsnbinenunero ornoso e Ha peg 11. Cera Bede 1 € j, Taka de U3II'bIAHEHUETO IPEMUHABA K'bM pejl 14, KATo aJropuTbMbT
Bpbina croiinocr 3. U naucruna, A[l,...,3] ca TOYHO Te3u eleMEeHTH, KOUTO Ca HE IIO-TOJIEMH OT pivot.

Cera caMo I1e TOKayKeM aJTePHATUBEH IICEBIOKO/I Ha (DYHKIINsI, KOSTO IIPEHAPEK Ta MACcUBa 10 YKeJIanust HaduH. Viesra
3a To3u Ko e Ha Nico Lomuto, okoso 1984 1., u e mybiiukyBana B cratusata Programming Pearls: Little Languages B
crmcannero Journal of the ACM [Ben86].

PARTITION-LOMUTO(A[T1, 2, ...,n]: array of integers; 1, h: indices in A[])
1 pivot « A[h]
pp < 1
fori—1 to h —1
if A[i] < pivot
swap(A[i], Alpp )
pp < pp +1
swap(Alpp], A[h])
return pp

0 O U= W N

DopMaAIHOTO JIOKA3ATEJICTBO 38 KOPEKTHOCT M TO3U I'bT OCTaBa 3a dMTaTeNlsd. 1yK caMo oTOesss3BaMe, Ue U IPU
PARTITION-LOMUTO moxkeMm 1@ meduHHpaMe 3€JI€HH, 2K'bJIT U CHB PAROH, CAMO Y€ B3aUMHOTO MM PA3IIOJIOKEHUE €
PAa3JInIHO, cera Te ca 3eJIeH, K'bJIT U cuB, 0TIsiBO HaJsicHo. C apyru mymu, PARTITION—LOMUTO “TbpKajist’ KbJITHS
paiion HasgcHO. VIMeTo HA mpoMeHsMBaTa pp uiBa oT “pivot position”.

Bux name ome eqra pasinka Mexry QUICKSORT u MERGESORT. @azara Paszmesisiit Ha QUICKSORT BpbIa CTONHOCT,
a UMEHHO MHIEKCHT, KONTO OIpeiesis pa3Ie/IsHeTO Ha MacHBa Ha, JBe YaCTH 3a PEKyPCUBHUTE BUKaHUs. 10Ba ce HaJjara
CbBCEM €CTECTBEHO: 3a pazinka oT MERGESORT, cera He MOXKEM J1a U3YUCIUM UHIEKCA, OMPeIeIsI pa3aeassnero, 6e3
J1a CMe IIperJie/iajin MacuBa.

IMcesnokoabr Ha camusa QUICKSORT e c¢bBceM KparbK (dbyukimara PARTITION e mwiu PARTITION-LOMUTO, wiu
PARTITION-HOARE):

QUICKSORT([A1,2,...,n]: array of integers; 1, h: indices in A[])
1 ifl<h
2 mid < PARTITION(A, 1, h)
3 QUICK SORT(A, 1, mid — 1)
4 QUICK SORT(A,mid + 1,h)

Jl0Ka3aTesCTBOTO 33 KOPEKTHOCT € HAI'BJIHO AHAJOIMYHO HAa JOKA3aTEJICTBOTO 33 KOPEKTHOCT Ha MERGESORT.
QUICKSORT He e crabujieH COPTUpAII aJropuTbM. JlecHO e Ja ce Hamepu INpumep, B Koiito PARTITION pa3meHs
OTHOCHUTETHATA I0JIpe/i0a Ha JiBa eJHaKBHU ejeMeHTa. [IpuMepbT 3a PARTITION-LOMUTO MOXKe Jia ce pa3imdaBa OT
mpuMepa 3a PARTITION-HOARE, HO U 3a JBaTa BapHaHTa UMa, IPUMEPH.

2.2 Cuoxuoct 110 BpeMe Ha QUICKSORT

Croxnocrra Ha QUICKSORT € M3K/IIOYUTETHO IyBCTBUTEIHA KbM m30opuTe Ha pivot. Kazsame “usbopure”’ B MHONKEC-
TBEHO YHCJIO, 3alll0TO CTaBa JyMa 3a n300puTe BbB BCUYKU PEKYPCHUBHU BHKaHWSA. AKO BbB BCAKO OTJEJTHO BHKAHE CE
OKa3Ba, 1€ pivot Jiesin ChOTBETHHUs BXOJEH ([IOJ)MACUB Ha JIBE PABHHU YACTH, CJIOKHOCTTA Ca OIUCBA OT PEKYPEHTHOTO
OTHOIIIEHUE
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KOeTo, KakTo Beue BujsgxMe npu MERGESORT, uma perrenne T(n) = nlgn. Ako obade Bceku uzbop Ha pivot € TakbB,
4Ye TO3U €JIEMEHT JIeJM MAachBa Ha IIOJMACUB C €JIUH eJeMeHT (caMusaT TOW) M IPYr HOAMAcUB ¢ N — 1 ejeMeHra,
CJIOXKHOCTTA C€ OIMCBA OT PEKYPEHTHOTO OTHOIICHWE

Tn)=Tn-1)+1

C MeToma ¢ XapaKTepPUCTUYHOTO ypaBHEHHE e JIeCHO Ja Ce IOKaXKe, W€ TOBAa PeKyDEHTHO OTHOIIEHHE HMa, PelleHne
T(n) <n?.

CiresroBaresnno, B Hail-jomus ciaydait QQUICKSORT e KBaJpaTUYueH COPTHUPAIN aJITOPUTHM, C JIMHEHA CJIOXKHOCT IO
mamer. AKO ce 3aJI0BOJIIBAME CAMO C AHAJIM3 HA CJIOYKHOCTTA B HAN-JIONIUS CJIydail, TOBa € BCHYKO, KOETO UMaMe JIa
KaykeM 3a CJI0KHOCTTa Ha QUICKSORT. Ha npakruka obade QUICKSORT e o-0bp3 OT BCEKU JPYT U3BECTEH COPTHUPAIIL
aJITOPUTHM, TOBOpeitku ocpenueHo. [Ipuannara e, ge jormure m300pu Ha pivot ca TBBHPJE MAJIKO BEPOSITHU, KO pivot e
CJIyYaeH eJIeMEeHT OT MACHBa M T'OJIEMUHUTE HA €JIEMEHTUTE OT MAacuBa ca yHH(MOPMHO pas3lipejiesieHn. 3aToBa, 3a IPbB
¥ TOCJEJIEH II'bT B TO3U KYPC, Il HAIIPABAM AHAJIN3 Ha CPEHATA CI0KHOCT Ha (QUICKSORT — nHade OM TpsOBaJIO Ja
Kiracuduimpame Hail-Obp3usi Ha MPAKTUKA COPTUPAI aJITOPATHM KaTo OaBeH.

1 raka, aHAIM3bT HA CpeIHATA CJIOKHOCT C€ MPABU C PEKYPEHTHO OTHOIIEHHWE, KOeTO 0bade OTpPa3siBa MMEHHO
cpennus ciydait. Kakro ce ybenuxme, ToBa Ha KAKBH YacTH OMBA Pa3fesIeH BXOIbT Ce OIPEelist OT pivot eleMeHTa.
Axko pivot e ciydaeH eJleMeHT OT MacuBa, TO BCSIKO pasjieisiHe Ha BXOJa Ha JiBe YacTu e paBHOBeposiTHO. OTunTame
caMo OposIT Ha CpaBHEHUSITA — HEroBara aCUMIITOTAKA € aCUMIITOTHKATa Ha camust aJiropuTbM. CJieJHOTO PEKYPEHTHO
OTHOIIIEHNE MOJIEJIUPa Ka3aHOTO JOTYK:

:u~

Z )+ T —k) + (n—1) (1)

ITpomensmsara k e MsicToTo (10 TOJEMUHA) HA Pivot BBB BXOsa; pivot Moxke na e Hafi-mMaiabK enement (K = 1) nam
propu 1o rosiemuta (k = 2) win ... nam Haii-ronsm (kK = n). ToBa peKypeHTHO OTHOIIEHHE ce YeTe Taka: paborara Ha
QUICKSORT e cymara OT

e cyMara I10 BCUYKHU Bb3MOXKHOCTH 3a pivot (k = 1...1n) or cymara or paborara BbPXy JIBaTa IM0AMACABA, (€UHUAT
e ¢ rolemuna K — 1, npyruar ¢ ronemuna n—k, orram u T(k—1) + T(n—X)), Ho ymHOXKeHa C % Tozu MHOKUTEN
oTpasaBa (haKTa, Y€ BCHIKH T. Bb3MOKHOCTH 32 OTHOCHTEJHATA FOJIEMHHA Ha Pivot ca pABHOBEPOSTHH.

e un — 1, KoeTo e HPOAT HA CPABHEHMSATA 3a ONpEJIeJIsiHE Ha MICTOTO Ha pivot. OueBmHO pivot TpsibBa ma Objie
CpPaBHEH C BCEKU JIPYT €JIEMEHT U TOBa € JIOCTATHIHO.

Cera me permm (1).

T(n)=%2 D+Tm=%)+nm—1)
k=1
=1<iT +iT +(m—1)
A\ =1
:1( TN +...+T=1)+Tn-1)+T(n—2)+...+T(0) [+ (n—1) )
iy Tk S Yw

OueBuHO JBeTE MOAUEPTAHU CyMU B (2) ca DABHHU, TAKa Ue

T(n)=%(T(O)+T(1)+...+T(n—1))+(n—1) (3)

YMHOKaBaMe JiBeTe CTpaHu Ha (3) 10 T U mojiyuaBame
nTn) =2(TO)+T()+...+T(n=1)) +n(n—1) (4)
Ho ToraBa, ako N e g0CTaTBIHO TOJISIMO,

M=Tm=1)=2(TO)+T(N) +...+T(n=2)) + (n = 1)(n - 2) (5)
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Nssaxgame (5) or (4) u moayvaBame

nTm)—(m—-1)Tn-1)=2Tn-1)+nn—-1)—-(n-1)(n-2)
=2Tn-1)+2n-1) <
nTn)=m+HTn—-1)+2(n-1) (6)

Hemum nsere crpanu na (6) va n(n + 1) u noayyasame

Tm) Tn-1) 2n-1)
n+1 n +n(n+1)

(7)

-
V106HO € /1a HapaBUM CJIETHOTO TIOJIATaHe, 38, 18 Ce OCBODOIUM OT HOTAIMS C'bC 3HAMEHATE/IN: % e O'bIe HapuIaHO

S(n). Torasa oueBnHO @ = S(n — 1) u 3amecTBaiikn B (7), HorydaBaMe CJI€IHOTO PEKYPEHTHO OTHOIIECHHE:
2(n—1)
Sm)=Sn—-1)+ ——= 8
() = S(n= 1)+ =) )

To He MOXKe 5@ O'bJle PEIeHo Upe3 MeToJla ¢ XapaKTEPUCTUYHOTO ypaBHEHHE, 3aIll0TO HEXOMOINEeHHATa YacT He € OT
BUJIA, TIOJIMHOM Ha TL [0 KOHCTAHTA Ha T-T& CTEIEH, TaKa 9e IIe U3M0JI3BaMe YHUBEPCATHOTO CPEJCTBO — PA3BUBAHE.
2(n—1)
Sn)=S(n—1)+ m
2n—2) 2(n-—-1)
m—1Tn nn+1)
2(n —3) 2(n—-2) 2(n-1)

=Sn—-2)+

=St e me T T o Tt
2.1 2.2 2.3 2(n—3) 2n-2) 2(n-1)
=St 3t 3t s T T e T o T ama )
LI
—sm 42y 9
M k;k(kﬂ) ©)

Ha pasriegame (9). S(1) e KoHCcTaHTa, TOBa € HAKAKBO HAYAJIHO YCJIOBUE, U ACUMIITOTUKATa Ha S(M) ce oupeiens or
n k=1
=2 T+ HO

LU L no L L
ézk(k+1)=]§2k(k+1)_]§zk(k+1)=§2m_§2k(k+1)

noo1 _ n 1 n 1
HoGpe nzpectro ef, we Y| 1 =< 1gn, oTKbeTO BesHara ceBa, 4e Y., w7 = lgn. Or apyra crpana, >, SpEny
k—1

o8] 1 7T n -
€ OorpaHnYeHa OT KOHCTaHTa, 3alll0TO PeaAbT Zk:] ®Z € CXOIdIn CbC CyMa & CﬂeﬂBa, qe Zk:z m = 1g n. TOQCT,

S(n) = lgn. Bpbuame ce kbM HoTanusaTa T(N) u HoydaBaMe, de

T(n) =nlgn
Jokazaxme, ue QUICKSORT uma cpefna cjaoxkuocT mo speme O(nlgn). OTryk u cpegHara CJIOXKHOCT [0 ITAMET €
JlorapuTMU9Ha (2 He JIMHeHA KAaTo B HA-JIOIus CJlydail), 3al0To CPeJHATa JbI00UNHA HA CTeKa HA PEKYDPCHUITa €
O(lgn), a Ha BCAKO HUBO HA PEKYPCUATA CE II0JI3BA CAMO KOHCTAHTHA JIOI'bJIHATEHA IaMeT OT (PyHKIusITa PARTITION.
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