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Ab6cTpakT

BbBexkrame moHsTHETO J0JIHA IPDAHUIA BbPXY CJAOXKHOCT Ha 3ajada. /lokazBaMe JOJIHM TPAHUIM BbPXY OpPOst
Ha CPaBHEHUSTA B JIBE 3aHUMATEJHU 33Ja4d. BbBexkmaMe MOHATHETO ABbPBO HA B3eMaHe Ha perneHue. V3mona3saii-
KU TO3W MOAEN, JoKassaMme JosHa rpasuna Q(nlgn) sbupxy ciaoxuocrure na COPTUPAHE u YHUKAJIHOCT HA
EJIEMEHTU, TIPU ONPEIE/IEHN JTOITYCKAHMUSI.
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1 ,Z[O.TIHI/I I'paHUIIN BbPXY CJIIO2KHOCTTa Ha U3YNCJ/IMTE/THA 3ada49N

Joana epanuya 6spry caosicrocmma Ha udwucaumenna 3adawa 11 (Ha adrmmiicku, lower bound on a computational
problem TT) e dyukuus G(n), rakaBa Ue BCEKHM aJropurbM, koiito pemasa [T, paboru b Bpeme Q(d(n)). 3ua-
YEHMETO Ha TOBA MOHATHE € TOJIAMO: JOKA3aTEJICTBO 3a JIOJIHA IPaHUIa Ha 3ajada 0DE3CMUC/IsS OIMUTUTE Jia ObIaT
KOHCTpyupaHu Nno-0bp3u ajropurmu. JosHara rpanuna e GpyHIaMeHTaHO OTPAHUYEHIE, HEl0 KaTo IIPUPOIHA JTajle-
HOCT, ¢ KOSITO CM€ JUI'bYXKHU Ja Ce Chobpa3sBaMe, HE3aBUCUMO AU HU XapecBa WM HE, ChIIO KAKTO HE MOXKEM Ja
UrHOpHpaMe, IPUMEPHO, 3aKOHA 3a 3alla3BaHe Ha €HEePrusiTa.

JlokazarencTBara Ha HETPUBUAIHY JOJTHNA TPAHUIYM BbPXY CJIOXKHOCTTA HA 38/Ia4H Ca U3KJII0IUTeHO Tpyauu. Kakso
€ TpHBHAJIHA JIOJHA TPaHMIa, 1me obsgcauM ¢ npumep. 3a COPTUPAHE, TpuBuajHa J0JaHA rpanuia e Q(n), 3amoro
HAMA KaK JIa COPTHpaMe MachB, 06e3 ja cMe “mpernenann’ Beekn eqement!. JlokasarenacTsoro, ve Q(mlgn) e momma
rpanuna 3a COPTUPAHE € 3HAYMTEHO NO-TPYJIHO W 3aTOBa Ka3BaMe, Ue He € TPUBHUAJHO.

Babenexkere €A TPUHIAIIHA PA3JINKa MEXKJy ropHaTa u goaHara rpapuna. Ot Tosa, ve INSERTION SORT paborn
BuE Bpere O(n?) u dakra, e INSERTION SORT pemasa 3aauata COPTUPAHE, ciessa, e O(n?) e (acummrornyna)
ropua rpaauia 3a COPTUPAHE. Ho or ToBa, ye¢ MERGESORT paboru BbB Bpeme Q(nlgn) u dakra, ye MERGESORT
pemasa 3anadara COPTUPAHE, He cjeasa, ue Q(nlgn) e (acummnrornyna) ponna rpanuma 3a COPTUPAHE. C apyru
JIYMU, TOpHATA TPAHUIIA Ha eUH KOHKPETEH aJIFOPUTHM € TOPHA IPAHUIA 32 3aIa9aHTa, HO JOJHATA TPAHUIA Ha €JIH
KOHKDETEH aJTOPATHM He € JIOJTHA IPAHATA 38 3aa9aTa.

U ome enna 3abesexkka. Tosa, e Q(n) e gosnna rpanuna 3a COPTUPAHE u ToBa, e Q(nlgn) e mosna rpanuia 3a
COPTUPAHE (KO€TO BCe OIlle He CMe JIOKa3aJn), He ca B nporusopeune. [IpocTo BTOpaTa J0JIHA TPAHUIA € [O-BUCOKA,
CJIeJIOBATENHO e U No-700pa (n mo-uHTepecHa). Korato crasa Jyma 3a JOJIHM TPAHUIM, HHTEPECYBaMe Ce OT KOJIKOTO

TAHaJIOFI/ItIHo, KaKTO II[e BUJUM B CJIEJIBAIIA JIEKIIVsI, TPUBUAJIHA JIOJIHA TPAHUIA 33 00XO0XK1aHe Ha rpad, IPeJCTaBeH CbC CIUCHIU Ha
cbeencTBa, e Q(n + m), KbaeTo N e 6poAT Ha BbLPXOBETe U M e 6poaT Ha pebpara, HOpay TOBA, Y€ Pa3MepbT Ha CIHCHIMUTE Ha ChCEACTBA
e O(n + m), u HAMa Kak ga obxomum rpada, 6e3 na cMme “npernenann”’ BCEKH €JIEMEHT OT TE3U CIUCBIH.
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€ BB3MOXKHO TI0-BUCOKM TAKHBA. AHAJOTMYHO, IPU TOPHUTE TPAHUIA UCKAME KOJKOTO € Bb3MOXKHO IMO-HUCKH TAKUBA!
O(n?) e Basmama ropna rpanuna 3a COPTUPAHE, HO Td e GesuHTepecHa mpeasuy daxta, e O(n?) cbiio e ropha
IDaHWIA, a Ha CBOU peJ| Ts € Ge3nHTepecHa mpeasu ToBa, 4e O(nlgn) e ropHa rpaxuma.

2 3agauute the Balance Puzzle n the Twelve-Coin Puzzle

Cera 1mie pa3ryiefiaMe J[Be 3aHUMATETHN 33JIa9d, PEIeHNeTO Ha KOUTO Ie HU JIaJie HeOOXOIUMAaTa WHTYUIUS 33 KJTIO-
YOBOTO TOHSATHE “AbPBO HA B3€MaHe HA PENTeHUs .

2.1 The balance puzzle

Sanaua 1 (The balance puzzle). Jladenu ca 9 nomepuparu npedmema, da peuesm monku. Ocem om maAx umam eoHoO U
cowWo meano, a edna monka e no-mesicka (om xos da e om ocemme). Hawama uea e da udenmuduyupame mesckama
monka, Kamo u3nos3eame 6e3nu. Besnume nwamam cmandapmHu me2AuAKY, MAKA e MONHCEM NPAGUM EIUHCTNEEHO
UBMEPBAHUA OM 6UdA: HAKOU MONKU Ha edHomo 641000 cpewy Opyeu monku Ha Opy2omo 641000, u da HabAwdasaMme
pesyamama. Uma mouno mpu 663MONCHOCTY 34, PE3YAMAMG: 6€3HAMA A4 Ce HAKAOHU HAAABO UMY 6e3Hnama da ce
HAKAOHYU HAOACHO UAY UAU 8e3Hama da ocmane basancupana. Tpabsa da Hamepum MeNHCKAMaE MONKG ¢ KOAKOMO €
863 MOINHCHO NO-MANKO USMEPBAHUS.

IIpednooiceme cxema 3a UBMEPBAHUA, KOAMO NOA3EA HE Moseywe om dee uamepsanus. loxasceme, ue dee e doana
2panUUa 30 OPOA HA USMEPBAHUAMA.

Peinenne:
Heka neserre Tonku ca by, ..., be. C eaHo usnoa3BaHe Ha Be3HaTa MepuM by, by u bz cpenty by, bs u bg. Mma Touno
TPU Bb3MOXKHU U3XO0J1A.

e Axo by, by u b3 ca nmo-texkku or by, bs u bg, u3nonsBame Be3HaTa Bropu bt ¢ by cperty by. OTHOBO nMa TOYHO
TPHU Bb3MOXKHH U3XO0JIA.
o Ako by e mo-texkka ot by, Bpbimame “by e meorckama monxa’”.
o Axko by e mo-texkka or by, Bpbiame “by e meosrckama monka”.
o Ako by u by ca egHakBO TEXKHU, Bpblmame “b3 e meorckama monxa’.
e Ako by, bs u bg ca mo-rexxku ot by, by u bz, usnossBame Be3HaTa BTOPH I'LT € by cpelry bs. OTHOBO nMa TOYHO
TPU Bb3MOXKHU U3XOA.
o Axko by e mo-texkka ot bs, BpbiiaMme “by e mesickama monka”.
o Axko bs e no-texkka or by, Bpbiame “bs e meosrckama monka”.
o Axko by u b5 ca enHakBo TexXKH, BpbilaMme “bg e meosckama monka”.
e Ako by, by u b3, or enna crpana, u bg, bs u bg, or JApyra crpana, ca eJHAKBO TEXKKH, M3I0JI3BaMe BE3HATA,
BTOPH II'bT C b7 cperty bg. OTHOBO UMa TOYHO TPH Bb3MOXKHU U3XOJA.
o Axko b7 e mo-texkka or bg, Bpbiiame “by e meosrckama monka”.
o Ako bg e mo-texkka ot by, Bpbimame “bg e meorckama monxa’”.
o Ako by u bg ca exgHakBO TexKKM, Bpbiiame “bo e mesrckama monka”.
Qurypa 1 waoctpupa Tasu cxema. MHOro moJe3HO € Jla MUCAUM B TEPMUHHUTE HA Bb3MOXKHOCTU, WJIA Bb3MOXKHU
cberosius. [loHadgao nMa TOYHO JEBET Bb3MOXKHOCTU: WX Di € TeXKKaTa TOIKa, W D) € TexKKaTa TOIKa, M TaKa
HaTaTbhK, WX Do e TexkKaTa TolKa. Heka 3amuiireM Te3u JIeBeT CbCTOSIHUSI CbC, ChOTBETHO, i, 1, ..., . B HaYaja0TO
BCAKO MHOXKECTBOTO OT Bb3MOXKHOCTUTE € {4 i, ...,ir}. Cien BCAKO M3MepBaHe, MHOXKECTBOTO OT Bb3MOXKHOCTHUTE
HaMaJIgBa. 3ajadara OMBa pelleHa KOraTo MHOXKECTBOTO OT Bb3MOXKHOCTHUTE cTaHe exHoeseMmenTHo. Ha @urypa 1 mo
BCEKH BPbX € 3alllCaHO MHOXKECTBOTO OT Bb3MOXKHOCTUTE, KOUTO Ca KOHCUCTEHTHH C PE3yJITATHTE OT U3MEPBAHUATA

Jocera, U3KJI0YBAiKN TeKynoTo. ToecT, KOHCUCTEHTHU C PE3YJITATUTE OT BCUYKU BbPXOBE OT KOPEHA JI0 POJIUTEINA Ha
HACTOSAIINS BPbX.
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®@urypa 1: Cxema 3a u3MepBaHe C He IMOBeYe OT JiBa BbIipoca 3a the balance puzzle. BbramoxkuocTuTe ca 3amucanu c
pumckn rudpu. a pemuM 3a1adare € CbIIOTO KATO J1a OTTOBOPHUM, KOsl OT JIEBETTE Bb3MOXKHOCTHU CE € CJIYUIUJIA.

JlokazaTeicTBOTO 3a JIOJHA rpaHuila e TpuBuajHo. Cxemara TpsiOBa Ja € TakaBa, e Ja Pa3jIindd eIHa Bb3MOXKHOCT
OT OBIIO JIeBET, M3MOI3BARKE TepHAPHO' IHPBO Ha B3eMaHe Ha permrenne. TepHADHO JIBPBO ¢ BECOYMHA | MMa CaMoO
TPH JIKCTA, TaKa b€ MOXKE J[a Pa3/IindaBa caMO TPHU Bb3MOXKHOCTH, KOETO He BbpInu pabora 3a Tasu 3agada. O4ueBuIHO
JILPBOTO TPSAOBA JIa MMa BHCOYMHA MOHE 2, 3a Ja MMa [IOHE JIEBET JINCTA, C KOUTO JIa Pa3JIndaBa JIEBET Bb3MOXKHOCTH.
3abesiexkere, 4e apryMeHTaIusTa 3a J0JIHATA I'DAHWIA HsIMa HUIIO ODIIMO ¢ KOHKPETHATA CXEMa, KOSITO HM3JIOXKUX-
Me rope. ToBa, 4e m3BemoOxXMe JOJIHA T'PAHUIA JIBE 338 OPOsl HA W3MEPBAHUATA CbBCEM HE O3HAYABA aBTOMATUYHO, €
Ta3W JOJIHA TPAHUIA € JOCTIKHMAa. B ciydas, Td € JOCTHKUMa, HO TOBa CJIEJIBA OT MOKa3aHATa KOHKPETHA CXeMa.
AprymeHTHT 3a J0JHA TPAHUTIA KA3Ba CaMoO, Y€ C TO-MAJKO U3MEPBAHUsI HIMa Ja CTAHE. ]

2.2 The twelve-coin puzzle

Bagaua 2 (The twelve-coin puzzle). Jadenu ca 12 momepuparnu monemu. Hameorcdy maz, 11 umam edno u cowo
mez2.0, a Ipyeama—aa A Hapeuem CTPAHHATA MOHETA —€ UAU NO-AEKA, UAU No-medcka. Hawama 3adava e da udenmu-
Puyupame cmparHHamMa MOHeMa, U3NOA36GIKY 6e3Hy Kamo mesu 6 3adaua 1. Monemume ca pasAuMUMUY HG BHUEH
6U0, NPUMEPHO CO HOMEPUPGHU C1, . .., C12. IIpedrooiceme cxema 36 USMEPBANUA, ¢ KOAMO udenmuduyupame Cmpar-
HAMA MOHENA C HE NOBEUE O MPU UsMepsarus. Joxasceme, we mpu e doAna 2panuya 3a 6POA HA USMEPSAHUANA.

Perienne:

Tasu 3amada e Mo-CJI0XKHA OT IIPeJUIIHATA. BposaT Ha Bb3MOXKHOCTUTE cera € 24, npa bTu 6pos Ha MoHeruTe. Heka
1’ o3HaUaBa “‘Cy e jeka’, 1’ o3HavaBa “‘C1 e Texkka’, 11’ o3HavUaBa ‘Cy e jeka’, by 4”7 o3HavuaBa “Cy € TeXKKa’, U TaKa
HaTaTbK, T4 O03Ha4aBa “C1y e jieka’ u rii” o3Ha4YaBa “Ciz e Texxka’. Purypa 2 mokasBa cxema OT U3MEPBaHUsI C Haii-
MHOT'O TPY U3II0JI3BAHUS HA BE3HUTE, KOSITO OIpeeis Kosi OT 24-Te Bb3MOXKHOCTH e ciydasT. JIoTyk mokazaxme, ge Tpu
u3MepBanus ca gocrarbaau. Cera 1me JTOKaxKeM, de TpH u3MepBaHus ca Heooxomaumu. Thil Karo TpsibBa 1a MOXKeM Ja
pa3JInIuM eJIHa Bb3MOXKHOCT OT 00110 24 1 BCSIKO M3MEpBaHe MMa HAW-MHOIO TPU Bb3MOXKHH U3XO[a, JIOJTHA TPAHUIA
3a Opost Ha U3MepBaHusATa € [logs 24] = 3, noHeKe TepHAPHO IbPBO ¢ = 24 MMa BUCOYMHA [IOHE TPU.

BabesiezkeTe, e J0JIHATA MPAHUIEA, KOATO CJIEIBA OT TAKWBA ChOOparkeHWs (BHCOUMHATA Ha JIbPBOTO KATO JIOTa-
pUTBM OT OpOsi Ha JIMCTATa) HE BUHAIM € JIOCTIDKMMA. B ciydast ¢ twelve-coin puzzle, jonHara rpaHdna HAUCTHHA €
JIOCTHKKMMa, KAKTO BUKJIaMe oT cxemara Ha Purypa 2. Ho cbmara 3amada ¢ 13 Mmonetn He MOKe jia ObJle PeIleHa ¢
Hal-MHOTO TpU M3MEPBaHUS B Haif-sommus ciaydail. Ero 3amo:

f«“TeprapHO” KOPEHOBO BPBO € TAKOBA, B KOETO BCEKH BPBX MMa HAH-MHOTO TDH JIEIA.
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Qurypa 2: Cxema or m3mepBanus 3a the twelve-coin puzzle. 3abesexere, ye MOHSKOra camMo JBa OT TPUTE U3XOIA
ca Bb3MOXKHU. Bcekn BpbX B JbPBOTO € ACOIMUUPAH ¢ MHOXKECTBOTO OT BBH3MOYKHOCTUTE, KOUTO €A KOHCHUCTEHTHH C

U3MepBaHUuATa 10 TO3U MOMEHT.
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e Hama cmuchs ga Mepum emgHO CpENLy APYyro IBE€ MHOXKECTBA OT MOHETH C pa3jaudeH Opoil MOHETH, 3aIoTo,
aKo OJIIOJI0TO ¢ MOBEYETO MOHETU Ce HAKJIOHU HAJOJy, Hie He MpujodrBaMe HMKAKBa HOBa MHQOpMAIus, B
CMHCBJI, Y€ Bb3MOKHOCTUTE HE HaMaJIsIBaT, & OCTaBaT CHITUTE.

e Vmaitku mpeBuU TPEIHOTO ChOOparKeHHWe, 3a BCEKM M300p Ha JBE MOJAMHOXKECTBA C €JIHA W ChIA KapIHHAJ-
HOCT (OT MHOXKECTBOTO OT 13-Te MOHETH), WM Te3M MHOXKECTBA MMAT KAPMHAJIHOCT 3> 5, UM MHOXKECTBOTO OT
oCTaHaJINTe MOHETH MUMa KapIMHAJHOCT = 5.

e MHOXKeCTBO ¢ KapAUMHAJIHOCT = 5 nMa > 10 Bb3MOXKHOCTH 3a CTPAHHATA MOHETA.

e Hsama HauuH 12 ompejesnM eHa Bb3MOXKHOCT m3Mexk 1y = 10 Bb3MOXKHOCTH, M3NOJI3BAMKE < 2 M3MEepBAHMUS,
3aI0TO MPHU HE MOBeYe OT TPU M3XO0[a OT M3MEpBaHe, JBE IOCIEIOBATETHH M3MEPBAHUS MOTaT Ja pas3ainmdar
Haii-MHOIr0 9 Bb3MOXKHOCTH.

IMokazaxme JosiHa rpaHuIa YeTupy 3a 6pos Ha m3MepBanusTa. OT apyra crpana, [logs 26] = 3. Hama npornsopeune
mexay dakra, de [logs 26| = 3, u daxra, ye the thirteen-coin puzzle nsucksa nose yerupyu u3MepBaHus B Hafi-JI0IHs
cayuqait. ToBa ca pasaudHM apryMeHTaIy 3a J0JHA TPAHWIA, KATO €IHATA apryMeHTAllus JaBa JIOJIHA TPAHUIA TPH,
a gpyrara, dyerupu. Tpu cu octaBa BaJuHA JIOJIHA IPAHUIA, IPOCTO 33 Ta3U 33/1a49a He € JIOCTHXKUAMA. O

3 Hosana rpaauna 3a COPTUPAHE

IIpenu na mokakem KakBaTo U Ja € JIOJIHA I'DAHUIA 33 CJI0KHOCTTA HA HAKAKBA M3YUCIUTENHA 3aJada, TpAOBa j1a e
HAITBJIHO SICHO KAK'bB € U3YUC/IUTETHUSIT MOJIE)I, KONTO I0JI3BaMe, M KAKBU Ca JOMYCKaHUsTa, KOUTO IpapuM. Q4ueBuIHO
e, 4e aKO COpTHpaMe HYJU U €IUHUIN, MOXKEM J1a U3BBPIINM COPTHUPAHETO B JIMHEHHO BpeMe, IPOCTO MpedposiBaiiku
enementuTe or Beekn Bui. Jlonnara rpanuna Q(nlgn), xodaro me JokazkeM, € B cujla He 3a BCAKO COPTUDPAHE, a 34
copmupane, 6a3uparo Ha JUPEKMHY CpasHerus, Ha aHIMACKE comparison-based sorting. Coprupanero, 6a3upaHo Ha

JIMPEKTHU CPaBHEHUs, YETe eJIEMEHTHUTE €JIMHCTBEHO Ype3 Ollepallis JIMPEKTHO CPABHEHME Ha, JIBa eJIEeMEHTa aj 2 aj.
CoprupaHe, KOeTo IIpaBH KaKbBTO U Jia € JAPYT BAJL JIOCTbII (access) J0 eJIeMEHTHTE, IPUMEPHO GPOH 110 KOJIKO €JIEMEHTA,
OT J1aJleHa TOJIEMUHA MMa, WJIN Pa3ryiexkJa OCTATbIIUTE 10 MOMYJ Ha €JIEMEHTUTE, UM CPAaBHSABA €JEMEHTH C YHUCJIO,
KOETO HE € JacT OT BXOJa, He e DasupaHo Ha JupeKTHU cpaperus. OOpa3sHO Ka3aHO, aKO €JIeMEHTUTE Ca HOMEPHPAHU
TOTKH C TIOJIOKUATEIHN TEryIa, COPTUPAHETO, Oa3upaHO HA IUPEKTHU CPABHEHWS, N3II0JI3Ba BE3HA, MTOJ00HA Ha BE3HUTE
OT TIpeJHATa CEKIMs, CaMO 4Ye C JIBa, & He TPU Bb3MOXKHU U3XO/a; €JIMHCTBEHUTE PA3PEIIeHN JIeliCTBUS C TOIKHUTE Ca
MEpEeHe Ha JIBE TOIKH €JHa CPEINLy JpyTra.

Nma ThHKA pa3iuka MeXy COpTHpaHe, 0a3upaHO Ha JUPEKTHU CPABHEHWUs, 1 COPTUPAII aJITOPUTHM, Da3UPaH HA

JUPEKTHU CpaBHeHWs. B dnctust abcTpakTeH BHUI, COPTUPAHETO, PA3UPAHO HA NUPEKTHU CPDABHEHWs, HE pa3MeCcTBa
?
€JEeMEeHTH, a CaMO 3aJlaBa BBIPOCH OT BHJA (i < Oj W CJIeJ TOPEJUIa OT TAKWBa BBHIPOCH Ka3Ba—Bb3 OCHOBA

Ha MOJIyYEHUTE OTTOPU— KOS € COPTUPAHATA IOCJIEIOBATETHOCT OT JIAJIEHUTE €JIEMEHTH, IIPUMEPHO (4, A2, A5, A7, A3.
Coprupalnmre aJropuTMU, KaKTO Bede BUISAXME, PA3MEHHAT MeCTAaTa Ha eJleMeHTH B MacHhBa, Taka 4e B Kpas Ha
paboTara copTUpaHaTa II0CJIEI0BATENHOCT aK 6uBa HapudaHa A[l,... 1], camo 4e A[l] B Kpasi He e HeIpPEMeHHO
cbiusT kato A[1] B Hauasoro u T.H. CopTHUpaliure ajIropuTMu, 6a3upaHi Ha JUPEKTHU CPABHEHMUsI, IPABSIT CAMO JIBa

BUIA JCHCTBHS C €JIEMEHTUTE: CPABHEHNUS OT BHIA O < a;j u kormpanus (npumepHo, key «— A[i] mmm swap(A[i], A[j])).
Benuku pasriejanu Jocera COpTHPALIY aJlOPUTME ca 0a3UpaHu Ha AUPEKTHU CDABHEHUS.

Cera 1mie ce ybeauM ¢ IPUMED, Ue Ha BCEKH COPTUPALL AJITOPHTHM, 6a3upaH Ha JUPEKTHH CpaBHeHHs (KOHTO MeCTH
€JIEMEHTH), ChOTBETCTBA CXEMa OT BBIPOCH, KOATO HAPEKOXME COPTUpaHe, 6asupaHo Ha JUPEKTHU CpaBHEHUs (KOSTO
He MecTn eeMeHTHn). [Ja cu npunomanM INSERTION SORT.

INSERTION SORT(A[l,...,n])
1 fori—2ton
2 key « A[i]
3 je—i-—1
4 while j > 0 and key < A[j] do
5 Al +1] < A[j]
6 je=j—1
7 Alj + 1] « key
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* Arapus
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e Jl\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

Ha pasriemame paborarta Ha INSERTION SORT BBPXY BXOJ C rojieMuHa Tpu. Heka BXOXBT €
ap,az,as

C manku GyksH, IpuMepHO “a;”, o3HauaBame esemenTure oT Bxoga. C rmasHu 6yksu, npumepro “A[1]”, osnauasame
esteMenTHTE OT TeKemmus Macus A[]. B mazamoro e Bapuo, e A[] = [a1, az, az], HO cjIex HAKOIKO CTBIKH OT U3IIBJI-
Henuero Moxke Ja umame A[] = [az, a3, ai]. Ja momycuem, de esleMeHTHTE OT BXOJIA €A YHUKAJHH. TOYHO €JHO OT
CJIEJTHUTE € B CUJIA:

a; <az; <as (1)
a; <az <a (2)
a <a; <az (3)
a < az < aj (4)
az < ay <az (5)
az < az < aq (6)
Ile mapuyame Te3u, nepmymavuume. Ja copTupame BXOJA € ChIIOTO KaTo J1a oupejaennm koe ot (1), ..., (6) e BapHO.

INSERTION SORT e ajropurbM, 6a3upaH Ha JupeKTHU cpasHeHust. CpaBHeHusATa cTaBaT caMo Ha pex 4 B key < A[j] .

[IbpBoTO CpaBHEHUE € A2 < A7 .
Cayuait I Ako az < a; e TRUE, T0 TOYHO Te3u TpU nepMyTaiuu (OT HAYAJHUTE NIECT) Ca Bb3MOXKHU:
a <ayp <as

a <az < a

az < az < aq

B ro3u ciayuaii asropurbMbT poMenst Al ] mo Bpeme Ha TeKymoTo u3lrbjiHenue Ha for-numkbia, Taka de A[] crasa
[az,a1,a3]. Jpyru cpaBHeHHsI He ce NPABAT MO BpeMe Ha TEKYIIOTO M3II'bJHEHHe Ha for-nmukbia u 3amodsa HOBO
HeroBo usirbjnenue. CleaBamoTo cpasHenue € az < djp .

Cayqait II  Axo a; < a; e FALSE, T0 TOYHO T€3u TpHU MEPMYTAIU CA Bb3MOXKHHU:
a; <az <as

a; <az <az
az < ay <az

B T031 ciay4ait aaropuTbMbT He mpoMens A[ | o BpeMe Ha TeKyINOTO u3lbiaHenue na for-nmuxmnia, Taka e A[ ] ocrasa
[a1, az,as3]. Jdpyru cpaBHEHH: He ce MIPABAT 110 BpeMe Ha TeKYIIOTO H3IIbIHeHre Ha for-1mkbiia u 3a10uBa HOBO HETOBO
U3II'bJIHEHNE.

Cayqaii .1 Ako a3z < aj is TRUE, TOYHO Te3H JiBe MEPMYTAIMN OCTABAT Bb3MOXKHU:

a; < az < aq

a3 < az; < aj
A[] craBa [az,a, a], Karo crofiHocTTa A3 Ce CbXpaHsiBa B IpoMensmBara key. CiieBaloTo cpaBHeHue e a3 < @y .
Cuaywuaii I.1.a Axo a3 < ay e TRUE, ocraBa eIHa eIUHCTBEHA Bb3MOXKHA, IIEPMYTAIIUS:

a3 < a; < aq

while-1uk BT ce u3mbaHABA ome BeaubK u A | crasa [az, az, ai]. Torasa az ce 3anucsa Ha mbpsa mo3uims B Af |
(line 7) u A[] craBa [a3, az, a;]. Iocie anropuTbMbT IPUKIIOYBA PAbOTATA CH.

I.1.b Ako a3 < az e FALSE, ocraBa ejgHa eJMHCTBEHa Bb3MOXKHA, IIEPMY TaIlUsI:

a < az < aj
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* Arapys
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e le\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

a1 <az; <as
a; <az <az
a <ay <as
a < az < aq
az < ay <az
a3 < az; < aj

a <ayp <as
a < az < aj
a3 < az; < aj

Yes

a < az < aj
a3 < a; <a

a < ayp <as

Yes

a3 < a; < a a < az < aj

Qurypa 3: Iloncayvante, B konto az < a; e TRUE.

while-1uKbIbT He ce H3IIbIHABA IOBEYE. 3 ce 3amncBa Ha Bropa nosunus B Al ] (line 7)) u A[] crasa [az, az, ai].

Cayuait 1.2 Axko a3 < a; e FALSE, ocraBa eqHa eIMHCTBEHA Bb3MOXKHA TIEPMYTAIUSI:
a <ay <as

AsropurbMbT npukIouBa padorara cu. A[ ] ocrasa [az, ar, az].

Yerupure noncaydait ua Case I moxe ma 6b1aT npeacraBenn upe3 mabpBomogodHaTta crpykrypa na @urypa 3. Uma

JBa TUINA BbPXOBE—BbPXOBE-CPABHEHUd, CHOTBETCTBAIN HA BDBIIPOCH OT BHUJA Qi 2 aj , u ymcHa (B 3eeno). Hax
BCEKHM BP'bX-CDaBHEHHE 3allCcBaMe MHOXKECTBOTO OT IIePMYTallUUTe, KOUTO Ca KOHCUCTEHTHH C OTTOBOPUTE /10 TO3HU
MOMeHT (mpesm ToBa cpasHeHne). EcrecTBeno, Ha/L KOPEeHa ca 3alMCaHU BCUIKH IECT MEPMY TAIIIN, KOUTO €& Bb3MOXKHH
noHavaJso. JIucrara oTroBapsaT Ha Bb3MOXKHHUTE U3XOU OT aJrOPUTHMA.

Axko nHampaBuM aHaJlorndeH ananus Ha nojaciaydante na Corydaii IT me noayduMm cTpykrypara, nokazana Ha Qurypa 4.
bpBoro T e qBOMYHO, MIOHEXKE MMA, JIBA BH3MOYKHI OTTOBOPA MPHU BCSIKO CPABHEHUE.

N3sBeoxmMe 1bpBONOIOOHATA CTPYKTYPa Ype3 MOPOOHO CUMyJIMpaHe Ha paborara Ha INSERTION SORT BbpXy BCUYKHA
BBH3MOJKHH| BXOJIOBE ¢ pa3Mep TpH. Takapa JIbPBOIOIOOHA CXEMa OT BBIPOCH I OTTOBOPH Ce HAPHYA 05P60 1 63CMANE
Ha pewenus, Ha anruuiicku decision tree. Oupenesenuero B [CLRS09) e:

A decision tree is a full binary treet that represents the comparisons between elements that are performed
by a particular sorting algorithm operating on an input of a given size. Control, data movement, and all
other aspects of the algorithm are ignored.

TKaro orHocuTe M roseMunmy.
t Full binary tree e 1BOMYHO IBPBO, B KOETO BCEKM BHTPEIIEH BPbX MMa TOUHO JBE Jela. Binary tree € IbPBO, B KOETO BCEKH BbHTPEIIEH
BPbX MMa Hali-MHOIO JBe Jela.
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a; <az <as
a; <az <az
a <ay <as
a; < asz < ap
az < ay < az
az < az < aj

a <ayp <as
a < az < aj
a3 < az; < ap

a; <az <as
a; <az <az
az < ay < az

a < az < ajg
az < az < ajg

a; < az <az
az < ay < az

a < ayp <as a; <az; <as

Yes

a3 < az; < ap a < az < aj az < ay < az a; <az < az

Qurypa 4: Toa e 1sa0TO HBPBO | OT cpaBHeHHUsITa. 10 IpejicrapisBa cxemMa S OT BbBIPOCH U OTTOBOPH, KOUTO
OIIPeIEeJISAT KOsl € COPTUPAHATA [IepMyTallusi Ha TPUTE JaJI€HU eJIEMEHTa.
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N OGy‘ICHI/IC BbB (DaKy.HTCT‘d II0 MaTeMaTuKa 1 I/IH(bOpl\I‘dTI/IKa N
EBponeinckn cbio3 EBponeiickmn coymnaneH poHA

HbpBerara Ha B3eMaHe Ha pEITeHNs HAMa HY»K/Ia Ja ca IBONYIHN U He ca orpanmvenu 10 3amadara COPTUPAHE. KakTo

BUJAXME B MUHAJIATa CEeKIus, u3BecTHUTE 331auu “the balance puzzle” u “the twelve-coin puzzle” (Buxk 3amaga 1 Ha

crp. 2 and 3azada 2 Ha cTp. 3) ca NONATIMBU HA AHAJU3 Ype3 [[bPBETA HA B3eMaHEe Ha pelleHNe, CaMO Ye TepHADHH.
IIpu BCsika OT Te3M 3aMaUn:

e the balance puzzle,
e the twelve-coin puzzle,
e INSERTION SORT BBPXY BXOJ C pa3Mep TPHU

JIbPBOTO Ha B3eMaHe Ha PEIeHUs € eJHO eJMHCTBEHO, 3al[0TO CTaBa JiyMa 3a €JHa eJMHCTBEHA TOJIEMUHA HA BXO/JIA.
OueBuiHO €, ye INSERTION SORT 110 IPUHIUI UMa HE €JIHO TAKOBa IbPBO, a OE3KPAiiHO MHOXKECTBO OT JIbpPBETa, IO
eJTHO 3a BceKu pasmep Ha Bxoma. U the balance puzzle, u the twelve-coin puzzle nmar oueBnHE 0600IIEHNS 38 BXOJ, C
MIPOU3BOJIHA TOJIEMUHA. 1€3u 000DIIEeHNs ChIO nMAT Oe3KpailHi MHOXKECTBA OT JbpPBETa HA B3€MaHe Ha PEIIeHue, 110
€JTHO 3a BCSIKA TOJIEMITHA HA BXOJIA.

IToguepraBame, ye aKko A e IPOU3BOJIEH COPTUPAIL] AJITOPUTHM, DA3UpPaH HA JUPEKTHU CPaB-
HeHUsl, A MMa He e/JHO €IMHCTBEHO /JIbPBO HA B3€MaHe Ha pellleHus, a 6e3KpailHO MHOXKECTBO
TaKWBa JbPBETA, 10 €/THO 32 BCEKU pa3Mep Ha BXoaa. AKO KaXKeM IIPOCTO ‘ZITbPBOTO Ha B3eMaHe
Ha penleHus’’, MaMe IIPeaBUL OOIINSA eJIEMEHT Ha TOBA MHOXKECTBO.

[Ipu pascwbxkiaenusTa 3a INSERTION SORT Hue m3BemoxMe abpBoTo. HO e BaykHO € Jla pasdepeM, de MOXKe Ja
MUCJIIM 32 JIbPBOTO KAaTO I'bPBUYEH 00€KT. JIbpBOTO, B HIKAKBB CMUCHJ, COPTUPA, CAMO dYe HE Upe3 MecTeHe Ha
eJIEMEHTH, & OIPEE/IsIiKI KOsl € copTUpaHaTa nepMmyTanus. I Taka, MoxKe J1a MHUCJIAM, Y€ J'bPBOTO € I'bPBUYHUSIT
00€eKT, a aJI'OPUTHbMBT € BTOPUYEH, KATO aJrOPUThbMbT MECTH €JIEMEHTH 110 TAK'bB HAYWH, Y€ B IPABUIHUST MOMEHT
“ga Besmara’’ 1a GbIAT MOCTABEHH IPABUIIHUATE €JIEMEHTH.

Cera mie mokazkem, 4de JIbpBeTaTa Ha B3eMaHe Ha pPelleHre HU JaBaT MEeXaHH3bM 3a JIOKAa3BaHe Ha JIOJHYU T'DAHUIHA
Ha 3aj7a4u. [IbpBOTO 1IE pasriemamMe KOHKPETHOTO JTbPBO T, chbOTBETCTBAIIO Ha INSERTION SORT ¢ pa3dmep Ha BXO/a
Tpu (@urypa 4). 3abessgsBame, Ye uMa JUCTA € JILIOOUNHA J(BE U JIACTA C JbJ00YrHA Tpu. ToBa O3HAUABA, Ue BbHPXY
HSIKOU BXOJIOBE OIIpeJIeJisiMe COPTUPAHATA IEPMYTAIHs C IBa BbIIPOCA, 8 BbPXY JIPYIH, C Tpu. BucounHnara Ha JbPBOTO
€ MAaKCUMAJIHAAT OpOil BbIPOCH, KOUTO Ca HU HeOOXOIWMY B HAM-JIOMINS CJIydail, 110 OTHOIIEHWE Ha KOHKPETHATA
cxema. EcrecTBeHo, mMa MHOTO JIPYyTrd BB3MOXKHHU CXEMH, OTTOBAPHAIIN HA JAPYTU copruparu ajroputvu. Heka dwura-
TEJISIT CaM CH HAIIPABU JbPBOTO-CXEMa, OTTOBAPSINO Ha SELECTION SORT ¢ pa3Mep Ha BXOJa TPH, U IIe ce yoeu, 1e
TO € Pa3JIMYHO OT JbPBOTO-cXeMa Ha INSERTION SORT.

Ho, kakBOTO 1 112 € JTbPBOTO-CXEMAa, 33 BXOJI C Pa3Mep TPpH, TO TpsiOBa j1a nMa BucounHa rmone Tpu. 3armo? Jlomycuere,
e UMa JIbPBO T’ Ha B3eMaHe Ha PelIeHus 3a COPTUPAHE Ha TPH eJeMeHTa, KOeTO NMa BUCOYMHA Hali-MHOTrO jBe. Toecr,
cxeMa oT BbIpocn S’, KOATO ¢ Hail-MHOTO JIBa BBIIPOCA ONpEENs Kos € coprupaHarta mepmyrtamus. Ho T/ cbmo e
JIBOMYHO JTbPBO, 3aIIOTO BCEKHM BBIIPOC UMA JIBA Bb3MOXKHU OTroBopa. Tpusnanano HabmogeHue e, ue T’ He MOxke 1a
UMa [0BEYEe OT YETUPH JIUCTA, OTK'bJIETO BEIHATa CJIE/IBa, e S’ He MOXKe Jja PA3/IMYy [I0BEY€e OT YETUPH Bb3MOXKHOCTH.
C apyru gymm, S’ He Moxke Ja pazinuu mopede oT derupu nepmyTanuu. Camo ue o6IIO MepMyTaIllMTe Ca, IHECT,
ciieioBaTeHo S’ HE € KOPEeKTHa €XeMa OT BBIIPOCH. 1I0Iy9eHOTO NPOTUBOPEYME MMOKA3Ba, 9€ TaKOBa JIbPBO 1’ He
CbIIECTBYBA.

Babesnexkere, Ue TO3M aHAIN3 HE PA3TVIEXK 1A KOHKPETHUTE OCOOEHOCTH HA XUMOTETUIHOTO 1bpBo 1’. Cbe curypHocT
GuxMe MOIVIM J1a pasrjeaMe eHO CJIeJl JIPYro BCHYKHU JIbpBeTa 3a B3eMaHe Ha PeIleHue 3a BXOJ[ C pa3Mep TPU U Jia
YCTAHOBUM, Y€ BCIKO OT TsIX MMa BucodnmHa rmoHe Tpu. Camo 4ye ToBa 6u OWJIO TBBbpJE OTErYUTE/HO, U OCBEH TOBa
TO3M TO/IXOJ, HEe ce MaIabupa 3a IPOU3BOJIEH pa3dMep Ha BXoja. JI0KaTo He-KOHCTPYKTHBHUAT aHAJIN3 ce Marabupa 3a
MIPOM3BOJIEH pa3Mep Ha BXONa: TOW M3BEXK]A, Y€ JINCTATA HA XUIOTETUIHOTO IbPBO Ca MTO-MAJKO OT Bb3MOXKHOCTUATE-
[IePMYTAIMH, TaKa Je [0 npuHiuina Ha Jlupuxiie, IoHe eIHo JUCTO € aCOIMUPAHO C TIOBEeYe OT €/IHA [TEPMYTAIIMA.

Ero kak ce Mamadbupa He-KOHCTPYKTHBHUAT AHAJN3 3a BXOJI C pa3Mep M. 3a BCEKH BXOJI C pa3Mep Tl UMa CXeMa OT

BBIIPOCU, KOSITO YCTAHOBSIBA COPTUPAHATA ITEPMYTAIHsI, KATO BBIIPOCATE Ca OT BUJA A4 ; aj. 3HaeM, Ue TaKHBa CXeMH
¥Ma, 3aI[0TO CbINECTBYBAT KOPEKTHU COPTUPAIIHI aJITOPUTMU, Da3UpaHN HA JTUPEKTHU CPABHEHUsI, & Ha BCEKHM COPTHUPAII]
AJITOPUTHM CHOTBETCTBA OE3KPATHO MHOYKECTBO OT JbPBETA HA B3€MaHe Ha PEIeHUs, [0 €/IHO 3a BCsKA TOJIEMUHA Ha
BXoza. Pa3smepure Ha Te3m qbpBETAa PACTAT €KCIUIO3WBHO C HAPACTBAHETO HA M, 3aIOTO OposaT Ha Jucrara € = nl.
CuteroBaTesHO, HE € TPAKTUYIHO JIa Ce OIMMTBAMe JIa PUCyBaMe TaKoBa IbpBo 3a N > 3. Ho ToBa He e Baxkuo. BaxkuoTo

T“Besnara” B ciywas ¢ INSERTION SORT e key < A[j] .
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e, 9e aKO pasryesaMe MHOXKECTBOTO ¥, OT BCHUKHU Bb3MOXKHHU TbPBETa HA B3eMaHe Ha PeIleHne 3a pa3Mep Ha BXoaa M,
3a IPOU3BOJIHO N, ABPBOTO C Hail-MaJIka BUCOYMHA OT T, 3a/laBa JOJIHA I'PaHUIA 32 Opos HA CpaBHEHUSITA
3a 3a7a4ata SORTING BBbPXY BX0[ ¢ rojiemmHa n. Torasa JiojiHa TpaHWIA 38 BUCOYMHATA HA KOE J1a € JIbPBO OT
T e JI0JIHA T'PaHula 3a u3gucaureaHara 3agada COPTUPAHE, 0a3upaHo Ha JMPEKTHU CPaBHEHUS.

1 raka, BCKO bPBO OT Ty TpsiOBa Jla MMa IOHE N! JicTa, 3aI0To TOJKOBA Ca Bb3MOXKHUTE epMmyTanuu. Tl KaTo
I'bPBOTO € OMHAPHO, BUCOYMHATA MY € IIOHE JIOFapUTMUYHA IIPU OCHOBA 2 B Opos Ha jmcrara. Torasa BCIKO IbPBO OT
Tn uma BucoumHa > log, nl. Kakro Bede nokazaxme B MuHaja Jjekius, log, n! = @(nlgn). Beaunara ciensa mosna
rpannna Q(nlgn) 3a uzuucaurennara 3ajgada.

4 VYHUKaJIHOCT HA eJIeMeHTu, 6a31/1paHa Ha JUPEKTHU CpaBHEHUA

N3uncianrenna 3agagya BELEMENT UNIQUENESS
ITapamerpu: Ywucna aj, az, ..., dn
Bobopoc: Jlagu Bcudky 9ucaa ca yHUKAJIHU !

AsropurbMm 3a 3asiadara ELEMENT UNIQUENESS e 6a3upan Ha JIUPEKTHU CPABHEHUST, AKO JIOCTBHIIBT JI0 €JIEMEHTUTE

CTaBa CaMoO IO €JWH HAYWH: YPe3 M3I'bJIHEHUS HA ONEPAllds HA CPABHEHUS (i < aj ¢ buHapen uszxox. Msxomure or
Te3U CPaBHEHUsI OLPEACIAT U paboTara Ha aJropuTbMa. HauBHUAT, OUEBHIECH aJIOPUTHM € CPABHIABAHETO HA BCUIKU
HeHapeJeHn JBOHKH oT Bxoma. CIOXKHOCTTa Ha TO3M Homxof odesuano e @(n?). Ilo-m3TbHuen mOAXOM € IbPBO Ja
coprupame Bxozia BbB BpeMe O(nlgn) u cien rosa ¢ exano “npemurane” (Ha aHmiicku, linear sweep) aa yCTaHOBUM
BbB BpeMe O(1) Jaam HAMA WM UMa MOBTAPSHUS: aKO MMa MOBTAPSIIA C€ €JIEMEHTH, T€ 33 TbJIKUTETHO 00pa3yBaT
HeIpeK'bCHATA HocaegoBareHoct. Ciroxuocrra 110 Bpeme € O(nlgn) + 0(n) = O(nlgn).

COMPARISON-BASED ELEMENT UNIQUENESS(A[1,...,n]: array of integers)
Sort(A[])
are_unique < TRUE
fori—2 ton
if A[i—1]=A[i]
are_unique « FALSE
return are unique

—_

S T W N

IIe noxaxkem, ye Bcekn ayropuTbM 3a ELEMENT UNIQUENESS, 6a3upaH Ha JUPEKTHU CPABHEHUs, NMa CJIOXKHOCT
Q(nlgn). Ille nanpaBum JOKA3aTEJICTBO C 'bPBO Ha B3eMaHe Ha penieHus. KakTo Bede mocoYuxMe Ipu COPTUPAHETO,
BCEKU aJIrOPUTHM, Da3upaH Ha JIUPEKTHU CPaBHEHUsI, NMa Oe3KpailHO MHOXKECTBO OT IbpPBETa 3a B3eMaHe Ha PeIleHus,
aCOIMUPAHU C HEro, IO €JIHO 3a BCsiKa TOJIeMUHA Ha Bxoja. Hue mie pasriieiame oOIust eJleMEHT Ha TOBA MHOXKECTBO,
KOWTO € J'bPBOTO, aCOIUUPAHO C BXOJI M. 3a J1a JIOKAXKEM YKEJAHOTO TBbPAEHUE, JTOCTATHIHO € JIa JIOKAYKEM, Je JINCTATA
Ha JTbPBOTO ca = N! Ha 6POil U TMocIe Jga MPUIOKUM CHITUTE PA3CHXKIEHUSI, KOUTO HAIIPABUXME HA TA3W CTPAHWIA 34
coOpTHUpaHeTo, 6Ha3upaHo HA JUPEKTHU CPABHEHMUS.

3a s1a JOKayKeM, de JbPBOTO HMa > M! JIHCTa, JOCTATHIHO € Ja MOKAYKEM, Y€ TO Pa3/JIudaBa’ BCHUKH MePMYyTAIIH
— B CMHUCBJI, 9e BCSIKO JIMCTO € aCOIMUPAHO C He IOoBeve OT efHa mepMmyTtanus. [lo oTHOIeHne Ha COPTUPAHETO, TOBA
€ TPUBHAJHO: aKO JbPBOTO MUMAa JIKCTO, aCOMUMPAHO C TOBEYE OT €JIHA MEPMYTalldsi, CbOTBETHUSIT AJTOPUTHM HE €
KODEKTEH COpTHUpAIl, ajaropuTbm. [lo oTHOIIEHHE Ha YHUKAJHOCTTA HA €JIEMEHTUTE, TOBA HE € TOJIKOBA OYEBUTHO.
JlokazaTescTBOTO HAJONY ClIeBa AokasareacTsoro ot [SW11].

Jlema 1. Hekxa X e npoussoaen aszopumsm 3a ELEMENT UNIQUENESS, 6asupan Ha dupexmuu cpasnenus. Hexa
HE2080MO JBPBO 30 B3EMAMHE HA PeWweHUs 34 6L00 ¢ zonemuna N e T. Beakxo aucmo na T e acoyuupano ¢ mati-mnozo
eona NePMYMaYUA 1a 6TOOHUME eAEMEHMU.

TTpﬂ6Ba @ MOSICHUM B KaK'bB CMHUCHJI aJIlOPUTHM 3a YHHUKAJHOCT Ha €JIEeMEHTH DasyindaBa repmyTtaruu. [Ipu copTupaHero e siCHO,
3aIII0TO Pe3yJITaThT OT IIPOIleca Ha COPTHPAHE € IIePMyTalisl, TOYHO eaHa Ha 6poii. [Ipu yHuKamHocTTa 0batie pe3yararsT € OyaeBa CTOHHOCT,
a He IEepMyTallusi, TaKa 4e MOXKe OM He € OYEeBHJIHO B KaKbB CMUCHJ AJITOPUTHMBT pasjiaudaBa nepmyrtanuu. Ho npumnomuere cu, de
aJrOPUTHMBT 338 YHUKAJIHOCTE € 0asupaH Ha JUPEKTHU CPaBHEHUsI. B caMOTO HA4Yajl0 BCUYKU [IEPMYyTAIUU CA BB3MOXKHHU B CMUCHJI,
4e He 3HaeM KOH eJIEeMeHT € Hali-MaJI'bK U T. H., HO CJIeJl KaTo 3alloYHeM Ja IIPpaBUM CPaBHEHHUd, Cjel, BCAKO CpaBHEHUE, MHOXKeCTBOTO OT
mepMyTaluuTe, KOHCUCTEHTHU C U3XOJUTE OT CPABHEHUsTA 0 MOMEHTa, HamaJisiBa. V Taka, nepmMmyTranuuTe, aCOIMUPAHU C JaJ€H BPbX Ha
JbPBOTO Ca TOYHO T€3M, KOUTO Ca KOHCUCTEHTHHU C U3XOJUTE OT CPaBHCHHUATA JO MOMEHTA.

10 Muwunko Mapkos, @MU, CY



OII “PazBuTne Ha YOBEIMIKNUTE peCcypcn’
Horosop BG051P0001-4.3.04-0018
Pazpaborsane Ha mporpaMu 3a eJIeKTPOHHH (POPMU Ha JUCTAHIINOHHO

N OGy‘ICHI/IC BbB (DaKy.HTCT‘d II0 MaTeMaTuKa 1 I/IH(bOpl\I‘dTI/IKa N
EBponeinckn cbio3 EBponeiicku coymaneH GboHp

lokazaTescTBo:
MozkeM J1a JOIyCHeM, Y€ BXOAHUTE eJIEeMEHTH Ca YHMKAJIHH, 3all0TO IIPAaBUM aHAJIU3 Ha HaR-JIOlIus CIydail, a ToBa
TOBa OpaHMYEHNE Ce Malladupa: 3a BCSIKO T MMa BXOJ[ C FOJIEMUHA T, CbCTOSIII C€ OT YHUKAJHU €JIeMEeHTH, U oM X
€ KOPEKTEH aJIrOPUTbM, TOI TpsiOBa jia paboTU KOPEKTHO U BbPXY TO3U BXOJ.
Ha nomycHeM, de Hail-MaJIKaTa CTOHOCT BbB BX0Ja € b1, Bropara Hali-MaJIKa € by, U Taka HATATbK, Hali-roJisiMaTa
croitoct e by. C apyru mymu,
b1 <by<...<bn

®@akT 1. 3a scaxo k, makosa we 1 < k < n, X cpasuasa by_1 ¢ by 6 daden momenm. da nonycHem mpoTHBHOTO.
Torapa cbmectByBa Bxox A1, ..., n] or yHuKaIHN eeMenTH, TakuBa 1e X He cpaBHsaba (k—1)-ust u k-Tust 0 roseMuna
estemeHT. [ITom X e KOpeKTeH copTUpAaIll aJropuTbM u enementure Ha A[ | ca ynukamuu, X(A[1,...,n]) spbma TRUE.
Heka A[i] e eseMeHTBT cbe croitHOCT b1 u Afj] e enemeHTbT cbe croiiHOCT by. Jla npeobpasysame A[l,...,n]) B
A[1,...,n]), npucsosBaiiku na A[i], by! u na msnbmmm X(A[]). Tlonexe X e KOpeKTeH aaropuTbM, Toil TpsGBa
na BbpHe FALSE — 3abesiexkere, e A'[ | uma nosrapsiuu ce esementu. Ot apyra crpana obade, paborara Ha X BbPXY
A’[] e mambaHO MmeHTHUHa Ha paborTata My BBPXy A[], moHexe mo jomyckane Toif HuKora He cpasHsiBa A[i] ¢
A[j], a pesynTaTuTe OT BCHYKM ADYIM CpaBHEHHMs Ca eJHU W ChIU' u 3a asaTa Bxona. Ho rorasa X(A[l,...,n]) n
X(A'[1,...,1]) BpbuiaT eana u Cbla CTOHHOCT. 4

Jokazaxme, qe X 3a/TbJIZKATETHO CPABHSABA BCAKA HEHAPEIEHA TBOlKa (MMa N—1 TaKWEBa) OT eJIEeMEHTH C'bC C'hbCEIHUN
cTOoifHOCTH.

®PakT 2. Hera ai, Az, ..., Qn €A PABAUNHU YUCAG U O, ), ..., Q) € NPOUSBOAHA MATHA NEPMYMAUUA, PASAULHG
om udenwmumema. Hexa by e nat-masxama cmotinocm uzmesicdy maz, by e emopama 1ad-mMaika, v makae HGMAMBK.
Tozasa cswecmsysa k, mavosa we 1 < k <N w axo ai uma cmotinocm by_1 u a; uma cmotinocm b5, mo al >
a]-’ . Tosu dakr e TpuBHasieH, BbIPEKA de MOXKe Om 3Byun miramwmino. B apyra dopmyaupoBka, Toil Ka3Ba, de 3a
BegKa “mcrmHCKa” nepMmyTanys (He MIEHTUTETa) UMa ChCEIHU [0 IOJIEMHUHA eJeMeHTH—3abesiekere, He ChCEIHU IO
PA3IOJIOKEHNE, a MO TOJEMUHA—B HAaYaJHUsI MAcuB (TP MepMyTAIUsITa) ChC CIETHOTO CBOHCTBO. Te3n eseMeHTH
[IpeJii IepMyTaIUATa ca OUIN Ha HMO3UIUK 1 U j U TO3M Ha MO3UIHUS 1 € OWI Mo-MaJrbK OT TO3W Ha nozurus j. Cies
[epMyTaIysATa, Ha IMO3UIMU 1 U j MMa TaKWBa €JEMEHTH, Ye TO3W HA HO3UIMA 1 € HO-TOJIAM OT TO3U HA IHO3HUIH j.
[IpumepHO, HEKa MpeH IEPMYTAIUATA CMe UMAJIN

2,5,3,1,4,6

a cjeJ; IepMyTalusaTa,

3,5,4,1,6,2

Torasa TakaBa CbCeHa IO TOJIEMUHA HeHapeneHa nsoiika e {4,5}: as =4 u ap = 5, a cieq nepMmyranuara, ai = 6 u
aj =5, Taka e ag > aj.

JlokazareacTBOTO Ha TO3W (aKT CTaBa Upe3 JIOMyCKaHe HAa MPOTUBHOTO. [IpOTHBHOTO €, 3a BCEKH J[BE IMTO3UIUH,
ChIBPIKAIIY €JIEMEHTH ChC CbCEJTHU 0 TOJEMHUHA CTONHOCTH IMPEIN MEePMYTAIUsITa, CJIE]T TePMYyTAIUsITa, TOCOKATA,
Ha HEPABEHCTBOTO MEXKJIy eJIEeMEHTHUTe Ha Te3W IMO3UIUHU ce 3ana3Ba. Ho Torasa ciensa, de MepMyTaIUsaTa OCTaBs
BCHYKH €JIEMEHTH 110 MecTaTa UM. 3amo? Besgko jmHefiHO pa3nosiarane Ha N 9UCIa MOXKE JIa ¢e OIUINA €JHO3HAYHO
qpe3 OpueHTHpaH Tpad, YUUTO BHPXOBE Ca MO3UIMHUTE, W KOWTO mMa N — 1 pebpa, MOCTPOEHM TakKa: OT MO3WUIHS i
K'bM MO3UIUS j ©Ma pebpo ToraBa U CaMo TOTaBa, KOTATO €JIEMEHTHT Ha MO3UIHS 1 € HENOCPEICTBEH IPeIINeCTBeHUK
Ha ejieMeHTa Ha mosunus j. Ja mapedem To3u rpad, uHkpemenmaanus 2pad Ha cnucbka ¢ guciara. [IpumepHo,
HHKpPEeMEeHTAJIHUAT rpad Ha mocienoBarennocrTa (2,5,3,1,4,6) e

tC apyru mymu, npasum A[i] < A[j].

tA[i], umsTo croiiHocT Gellle MOBUIIEHA, CH OCTABA TIO-MAILK OT ejteMenTuTe 6e3 Afj], 0T KouTo Gerre MO-MaIbK MPe/U OBUIABAHETO,
U HO-TOJIAIM OT €JIEMEHTHTE, OT KOUTO Gellle MO-ToJIsiM IIPeU HOBHUIIABAHETO.

STosa Bieue a; < aj.
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*

* Arapus
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e Jl\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

Axko jomycuem, ye @akKT 2 He € UCTHHA, TUPEKTHO U3BEXKJaMe, Ue JIBe Pa3JIMYHU [EePMyTallid UMAT €UH U ChITH
WHKpEMEeHTaJIeH rpad, KOeTo € HeBb3MOXKHO.  /

Cuest karo cme jgokasain @akr 1 u PakT 2, J10KA3aTEJICTBOTO HA jieMaTra cTaga JiecHo. Jla joycHeM, e bpBOTO Ha
B3eMaHe Ha pelleHnsl | Ha ajJrOpUTbM 3a YHUKAJIHOCT Ha ejleMeHTH X (6a3upaH Ha JUPEKTHHM CPABHEHNUs) acOIUUpa
HSIKO€ JIUCTO 1 C TIOHE JiBe mepMyTaruu. T'bit KaTo Te ca pa3/IMIHN IePMyTaIlud, 38 KOsl JIa € OT TAX MOXKEM 18 MUCTUM
KaTo 3a IIepMyTallis-HenIeHTUTeT Ha apyrara. CbryiacHo BTopus akT, ChbIIECTBYBAT ChCEIHHU 10 MOJIEMIHA, €JIeMEHTH
B I'bpBaTa [E€PMyTallys, TAKUBA Y€ HA T€XHUTE CbOTBETHU MO3UIUHU 1 U j BbB BTOpATa MEPMyTAIldsl UMa €JIEMEHTH,
HEPABEHCTBOTO MEKJLy KOMTO € B obparHaTa [I0COKa (CIPAMO HEPABEHCTBOTO MEXKJY eJeMEHTHTE Ha IIO3MLIUM 1 U j B
rbpBaTa).

Ha obscunM ToBa mo-moxpoGHo. VMa aBe mepMmyTamuu dp, dz, ..., Gn I A}, @5, ..., ), ACOLUUPAHU C JILCTOTO
u. ToBa o3nauaBa, Ye u jJBeTe ca KOHCHUCTEHTHU C BBIPOCUTE U OTrOBOpHTE jocera (0T KopeHa Hagouy mo u). Heka
by, ..., by ca croifHOCTHTE OT BXOMA, B HapacTBall pea. Bropuar axT Ka3Ba, de 3a HAKOU bx_1 1 by, ako Te ca Ha
HO3UIMK CbOTBETHO 1 M j B a1, 2, ..., Qn, TO B 4], A3, ..., O}, €JIEMEHTHTEe Ha IO3UIUH i ¥ j (CHOTBETHO a u aj’)
ca Takusa, Ue al > a’ Ho B mbpBaTa nepmyranud, a; < a;j. Cera cu npunomusMe nbpsus ¢axr. Toit uMmmnupa,
ge X TpsOBa Ja e 3aJ_LaJ1 pbipoca “Zaru br_1 < by ?”. Camo ye AbpBOTO Ha X He MO)Ke Jia 33jJiaBa BbIIPOCHU 3a

C'bCeJIHN CTOMHOCTU ,L[I/IpeKTHOT Kakro 3HaeM, BbIIPOCUTE B AbPBOTO Ca OT BUIA A4 < aj. KJIIO‘IOBOTO Ha6.HIO,HeHI/Ie

e, 4e 0 OTHOINEHNEe Ha JTHPBOTO, CPABHABAHETO HA Dy _1 ¢ by cTaBa Upe3 BBLIPOC OT THIA 04 < aj. Ho 3a emma ot
JIBETE EPMYTAIlM OTTOBOPBT Ha TO3U BbIpoc e JIA, a 3a jpyrara e HE. Torasa HsiMa Kak JIMCTOTO U Jia € aCOIUUPAHO
¥ C JIBeTe, 3alll0TO B HSIKOW BPbX V, IPEJINECTBEHUK Ha U, €IHOTO JeTe Ha V € aCOIMUPAHO C €/HATa [TePMYyTallys, a
IPYTOTO JIeTe, C ApyraTa.

Jokazaxme, 9e HIKOE JIUCTO HEe MOXKe 12 ObIe aCOIMUPAHO C MTOBEYE OT €THA ITEPMYTAITHSI. O

Cuie; KaTO cMe J10Ka3aJu JeMara, jgoiaHara rpauina Q(nlgn) s3a 3agadara YHUKAJHOCT HA EJIEMEHTH, Ga3upaHa
Ha JIMPEKTHU CPaBHEHWSs, CJIeIBa OT ChIIUTE ChoOparkeHus Karo Ta3u Ha COPTUPAHE.
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T Ako moxkeme na 3anaBa BBIIPOCU 3a CbCEIHU CTOWHOCTH AUPEKTHO, 3aJadaTa IIelle Ja € peliruMa B JJUHEHHO BpeMe.
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