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I'maBa 1

CopTupoBKI

Tyx mpabea da depunupame 3adavama copmupare, 0603HAMEHUATNA U KAKEO € UHBEPCUS

1.1 HaumBHHU COPTHUPOBKH

1.2 MergeSort

1.3 HeapSort

1.3.1 IIpuopuTeTHa omalika, IMpaMuIA.

[TpropurerHa onarmka e Hapudame abCTPaKTHA CTPYKTYPa JJAHHU, KOATO ChXPaHsABa MHOXKECTBO OT
obexTu S, Bceku ejieMeHT Ha S e JBoiika o Buja (key, value). Bbpxy npuopurernara onaika ca jgedu-
HUpaHU IoHe jBe oneparuu — Insert(S, el), KosTo 100aBst HOB €JIEMEHT B CTPYKTypaTa U (hyHKIHsITA
ExtractMazx(S), KosiTo BpbIa eJeMeHTa ¢ HAl-roJisiM KJIF0Y K€y U IO U3TPUBA OT CTPYKTypaTa.

BepositHO Tasu crpykTypa e ouia gedpuHupana 3a IbPBUTE OMEPAIMOHHN CUCTEMU, KOUTO Ca YIIPAB-
JISIBAJIM Pejia HA M3I'bJIHEHUETO Ha rpyma mnporecu (jobs) BbPXY CIOJEICH KOMIIIOTHD ¢ BPEME/ICJICHE.
TakbB KOMIIIOTHD M3I'bJHABA B JIQJIeH MOMEHT €JIMH IIpolec (3ajaHue), HO MHOIO IIOTPeOHTesN o~
JlaBaT CBOWTE 3aJIaHUsl 3a U3I'bJIHEHNE, KaTO BCAKO 3ajaHue mMa npuopureT key. Koraro TexymusiT
IIPOTIeC 3aBbPIIN UK ObJie MPEKbCHAT, IJTAHUPAIaTa IIporpaMa Ha cucremaTa job scheduler nzpauaa
3aJaHHETO C HAH-TOJISIM IIPUOPUTET OT OIAIIKATa U I'0 cTapTUpa. AKO TEKYIIUIT MPOIEC € OUJI IPEKbC-
HaT, TOIl ce BMbKBa B OllalllkaTa, 3a Ja YaKa IIOCJIEIBAIl0 BKIOYBaHe. Koraro B cucreMara IOCTHIIN
HOBO 3aJIaHUE, TO Ce BKapBa B IIPUOPUTETHATA OIIAIIKa.

VMa HSIKOJIKO HaUBHU peanmn3anyi Ha IIPUOPpUTETHATA OIlallKa:

e AKO cbXpaHsBaMe eJeMeHTUTe OT S B OOMKHOBEH MAacUB WM CIHUCHK, ponepypara Insert(S, el)
e ce usirbiaHsiBa 3a BpeMe O(1), a ExtractMax(S) — 3a speme O(n).

e Axo cbXpaHsiBaMe ejleMeHTHTe OT S B COPTUPAH CIUCHK, nporeiaypara Insert(S,el) me ce us-
mbimnsgsa 3a speme O(n), a ExtractMaz(S) — 3a speme O(1).
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IIpu HAMBHHTE peaIM3alUuy [IOHE e(HA OT JBEeTe OCHOBHU OIICPAINHTE Ce U3II'bIIHABA OABHO — 38 BpEMe
O(n).

[lo-goaty e ommiem Haii-ekaTa 1 Hafi-n3nosisana eeKTHBHA pean3alus Ha IPHOPUTETHA Olalll-
Ka: Tl ce Hapuia jpontna nupamuia (binary heap). Ilpu nest BeTe OCHOBHHU OllEpAIMU OTHEMAT BPEMe

O(Ig(n))-

nuso 0
Huso 1

HIBO 2

HIBO 3 >8 9 @10

®Durypa 1.1: [lonrbaHeHO IBOUTHO IHbPBO: BCUUKN HUBA Ca 3aI'b/JIHEHU C U3KJIIOUECHIE HA MOCTISIHOTO,
K'bJIETO Ca 3all'bJIHEHU HAKOJIKO BbpXa IIbTHO B JIgBaTa 4acT Ha HUBOTO.

JIBoMYHO IBPBO IIe HApPUUIaMe KOPEHOBO IbPBO, BCEKU BPbX ¥ HA KOETO UMa Hali-MHOT'O JIBa HACJIEI-
HUKAa, KOUTO Ille Hapu4yaMe JigB U JleCeH CUH Ha V.

I[TomrbIHEHO ABOMYHO JbPBO e HApU9IaMe JIBOMYHO JIbPBO, 38 KOETO BCUYKU HUBA (HHBO € MHOXKEC-
TBO OT BbPXOBE, DABHOOT/IAICICHN OT KOPEHA) Ca 3all'bJIHCHH, ¢ U3KJ/IOYEHHE Ha HOCIEIHOTO, KOETO €
YACTHYIHO 3aIlbJIHEHO, OTJIsABO HajsicHO (Buk Purypa |l.1).

OOUKHOBEHO AbpBETaTa Ce IIPEJACTAaBAT B IIaMETTa Ha KOMIIIOTbHPa C IIOMOINTa Ha yKa3aTeJIn MExKIY
BBHPXOBETE, KOUTO IIPEJCTaBAT OpPUECHTHUPDAHUTE pe6pa Ha ABPBOTO.

HOII'bJIHeHOTO ABOUYIHO IBbPBO MOXKe J1a Ce IIpeJacTaBU IIO-UKOHOMMHNYHO — B O6I/IKHOBeH MaCHB, BCEKHA
BPBX CE PA3Iojara B eJIEMEHT Ha MaCHBa ¢ HOMED, KONTO ce IMoJIyvIaBa Taka: BbPXOBETE C€ HOMEPUPAT OT
KOPEHa K'bM CJIe/IBAIIATE I'0 HUBA IIOC/IEI0BATEHO — KakTo e okasano Ha @urypal[l 1] Kopensr unarn
nMa HOMep 1, JIEBUAT My CHH IOJIy9aBa HOMEDP 2, JIECHUST — 3, BbPXOBETE OT 2-pO HUBO MOJIYYaBaT
HOMepa oT 4 110 7, BbpXoBeTe oT HUBO k mojtydasar HoMepa or 2F o 281 — 1.

JlecHo ce cbOpassiBa, ye NpU TakKaBa HOMEpAalUsl Ca B CUJIa CJIEJIHUTE 3aBHCUMOCTH MEXKJY BPbHX
C HOMEp { U CBbDP3aHUTE C HEro: HErOBUAT POJMUTE] UMa HOMep |i/2], seBusT My CHH MMa HOMeEp
24, a pecHusaT — 2¢ + 1. Ilo-HaTaTbK Ie O3HAYaBaMe HOMepaTa Ha POJHUHUTE Ha BPbX C HOMED 1
cvorBeTHO ¢ parent(i), left(i) u right(i). Taxuoro uzunciasBane e JjiecHo (poranus Ha GUTOBETE HA i
eJIHa MMO3WIUST HAJISICHO WJIM HAJISIBO C jionucBane Ha 0 wian 1) 1 B IpakTUYeCcKa peau3alys CIe/Ba J1a
O'bJIAT U3YUC/ISBAHU MIPIKO WK Je(DUHUPAHU KATO MAaKPOCH.

OueBnIHO € CBINO, Ue TMOMbJIHEHO IHPBO C N BbpXa Ie 3aeMe eJIEMEHTUTE Ha MACUBA C TOCTIEI0BA~
TestHE HOMEpPa oT 1 1o n. 3a ymobCTBO IIe CbKpaljaBaMe BpPbX ¢ HOMED ¢ JI0 'BPBX 4.

[TomrbpBOTO, TIOPOJIEHO OT BbpXa i Iie o3HadaBame ¢ [[i]]. Onpenensme ro Taka:

e AKO BBPXDBT i € JIUCTO, [[i]] chabpKa eIMHCTBEH BPBX i.

e AKO BBDXbT { UMa HacaeHUIU (HACJEeIHIK ), [[i]] € KOpEHOBO JIbPBO ¢ KOPEH BP'BX i, JISIBO MOJI-
qbpBo [[left(i)]] u aacuo nomabpso [[right(i)]].

Bcuukn IIopoIeHN IO bpBETaTa Ha IIOII'bJIHEHO ABHbPBO Ca IOII'bJIHEHHU JAbPBETAa.

[TorbareHo 1BbPBO ¢ M BbpXa MMa TouHO parent(n) = |n/2| BbpxoBe ¢ Hacaeaauim. ToBa ciesa
or (akra, e dbyHkuaTa parent(i) € MOHOTOHHO PAaCTsllia: BbPXBT 7 II[e UMa POJUTEN] C HANH-IOJIsIM
Homep. Ot pasencrBoro n = [n/2] 4+ [n/2] ciensa, de mmcrara B IbPBO ¢ N BbPXa ca [n/2].
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[Tle chxpanstBame crpykrypara S B macuB A[l...n], 3aeaH0 ¢ 6posid size, KOWTO 1€ OTYUTA KOJKO
€JIEMEHTa B JIa/JICH MOMEHT Ca BbTPE B IIpUOPUTETHaTa OITalllKa. O“IGBI/I,Z[‘HO B S MO2KeM JTa BKapaMe Hai-
MHOTO 7. ejieMeHTa. FEjieMeHTHTE Py IpakTHYecKa peajusaius ca oT Bujga (key,value), Karo uMame
JinHeliHa Hapenba 1o key. 3a mpocToTa Ie npejmnojaramMe, de key e Isijio 9UCI0 U e MPOILyCKaMe
value.

h-uneepcus me Hapuvdame aBoiika uHgekcn (i,7),0 < j < i < size, Takapa, Ue j ce HAMHUPA HA IIHTS
OT ¢ HArope K'bM KOPeHa Ha IOI'bJIHEHOTO AbpBo u Ali] > A[j].

IIle xazBame, 4e S e nupamuda, Koraro 3a BCIKO 4,1 < i < Size € UBII'LJIHEHO HEPABEHCTBOTO

Ali] < Alparent(i)).

Jlema 1.1. S e nupamuda <= B S nama h-uneepcuu.

Joxazamercmso:

— Bceku rbT 0T BpbX HArope KbM KOPEHa B IOIbJIHEHOTO JIbPBO Ha S IOcelaBa pacTsiia pe/Iuia
croifnocTn Ha KiodoBe B A: ako (vi,v2,...,0;) € TAaKbB IIbT, 32 BCEKU J[Ba CbCEJHU BbPXa B HETO
viy1 = parent(v;) n Av;] < Alvi11], B TakaBa pejuiia HsiMa h-nHBEpCHH.

<= Ilo rpuBnamnus st (i, parent(i)) aama h-unsepcus, ciaenoBarento Ali] < Alparent(i)]. O

Or jiemara cjejBa, 9e B KOpeHa Ha IMUpaAMUIATa CTONHOCTTA Ha KJIIOUA IIe € MAKCUMAJTHA.
Qurypa [1.2| npencraBa nupamuia ¢ 10 exeMenta.

Macusbr A cbibpxa enementure (16,13,9,8,11,7,4,5,7,10). Toii He e copTUpaH, HO IIUPAMEIATHO-
TO CBOWCTBO € U3II'bJIHEHO: BCEKH €JIEMEHT € I0-MaJI'bK WJIM PaBeH Ha pojpuTess cu. KopensT chiabpka
MaKCUMaJIHUs €JIEMEHT.

Huso 0

HUBO 1

HUBO 2

Durypa 1.2: [Tupamuna. BbB Bceku BpbX € m3nucana CTONHOCTTa Ha KJIIOYA, a BCTPAHU € U3IHUCAHA
TTO3UIUSITA Ha BbpXa B MacuBa A.

Ha npeanosoxkuM, de B mupaMua CMe IPOMEHWIN CTOWHOCTTA (Ha KJI0Ya) B €JMH OT BbPXOBETE.
ToraBa e BBb3MOXKHO NMUPAMUJIATHOTO CBOHCTBO mHa ce Hapymu. Hapudame To3um BpbX depexmen, a
MoJIyIeHaTa CTPYKTypa nupamuda ¢ degexm.

Qopmadsna nedununus: Kazpame, e S e nupamuia ¢ jgedekr ¢, KOraro ¢ y4acTBa BbB BCHYKH h-

WHBEpCUM Ha S.

Jlema 1.2. Hexa S e nupamuda ¢ depexm i. Toeasa e apno edno om deeme mespdenus:

1. Beuuxu h-unsepcuu 6 S ca om euda (i,j), Kamo j e 6psx no nsma nazope om i KoM KOPEHQ.

2. Bcuuku h-unsepcuu 6 S ca om suda (j,i), kamo j e nacaeonuk (cun usu npanaciednur) na i (j
e om noddspsomo [[i]] ).
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Zoxazamencmeo:

Jla nomycueMm, de mma h-mHBepcus Ha ¢ ¢ HErOB HACJIEIHWK j1, U JPyra, ¢ HErOB ODOOIIEH POAUTEN
(pomuren mwim upapoxauten) jo. Ot Te3u nBe h-unsepcun ciesar nepasencrsara Alji] > Ai] > Alja].
[IbTaT Harope KbM KOpEHa OT ji Ie MUHE II'bPBO Ipe3 4, a mocje u mnpe3 jo. OKaspa ce, de JBoUKaTa
(J1,j2) obpasysa h-uHBepcHsi, KOETO € IPOTHBOPEYNE. O]

Jlemara 1aBa siCHa XapakTepusalusl Ha J1eeKT B IMIPAMUIA:

B ciyuaii 1. medekTbT € mo-rojisiM ot HeAKoil 0606mien poauren. [lle napudame To3m ciaydail degerm
nazope. ClieaHaTa MPOCTa MPOIeaypa HaMaJlist Opost Ha h-uHBepcuuTe pu gedeKT HAarope BbB BbPXa i:

STEPUP(A, )
1 swap(Ali], Alparent(i)])

Kopexmuocm: Tlo mbrsi KbM KOpeHa Haii-MaIbK € MPEKUSAT POJUTEN, T.e. BbpxXoBere i u j = parent(i)
obpazysar h-unBepcust u pazMaHaTa Ha CTORNHOCTUTE UM YHUIIOXKABA Ta3u h-mHBepCHs.

B noyrbpsoro [[7]] npeau pasmsiHara Hsima apyru h-mHBepCcHM U pa3MsiHATA HIMA J[a Ch3/1aJ1e HOBU:
J1ebeKTHT € TO-TOJIsIM OT BCHYKH eJIeMeHTH Ha [[7]] u e pasMsinaTa Toil ce 0Ka3Ba HA BbPXa HA MO
JUbPBOTO, & cToiHOCTTa Ha A[j] npean pasMsiHaTa € HO-TOJIsIMa OT BCHUYKU HACJIEIHUIM B HO/bPBOTO
[[¢]] (3amoro He e B h-uHBepcus ¢ TX) U cjael pasMsiHATa Ts Ce OKa3Ba HA BbpXa Ha TOBa MO IbPBO.

CiietoBaTesIHO €I pa3MsHATA Ie OCTaHaT h-mHBepcHH caMo MexXKJIy BpPbX j (HOBOTO MSCTO Ha
nedekTa) u HeroBuTe 0600IeHN pojuTesn (Te3u h-uHBEpCHE ce 3aa3BaT NP Pa3MsSHATA). O

3a Ja yHUIIOXKUM BCHYKK h-mHBepcuuTe Ipu deekm Haz2ope BbB BbpXa i, TPAOBA J1a MECTUM I[HK-
JIMYHO JedeKTa Harope, JOKATO M3Ye3HeE:

MoveUP(A,1)
1 while (i > 1) A (A[i] > Alparent(i)]) do
2 swap(Ali], Alparent(i)])
3 i < parent(i)

Kopekraocrra na MoveUp ciaeasa or coiictBoro Ha StepUp na usmura jedekra Ha eHO HUBO I10-
61130 110 KopeHa. T'bil KaTo OposiT Ha HUBATA B MOI'BIHEHOTO JbPBO HE HaJjBUIIaBa 1g(n), cioKHOCTTA

wa MoveUp e O(lg(n)).

B cayuait 2. Ha jema [1.2| me kaspame, de e Hasune degdexm wadoasy. Takbp jedeKT MOThBa €IHO
HIBO HAJIOJIY IPU CJIeJHATA IPOCTa Tpolieaypa (mpemonarame, de jgedeKkra ¢ BbB BPbX i U TOi nMma
JiBaMa, CHHA):

STEPDOWN(A, 7)
1 if Alleft(i)] < Alright(i)]
2 swap(Ali], A[right(i)])
3 else swap(Ali], Alleft(i)])

Kopexmmnocm: e pasrieame camo ciydas koraro Alleft(i)] < Alright(i)], apyrusr e cumerpudes.

Alright(i)] e Haii-rosileMusiT OT BCHYKHM HACJIEJHUIM HAa 4, 3all0TO B MO/ IbpBeTaTa Ha JIBATa CHHA
HsIMa h-uHBepcum, caeI0BaTeIHO CHHOBETE ca MAKCUMAJIHN B CBOUTE IO IbPBETa U IPOBEPKATa Ha P,
[T] noka3ea, e JeCHUSAT CHH € HO-TOJISIM OT JIeBHUSI.

Bupxosere i u j = right(i) obpasysar h-unsepcust (i e jmedekreH, a j e MAKCUMaJIEH) U pa3MsiHATA
Ha CTOMHOCTUTE UM IIE 1 YHUIIOMKH.

Tbit KATO JECHUAT CUH TIPU pa3MsiHATA OTUBA B KOPEHa Ha MOJUIbPBOTO [[i]], BCHYKM MHBEpCHE HA
KOPEHa, C JIEBUTE MY HACJIEIHUIN e U3UYE3HAT.
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Bewukn h-maBepcnn mexxay nedekTa u HACAETHUIIATE Ha j IIe Ce 3aIa3sT, HO J1eeKThT CIU3a €IHO
HUBO HAJOJIy, Ha MSICTOTO HA JIECHUS CU CUH.

CuefloBaTesiHO cJlejl pasMsiHaTa Ie ocTaHaT h-WHBEPCHH caMO MeXKJly BPbX j (HOBOTO MSCTO Ha
sedbeKTa) U HEroBUTE HACJIECTHUIIN. O

3a J1a YHUIIOKNUM BCHYKK h-mHBepcuu npu degpexkm nadoay BbB Bbpxa i (aKO MMa TakuBa), TpsiOBa
Jla, MECTUM TIUKJINIHO JedeKTa HaI0y, JOKATO N3Ye3He:

HEAPIFY (A, 1)
1 Nolnversions < FALSFE
2 repeat

if (left(i) < size) A (Afi] < Alleft(i)])
largest < left(i)

else largest < 1

if (right(i) < size) A (A[largest] < Alright(i)])
largest < right(i)

if largest #i
swap(Ali], A[largest))

10 i < largest

11 else Nolnversions < TRUFE

12 until Nolnversions

w

© 00 O Ut

Kopexmmuocm: [IokazaTejcTBOTO Ije M3BBPIINM 10 WHJYKIUS CIPSMO JbJIOOYHHATA HA MO IbPBOTO
[[¢]], npu m3MCKBaHETO BCEKM I'bT KOraTo M3IIbJHsABaMe pel (2} ¢ na yuacrBa BbB Bcudku h-unBepcun B
no/bpBoTO [[i]] U croitnocTTa Ha npomenusara Nolnversions na e FALSE.

OdeBuIHO, KOraTo 7 € JINCTO (IbJO0YMHATA Ha TTOIbPBOTO € 0, B HEero He MoxKe Jia nma h-uHBepcun),
aJTOPUTHMBT IMIe MPUKJIIOUN paboTaTa CH.

Heka mbaGoumnara Ha noaabpsoto [[i]] e k + 1. AJropuTbMbT IPOBEpsIBA QMM i MMa CHHOBE U
h-unBepcun. CpaBHsSBaHETO HA CTOWHOCTUTE BbB BPBX § M CHHOBETE € JIOCTATHIHO, Thil KATO B IIOJ-
JUbpBeTaTa Ha CHHOBeTe HsiMa h-WHBEpCHHU U Te ca MaKCUMAJIHU €JIeMEHTH B CBOMTE HOJIbDBETA.

Yeaosuero largest # i Ha pej (8 e usmbiHeHo TouHo Korato B [[i]] uma none 1 h-unBepcusi, BbpXbT
largest € MO-rOIEMUAT CUH M pa3MsHaATa Ha CTOMHOCTUTE Ha BbPXOBeTe i 1 largest me cBamm jgedekra
eJIHO HUBO HaJI0Nly (BHZK pa3ChK/EHHUsITa 38 KOPeKTHOCTTa Ha StepDown).

Ha pen i npueMa CTORHOCT largest, ToBa € HOBOTO MsICTO Ha JedeKkTa (ako BbobIile uma aedexr),
upomensmsara Nolnversions 3amassa croitnocrra cu FALSE, a qpiabodnnara na moaIbpBoTo [[i]] e
Bede k. [IUKbIbT 111e ce U3I'bJIHI OTHOBO, HO ChIVIACHO MHJLYKI[MOHHOTO IIPE/IIIOJIOKEHHE J1eDEeKTHT II1e
n3te3HE.

Ycnosuero largest # i Ha pej [8 He e u3IBIHEHO TOYHO KOraTo B mOoABPBOTO [[i]] Hama h-nusepcunu.
Torasa npomensmsaTa Nolnversions npuema croitnoct T'RU E v m3nbjHeHUeTO HA IIporpaMara IIe
3aBbPIIN C YHUIOXKEH JedeKT. O

BposiT usirbiHeHust Ha IUK'bJIA Tepeat e Hall-MHOIO Jiba00YMHATa HA NOAbPBOTO [[i]], Tasu mwbiabo-
anna e |[lg(n) —1g(i)], 3a ckopocrra Ha Heapify no-uararbk e noassame ¢unara ornenka O(lg(n/i))
mwin no-rpybara O(lg(n)).

[Tponenypara Heapify moxke ja ce chbkparu Taka (npeioxenne ua 'purop [ones):

HEAPIFY (A, )
1 largest + i
2 repeat
3 1 < largest
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if (left(i) < size) A (Ali] < Alleft(i)])
largest < left(i)
if (right(i) < size) A (A[largest] < Alright(i)])
largest < right(i)
if largest #i
9 swap(Ali], Allargest))
10 until i = largest

0O 3 O Ut ¥~

OcraBsam Ha gurarest Ja JJOKazKe €KBUBaJIECHTHOCTTA Ha JABETe pecaJiu3alliuu.

Cera Bede MoxkeM J1a jtepuHrpamMe (GYyHKIUATE, KOUTO PEAJIM3UPAT IPUOPUTETHA, OIAIIKa IPe3 HUpa-
Muta. Omnpegenuxme mo-rope CTpyKTypara S Karo JBoiika oT MacuBa A ¢ n eJleMeHTa U IIPOMEH/INBATA,
Size, KOATO ChbXPaHsBa OpPOSAT eJIeMEHTH B OllallKara.

CREATEHEAP(A)
1 size+ 0

INSERT(A, el)
1 if size<n
2 size <+ size+1

3 Alsize] « el

4 MoveUp(A, size)

5 else

6 PRINT "ERROR: heap overflow!’
EXTRACTMAX(A)

1 if size >0

2 el + A[l]

3 A[l] < Alsize]

4 size — size — 1

5 if size >0

6 Heapify(A,1)

7 return el

8 else

9 PRINT "ERROR: heap is epmthy!’

1.3.2 AuropurnbMm HeapSort

AsropurbmbT HeapSort, KakTo 1 peaju3aliusita Ha IPUOPUTETHA OIAIIKa Upe3 MUPAMUJIA Ca IPeJI-
sgoxkenn ot J. W. J. Williams npe3 1964 r.

NnesiTa Ha anropuTbMa € TPOCTa — IIbPBO I'bXaMe BCUYKH €JIEMEHTH Ha MACUBa B IPUOPUTETHA OIAII-
Ka, IocJie TU M3BaXkjaMe eIuH 1o eauH. IIpu m3BakaaHeTo Hail-HAIIpe] Ie MOJyInM Hai-ToJIeMusaT
eJIeMEeHT, II0CJIe BTOpPUdA IO IOJIEMHWHA W T.H., TOECT IIOpEUIaTa IIOJydeHa IIPA U3BaKIAHETO IIe €
COpTHUPAaHA.

MoxkeMm 1a peanmsupamMe U ABeTe a3y Ha aJrOpuThbMa Ja pabOTIT Ha MSICTO — JacT OT o0paboT-
BAaHUSIT MACHB Il € JBOMYHA MHUPAaMUIIa, a OCTaHAJIATa JacT Ie ChIbpyKa HeoOpPaOOTEHUTE eTeMeHTH
npe3 gazara Ha U3rpaKIaHe Ha MUPAMHUIATa WA Bede COPTUPAHUTE eJIeMEHTH IIpe3 pasara Ha HU3-
BasKJIaHETO Ha eJIEMEHTUTE OT IMUPaMUIATA.

@Pazara Ha U3rpaxKiaHe ce peajgusupa ¢ uporeaypara Movelp, onpeiesiena B IpeIHATA CEKITHS:
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BUILDHEAPO(A[L...n))
1 size+ 0
2 while size <n do
3 size < size+ 1
4 MoveUp(A, size)

KopekTHOCTTa C/1e/iBa OT BEPHOCTTA HA CJIEJHATA [IPOCTa NBapuaHTa: IIpu BCSIKO M3IIbJIHEHHE HA Pel
macusbT A[l. .. size] e nupamua.

Crnoxuocrra Ha BuildHeap0 e ©(nlgn).

IIpe3 cobmara 1964 r. Robert W. Floyd mnpejuiara ajroputbMm 3a M3rparkjaHeTO Ha ITHPAMUJA C
JIMHEeNHa CJI0XKHOCT:

BUILDHEAPI(A[l...n))
1 size<+ n
2 for i + parent(n) downto 1
3 Heapify(A,i)

Kopexmmnocm: Ille mokazkeM BepHOCTTa Ha MHBAPUAHTHOTO cBoiicTBo: Ilpm Bcako jgocTurane Ha pen
nogrbpeerara [[k]], mopoaenn or BbpxoBe ¢ HOMepa i < k < n ca nupamuau (He CbhIbp:KaT h-
MHBEPCHUN).

IIpu wbpBOTO JOCTHraHe Ha IWKbia ¢ = parent(n). @yHkuusaTa parent e MOHOTOHHO DACTSIIIA,
CJIEJIOBATEJIHO BbpxXoBere k, 3a KOouTo ¢ < k ca JHUCTa B IOI'bJIHEHOTO JIBOUYHO JIbPBO, 3AIlMCAHO B
macuBa A (i e BbPXbT ¢ Hafi-rosisiM HoMep, KoiTo nMa Hacaeaunm). Ciiel] KaTo ca Jmcera, o/ IbpBeTara
[[k]] ca n mupammu.

Koraro ce M3I'b/IHsBA TAJOTO Ha IUKDLJA 38 HAKAKBO 4, HEFOBUTE HAC/EIHUIU MMAT I10-TOJIeMU
HOMepa M OT BEepHOCTTa Ha MHBapHaHTaTa cJeiBa, de Mo bpBeTaTTa UM ca HupaMuan. 11oaabpBoTo
[¢] e e nupamuma ¢ gedexr i, Ha pen [3{ Tosu gedexr me 6bie nonpasen or npouepypara Heapify.
Taka IIe ce rapaHTHpPa BEPHOCTTa Ha MHBAPUAHTATA CJIeJ HAMaJIdHeTO Ha i C eQMHUIA U CJIeIBALII0TO
JIOCTUraHe Ha HAYaJo0TO Ha IUKbIA.

I[Ipu nmocsienHoTO IpeMuHaBaHe 1pe3 pef [3] npomennmbara ¢ me crane ), mporpamMara Iie 3aBbpIIu,
OT BEPHOCTTA HA MHBapuaHTaTa cjeisa, de 3a 0 < k momabpsoro [[k]] e nmupamuia, o 3a k = 1 ToBa
HOJBbPBO € LENUAT MacuB A. O

Caoorcnocm: Tpusnasina ropHa rpanuna 3a ciaoxkuocrra O(nlgn) crensa ot cinoxuocrra Ha Heapify,
U3YnCIeHa B IpegHaTa CEeKITUs.

Mozkem ma HamrpaBuM o-(pUHA OlleHKa, KaTo oT4uereM de Heapify crapTupaHa BbpXy €/IEMEHT § UMa
cioxuoct O(k), kbaero k e abibounnara (6porM n KOpeHa) Ha MO ILPBOTO [[4]].

[Ipn amanm3a Ha KOPEKTHOCTTa IIO-TOpe IIOKa3axMe, 9e€ OT MOHOTOHHOTO HapacTBaHe Ha (DyHKIH-
sta parent cjejBa, Ue BbpxoBeTe ¢ HOMepa 1...parent(n) uMmar HAC/IEJIHUIM, & BbPXOBETE-JTHCTA
ca parent(n)...n. C gpyru mymm 6posT Ha mojyrbpBeTaTa B HEpPaMuiaTa C IbJOOYHHA MOHE 2 €

parent(n) = | 5|, a Tua ¢ quadounna 1 can — [§].

[Tak or MOHOTOHHOCTTA Ha parent cyiejiBa, Y€ BbPXBT € HANH-IOJIsIM HOMED U IIO0JIbPBO C JAbJIO0OYHHA
3 me e parent(parent(n)) = | ], caemoparenno moggbpBeTaTa ¢ IbLIOOUMHA TOHE 3 ca |7 ], a THA C
Ibabounna 2 ca Touno | 5| — [ ].

C MH/LYKIUS MOYKEM JIa JIOKazKeM, e OpOosT Ha IO/ [bPBETAaTa B IOI'bJHEHOTO JIbPBO HA MUPAMUIATA
¢ rbaboumna k me e | st | — |55

Heka c e KoHCTaHTaTa OT ACUMIITOTHYIHATA OlleHKa Ha H eapi fy, ToecT BpeMeTo 3a pabora Ha Heapi fy
BBPXY €JIEMEHT i ¢ IbJ00YNHA Ha IO IbLPBOTO k € He moBede oT ck.

CymapuoTo Bpeme 3a paborata Ha BuildH eapl 1o BCHIKU BbPXOBE C IbJIOOUNHA K 111€ € OTPAHUIEHO
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OT m3pasa ck(LQ,C%J - L%J)

Choxnocrra Ha BuildHeapl e cyma 1o k Ha uzpasa mo-rope:

Mozxem Jla 3aMeCTUM JisiBaTa CyMa C IIO-T'OJigMas

<ed kgl = l5e))

k=1

Topuara cyma e xpaiina (nposepere camu!). Beeku wien ot Buma |57 ]) (oceen mbpsusg, 3a k = 0)
ce Cpelma JBa IbTH — Hali-HAIpes, ¢bC 3HAK MUHYC U KoedumeHT k, Caes ToBa ¢ MOJOXKUTENEH 3HAK
u koedunent k + 1. Cobupaiiku jgBeTe cpelanus, 1me MOJAyIUM BCEKH OT WIeHOBeTe ¢ KoedwureHt 1
(BKJIIOYMTEJIHO U II'bPBUSI), TaKa II0JydaBaMe Mo-IPOCTa CyMa:

00

n
<e) Ll
k=0

HpeMaXBaMe 3aKPBbIVICHUETO U IIOJIydaBaMe II0-T'OJIsAMa CyMa, KOATO IIpecMdAdTaMe:

l\?

[e.o] o o0
’I’l n _ 9
sed lgplsed = 27— en

O

Caoxuocrra Ha BuildHeap() B cpenaust ciaydail ¢bino e jnHeiHa. ToBa ciiegBa OT IPOCTH CTATUCTH-
JeCKU ChoOpazkeHus, a KoHcTaHTaTa n e Mayika. C BuildHeap mo-momy 1mie 6e/leyKuM HIKOsI OT JIBETe
NPOIEAYPH 3a M3rpaykjaHe Ha MUPaAMUIATa, Thil KATO € Bb3MOXKHO B IPAKTUYECKH peaIu3allud Ia
Obje IpeaoYeTeHa Kos J1a € OT TsX.

Beue mozkeMm jia onuieM ajropurbma HeapSort:

HEAPSORT(A[L...n])
1 BuildHeap
2 for i+ n downto 2

3 swap(A[1], Ali])
4 size + size — 1
5 Heapify(A,1)

KopekTHOCTTa Clle/iBa OT BEPHOCTTa Ha CjlejHaTa MHBapuaHTa: 1Ipu BCsKO u3lbiHeHne Ha pen 2]
macubbT A[l ... size] e nupamua, a mogmacusbr Alsize+1...n| e cOpTUPAH 1 BCHYKHUTE MY €JIEMEHTH
ca 110-TOJIEMH WJIM DaBHU Ha esileMeHTuTe Ha nojmMacusa A[l . .. size].

Canoxuocrra Ha HeapSort e O(nlgn). Toit He n3nonssa pomrbiaHnTe HA TaMeT (OCBEH MaIbK ODOit
JIOKAJTHI [IPOMEH/INBN). AJITOPUTHMBT HE € CTabNUIHA COPTHPOBKA, IIPU BCAKA KOHKPETHA PeasIi3aliist
Ha BuildHeap nu Heapify necHo ce cTpon KOHTpaIpUMED.

1.4 QuickSort

Asropurbmbr QuickSort e npemytoxken or C. A. R. Hoare npe3s 1962r. Toit, kakro u MergeSort e
peaym3aliis Ha cxemaTa 'Pasiensit u Baageil’, Ho npu daszara Ha pasaeiIsiHe ce Ipuiara mo-(puHa niaest:
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Pasznensine: uzbupa ce crerpaieH ejeMeHT splitter (pasiesanTes) U MacUBbBT, KOHTO copTHpamMe ce
IIpeHaperk,ia Taka, 9e OTJISIBO Jla Ca eJIEMEHTHUTE MTO-MaJIK! OT Pa3/eJIUTEN, TIOC/Ie CJIeBa Pa3Ie/nTe-
JISIT, & HAJSICHO OT HEro ¢e pa3loJiaraT OCTAHAJIUTE HO-ToJIeMU Win paBHu Ha splitter enementu. Tosa
pa3MecTBaHe 3a IMOJMHTEPBAJI HA MAaCHBa Ce U3BLPINBA OT mponeaypara Partition, onucana 1mo-10.y.

PemaBane Ha moazanauute: [Ipu tasm pasa MajgkuTe eJIeMEHTH HAJISIBO OT PA3JIEJIATENST U [OJIe-
MHUTE, KOUTO €& HAJSICHO OT HEro Ce COPTUPAT ITOOTIEJHO C PEKYPCHUBHO HM3BHKBaHE Ha IIPOIELypaTa
QuickSort, onncHa 110-10J1y, KOSITO C'bIo 06paboTBa IMOAMHTEPBAJ Ha MacuBa, Koiiro coprupame. Cop-
THPOBKATa Ha IEJINs MAaCUB Ce M3BbpIIBa ¢ m3BnkBane QuickSort(A,1,n).

O6emgunsBane: Tasu daza He € HEOOXOANUMA, Thil KATO PEeIUIlaTa OT MAJKKN COPTUPAHU €JIEMEHTH,
CJIeJIBAHU OT PA3EJUTEIsl, CJIeJBAH OT TOJEMUTE COPTUPAHU €JIEMEHTH € OKOHYATe/HATa, COPTUPAHA
rojipe10a Ha eJleMEHTHUTe Ha BXOJHUSI MACHUB.

PARTITION(A[L, 2,...,n|: array; [, h: indices in A)
1 splitter < Alh|
2 p+ 1
3 fori <+ [ to h—1
4 if A[i] < splitter
5 swap(Ali], Afp)
6 p p+1
7 swap(Alp], A[h])
8 return p

Kopexmmnocm: Vusapuanra Ha 1ukbiaa: [Ipu Besgko gocrurane Ha pej |3 noamacusbr A[l,p — 1] ¢b-
JUbP2Ka eJIEMEHTH, TI0-MaJIKi OT pa3Jie/uTelisi, a nojaMacusbT Alp, ¢ — 1] - mo-rosieMn i pasHu.

JlokazBaHeTo Ha BEPHOCTTA Ha WHBApPUAHTHATA (DOPMYJIa e OCTABUM Ha UUTATENs, OCTaBa CaMoO J1a
oT6esIeXKIM, 1€ CJIeJ| IIPUK/IIOUBAHE Ha IUKbJIA, SWap-bT Ha pej [7] e PasoIoKu pas/ieuTesis TOTHO
MEXK/Iy MAJIKIUTE U TOJIEMHUTE eJIeMEeHTH Ha 00pabOTBAHUS IOIMACHUB. O

OueBmiao caoxkHoCTTa Ha Partition e jimHeliHa CIpsiMO pa3Mepa Ha MojiMacuBa, KOHTo obpaboTsa,
IOPaJIu HAJMINETO HA eIUHCTBEH IUKbJ B KOMTO ce BbpiiaT KpaeH Opoil cMeTKH.

Ta3zu Bepcus wa Partition e npennoxena ot Nico Lomuto, npe3 1984r. Ta e nmo-kparka u ymobna 3a
JIOKa3BaHe Ha KOPEKTHOCT, HO 10-0aBHA (M3II'bJIHSIBA TOBEYE KOMAHIM SWap) OT OPUTHHATHATA BEPCHS
Ha Hoare.

QUICKSORT(AIL,2,...,n|: array; [, h: indices in A)

1 ifl<h

2 m < Partition(A, [, h)
3 QuickSort(A,l,m — 1)
4 QuickSort(A,m + 1, h)

Kopexmmnocm: Tpsiba ma mokaxkeM, Ue aJrOPUTHbMbBT U3JI0XKEH [IO-TOpe COPTUPA IOIMACUBA 3a1aIeH
ot rparutnuTe | u h.

JlokazaTeIcTBOTO MOXKE J]a Ce U3BBPINU 10 UHIAYKIIHS CIPIMO pa3Mepa Ha Pa3IJIeKJAHUs [TOIMACHB
k = h—I[+1 u pa3cbxK/ieHust 3a OPOsT ¥ PA3IOJIOKEHUETO Ha, UHBEPCUUTE CJIE]] BCIKA CT'bIIKA, & UMEHHO:

1. Cien wsmbianennero Ha Partition HaMa [a UMa WHBEPCUHM MEXKIY Ma/bK €IeMEHT HaJjsIBO OT
pasjesimresid u I'ojisiM, KOWTO € HaJlsICHO OT Hero.

2. PexkypcupHuTe usBukBanus Ha QuickSort IbK Ie yHUIOKAT HHBEPCUUTE MEXKTY JIBOUKUATE MaJIKI
eJIEMEHTH OTJISIBO W MEXKJIy JABOUKWTE TOJIEMH OTJISICHO, 3apajiyl WHIYKIIMOHHOTO IPEIIOJIOXKEHNE e
mporpamarta Ie paboTu KOPEKTHO 38 MO-K'bCU ITOIMACUBH.
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3. Karo pesysnrar B Kpas Ha ajrOpUTbMa BCUYKHM MHBEPCUU IE M3YE3HAT, T.€. MOJMACUBDLT IIE €
COPTUPAH. O

Caooterioem: QuickSort B nommus ciydait nva ciaoxnoct O(n?) - Moxe fa ce cayun splitter BuHarn
Jla UMa eKCTpeMaJiHa CTOMHOCT 3a MHTepBaJa, KOUTO ce pasfess Ha JBe OT mporeaypara Partition.

Hampumep koraro BXOJHUST MacuB e coptupas, Partition BuHAru e m3dmpa 3a pasjaenrnTes Haii-
rOJIEMHUST €JIEMEHT B IOJMACHBa, KOHTO obpaborsa. ToraBa rosemure esementn ime ca 0, a MajaKnuTe
¢ 1 mo-mMaJiko OT pasMepa Ha HOJMachBa, U peKypeHTHaTa (GopMysa 3a cIokHOCTTa e 6bae 1 (n) =
T(n—1)+en, ¢ pemenne O(n?). CHIOTO Me ce CIy<IH 1 KOTATO BXOJHUSAT MACHE € COPTUPAH B HAMAJIATII
peJi 1 13001110 B CIydYanTe KOraTo OposT Ha HHBEPCHUTE B HETO € MHOI'O MaJI'bK HJIM I'bK MHOTO TOJISIM.

B 1031 cMUCHJI HHTEPECEH € aHaJIu3bT Ha CpeJHaTa CJIOXKHOCT (average case complexity).

Heka osnauum ¢ T'(n) cpeanara cioxkuoct. Ako Partition pasuens macusa A B nosunus k, 1me umame
paserctBoto 1'(n) = T(k — 1) + T'(n — k) + O(n). Ha upeacrasum O(n) BbB Buga c(n + 1).

[Tonexe k 1ie 06x0kK1a ¢ paBHA BEPOATHOCT 1/n croiiHOCTUTE OT 1 /10 My, MATEMATUIECKOTO OUaKBAHE
3a T'(n) me Obe:

n—1
T(n) = %ZT(@') +e(n+1) (1.1)
i=1
Yuuoxasame [ o n:
n—1
nT(n) =2 T(i)+cn(n+1) (1.2)
i=1
3anmcsame zan— 1L
n—2
(n—=1)T(n—1)=2) T(i)+cn(n—1) (1.3)
i=1
Cera uszsaxyame [1.3] or [[.2}
nT(n)—(n—1)T(n—1)=2T(n—1)+ 2cn (1.4)

Caen mpexsbpisne Ha T'(n — 1) oTasicHO U JeeHe Ha n IoJTydaBaMe:

T(n) = ”:1T(n— 1)+ 2 (1.5)

PermraBame [[LH ¢be 3aMecTBane:
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T(n) = ”:l(nﬁlT(nn)HcHQC
S S S G
n—1
:ZtiT(n—2)—|—2c(n—|—1)( i1+;)
:Zt;T(n—S)—l-Qc(n—l—l)(n_l{_l+71L+ni1)

n+1
T(n) = (n+ 1)T(0) + 2¢(n + 1) Z*
(n) (n+1)T(0) + 2¢(n + 1)Hn+1
( )T(0) + 2¢(n + 1)©(1g(n))

[To-rope ¢ H,, e o3HaveHa cyMaTa Ha XapMOHUYHUL PE/I.

1.4.1 IIpeaumctBa m Hemoctarbium Ha QuickSort

Ha npsB norses uzrinexka, 1e QuickSort e mo-ciab aaropursm or MergeSort u HeapSort. OcrnoBa-
HUSITA 3a TOBa Ca:

1. MergeSort u HeapSort umar rapantupana ciaoxuoct O(nlgn), a QuickSort gocrura tasm cjiox-
HOCT B CpeJHud ciydail, HO B Ha#-JIOMINd CIy4ail CJIOKHOCTTa My € O(ng).

2. MergeSort e crabuimna coprupoBka, a HeapSort me msnosnssa jgombiaauTenna mamer. QuickSort
He e cTabu/IHA COPTUPOBKa U u3n0s3Ba namer O(n) B Jomus cjiydaii (Torasa 1me uMa N PEKypCUBHU
M3BUKBAHUs, KOUTO 3a€MaT IIaAMET OT CTEKa).

Hskon asropu (maii-seue Robert Sedgewick [1]) tebpusr, we QuickSort mma mo-maika KOHCTaHTa
[pU ACUMIITOTHYHATA OleHKa, oT MergeSort u HeapSort.

[IpuaunnTe 3a mo-6aBHaTa padbora Ha MergeSort u HeapSort, KakTo n Bb3MOXKHI TEXHUKY 38 110100~
psIBAHETO Ha Te3U JIBA aJIrOPUTbMA Iie 00CHINM Ha JPYTo MSCTO (6epoamto 6 npedrume dee Cexuul,
Koumo owe He ca nanucany !).

HeapSort npu pabora ¢ HsKOJKO HUBa Ha namerrta (0bp3a u 6aBHA) e mo-cjab OT JPyrure JBa
aJIPOPUTHbMa Iopaan (akTa, Ue HEelPeKbCHATO 00paboTBa PasHU eJIeMEeHTH IO IsjaTa Ib/KUHA Ha
MacuBa, a MergeSort u QuickSort obpaboTBaT KbCu MOJMACHBA HAKYII, KOETO ' CbIJIACYBa J00pe ¢
aJaropuTMUTE 32 paboTa ¢ cache/swap mamern u 6ydepu.

Ocsen ToBa Hegocrarbiure Ha QuickSort morar na 6bjar Kopurupanu (HSKOM HAI'bJIHO, JPYTU
YACTUYHO), KAKTO I TIOKAYKEM B CJie/IBalaTa CeKIHsl.

1.4.2 TIlomobpenuss Ha QuickSort

1. YckopsiBaHe Ha pas3gejsTHeTO:

[IbpBOTO TIpaKTHUYIECKO TOJI00PEHNE HE 3acsra HEJIOCTATbK Ha AJITOPUTHMA, TO € BCHIIHOCT OPUIH-
HaJIHaTa Mpolerypa 1o paszaesnsHe va Hoare:

HOARE PARTITION(A[L,2,...,n]: array; [, h: indices in A)
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1 splitter < A[h]

2 1+ 1—-1

3 j+ h

4 while TRUE do

) repeat

6 14 1+1

7 until A[i] > splitter
8 repeat

9 j+ 7—1
10 until (A[j] < splitter) V (j < i)
1 if i <j
12 swap(Ali], Alj])
13 else swap(Ali], A[h])
14 return 1

AHamm3bT 3a KOPEKTHOCT HA TOpHATA MPOIEJypa € MO-CJI0YKEH OT BepcusTa Ha Lomuto um me s
OCTaBUM HA YUTATEJIS.

BposT cpaBHeHnst Ha eleMEHTH Jla JBATa AJTOPUTHMA 38 Pa3eIsiHe e TPUOIN3UTETHO paBeH. AJro-
purbMbT Ha Hoare npasu cpejiHo 0koJsio 1.5 IrbTH 110-MAJIKO CDABHEHUSI U yBeJUYaBaHWsl /HAMAJISTHUSI
na uHgekcu. bpoar swap-oBe npu Lomuto cbBraza ¢ 6pos na maskute esementu, npu Hoare ToBa e
OpOSAT Ha TOJIEMHUTE €JIEMEHTH, KOUTO 3aeMaT IbPBOHAYAJIHO MECTATa Ha MAJIKM €JIEeMEHTHU, T.€. CPEIHO
€ 2-1rbTH Mo-0'bp3 10 TO3M MMOKa3aTell.

2. HamangHe Ha u3IoJ3BaHaTa IIaMeT:

Kakro 6erie orbesisizano 1mo-rope, B JIOMIUs CIydail OpodT Ha PEKYPCUBHUTE M3BUKBAHUS MOXKE JIa
nocrurae O(n), CbOTBETHO JOI'bJIHATENHO U3I0J3BaHaTa namer craBa O(n), KaTo craBa JiymMa 3a cTe-
KOBa IIaMeT.

B mskon oneparmonnn cucremn (uam codTyepHU CPe B MO-00IMMsI CJIydaii) MOXKe Ja nMa, orpa-
HAYEHUs 3a pa3Mepa Ha CTeka. B TakaBa cpejia IIOIaJIaHETO B JIOMINS CJIydail He caMo IIe yBeJnyn
U3N0JI3BaHaTa I1aMeT, & MOXKE Jia [IPeJIU3BUKa IIPEII'bJIBaHe Ha CTeKa U IPeK'bCBaHe Ha U3I'bJIHEHUETO
Ha aJIrOPUTbHMA.

Perternero Ha 1031 npobsieM e M3IOJI3BAHETO Ha omamikoBa pekypceust (tail-pexypceust). Tosa e Tex-
HUKA 3a 3aMsIHa Ha PEKYDPCHBHO U3BUKBAHE C IIUKbJI, KOTATO PEKYPCHBHOTO N3BUKBAHE € B Kpast (Omari-
KaTa) Ha JedUHUIUATA Ha NPOIeypa win MyHKnus. HIKon KOMIMIATOPH U WHTEPIPETATOPU aBTO-
MaTU3UPAT TaKaBa 3aMTHA, HO Ta3W Bb3MOXKHOCT € CBbp3aHa C M3NCKBAHUS KbM CTeKa W KOMAHJIATE
3a yrpaBjeHne Ha KOHKPETHATa apXUTEeKTypa Ha M3YUCIUTETHATA CUCTEMA.

Hsama ma obcbkgame B jieTailin TEXHUKATA HA OMAIKOBATA PEKYPCHs, CAMO IIE ITOKAYXKEM KaK Ts Ce
mpujara KbM ajropurbMa QuickSort. AaropurbMbT 3aBBPIIBA C PEKYPCUBHO OOpbBINEHNE KbM cebe
CH, TOECT, HAJIUIIE Ca YCJIOBUs 3a IPUJIAraHe Ha TEXHUKATA.

Ero kak nsrJiezxKiaa MO,ILI/I(i)I/H_[I/IpaHa BEpPCHUA Ha aJIrOpUTbMa:

TAILRECO QUICKSORT(AIL,2,...,n]: array; [, h: indices in A)
1 whilel < h do

2 m < Partition(A,1, h)
3 TailRec0_ QuickSort(A,l,m — 1)
4 l+— m+1

Hogara Bepcus TailRecO  QuickSort m3pbpinBa ¢bIuTe M39UHCICHIS KATO OPUTHHATHATA (TOKAaXKEeTe
ToBa!), HO IPaBU PEKYPCUBHO U3BUKBAHE CAMO IIPU COPTHPAHETO Ha JIEBHsl [IOJMHTEPBAJI (E€JIeMEHTUTE



I'ZIABA 1. COPTHUPOBKHN 14

[O-MAaJIKK OT pasjenurens splitter).

Bce ormie chinecTByBa puck Jia MONAJHEM B JIOII CJIy4ail, Ipu KONTO JlecHus mHTepBaJ (KOHTO 0bpa-
6orBaMe B IIUK'bJI) Jla Ce CJAy4Ba Ja € KPAaTbK, a JeBUAT (KoiHTo o6paboTBamMe PeKypPCUBHO) JIa € JIbJIbI
1 Jla IOJIy4YUM MHOI'O HUBA Ha PEKYPCUBHU U3BUKBAHUS.

Pemrenmero e pekypcuBHOTO OOPBINEHHE Ja Ce TPABU KbM TO-KbCUS MOJUHTEPBAJ, & MO~ hJATHIT
na ce oOpaboTBa B IUKDBLJ UpPE3 MEXaHM3Ma, Ha OIAIKOBATA PEKypcus. 1oBa € BB3MOXKHO, TOHEXKE
HMa 3HAYEHNE B KAaKbB PEJl COPTUpPaAMe MAJKUTE W TOJEMUTE eJeMEHTH CJIeJ, PA3IeISTHETO CIPSIMO
splitter m MoxKeM J1a pa3MeHsIMe pejlla Ha PeKypcuBHUTEe m3BHKBaHUs Ha QuickSort B opurunaHus
anropuThbM. Taka Mpu BCSIKO PEKYPCHBHO M3BUKBAHE Pa3MepbT Ha 00pabOTBaHMST MACHB ITe HAMAJISIBA
[IOHE HAIIOJIOBHHA M JIbJIOOYNHATA Ha U3no/3Banus crek e 6bae O(lg(n)).

Ero monudukausita, kosiro rapantupano nsnoiassa O(lg(n)) mombianurenna mamer:

TAILREC QUICKSORT(A[L,2,...,n]: array; [, h: indices in A)
1 whilel < h do
2 m < Partition(A, 1, h)
3 ifm—-I<h-m
4 TailRec  QuickSort(A,l,m — 1)
5 [+ m+1
6 else TailRec QuickSort(A,m + 1, h)
7 h+ m-1

3. Cny4daen n360p Ha pas3desIuTeJr:

JlommusT ciyuait npu paborara Ha ajropurbhbMma QuickSort Bb3HMKBa KOraro W30paHUST pa3/ieliv-
Ten splitter nma ekcTpeMaHa WU OJIU3Ka JI0 €KCTPEMAJIHa CTOWHOCT (T.e. TOU € Hall-MaJIKUAT, Hai-
roJIeMUAT WK OJU3bK JI0 TSX €JIeMEHT B M3CJie/iBaHust MHTepBaJl). ToraBa HHTEPBAIBT ce pas3Jiesis Ha
elHa MHOI'O MaJiKa 1 ApyTra MHOI'O IOJIsIMa YacCT, U IIPU CepUd OT TaKUBa L0 PA3ACIAHUS CJIO?KHOCTTA,
napactsa 10 O(n?).

Ha mpaxkTuka gecTo ce ciyuBa MOTPEOUTENAT Ja MOJaJAe KbM COPTUPAIIUST aJLOPUTHM Bede COp-
TupaH mMacuB. Ho ToBa e TOYHO Hal-jomusT ciayvail 3a ajsropurbMa QuickSort, B Heropara ocHOBHA
peajm3aniysi, U3JI0’KeHa B HAYAJIOTO Ha Ta3W TJIaBa.

Mozke ma NpUIIOXKUM HSIKaKBa CTpaTerus 3a n3dsrBaHe Ha IO400Ha HEIPUITHA CATYALUs, IPUMEPHO
dyuknusTa Partition ma msbupa 3a splitter He KpaeH, a cpeleH ejleMeHT. ToraBa Bb3HUKBA JIPYyTa
OIIACHOCT: XaKep, 3allo3HaT C JeTailJii Ha HalllaTa peaJu3alids [1a MMoJaje KaTo BXOAHU JAHHHM TakKa
[OApeJIeH MacuB, Ye HoBaTa HU (pyHKIMs Partition Bunaru ma u3bupa 3a splitter MakKCUMaHUSIT €JIEMEHT
Ha 00paboTBaHUsSI MHTEPBAJ U OTHOBO Jia HYM BKapa B JIONIUS CJIYUaii.

EAHO OT BL3MOKHHATE CPeJICTBa 3a IIpeloTBpaTdaBaHe Ha HelPUATHUTE CUTYAIlUH, OIMMCAHH IO-Iope,
e Ja m3bupame cayuaeH eJeMeHT 3a pasjaeauren. Tosa Moxke Ja craHe BbB (yHKnusara Partition —
uzbupame ciaydaen unaekc i (I < i < h), u paborum ¢ pasneuren splitter = A[i]. Ipyr yaoben meros
e IpeIu HAYaJ0TO Ha COPTUPOBKATA Ja pasbbpKaMe CIydailHO eJIeMeHTUTE Ha BXOJHUS Macub A.

Texaukara Ha U3060P HA CJIYUEH pa3le/IUTes He HAMAJIsIBA, BEPOSTHOCTTA 3a BJIM3aHE B JIOII CJIyYai,
T IIPOMEHS JIOIIUS CJIydail OT IIpe/IBAPUTEIHO COPTUPAH MAacHB B JApyT (cirydaiino Hapesen). Ts mpe-
JOTBpaTABa Bb3MOXKHOCTTA 38 XaKepCKa aTaKa, CTUTa XaKepbT Ja He 3Hae KaKBa CiIydaiiHa [opeula
u3noJizBaMe 3a u36opa Ha pasjenures (Min 3a pasdbpPKBaHETO HA MacHBa B HAYAJIOTO).

4. ITo-100bp pasaeauTes.

MegmaHa Ha MacCHUB OT YHCJ/Ia 1€ HapudaMe TO3U €JIEMEHT, KOMUTO 3aeMa cpeanaTa IIO3UIA B COP-
THUpaHUd MaCuB, T.€. €JIEMEHT, KOHTO € IO-TOJIAM WA paB€H Ha IIOJIOBHHaTa €JIEMEHTH Ha MaCuBa U
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IIO-MaJI'bK WJIX PaB€H Ha JApyraTa IIOJIOBHHA.

Anropurbmbr QuickSort mocTura Hali-rossiMa epeKTUBHOCT KOTaTO Pa3JIeIUTENAT € OIN3bK 710 Me-
nuaHata. CTpyBa CH, KOraTo BXOJIHUSIT MACUB € CPABHUTEJHO TOJISIM, 18 B3eMEM HSIKAKBO KOJIMIECTBO
HErOBU €JIEMEHTH, Jla HAMEPUM TsXHATa MeJnaHa u Ja s u3dbepeM 3a pasmeiuresn. Mma manc taka
U3YUCJICHUS Pa3JIeJIuTe J1a € 1M0-0JIM30 JI0 ChINUHCKATa Me/InaHa U I0o-Jajed OT KpaulliaTa Ha MacuBa.

Haii-ipocrusit ciyyaii Ha TakaBa Mojudukanus (Hapuda ce cpeden om 3) e Jia ce B3eMaT 3 eJIeMeHTa
(mpumepno A[l], A[|(I + h)/2]], Alh], nam mbK 3 corydaitHo n3bpaHmn) U CPEJHUSAT O TOJEMHUHA Ja Ce
II0JI3Ba 38 Pa3/Ie/IuTell.

[Tpu obukHOBeH U300p HA Pa3JACIUTEN TOH € C paBHA BEPOITHOCT KOI J1a € OT eJIeMEHTHUTE Ha BXOJIHUS
MacHB OT 7 eJIeMEeHTa, a MAaTeMaTHIeCKOTO OYaKBaHe 3a pasMepHuTe Ha MOJMHTepBajnuTe (MaJbK U
POJIsIM) CJIE]] PA3JIEJISTHETO € ChOTBETHO %n u %n.

HpI/I H360p Ha pasaejuTesr 110 MeTOoda cpeOeH om 8 CbOTBETHHUTE OYaKBAHHSI Ca %n u %n, KOeTo

npubJImKaBa MaJko (Ha %n) PA3JICIIATEIIS IO MEINAHATA.

BeposiTHOCTTA OOMKHOBEHUST PA3/e/UTeN JIa € TONAHe CJIeJ PAa3/IeIssHeTo B mosuims 1...1 (1a e
B JIeBUsl Kpail Ha MacuBa, 6J1M30 JI0 MUHMMaHaTa croiinocr) e Pr[Partition(A,1,n) < i] = L. Ipn
MeTola cpeden 0m 3 ChOTBETHATA BEPOSITHOCT € orpannvena or c¢(1)? sa HsKaKBa KOHCTAHTa C, KOETO
SHAUUTEJTHO HAMAJIsIBA IAHCA Jia Ce IIOJIYYU MHOIO JIOMo pasjessite. Chlure paschKIeHUs BaxKaT 1

3a JIeCHUSA Kpail Ha MacHuBa.

Omte 110-106pu pesy/araTu Ime ce Mmojydar, ako ce u3bupa paJeJuTes] OT o-ToJsMa U3BajKa (Ipu-
MEpHO CPeJIeH OT 5 Wi 7), HO U3YUC/ISIBAHETO HA TAK'bB Pa3JIeJIUTel U3UCKBA, JIOI'LIHUTEIHO BPEME U
MOKe JIa Ce MOJI3Ba CaMO KOTaTO BXOJIHUS WHTEPBAJ € TOJISM.

5. Mankure nmojsiMacuBu ce coptupar ¢ InsertionSort.

Koraro B Hs1KOIt IOIMacuB octanaT okoso 10 esementa, 6bp3ute amropurmu (QuickSort, MergeSort,
HeapSort) ca mo-uneedexkrusau or InsertionSort, Tbil KaTo IPaBsAT MHOIO PEKYPCUBHU M3BUKBAHUSI
kbM cebe cu (QuickSort, MergeSort), i pasmecrBar HeedexTusHo enementure cu (HeapSort).

Auropurbmbr InsertionSort e Majako mo-6bp3 3a MaIbK 6poit esleMenTr 1 QuickSort Moxke j1a ce Mo-
nudunupa Taka, 9e Koraro 00paboTBAHUIT UHTEPBAJI CTaHe MO-K'bC OT HiiKakBa KoHcTaHTa (CelKynk
npenopbasa 10-16), Toii na 6bie coprupan ¢ InsertionSort.

6. KomOuHupaHe ¢ apyr ajJropuTbM:

WsnossBaneTo Ha ciydaeH pasjedTes1 moMara Ha ajropurbMa QuickSort na m3berue Bim3aneTo B
JIOIIUsI CJIydail IpHU HAKOW OOMYAHM CJIydad Ha BXOJIHM JaHHUA WA IPU XaKepCKa 3J10ymnorpeba, HO
HapyIaBa CBOHCTBOTO onpeneneHOCTﬂ (JleTepPMUHUPAHOCT) HA AJIFOPUTHMA.

[TbsiHOTO M3OsITBaHe Ha JIOIIUsI CJIydail 1 3ama3BaHeTo Ha OlPeJJIEHOCTTa Ce MOCTUTa IPe3 KOMOMHMU-
panero ra QuickSort ¢ apyr asropurbm (Ha npakTuka ce nosssa HeapSort). B nauanioro copruposkara
zano4sa ¢ anropurbma QuickSort, Karo ce cieau pasmepa Ha U3CIeIBaHUST HHTEPBAI U JIbJIOOIHMHATA
Ha pekypcusTa (uau 6posi Ha UTepaluuTe MPH IpUJIaraie Ha OIallKoBa peKypcusi). AKO pasMepbT Ha
WHTepBaJjia He HaMaJlsBa 3HAYMTE/HO IIPU HApACTBaHE HA JIbJIOOUYMHATA HA PEKYDPCHSs, CJIEJBa, Ye CMe
BJIE3JTM B JIOIIHUS CIydail — ToraBa oCTABAIUAT WHTepBaJ ce copTupa ¢ HeapSort. [Tomobna cxema ce
[pujiara B CbBpeMeHHaTa ajropurmudHa oubaunoreka STL 3a esuka C++.

! OHpe,ILeIIeHOCTTa U3UCKBa IIPpU BCAKO CTapTUpaHe C €IHU U CbIIU JaHHU aJITOPUTBMDT da JaBa €IUH U CbI PEe3yJl-
TaT U Ja IPOBEXKJa U3YUCJICHUATA IO €IHAKDbB HAYUH. B wammsar cnyqaﬁ QuickSort BUHAr'u 1Ie IoJpezKJaa KOPEKTHO
BXOOHUA MaCUB, HO I/I360p’bT Ha CJIyYa€H pa3ejimTesI e JO0Bede 10 PAa3/IMYHU BpeMeHa 3a U3N'bJIHCHUE U 10 €BEHTYaJIHO
pa3MeCTBaHE€ B U3XOAHUA (bafm Ha e€JIEMEHTH C €IHAaKDbB KJIIOY.
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