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1 WMuayknus

Samava 1. Jloxasceme no undykuyus, we 11 — 6 ce deau Ha 5 3a 8CAKO UAAO MONOHCUMENHO TL.

Permienne:

Basza: Bazosuar ciywait e 3a n = 0. Tebpaennero crasa, “11° — 6 ce meqm Ha 57, KOETO OYEBHIHO € BSPHO.
NuaykruBHa xunoresa: /la mgomycHeM, Y€ TBbPIEHUETO € BIPHO 38 MPOU3BOJIHO €CTECTBEHO YUCJIO M.
NunykrusHa crbnka: /la pasrieaMe TBBPACHIETO 33 CTORHOCT Ha apryMenta N+ 1: “11™ 1 — 6 ce nemn ma 5. Ho

M =TT x11"—6=(10+1)x 1T"—6=10x 11"+ 11" —6

Ouesuano 10 x 11™ ce mesm Ha 5, a 11™ — 6 ce nemu Ha 5 0T MHAYKTUBHOTO Hpeamnosokenne. CyMmara Ha YNUCIa, JeJIAIIN
) b
ce Ha 5, 3arbmKuTeNHO ce nean Ha 5. C KoeTo mokaszaxme, de TBbpenuero “11M1 — 6 ce e na 57 e BspHO. O

3amava 2. Pasaaedatime caednomo doka3amescmeo no uHIyKyus:

Ille nokazkem, ge 5n + 3 = 5(n — 2) + 8 3a Besiko ecrecrBeno 4uciao N. Jla jorycHeM, 4e TBbPACHUETO €
BSIDHO 33 HSIKAKBO €CTECTBEHO M. Pasriexkjaame TBbPJAEHHETO 3a CTOHHOCT Ha aprymeHTa n + 1:

5m+1)+3=5(n+1)-2)+8 < 5M+54+3=5m+5-10+8 <
Gn+3)+5=6n—-104+8)+5 o (Gn+3)=06n—-10+8) o
5n+3=5n—-2)+8

Ho nocsieaHoTo paBeHCTBO € HMEHHO HHIYKI[HOHHOTO IPEJIIOJIOXKEHHE U KaTo TakoBa e BsipHo. CjienoBa-
TEeJTHO, TBbDJEHUETO € BSIPHO 3a BCSIKO €CTEeCTBEHO TL.

Kaxeo 6urme xasasu 3a mosa doxazamercmeo?

Pemienune: TBbpAEHUETO OYEBUIHO € HEBAPHO: OTBOpPETE CKOOUTE BJISICHO M m3BaJjeTe Sn oT jBere crpanu. Illom
TBBPJEHUETO € HEBSIDHO, HsMa, KaK JIOKA3aTeJICTBOTO Jla € BAJMIHO. | pelnkara B TOBa “/10Ka3aTe/ICTBO” € JIUICATa, Ha,
6aza. Hamctuna, ako ce omurame Ja pasriemame 0a30B caydail 3a MPOM3BOJHO KOHKPETHO €CTECTBEHO YHCJIO M, IIe
[IOJIy9MM HEBSIPHO TBbPICHHE. O

n n AN
Bamaua 3. Jokaoceme no undykyusa, we Yn = 1: (1L, Ay = Ui, Ai. Mooceme da noassame nazomoso usyasa-
HUME 8 Yac C80UCMBA HA ONEPAUUUME BBPLY MHONHCECTNEA.

Permnienne:
Basza: 3 i LA = UL A
aza: 3aMecTBaiiKu apryMeHTa N ¢ ¢AUHUIA, HOJTydaBaMe TBbpaeHHeTO [ );_; Ai = [Ji_; Ai, KOETO € ChIIOTO KaTo
A1 = Aj, KOETO € TPUBHUAJTHO BSIPHO.
NuanykruBHa xumnore3a: TBbPIACHNETO € BAPHO 3a MPOU3BOJIHA CTOWHOCT N = 1 HA apryMeHTa.
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NunykruBHa crboka: a pasriesave TBbPIEHHETO 3a CTOMHOCT Ha aprymenta n + 1. JlsBara crpana e:

n+1
ﬂ A= (oT aconUATUBHOCTTA HA CEYEHUETO)
i—
n
ﬂ Ai> ﬂAn+1 = (or 3akona Ha le Mopran)
i=1
n
ﬂ Ai> UA"“ = (OT MHJ. IIPEIIOIOKEHNE)
i=1
n
U TU Anil = (or aconuaTUBHOCTTA HA O0EIUHEHUETO)
i=1
n+1

n
1
3amaya 4. Jloxasceme no undyxuus, we ¥n = 1: Z — >

k=1 \/E

Pemnienne:
Baza: 3 i L NN >
aza: 3amecTBaliKi apryMeHnTa N ¢ e[MHUIIA, I0JIydaBaMe TBbPACHIETO 7z ; KOETO € ChIIOTO KaTo 7 =
V1, koero e TPUBUAJHO BSIPHO.
NuaykruBHa xurore3a: TBbpAeHNETO e BIPHO 3a MPOU3BOJIHA CTOWHOCT N = 1 Ha apryMeHTa.
. & n+1 1
MunykrusHa crbnka: Jla pasriefaMe TBBPIEHEETO 3a CTOHHOCT Ha aprymenta n + 1. Jlasara crpana e Y 7, e

CJ’IG‘,Z[H&T& IoC/IeI0BATE/IHOCT OT HEPpABECHCTBA WM PAaBEHCTBa € B CUJIa:

1
Z 7 = (oT acoruaTHBHOCTTA Ha CHOMPAHETO)

> (oT MH. IPEITOIOKEHNE)

1
CutesioBaresio, Y 10 ﬁ >4/n+1 O

n
Bamava 5. oxaosceme no undykyus, we Yn = 1 : Z Hy = (n + 1)H, — n, xsdemo nomayusma Hy osnauasa

H, = 2112:1 %

Penienne:
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Baza: 3amecTBaiiku aprymMeHTa N ¢ €IUHUIA, [TOJIydaBaMe TBbPICHUETO Zlﬂ Hy = (1 + 1)H; — 1, Koero e ¢bIoro
karo Hy = 2H; — 1, KoeTo e cbIoTo KaTo % =2x % — 1, KOeTO € TPUBUAJIHO BSIPHO.

WNuaykruBHa xunore3a: TBbPAEHNETO € BAPHO 3a MPOU3BOJIHA CTOWHOCT M = 1 Ha apryMeHTa.

NuaaykruBHa crboka: /la pasriename TBbPIEHUETO 3a CTOMHOCT Ha aprymenTa N + 1. JIsBara crpana e 22;1 Hy.
CuteiHATA TIOC/IEZIOBATETHOCT OT PABEHCTBA € B CHJIA!

n+1
Z Hy = (or onpepnenennero uva Hy,)
k=1
n
(Z Hk> +Hpgr = (oT MHJ. IPEIIIOIOKEHUE)
k=1
Mm+1H, —n+Hyp = (or ompenenenvero uva Hy,)

Mm+1H, —n+Hypr+(n+DHHpp1 — (M 4+ 1)Hp =
Mm+1Hy —n—Mm+1Hpp1 +(M+2)Hy4 =

Mm+2)Hpy1+(n+1)(Hy —Hpp1) —m = (or onpenenenvero va Hy,)
1
(n+2)Hn+]+(n+])<Hn—Hn—m>—n:
1
2)H Nl——=] —n=
(4 Dbt + (4 1) (1) =

(n-}—Z)Hn_H—]—n:
M+2)Hn —(m+1)
CiremoBaTetHo, ZQL‘ Hy =N+ 2)Hp —(n+1). O O]

Sagaua 6. Jloxastceme no uHOYKUUA, Ye 34 BCAKO KPATHO HENPAZHO MHOHCECMBO A, 6poAM HA NOIMHOIHCECTNEAMA
Ha A ¢ uemen 6poll enemenmu e pager Ha OPOSA Ha NOOMHONCECTNEAMA ¢ Hewemer POl eAeMENMU.

Pemenne: Hexka 2” cremennoro muoxectso uHa A. Jedunupame, de:

228 = {X|X € 2™ u |X| e uerno uncio.}

22 = {X|X € 2™ u |X| e newerno uucmo.}

Bamauata ce chLCTOM B TOBa, Ja ce Mokaxe, ue YA, Takosa qe A £ F, |22 = [22|. [lokazaTencTBOTO € ¢ MHIyKIHS TI0
A
Baza: |A| = 1. Torasa
27 = {@, A}

OueBuHO

20 = {2}

zé = {A}»
Taka ue |22 = 22| e Bapwo.

NunykrusHa xunore3a: Heka TBbPIEHUETO € BAPHO 3a BCIKO MHOXKecTBO A, Takosa ue |A| = n. Toecr,
_ DA = DA
VA, makosa ue |A| =n: |20 = |22 (1)

NunykruBHa crbika: Pasriexame npousBosHo MHOKecTBO A, takosa 4e |A| = n + 1. Heka a e npoussosen
enement Ha A. Ouesmano 22 ce pa3éuBa Ha CJICHATE YETHPHU TIOIMHOXKECTBA:

B. = {Xe2*|ae X u |X| e gerno umcio}

B, = {X€2*|ae X u |X| e neuerno umcyio}

C.={Xe2*|a¢Xu |X| e gerno uucio}

Co = {Xe2™|a¢ X u |X| e neqerno wmcio}
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ot PaspaboTBaHe Ha IIpOrpaMu 3a eJeKTPOHHN (POPMH Ha JIMCTAHIMOHHO ijl\i
, obyuenne b Paky/arera 0 MaTeMaTHKa 1 HHMOPMATHKA -
EBponenckmn cbos EBponeicku coumnaneH GoHg
OueBnano
2? =B. uC,
2? =B, uC,
Toit kKaro Be nCe = Ju B, n Co = &,
|2?|:|Be|+|ce| (2)
|2é| = |Bo|+|Co| (3)
Heka A’ = A\{a}. Cbrracuo nxmykTuBHaTa xumoresa (1),
A A
2e | =125 | (4)
Ouesuno e, 4de Zél =C.m ZOAI = C,. CiemoBaresto,
|Ce| = |Co| ()
ITe nokaxkem, de [Be| = |B,|. 3abenexkere, ye
Be| = [Col (6)

IIOHEXKe MMa, OMEKTUBHO ChOTBETCTBUE MeXK/Iy €JIEMEHTUTE UM:

® BCEKM eleMeHT U Ha B, ce mosydaBa or TouHO emqmH egemenT Vv Ha C, 4upes ,mobaBsne” Ha a; m0-(POPMAJTHO,
u=vuv {a},

e Bceku enemeHT W Ha C, ce mojydaBa OT TOYHO €/IMH €JIEMEHT Z HA B. upe3 ,Maxane“ Ha a; 11o-oOpMasHO,

w = z\{a}.

Amnajioru4no,
[Bo| = |Ce| (7

IIOHEXKe MMa, OMEKTUBHO ChOTBETCTBUE MeXKIy €JIEMEHTUTE UM:

® BCEKH eJleMeHT U Ha B, ce mosydaBa or TouHO enwH ejemeHT V HAa C. 4upe3 ,mobaBsHe" Ha a; 1MO-HOPMATHO,
u=vu {a},

e Bceku eynemeHT W Ha C. ce mosiyuaBa OT TOYHO €IUH €JIEMEHT Zz Ha B, upe3 ,Maxane“ Ha a; 1mo-HOpMAaHO,
w = z\{a}.

Ot (6), (5) u (7) cnensa, ge |Be| = |Co| = |Ce| = |Bo|, & OTTYK CHIVIACHO TPAH3UTUBHOCTTA HA PABEHCTOTO MMaMe:
[Be| = [Bo| (8)

Ot (5), (8), (2) u (3) cenpa, e |22 = |22]. O

1.1 3acuaBaHe HAa TBbPJAEHUETO, KOETO JOKa3BaMe

B msikom ciiygyanm 0Ka3aTeICTBOTO HA JAJIEHOTO TBbPJIEHUE “He U3/IM3a’, BbIIPEKU Y€ TBbPACHUETO € BSIPHO. B TakbB
caydait MOXKe J1a OlrTaMe eHA TEXHUKA: Ja JIOKAYKeM [0 WHIYKIUSA TBbPAEHNE, KOETO € IO-CIJIHO OT TOBA, KOETO HU €
nazeno. 1o NpuHIUI TO-CUTHUTE TBBLPIEHUS Ce JOKA3BAT MO-TPY/IHO, HO B HAKOU CJIYIaU—KOJIKOTO W MAPAIOKCAJIHO
J1a, 3By YU—IIO-CHJIHATE TBbLPJIEHUS Ce JIOKA3BAT II0-JIECHO, aKO TOI3BAME WH Ty KIIHSI.

Bamaua 7. [oxaosiceme, e
y 2n—1 - 1

m ﬁ 9)

3a scakon>1: X — X ...

3
4

N —
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Pemnenne, mbpBu onut: bBasara e 3a n = 1. JlaBara crpana e %, a JIcHaTa € % JleficTBUTETHO JIBATa CTPAHA €
Mo-MaJIKa OT JsicHaTa. Ba3oBusT ciiydail e JoKa3aH.

Hommyckame, b€ TBBLPJEHUETO € BIPHO 3a HIKAKBA CTOWHOCT HA apryMeHTa M, W pasriexkjaMe TBbPJICHHETO 33
cToifHOCT Ha apryMmeHTa N + 1. 3a Ta3u CTOWHOCT, TBHPIACHUETO €

1)(3>< 2n—1X2n+1< 1 (10)
2 4 ’ 2n  2n+2 3(n+1)
A
C'brIacHO MHIYKIIMOHHOTO IIPEIIIOJIOXKEHNe, U3Pa3’bT, O3HAUECH ¢ A, € 0-MaJIbK OT ﬁ IIpunaraiiku ToBa K'bM JIsIBATAa
crpana Ha HepaBeHcTso (10), nosygyaBame
" 2n+1 - 1 " 2n+1
n+2 /3n 2n+2
Hanu obate
1 n+1 2 1

X <
V3n In+2 3(n+1)

C tpuBnasna anaredpa ce yoexkmaBame, e He € BIPHO:

1 X2n+1< 1
V3n 2n+2 3(n+1)
2n+1 n
— <
2n+2 n+1
In? +4n+1 n

M2 8n+d S nal
4 +an? +dn+4n? +4n+1 <4n +8n? +4n o
In+1<0

HpOBa.H”bT Ha JTO0Ka3aTeJICTBOTO HE 03Ha4a6a, 1€ TBbPJAECHNETO € HEBAPHO, a CaMO Y€ He CMe YyCIIe/Id Ja I'O JJOKazKeM 1o
mo3u HaYUuUH.

Peurenue, Bropu omut: Ille mokakem 1o WHIYKIMs CJAETHOTO TBbPICHUE

><211—1< 1
2n AV3n+ 1
1

Basata e 3a n = 2. Jlasara cTpana e 5 X % = %, a JsIcHaTa € \iﬁ JeficTBUTETHO JIsiBaTa CTPAHA € IMO-MAJIKa OT
nsicnaTta. ba3oBuAT ciryuaitl € moKa3aH.

BaBecakon = 2:

3 (11)

N —

Homyckame, 4e TBBHPIAEHUETO € BAPHO 3a HIKAKBA CTOMHOCT HA apryMeHTa N, U pa3ljiekJaMe TBbPIAEHHUETO 3a
cToiHOCT Ha apryMmeHTa N + 1. 3a Ta3u CTOWHOCT, TBBPIACHUETO €

n—1 I+l _ 1
n  In+2 3(n+1)+1

(12)

(o] —
Bl w

A

CbriiacHO MHJIYKIIMOHHOTO ITPEJIIIOJIOXKEHNE, U3Pa3bT, O3HAYeH ¢ A, € IO-MaJ’bK OT . IIpunaraiiku ToBa KbM

1
V3n+1
JigBaTa crpaHa Ha HepaseHcTBO (12), mosryuasame

><2TL—i—1< 1 ><Zn—i-]
n+2 \3n+1 2n+2

OcraBa ma JoKaxkeM, de

1 ><2n—i—1< 1
VIin+1 2n+2  \/3n+4

5 Muwunko Mapkos, @MU, CY



%% OII “PazBuTne Ha YOBEIMIKNUTE peCcypcn’ M\P
Fos Torosop BG051P0001-4.3.04-0018 eECoP
*

* SbArapys
a_— PazpaboTrBane na mporpamMu 3a e€JIeKTPOHHU (POPMU Ha, TUCTAHITTOHHO e «L”Qi
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA ~
EBponenckmn cbos EBponeincku coymaneH ¢poHg
HeiicTBuTeTHO,
1 n+1 1

Bntl mn+2  Bnia
2n+1< [3n +1
n+2 n+4

M? +4n+1 3n+1
4n? +8n+4 =< In+4

127 + 122 +3n+16n2 +16n+4 < 12n° + 24n? + 12n +4n? + 8n +4 N
19n < 20n

C rosa jokaszarenctsoro Ha (11) npukimousa. Popmasno, Tebpaenue (11) He Biede TBbpaenue (9), samotro (11) e 3a
n > 2. Ho jsecno ce Buzxza, 1e (11) 3aenno ¢ nokasarenctsoro Ha (9) 3a n = 1 ca no-cuino tebpuenue ot (9). O

En#Ho nHTYHTHBHO OOSICHEHEE 3aIlI0 TEXHUKATA CbC 3aCHIBAHE HA TBBLDAEHUETO (IIOHAKOra) paboTu e, e JoKa3aTell-
CTBO 110 MHIYKIMsl IIPUJIMYa HA KaTePeHe 110 CThjI0a: HUe CThbIIBaMe Ha MHIYKTUBHOTO IIPEJIIOJIOKEHNE U ce “KauBame”
€JIHO HUBO Harope, JIOKa3BaiiKil WHyKTHBHATA CTBIKA. IIPH [IO-CHIHO TBBLPJEHHUE CTBIAJIOTO, OT KOETO TPhIBaMe, €
HO-BHCOKO.

TexHnKaTa CbC 3aCHJIBAHE HA TBBPJCHUETO € CBECEM PA3AUMHO HEW,0 OT JOKA3ATEJCTBO UPe3 TaKa HAPEIeHATA
CuJIHA MHIIYKIUs, KOTQTO JOIyCKaMe TBLPJICHHETO He IIPOCTO 3a T, & 3a BCHYKH CTOMHOCTH Ha apryMEHTa, I0-MaJIKH
WM DaBHU Ha 1.

2 ODyHKOUU

Samaua 8. Jloxasceme, we MHOHCECTNEOMO

Az{nm;ﬂMneN}

e usbpoumo beskpatino. Ilpuemam ce camo nodpobru dokazamescmea, cAed8awYy, CMPUKMHO OnpedeseHuemo 3a u3b-
poumo besxpatino mnooicecmeo. N osnanasa mmosicecmeomo om ecmecmeenume wucaa N = {0,1,2,...}.

Pemtenune: [la pasriename ciaennara dynkmus f: A — N, Kb1eT0 BXOLBT a € MPO3BOJIEH eJIeMeHT Ha A

f(a) {
k = 0;
while (k*(k+1)/2 < a) {
k ++; }

return k; }

Tosa e nporpamen kox (6au3bK 110 C), a Tasu uporpamia byHkims f e peasnsanus Ha MareMaTudeckaTa (yHKIHs
ff. OueBnzHO e, ge 3a BesKO umciio a oT A, f(a) BpbIa HMEHHO TOBA UHCIIO T, 33 KOETO %n(n + 1) e paBHO Ha a.
@axTbT, 9ye £ BpbIlla €CTECTBEHN YKCJIa U CAMO €CTECTBEHH YHCJIa, € OYeBUIEH, TaKa Ye KOIOMENHHbT JefiCTBUTETHO
e N. Cobio Taka e oueBumHO, 9e (DYHKIUATA € TOTAJIHA, IIOHEXKE HsMa OMPAHUYEHUE 33 TOBa, KOe YUCJO0 OT A e
O0bae momagero Ha Bxofda ir. Ille mokazkem, we f e 6uekrus. Ilo medunnmms, eqna QyHKIMS € OUEKINS TOTaBa U CAMO
TOraBa, KOraTo € MHEKIUs U ciopekIus. Il Taka, T0Ka3aTecTBOTO, Y€ DYHKIUATA € OUEKINsl, Ce ChCTOU OT JIBE YACTHU:
JI0Ka3aTeJICTBO, Y€ € WHEeKINsl, U JOKA3ATEJICTBO, Ue € CIOPEKIIHs.
Jokazaresncrso, ue e unekius. Jla pasregame f(a) u f(b) 3a npoussosnu pasmuanu enementu a,b € A. Ilom Te ca
Pa3IMIHY, eUHUST € To-TojisiM oT aApyrusi. [Ilom ca eemenTr Ha A, TO Te ca YuUC/Ia OT BUIA %k(k + 1) 3a ecrecrBeHO
k. Heka a = %ka(ka +1h)ub= %kb(kb +1). Bes orpanuuenue na obmuocrTa, Heka a < b. Torasa ogeBugno kg < Kp.
Ouesnao nporpamuata ¢yuknus f ¢ Bxo a 1me BbpHE Ko 1 ¢ Bxox b 1me Bbpue ky,. Kakro orbensizaxme, kg + Kp-
ToBa moka3Ba, de HYHKIUATA € HHEKIH: 33 PA3JINYHU CTOWHOCTH OT JoMeliHa, 00pa3uTe OT KOJOMENHA ca Pa3/IMIHN.
[Ile mokaxkem, 4de f e cropekius. ToBa o3HadaBa, Ue BCIKO €CTECTBEHO |HCJIO N e oOpa3 Ha HAKON ejeMeH Ha A.
Hawucruna, Heka ma pasriegame npoussosieH N € N. Heka a e duciioro %n(n—i— 1). Torasa, CbIJIACHO BEYe HAIIPABEHOTO
Habuirosienne, pyHKmusTa f ¢ BXO A Ile BbpHE UMEHHO M.
1 raka, byHKIUATA € HHEKIUS U CIOPEKITUS, CiieoBaTesiHO e bueknus. [Ilom nma Ouekims Mexxy A U €CTeCTBEHUTE
qucia, mo gedununus A e n3dpouMo Oe3KpaTHoO. O

TTESI/I ABE€ HEIlla: MaTeMaTHhu4decKaTa (byHKI_H/IH U HdAKaKBa HeWHa peanu3anud 9Ipe3 KOHKpeTHa IIporpaMa, He Ca €JHO U CbIIO HEIOo.
Pasnukara e anajoruuna Ha pas3jmmKaTa MexK/JQy YUCJIO U KOHKPETEH 3alluC Ha TOBa YHUCJI0O B KOHKPETHa 6p01‘/’1Ha cucrema.
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* Arapys
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e le\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

3 KombuaaTopuka

3.1 Ilpwaunun sa dupuxie

3agaua 9. B 8 uexmedscema uma 87 moausa. Onpedeseme Hati-204AMOMO UANO YUCAO TL, MAKOBA 4e 3A0BAHCUMENHO
UMA YEKMEDNHCE C TL MOAUBA.

Pemenne: VMuade Ka3aHo, ThbpPCUM YUCJIOTO M, TakKoBa de TBbpjeHueTO “Couiecmsysa noue edno wexmedsce ¢ n
MOAUBA” € 38 TBbIIKUTETHO BAPHO, HO TBbpeHneTo “Cauiecmeysa none edno wexmedosce ¢ n+ 1 mosusa” Moxe 1 ja He
e BapHo. CbriacHo 06001enust npuHui Ha Jupuxie, cbinecTByBa YekMemke ¢ 11 momusa. OT apyra cTpaHa, MOxXKe
Ta HIMa YeKMe ke ¢ 12 MmosimBa—koraro Bcmaku Kytnu umatr 1o 10 miu 11 monusa. Otrosopsr e 1 = 11. O

Bagaua 10. Jadena e peduya om n? + 1 wucaa, numo dee om xoumo we ca pasnu. Ja ce dokaoice, e masu peduna
codopotca MoOHOMOHHG nopeduya ¢ doasicuna L+ 1.

Hosacnenue: “MoHoTOHHA” O3HAYaBA MJIM HapacTBallla, Win HaMassBaia. “Ilopequa” o3HauaBa 9ucia OT peaura-
Ta, KOUTO HE Ca HEIPEMEHHO ChCEIU B PEIUIaTa, HO Ca HAIIMCAHU B CHINATA ITOCACIOBATEIHOCT, B KOSITO Ca B PEIUIATA.
[Ipumepno, ako N = 3 u peaurara e
4, 7,11, 2,8, 3,14, 1, 6, 9

MOHOTOHHA& IOpeIniia ¢ Abjkuna 4 e 4,7, 8, 14:

.> .’ 11) 23 .) 3) -) 1) 6» 9

Pemtenne: /la jgomycneM MpOTHBHOTO: BCAKA MOHOTOHHA MOPEIUIA € ¢ Abjknna < MN. Heka A o3nauaBa jajeHaTa
peauna ¢ abipKuma n’ + 1:
A= a1,0a2y...y0p247

Ba Beaxo i, Takopa we 1 < i< n? + 1, nedbunupame msere mompeaum

i
A" =iy Qigly e ey A2y

Ai = a1, azy..., 04

3a BCAKO TakoBa 1, HEKa $i € JIb/DKUHATA Ha Hall-/Ibjra PACcTAINa MOpejuIa B Aj ¢ HOCIE/IeH eJIEMEHT G M HeKa ti e
JUbJKMHATA Ha, Hall-IbJira HaMaJssBalla nopeauma B Ay ¢ npbs enemeHT ai. Ouesnano, Vi(s(i) = 1 A t(i) = 1), moit
KATO TAKUBA IOPEJIUIH ChbDIKAT MOHE (.

OT HavasiHOTO JIoIycKaHe ciefBa, de Vi(si < n Aty < n). Cuenosaresnto,

1

1<s
1<t

NN
N IN

n
n

3a Bcako 1. T'bit KaTo $; U ti B3eMaT mesim CTOWHOCTH, CJIEABa, Y€ 38 BCSIKO OT TAX CTOMHOCTTA MY € €/IHa OT Hai-MHOIO
N Bp3MokHU. [Ipusaraiiku IpuHOUIA HA YMHOXKEHHETO 3aKJIIoUaBaMe, ue HapeleHara JABoiika (Si,ti) uMa croitHocT
u3MexK Iy Haif-muoro n? wb3Moxkun. Ho i-tara ca n? + 1 ma 6poit. ChriacHo npunmuna na Jupuxie, chIIecTByBaT
JIBE PA3JIMYHN CTOIHOCTU Ha IPOMEHJINBATA i, Ja ru HapedeM j u k, TakuBa 4e (sj,t5) = (s, tx), Toect

Sj = Sk
t =t

Ja pasriename eleMeHTHTe Ha A, KOUTO Ca Ha IIO3HIUH j U K, KOUTO HHUe HapudaMe ChOTBETHO aj M Ak. T'bil KaTo
BCHYKH eJIEMEHTH Ha A ca Pa3jduHH, a; F+ ai. Ja gomycmem, ue 6e3 orpammdenue Ha oOIIHOCTTA, 4e j < K. 3Haun, qj
W (Qx Ca Pa3mlojIoXKeHu B A Taka:

HapacTBalla Imopeavuiia ¢ AbJXKHUHa Sj

f3a pas3iuKa OT MOPEJUIla, MPU IMOAPEINIA CE UCKA €JIEMEHTUTE Jla Ca CbhCeau B A
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EBponeinckn cbio3 EBponeiickmn coymnaneH poHA

1 aj < Ay, TO B A IMa HapacTBallla IIOPeIuIla ¢ IL/KAHA §j + |, 3aBbpIIBaIa C (k; a IMEHHO, ChCTOMAINA ce OT Betde
CIIOMeHaTaTa I0peIulia, 3aBbpHIBalla C dj, III0C Ay HaKpas:

(. _
~"

HapacTBalla MopeJula ¢ JbJKUHA Sj

~
HapacTBalla MOPeJUIa C JIb/KUHA Sj+ 1

Ho Torasa sy > sj, KoeTo IPOTUBOpEYN Ha (akTa, 9e 110 KOHCTPYKIHA Sj = Sk.
II Cera ga momycmem, we a;j > ay. Tbil kKaro ty e gb/pKHHATA Ha Hail-IbJra HaMasIdBalla IOPeIUIa, 3aI09BaIIa C
Ay:

Y
HaMaJIsgBalla [IoOpeanlia C JbJRKUHA ti

U aj > ay, TO B A nMa HaMaJIsBaIla IIOPeJuIa ¢ JbiKuHa ty + 1, 3amo4samia ¢ a;; 8 IMEHHO, ChCTOSIIA Ce OT Bede
CIIOMEHaTaTa IOPEINUIa, 3aII09Balla C Ak, IJIFOC dj B HAYAJIO0TO:

HaMaJIsiBaIlla MMOpeanIla ¢ IbJKUHA ti

(. ]
"

HaMaJIsiBala IopeJuna ¢ JbJxKuHa ty +1

Ho torasa tj > tx, KoeTo npoTuBOpeydn Ha hbakTa, Ue IO KOHCTPYKIHA t; = ty.
CiieioBaTesIHO, IbPBOHAYAIHOTO HU JOMYCKAHE, Y€ Hall-IbjraTa MOHOTOHHA IMIOPEIUIA He € MO-IbJIra OT T, € IOTPEITHO.

O

Bagaua 11. Hekxa A = {10,11,...,99}. Jokaoiceme, we 666 6csiko decem eaemenmmo nodMHONCeCEo Ha A couecm-
8yeam 06e HENPA3HU HENMPECUNAULU CE NOOMHOHCECTNEA ¢ eOHAKEBA CYMA HA eAeMeRMUMe.

Pemenne: Bcesxo 10 erementro moammozxkectso mva 210 — 1 = 1023 menpasnn nogmuoxkecrsa. OT apyra crpana,
VB c A, takosa 1e 1 < |B| < 10, e B cuna:

10< ) x<90+9T+...99 =935

xeB

OrTyk BIKIAME, Y€ Y,  p X HMa He moBede oT 935 pasmudnu croiinocti. Ho Torasa 6posaT Ha BH3MOXKHHTE CyMH €
MO-MaJIbK OT Oposi HA MOAMHOXKecTBaTa. [Ipumarame npuaiuna Ha Jlupuxie n BuKIame, de TOHE JBe TOIMHOXKECTBaA
uMaT €/IHa U CbIIA CyMa. Il

)

Samaua 12. IIpogecop X. mespdu, e e co3dar moakxosa dobpa KOMNPECUPAWE NPOPAMaA, “e ¢ Hes mooce d0a “‘ceue’
npoussosen gatin nore ¢ edunuya. Bsamoocno au e mosa?

Pemtenne: IIpodecopbT bke, ako cTaBa JyMa 3a KoMmipecus 6e3 3aryba na wHdopMmarus. [loa “kommpecuparia
nporpama’ ce pas3bupa TakaBa IIpoOrpaMa, KONTO MOXKe Jla Bb3CTAHOBHU II'bPBOHAYAJHUsI (Pailji ¢ TOYHOCT JI0 €IUH
6ut. Besika koMmmpecupalnia mporpaMa € JacTudHa (DYHKIWS OT JaJI€HO MHOYKECTBO CHMBOJIHE IIOC/IEIOBATETHOCTU
(crpunrose) B apyro mMuoxectso crpunrose. [Ilom npodecopbT TBbpHU, Y€ HeroBaTa mMporpaMa paboTu BbPXY BCUYKH
daitnose, 3Ha4u 3a HajeHa IbKuHa N Ha daiia (KoiTo e Obie “cBuBan”), KOMIPECHPAIIATA IPOrPaMa, PeaJn3upa
momanana Gyurmusg f ¢ momeitn ¢ momHOCT ™ 1 KomoMeita ¢ mommmocT 4™ 3a m < n— 1. Tyk q e 6poAT Ha cuMBOIN
BbB dailyioBeTe; ( € JBe, aKo pasriexjaame dailjioBere KaTo OyjIeBU BEKTOPH, HO aKO pa3riiexkjame dailjioBeTe KaTo
rnocsreioBaTeIHOCTH OT Gaiitose, e 28 = 256. KommnpecuparmuTe mporpaMm Tpsa6Ba ja Peajn3upaT MHEKIUH, aKo
craBa JyMma 3a KoMmIpecusi Oe3 3aryba Ha mH@opMarus. He e 3ab/KuTeTHO 18 ca OMEeKIHM, TOeCT MOXKE Jia He ca
CIOPEKIINH, TOECT MOXKE Jia UMa CTPUHTOBE, KOUTO He ca 06pa3u Ha HUKOU CTPUHIOBE, HO MHEKTUBHOCT € 38 TbJIKUTETHA.
Ako xommpecupariaTa mporpamMa peajn3upa He-UHeKIINsl, Bb3CTAHOBIBAHETO Ha OPUTHHAJHUS (DAl B HIKOU CJIydan
e e HEBb3MOXKHO.

CreneHHUST [TOKa3aTe/l B M3pa3a 3a MOIIHOCTTA Ha KOJOMENHA € II0-MaJI'bK OT N 3apajii TBbPIAEHHETO Ha IIPodeco-
pa, 9e mporpaMmara My CBUBa BCEKM (DAl — B 4aCTHOCT, TsI IIPABU OT BCeKU (hailjI ¢ TOJIEMUHA N IPYT (DAl ¢ rOJIEMUHA,
< n. ToraBa KOAOMEHHBT MMa MOIIHOCT, [IO-MaJIKa OT Ta3¥u Ha JoMeiiHa.

CworytacHo npuniuna Ha Jupuxiie, He CbINECTByBa TOTaJHA WHEKTUBHA (DYHKIMsI, YUATO JOMEHH UMa MO-TOJISIMA,
MOIITHOCT OT KOJIOMeifHa. [l
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* SbArapys
a_— PazpaboTrBane na mporpamMu 3a e€JIeKTPOHHU (POPMU Ha, TUCTAHITTOHHO e «L”Qi
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
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3amava 13. B npodsasicenue na edna zoduna om 365 dena Hean ce ynpascHnasa no KoOMOUHAMOPUKAG, DEULGBATKU
3adavu. Beexu den om masu 2oduna moll pewasa nowe edna 3adaua, Ho He pewasa noseve om 500 sadavwu 06wl 3a
200unama. okasiceme, we npe3 masu 200UHG UM UHMEPBAA OM Nocaedosamestu dnu, npes koumo Hean pewasa
mouno 229 3adavu.

Pemenne: Heka x; na e 6posar 3amadn, pemenu or Vsan Ha jeH i wiam npeau Hero, 3a 1 < 1 < 365. OdgeBuHo
[IOCJIeI0BATETHOCTTA
A = (X1,X2y...,X365)

€ CTpPOro HapacTBallla, OT KOeTO CJIe/iBa, Ue B Hesd HaMa efHakBu ducyaa. Ocsen ToBa, Vi, 1 <1 <365 : 1 < x; < 500.
Jla pasrieame JIpyra mMoC/Ie10BaTETHOCT:

B = (x1 +229,x2 + 229, ..., x365 + 229)

Tsa cbimo e crporo HapacTBallla U B Hed CbI0 HaMma exHaksu uuciaa. Ocsen ToBa 230 < xi + 229 < 729. Cera ga
pasriemanMe IOCIeI0BATETHOCTTA

C= (X],Xz,...,X36§,z<] + 229, x5 4+ 229, ...,X365 +22?)

A B

OueBuynao ejemenTure Ha C ca Touno 730 Ieau NOJIOKHATETHU Yucia, moHexke C ce ¢bCTOM OT Komue Ha A, CJIEIIEHO
¢ korme Ha B. Ho 3a Bceku emement Ha C mma He moBeue oT 729 BBb3MOXKHU cTOitHOCTH. CbHIIIACHO KOMOMHATOPHUS
npuHnui Ha Jupuxie, nMa 1moHe asa ejgeMenTa Ha C ¢ eaHa u ¢bla croiiHocT. KakTo Bede ycraHOBUXME, €JIeMEHTUTE
Ha A ca JBa IO JIBa Pa3/IMYHU U ejleMeHTuTe Ha B ca aBa 1no gsa pasiuunu. Cjie0BaTe/IHO, BCAKA JIBOHKa €JIeMEHTU
Ha C ¢ eHAaKBa CTOWHOCT C€ CbCTOU OT €IWH €JIEMEHT OT KOIHUETO Ha A M OT eJuH ejJieMeHT oT Konuero Ha B. C apyru
JIyMH, chllecTBYBaT unjexcu j n k, takusa 9e 1 < j <365 u 1 < k < 365 u x5 = x + 299. Tosa osnauasa, ue lsan e
pert Touno 229 3asa4uu ot geH K + 1 BKIIIOYUTEIHO JI0 JIeH j BKIIOUUTEJHO. O

3.2 CsoiicTBa 1 NpUJIO>KEeHUsT Ha OMHOMHUSI KOeUIMeHT

S -

Samaua 14. Jloxasiceme, ue

Pemnenne:

ke{0,1,...,n} ke{0,1,...,n}
k gerHo k HeueTHO
n n
2, - X (13)
k k
ke{0,1,...,n} ke{0,1,...,n}
k gerHo k HeudeTHO

N3BecTHO €, ue (L‘) € OpoAT Ha IOJIMHOXKECTBATa, MMAIIK K eleMeHTa, Ha Koe Ja € N-eJeMeHTHO MHoxKkecTBO A. Torasa,

OY€eBU/THO,

n
Z (k) e OposAT Ha MOAMHOXKECTBaTa Ha A ¢ YeTeH OPOoil eTeMEeHTH
ke{0,1,...,n}
k gerHo
n [y}
Z K e OposAT Ha MOAMHOXKeCTBaTa Ha A ¢ HedeTeH OpOil eJleMeHTH
ke{0,1,...,n}

k HeueTHO

Coritacao 3agada 6, Tesu ase cymu ca egnaksu. Ciessa, de uzpasbr (13) e nysa. O
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Sagaua 15. Koaxo ca 6ysesume sexmopu ¢ N eduruyy U M HyAu?

Pemrenune: a pasriemamve Te3u BEKTOPU KATO XAPAKTEPUCTUYIHU BEKTOPH BbPXY MHOXKECTBO € Tl + M €JIEMEHTA.
CwhInecTByBa 0YeBHIHA OHEKIMsT MEXKJIYy T€3W BEKTODHU, OT €J[HA CTpaHa, W IOJMHOXKECTBATA C MOITHOCT T, OT JPY-

ra. IseecTHO e, 9e 6GPOAT Ha Te3M MOJAMHOXKECTBA, € (nTLm), KOETO € C'bIIOTO KaTo (“jnm). CbIriacHO TPUHINIA Ha,
ouexiusiTa, orroopsr e (MM, O

3amada 16. B xoakxo 6ysesu sexkmopu ¢ N eduruyu U M HYAU, caed 8CaAKa eQUHUUL CAeI8a NOHE edHa HYAa?

Pemrenue: Yno6HO e ma TperupaMe BCEKHU IIOIBEKTOD €IMHUIA-HYIa KATO €IHO HEJIETHNMO OJIOKIe . IIpumepno,
ako BekTopbT € 10001010010, ma cu ro mpeicraBuM He KATO IIOCJIEIOBATEIHOCT OT €JMHAJECeT eJleMeHTa, a KaTo
[IOCJIEIOBATEJTHOCT OT CEJIEM eJIEMEHTA: YeTUPHU OJI0Ka €IUHUIIA-HYJIA U OIe TPHU HYIU MEKIY TX:

[10]oo[T0]i8Jo[10

Bazadara ce cBeXKIa J0 33Ja9aTa, KOJIKO BEKTOPU OT TL eJIeMEHTa OT equH Buj, (6JI0KYeTa eJIuHUIA-HYIa) U T — T
esiemenTa ot Apyr Bug (“cBobomuu” Hysm) uma. C nesl mo-sACHO IpPeJICTaBsAHe Ha PEelIEHUETO, HEKA CMEHUM CUMBOJIMTE
7 KayKeM, Ue HoBaTa 3a/lada €: KOJIKO BEKTOPDH OT P eJleMeHTa OT €JUH BWJ U ( ejeMeHTa OoT JApyr Buj uma. Ho Hue

3HAEM OTIOBOpa — CbIVIACHO 3ajada 15, Toil e (P;q). BamecTBame p ¢ 1 ¢ ¢ m — N u noiyuasame (") = ().

3abesiexkeTe, 9e OTTOBOPBHT € MPABUJIEH JIOPH KOTaTo M > MM TOraBa OMHOMHUSAT KOe(DUITHEHT (T:) e HyJla, KOeTO €
TOYHUAT OTTOBOP. Il

Samava 17. Koako 6yaesu eexmopu ¢ N eQUHUUY U TIL HYAU UME HAMAM CoCedHU eduHuyu ?

Pemenne: 3amauara npuianda Ha 3ajgada 16, Ho He e cbinara. B Tasu 3a/iada oTroBOpbT “Opon” U BEKTOPHU, 3aBbP-
mBainy Ha ejunauna, npumepro 10101, kouro He buBar “Opoenn” or 3amada 16. Heka S e MHOXKECTBOTO OT BEKTOPHUTE,
3a KOUTO CTaBa JlyMa B Ta3u 3aja4a. S ce pasdusa Ha S’ u S”, kbuero S’ ca BekToOpuTe, 3aBbpIIBAILT HA HyJa, & S”
ca BEKTODHTE, 3aBbpIIBamy Ha exunuma. CbIyiacHo OpuHnuna Ha pasbusamero, |S| = |S’| 4+ |S”|. Ho Hue 3naem Konko
e |S’], samoro Bekropute or S’ ca TouHO Te3m, 3a KOMTO cTaBa AyMa B Banada 16: |S'| = (7).

Ia pasriegame S”. Beeku BeKTop OT S’ 3aBbpINBa Ha eIMHUIA, KATO BJISIBO OT Hesl UMa 33 bJIXKUTEHO HysIa (MHadYe
6u nmaJto 1Be cheean eauanumm). Torasa ChIecTByBa OUeBUIHA OUEKIUsS MeXK Ty BeKTopuTe oT S” u GyseBuTe BEKTOPH
n — 1 euHANE ¥ T HYJIU, B KOUTO CJIE]] BCAKA €AMHUIA CJIeBa oHe eana Hyma. Coraacao 3ajgada 16, nocieanure ca
(,™,)- Or npunnuna na GnekuusTa creapa, ue [S”] = (™).

Orroeopsr € S| = (™) + (™), KoeTo chruacHo 106pe H3BECTHO CBOIICTBO Ha GMHOMHHTE KOeUIMeHTH e (m:]).

O

Bamauva 18. n na 6pot xopa cmoam 6 peduya. Ilo xoako navuna moscem da uzbepem k om max, K < n, maxa e da
He usbepem Humo dsama dywu, Koumo ca edun do dpye 6 peduyama?

Pemtenue: Bceku u360p Ha Kk 9oBeKa oT 00IIO M, KOUTO Ca IMOJAPEIEHN JIMHEHHO ¢ (pUKCHpaHa MOoApeada, OTroBapst
OMEKTHUBHO HA XapaKTEPUCTUIEH BEKTOP ¢ N — k exuanny u k Hymn. JJOmbIHATETHOTO yCJIOBUE f1a HE ObIAT MOI0PAHT
cbcenu ce “peBex1a’ Taka: XapaKTePUCTUIHUST BEKTOD Ja HaAMa ¢beeann eaunaunu. Coriaacuo 3agada 17, OTroBOPbT

k41
(nfk). 3abeJiexkeTe, Ye TO3U OTTOBOP OCTaBa BepeH jopu Korato K > Nn. ToraBa GuHOMHUAT KOeUITMEHT UMa JIOJIEH

UHJIEKC HyJIa, TOPEH MHJIEKC IO-TOJIAM OT HyJjla, U CAMUAT TOH € HyJia, KOeTO TOYHO ChbOTBETCTBA Ha (paKTa, ue TAKUBa
u3bopu mpu K > N ca HEBbH3MOXKHI. O
Bagaua 19. Koaxo 6yaeeu sexmopu ¢ deadicuna 1 we csdspoicam wumo 11, numo 00 xamo nodsexmopu?

OtroBop: Axko n =0 uMa TOYHO €JIMH TAK'bB BEKTOP: PA3HUAT. B NPOTUBEH CjIydaii ca TOYHO JiBa:

10101010...0 mu 01010101...1  1pwm weTHO N
10101010...1 u 01010101...0 1pwm HeyeTHO M

Bagaua 20. Koaxo 6yaesu sexmopu ¢ dsadicuna N e csdspoicam 11 xamo nodsexmop?
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* Arapus
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Pemnenne: OdueBwaHO €, Y€ aKO €JIUHUIATE BB BEKTOPHU Ca “MpeKajeH0 MHOTO”, To moasekTopu 11 ca Hem3berkHu.
MaxkcuMaHIAT Opoii e UHUIM, IIPU KOWTO MOKe Ja HsaMa rmoasekTop 11, e [%17 [IPUMEPHO:

10101010:  xoraro n = 8, Haii-mHOrO 4 = [%] €IMHUII
9
2

101010101 :  koraro n = 9, Haii-MHOTO 5 = [ ] €IMHUII

Hexka p e 6poar ma equmaurure, a q € 6poar Ha myaurte. Or ycaoBueTo mmame p + = Nn. ToKy-1o ycTanoBuxMe, e
p e {0,1,..., [%]} 3a BCeKN KOHKDETHH P U (, OPOAT HA ThPCEHUTE BEKTOPU € (q;H) cpriaacHo 3agada 17, Toect

(“7p+1). CbriacHO IPHHIMIIA Ha Pa3sOUBAHETO, OTTOBOPBLT €:

;
31,
S0

O

Onpenesienue 1. Kpbros BEKTOD we HaApuuame 6€KmMop, Ha KOUMO Napsama u nocieonama no3uyus (cswo) ce
cuumam 3a cscednu. AKxo Kps208UAM 6EKMOP € A1, A2, ..., 0n, 8 HE20 CECeICMBama ¢ A1 ¢ Az, A2 € A3, ..., Qn_] C
Qn, Qn ¢ Q1. Kpseosume eexmopu He ca eK6UBAACHMHYU CPAMO POMAUUA, MU KAMO UMAM HOMEPUPAHY NO3ULUL;
0001 u 0010 ca pasauuru Kps206U 6EKMOPU. O

Sagaua 21. Koaxo kpseosu byaesu 6exmopu ¢ N eQUHUUY U T HYAU HAMGM, CECEOHU OuHUUL?

Pemenne: [la pasriegame MHOXKECTBOTO S oT JuHeliHuTe (TOECT, “OOMKHOBEHUTE) BEKTOPH C L €IMHUIMA U T HyJIU

6e3 cbeennu exuanny. O 3anada 17 3uaeM, ge |S| = (m: ]). Hexka S e m0aMoKecTBOTO Ha S OT Te3n BEKTOPH, KOUTO
3aI0YBAT U 3aBBLPIMBAT ¢ ¢HAIA. THPCEHUAT B Tasm 3ajada oTroBop e |S| — |S|, Thil KaTo KpbroBuTe BeKTOPH
6e3 CbCeIHN eJMHUINN €A TOYHO Te3U JIMHEHHU BEKTOPU 0€3 ChCEeJHU €INHUIM, KOUTO OCBEH TOBa HSIMAT €IUHUI B
Hali-JIsBaTa W Hal-AsgcHATaA ITO3UIIUN.

Tla pastiename S. Ja nedunupame, e P = n + m. OueBugno, p = 3. Ako p = 3, 10 S ce ¢BCTON CaMO OT euH

BekTop: 101. Ako p = 4, To BCeKM BEKTOp OT S € OT BUJA:

AbJKUHA p—4

Y
JbJIPKHHA P

[TocoueHusT MONBEKTOP € JAb/DKUHA P — 4 nMa N — 2 eJUHAUNN, T — 2 HYJIH U €JHHCTBEHOTO OIPAHUYEHUE €, Y€ HSIMa,
coeeaan equnanim. CrenoBaTesino, ako p = 4, To nMa odeBnIHA OMEKIMS MEXKJy S M MHOYKECTBOTO Ha JIMHEHHUTE
BeKTOpU ¢ N—2 equHuny, m—2 Hyau u 6e3 cbeeaun eanannm. Corimacao 3amada 17, mocieaure uMat 6poit (m*2 +1) =

(m71 n-2

nfz)' Tozu pesynrar e B cuiia Jijopu Koraro p = 3: roraBan =2, m=1u (7::21) = (g) =1.
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" Ttaka, OTTOBOPBT Ha 3aavaTa €

o= () ()

(m+1)! (m—1)!
T m—n+Dnl (m—1-mn-2)(n-2)
_ (m+1)! (m—-1Inn-1)
T (m—n+DInl (m—n+1)in

_ (m—1)!
S (m-n+1)In!
_ (m—1)!
 (m—n+1)n!
-1
=%((m—n)(m+n)+(m+n))
_(m-=1)(m+n)
- (m—-m+1)n!
_(m=1!(m+n)
 (m-n)n!
m+mn m!
m ><(m—n)!n!

_m+n m
B m n

Samava 22. Puuapume wa kpoesama maca ca 12. Te sunazu cadam oxoso macama no edur u couwyts HavuH. Oceen
mosa, Mexcdy Puyapume uma 8pasricou: 6CEKU PUUAP € 666 8Paxtcda ¢ MOUHO Me3u 06aMa PUUAPY, KOUMO CG He206U
cecedu okono macama. Ilo xoaxo nawuna mooce da b6sdam nodbpanu 5 puyaps om 12-me 3a Mucus, ax0 UCKAME 6
usbparama 2pyna 06 HAMG 6parcou?

(m+T)m—-—nn-1))

(mz—i-m—nz—i-n)

(m—-n+1)

O

Pemtenne: Bcegko nsbupane Ha 5 ot 12 pumapst MoxKe Jia ce MPeJICcTaBh Upe3 XapaKTEPUCTUIEeH BEKTOP OT 5 e IMHUIN

u 7 myau. BekTopbT 0bave He e JUMHEEH, a KPBIOB, U He TPAOBA & CbIbPKA ChCEIHU €IUHUINA — TOBA CJIEABA OT

“KpBbroBOTO BparkayBaHe Ha PUIAPUTE OKOJIO MacaTa M M3NCKBAHETO Ja He ObJaT M30paHn BPayK [yBallll PHUIAPH.
Samadara e cbIaTa KaTo 3a/ia9aTa, KOJIKO KP'bIOBU BEKTOPA € 5 €JIMHUIM U 7 HYJIH HE ChbPKAT ChCEIHU €INHUIIH.

Coriacuo 3agada 21, OTTOBOPBT € # (g) = 36. |

3.3 HpI/IHI_];I/Il'I Ha BKJIIOYBAHETO M U3KJ/IIOYBAHETO

3amava 23. B epyna om cmydenmu sceku 8aadee nore edur e3ur om aHAulcky, gpencku u Hemcku. Hexa Ag e nodm-
HOJCECTNBOMO HA cmydenmume, 8Aadecwu aH2AutcKY, AF € NoOMHOoAHCECTBOMO Ha cmydenmume, saadeeuyt, PpeHcKu
, a Ag e nodmmoorcecmeomo Ha cmydenmume, eaadeeuss Hemcku. Hexa Agp e nodmmooscecmsomo wa cmydenmu-
me, 8Aa0eeUWU GH2AUTCKY U PPEHCKU, AEG € NOOMHOHCECTBOMO Ha cmydenmume, 8AGJeCUY AH2AUTCKY U HEMCKU,
a Arg € nodmmooicecmeomo Ha cmydenmume, eaadeewsu dpencku u nemcku. Hexa Agpg e modmmoorcecmsomo ma
cmydenmume, saadeewju GH2AUGCKY, Ppencku u nemcku. ladeno e, e

|Ag| =19
IAF| = 25
|Ag| =21
Ace| = 13
|Aecl =7
|Arg| =9
|Aerg| =3

Om xoaxo cmydenma ce cacmou epynama?
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* Arapus
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e Jl\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
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Pemtenue: Heka A e MHOXKeCTBOTO OT BCHYKH CTYIEHTH B Tasu rpymna. Lbit kato A = Ap U Ar U Ag, Moxke 1a

—A —A —A
cmsitame, e A e yauBepcyMbT 1 Ap N Ar NnAg = . Or npuHIuna Ha BKIIOYBAHE U M3KJIIOYBAHE 3HAEM, Je

—A —A —A
Ae nAr nAg |=I|A| = (|Ael + |AF] +|Acl) + (|Aer| + [Aec| + |ArG]) — [AErc]

TOECT
O0=A—(19+25+21)+(13+7+9) -3
OTK'BJETO
|A| =39
]
3amaua 24. Ilpu ycaosuama na 3adavwa 23,
® K0AKO0 cmydenma 3HAAM MOowHo dea e3uka?
® KOAKO CTYJeHMa 3HAAM AH2AUTCKU, HO HE 3HAAM HUMO HPEHCKU, HUMO HEMCKU?
Perenune: OTroBopbT Ha IbPBUS BHIPOC €
|[Aer| + |Aec| + [Arc] = 3|Arrg| =13+74+9-3%x3=20
OTroBopbT Ha BTOPHS BBIIPOC €
|Ae] = (JAer| + |Aec]) + [Aerg| =19 -(13+7) +3 =2
]

Samaua 25. Jladena e epyna om 100 cmydenma. Hzsecmno e, ue 37 cmydenma ywam anesuticku, 35 cmydenma
yuam gpencku, 33 cmydenma yuam vemcku, 38 cmydenma yuam ucnancku, 16 cmydewma ywam anesuticku u Gper-
cku, 8 yuam aweauticku u memcku, 18 yuam amzauticku u ucnancku, 13 yuam dpencku u wemcku, 9 yuam @pencru
U UCTAHCKY, 13 Yyuam HemcKu U UCnaHCKu, 5 cmydenma yuwam aH2AUlCKY, PPEHCKU U HEMCKU, 6 CMYydeHma y4am
AM2AUTCKY, HEMCKYU U UCNGHCKY, D cmydenma yuam @pencku, Hemcku U ucnaHcku, a 3 cmydenma yuam aneaudic-
KU, HEMCKU, Ppencku u ucnarcku. Koaxo cmydenma yuwam ameiuticku, @pencru u ucnancku, axo 14 cmydenma He
UBYHABAM HUKAKEU €3UUU T

Pemrenue: Heka tbpcenusr Opoit e x. [lo npuanuma Ha BKIIOYBAHETO W U3KIIOYBAHETO MMAME:

14 =100
— (37 +35+33+38)
+(16+8+18+13+9+13)
—(5+6+5+x)
+3

TOECT

14=21—x & x=7
]
Bagaua 26. Koaxo ca momasrnume dynxuyuu f: X =Y, kedemo X u Y ca xpatinu mmoocecmea u X =m uY =n?
Pemenune: CbriacHo NpUHIMIIA HA YMHOXKEHHETO, OTTOBOPHT € N'™. O
3amava 27. Koakxo ca wacmuuwnume gynrxuyuu f: X =Y, xademo X u Y ca xpatinu mroocecmea u X =m u Y =n?

Pemenne: Heka muoxkecrBoro ot Te3u dyukiuu e F. Heka z e esiement, Koiito He ce cbhabpxka B Y. Heka Z = Y u {z}.
Heka F7z e muoxkectBoto or Totasgaute ¢pyukiuu f : X — Z. TpuBnaano e ma ce mokaxKe, e ChIECTBYBa OUEKITHsT
Mexxny F u Fz — 3a Bcaka pyHkIiusa oT f € F, KOATO € TOTaHa, ChIECTBYBa TOYHO e1Ha MYHKIUA OT g € F7z, TakaBa
qe:

Yae X,g(a) = f(a)
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a 3a Bcgka dyukius f € F, KosITO e He e TOTajHa, ChIIeCTBYBa TOYHO e/Ha DyHKIus g € Fz, TakaBa de:

Vae X, g(a) = f(a), axo f(a) e nedunmpano

Z, B IIDOTUBEH CJIy4ail

CoriacHo npensara 3aja4a, | Fz| = (n + 1)™. CbriacHo npuHIuna Ha 6GuekusTa, orroopst € [Fz| = (m+1)™. O

B ciregBarmure 3amaun, nox “dyskius’ pazdoupame “rorasHa GyHKIUs .
Bamaua 28. Koaxo ca cropexmuenume gynkuyuu f: X =Y, kademo X u'Y ca xpatinu mroorcecmea u X =muY =n?

Peruenne: /la soBesem ciaennure o3aadenus. Heka N e 6posit Ha Becmaku dyukiuu. O 3amada 26 snaem, ue N = n™.
AKo or To3u 6poit U3Ba UM OPOsT Ha He-CIOPEKTUBHUTE (DYHKIUH, IIe ITOJIyIiM Opost Ha clopekiuuTe. ToBa Iie HalpaBuM
[IOETAITHO, C'bIVIACHO IIPUHIIUIIA HA BKJIIOUBAHE U U3KJIIOUBaHE. 3a BCEKH ejieMeHT a € Y, Heka N, e OposT Ha (DyHKIIUTE,
KOHUTO “He IMOKPHUBAT’ a, TOECT Te3H, IIPU KOUTO A He e 00pa3 Ha HUTO eJInH ejgeMeHT oT X. ToBa He 3HaUU, Ye BCUUKU
OCTaHAJIM eJIeMeHTH OT Y Cca IMOKPUTHU, & 9e ChC CUTYPHOCT ( He € MOKPUT — 33 OCTaHAJINTE eJIeMeHTH OT Y He ce Ka3Ba
aumo. OueBngao Ng = (n—1)™, 3amoro ToBa e 6posit Ha dyuKImuTe ¢ qomeiin X n kogomeitn Y\{a}, 3a Besiko a € Y.
Tbit KaTo a B3eMa N croiHOCTH, UMaMe cyMara oT Beudku Ng e n.(n — 1)™ . Ho pasiukara

nm—-nn-nm (14)

He e MpaBuIHUAT oTroBop (ocBeH ako M He e 1), Tbit Ng, u Ng, 3a paszimmunu a; € Y, az € Y He 6posar yHKIWMH,
KOWTO Ca HEIPEeMEHHO Pa3/IMYHU — BCAKA (DYHKIHMS, KOATO HE MOKPUBA HUTO (1, HATO dj, e Obe mpedpoeHa KaTo
eauHuNa BeJHbXK 0T Ng, u BegabkK or Ng,. Uuade kazano, (14) e 1mo-mMajko oT BEpHUS OTTOBOD — M3BA/IUJIA CME
IIpEKAJIEHO MHOTO.

Heka Ng p e 6posiT Ha dyHKIMUTE, KOUTO He ITOKPHUBAT NPOM3BOJHA a,b € Y, a + b. Kakro u npenu, moxe ga
IMa U APYTU HEMOKPHTH €JIEMEHTH OT Y; CbC CUIYPHOCT IOHE a U b He ca mokputu. Ngp = (n — 2)™, Tbit KaTo ToBa
e 6posar ma dyukuuure ot X B Y\{a,b}. Cymara or Beuiuku takusa Ng p, I0 BCHUKH [BYEJIEMEHTHH IOIMHOKECTBA

{a,b} <Y, e (5)(n—2)™. Ho

==+ (5 )= 2m = (D -om s (! (- om0 () m-am )

BCe OIIe HE € BepHUAT OTroBop (0cBeH ako M He e 2), Makap 4e e no-6sm3o ot (14). (19) e moseue or BepHUS OTTOBOD,
Tbit Kato ¢ +(5)(n — 2)™ cme goGaBuIN OBEYe, OTKOIKOTO TpsbBa, KbM (14).
Anagornuno, Ngp o € 6podar Ha (yHKIMUTE, KOUTO He NOKPHBAT npoussoinu a,b,c € Y, a +# b £ ¢ F a.
Ngb,e = (N —3)™ u cymara or Bcuuku TakuBa Ng p ¢, 10 BCHYKI TPUEJIEMEHTHN IOAMHOXKecTBa {a,b,c} € Y, e
2)(n —3)™. Ako M e JOCTATBIHO IOJIFMO, TO

C0°(3)m=om e 0 (=m0 () e (5 )= (16)

BCe OIlle He € BePHUST OTTOBOP, MakKap |e € OIlle 0-0JIn30.
CobritacHo TPUHITAITA Ha BKIIOYBAHETO W U3KJIIOYBAHETO, BEPHUAT OTTOBOP €

(—1)0(8) M —0)™ + (=1)’ G‘) (n—1)™ + (=1) (;) M=2)™+...+ (17)
(L )= (-

n-—1
ITociremnoTo cHLbOMpaemo e Hysa, KOETO ChbOTBETCTBA Ha (hpakTa, e nMa Hysa PYHKIINNA, KOUTO He MOKPUBAT HUTO €IUH

eneMenT. HakpakTo, BEpHUSAT OTTOBOD €

n
n
()=

k=0
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* Arcipus
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Bagaua 29. Koakxo cmpunea ¢ dsasicuna 1 uma wad aamunckama absyka {a,b,...,z}, makusa we scexu cumeon ce

cpewya nowe 6edHsoHC?

Ynsmeanre: Pasrnenaiite crpunroere 6e3 orpaHnYeHus KaTo (DYHKIUH OT MHOXKECTBOTO HA ITO3UIMUTE K'bM MHO-
JKeCTBOTO OT cuMBosinTe (a He obparnoro!). OrpaHnveHreTo 3a BUja Ha CTPUHIOBETE HAJIAra OlDAHUYEHNE BbPXY BHA
Ha (QYHKIINNATE — KaKBU TPsAOBa Ja ca Te’?

Sagaua 30. Koaxo nepmymayuu na wucaama om {1,2,...,n} uma, 6 Koumo numo edur eaemenm He Cl € Ha MAC-
momo? Hucaomo i cu € Ha MACMOMO, aKo Ce HAMUPA Ha 1-Mma No3uyus, npumepro 6 nepmymavusma 2 135 6 4,
YUCAOMO 3 cu € Ha MACTNOMO U HUKOE JPY20 HUCAO HE CU € HG MACTOMO.

Pemtenue: Bposit Ha mepmyrtanunte 6e3 orpanndenust e n!l. Ille msBagum ot n! 6GposaT Ha mepMmyTanuuTe, B KOUTO
HIKAKBU €JIEMEHTH Ca CH Ha MsCTOTO. T0Ba Ie IpaBUM [MOETAITHO, ChIVIACHO IPUHIIAIA Ha BKJIIOYBAHE W M3KJIOYBAHE.

[Tepmyraiure, B KOUTO JAJEH €JIeMEHT € Ha MsICTOTO CH M HsIMa JpYyru orpanmdenusd, ca (n — 1)! ma 6poii. 3a
BCeKH APYr (DUKCUPAH eJIeMEHT, aHaJorudHo, uma (n — 1)! mepMmyranuu, B KOUTO TOH CH € HA MSCTOTO U HAMA JAPYTH
orpanmvenus. T'bii KATO UMa T eJIEMEHTa, OT KOUTO Jia (bUKCHpaMe eJIEMEHT Ha MMO3UIHsI, U 33 BCEKU €JIEMEHT MUMaMe
(n — 1)! nepmyranuu, cymara or nociaemaure e n.(n — 1)!. Ecrecrseno, n(n — 1)! = n! ne e npasmwiausaT 0TroBOp 32
O6posT Ha TMEPMYTAIUATE, B KOUTO TIOHE €UH €JIEMEHT CH € Ha MICTOTO, Thil KaTO OPOM HSKOW MEPMYTAIMKA MOBEYE OT
equd wbr. C Ipyru JyMu, pa3inKaTa

nl—nn-—1)!

€ Io-MaJjika OT BepHHsl OTroBOp (ocBeH ako T He e 1: HamcTuHa, npu N = 1 orroeopsT e 0). CbrulacHO IPUHIUIA HA
BKJIIOUBaHe U U3KJI0YBaHe J00aBsMe Oposi Ha MepMyTaIuuTe, B KOUTO JIBa €JIeMEeHTa Ca CH HA MeCTaTa W HAMa JIPYTU
orpannveHus. Te3n aBa esleMeHTa MOXKEM Ja m30epeM II0 (Tzl) HauMHA, 33 BCeKu u300p umame (N — 2)! mepmyraimu.
Ho cymara

n—nn—1)+ (;)(n—Z)l

€ [O-roJIsIMa OT BepHHs OTrOBOP (OCBEH ako M He e 2), TaKa 4Ye PO bJKaBaMe aHaJOMMYHO, 110 IPUHIIUIA Ha BKJIIOY-
BaHETO U U3KJIIOUBAHETO:

nl—nn-1)!+ 721 M=+ ...+ =D =—n =)+ (=D)"(n—n) =

n

(—=1)° g M —0)l+ (=1)" T]‘ =D+ DT =2+
e =N+ (=D [ =n) =
(=) 1 Mm—Mm=1)+(-1) N (n—mn)!

> n

NGNS IGEOT

k=0 k
Tosa e BepHUAT OTTOBOP. O
Sagaua 31. Koaxo nepmymavuu na wucaama om {1,2, ... N} uma, 6 Koumo mouwro M eAeMEHMA Ca CU € Ha MACTOMO

3a naxoe m, maxosa we 0 < m < n, axo

® Me3u M eneMenma ca GuKrcuUpar,

® me3u M esemenma He ca Gurcuparu.
Samaua 32. Hsmeorcdy 100 cmydernma:

e 72 nocewasam npaxmurym no C,

e 60 nocewasam npaxmurym no Java.

Hoxaorceme, we none 32 om me3u cmydenmu nocewasam u 08ama NPaKMUKYMQ.
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EBponenckmn cbos EBponeicku coumnaneH GoHg

Pemtenue: Heka A u B ca mHOXKecTBaTa OT CTyJIE€HTHTE, IMOCEMABAITA CbOTBETHO mpakTukymuTe o C u Java. Heka
U = A v B. IIpuaraiiku npuHIUIa Ha BKJIIOYBAHE U U3KJIIOYBAHE CIIPSIMO TO3U YHUBEPCYM, U3BEXKIAME

0 = [U] = (A +B]) + |A n B

HAMa €JIEMEeHTHU B JOII'bLJIHEHUETO

Orryk

[AnB|= |A] + |B] —|U]=132—-]U|
—— =

72 60

Tvit karo |U| < 100, To |A n B| = 32.

Bagaua 33. o xoako nauwuna modice 0a ce 0uBEMAN K6AOPAMUEMATNG HA NPABOB2BARA MPEdHCa T X TL (T peda u n
Koaonu) 6 k ysama

a) 0e3 02panuverus;
6) ¢ eduHCTNBEROMO 02PAHUNERUE, e 656 BCEKU PE0 HAMA CHCEOHU KEAIPAMUEMa ¢ eOHAKEE UBAM;

B) ¢ eduHCMBEeHOMOo 02paHuUveErHUE, Y€ 656 6CEKU ped € U3NON36AH B6CEKU 0T UBEMOBEME.

Pemienne:

a) k™", nonexe BesAKO onpersiBaHe € MYHKIUS OT MHOXKECTBOTO HA KBAJPATIETATA B MHOMKECTBOTO OT I[BETOBE-

te. lma obmo mn ksBajgparderan k 1ssita. [Ipuiarame dopmysara 3a 6post Ha pyHKIUUTE 6€3 OrpaHUIEHUS]
(3az. 8).

6) OrersiBaHETO Ha IPOM3BOJIEH PeJl € HE3aBUCHMO OT OIBETSIBAHUSTA Ha Apyrure pepose. CrenosarenHo, ako N

e OposiT Ha HadYMHUTE J1a O'bJie ONBETEH IIPOM3BOJIEH pefl, OTTOBOPBT N™ 10 MPUHITAINA HA YMHOXKEHUETO.

Jla pasriiesiame OIBETSBAHETO Ha PEJl 1, KbJETO 1 € MPOM3BOJIHO 9HCI0, TakoBa de 1 < 1 < m. [la pasriemame
KOe Jla € KBaJparTde B pes i, npumepHo kBagparde (i,1). 3a Hero nmame K Bb3MOKHOCTH 3a OLBETIBAHE 3apa-
JI1 HAJIMIMETO Ha K BBH3MOXKHHU IBATA. 3a ChCEIHOTO My KBazaparde (i,2) mmame K — 1 Bb3MOXKHOCTH LOPaIU
OTPAHUYEHUETO JIa HE Ce M3IMOJI3BAT €HAKBU IBETOBE HA ChCEJHU KBAJAPATIeTa. AHAIOTMYIHO, 38 KBaJIPATIETAa
i,3), (i,4), ..., (i,n) umame k — 1 Bpa3mokaoctu. Karo nsio, 3a pes i Bb3MOKHATE PA3IMIHU OI[BETABAHMS Ca
k(k — 1), Cremosaremso, N = k(k — 1)~ i orrosopsr e k™ (k — 1)™(=1),

B) OrpersiBaHETO Ha NMPOM3BOJIEH PEJl € HE3aBUCUMO OT OIBETsIBAHUATA Ha npyrute penose. CiieoBaTEIHO, aKO

N(k, 1) e 6posr Ha HauuaUTE Ja Obie onsereH npoussosieH pel, otroopsbT (N(k,1))™ 1o npuHImUIa Ha YMHO-
xkermero. N(Kk,n) Moxe na ce mojy4u Begnara or (opmysara 3a 6pos HA CIOPEKIMUTE, HO TYK II€ [0 U3BEIEM
OT OCHOBHHTE ITPHHITHIIM.

Ja pasriemaMe oLBeTsiBAHETO Ha PeJ 1, KbJAETO 1 € Mpou3BOJIHO 4ncjao, TakoBa de 1 < 1 < m. Heka U e
MHOKECTBOTO Ha BCHYKI BB3MOMKHI OIBETdABAaHMs Ha el i ¢ K mnBsara 6e3 orpanmyenns. [U| = k™. Heka S; e
MHOXKECTBOTO OT Bb3MOXKHUTE OIBETSBAHUATA HA PEJl 1, B KOUTO IBSAT j HE Ce U3MO0JI3BA, 38 BCUYKH j, TAKMBA U€
1 <j < kf. Hexa Sj,,j, © MHOXKECTBOTO OT BL3MOXKHNTE OIBETABAHUATA Ha Pef i, B KOUTO IBETOBE j1 M j2 He ce
M3MO0JI3BAT, 38 BCUYKH j1 U j2, TakuBa 4e 1 < j1 < j2 < k. [la nanpasum cireHara JedUHAINNS, KOSITO CE sIBSIBA
06001IIeHre Ha TPEJTHUTE JIBE 3a ITPOU3BOJIEH OpOil IIBeTOBE.

Omnpenenenne 1. 3a scuuku ueau noaoscumeins ji, jz, ..., jr, maxusa ve 1 < j; < j2 < ... < ji <Kk,
MHOIHCECMBEOMO OM, 6BIMONCHUME OUSEMACAHUA 1A Ped 1, 6 KOumo ysemose j1, j2, ..., j1 He ce usnoazeam+, e
Si1 2yt - O

TMozrke fa MMa u ApYTH 1BETOBE, KOMTO He Ce M3MOJI3BAT. LIBST j He ce M3MON3BA CBC CUZYPHOCTN.
fMorke fa MMa 1 ApYTH 1BETOBE, KOMTO He Ce M3MOJI3BAT. LIBeTOBE j1, j2, ..., jt HE Ce MBMON3BA CBC CULYPHOCTN.
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* X %

*
*
*

* ok

Pa:spa()oTBaHe Ha IIpOorpaMu 3a €JIEKTPOHHU (b()pMI/I Ha JUCTaAHIIXMOHHO
()6y‘ICHI/IC BbB (DaKy.HTCT‘d II0 MaTeMaTHUuKa 1 I/IH(bOpl\I‘dTI/IKa

ECB

sbmm@
\IJV

EBponeiicku counaneH ¢poHp

IIo OPUHIIAIIA Ha BKJIIOYBAHETO W U3KJIIOYBAHETO,

N(k,n) = |U]
- Z |Si1 |
1<ji <k
IOHe e/[MH IBAT He Ce M3MOI3BA
+ D 18 nsil

1<j1<ja<k

~~

v

IOHE JiBa IBSATa HE Ce U3IOJI3BAT

D S5, N S5, 0 S5,

1<j1<ja<js<k
. ~

~~
IIOHEe TPpHU LBdTa HE Ce U3I10JI3BaT

2

1<K1<j2<...<j <k

+(—])t |S]'1 ﬁszﬂ...ﬁSjJ

V)

"
none t IBATa HE Ce U3IOoJI3BAT

2

1<j1<j2<...<jk—1<k

+ (=11

|Sj1 ﬁSjZ N...

NS

jk—]|

V)

~"

none k—1 OBsATa HE Ce U3II0JI3BaT, TOECT HU3II0JI3Ba Ce caMO 1 IOBAT

+(—])k |Sj1 (\szﬁ...ﬂs)'

S
s

~~

k 1BsiTa He ce U3NOJI3BAT, TOECT HAMAa OIBETsIBaHe U306110; ToBa TpsAGBa na e 0.

Tebpanm, ge 3a Besko t, Takosa ue 1 <t <k,

k n
|Sj] ﬁszﬁ...ﬁSjt|= <t>(k_t)

(18)

Tosa e TakKa, 3all0TO 3a Ja OIIpeIeJIMM HaYUHHUTE Ja CE OIBETHU PEI i, Taka 4de t mBgaTa Jga He ce IoJI3BaT, €

JOCTaTBHLIHO Ja HaMepuM Opost Ha HAUIWHHUTE Ha ce momabepar t mBsTa o K—

TO31 OPOIL e (]t‘) —u OpOSIT HAYWHE 18

ce OIBeTH pesia ¢ ocranaauTe k — t mpsara—ro3u 6poit e (k — t)™. Vspas (18) cienBa BejHara 1o IpHHIAIA HA

YMHOXKEHHNETO.

Torasa

N(k, 1)

_ g(_nt (t) (k — )™, Tbit kKato (—1)* <]]z> (k=1

3amava 34. 3a ynusepcumema XYZ ce mespdu, we:

HUma obwpo uma 6525 cmydenma.

Om maz 5025 ne ca nspsokypcHuyL.

3222 emydenma ca 63eau Kypca no Ananius.

1332 emydenma ca sseau kypea no Juekpemnu Cmpyxmypu (C).
1821 ecmydenma ne ca nspsokypcHulyy U ca 83eAu Anaaus.

1050 cmydenma ca eseau Anasus u JIC.

603 cmydenma ne ca nepsokypcruyu u ca 63eau C.

i —2(—1?@ (- 0" = tio(—nt(‘t‘

)

0
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e 429 cmydernma we ca nspsokypcruyy U ca 8zeau Anasus u JC.
Baamootcno au e mesu dannu da ca eepru?

Pemtenue: IIlom crynerTure ca o6mo 6525 u or Tsx 5025 He ca bpPBOKYPCHUIM, TO
6poaT Ha WhpBOKypcHHUIATE € 6525 — 5025 = 1500 (19)

Heka MHOKECTBOTO OT CTY/IEHTHTE, KOMTO HE Ca I'bPBU KyPC U ca B3eau AHamms, e X, a MHOZKECTBOTO Ha CTY/ICHTHUTE,
KOUTO He ca mbpsu Kypc u ca B3ean JC, e Y. Cryzenture, KOUTO He ca IbPBH KypC, UpPeCTaBaaBar yrusepcyM U,
cbabpkam kakTo X, Taka n Y. ITo yenoeue |U/| = 5025, |X| = 1821, |Y| = 603 u |X n Y| = 429. Tlo npunnuna Ha
BKJIIOYBAHETO U U3KJIIOYBAHETO 110 OTHONIEHUE HA TO3W YHUBEPCYM € U3I'bJIHEHO

IX A Y| = 5025 — (1821 + 603) + 429 = 3030

U raka, 3030 crynentu He ca mbpBU Kypc U He ca B3esn auto Ananus, auro JC. Torasa 5025 — 3030 = 3495 crynentn
ca TIOHe €JTHO OT TPUTE: I'bPBOKYpCHUIM WK B3ean Anayms win B3eau JIC. Heka A e MHOXKECTBOTO OT CTYJIEHTUTE OT
I'bPBHU Kype, B ca Tesn, kouto ca B3ean Anamus, a C ca resu, B3ean JIC. Toky-1o nokasaxme, de |A U B u C| = 3495.
ITo ycaosue |B| = 3222 u |C| = 1332, a or (19) 3naem, 1e |A| = 1500.

[MTom 3222 crynenta ca B3esu Ananus u 1821 He-rbpBOKypcHUIM ca B3equn Ananmuz, To 1401 mbpBOKypcHUIU ca
B3esn Anasus. [llom 1332 crynenta ca B3esu JIC u 603 He-rbpBOKypCHUIM ca B3eaun Anasnus, To 729 wbpBOKYpCHUATIN
ca Bzesu JIC. Torasa |A n B| = 1401 u |A n C| = 729. Ilo ycaosue, |B n C| = 1050.

Croriacuo IIPpUHIUIIa Ha BKJ/IIOYBAHETO U U3KJIFOYBAHETO,

[AVBUC|=|A|+|B|+|C|—(JAnB|+|[AnC|+|BNnC])+|[AnBnC|e
3495 = 1500 + 3222 + 1332 — (1401 + 729 + 1050) + |An B n C| &
|AnBnC|=0621

OTHOBO IpusIaramMe IPUHIMIA Ha BKJIIOYBAHETO U M3KJIIOUBAHETO, 3a jia npecMerHeM |(A N B) u (A n C)|:

(AnB)U(ANC) =|(AnB)|+|(AnC)—]AnBnC|le
I(A A B) U (A C)| = 1401 + 729 — 621 = 1509 (20)

U cera 3abensassame nporusopeune Mexiay (19) u (20): wbpBoTo Kaspa, BcudKu mbpBoKypcuunu ca 1500, BropoTo
Ka3Ba, 4Ye [I'bPBOKYypcHUImTE, B3esu mone eaud ot Anamms u JIC, ca 1509. CiefoBarenno, JaHHUTE Ca HEBEPHU. O

Samauda 35. 1o koaxo Hauuna mMo2am 06 CEOHAM OKOAO KPB2AG MACA C HOMEPUPAHY CMOAOSE TOPAMaG 0m T Ha 6poll
orceneny deotiku (ouesudno cmasa dyma 3a 2n dywu), maxa we cenpysume om Humo edna 06olxa da He cedsm Ha
cscedny, cmonosge?

Pemienne: Hexka gsoiikure ca c1, C2, ..., Cn. Heka S o3HagaBa MHOXKECTBOTO OT BCHUYKN BH3MOXKHU CSITaHUs, B
KOUTO CBIIPY3UTE OT Ci CeIdT HEIIO3BOJIEHO, TOECT eIH 10 npyr, kbiaero i € {1,2,...,n}. Heka U e yausepcymbr B
Ta3u 3a/a9a, a4 UMEHHO, MHOYKECTBOTO OT BCUYUKH BBH3MOXKHHU CAJAHUS HA Te3U 2T Iy Ookosio MacaTa (6e3 orses Ha
IPUHA/TEIKHOCT K'bM CHIPYKecKn aBoiikn ). ThpeennsT orrosop e |S1nS; ... S, |. [To npuHnmTa Ha BKIFOYBAHETO
¥ U3KJIIOYBAHETO,

ISt nSan...n Sy = U]

+ Z |SimS]~|

I<igjgn

+(=1D)™MS1 Sz n...n Sy

Jlecuo ce Bk g, 4e [U| = (2n)!, Tbit KaTo TONKOBA Ca HAYMHATE, 2N YOBEKA JIa CEJJHAT Ha 2N pa3anIuMu (HOMEPUPaHN )
MeCTa 0e3 HUKAKBU OIDAHIICHHS.
[IIe mokazkeM, Te BCSIKa OT CyMUTE

Z |Si1mSizm...mSit|

T <iz<...<itn
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KbJETO t e HAKOe 510 Yuciio, TakoBa ue 1 < t < N, e paBHa Ha

(1‘) 2n.(2n—t— 1.2t

Tasu cyma e paBHa Ha Oposi HAYMHN t ABOMKM Ja ca CEIHAJN HEITO3BOJIEHO, 0 BCUYKU Bb3MOXKHU HAYWHU J1a, ObIAT
noxbpanu t aBoiiku o {C1,C2,...,Cn}. MaMe cieiHuTEe Y€TUPU HE3ABUCUME CHOOPAYKEHHUSI.

n .o
e Ilo (t) HaYUHA MOYXKeM Ja mojbepeM t aBofiku ot 06110 N.

e Ilo 2n maumma MoxkeM Ja m3bepeM JiBa CTOJa 3a MbpBaTa JABOWKA OT Te3W t ABOHKM.

e 3a ocranasure t — 1 apoiiku, o (2n —t — 1)! naunHa MoXKeM J1a pas3mosioKuM xopara oT Te3u t — 1 aBoiiku,
Taka e XopaTa OT BCSKa OT Te3U JIBOUKHM JIa ca ChCelH, U OCTaHAJIMTE XOpa (Te3H, KOUTO HE Ca B HUTO €/HA OT
BBIPOCHUTE t IBOIKM) 10 ocTaBammuTe (CJel] CAIaHeTo Ha I'bpBaTa JBoiika) crosose. [IpnunHara TOBa /18 € Taka
e, ye TyiefaMe Ha te3u t — 1 jiBoiiku KaTo Ha ,,6/J10K0Be®, TOECT ejIHa TakaBa, JBOWKA € eJUH ODEKT, a BCEKH YOBEK,
KOMTO He € B HAKOsA JIBOIKa, € camocTosaTesaeH ooekT. O0Io obekTuTe ca Ha Opoii

n—2
———
TOJIKOBa Ca XOpaTa 3a HaCTaHsBaHe CJeJ CsNaHeTO Ha II'bpBaTa JBOIKa
. 2t —1)
—
or TexHus Gpoiil Baxgum Gposi Ha xopara B t—1 nBOHKH
+ t—1 =2n—t—1
—

TOJIKOBa Cca OGEKTHUTE OT BHJL , JBOHKa"

CiietoBare/iHo, 3aja4daTa 10 KOJIKO HadWMHa MOrar ja ceaHar Te3u t — 1 JBOHKU HENO3BOJIEHO Ha OCTABAIIMTE
MecTa (CJIef CAIaHeTo Ha IIbPBaTa JIBOKWKA) € ChIIaTa KAaTo 33a9ara, [0 KOJIKO HAYMHa MOXKEM Ja PA3IOJIOKUM
2n —t — 1 obexra B peauia.

e 3a BcAKa OT JIocera HAITpaBEHUTe MOJO00PKY Ha MECTa 33 Cafane Ha t TBOWKN MO BCHYIKN BHL3MOXKHH HEO3BOJICHN
HAXMIHH, 32 BCSIKA JIBOMKa MOYXKEM JIa Pa3MoJIoyKIM XopaTa OT Hes Mo 2 HaYMHAa Ha 1BaTa u3bpanu crosa. O6mo
ToBa ca 2! BB3MOXKHI HAUMHA.

Ciies KaTo yCTAaHOBUXME, 1€

3 1Si, A Si, M. Sy | = (TJ:).ZTL.(Zn—t— N2t

I<ii<iz<...<irn

OTTOBOPBT CJIE/IBA JIa €

ISt Sz ... S| = (2n)! +ti1(—1)t.<:> 2n(2n—t—1)L2¢
_ zn] (-1)*.(':) 2n(2n—t— 1.2t

I
N
3
D=
—~
L
=
Y
-+ 3
N——
~
3
|
-
|
=
[\
-+

O

Samaua 36. [lo koako nHavuna mozam 0a ceOHam 0KOAO KPB2AG MACA C HOMEPUPAHU CMOAOGE TOPAMA OM ML Ha 6pot
orcenenu 0soliku (ouesudno cmasa dyma 3a 2n dywu), maka we cenpysume om numo edna d6olka da He cedsm Ha
CBCEOHU CMON0BE U OCBEH MOBA OKOAO MACAMA 04 Ce PEOYSAM HCEHU U MBHCE, MAKG “e 004 HAMA HUMO 08AMA MBHCE
edun do dpye, Humo dee orcenu edna do dpyaa?

Pemienne: Heka crosoBere okojio Macara ca HOMEpHUpaHU C 1, 2, ey 2n. Heka II'bPBO ceJHAT JaMUTE. O‘IeBI/I,Z[HO, Te
MoratT Ja ceaHaT WX cCaMO Ha Y€eTHHUTE, UJIM CaMO Ha HEYCTHHUTE HOMEDPaA. Ha gernure HOMeEpa Te MoratT Ja ceaHaT IIO n!
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maunna. Ha medernure, cbmo n! maunna. O6mo mva 2n!t magmma, mo kouro Morar ma cemHaT mamMmTe, KATO TOTYK He
cMe HApYIIUJIN C HUIIO OIPAHWYEHUsITa Ha Ta3W 33J1a49a, CJIeJIOBATETHO BCEKH OT Te3d 21! HAYMHaA € Bb3MOXKHO HAYAJI0
Ha IIpolieca Ha CsijiaHe. 3a BCEKHM OT Te3n 2Nn! HadnmHa, MbXKEeTe MOraT Jia CeHAT Ha CBODOJHHUTE CTOJIOBE—CHIA3BANKN
OrpaHUYEHUATa HA 3a]a49aTa—I0 eIUH U cbiny Opoii naumau. Ja mapedem Tosu 6poit g(n). Orrosopsnr e 2nlg(n) u
cera TbpcuM g(m).

Heka mamure ca Dq, Dy, ..., Dy, a mbkere ca Hy, Ha, ..., H,,. Be3 orpanndenune Ha obmuocTTa, HEKA JAMUTE
ca cesHAJN Taka (KPbroBeTe O3HAYABAT HE3ACTUTE CTOJIOBE):

Heka npenomepupame mecraTta, KOUTO Ca OCTAHAJM CBOOOIHU C S1, S2, ..., Sy TaKa:

Heka S o3mauaBa MHOXKECTBOTO OT BCHUYKH BbL3MOXKHHU, N! Ha Opoil, HauMHa [1a ceaHaT MbxKere. Hsakowm oT Tgx ca
paspermienu, apyru ca 3abpanenn. Besiko csiane oT S MOXKe g MMa WK Ja HSIMa BCSIKO OT CJIEJIHUTE CBOICTBA:

Pi: Hy e Ha s7.

P2: Hy e Ha s5.

Pn: H,, e Ha s4.
Qq: Hy e Ha sy.
Q2: H, e na sj.

Q3: H3 e na s;.

Qn: Hyenasy_q.

fanle 2 x (n!), a me (2n)!.
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Ha oznaunm muoxkectBoro {P1,P2,...,Pn,Q1,Q2,...,Qn} ¢ P. Tosa ca “Bpemuure”’ CBOHCTBa 1O OTHOIICHUE HA
HalllaTa 33/]a4a, Te Ca CBbP3aHu ¢be 3abpanenute csananus. OueBnauo g(n) = |S|, kbaero

S = {x € S| muro eamo cBoiicTBO OT P He € B CHIA 34 X}

3abeJjiexkeTe, e He BCsiKa KOMOMHAIMsSI OT TE3W CBONCTBA € Bb3MOYKHA, IPUMEPHO HsIMa KaK €JIHO CsijlaHe jia uMma P u
Q2, 3amoro P; A Q2 o3nauasa, 4e Ha $7 ceqar exnospemento aama jpymwu (Hy u Hy). Cbiio taka HaMa Kak eaHO
canane jga nma Pp A Qq, 3amoro ToBa 6u o3HadaBasio, e Hj cemu eqHOBpeMEeHHO HAa S1 M Sn. CBoiicTBa, KOUTO €
BDB3MOXKHO Ja ObIAT €IHOBPEMEHHO M3II'bJIHEHH, Ie HapudaMe C58MeCMUMU.

IIpedu da mpodsisicum ¢ pewenuemo, edrno noacuernue. Hawama uea e da wamepum O6poAmM HG HAMUHUITE
k wmsotce da cednam wa 360paAHEHU 34 MAT MECMA, U NOCAE 00 NPUNOHCUM NPUHUUNG HG SKAIOUGAHENO
u uskatoueanemo. Ecmecmecmeeno, myx ce uma npedeud mone k wmsorce da ca cednanru wa 3abpanenu 3a
MAT MECTNA — MOdICE 04 uMa U Opy2u Msce Ha 3abPAHEHU Mecma, HO ¢sC cuzyprocm K ca Ha 3abpanenu
mecma. Hamepum au mosu 6poti, 0086pueanemo Ha PeweHuemo e Heuo AECHO.

B masu 3adaua sabpanenume kon@uaypauuu—a umenno cadanemo na K Mmsoice 1a 3a0paHeny Mecma—ca
no-mpyonu 3a NPEGPOABAHE 8 CPABHERUE, NPUMEPHO, CBC 3abpanenume Kondueypayuu 3a k wucaa 6 3ada-
wa 30. B 3adava 30 Gewe AeCHo: 30 6CAKO WUCAO UMAULE €IHO 3abpareno macmo, mara ue no () Hawuna
usbupame K wucaa, KoOumo 0a CAONCUM HA 3GOPAHENU MECTNA, OCTNAHAAUME YUCAG MOICEM 00 CAOHCUM TLO
o6wo (n —k)! nawuna, u csbupaemomo 6 KpaliHuA 0meo60p, KOEMO CBOMEEMCmea Ha K 3abpareny caa-
eanusn, e (—1)* () (n —k)!. B masu 3adaua obave 3a 6ceru MoK uma OBe 3a06PAHENY MECTNA, OTVKGIEMO
UdBAM YCAOHCHENRUAMA: NBPEO, MOl He Mmovce Ja 2U NOA36a eIHOBPEMEHHO, U 8MOPO, 30 BCAKO MACMO
uma 08ama MoBoICE, 6 He edur MBIIC, 36 KOUMO Mo e 3abpaneno. Boseocdanemo na zopecnomernamume 21

c80UCMBa Hu 0484 863MONHCHOCTL 4 OPOUM CUCTIEMATNUYHO OPoAM HG 3abpanume cadarus Ha K maortce.

KakTo Bede kazaxme, ThpcuM OpOsi HA CANAHUATA HA MbXKETe, KOUTO HAMAT HUTO eIHO cBoiicTBo ot . Ille ro
HAMEPHUM CbIVIACHO IIPUHIAIIA HA BKJIIOYBAHETO U U3KJIHOYBAHETO, HO IPUJIOXKEH 110 OTHOINEHKE Ha eJieMeHTHTe Ha 3.
Heka 1 e 6posit Haunnu ma nogbepem k csemecmumu cBoiictBa ot 3. OueBHIHO Ty € OpoAT Ha HAYMHUTE K MbXKe Jia
cemHar Ha 3abpanenu mecta. Torasa

gm)=nl—rin=N'+ro(n=2)—...+ (=) rn(n —n)!

Pemapanero Ha 3a7a4yaTa ce CBeXK/Ia JI0 HAMAPAHETO Ha Ty Karo MyHKIm Ha K 1 1. O4ueBUaHO T1 = 2N, 3aI[0TO KOraTo
CTaBa JiyMa 3a €JIHO CBOICTBO, HECHBMECTHMOCT HeMa, Taka 4de T1 = |PB| = 2n. Koaxko e 127 IIbpBo ma cbobpasum,
e HeChbBMECTHME JBOUKHU cBoiicTBa oT B ca Q1 u Py, Py mw Qz, Q2 u P2, Po mw Q3, ..., P11 Qn, Qn u Py, Py
u Q7. Tosa ca 06w 2n (menapenenu) nsoiiku. /la HapucyBaMme cjeqHaTa Juarpama Ha eJeMEHTHTe Ha 3 3aeHO ¢
HECHBMECTUMOCTUTE MEXKJLy TAX:

P, P, : Py

g @

YepBenure JuHUN OTpa3sgBaT (PaKTa, Y€ HA €IWH CTOJ HE MOXKE /14 CE/lHE MOBede OT €IUMH MbXK. 3eJeHUTE JIMHUU
orpazsaBar dakTa, de eJMH MbXK He MOXKe Jla CejiHe Ha MOBeYe OT eWH CTOoJI. 3abesexkere, 9e TOBa € KPbroB BEKTOD
¢ 2n esementa. /la murame KOJIKO € T € CBINOTO KATO J1a HMUTAMe 0 KOJIKO HAYWHA MOXKEM Jia u3bepeM JiBa HeCb-
CEJIHU €JIEMEHTa OT TO3M KPbroB BeKTop. OTroBopbT ouesnaHo e 21(2n — 3), Tbil KaTo 3a wbpBusa n3bpan uMame 2n
BDB3MOXKHOCTH, a 38 BTOPHSA, caMo 21 — 3.

Ha pasrimemame 1. Jla murame KOJIKO € Ty € ChIIOTO KATO Ja MUATaMe 10 KOJKO HAadWHA MOXKeM Ja m3bepem k
eJIeMeHTa OT TO3W KPbIOB BEKTOD, HUTO JBa OT KOUTO He ca cheeau. Ha cBOi pesl TOBa € CHIIOTO KATO Ja MUTaME,
KOJIKO KP'bIOBH OyJIeBH BEKTOPA C IbJKUHA 2N uMaT Kk euHUIm 1 21 — K HyJIu U HIMAT Cbee U equanuiin. ChbryIacHo

3agada 17, OTTOBOPBLT € Z“ZT_L%kk (2111: k) = szlTjk (2“]; k). CiieoBaTeliHo,

S n 2n—k
KT m ok k

21 Muwunko Mapkos, @MU, CY



%% OII “PazBuTne Ha YOBEIMIKNUTE peCcypcn’ M\P
Fos Torosop BG051P0001-4.3.04-0018 eECoP
*

* Arapus
a_— PaspaborBane Ha mporpamvu 3a eJeKTPOHHN (OPMU HA JUCTAHIINOHHO e Jl\i
. obyuenne BbB Pakyarera M0 MaTeMaTHKa U WHOOPMATHKA -
EBponenckmn cbos EBponeiicku counaneH ¢poHp

ITpu k = 2 To3u uspas crasa ziiz (an—z) = 2721'12 X (2n—§)><(12n—3) = 2n(2n — 3), KoeTo ChBIAJA C BeUe U3BEIEHOTO 3a
T2. U Taka,
2n n—1 2n (2n-2 2n 2n—n
=nl— <~ S DY Ll —2) — e —n)!
g(n) =n! T : (n ])'+Zn—2 ) m=2)—...4+(-1) P N (mn—mn)!
TOECT

om = 3 (-0 (e

1 OTTOBOPBT Ha 3aJadaTa €

Y (—1)'<2TL2’T_‘k (2“]; k) (n — K)!

O

Bagaua 37. Koaxo cmpunea uma nad azbyxama {0,1,2}, 6 xoumo uma mouno dee bykeu om 6cexu 6ud U HAMA
cBCceOHU eOHAKBU CUMBOAUT

Pemrenue: Bes nociegHoTo orpaHndenue, OpOsST HA CTPUHIOBETE CHIVIACHO MPABUJIOTO 3a OpOsi Ha MEPMYTAIMH C
TOBTOPEHUS €
6!
212121
Heka yauBepcymsbr U ma € TOBa MHOXKECTBO — CTPUHIOBETE C TOYHO JIBE (-Ta, JIBe b-Ta u JBe c-Ta. Heka medpurupame
ciaemHuTe moaMHokecTBa Ha U.

=90

e N; e 6posIT HA CTPUHIOBETE C €IUH U CHIIM CUMBOJ Ha mo3umuu 1 u 2,
e N, e OposAT Ha CTPUHIOBETE C €/IMH U CHIU CUMBOJI Ha To3unuu 2 u 3,
e N3 e OposAT Ha CTPUHTOBETE C €JNH W CHINU CUMBOJ Ha mo3uiun 3 u 4,
e N4 e OposIT Ha CTPUHIOBETE C €JIMH U ChIU CUMBOJI Ha mo3unuu 4 u 5,
e N5 e 6posT Ha CTPUHIOBETE C €IUH U CHIIN CUMBOJ Ha MO3UIIN 5 1 6,

e Nj 3 e 6podT Ha CTPUHIOBETE C €IUH U CHIIU CHMBOJI Ha IIO3UIHU | U 2 ¥ €IUH U CbIIX CUMBOJI Ha HO3ULIUK 3 U

4,

e N; 4 e O6posAT Ha CTPUHIOBETE C €IAUH K CHIIY CHMBOJI Ha IIO3HIMU | U 2 ¥ eJUH U CHIIU CUMBOJI Ha NO3UINH 4 1

5,

e N 5 e 6podT Ha CTPUHIOBETE C €IAUH U CHIIU CHMBOJI Ha IIO3UIHU | U 2 U €IUH U CBIIX CUMBOJI Ha HO3ULIUH D U

6,

e Nj 4 e 6posAT Ha CTPUHIOBETE C €IUH M CHIIY CUMBOJI Ha IIO3HIMU 2 U 3 ¥ €/IMH U ChIIM CUMBOJI Ha NO3UINH 4 1

5,

e N 5 e 6poAT Ha CTPUHTOBETE C €IWH U CBIMI CUMBOJ Ha TO3UIWN 2 U 3 ¥ €JIUH 1 CBHINU CHMBOJI Ha HO3UINA 5 1

6,

e N3 5 e 6poAT Ha CTPUHIOBETE C €IUH M CHIIY CUMBOJI Ha IIO3UIMU 3 U 4 U eIUH U CHIIM CHUMBOJI Ha NO3UIUH D 1

6,

e N7 35 e OPOAT Ha CTPUHTOBETE C €INH U CHITH CUMBOJ Ha HO3UIWN | ¥ 2 M eINH U CBIMU CUMBOJ Ha TO3UIHN 3
n 4 ¥ eIUH U CHIMU CHMBOJI Ha TIO3UNNKA 5 1 6.

Cworiacuo IIPpUHIUIIA Ha BKJ/IIOYBaHE U U3KJ/IIOYBaHE, TbPCEHUAT OTTOBOD €

N=U—-MNy+Nz+...+N5)+(Ny3+Nys+...+N35)—Ni35

3&66J1513B3Me7 qe N] = 3 x (3), ThiA KATO MMa TPU BB3MOXKHOCTH 3a CUMBOJIa HA I'bpBa U BTOpa IMO3UIHUS, & HA
OCTaHaJINTE YEeTUPU IMO3UIUN CJlaraMe JIBa CUMBOJIa OT APYT BUI U JIBAa OT TPETU BUJI. Torasa N] = 18. 3a6enﬂ3BaMe,
‘IGN] =N2 =...=N5.
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Ocsen ToBa, N1 3 = 3x2x 1 = 6, 3a110T0 UMaMe TPH Bb3MOXKHOCTH 33 CHMBOJIa Ha I'bPBa 1 BTOPA HO3UIUA, OTTYK
JIB€ Bb3MOXKHOCTHU 38 CUMBOJI& Ha TPETa U YeTBbPTa HO3UIUs, I CaMO €JHa Bb3MOXKHOCT CIIPSAMO JI0CEera HallpaBEeHUTe
u300pu 33 CHMBOJIA Ha ocTaHasuTe (mera u mmecra) nosurmu. Cbimo Taka, Ny 3 =Njs =... = N3z5.

Haxpas, N1 3,5 = 6 ¢ ananornunu crobpazkenus. Vimanme

N =90—(5x18) + (6 x 6) — 6 = 30

Sanaua 38. Koakxo pasauvwnu napederu nemopku (X1,X2,X3,X4,X5) 0M €CMECMEEHU YUCAG YOOBAEMEOPACATN
X1 +%x2 +x3 + x4 +x5 =100

Pemtenune: CraBa myma 3a KoMOMHATOpHU KOHMUKYyparuu 6e3 Hapemda, ¢ moBroperue, ¢ rogemuna 100 Ha omop-
HO MHOXKECTBO C 5 eJleMeHTa: MOXKeM 13 MUCJIUM 33 Ta3W CyMa KaTo 3a CTO CHMBOJIA, BCEKH OT KOHTO € €JIWH OT
{x1,%2,%3,X4,X5}, KATO BCEKH €JMH CUMBOJI UMa IPUHOC exuHuIia. ChbryacHO U3BEJEHUS HA JIEKIMU Pe3yirar 3a 6post
Ha Te3U KOMOWMHATOPHU KOH(MUIYPAIUU, OTTOBOP'LT €

100 +5 -1

Kr1(5,100) = ( 5

> =4598126

AsrrepuaTuBHO 06sicHeHMe, MOXKe 61 II0-5ICHO U HAIVIEAHO, € Upe3 “TONKU U KyTun'. 3ajadara € ChIIaTa KaTo 3a/1a9aTa,
10 KOJIKO Pa3JIMYHK HavduHa Morar ja ce nocrasaT 100 Hepasimmuumu TONKH (TOBA €A CTOTE €JUHUIM, IuiiTo c6op e
cymara 100) B meT pasinIHu KyTHX (TOBA Ca XUKCOBETE). O

Sanaua 39. Koaxo pasauunu napederu nemopku (X1,X2,X3,X4,X5) 0M €CMECMBEHU HUCAGL YOOBAEMEOPACATN

X1 +Xx2 +x3+%x4 +x5 =100

0<x; <30
0<x2<30
0<x3<30
0<x4 <30
0<x5<30

Pemrenue: 3anadara e momobHa Ha 3ajada 38, HO cera KyTUUTe UMaT “KamanureTw’: Hai-MHOro 30 TONKHU B KyTHS.
Heka B; e MHOXeCcTBOTO OT KOHMUrypamunTe-perneHns or 3agaada 38, B KOUTO KyThsi 1 € “HapyIuTes —TOeCcT B Hes
nma oHe 31 ronku—3a 1 < 1 < 5. Topeum 6post Ha KoHUTYpauTe, B KOUTO HAPYIIEHUs HIMA 38 HUTO €JIHA KYTHS.
C gpyru jgymMu, ThpCUM

[Bi n B2 n B3 " Bs N Bs|

Cworiacuo IIPpUHIUIIa Ha BKJIIOYBAHETO U U3KJIFOYBAHETO,

IB1 nB2nB3nBsynBs|=|Ul— Z |Bi| + Z [Bi n Bj| — Z [Bi n Bj n By |+
1<i<5 1<i<j<5 1<i<j<k<5
Z |Bi 0 Bj n Bk n B¢|—|B1 n B2 n B3 "By Bs|

T<i<j<k<t<5
« _ ToBa e 0

~
ToBa e 0

kbaero U e yausepcymbr Kp(5,100). Kakro nokasaxme B 3anada 38, |U| = 4598 126. fcHo e 3amo nocsieHuTe e
cbOupaemu ca Hyam: HsiMa Kak mpu obma cyma 100, gerupu mim mer npomensuBu ja ca mnoHe 31. CremoBaresHo,
TBPCEHUSAT OTTOBOD €

BinBynBsnBsnBs|=4598126— > [Bi+ >, [BinBj|— > [BinBjn By (21)
1<i<5 1<i<j<5 1<i<j<k<5
Ot 061mu cbobpazkenus e sicHo, 4e |B1| = |[B2| = |B3| = |Ba| = |Bs|u|B1 nBz2|=... = B4 nBs|u|BinB2nBs3|=...=|Bsn
10 T;;(HBa 10 T:HKI/IBa

T’prQHI/IHT OTTrOBOD €:

4598126 — 5 x |B]| + 10 x |B1 ﬁB2| — 10 % |B1 N Bz N B3| (22)
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Konxko e |B1|? oM X1 € curypen HapymuTes Ha Kananurera (M HIMa APYD CUI'YPEH HAPYIIUTEN), TO € BAPHO, e

X1 +%x2 + X3+ x4 +x5 =100
31 <xq

© ©o o o

INCINCININ

EalE CHR SR o
B w N

[$)]

Ha mpencrasum x1 karo X1 = x] +31. Torasa ycnosuero 31 < X1 e cpmoto karo 0 < X7, a X1 +X2 +X3 +x4 +x5 = 100
craBa x| + 31 +x2 + x3 + x4 + x5 = 100, Toect X7 + X2 + X3 + x4 + x5 = 69. II3Bemoxme, e |B1| e MomHOCTTA Ha
MHOXKECTBOTO OT HAPEIEHUTE IETOPKU (X],X2,X3,X4,X5), KOUTO YIOBIETBOPABAT:

X7 +x2 +x3 + x4 + x5 = 69

0 < xj
0<%
0<x3
0< x4
0< x5

Ho nue 3HaeM Kojko Takusa Hapejenu eropku uma: |Kr(5,69) = 1088430.
Hamrbaiso anasnornano, [B1 n Ba| = [K(5,38)] = 111930 u |B1 n B2 n B3| = |K(5,7)] = 330. 3amecrBame B (22)
U nosiydaBame KpaiHus OTTOBOP

4598126 —5 x 1088430 + 10 x 111930 — 10 x 330 = 271976

O

Samaua 40. [Lioukadorcus mpabsea da noxkpue ¢ NAOUKU cmena ¢ padmepu 2 m. wa 4 m. Beaxa naouka e ¢ pasmepu
20 em. 1a 20 em., a ysemsm U e uau 3eaen, uay wepsen. O6uo naowkume ca 200 na 6poti: 80 senenu u 120 uepsenu.
Ilrourkume ce pedam nasmmo edna do dpyea u He e paspewero da ce pestcam, credosamento mpabdsa da 6sdam HapedeHu
6 worgueypayus om 10 peda u 20 xoaonu. 3esenume nNAOUKY €A HEPA3AUNUMU NOMENHCIY CU U HEPEEHUME NAOUKU CQ
HEPABAUNUMY NoMecy cu. Tlo xKoarxo navuna mooce da bsde HANPABEHO NOKPUBAHEMO, AKO:

o Hama 02PAHUEHUA.
e Bss scexu pea 3enerume nAoHYKu, axko uma markuea, Ca 6AA60 01 HYEPBEHUME, AKO UM TMAKUBA.

Pemtenue: B nbpBoTO 10IyC/I0BHE € IOCTATHIHO J1a ChOOPa3UM, Ue JIByMepHaTa Hape10a Ha IJIOUKUTE HIMA HUKAKBO
3HaYEeHUe 3a ThPCeHus 6poii Ha Bb3MOKHUTE IIOKPUBaHUsl. Bb3MOKHUTE IIOKPUBAHUS €4 TOUHO TOJIKOBA (110 IIPUHITAIIA
Ha OHEKIUSTA), KOJKOTO Ca Bb3MOXKHOCTHTE Jia O'bIaT HapeeHu B juHelina Hapeaba 80 3esenu u 120 yepBeHH IIOYKH.
C spyru jymu, ToBa ca Bb3MoxKHOcTUTE Ja u3bepem 80 mmouku ot obmo 200. Bposit e

(2800()) = 1647278652451762678788128833 110870712983 038446517480 945400 ~ 10°7

BbB BTOpOTO mOIyC/IOBHE, ITBPBO ChOOpa3sBamMe CJIeJHOTO. KaKTo W B IPEAMITHOTO IIOIyCJIOBUE, PA3IOJIaraHeTo Ha
3€JIEHUTE TJIOYKHU HAITBJIHO OMPEIE/Isi PA3IIOJIAraHeTO Ha Y€PBEHUTE — YepBeHuTe ce caarar Ha 120-Te cBOOOIHN MecTa.
Ho B cerammoTo momyciioBue, 3ejeHUTE TIJIOYKH Ce PEJST IIHTHO BIABO. Ha HsKOM pemoBe Moxke M300II0 J1a HIMA
3eJIeHU TUIOYKHW, Ha JIPYTH MOYKE JIa Ca CaMo 3eJIeHU IIJIOYKH, & aKO MMa U OT J[BaTa BHUJA, 3eJIEHUTE ca BJIsIBO. SIcHO e,
e 3a BCEKHU peJl, OpoiiKaTa Ha 3eJeHUTe TIOYKI—IUCIIO MEXKJIy HyJIa U JIBaJIECET BKJIIOUATEHO—OIPE/Ie/Isl HAI'bJIHO
nozpexiaHeTo B To3u pejl. Torapa 1sitara Hapeaba (BbPXy CTeHATa) ce ONpeJiesist OT JIECeT YUCJIa, BCIKO OT KOETO e
MeK/]ly HyJIa U JIBaJIeCeT BKJIIOUUTE/HO, U BCUYKN Te3U Jucia ce cymupar 10 80.

Buumanme — penosere ca pasmuanmu! [Ipumepro, ciaaramero #Ha 19 3ejieHn MI0OYKKM HA I'bPBU peJl, 13 Ha BTOpHU U
10 6 H& BCUYKM OCTAaHAJIM PEOBE € PA3JIMYHO cjaraHe or 13 3ejleHM IUIOYKU Ha I'bpBU ped, 19 Ha BTOpu U 10 6 Ha
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Bcuuku ocranaym pegose. CiiejoBaTeIHO, cTaBa JyMa He 3a MHOYKECTBO OT YHCJA, a 33 BEKTOD OT YUCjIa, KOUTO Ce
cymupar 10 80.

3aﬂaana € CblllaTa KaTO 3a/lavaTa, KOJIKO pelIeHnd B €CTECTBEHU YUC/Ia UMa YPaBHEHUETO
X1 +%X2 +x3 +XxX4 +X5 +X%Xg + X7 +%xg +Xo +x70 = 80

IPU OT'PAHUYEHUATA

0<x1 <20
0<%, <20
0<x3<20
0<x4 <20
0<x5<20
0<xs <20
0<x7y<20
0<xg <20
0<x9 <20
0<x10<20

Axo orpanmuenusra 6sxa camo 0 < xi, 1 <1< 10, oTroBopbT 1Iele 1a e

80+10—1 89
< 10-1 ) = <9> = 635627275767

Tbit KATO P Te3: (IO-IPOCTH) OFPAHUYEHHs! CTaBa JyMa 38 KOMOHHATOPHHU KOHbUTrypanun 6e3 Hapeb/ia, ¢ HOBTapsiHe,
¢ pa3smep 80 HaJ OIMOPHO MHOXKECTBO ¢ MomHocT 10: Bce €IHO mMaMe JInHelHa Hapeada oT 80 eIUHUIN U Ce MHUTAa, 110
KOJIKO HAYIWHA MOYKE J1a, CJIOXKUM 9 pa3me/nTesist MeXKIy TIX.

[Tpu mo-cioxkuure orpanndenus: or Bujga 0 < x; < 20, 1 < 1 < 10, kakBUTO Cca Hamara 3aja4a, MOXKE Jia MUCJIHM
38 MHOXKECTBOTO OT (899) pemrenus Karo 3a yuusepcyM U. Heka B; € U e MHOXKeCTBOTO OT T€3W PENICHUs, B KOUTO
xi > 20, 3a 1 <1< 10. Ouennzano mue TbpenM |By N By n B3 n By nBs N Bg n Bz n Bg n Bo N Byo|. ITo npummuma ma
BKJIIOYBAHETO U M3KJIIOYBAHETO,

Bi nBzn...nByo| = U] - Z |Bi| + Z IBi " Bj| — ...+ (=1)'°IB1 n B2 " ... " By

1<i<10 1<i<j<10

Cera nma cbobpa3umM, Ue HIMa KaK IIOBE€YE OT TPHU Xi-Ta Ha ObJarT mo-rojgemu oT 20: aKO YeTUpPU Ca MO-TOJEMHU OT
20 Bcsiko, TO cymarta mie HaaxBbpsu 80. C apyru Jymu, JIOCTATHIHO € Jia pasriejaMe Te3n ChbOMpaeMu B u3pasa Ha
BKJIIOYBAHETO U M3KJIIOYBAHETO, B KOUTO UMa CEUEHMEe Ha Hali-MHOrO Tpu B-Ta:

BinBzn...aBiol=[U— > Bil+ >, [BinBjj— > [BinBjnBy
1<ig10 1<i<j<10 1<i<j<
k<10

Ot 061 chobpazkeHusl € sSICHO, 4e B-raTa MMAT e/iHa W CbIa MOIIHOCT M CEYEHHUSTA UM IO JBONKU MMAT €/IHa U
Chbllla MOIIHOCT U CeYeHUuATa 110 TpOfIKH nMaT €/lHa U CbIla MOITHOCT U C€YeHUuATa UM 11O YEeTBOPKU UMaT €/IHa U CbIIa
mormaocT. CrreroBaTe T Ho,

. — 10 10 10
|B] (\Bzﬁ...ﬁB]o|= |U|—<1)|B1|+<2>|B1 ﬁBz|—<3>|B1 ﬁBzﬁB3|

3a jga nomyunm |By| e mocrarbuno na cbobpasuM, de GpoiikaTa pelleHus Ha YPABHEHHETO

X1 +%X2+x3+Xq4 +X5 +Xg+ X7 +XxXg +Xo +x70 =80
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IIPU OT'PAHUYEHUATA
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e ChIaTa KaTo Opoiikara Ha PEIIeHusATa Ha YPaBHEHUETO
X1 +XxX2 +x3 + X4 +X5 +Xg + X7 +Xg +Xo + X790 =59

IIpU OT'PAHUYEHUATA
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CrenoBareHo,

Amnajormano,

By A B, = ( o ) = (497> = 1362649145

= (26> = 3124550

Kpaitruar orrosop e
- — 89 10\ /68 10\ /47 10\ /26
poseoml= (5) - (3)(5)+ (3 (5) - (5)(5) -
203770890092

3.4 JlokazaTejicTBa C KOMOMHATOPHU Pa3CbXKIEHUS

amaua 41. Jloxasiceme ¢ KOMOUHAMOPHU PA3CBHCICHUA, e

S0 -0
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Pazpaborsane Ha mporpamu 3a eJIeKTPOHHU (DOPMHU Ha JINCTAHITHOHHO

N OGy‘ICHI/IC BbB (DaKy.HTCT‘d II0 MaTeMaTuKa 1 I/IH(bOpl\I‘dTI/IKa N
EBponeinckn cbio3 EBponeiicku coymaneH GboHp

Pemtenue: Heka A e mOXKecTBO ¢ 2n enementa. Heka Bcekn eslemeHnT 0T A mMa aTpudOyT-I[BAT, KATO Tl €JIEMEHTa Ca
Gestn, a ocTaHauTe M, YepHu. 110 KOJIKO HaunHa MOXKeM /18 IHoAOepeM Pas/IMuHU [I0AMHOXKECTBa Ha A C 110 Nl ejieMeHTa?
Ot exna cTpana, TOBa MOXKe Jia CTAHE II0
2n
(23)
n

Ha4YMHA, Thil KATO TOBa ca KOMOMHATOPHM KOH(MUIYpaluu Oe3 moBTopeHue u 6e3 Hapeaba — TYK He 00pbIllaMe BHIMAHUE
Ha [BETOBETE HA MOAOPAHUTE €JIEMEHTH.

Ot apyra crpana, MoxKeM Ja pa3dueM MOJOUPAHUATA MO OpPOsl HA €JIEMEHTHUTE OT €IUHUS I[BAT, Ja pedeM OeJns.
Besure ejleMenTH, KOUTO ONAAAT B Aa1€HO oadoupane, MoxKe fa ca 0 mim 1 win . . . uau n. ClieoBaTeHo, j1a mogdepemM
N ejeMeHTa OT 00INO 2N B Ta3W 3ajada € CbhIIOTO KaTo Ja ogdepeM K ejleMeHTa M3MeXKy BCHYKUTE N Oeyin U Jjia
nojibepeM N —k ejieMeHTa U3MeXKy BCuIkuTe N yepHu. 3a gajeHo k, rakosa de 0 < k < n, OposiT HaunHM J1a 1oa6epeM
TN ejleMeHTa OT 00110 2N, Taka ve K m3Mexk 1y moadbpaHuTe ja ca Oeju, e, 10 IPUHIUIA Ha ITPOU3BEIEHUETO:

n n
X
k n—k
S~—— ~—
OposiT HaunHU K ejeMeHTa OT OOIIO N Ja ca 6ejin  OpPOSAT HAUUHU OCTAHAJIUTE €JIEMEHTH Ja Ca YepPHU

Twoit karo k ce menu or 0 1m0 N u nombupanuara ce pasbupar 1o k (upu pasiuder 6Gpoil Geyin eJleMEHTH B JiBe
[OA0UpPaHHUsl, Te 33IbJRKUTEJIHO Ca PA3JIMIHN), obmusT 6poit nonbupanus e:

26

Ho smaewm, we (™) = (), crenoaremo obmusr 6poit na mogbupanus e:
n n 2
> (k) (24)
k=0
Wspasute (23) u (24) GposAT €1HO U CHINO KOJIUIECTBO, CIIEJTOBATETHO Ca PABHH. O
Samaua 42. Jokasceme ¢ KOMOUHAMOPHYU PA3CEHCOEHUA, HE
nl = —Nk —m—k)!
3 () e (" M m-m-
m=0 k=0

Pewmenne: JlsgBara crpana OGpou BCUYKY IIEPMyTAllUd Ha T ejieMeHTa, Ja KaxkeM {1,2,...,n}. OueBuaHo ToBa MHO-
JKECTBO MOXKe Jia ObJie pa3dbuTo Ha N + 1 HelrpasHu MoMHOYKECTBA [0 TOBA, TOYHO KOJKO €JIEMEHTa Ca CH Ha MsICTOTO:
0 wm 1 wnu 2 witnm . .. wim n. Isicuara ctpana 6pon ¢hIIOTO MHOYXKECTBO MEPMYTAIAN, HO II0-/I€TARJIHO, CHIJIACHO CIIO-
MEHATOTO Pa3OMBaHe: UMa (;‘1) Ha'UHA J1a 130epeM TOYHO KOW €JIEMEHTH JIa Ca CH Ha MeCTaTa, 33 OCTaBaIluTe T — M
MMO3UINY TI0JI3BaMe Bede m3BejeHaTa hopMysia 3a Oposi Ha IepMyTaluuTe, IPpU KOUTO HUTO €JIMH €JIEMEHT He CU € Ha
MSICTOTO. Il

Bamaua 43. Jloxasiceme ¢ KOMOUHGMOPHU PA3CBHCOCHUSA, e
- n
nl= Y (-1 n—k"
RV ()

Pemenne: Beue nokasaxume, qe GposT Ha CIOPEKIATE OT M B T eIeMeHTHO MHOKeTBO € > _o(—1)*(})(n —k)™.

I[Ipy m = n noxydaBame m3pasa OT AsgcHATa cTpaHa. Ho ako M = M, TO Te3u CIOPEKIINU BCDHIIHOCT Ca OHEKINUTE
MezK]ly JIBETE€ MHOXKeCTBa. A 6posAT Ha OuekimuTe e !, KOero e JjisiBaTa CTPaHa. O

Samava 44. Jokadceme ¢ KOMOUHAMOPHYU PA3COHCOEHUS, “E

n2n! = 3 k<n>
&
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Pemnenne: 2™ e OposT Ha BCHYKEH OyJeBH BEKTOPU C JbJKuHa M. OueBmaHo N2™ e obmuar 6Gpoil HA eleMeHTUTe
BbB BCHYKU OyJIEBU BEKTOpH C jibjiKuHa M. OT Tesu N2™ ejeMeHTH, MOJOBUHATA Ca HYyJIH, a Jpyrara OJIOBUHA,
enuauI. To3n hakT ce N3BEXK A TPUBUAIHO OT HAN-00IIN CHhOOparKeHUsI: aKO MHBEPTUPAME ITOOUTOBO BCUYIKH BEKTOPH,
[oJIy9aBaMe ChIOTO MHOXKECTBO, KATO OPOSIT Ha €JUHUIINTE B HAYAJHOTO € paBeH Ha OpOsi Ha HYJIMTE B II0JIyYEHOTO,
HO TOHEXKE TOJIYIEHOTO € ChIIOTO KATO HAYAJHOTO, OPOSIT Ha €MHUINTE € PABEH Ha OpOs HA HYJIUTE B HETO.

Tom mostoBuHaTa oT N2™ ejleMeHTa ca €IUHUIN, TO EIUHUINTE Ca TOIHO %nZ” =n2""'. Tosa e ssiBaTa cTpana
Ha T'BXKJIECTBOTO, KOETO J0Ka3BaMe. J[sicHara cTpaHa OYEBHIHO CHINO OPOM eIUHUITNTE BbB BCUIKHU OYJI€BA BEKTODH C
JIBJKUHA T, HO TO TIPABU IO-TIOJPOOHO: k(';) e TOYHO OpoifkaTa Ha €IUHUIATE B IIOJMHOXKECTBOTO BEKTOPHU, NMAIIN
TOYHO K eIuHUIN. |

28 Muwunko Mapkos, @MU, CY



	Индукция
	Засилване на твърдението, което доказваме

	Функции
	Комбинаторика
	Принцип на Дирихле
	Свойства и приложения на биномния коефициент
	Принцип на включването и изключването
	Доказателства с комбинаторни разсъждения


