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 (Íå)äåòåðìèíèñòè÷íè êðàéíè àâòîìàòè
 �åãóëÿðíè èçðàçè

� Íåðåãóëÿðíè åçèöè

� Ìèíèìàëåí àâòîìàò

� �àçðåøèìè ïðîáëåìè



Ñîñêîâà: ÅÀÈ O
tober 5, 2010 21.1.1 (Äåòåðìèíèñòè÷íè) êðàéíè àâòîìàòè

Åäèí äåòåðìèíèñòè÷åí êðàåí àâòîìàò A = (Q,Σ,δ ,s,F)ñå ñúñòîè îò:( äåòåðìèíèñòè÷åí êðàåí àâòîìàò=DFA)
� Q, êðàéíî ìíîæåñòâî îò ñúñòîÿíèÿ;
� Σ, êðàéíî ìíîæåñòâî îò (âõîäíè) ñèìâîëè, (àçáóêà);

� δ : Q×Σ → Q, �óíêöèÿ íà ïðåõîäà;
� s ∈ Q, íà÷àëíî ñúñòîÿíèå;
� F ⊆ Q, ìíîæåñòâî îò êðàéíè ñúñòîÿíèÿ.
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Ñîñêîâà: ÅÀÈ O
tober 5, 2010 3Êàê ðàáîòè åäèí êðàåí àâòîìàò?

�àçøèðÿâàìå �óíêöèÿòà δ âúðõó äóìè:
δ̂ (q,ε) = q

δ̂ (q,aw) = δ̂ (δ (q,a),w)

A = (Q,Σ,δ ,s,F) ðàçïîçíàâà åçèêà
L(A):= {

w ∈ Σ∗ : δ̂ (s,w) ∈ F
}

Åêâèâàëåíòíà äå�èíèöèÿ:
δ̂ (q,ε) = q

δ̂ (q,wa) = δ (δ̂ (q,w),a)
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tober 5, 2010 4Ñâîéñòâî: ∀q,u,v : δ̂ (q,uv) = δ̂ (δ̂ (q,u),v).Ä-âî: èíäóêöèÿ ïî u.1. u = ε .

δ̂ (q,uv) = δ̂ (q,v).

δ̂ (δ̂ (q,u),v) = δ̂ (δ̂ (q,ε),v) = δ̂ (q,v).2. u = au′.

δ̂ (q,au′v)

äå�

= δ̂ (δ (q,a),u′v)

èï
= δ̂ (δ̂ (δ (q,a),u′),v)

äå�
=

δ̂ (δ̂ (q,au′),v).
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tober 5, 2010 5Èíòåðïðåòàöèÿ ñ îðèåíòèðàí ãðà�

A = (Q,Σ,δ ,s,F)

GA = (Q,E),âñÿêà äúãà e = (q,q′) ∈ E èìà åòèêåò ℓ(e) = a àêî
q′ = δ (q,a)Ìóëòè-ãðà�!Ëåìà:

∀w ∈ Σ∗ : w ∈ L(A)⇔

∃ïúò P = sq1q2 · · · f = s
a1→ q1

a2→ ···
ak→ f, çà íÿêîå f ∈ F,w = a1a2 · · ·ak.Òåðìèíîëîãèÿ:Ïîä ïúò â A ðàçáèðàìå ïúò â GA.
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P = sq1q2 · · · f ðåäèöà îò âúðõîâå(ñúñòîÿíèÿ)
P = s

a1→ q1
a2→ ···

ak→ f ðåäèöà îò (äèðåêòíè) ïðåõîäè
P = s

w
⇒ f , êúäåòî w = a1 · · ·ak, P å ñ åòèêåò w

q
∗
⇒r èìà ïúò îò q äî r, ò.å. r å äîñòèæèì îò qÏî äå�èíèöèÿ s

∗
⇒s (ðå�ëåêñèâíîñò)Ñâîéñòâî: δ̂ (q,w) = r ⇐⇒ q

w
⇒ r.
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Ñîñêîâà: ÅÀÈ O
tober 5, 2010 9Êîí�èãóðàöèÿ (q,w) ∈ Σ∗×Q.Äå�èíèöèÿ: (q,w) ⊢A (p,u) ⇐⇒ w = au & δ (q,a) = p.Äå�èíèöèÿ: (q,w) ⊢∗
A (p,u)(ðå�ëåêñèâíî è òðàíçèòèâíî çàòâàðÿíå íà ⊢A)

(q,ε) ⊢∗
A (q,ε).

(q,aw) ⊢∗
A (p,u) ⇐⇒ (q,aw) ⊢A (r,w) & (r,w) ⊢∗

A (p,u).Ïðîâåðåòå, ÷å: (q,w) ⊢∗
A (p,u) ⇐⇒ (∃v ∈ Σ∗)(w =

vu & δ̂ (q,v) = p) ⇐⇒ δ̂ (q,w) = δ̂ (p,u).Òâúðäåíèå: w ∈ L(A) ⇐⇒ (∃ f ∈ F)(δ̂ (s,w) = f ∈ F) ⇐⇒

(∃ f ∈ F)(s
w
⇒ f ) ⇐⇒ (∃ f ∈ F)((s,w) ⊢∗

A ( f ,ε)).
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Åäèí àâòîìàò å òîòàëåí, àêî îò âñÿêî ñúñòîÿíèå èìàïðåõîä ñ âñÿêà áóêâà îò Σ.×åñòî íå äàâàìå âñè÷êè ñòîéíîñòè íà δ , ò.å. àâòîìàòúòìîæå äà íå å òîòàëåí.Êîíâåíöèÿ: Èìà âèíàãè error ñúñòîÿíèå e òàêîâà, ÷å

δ (q,c) = e êîãàòî íå ìîæå äà ðàçïîçíàâàìå ïîâå÷åñèìâîëè.

δ (e,c) = e (∀c ∈ Σ)
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BAS
ba

a b

G = ({S,A,B} ,{a,b} ,P,S)

q c δ (q,c)

S a A

A a A

A b B

B b B

δ (S,b) ?
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tober 5, 2010 131.1.2 Íåäåòåðìèíèñòè÷íè êðàéíè àâòîìàòè NFA
� äîïóñêàò ñå ïîâå÷å îò åäèí ïðåõîä îò äàäåíîñúñòîÿíèå ñ åäèí ñèìâîë
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tober 5, 2010 14Íåäåòåðìèíèñòè÷åí êðàåí àâòîìàò A = (Q,Σ,δ ,s,F)

� Q, ìíîæåñòâî îò ñúñòîÿíèÿ

� Σ, àçáóêà

� δ : Q×Σ → 2Q, �óíêöèÿ íà ïðåõîäà
� s ∈ Q, íà÷àëíî ñúñòîÿíèå
� F ⊆ Q, êðàéíè ñúñòîÿíèÿÏðåõîäúò îò q äî q′ ïðè âõîä a: q′ ∈ δ (q,a)ïîâå÷å âúçìîæíîñòè!
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Ïîäìíîæåñòâà îò ñúñòîÿíèÿ: δ̄ : 2Q ×Σ → 2Q

δ̄ (M,a):= ⋃

p∈M

δ (p,a)

Ïîäìíîæåñòâà îò ñúñòîÿíèÿ è âõîäíà äóìà :
δ̂ : 2Q ×Σ∗ → 2Q

δ̂ (M,ε):= M

δ̂ (M,aw):= δ̂ (δ̄ (M,a),w)

L(A):= {

w ∈ Σ∗ : δ̂ ({s} ,w)∩F 6= /0
}
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A = (Q,Σ,δ ,s,F)

GA = (Q,E)âñÿêà e = (q,q′) ∈ E å ñ åòèêåò ℓ(e) = a àêî q′ ∈ δ (q,a)"`Ìóëòè"'= ïàðàëåíè äúãè ñà ðàçðåøåíè(ðàçëè÷íèåòèêåòè)

w ∈ L(A)⇔∃ ïúò P = s
a1⇒ q1

a2⇒ ···
ak⇒ f in A (â G(A)) :

f ∈ F ∧w = a1a2 · · ·akÏúòÿò P = s
w
⇒ f îò s äî êðàéíî ñúñòîÿíèå f , ñ åòèêåò wíàðè÷àìå ïðèåìàù çà w.
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tober 5, 2010 17Ëåìà: δ̂ (M,w) =
{

q ∈ Q : ∃p ∈ M : p
w
⇒ q

}.Ä-âî ñ èíäóêöèÿ ïî |w|:

δ̂ (M,ε) = M

n n+1:

δ̂ (M,aw) = δ̂ (δ̄ (M,a),w)

=
{

r ∈ Q : (∃q ∈ δ̄ (M,a)) : q
w
⇒ r

} (ÈÏ)

=
{

r ∈ Q : (∃p ∈ M)(∃q ∈ δ (p,a)) : q
w
⇒ r

} (Äå�. δ̄ )

=
{

r ∈ Q : (∃p ∈ M) : p
aw
⇒ r

} (Èíòåðïðåòàöèÿ ñ ãðà�.)

Ñëåäñòâèå: L(A) =
{

w ∈ Σ∗ : ∃ f ∈ F : s
w
⇒ f

}

Ñâîéñòâî: δ̂ (M,uw) = δ̂ (δ̂ (M,u),w).



Ñîñêîâà: ÅÀÈ O
tober 5, 2010 18Äå�èíèöèÿ: (q,w) ⊢A (p,u) ⇐⇒ w = au & p ∈ δ (q,a).Îçíà÷åíèå:(⊢∗
A e ðå�ëåêñèâíîòî è òðàíçèòèâíî çàòâàðÿíå íà ⊢A)

(q,ε) ⊢∗
A (q,ε).

(q,aw) ⊢∗
A (p,u) ⇐⇒ (q,aw) ⊢A (r,w) & (r,w) ⊢∗

A (p,u).Ñâîéñòâa1. Àêî r ∈ δ (q,a) è (r,w) ⊢∗
A (p,ε), òî (q,aw) ⊢∗

A (p,ε).2. δ̂ ({q},w) =
{

p ∈ Q : q
w
⇒ p

}

=
{

p ∈ Q : (q,w) ⊢∗
A (p,ε)

}.3. δ̂ ({q},uv) = δ̂ (δ̂ ({q},u),v).4. w ∈ L(A) ⇐⇒ δ̂ ({s},w)∩F 6= /0 ⇐⇒ (∃ f ∈ F :

s
w
⇒ f ) ⇐⇒ (∃ f ∈ F)(q,w) ⊢∗

A ( f ,ε).
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Äàäåí: NFA A = (Q,Σ,δ ,s,F)Òåîðåìà: (Äåòåðìèíèçàöèÿ íà NFA)[�àáèí, Ñêîò 1959℄DFA A′:= (2Q,Σ, δ̄ ,{s} ,{M ⊆ Q : M∩F 6= /0}) ðàçïîçíàâà

L(A).Óïðàæíåíèå: Äàéòå àëãîðèòúì, êîéòî ïî äàäåí NFA A èäóìà w äà èç÷èñëÿâà δ̂ ({s} ,w) çà âðåìå O(|w| · |δ |). Òóê

|δ | å áðîÿò íà ïðåõîäèòå îò âèäà p ∈ δ (q,a), äîñòàòú÷íèäà äå�èíèðàìå δ .
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A = (Q,Σ,δ ,s,F)

A′:= (2Q,Σ, δ̄ ,{s} ,F ′), F ′:= {M ⊆ Q : M∩F 6= /0}, êúäåòî
δ̄ (M,a):= ⋃

p∈M

δ (p,a)Òâúðäèì: L(A′) = L(A)Ä-âî: Ïúðâî äà îòáåëåæèì, ÷å ˆ̄δ ({s},w) = δ̂ ({s} ,w).Òîãàâà

L(A) =
{

w ∈ Σ∗ : δ̂ ({s} ,w)∩F 6= /0
} Äå�. L(A)

=
{

w ∈ Σ∗ : δ̂ ({s} ,w) ∈ F ′
} Äå�. F'

= L(A′) Äå�. L(A')(δ̂ èãðàå äâîéíà ðîëÿ!)
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1

0,1

0,1
0

s ...
0,1

k−1 kA:

Òâúðäåíèå:

6 ∃DFA A′ = (Q,Σ,δ ,s,F) : L(A′) = L(A)∧ (|Q|< 2k)Ä-âî: Äà ïðåäïîëîæèì, ÷å: ∃A′ è |Q|< 2k

−→∃x 6= y ∈ {0,1}k
: δ̂ (s,x) = δ̂ (s,y)(Ïðèíöèï íà Äèðèõëå)êúäåòî i: x[i] 6= y[i],Íåêà x[i] = 0, y[i] = 1.Òîãàâà x0i−1 ∈ L(A)è y0i−1 6∈ L(A).Íî, δ̂ (s,x0i−1) = δ̂ (δ̂ (s,x),0i−1)

= δ̂ (δ̂ (s,y),0i−1) = δ̂ (s,y0i−1).Òàêà èëè è äâåòå äóìè x0i−1 è y0i−1 ñå ïðèåìàò, èëè èäâåòå íå ñå ïðèåìàò. Ïðîòèâîðå÷èå.
1 i k k+i−1

x

y

k

1

0 0

0
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�àçãëåæäàìå ñàìî ïîäìíîæåñòâàòà äîñòèæèìè îò {s}:
Q′:= {{s}} // ñúñòîÿíèÿ íà A′Queue todo:= Q′while ∃M ∈todo dotodo:= todo\Mforea
h a ∈ Σ doif M′ = δ̄ (M,a) 6∈ Q′ theninsert M′ into Q′insert M′ into todo×åñòî |Q′| ≪ 2|Q|!
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� /0, {ε} è {a} çà âñÿêî a ∈ Σ ñà îñíîâíè ðåãóëÿðíèåçèöè;

� Àêî L1 è L2 ñà ðåãóëÿðíè, òî è L1 ∪L2 å ðåãóëÿðåí;
� Àêî L1 è L2 ñà ðåãóëÿðíè , òî è L1.L2 å ðåãóëÿðåí;

� Àêî L å ðåãóëÿðåí, òî è L∗ å ðåãóëÿðåí.Åäèí åçèê å ðåãóëÿðåí, àêî ñå ïîëó÷àâà îò îñíîâíèòå ñïîìîùòà íà îïåðàöèèòå îáåäèíåíèå, êîíêàòåíàöèÿ èçâåçäà, ïðèëîæåíè êðàåí áðîé ïúòè.



Ñîñêîâà: ÅÀÈ O
tober 5, 2010 251.1.3 �åãóëÿðíè èçðàçèÂñåêè ðåãóëÿðåí èçðàç îïèñâà åäèí ðåãóëÿðåí åçèê.èçðàç îïèñâà çàáåëåæêà
/0 /0

ε {ε}

a {a} a ∈ Σ

α∪β L(α)∪L(β ) α îïèñâà L(α) (ñèíîíèì: α|β )

α·β L(α) ·L(β ) β îïèñâà L(β )

(α) L(α)

α∗ L(α)∗

α+ L(α)+Êîíâåíöèè: ïðîïóñêàìå `·', ïðîïóñêàìå L(·)
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Êîìïþòúðíèòå ïðîãðàìè áîðàâÿò ñúñ ñèíòàêòè÷íèîáåêòè.
Ïðîãðàìíà âåðè�èêàöèÿ

Íèå äîêàçâàìå îò ñåìàíòè÷íà ãëåäíà òî÷êà, ÷å îáåêòúòùå ñå îáàðàáîòè êîðåêòíî.
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� ïðåäïîñëåäíàòà öè�ðà å 0: (0∪1)∗0(0∪1)

� ñúäúðæà 10: (0∪1)∗10(0∪1)∗

� íå ñúäúðæà 10: 0∗1∗

� ñúäúðæà 101: (0∪1)∗101(0∪1)∗

� íå ñúäúðæà 101: 0∗1∗∪ (0∗1∗100)∗0∗1∗10(ε ∪00∗1∗)

� âñè÷êè öåëè ÷èñëà:
(ε ∪+∪−)(1∪ ·· ·∪9)(0∪ ·· ·∪9)∗∪0
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Åäèí åçèê L ñå íàðè÷à àâòîìàòåí, àêî èìà êðàåíàâòîìàò A òàêúâ, ÷å L(A) = L.Òåîðåìà Âñåêè ðåãóëÿðåí åçèê å àâòîìàòåí.Ä-âî èäåÿ:ùå ïîñòðîèì àâòîìàòè, ðàçïîçíàâàùè îñíîâíèòå åçèöè(îñíîâíèòå åçèöè ñà àâòîìàòíè)ùå ïîêàæåì, ÷å ðåãóëÿðíèòå îïåðàöèè çàïàçâàòàâòîìàòíîñòòà
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L1∪L2

A1 = (Q1,Σ,δ1,s1,F1) è L(A1) = L1

A2 = (Q2,Σ,δ2,s2,F2) è L(A2) = L2è ÁÎÎ Q1 ∩Q2 = /0

A:= ({s}∪Q1 ∪Q2,Σ,δ ,s,F)

δ å äå�èíèðàíà êàòî δ1/2 çà Q1/2

∀a ∈ Σ : δ (s,a):= δ (s1,a)∪δ (s2,a).
F:= 





F1 ∪F2 ∪{s} àêî s1 ∈ F1 ∨ s2 ∈ F2

F1 ∪F2 èíà÷å

s

s1

A1

A2

F1

..
. F2

..
.

s2

b

a

a

a

F
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s

s1

A1

A2

F1

..
. F2

..
.

s2

b

a

a

a

F

Íåêà w ∈ L1 = L(A1) (ïðîèçâîëíà).Àêî w = ε

−→ s1 ∈ F1 −→ s ∈ F −→ w ∈ L(A).Àêî w = ax:

−→ ∃ ïúò P1 = s1
a
⇒q1

x
⇒ f1 ∈ F1 ⊆ F

−→ ∃ ïúò P = s
a
⇒q1

x
⇒ f1 ∈ F

−→ w ∈ L(A).

w ∈ L2 = L(A2)

−→ ·· · → w ∈ L(A).
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s

s1

A1

A2

F1

..
. F2

..
.

s2

b

a

a

a

F

Íåêà w å ïðîèçâîëíà äóìà w ∈ L(A).Àêî w = ε −→ s ∈ F −→ s1 ∈ F1 ∨ s2 ∈ F2

−→ ε ∈ L1 ∨ ε ∈ L2 −→ ε ∈ L1 ∪L2Àêî w = ax:

−→ ∃ ïúò P = s
a
⇒q

x
⇒ f ∈ F.Àêî q = q1 ∈ Q1:

−→ ∃ ïúò P1 = s1
a
⇒q1

x
⇒ f ∈ F1.(ñàìî ñúñòîÿíèÿ,äîñòèæèìè îò q1 ñà â Q1.)

−→ ax = w ∈ L1 ⊆ L1 ∪L2Â ïðîòèâåí ñëó÷àé: −→ q = q2 ∈ Q2

−→ ∃ ïúò P2 = s2
a
⇒q2

x
⇒ f ∈ F2.

−→ ax = w ∈ L2 ⊆ L1 ∪L2
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L1 ·L2

A1 = (Q1,Σ,δ1,s1,F1) è L(A1) = L1

A2 = (Q2,Σ,δ2,s2,F2) è L(A2) = L2è Q1 ∩Q2 = /0

A:= (Q1 ∪Q2,Σ,δ ,s1,F),∀a ∈ Σ :

δ (q,a):=







δ1(q,a) àêî q ∈ Q1 \F1

δ1(q,a)∪δ2(s2,a) àêî q ∈ F1

δ2(q,a) èíà÷å
F:= 





F1 ∪F2 àêî s2 ∈ F2

F2 èíà÷å

s1

s2

...
F1

F2...

a
a a
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⋃

i≥1

Li

A = (Q,Σ,δ ,s,F) è L(A) = L

A+:= (Q,Σ,δ+,s,F),∀a ∈ Σ :

δ+(q,a):= 





δ (q,a) àêî q ∈ Q\F

δ (q,a)∪δ (s,a) àêî q ∈ F

A+
s sA
a a

a a

F
...

F
...
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A+
s
a

a a

F
...

Íåêà w ∈ L(A+) å ïðîèçâîëíà è w 6= εÍåêà P = s
a0⇒q0

∗
⇒ f å ïðèåìàù ïúò çà w.Äåêîìïîçèðàìå P íà ïðåõîäè îò âèäà f j

a j
⇒q jby q j 6∈ δ ( f j,a j), j ∈ 1..i, i ≥ 0.

−→ f j ∈ F , q j ∈ δ (s,a j).
P = s

a0x0a1x1···aixi=w
︷ ︸︸ ︷
a0⇒q0

x0⇒ f1
a1⇒q1

x1⇒ f2
∗
⇒ fi

ai⇒qi
xi⇒ fÄå�èíèðàìå Pj:= s

a j
⇒q j

x j
⇒ f j+1 (ñ fi+1:= f ).

−→ ∀ j ∈ 0..i : Pj å åäèí ïðèåìàù ïúò A.

−→ w ∈ L+
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A+
s
a

a a

F
...

Íåêà w = w1 · · ·wi ∈ Li (ε 6= wi ∈ L).Äà ðàçãëåäàìå Pj = s
a j
⇒q j

x j
⇒ f j, j ∈ 1..i, f j ∈ F ,êîèòî ñâèäåòåëñòâàò çà w1 ∈ L,. . . ,wi ∈ L.

−→ P = s

w
︷ ︸︸ ︷
a1⇒q1

x1⇒ f1
a2⇒q2

x2⇒ f2
∗
⇒ fi−1

ai⇒qi
xi⇒ fiå ïúò â A+, ñâèäåòåëñòâàù çà w ∈ L(A+).

−→ w ∈ L(A+)

L∗ -çâåçäà íà Êëèíè

Ïîñòðîÿâàìå àâòîìàò çà ε ∪L+ = L∗.
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0

0 0u1 0

1

0

1

0u1 0

1

(0u1)* 0

0 1

11

0
(0u1)+ 0

0 1

1

0

1

0

0 1

11

0(0u1)*

0

0 1

11

0 0

0

0

(0u1)*0
(0u1).(0u1) 0

1

0

1

0

0 1

11

0

0

0

0

1

(0u1)*0 (0u1)(0u1) 0

1

(0u1)*0 (0u1)(0u1) 0

0 1

1

0

0

0

0

1

0

1
1

Beispiele
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(0u1)*0 (0u1)(0u1)
0,1

0 0,1 0,1

(0u1)*0 (0u1)(0u1) 0

0 1

1

0

0

0

0

1

0

1
1
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Unix-Tool grep:grep REGULAR-EXPRESSION FILE
� Òúðñèì âúâ âñè÷êè ñòðèíãîâå âúâ FILE, êîèòî ñà â

L(REGULAR-EXPRESSION)
� Ìíîãî ñèíòàêñèñ: a-g, :alnum:,. . .
� Ïî-ëåñíî å, àêî ãî òðàíñëèðàìå â ðåãóëÿðåí èçðàç.

� Áúðçî ïðèëîæåíèå - ïðåâðúùàìå â äåòåðìèíèñòè÷åíàâòîìàò.
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anner-(generator), lex, �exInput: ðåãóëÿðåí èçðàçOutput: êðàåí àâòîìàò (C 
ode),Runtime-input: ïðîãðàìàòà êàòî ñòðèíãîâåRuntime-output: Ïðîãðàìà çà token (Ïàêåòè) êàòî ÷èñëà,èäåíòè�èêàòîðè, êëþ÷îâè äóìè.
� time-
riti
al âñåêè ñèìâîë ùå ñå ñêàíèðà,êîìåíòàðèòå ñå èçïóñêàò, äåñåòè÷íèòå ÷èñëà ñåïðåâðúùàò â äâîè÷íè ,. . .
� ïðàâè ïðåäñòàâÿíåòî ñòàíäàðòíî- ïðåìàõâàøïàöèèòå ,. . .
� îïðîñòÿâà ïî-íàòàòúê ñèíòàêòè÷íèÿ àíàëèç
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� �åäàêòîðè, íàïðèìåð ema
s

� S
ript-åçèöè êàòî Perl

� java.util.regex Library

� C++ Boost.Regex Library
� .net framework

� Parsing çà xml äîêóìåíòè
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ε-ïðåõîäè

�àçðåøåíè ñà äèðåêòíè (ε ïðåõîäè)áåç äà ñå ÷åòå ñèìâîë.



Ñîñêîâà: ÅÀÈ O
tober 5, 2010 43
εNFA

� Q, ìíîæåñòâî îò ñúñòîÿíèÿ

� Σ, àçáóêà

� δ : Q× (Σ∪ε)→ 2Q, �óíêöèÿ íà ïðåõîäà
� s ∈ Q, íà÷àëíî ñúñòîÿíèå
� F ⊆ Q, êðàéíè ñúñòîÿíèÿ
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1
0

2

1

s
1
0

2

1

ε

ε
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A1 = (Q1,Σ,δ1,s1,F1)è L(A1) = L1

A2 = (Q2,Σ,δ2,s2,F2)è L(A2) = L2è Q1 ∩Q2 = /0

A:= ({s}∪Q1 ∪Q2,Σ,δ ,s,F1 ∪F2)

δ å äå�èíèðàíà êàòî δ1/2 on Q1/2

ε ïðåõîäè îò s äî s1 è s2. s

s1 F1

A1

ε

ε

..
.

A2

F2s2

..
.

F
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L1 ·L2

A1 = (Q1,Σ,δ1,s1,F1), êúäåòî L(A1) = L1

A2 = (Q2,Σ,δ2,s2,F2), êúäåòî L(A2) = L2è Q1 ∩Q2 = /0

A:= (Q1 ∪Q2,Σ,δ ,s1,F2)

δ å äå�èíèðåíà êàòî δ1/2 on Q1/2

ε ïðåõîäè îò F1 äî s2.
s1 F1

A1

..
.

A2

F2s2ε..
.

..
.
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L+ =

⋃

i≥1

Li

A = (Q,Σ,δ ,s,F)è L(A) = L

A+:= (Q,Σ,δ+,s,F)

δ+ å äå�èíèðàíà êàòî δ

ε ïðåõîäè f → s∀ f ∈ F .
ε..

.

..
.

..
.

..
.

AA +

s sF F
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εNFA A NFA Ā

Ä-âî (èäåÿ):Çàìåñòâàìå âñåêè ε ïðåõîä è ïðåõîä êúì ñëåäâàù ñèìâîëâ A ñ äèðåêòåí ïðåõîä êúì ñëåäâàùèÿ ñèìâîë â Ā.Òðÿáâà äà âíèìàâàìå ñ êðàéíèòå ñúñòîÿíèÿ.
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εNFA A NFA Ā

Íåêà A = (Q,Σ,δ ,s,F) å ñ ε ïðåõîäè.

E(M) = {p | ∃(q ∈ M)((q,ε) ⊢∗
A (p,ε))}

δ̂ (M,ε) = E(M)

δ̂ (M,aw) = E(δ̂ (E(δ (M,a)),w))

w ∈ L(A)⇔ δ̂ ({s},w)∩F 6= /0Åêâèâàëåíòåí àâòîìàò áåç ε ïðåõîäè:
A′ = (Q,Σ,δ ′,s,F ′),
δ ′(q,a) = δ̂ ({q},a) =

⋃

p∈E({q}) E(δ (p,a)),

F ′:= 





F ∪{s} àêî F ∩E({s}) 6= /0

F èíà÷å .
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Òåîðåìà Âñåêè àâòîìàòåí åçèê å ðåãóëÿðåí.Ä-âî: Äaäåí: DFA A = ({1, . . . ,n} ,Σ,δ ,s,F)�åçóëòàò: ðåãóëÿðåí èçðàç α òàêúâ, ÷å L(A) = L(α).Çà âñÿêî f ∈ F íåêà L f =
{

w ∈ Σ∗ : δ̂ (s,w) = f
}.Ùå íàìåðèì RegExp çà L f . Òúé êàòî L(A) =
⋃

f∈F

L f ,òåîðåìàòà ùå å äîêàçàíà, çàùîòî F å êðàéíî.
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tober 5, 2010 51Äàäåí: DFA A f = ({1, . . . ,n} ,Σ,δ ,s,{ f})�åçóëòàò: ðåãóëÿðåí èçðàç α è L f = L(A f ) = L(α).Íåêà Li j := L(({1, . . . ,n} ,Σ,δ , i,{ j}))Â ÷àñòíîñò Ls f = L f .Àêî i 6= j: L0
i j:= {a ∈ Σ : j ∈ δ (i,a)}Àêî i = j: L0
i j:= {a ∈ Σ : j ∈ δ (i,a)}∪{ε}

Lm
i j:= {

w ∈ Σ∗ : ∃ðàáîòåí ïúò i
w
⇒ j = iP j è P ∈ {1, . . . ,m}∗

}

Òóê ïðåõîä iP j îçàíà÷àâà ïðåõîä îò i äî j, ñ ìåæäèííèñúñòîÿíèÿ ñ íîìåða ≤ m.Çàáåëåæåòå, ÷å Li j = Ln
i j.Ùå ïîñòðîèì ðåóëÿðåí èçðàç çà Lm

i j èíäóêòèâíî,èçïîëçâàéêè ðåãóëÿðíèòå èçðàçè çà ïî-ìàëêèòå m.
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Lm

i j:= {

w ∈ Σ∗ : ∃ðàáîòåí ïúò i
w
⇒ j = iP jè P ∈ {1, . . . ,m}∗

}

Äàäåí: ðåãóëÿðåí èçðàç αk
i j, k < m è L(αk

i j) = Lk
i j�åçóëòàò: αm

i j è L(αm
i j ) = Lm

i j

Àêî m = 0, i = j: α0
ii =

⋃

a∈Σ:δ (i,a)=i

a∪ ε

Àêî m = 0, i 6= j: α0
i j =

⋃

a∈Σ:δ (i,a)= j

aÀêî m m+1:

αm+1
i j = αm

i j ∪αm
i,m+1 · (α

m
m+1,m+1)

∗ ·αm
m+1, j

i

a

j
a

i

1..m j1..m m+1

1..m

i

1..m
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21
0

11 0

α0
11 = 1∪ ε α0

22 = 0∪ ε α0
12 = 0 α0

21 = 1

α1
12 = α0

12 ∪α0
11 · (α

0
11)

∗ ·α0
12 α1

22 = α0
22 ∪α0

21 · (α
0
11)

∗ ·α0
12

= 0∪ (1∪ ε) · (1∪ ε)∗ ·0 = 0∪ ε ∪1 · (1∪ ε)∗ ·0

= 1∗0 = 1∗0∪ ε

α2
12 = α1

12 ∪α1
12 · (α

1
22)

∗ ·α1
22

= 1∗0∪1∗0 · (1∗0∪ ε)∗ · (1∗0∪ ε)

= 1∗0(1∗0)∗

L(α2
12) = L2

12 = L12 = L2, êúäåòî F = {2}.
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Àêî L ðåãóëÿðåí åçèê

−→ ∃n ∈ N : ∀w ∈ L : |w|> n

−→ ∃u,v,x : w = uvx∧1. |v| ≥ 1∧2. |uv| ≤ n∧3. ∀k ∈ N0 : uvkx ∈ LÑ äóìè:Äîñòàòú÷íî äúëãèòå äóìè íà åäèí ðåãóëÿðåí åçèê èìàòíåïðàçíà ïîääóìà êîÿòî ìîæåì äà "pump"âàìå(èòåðèðàìå) áåç äà íàïóñêàìå åçèêà.



Ñîñêîâà: ÅÀÈ O
tober 5, 2010 55Ä-âî íà Pumping ëåìàòà

L ðåãóëÿðåí −→ ∃n ∈ N : ∀w ∈ L : |w|> n −→ ∃u,v,x :

w = uvx∧ |v| ≥ 1∧ |uv| ≤ n∧∀k ∈ N0 : uvkx ∈ LÄ-âî: Íåêà A = (Q,Σ,δ ,q0,F) DFA è L(A) = L.Íåêà n = |Q| è w ∈ L ñ |w|= m ≥ n (ïðîèçâîëíà).Íåêà q0, . . . ,qm ñúñòîÿíèÿ.

.......

.......

u

v

x

verschieden

PSfrag repla
ements

q0 w1 wi

w j wi+1

q1 qmqi

q j−1 qi+1

q j+1

(∃i < j ≤ n : qi = q j)−→ |v| ≥ 1, |uv| ≤ n, uvkx ñà ñúùî â åçèêà
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.......

.......

u

v

x

verschieden

PSfrag repla
ements

q0 w1 wi

w j wi+1

q1 qmqi

q j−1 qi+1

q j+1

w = w1 . . .wm; u = w1 . . .wi; v = wi+1 . . .w j; x = w j+1 . . .wm

(q0,w) ⊢
∗ (qi,wi+1 . . .w j . . .wm) ⊢

∗ (q j,w j+1 . . .wm)⇒

(q0,w1 . . .wi) ⊢
∗ (qi,ε) & (qi,wi+1 . . .w j) ⊢

∗ (q j,ε) & qi = q j

⇒ (q0,w1 . . .wiw j+1 . . .wm) ⊢
∗ (qm,ε)⇒ (q0,ux) ⊢∗ (qm,ε)

& (q0,uvkx) ⊢∗ (qi,v
kx) ⊢∗ (q j,v

k−1x) ⊢∗ · · · ⊢∗ (q j,vx) ⊢∗

(q j,x) ⊢
∗ (qm,ε).
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{

akbk : k ∈ N
}

Äà äîïóñíåì, ÷å L å ðåãóëÿðåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà è íåêà
w = anbn = uvx â ñúîòâåòñòâèå ñ Pumping ëåìàòà, òîãàâà
ux ∈ L.

|uv| ≤ n, |v| ≥ 1 −→ v = aℓ çà ℓ≥ 1.
ux = an−ℓbn ∈ L.Ïðîòèâîðå÷èå.
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tober 5, 2010 58Ïðèìåð: Áàëàíñèðàíè ñêîáè L()Äà äîïóñíåì, ÷å L å ðåãóëÿðåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà çà L è äàðàçãëåäàìå w = (n)n = uvx ñúãëàñíî Pumping ëåìàòà
ux ∈ L() è |v|> 1 è |uv| ≤ n.Òîãàâà v = (i, i 6= 0è ux = (n−i)n 6∈ L() Ïðîòèâîðå÷èå.
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L = {0p : p is a prime number}

Äà äîïóñíåì, ÷å L å ðåãóëÿðåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà çà L.Íåêà p ≥ n+2 å ïðîñòî ÷èñëî.(∃ áåçêðàéíî ìíîãî ïðîñòè÷èñëà) −→ 0p ∈ L = uvw, |v| ≥ 1, |uw| ≥ 2.Pumping-ëåìà: uv|uw|w ∈ L.

−→ |uw|+ |uw| · |v|= |uw|(1+ |v|) å ïðîñòî ÷èñëî.Äâà íåòðèâèàëíè äåëèòåëÿ |uw| ≥ 2 è (1+ |v|)≥ 2.Ïðîòèâîðå÷èå.
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L =

{

0n2

: n ∈ N

}

Äà äîïóñíåì, ÷å L å ðåãóëÿðåí.Íåêà n å ÷èñëîòî îò Pumping ëåìàòà çà L.Íåêà −→ 0n2
∈ L = uvw, |v| ≥ 1, |uv| ≤ n.Pumping-ëåìà: uv2w ∈ L.

−→ n2 < |uv2w| ≤ n2 +n < (n+1)2.Ïðîòèâîðå÷èå.
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Ïðèìåð: L =
{

cmaℓbℓ : m, ℓ≥ 0
}
∪{a,b}∗ íå å ðåãóëÿðåí,íîàêî n ≥ 1 å ïðîèçâîëíî è x ∈ L ñ |x| ≥ n.1. x ∈ a∗b∗:

x = ε
︸︷︷︸

u

a
︸︷︷︸

v

ambn−m−1
︸ ︷︷ ︸

w1. |v|= 1 ≥ 12. |uv|= 1 ≤ n3. uviw = aiambn−m−1 ∈ a∗b∗ ⊆ L
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Ïðèìåð: L =
{

cmaℓbℓ : m, ℓ≥ 0
}
∪{a,b}∗ íå å ðåãóëÿðåí,Íåêà n å ïðîèçâîëíî, w ∈ L ïðîèçâîëíî ñ |w| ≥ n.1. Àêî w ∈ a∗b∗: ãî âèäÿõìå.2. Àêî w = cmaℓbℓ, m ≥ 1:�àçãëåäàéòå w = ε

︸︷︷︸

u

c
︸︷︷︸

v

cm−1aℓbℓ
︸ ︷︷ ︸

x1. |v|= 1 ≥ 12. |uv|= 1 ≤ n3. uvix = cm−1+iaℓbℓ ∈ L
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Èäåÿ: ðàáîòèì äèðåêòíî ñ L, áåç äà ðàçãëåæäàìåêîíêðåòåí àâòîìàò.
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Åäíà ðåëàöèÿ R ⊆ Y ×Y ñå íàðè÷à ðåëàöèÿ íàåêâèâàëåíòíîñò, àêî R å:

� ðå�ëåêñèâíà ∀x : xRx

� òðàíçèòèâíà ∀xyz : xRy∧ yRz −→ xRz

� ñèìåòðè÷íà. ∀xy : xRy −→ yRxÊëàñ íà åêâèâàëåíòíîñò: [x] = {y : xRy}. Êëàñîâåòå íàåêâèâàëåíòíîñò ñà íåïðàçíè è íåïðåñè÷àùè ñå,ò.å. âñåêè åëåìåíò íà Y ïðèíàäëåæè òî÷íîíà åäèí êëàñ íà åêâèâèâàëåíòíîñòÈíäåêñ: èíäåêñ|R|:= |Êëàñ íà åêâèâ.|= |{[x] : x ∈ Y}|
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[x]R : [x]R ⊆ [x]R′Ä-âî:

y ∈ [x]R ⇔ (y,x) ∈ R

R⊆R′

−→ (y,x) ∈ R′

⇔ y ∈ [x]R′

Ñëåäñòâèå: R ïðåöèçèðà R′ −→ |R| ≥ |R′|Ä-âî: �àçãëåäàéòå ρ([x]R) = [x]R′ .Ïðîâåðåòå, ÷å å äîáðå äå�èíèðàíà�óíêöèÿ, êîÿòî å âúðõó (ñþðåêòèâíà).
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Çà åçèêà L ðåëàöèÿòà íà Íåðîóä å äå�èíèðàíà êàòî
RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}Èäåÿ: êëàñîâåòå íà åêâèâàëåíòíîñò ñúîòâåòñòâàò íàñúñòîÿíèÿòà.Çàùî?
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RM:= {

(x,y) ∈ Σ∗×Σ∗ : δ̂ (s,x) = δ̂ (s,y)
}.ðåëàöèÿ íà åêâèâàëåíòíîñò! ïî åäèí êëàñ íàåêâèâàëåíòíîñò (çà äîñòèæèìî îò s) ñúñòîÿíèå.Ëåìà 1: RM ïðåöèçèðà ðåëàöèÿòà íà Íåðîóä RL =

{(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}Ä-âî : ∀(x,y) ∈ Σ∗×Σ∗ : δ̂ (s,x) = δ̂ (s,y)−→

∀z : δ̂ (s,xz) = δ̂ (s,yz)−→ ∀z : xz ∈ L ⇔ yz ∈ L

qs
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y

..
. z
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Íàáëþäåíèå: èíäåêñúò |RL|= ∞ −→ L íå å ðåãóëÿðåí.Ä-âî: Äà äîïóñíåì, ÷å L å ðåãóëÿðåí.
−→ ∃ DFA M = (Q,Σ,δ ,s,F) : L(M) = L.
−→ RM ïðåöèçèðà RL.

−→ |Q| ≥ |RM| ≥ |RL|= ∞.Ïðîòèâîðå÷èå.

Ñëåäîâàòåëíî: Àêî L å ðåãóëÿðåí, òî èíäåêñúò

|RL|< ∞.
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RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}Èäåÿ: êîãàòî êëàñîâåòå íà åêâèâàëåíòíîñò [w1], . . . , [wk]íà RL ñúîòâåòñòâàò íà ñúñòîÿíèÿòà íà åäèí DFA M≡,òîãàâà ïî ëåìàòà ïî-äîëó ìèíèìàëíèÿò àâòîìàò çà L å:

M≡:= ({[w1], . . . , [wk]} ,Σ,δ≡, [ε ],F≡) ñ
F≡:= {[w] : w ∈ L} è

δ≡([w],a):= [wa].Ëåìà: δ≡ å äîáðå äå�èíèðàíàËåìà: δ̂≡([ε ],w) = [w]Ëåìà: L(M≡) = L
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RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}

M≡:= ({[w1], . . . , [wk]} ,Σ,δ≡, [ε ],F≡), êúäåòî
F≡:= {[w] : w ∈ L} è

δ≡([w],a):= [wa].

Ëåìà: δ≡ å äîáðå äå�èíèðàíà
xRLy −→ ∀a ∈ Σ : xaRLya äÿñíî èíâàðèàíòíà

xRLy −→ ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L

−→ ∀az ∈ Σ∗ : x(az) ∈ L ⇔ y(az) ∈ L

⇔∀a ∈ Σ : ∀z ∈ Σ∗ : (xa)z ∈ L ⇔ (ya)z ∈ L

−→ ∀a ∈ Σ : xaRLya
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RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}

M≡:= ({[w1], . . . , [wk]} ,Σ,δ≡, [ε ],F≡), êúäåòî
F≡:= {[w] : w ∈ L} è

δ≡([w],a):= [wa].Ëåìà: δ̂≡([x],y) = [xy]Èíäóêöèÿ ïî |y|:

δ̂≡([x],ε) = [x].

δ̂≡([x],aw)

äå�.δ̂≡
= δ̂≡(δ≡([x],a),w)

äå�.δ≡
= δ̂≡([xa],w) =

[xaw].
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RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}

M≡:= ({[w1], . . . , [wk]} ,Σ,δ≡, [ε ],F≡) ñ

F≡:= {[w] : w ∈ L} è

δ≡([w],a):= [wa].Ëåìà: L(M≡) = L.

w ∈ L(M≡)

⇔ δ̂≡([ε ],w) ∈ {[w] : w ∈ L} äå�. M≡

⇔ [w] ∈ {[w] : w ∈ L} ïðåäèøíàòà ëåìà

⇔ w ∈ L êë. íà åêâèâ. ñà èëè èçöÿëî â, èëè èçâúí L([w] ∈ {[w] : w ∈ L} −→ ∃x ∈ L : [x] = [w]−→ xRLy −→

∀z : xz ∈ L ⇔ wz ∈ L −→ xε ∈ L ⇔ wε ∈ L)
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L ⊆ {0,1}∗ åçèê, âñè÷êè äóìè ñ ÷åòåí áðîé åäèíèöè è÷åòåí áðîé íóëè
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Êëàñîâåòå íàåêâèâàëåíòíîñò?
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L ⊆ {0,1}∗ åçèê, âñè÷êè äóìè ñ ÷åòåí áðîé åäèíèöè è÷åòåí áðîé íóëè
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L ⊆ {0,1}∗ åçèê, âñè÷êè äóìè ñ ÷åòåí áðîé åäèíèöè è÷åòåí áðîé íóëè
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Íåêà

RL:= {(x,y) ∈ Σ∗×Σ∗ : ∀z ∈ Σ∗ : xz ∈ L ⇔ yz ∈ L}.
L íå å ðåãóëÿðåí −→ |RL|= ∞Òåîðåìà íà Ìàéõèë-Íåðîóä: L ðåãóëÿðåí ⇐⇒ |RL|< ∞.Íåêà |RL|= k < ∞

M≡:= ({[w1], . . . , [wk]} ,Σ,δ≡, [ε ],F≡)Òîãàâà L(M≡) = LÀêî L å ðåóëÿðåí è M = (Q,Σ,δ ,s,F) ïðîèçâîëåí DFA ñ

L(M) = L, òî RM ïðåöèçèðà RL. Ñëåäîâàòåëíî |RL| ≤ |Q|,ò.å. M≡ å ìèíèìàëåí àâòîìàò (ñ íàé-ìàëúê áðîéñúñòîÿíèÿ), ðàçïîçíàâàù L.
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tober 5, 2010 77Åäèí àâòîìàò ñå íàðè÷à ñâúðçàí, àêî âñÿêî ñúñòîÿòèå åäîñòèæèìî îò íà÷àëíîòî.Ñëåäñòâèå: Âñè÷êè ìèíèìàëíè àâòîìàòè çà L ñàèçîìîð�íè íà M≡.Ä-âî: Íåêà M = (Q,Σ,δ ,s,F) å ñâúðçàí DFA, L(M) = L è
|Q|= |RL|. Ùå ïîêàæåì, ÷å M ∼= M≡, ò.å. M å èçîìîð�åííà M≡.Çà âñÿêî q ∈ Q èìà äóìà w, òàêàâà ÷å δ̂ (s,w) = q.Äå�èíèðàìå κ(q) = [w].
� äå� íà κ å êîðåêòíàò.å. δ̂ (s,w1) = δ̂ (s,w)−→ w1RLw −→ [w1] = [w].

w1z ∈ L ⇐⇒ δ̂ (s,w1z) ∈ F ⇐⇒ δ̂ (δ̂ (s,w1),z) ∈ F ⇐⇒

δ̂ (δ̂ (s,w),z) ∈ F ⇐⇒ δ̂ (s,wz) ∈ F ⇐⇒ wz ∈ L
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� κ å áèåêöèÿ(åäíîçíà÷íà) Íåêà q 6= q1 è δ̂ (s,w1) = q1.Äîïóñêàìå, ÷å

κ(q) = κ(q1)−→ [w] = [w1] & w¬RMw1 −→ |RM|> |RL|.Ïðîòèâîðå÷èå.(âúðõó) ∀w(q = δ̂ (s,w)−→ κ(q) = [w]).
� κ(s) = [ε ] (δ̂ (s,ε) = s)

� κ(δ (q,a)) = δ≡(κ(q),a)

q = δ̂ (s,w)−→ δ (q,a) = δ̂ (s,wa)−→ κ(δ (q,a)) =

[wa] = δ≡([w],a) = δ≡(κ(q),a)

� f ∈ F ⇐⇒ κ( f ) ∈ F≡.
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Èìà ñòðóêòóðíî ðàçëè÷íè ìèíèìàëíè NFAs çà (0∪1)∗1.
0,1

1
1

0

10

Óïðàæíåíèå: Íàïèøåòå �óíêöèÿòà íà ïðåõîäà.
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Ìàõàìå ñúñòîÿíèÿòà, íåäîñòèæèìè îò s.Àëãîðèòúì: Òúðñåíå â äúëáî÷èíà â ãðà�à GA çà s.Ìàðêèðàìå âñè÷êè äîñòèæèìè ñúñòîÿíèÿ.Ìàõàìå íåäîñòèæèìèòå ñúñòîÿíèÿ.
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Èäåÿ: ðàçãëåäàéòå DFA M = (Q,Σ,δ ,s,F)(áåç íåäîñòèæèìè ñúñòîÿíèÿ)

M íå å ìèíèìàëåí −→

RM ïðåöèçèðà RL −→ ∃q 6= r ∈ Q :

[w]M
·
∪ [w′]M ⊆ K, δ̂ (s,w) = q, δ̂ (s,w′) = rçà íÿêîé êëàñ íà åêâ. K çà RL

q,r ñå íàðè÷àò åêâèâàëåíòíè ( q ≡ r),ò.å.:

q ≡ r ⇔∀w ∈ Σ∗ : δ̂ (q,w) ∈ F ⇔ δ̂ (r,w) ∈ F
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Äà ðàçãëåäàìå q 6= r ∈ Q : q ≡ r è r 6= sÌàõàìå r:

M′:= (Q\{r} ,Σ,δ ′,s,F \{r})) êúäåòî
δ ′(t,a):= 





q àêî δ (t,a) = r

δ (t,a) èíà÷å .

Ëåìà: L(M′) = LÄ-âî:Óïðàæíåíèå

q

r
t t qa a
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Ïúðâà ñòúïêà:Fun
tion minDFA(M)ìàõàìå ñúñòîÿíèÿòà íåäîñòèæèìè îò swhile ∃q,r ∈ Q : q ≡ r∧q 6= r∧ r 6= s doìàõàìå r îò Mreturn MÏðîáëåì: Êàê äà íàìåðèì åêâèâàëåííèòå ñúñòîÿíèÿ?

q ≡ r i� ∀z ∈ Σ∗ : δ̂ (q,z) ∈ F ⇔ δ̂ (r,z) ∈ FÊâàíòîðúò å ïî íå êðàéíî ìíîæåñòâî!
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q ≡ r i� ∀z ∈ Σ∗ : δ̂ (q,z) ∈ F ⇔ δ̂ (r,z) ∈ F

q 6≡ r i� ∃z ∈ Σ∗ : δ̂ (q,z) ∈ F 6⇔ δ̂ (r,z) ∈ F

z å ñâèäåòåë çà íååêâèâàëåíòíîñò.
q

r

F

F

z

z

Ïðîáëåì: äà ñå íàìåðÿò ñâèäåòåëè çà íååêâèâàëåíòíîñò
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∀q ∈ F,r 6∈ F : ε å ñâèäåòåë çà q 6≡ r.Íåêà w = aw′ å íàé-êúñ ñâèäåòåë çà q 6≡ r.Íàáëþäåíèå: w′ å ñâèäåòåë çà q′:= δ (q,a)6≡δ (r,a) =: r′Ëåìà: w′ å íàé-êúñ ñâèäåòåë çà q′ 6≡ r′Äîêàçàòåëñòâî ñ äîïóñêàíå íà ïðîòèâíîòî: Äà äîïóñíåì:

w′′ å ïî-êúñ ñâèäåòåë çà q′ 6≡ r′

−→ δ̂ (q′,w′′) ∈ F ∧ δ̂ (r′,w′′) 6∈ F ÁÎÎ

−→ δ̂ (δ (q,a),w′′) ∈ F ∧ δ̂ (δ (r,a),w′′) 6∈ F

−→ δ̂ (q,aw′′) ∈ F ∧ δ̂ (r,aw′′) 6∈ F

−→ aw′′ å ïî-êúñ ñâèäåòåë çà q 6≡ rÏðîòèâîðå÷èå. qq
F

F

w

w

a

a
r r
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ε ñâèäåòåëñòâà q 6≡ r, àêî q ∈ F,r 6∈ F èëè r ∈ F,q 6∈ F.Àêî w = aw′ å íàé-êúñ ñâèäåòåë çà q 6≡ r, òî
w′ å íàé-êúñ ñâèäåòåë çà q′:= δ (q,a) 6≡ δ (r,a) =: r′Îáðàòíî: àêî q′ 6≡ r′ è

∃a ∈ Σ(q′:= δ (q,a) & δ (r,a) = r′), òî q 6≡ r

 âñè÷êè íååêâèâàëåíòíîñòè
 êëàñîâåòå íà åêâèâàëåíòíîñò çà ñúñòîÿíèÿ.

qq
F

F

w

w

a

a
r r
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L ⊆ {0,1}∗ åçèê, âñè÷êè äóìè ñ ÷åòåí áðîé íóëè è÷åòåí áðîé íóëè
00

1

1

s q

rt

0 = 0ε å íàé-êúñ ñâèäåòåëçà t 6≡ r.
 ε å íàé-êúñèÿò ñâèäåòåëçà s = δ (t,0) 6≡ δ (r,0) = q.
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N0 = {{q,r} : q ∈ F 6⇔ r ∈ F}

Nk+1 = {{q,r} : ∃a ∈ Σ({δ (q,a),δ (r,a)} ∈ Nk)}∪NkÍåêà r å ïúðâîòî, çà êîåòî Nr = Nr+1. Òîãàâà:Ëåìà: {q,r} ∈ Nr ⇐⇒ q 6≡ r.
=⇒ {q,r} ∈ Nk çà ïúðâè ïúò. Èíäóêöèÿ ïî k:

k = 0. q 6≡ r.

k > 0. {δ (q,a),δ (r,a)} ∈ Nk−1 −→ δ (q,a) 6≡ δ (r,a)−→ q 6≡ r

⇐= Ïðåäèøíàòà ëåìà è èíäóêöèîííàòà õèïîòåçà.Íåêà E = Q×Q\Nr - âñè÷êè äâîéêè åêâèâ. ñúñòîÿíèÿ.
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N:= /0 // ìàðêèðàíè äâîéêè
N ′:= {{q,r} ⊆ Q : q ∈ F 6⇔ r ∈ F}// ñëåäâàùèòå ìàðêèðàíè äâîéêèwhile N ′ 6= /0 do

N:= N ∪N ′

N ′:= {{q,r} ⊆ Q : ∃a ∈ Σ : {δ (q,a),δ (r,a)} ∈ N}\N

Îáùî âðåìå: O
(
|Σ| · |Q|3

)

Èíèöèàëèçàöèÿ: O
(
|Q|2

)Âðåìå çà öèêúëà: O
(
|Σ| · |Q|2

)Êîëêî öèêúëà? Ñèãóðíî ≤ |Q|2.Ïî-òî÷íî íàáëþäåíèå: ≤ |Q| öèêëè
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q ≡ r ⇔∀z ∈ Σ∗ : δ̂ (q,z) ∈ F ⇔ δ̂ (r,z) ∈ Fðåëàöèÿ íà åâèâàëåíòíîñòÍåêà [q] å êëàñúò íà åêâèâàëåíòíîñò ñúäúðæàù q.
M′:= (Q′,Σ,δ ′, [s],F ′), êúäåòî

Q′ =: {[q] : q ∈ Q}

F ′:= {[q] : [q]∩F 6= /0} è

δ ′([q],a):= [δ (q,a)].Ëåìà 1: δ ′ å äîáðå äå�èíèðàíàËåìà 2: δ̂ ′([s],w) = [δ̂ (s,w)], ñëåäîâàòåëíî L(M′) = L(M)Ëåìà 3: M′ å ñ ìèíèìàëåí áðîé ñúñòîÿíèÿ.
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q ≡ r ⇔∀z ∈ Σ∗ : δ̂ (q,z) ∈ F ⇔ δ̂ (r,z) ∈ FËåìà 1: δ ′ å äîáðå äå�èíèðàíà ò.å.àêî q ≡ p −→ ∀a ∈ Σ : δ (q,a)≡ δ (p,a)Àêî ∃a ∈ Σ : δ (q,a) 6≡ δ (p,a), òî q 6≡ p.

Ëåìà 2.: δ̂ ′([q],w) = [δ̂ (q,w)], q ∈ Q,w ∈ Σ∗.Èíäóêöèÿ ïî |w|:
δ̂ ′([q],ε) = [q] = [δ̂ (q,ε)].
δ̂ ′([q],aw)

äå�.δ̂ ′

= δ̂ ′(δ ′([q],a),w)

äå�.δ ′

= δ̂ ′([δ (q,a)],w)

ÈÏ

=

[δ̂ (δ (q,a),w)] = [δ̂ (q,aw)].
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w ∈ L(M′)−→ δ̂ ′([s],w) ∈ F ′ −→

[δ̂ (s,w)] ∈ F ′ −→ Ëåìà 2
δ̂ (s,w)≡ f & f ∈ F −→ äå� íà F ′

δ̂ (δ̂ (s,w),ε) ∈ F −→ äå� íà ≡

δ̂ (s,w) ∈ F −→ w ∈ L(M).

w ∈ L(M)−→ δ̂ (s,w) ∈ F −→

[δ̂ (s,w)] ∈ F ′ −→ äå� íà F ′

δ̂ ′([s],w) ∈ F ′ −→ w ∈ L(M′). Ëåìà 2

Òàêà L(M′) = L(M).
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M′ å ñâúðçàí (áåç íåäîñòèæèìè ñúñòîÿíèÿ îò s) èäåòåðìèíèðàí àâòîìàò:

∀q ∈ Q∃w ∈ Σ∗(δ̂ (s,w) = q −→ δ̂ ′([s],w) = [q]) ïî Ëåìà 2.Íåêà L = L(M). Çíàåì, ÷å RM′ ïðåöèçèðà RL.Ñëåäîâòåëíî |RM′ | ≥ |RL|.Ùå ïîêàæåì, ÷å RL ïðåöèçèðà RM′ ò.å. |RM′ | ≤ |RL|.Íåêà uRLv, u,v ∈ Σ∗. Äà äîïóñíåì, ÷å u¬RM′v.
δ̂ ′([s],u) 6= δ̂ ′([s],v)−→ [δ̂ (s,u)] 6= [δ̂ (s,v)] (ïî Ëåìà 2) −→
δ̂ (s,u) 6≡ δ̂ (s,v)Òîãàâà ñúùåñòâóâà äóìà w, òàêàâà ÷å:

δ̂ (s,uw) ∈ F 6⇔ δ̂ (s,vw) ∈ F −→

uw ∈ L 6⇔ vw ∈ L. Ïðîòèâîðå÷èå.
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O(|Σ| · |Q| log |Q|)

[Hop
roft 1971℄. Data stru
tures.Ëåêî îïðîñòÿâàíå :[Blum, Minimization of �nite automata in O(n logn) time,Inf. Pro
. Íåêàters, 1996.℄
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� ìèíèìàëíî ìÿñòî çà òàáëèöàòà íà ïðåõîäèòå ìåæäóñúñòîÿíèÿ

� ìèíèìàëåí àâòîìàò î÷åâèäíî  íèå íàó÷àâàìå íåùîçà ñàìèÿ åçèê.Íî, êîãàòî δ å ïðåäñòàâåíà êàòî ñïèñúê îò ïðåõîäè èëèïðîãðàìà, èñêàìå äà îïòèìèçèðàìå äúëæèíàòà é èâðåìåòî çà èçïúëíåíèå.Èçîáùî  àêòèâíà íàó÷íà îáëàñò.
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s 1 2 k

0,1

1 ...
0,1 0,1 0,1

L = {0,1}∗ 1{0,1}k−1Ìèíèìàëíèÿò àâòîìàò èìà 2k ñúñòîÿíèÿ.
(
{

0, . . . ,2k −1
}
,{0,1} ,δ ,0,F)

δ (q,a) = 2q+a, q ∈ F ⇔ q[k−1] = 1

...

...

...
a

F
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� Pumping Ëåìà:

+: Ëåñíî ñå ïðèëàãà

−: Ñàìî íåîáõîäèìî óñëîâèå
� �åëàöèÿòà íà Íåðîóä

+: Íåîáõîäèìî è äîñòàòú÷íî óñëîâèå (RL) = ∞

−: Ìàëêî òðóäíî ñå ïðîâåðÿâà
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Ïðèìåð: L = {anbn : n ≥ 1}Òâúðäåíèå: ∀k > 1, j 6= k > 1 : [akb] 6= [a jb]

[akb] =
{

akb,ak+1bb, . . .
}
=

{
ak+ibi+1

}òàêà âèíàãè k−1 ïîâå÷å a-òà îò b-òà.Ñëåäîâàòåëíî [akb] è [a jb] ñà íåïðåñè÷àùè.
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Ïðèìåð: L =
{

cmaℓbℓ : m, ℓ≥ 0
}
∪{a,b}∗Òâúðäåíèå: ∀k > 1, j 6= k > 1 : [cakb] 6= [ca jb]

[cakb] =
{

cmak+ib1+i : m ≥ 0, i ≥ 1
}òàêà âèíàãè k−1 ïîâå÷å a-òà îò b-òà.Ñëåäîâàòåëíî [cakb] è [ca jb] ñà íåïðåñè÷àùè ñå.
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Íåêà L, L′ ñà ðåãóëÿðíè åçèöè.Òîãàâà è ñëåäíèòå åçèöè ñà ðåãóëÿðíè:
L∪L′, L∗, L ·L′: ïî äå�èíèöèÿ íà ðåã. èçðàç.
L̄:= Σ∗ \L: Äà ðàçãëåäàìå DFA A = (Q,Σ,δ ,s,F) ñ

L(A) = L.Íåêà Ā:= (Q,Σ,δ ,s,Q\F). Òîãàâà L(Ā) = L̄.

L∩L′ = L̄∪ L̄′ (Äå Ìîðãàí)

L\L′ = L∩ L̄′

LR: Óïðàæíåíèå. Óïúòâàíå: Èíäóêöèÿ ïî ðåãóëÿðåíèçðàç.
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t àâòîìàò)Êîíñòðóêöèè íà DFA çàòåîðåòèêî-ìíæåñòâåíèòå îïåðàöèè
L è L′ ñà ðåãóëÿðíè åçèöè, äå�èíèðàíè ñ DFAs
A = (Q,Σ,δ ,s,F),

A′ = (Q′,Σ,δ ′,s′,F ′).Èäåÿ: Àâòîìàòúò A× ñèìóëèðà ïîâåäåíèåòî íà A è A′.Produ
t àâòîìàò: A×:= (Q×Q′,Σ,δ×,(s,s
′),F×) ñ

δ×((q,q
′),a) = (δ (q,a),δ (q′,a))Äå�èíèðàìå F â ñúîòâåòñòâèå ñ îïåðàöèèòå:

L∪L′: F×:= Q×F ′∪F ×Q′

L∩L′ F×:= F ×F ′
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Word problem

w ∈ L?Èçáðîæäàìå DFA A.Ñèìóëèðàìå A ñ âõîä w.Äàëè èìà êðàéíî ñúñòîÿíèå, êîåòî å äîñòèæèìî?Ëèíåéíî âðåìå, àêî DFA àêî å äàäåí àâòîìàòúò!
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L = /0?Ïðåäñòàâÿíå íà DFA èëè NFA A:

L = /0 ⇔¬∃ f ∈ F : f å îò s äîñòèæèìî
 òúðñåíå â äúëáî÷èíà, ëèíåéíî âðåìå, êàêòî è çà NFA.

Ïðèìåð

L(A) = /0
0,1

0

0

1

1

Kante im

Tiefensuchbaum
0,1
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Íåêà n å ÷èñëîòî îò Pumping-Ëåìàòà çà L - ðåãóëÿðåíÒâúðäåíèå: |L(G)|= ∞ ⇔∃z ∈ L(G) : n ≤ |z|< 2nÄ-âî:

z ∈ L(G),n ≤ |z|< 2n −→ Pumping ëåìàòà îñèãóðÿâà
|L|= ∞.Àêî |L(G)|= ∞ äà ðàçãëåäàìå z ∈ L(G) ñ ìèíèìàëíàäúëæèíà |z| ≥ n.Äà äîïóñíåì, ÷å |z| ≥ 2n.Pumping Ëåìà

−→ z = uvw,
1 ≤ |v| ≤ |uv| ≤ n,uw ∈ L(G)−→ |uw| ≥ n.Ïðîòèâîðå÷èå ñ ìèíèìàëíîñòòà íà |z|.
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|L(A)|= ∞? ⇔∃ ïðèåìàù ïúò, ñúäúðæàù öèêúë.Íåêà NFA èìà F = { f}. Íåêà GA = (Q,E),
E = {(q,r) : ∃a ∈ Σ∪{ε} : r ∈ δ (q,a)}1. Ìàõàìå ñúñòîÿíèÿòà, îò êîèòî f íå å äîñòèæèìî.Òúðñåíå â äúëáî÷èíà â ḠA = (Q,{(q,r) : (r,q) ∈ E}) çà

f .2. Ìîæåì ëè äà äîñòèãíåì öèêúë îò s? ⇔Äàëè òúðñåíåòî â äúëáî÷èíà îò s â GA ñðåùà âå÷åïîñåòåí âúçåë?
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Kante im

Tiefensuchbaum
0,1

0

1

1

0 Rückwärtskante im

Tiefensuchbaum

0,1
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L(A) = Σ∗?

⇔¬∃q ∈ Q\F : q å äîñòèæèìî îò s?

 òúðñåíå â äúëáî÷èíà, ëèíåéíî âðåìå, ñàìî çà DFA!(Åêâèâàëåíòíî: ïðàçíîòà íà L̄)Ïúëíîòà íà NFA:Òðàíñ�îðìèðàìå â DFA. Íå å èçâåñòåí ïî-äîáúðàëãîðèòúì.
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L è L′ ñà ðåãóëÿðíè åçèöè ðàçïîçíàâàíè îò DFAs A, A′.Âúïðîñ L = L′?

⇔¬∃w : (w ∈ L∧w 6∈ L′)∨ (w 6∈ L∧w ∈ L′)

⇔¬∃w : (w ∈ L∧w ∈ L̄′)∨ (w ∈ L̄∧w ∈ L′)

⇔ (L∩ L̄′)∪ (L̄∩L′) = /0çà ïðèìåð ñ produ
t àâòîìàòÏðîáëåì: áàâíî

εNEA

NEAεRegExp

DEA
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L è L′ ñà ðåãóëÿðíè åçèöè äå�èíèðàíè îò DFAs
A = (Q,Σ,δ ,s,F), A′ = (Q′,Σ,δ ′,s′,F ′).Èäåÿ: Ìèíèìàëíèÿò àâòîìàò å "`åäèíñòâåí"'.
 ìèíèìèçèðàéòå äâàòà àâòîìàòà è äèêàæåòå, ÷å ñà"`ðàâíè"'.Ïðîáëåì: Âúçìîæíî å äà ñà ïðåèìåíóâàíè ñúñòîÿíèÿòà.Ñëîæíîñòòà íà èçîìîð�èçúì ìåæäó ïî-îáùè ãðà�è åîòðèò âúïðîñ.
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L è L′ ñà ðåãóëÿðíè åçèöè äå�èíèðàíè ñ DFA
A = (Q,Σ,δ ,s,F), A′ = (Q′,Σ,δ ′,s′,F ′). Íåêà Q∩Q′ = /0.Âúïðîñ: L = L′?Äà ðàçãëåäàìå A∪:= (Q∪Q′,Σ,δ∪,s,F ∪F ′),
δ∪(q,a) =







δ (q,a) àêî q ∈ Q

δ ′(q,a) àêî q ∈ Q′Íàìåðåòå êëàñîâåòå íà åêâèâàëåíòíîñòîò ñúñòîÿíèÿ çà A∪. L = L′ ⇔ s ≡ s′.
s

A

..
.

A’

F’s’

..
.

F

F
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L ⊆ {0,1}∗ åçèê, âñè÷êè äóìè ñ ïîíå åäíà íóëà
q

1 0,1
r

0

s
0,1

t0

u
1

1

0

Àëãîðèòúìúò çà ìàðêèðàíå íàíååêâèâàëåíòíèòå äâîéêèñúñòîÿíèÿ íè äàâà:
{q,r} ,{q, t} ,{s,r} ,{s, t} ,{u,r} ,{u, t}

 q ≡ s

 Äâàòà àâòîìàòà ñàåêâèâàëåíòíè.
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� Íàé-ïðîñòèÿò ìàøèíåí ìîäåë

� Àëãîðèòìè÷íè ïðàâèëà (ìèíèìèçàöèÿ íàñúñòîÿíèÿòà, òðàíñ�îðìèðàíå â ðåãóëÿðåí èçðàç,. . . )

� �àçïîçíàâàíèÿò åçèê å íàïúëíî ðàçáèðàåì
� Ïîëåçíè ïðèëîæåíèÿ: îáðàáîòêà íà òåêñò,êîìïèëàòîðè, . . .
� Êîíöåïöèÿòà çà íåäåòåðìèíèçúì


