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I'maBa 1

CopTupoBKn

Tyx mpabsa da depunupanme 3adawama copmupane, 0bO3HAMEHUAMA U KAKGO € UHGEPCUA

1.1 HawmBHH COPTHPOBKH

1.2 MergeSort

1.3 HeapSort

1.3.1 IlpumopurerHa omairka, OIupaMuIa.

[MpropuTerHa omarka e HapuIaMe abCTPAKTHA CTPYKTYPa JTAHHU, KOSITO ChbXPAHSIBA, MHOXKECTBO OT
obekTn S, Bcekn ejeMenT Ha S e aBoiika or Buga (key, value). Bwpxy npuopurerHara onamka ca jgedu-
HUpaHU MoHe jaBe omeparun — Insert(S, el), KosiTo 700aBsI HOB €JIEMEHT B CTPYKTypaTa U (QyHKITHSITA,
ExtractMax(S), KoaT0 BpBINA €1€MeHTa, ¢ HAl-roIsaM K049 key U TO M3TPUBA, OT CTPYKTypaTa.

Beposatao Ttasm ctpykTypa e duaa gedpuHUpaHa 38 MbPBUTE OMEPAMOHHNA CHCTEMY, KOUTO Ca YIIPaB-
JISBAJIN PeJia Ha M3I'bJIHEHUETO Ha rpymna mnporecr (jobs) BBPXY CIOJEICH KOMIIOTHD € BPEME/IE/IEHE.
TakbB KOMIIOTHD U3MIBAHABA B JIAJEH MOMEHT €IWH TPOIEC (3aJaHue), HO MHOrO moTpedurenn mo-
JlaBaT CBOWTE 3aJaHUsI 33 H3IILJIHEHHE, KaTO BCAKO 3aJaHue nMma mpuopurer key. Korato Tekymmsar
MPOITeC 3aBbPINU Wi Ob/e MPEeKbCHAT, IIAHUPAINATA TPorpaMa Ha cucremara job scheduler w3smuaa
3aJaHHEeTO ¢ Haf-TOIIM IPUOPUTET OT OIMAIIKATa U 0 CTapTHpa. AKO TEKYIIUAT IIPOIEC € OMI IPEKbC-
HaT, TOH Cce BM'bKBa B OITalllKaTa, 3a Jdd 9aKa IIOC/JIeJBAIll0 BKJIIOYBAHC. KOF&TO B cucreMaTa IOCT'bIIN
HOBO 3aJlaHUe, TO Ce BKapBa B IPHOPUTETHATA OIAIIKA.

Hyma vsikoko HamBHA peain3allii Ha IIPHUOPUTETHATA OIlAIKa:

e AKo chXpaHsBaMe ejleMeHTuTe 0T S B 0GMKHOBEH MAaCUB WM CIIUCHK, mporeaypara Insert(S, el)
e ce nsnbansBa 3a Bpeme O(1), a ExtractMax(S) — 3a speme O(n).

e Axo chxpaHgBame ejemMeHTHTE OT S B COPTHPAH CIUCHK, nponeaypara Insert(S,el) me ce us-
mbiasBa 33 Bpeme O(n), a ExtractMaz(S) — 3a Bpeme O(1).
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IIpn HAMBHUTE peAIM3AINY [IOHE €/IHA OT JIBETE OCHOBHU ONIEPAINHTE Ce U3I'bJIHIBA OABHO — 33 BpEMe
O(n).

TTo-fouy Tme omuImem Haif-ekaTa v Hafi-n3noa3Bana eeKTHBHA peaTn3alis Ha TPHOPUTETHA OTalll-
Ka: Td ce Hapuva aponvna upamua (binary heap). Ilpu Hest 1BeTE OCHOBHM ONEPAIAN OTHEMAT BPEME

O(lg(n)).

Huso 0 >
/ \
HrBO 1 >
e \ / \
HHBO 2 » (D
|
HHBO 3 » (H )8 I)9 J )10

@Durypa 1.1: [lomrbaHeHO IBOUYHO IHPBO: BCHYKY HUBA Ca 3AITbJIHEHHN C U3KIIOYEHNE HA TOCTETHOTO,
KbJIETO Ca 3albJIHEHN HAKOJKO BbpXa ILJIHLTHO B JSBATa YacT Ha HUBOTO.

JIBOMYHO mBPBO IIe HAPUYIaAMe KOPEHOBO IbPBO, BCEKH BPbX ¥ HA KOETO WMa Hal-MHOTO B3 HACJIE/I-
HMKAa, KOUTO Ille Hapu4aMe JisiB U JeceH CUH Ha V.

[MonbJiHEeHO JBOMYHO JABPBO Ile HApUYAMe JBOMYHO IbPBO, 33 KOETO BCHYKK HUBA (HUBO € MHOXKeC-
TBO OT BbDPXOBE, PABHOOTAAJECUCHU OT KOPEHA) Ca 3aIrbJIHEHE, ¢ U3K/IIOUEHHE Ha TOCTEAHOTO, KOETO €
YACTUYIHO 3aIIbJIHEHO, OTJISIBO HaJsACHO (BuK Purypa [1.1)).

OOHKHOBEHO JbPBETATA CE MIPEJICTABAT B IIAMETTa Ha KOMIIIOTbHPa C IIOMOIINTA Ha YKA3ATEIN MEXKIY
BBPXOBETE, KOUTO MPECTABAT OPHEHTHPAHUTE pedpa Ha ThPBOTO.

HOH'bJ'[HeHOTO ABOMYHO ABPBO MOXKe [Ja Ce€ IIpeaCTaBU ITO-UKOHOMHWYHO — B O6I/IKHOB€H MaCHB, BCECKH
BPBX Ce Pas3losiara B eJJeMeHT Ha MacuBa ¢ HOMEDP, KOWTO ce TIoJIydaBa TaKa: BLPXOBETE ce HOMEPUPAT OT
KOPEHa K'bM CJIEJIBAIIMTE I'0 HUBA IOCJIEI0BATETHO — KakTo € nokazano vHa @urypall.Il Kopenbr punarn
nMa HOMEp 1, JeBUAT My CHH MOJydaBa HOMED 2, JECHUIT — 3, BbPXOBETE OT 2-PO HUBO IOJIYIaBAT
HoMepa oT 4 110 7, BbPXOBETE OT HUBO Kk TOJIYIABAT HOMEPA OT 2F o 2k 1.

JlecHo ce cbbpassBa, Ue TMpM TaKaBa HOMepAIUs €A B CUJIA CJAETHUTE 3AaBUCUMOCTU MEXKY BPbX
C HOMED { W CBbP3aHUTE C HEro: HErOBMAT POJUTE] UMa HOMEep |i/2], jieBusiT My CMH mMa HOMEp
24, a gecHuar — 2¢ + 1. Ilo-HararbK IMe o3HavYaBaMe HOMEpaTa Ha POJHUHUTE HA BPBHX C HOMEDP 1%
cvorBeTHO ¢ parent(i), left(i) n right(i). Taxnoro uzuncassane e jecHo (poranus Ha GuToBeTe Ha i
eJTHA TIO3UITHS HAJISICHO WJIN HAJIABO ¢ momucBane Ha 0 win 1) U B IpaKTHYeCKa pean3alnst CJejiBa j1a
ObIaT U3YUCIABAHN TTPAKO WIN JePUHUPAHN KATO MAKPOCH.

OueBnHO € CBINO, Ue TMOMLIAHEHO IHPBO C N BhPXA ITe 3aeMe eTeMeHTHTE Ha MACHBa C TTOCTIeT0Ba-
TesiHM HOMepa oT 1 110 n. 3a ynobCTBo e CbKpalliaBaMe BPbX ¢ HOMED ¢ /10 'BPBX 4.

ITomrbpBOTO, TIOPOJICHO OT BbpXa i Ie o3uadaBame ¢ [[i]]. Oupenensame ro raka:

e AKO BBPXBT @ € JINCTO, [[i]] CbabpKa €IMHCTBEH BP'BX 0.

e AKO BbPXbT § nMa Hacae HuIM (HacaeHNK ), [[i]] € KOpeHOBO ABPBO € KOPEH BPbBX i, JABO MO/
abpeo [[left(i)]] m agcao momabpeo [[right(i)]].

Beuakn IIOPOJCHHU IMOAABbPBETaTa Ha IIOII'bJIHEHO ABHPBO Ca IIOI'LJIHEHH JbpBETa.

IlonbyiHEHO ABLPBO € N BbpXa MMa TOUHO parent(n) = |n/2] Bbpxose ¢ Hacaeanunn. Tosa ciensa
or dakra, e GpyHKuuATa parent(i) e MOHOTOHHO PACTAINA: BbPXbT N 1€ MUMa POJUTEN C Hafi-roJsm
HoMep. Ot pasencTBoTo n = [n/2] 4+ [n/2] ciensa, 1e mucrara B IbPBO € N BbPXa ca [n/2].
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Ile cbxpansame crpykrypata S B macuB A[l...n|, 3aemHo ¢ 6postd size, KOHTO Ie OTIUTA KOJIKO
eJIeMEeHTa, B Ja/eH MOMEHT Ca BhTPe B IpHOpUTeTHATa, onalika. OQueBuamno B S MoxKeM 12 BKapaMme Haii-
MHOTO N ejleMeHTa. EjleMeHTHTe py mpakTHYecKa peaansanus ca oT Buma (key, value), KaTo mMame
quHeliHa Hapenba mo key. 3a mpocToTa Ire mpejmosiaramMe, de key e Isiio 9UCI0 U e MPOIyCKaMe
value.

h-uneepcus me HapuIame nBoika wHIekcen (i,7),0 < j < i < size, TakaBa, Ue j ce HAMHUDA HA TSI
OT { HArope K'bM KOPEHa Ha NOI'bJIHeHoTO abpBo u Ali] > A[j].

IIle kaspame, ue S e nupamuda, Korato 3a BCako 1,1 < i < Size € U3ILJIHEHO HEPABEHCTBOTO

Ali] < Alparent(i)).

Jlema 1.1. S e nupamuda <= B S nama h-unsepcuu.

Zoxasamencmeo:

— Bcekn 'bT 0T BPbX HArope KbM KOPEHa B MOI'bJIHEHOTO JIbPBO Ha S IOcelnaBa pacTdina peuia
croifnocTn Ha Kitoudose B A: ako (vy,v2,...,v;) € TAKbB II'bT, 338 BCEKH JBA CbCEJHH BbPXa B HETO
viy1 = parent(v;) n Afv;] < Alvi11], B TakaBa peguia Hama h-urBepcun.

<= Ilo Tpusmannus wor (i, parent(i)) asama h-uasepcus, ciaegosarento Ali] < Alparent(i)]. O

Ot nemara ciaensa, 4e B KOpeHa Ha NUPAMEATA CTOMHOCTTA HA KJIIOYA I1E € MAKCUMAJIHA.
@urypa npeacrass nupamuga ¢ 10 exemenra.

Macusbr A cbbpxka enementure (16,13,9,8,11,7,4,5,7,10). Toii He e copTUPaH, HO TTMPAMUIATHO-
TO CBOMCTBO € U3I'bJIHEHO: BCEKH €JIEMEHT e II0-MaJI'bK WJI paBeH Ha poauTesis cu. KopeHbT ¢bIbpKa
MAKCUMAJIHUS €JIEMEHT.

HrBO 0 » (116 )1
N
HUBO 1 > (13)2 9)3
SN N
HIBO 2 > 8 )4 11 )5 7)6 4)7
L/
HUBO 3 > 5 )8 7)9 10 ) 10

Durypa 1.2: llupamuga. Bbe Bcekn BpbX € m3nmucana CTONHOCTTA HA KJIOYA, & BCTPAHU € U3MHACAHA
TO3UITUATA Ha BbpXa B MacuBa A.

Ha mpeanosokuM, de B MUpaMuIa CMe MPOMEHHIN CTOWHOCTTa (Ha KJII0Ya) B €JWH OT BbDXOBETE.
ToraBa e BB3MOKHO MHPAMUTAIHOTO CBOMCTBO ma ce mapymm. Hapwaame To3m BpbX deexmen, a
oIy IeHaTa CTPYKTypa nupamuda ¢ dederm.

Qopmanua nedunuius: Kazpame, ye S e nupamujia ¢ jedekT ¢, KOraro ¢ y4acrsa BbB BCUYKHU h-

WHBepcuu Ha S.

Jlema 1.2. Hexa S e nupamuda c dedpexm i. Tozasa e sapro edno om deeme mespdenua:

1. Beuuru h-unsepcuu 6 S ca om euda (i,7), Kamo j e 6psx no nems Hazope om i KoM KOPEHQ.

2. Beuuku h-unsepcuu ¢ S ca om euda (j,1), kamo j e nacaednur (cun usu npanaciednur) wa i (j
e om noddspsomo [[i]] ).
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Loxasamencmeso:

Jla pomycuem, de mma h-mHBepCcud HA ¢ C HETOB HAC/JEIHWK j1, U JPyra, ¢ HeroB 06obIeH pomwres
(pommren win mpapoauten) jo. OT Te3n nBe h-maBepcum ciensar Hepasencrsara Alji] > Ai] > Alja].
[TeTar Harope KbM KOpEHA OT ji I MUHE bPBO Tpe3 4, a mocje u npe3 jo. Okaspa ce, 4e ABOHKaTa
(J1,J2) obpasysa h-uHBepcusi, KOETO € TIPOTUBOPEYHE. O]

Jlemara maBa sicHa XapakTepusanust Ha JedeKT B mupaMuIa;

B cayqait 1. pedextnr e mo-rojisim or HAKOH 06001meH pogures. [lle mapuuame To3u ciaydait degerm
nazope. CreiHATA IPOCTA MPOTIEAYpPa HaMaJllsd Opos HA h-unBepcuuTe npu aedeKT HArope BbB BbPXa i

STEPUP(A, 1)
1 swap(Ali], Alparent(i)])

Kopexmuocm: Ilo mbrs KbM KOpeHa Hafi-MaJIbK € MPEKUST POJUTEN, T.e. BbpXoBere i u j = parent (i)
obpazysar h-waBepcusa n pazMsHaTa Ha CTONHOCTUTE UM YHUINOKABA Ta3W h-WHBEPCHS.

B nombpeoro [[f]] npeau pasMsinara HaMa Apyru h-mHBepcHu U pasMsHaTa HsMa Ja Ch3/a/le HOBU:
TeeKTHT e MO-TOJIsIM OT BCHYKH eJIeMeHTH Ha [[j]] u cien pasmsHaTa Toii ce 0OKa3Ba Ha BbPXa Ha IO/
J'bPBOTO, a cTofiHoCTTa Ha A[j] mpenn pasmsHaTa € M0-ToJsSIMa 0T BCUYKU HACAEJHUNM B HO/bPBOTO
[[¢]] (3ammoro He e B h-uHBepcus ¢ T4X) U cae/] pasMsiHATa TS Ce OKa3Ba HA BbpXa HA TOBa MOIIBLPBO.

CuetoBaTeTHO CJIe/l pa3MsiHATA IIe OCTaHAT h-WHBepcHH caMO MeXKIy BPbX j (HOBOTO MSCTO Ha
nedekra) u Heroute 0600menn poauTesnu (Te3um h-mHBEpCUM Ce 3ama3BarT TP PA3MAHATA). O

3a Ja yHUIIOKUM BCUYKU h-mHBepcuuTe npu deexm naz2ope BbB Bbpxa ¢, TpAOBa ja MECTUM IIUK-
JUIHO fedeKTa HArope, TOKATO M39e3He:

MovVEUP(A, 1)
1 while (i > 1) A (A[i] > Alparent(i)]) do
2 swap(Ali], Alparent(i)])
3 i < parent(i)

Kopekrhocrra na MoveUp cineasa ot csoiictBoro Ha StepUp na usgura gedekTa Ha €JHO HUBO I10-
630 10 Kopera. Tbit kKaTo 6posiT Ha HUBATA B TOMBbJIHEHOTO IbPBO He HaJIBUINABa lg(n), CI0KHOCTTA

Ha MoveUp e O(lg(n)).

B cayuait 2. ma gema [1.2] me xazsame, ue e Hasmie degexm wadosy. Takbe medekT TOTHBA €THO
HUBO HAJIOJY TIPU CJIJHATA TPOCTa, mporeaypa (npesmosarame, ge nedekta € BbB BPbX @ U TOH nMa
JiBaMa CHUHA):

STEPDOWN(A, 1)
1 if Afleft(i)] < A[right(i)]
2 swap(Ali], A[right(i)])
3 else swap(Ali], Alleft(i)])

Kopexmmnocm: Hle pasruename camo ciygas koraro Alleft(i)] < Alright(i)], apyrusr e cumerpuyes.

Alright(i)] e Haif-rosieMusiT OT BCHYKM HACJIEIHWIM HA 4, 3aI[0TO B MO bpBeTaTa Ha JIBaTa CHHA
HsMa h-mHBepCHUH, CIeI0BATEIHO CHHOBETE € MAKCHMAJIHU B CBOUTE IO ILPBETA U IPOBEPKATA Ha PeJl
[ nokasea, Y€ AeCHUAT CUH € IO-TOJISIM OT JIeBUSI.

Bopxosere i u j = right(i) obpasysar h-unsepcust (i e medpekTen, a j € MAKCUMAJIEH) W Pa3MAHATA
Ha CTOWHOCTHTE UM IIE s YHHUIIOXKU.

Tbit KaTO JECHUAT CHUH TIPU Pa3MsiHATA OTHBA B KOPEHA Ha MOJIbPBOTO [[i]], BCHUKH WHBEpCHE HA
KODEHA C JIEBUTE My HAC/IEJHWUIIN Ie N3IE€3HAT.
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Beuukn h-unBepenn Mexay mederTa m HACIEIHANNTE HA, j I Ce 3aMA34T, HO 1eeKTHT CAn3a eIHO
HWBO HaJ0Jy, Ha MSCTOTO HA JECHUHA CA CHUH.

CrneroBaTeTHO €€/ Pa3MAHATA M€ OCTAHAT h-WHBEpCHH CaMO MEXKJy BPbX j (HOBOTO MSCTO Ha
nedeKTa) M HErOBUTE HACJICTHUIIH. O

Ba ga yHHIIOXKMM BCHYKK h-mHBepcuu npu dediekm 1adosy BbB BbPXa i (AKO mMa Takmpa), TpsdBa
Jla MECTUM IMKJIUIHO JedeKTa HAJI0y, JTOKATO N39e3He:

HEAPIFY(A, 1)
1 Inversions < TRUE
2 while Inversions do

if (left(i) < size) A (A[i] < Alleft(i)])
largest < left(i)

else largest < 1

if (right(i) < size) A (A[largest] < Alright(i)])
largest < right(i)

if largest #1i
swap(Ali], Allargest])

10 1 < largest

11 else Inversions < FALSFE

w

© 00 ~J O Ot i~

Kopexmmocm: J10Ka3aTeCTBOTO I U3BBbPIIMM 10 UHAYKIUA CIPAMO JbJI00YMHATA HA IO IbPBOTO
[[¢]], mpu u3MCKBaHETO BCEKM BT KOraTO W3MTbIHABAME pes (2l ¢ 1a yyacTBa BbB BcuUKM h-mHBEpCHN B
o bpBOTO [[i]] u croitHocTTa Ha HpomenuBara Inversions na e TRUE.

Odesuno, KOraTo i e ucro (ababounnara Ha morbpBoTo € 0, B Hero He Moke 13 uMa h-nasepcwun),
AJITOPUTHMBT 111€ TPUKIIOYIN PABOTATA CH.

Heka gbrbounmnara Ha momabpeoTo [[i]] e kK + 1. AnropnTbMbT mpoBepsiBa Jain ¢ UMa CHHOBE W
h-unBepcun. CpaBHABAHETO Ha CTOWHOCTHTE BHB BPbBX § M CHHOBETE € JOCTATHIHO, Thil KATO B MOJ-
J'bpBeTaTa Ha CHHOBETE HIMAa h-MHBEPCHH U Te ca MaKCHMAJIHU eJeMEHTH B CBOUTE IO TbPBETA.

Yeqosuero largest # i Ha per 8| € H3MbIHEHO TOYHO Koraro B [[i]] mma mone 1 h-uHBepcusi, BLPX'BT
largest e mo-TroIEMUSAT CHH U PA3MsIHATA HA CTOWHOCTUTE Ha BLpXoBere ¢ u largest e ceaau medexra
eJTHO HUBO HAJOJY (BHK PA3CHIKIEHUATA 3a KOpeKTHOCTTa Ha StepDown).

Ha pen i mpuema CTOWHOCT largest, ToBa € HOBOTO MsICTO Ha fedekTa (aKo BhobIe nMa aedekT),
npomensmBara Inversions 3anassa croiinocrra cu TRUE, a ybiabounaara Ha 10bpBoTo [[i]] e Beue
k. HuKBJIBT 1Ie Ce W3I'bJIHE OTHOBO, HO CHIVIACHO WHIYKIMOHHOTO MPEINOJIOKeHHe JeheKThT e
M3ve3He.

Yenosuero largest # i na pef [8 e e u3nbaHEHO TOYHO KOraTo B mOoAbPBOTO [[i]] Hama h-unsepcuu.
Torasa mpomennuBata Inversions mpuema crotinoct FALSE w n3mbJHeHneTo Ha TporpaMarTa e
3aBbPINU C YHUITOXKEH j1eeKT. O

BposT nsirbanennst Ha 1nKbaa while e Hail-MHOrO AbabOYMHATA Ha MOAILPBOTO [[i]], Tazu abiabo-
qnHa e |1g(n) —1g(7) ], 3a ckopocrra Ha Heapi fy no-Hatarbk me noassame dburara orenka O(lg(n/i))
win no-rpybara O(lg(n)).

ITponenypara Heapify moxke na ce chbkparn Taka (npemnoxkenne aa ['purop Ilones):

HEAPIFY(A, 1)
1 largest < i
2 repeat
3 1 < largest
4 if (left(i) < size) A (Ali] < Alleft(i)])
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largest < left(q)
if (right(i) < size) A (A[largest] < Alright(i)])
largest < right(i)
if largest # i
9 swap(Ali], Allargest))
10 until ¢ = largest

o ~ & Ot

OcraBaM Ha guTaTess Ja JOKaKe €KBHBAJICHTHOCTTA Ha ABETE PCAJIU3AIIHH.

Cera Beue MoxkeM 12 jlebuanpame PYHKIUATE, KOUTO PEATUIUPAT TPUOPUTETHA OTIAIIKA YPEe3 THPa-
mujta. Onpegenuxme mo-rope CrpykTypara S Karo JBoiika oT MacuBa A ¢ n ejleMeHTa U TPOMEHJINBATA,
Stze, KOATO CbXpaHgBa OPOAT €JIEMEHTH B OIAIIKATA.

CREATEHEAP(A)
1 size+ 0

INSERT(A, el)
1 if size<n
2 size < size+1

3 Alsize] « el

4 MoveUp(A, size)

5 else

6 PRINT "ERROR: heap overflow!’
EXTRACTMAX(A)

1 if size >0

2 el < All]

3 A[l] + Alsize]

4 size < size — 1

5 if size >0

6 Heapify(A,1)

7 return el

8 else

9 PRINT "ERROR: heap is epmthy!’

1.3.2 Agropursm HeapSort

AnropurbmMbT HeapSort, KakTo W peaJn3aluaTa Ha MPUOPUTETHA OMAINKA Ipe3 THPAMUIA ¢a Tpe-
goxenu ot J. W. J. Williams mpe3 1964 r.

W esiTa Ha anropuThbMa € TPOCTa — IMPBO IMbXaMe BCUYKH eJIeMEeHTH Ha MaCHBa B IPUOPUTETHA, OITAIIl-
Ka, Tocje I'H W3BakJjaMe equH 10 eauH. Ilpn m3BaxKgaHeTo Hal-HaIpes Ie MOJyYnM Hal-ToJeMAsT
eJIeMEHT, TIOCJe BTOPHUS IO TOJEMWHA W T.H., TOECT MOPEAWIATA MOJyYeHA TPU W3BAXKIAHETO IIME €
COpTHUpaHa.

Mozkem n1a peajinupame u JieTe a3u HA AJrOpUTbMA Jia paboTAT HA MSICTO — 4acT OT obpaboT-
BAHUAT MACHB ITE € JBOWYHA MUPAMUIA, 8 OCTAHAIATA YaCT I ChIAbpKa HeoOPaboTeHNTE eTeMeHTH
npe3 dazara Ha M3rpaxKaHe HA MUPAMUJATA WK BeYe COPTUPAHUTE eJeMEHTU Ipe3 ¢a3ara Ha u3-
BAXK/IAHETO HA €JIEMEHTUTE OT ITUPAMUIATA.

Qa3zara Ha M3rpaKaane ce peasmsupa ¢ upoueaypara MoveUp, onpenesiena B peiHaTa CEKIMS:
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BUILDHEAPO(A[L...n])
1 size+ 0
2 while size <n do
3 size < size+ 1
4 MoveUp(A, size)

KopekTHOCTTa C16/1BA OT BEPHOCTTA HA CJEJHATA TPOCTA nBapuanTa: [Ipu BCAKO M3IbIHEHNE HA PEJ
macusbT A[l. .. size] e mupamua.

Croxuocrra Ha BuildHeap0 e ©(nlgn).

IIpes cobmara 1964 1. Robert W. Floyd npemiara ajroputsMm 3a M3rpa)kJaHeTO Ha TUpaMUIa C
JIMHENHa CJI02KHOCT:

BUILDHEAP1(A[l...n))
1 size+ n

2 for i + parent(n) downto 1
3 Heapify(A,i)

Kopexmunocm: Ille mokakem BepHOCTTA Ha MHBAPHMAHTHOTO cBoficTBo: Ilpm Bcako mocTurame Ha pen
nojabpeerara [[k]], mopoaern or BBpxOBe ¢ HOMepa i < k < n ca mupamuan (He CbIbpxaT h-
WHBEPCHN ).

IIpu wbpBOTO mocTHraHe Ha HuKbiaa i = parent(n). PyHxkuusaTa parent e MOHOTOHHO DACTAIIA,
CJIEJIOBATETHO BBPXOBeTe k, 3a KOuTo ¢ < k ca JMCTa B IOIbJHEHOTO JBOMYHO JIbPBO, 3alUCAHO B
macuBa A (i e BbPXbT ¢ Hafi-rosrsiM HOMep, KOHTo nMa Hacaeaamnim). Ciie KaTo ca JncTa, o IbPBeTaTa
[[k]] ca u nupamuu.

Koraro ce m3nbaHgBa TSIOTO Ha NUKbJIA 33 HAKAKBO i, HETOBUTE HACAEIHUIIN UMAT II0-TOJEMH
HOMEpa W OT BEPHOCTTA HA MHBAPWAHTATA CJIEIBA, U9€ MOAIbpBeTATTAa MM ca mupamuan. [loagbpBoTo
[¢] e e mupamuma ¢ medexr i, na pen [3{ ro3u nedexr me 6bae monpasen ot npoueaypara Heapify.
Taka 1€ ce rapaHTUpa BEPHOCTTA HA MHBAPUAHTATA CJIEJ] HAMAJSHETO HA § ¢ €JMHUIA U CJIEBAIIOTO
JIOCTUTAHE Ha HAYAJIOTO Ha IUKbLJIA.

ITpu moc/ieHOTO MpeMuHaBaHe mpe3 pes [3| mpomenausara i mie crade 0, mporpamara I1e 3aBbpIIiu,
OT BEpHOCTTa HA WHBApHAaHTaTa cieisa, ue 3a 0 < k mommbpsoro [[k]] e mupamuma, HO 32 k = 1 ToBa
MOAbPBO € LeJUAT MacuB A. 0

Caoorcnocm: 'Tpusmasna ropHa Tpanuia 3a ciaoxkuocrta O(nlgn) creapa ot ciaoxuocrTa Ha Heapify,
M3YUCTEHA B TIPEHATA, CEKITHSI.

Mozkem Jja HaIpaBUM TO-(PWHA, OIEHKA, KaTo oTuereM de Heapify crapTupaHa BbpPXY €JIEMEHT § UMa
ciaoxuocT O(k), Kbaero k e abibounHara (6pouM n KOpeHa) Ha MOAILPBOTO [[4]].

IIpu amajiM3a Ha KOPEKTHOCTTA MO-TOpE TIOKa3axXMe, Y€ OT MOHOTOHHOTO HapacTBaHe Ha (DYHKIIU-
ara parent creiBa, e BbpxoBeTe ¢ HOMepa 1...parent(n) umar HACAEJIHUNHN, A& BbPXOBETE-JHCTA
ca parent(n)...n. C apyru mymm 6podT Ha MO IbpBETaTa B MEpAMHUaTa C TbJAGOYHHA MOHE 2 €

parent(n) = | 5|, a tua ¢ gpabounna 1 can — [§].

ITak oT MOHOTOHHOCTTA HA parent CiejBa, 4e BbPX'bT C HAH-IOJIAM HOMED U HOJbPBO € AbabourHa
3 me e parent(parent(n)) = |} ], caemoparenno nogabpBeTaTa ¢ IbLAOOYRHA IOHE 3 ca | ], a Tud ¢
abibounna 2 ca rouno 5] — [ ]

C uHIYKIMS MOYXKEM J1a JIOKaXKeM, de OposiT Ha MOJIbPBETATA B HOM'bJIHEHOTO [TbPBO HA MIUPAMUIATA
¢ rbabounna k me e [ 5rtr | — |55 -

Heka c e KorcranraTa OT aCHMOTOTHYIHATA OlleHKa Ha H eapi f1y, ToecT BpeMero 3a pabora Ha Heapify
BBPXY €IEMEHT ¢ ¢ JbJOOUNHA Ha MOAABPBOTO k e He moBede oT ck.

CymapuoTo Bpeme 3a paborara Ha BuildHeapl 1o Bcuuku BbPXOBE ¢ 1bj00UnHA K 111€ € OIPaHUYEHO
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OT m3pasa ck(L%J - LZ%J)

Croxnocrra #Ha BuildHeapl e cyma mo k Ha uzpasza mo-rope:

T(n) ¢ Y bllgrr) — Lag)

Moxem Ada 3aMECTUM JigiBaTa CyMa, C IMO-T'OJIAMa:

T(n) < ey k(5] = L5e))

e
Il
—

Toprata cyma e xpaiiira (posepere camvmu!). Beekn umen or Buma |5r]) (ocsen mbpeus, 3a k = 0)
ce cpella IBa I'bTU — HaW-HAIpeI ChC 3HAK MUHYC 1 KoedHIeHT k, ciaeJ TOBa C IIOJOXKHUTEJICH 3HAK
u koedurient k + 1. Chbupaiiku nBere CpermaHus, Ie MOJIYyUYUM BCEKH OT 4jieHoBere ¢ Koedurent 1
(BKJTFOUUTEJHO U IIbPBUS), TaKa MOJydIaBaMe MO-IIPOCTa CyMa:

n

) < e o)
k=0

IIpemaxBame 3aKpBHIIEHNETO U TOJYIaBaMe MO-TOJISIMa CyMa, KOSITO TTpecMsaTaMe:

= n > n 1
T(n)gcztﬁjgczﬁ:cnzz—k:%n

O

Croxuocrra Ha BuildHeap( B cpennms caydail ¢bino e gnHeiina. ToBa ciaegBa oT MPOCTH CTATHCTH-
TecKu ChoOpaykeHust, a KoHcTanTara u e Majka. C BuildHeap no-gogty 1mie OejieskuM HAKOST OT JBETE
IPOIEIYPH 3a H3TPaKIaHe Ha MHPAMUIaTa, Thil KAaTo € Bb3MOXKHO B HPAKTHIECKH PEAJH3ANAH 13
Obe TpeamoYeTeHa KOA 1a € OT TX.

Bedue moxewm ja onurem aaropurbma HeapSort:

HEAPSORT(A[L...n])
1 BuildHeap
2 for i<+ n downto 2

3 swap(A[1], Ali])
4 size < size—1
5 Heapify(A,1)

KopekTHocTTa €1eaBa 0T BepHOCTTA Ha CJeJHATa WHBapuaHTa: [Ipn BCAKO M3MbJIHEHHE HA PEJ|
macubbT A[l ... size] e nupamuna, a noamacusbr Afsize+1...n] e COpTUPAH U BCHYKUTE MY €JI€MEHTH
Ca [O-roJIEME WJIM DaBHU Ha ejeMeHTuTe Ha nogmacusa A[l. .. size].

Canoxuocrra Ha HeapSort e O(nlgn). Toit He n3nonssa ponbianuTe Ha aMer (OCBeH MaJsbk Opoil
JIOKAJTHU IPOMEHJINBH). AJITOPUTHMBT He € CTabNIHA COPTHPOBKA, IPH BCIKA KOHKPETHA PeasTH3alist
va BuildHeap v Heapify necuo ce cTpou KOHTpaIpUMep.

1.4 QuickSort

AropurbMbr QuickSort e mpemmoxker ot C. A. R. Hoare mpes 1962r. Toit, kakro u MergeSort e
peanm3anus Ha cxemarta 'Paznensit u Biajeii’, Ho ipu dhaszaTa Ha pa3jie/isiHe ce IpuJara mo-puHa niesi:
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Pasnensine: u3bupa ce cnenuaied ejeMeHT splitter (paseanTes) U MaCHBBLT, KOATO COpTHpaMe ce
TpeHapexa Taka, 9e OTIIBO J1a Ca eJIEMEHTUTE MO-MAaJIKU OT PA3JeUTe Nd, TOCHe CAeBa pa3Ie/nTe-
JISIT, & HAJSCHO OT HEro Ce pa3mojiaraT OCTAaHAJIUTE TO-ToJeMU Win paBuu Ha splitter enemenTu. ToBa
pa3zMecTBaHe 3a MOAMHTEPBAI HA MACHBa Ce M3BLPINBA OT mporenypara Partition, omucana mo-m0.1y.

PemraBane Ha nmojazanavute: [Ipy tasu pasa MagkuTe eIEMEHTH HAJIABO OT PA3IEIUTENS U TOJIe-
MHTE, KOUTO Ca HAIsICHO OT HEro Ce COPTHUPAT MOOTIEJHO ¢ PEKYPCHBHO M3BUKBAaHE HA IIPOIEIYypPaTa
QuickSort, onucaa mo- 10Ty, KOATO ChINo 00paboTBa MOAUHTEPBAJ HA MacuBa, Koiro coprupame. Cop-
TUPOBKATA Ha TIEJIUs MAaCHB Ce M3BbPINBaA ¢ u3BnKBane QuickSort(A,1,n).

O6enunsisane: Tazu daza He e HeOOXOAMMA, THI KATO PEJUIATA OT MAJKKA COPTUDAHU €/IEMEHTH,
CTEIBAHU OT Pa3NEIUTENs, CACBAH OT TOJEMHUTE COPTUPAHN €JIEMEHTH € OKOHYATEeJHATA, COPTUPAHA
nojipeiba Ha eJeMEHTUTE HA BXO/HUSI MACHUB.

PARTITION(A[L, 2,...,n|: array; [, h: indices in A)
1 splitter < Alh|
2 p+ 1
3 fori« [ to h—1
4 if A[i] < splitter
5 swap(Ali], Afp)
6 p p+1
7 swap(Alpl, AlR])
8§ return p

Kopexmmnocem: nBapuanra Ha nukbaa: [Ipm BCIkKo mocTurane Ha pen , nogmacusbr All,p — 1] ¢b-
JbPIKA eJIeMEeHTH, [I0-MAJKU OT pas3jesuresis, a noamacusbr Alp,i — 1] - mo-rosemu uiu paBHu.

JlokazBaHeTo Ha BEpHOCTTA Ha MHBapUaHTHATA (DOPMYJa Ile OCTABUM HA YUTATEss, OCTaBa CaMO Ja
oTheIekuM, e cjes MPUKJIIUBAaHe HA UKbBIA, SWap-bT HA PEI (| 1116 PA3IoI0KNI PA3IeTUTe s TOTHO
MEXK/IYy MaJIKUTe W TOJeMUTEe eJIeMEHTH Ha 00paboTBaHmsd MOIMAaCHB. O

OueBuno ciaoxkuocTTa HA Partition e JinHeliHa CpsiMO pa3Mepa Ha MoJMacuBa, KoiiTo obpaboTsa,
Topaan HAJIMIUETO HA JUHCTBEH IWKbJ B KONTO Ce BBPINAT KPaeH OPOil CMeTKH.

Tazu Bepcusa wa Partition e npemnoxena ot Nico Lomuto, mpes 1984r. Ta e mo-kpartka u yaobma 3a
JOKa3BaHe Ha KOPEKTHOCT, HO MMo-0aBHA (M3II'bIHSABA TTOBEYE KOMAHN SWap) OT OPUTHHAHATA BEPCHsT
ua Hoare.

QUICKSORT(A[L,2,...,n|: array; [, h: indices in A)

1 ifl<h

2 m < Partition(A, [, h)
3 QuickSort(A,l,m — 1)
4 QuickSort(A,m + 1, h)

Kopexmmnocm: Tpsbsa ma gokazkeM, Ue aJrOpATbMBT HU3JI0KEH [O-TOPE COPTUPA MOIMACUBA, 3a13,16H
ot rpauwuture | n h.

JlokazaTecTBOTO MOXKE J1a, C& W3BBPIMY [0 WHAYKIMS CIPSIMO pa3Mepa Ha Pa3TyIekK JaHUsT TOIMACHB
k = h—I1+1 u pazchbxkenus 3a OpOst U PA3MOJIOKEHHETO HA NHBEPCUUTE CJIEJ] BCIKA CT'HIIKA, & UMEHHO:

1. Cren msmbianenumero Ha Partition HaMa O3 WMa HHBEPCHH MEXKIY MaJbK €IeMEHT HAJSIBO OT
pasjesuresid u rojsiM, KOUTO e HaJIsCHO OT Hero.

2. PexypcueauTe m3pukBauus Ha QuickSort bk 11e yHUITOKAT HHBEPCUUTE MEXK, Ty TBOUKHATE MATKHI
eJIJEeMEeHTH OTJIIBO W MeKJy JIBOUKWTE TOJIeMH OTASACHO, 3apaju WHIAYKIITMOHHOTO MPEJIIOIOKEHNe e
mporpaMarTa Ime paboTH KOPEKTHO 32 MO-K'bCH TTOAMACHBH.
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3. Karo pesysntar B Kpad Ha aJrOpuTbMa BCUYKKM WHBEPCHUU I MU3YE3HAT, T.€. MOJMACUBLT IIE €
COPTHUPAH. O

Caootcroem: QuickSort B nomms ciydait uMa caoxuoct O(n?) - Moxke ma ce cayun splitter BEHarn
Jla TMa eKCTPEMAJTHA CTOWHOCT 33 MHTEPBaJIa, KOMTO ce pasmiens Ha nBe oT mporenaypata Partition.

Hampumep xorato BXOZHUAT MacwB e coptupad, Partition BuHarn me m3dmpa 3a pasaeauTesn Haii-
TOJIEMHAT €JIEMEHT B II0AMAacuBa, KoiiTo obpaborsa. Torapa rosemure ejgeMeHTH e ca (0, a MajJIKHTe
¢ 1 mo-manko oT pasmepa Ha II0MaCUBa, U PeKypeHTHaTa (opMy/a 3a caokaoCcTTa 1me Obae T'(n) =
T(n—1)+cn, ¢ pemrenme O(n?). CBLIIOTO e ce CIYYH 1 KOTaTO BXOHHAT MACHB € COPTUPAH B HAMAJISIIT
pea n I/I306H_LO B CJay4dauTe KOraro 6pOHT Ha MHBEPCHUUTE B HEI'O € MHOT'O MaJI'bK MJIX II'bK MHOI'O T'OJIAM.

B 1031 cMUCHJI MHTEPECEH € aHAIM3 BT Ha CpejHaTa CJA0XKHOCT (average case complexity).

Heka oznaunm ¢ T'(n) cpeanara ciaoxuocr. Ako Partition paspens macusa A B nosunus k, me numame
pasercrsoro T'(n) =T'(k — 1) +T(n — k) + O(n). Ja npeacrasum O(n) BB Buga c(n + 1).

ITonesxe k mre 06x02K/1a ¢ paBHA BEpOATHOCT 1/n croitHocTuTe OT 1 710 N, MATEMATHIECKOTO OIaKBAHE
3a T'(n) me Obe:

n—1

2
Tn)=—-Y T( 1 1.1
(n) n; (1) +c(n +1) (1.1)
YMHOKABaME 1o n:
n—1
nT(n) =2 T(i)+cn(n+1) (1.2)
i=1
Banucsame 3an—1:
n—2
(n—=1)T(n—1)=2) T(i)+cn(n—1) (1.3)
i=1
Cera mn3paxname [1.3] ot [L.2}
nT(n)—(n—1)T(n—1)=2T(n—1) + 2cn (1.4)

Cren npexsbpiane Ha T'(n — 1) orasacHo n Jgeene Ha n HOTy<daBaMe:

) = "L e 1) 12 (1.5)

n

Pemasame [LH cbe 3amecTBate:
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T(n) = nzl(nilT(n—2)+20)+20
S S S G
n—1
= ZiiT(n—Z)—l—%(n—l—l)(il—l—i)
:Zt;T(n—S)—l-Zc(n—l—l)(n_l{_l—I-TlL—Fnil)

n+1
T(n) = (n+ 1)T(0) + 2¢(n + 1) Z*

=(n
( )T(0) + 2¢(n + 1)6(1g(n))
(n)

ITo-rope ¢ H, e o3HaUeHa cyMaTa Ha XapMOHUYHUS PEJI.

1.4.1 TIpeaumcrBa u HemocTtaTbim Ha QuickSort

Ha npsB morsies narnexaa, ve QuickSort e mo-cinab aaropursm ot MergeSort u HeapSort. OcrHosa-
HUSITA 32 TOBA ca:

1. MergeSort u HeapSort umar rapantupana cioxuoct O(nlgn), a QuickSort mocrura tasm cjiox-
HOCT B CpelHud Cjyd4ai, HO B Hail-JIOMUs CJIy4dail CIIOKHOCTTa MY € O(nQ).

2. MergeSort e crabuirna coprupobka, a HeapSort me wsmosssa pombianuTenna mamer. QuickSort
He e crabuaHa cOpTHPOBKA ¥ M3noa3Ba namer O(n) B jomms caydail (Torasa 1me uMa 1 PeKypPCUBHU
HU3BUKBAHUs, KOUTO 3a€MAaT TTAMET OT CTEKA).

Hsxon aBropm (mait-sewe Robert Sedgewick [I]) tebpasar, ge QuickSort mma mo-masika KOHCTaHTA
Py aCUMIOTOTHYHATA, orleHKa, oT MergeSort u HeapSort.

IpuawrauTe 32 mo-6aprara pabora Ha MergeSort u HeapSort, KakTo v Bb3MOXKHE TEXHUKH 38 10106~
DSIBAHETO HA TE3W JIBa AJTOPUTHMA Ie 00CHINM Ha IPYTo MSCTO (6epoammo 6 npednume dee cexyuu,
Koumo owe we ca nanucany !).

HeapSort npu pabora ¢ mHaxoako HuBa Ha mamerTta (Obp3a m GaBHA) € TMO-Ciab OT APYrUTE B3
ANTOpUTHMa TOpaan (haKTa, de HEMpeKbCHATO 00paboTBa PasHU eJEMEHTH TI0 IsIIaTa TbJIKWHA Ha
macuBa, a MergeSort u QuickSort o6padorBar Kbeu moaMacuBU HAKYI, KOETO TH CbLJIACYBa, J00pe ¢
aJIropuTMUTE 33 paboTa ¢ cache/swap mameru u G6ydepu.

Ocsen ToBa HegocTarbiure Ha QuickSort mMorar ma O6baaT KOpUTHpaHU (HIKOUW HAITLJIHO, JAPYTH
YACTUYHO), KAKTO IIe MOKAYKEM B CJICJBAINATA CEKITHSI.

1.4.2 Tlomobpeunsa ua QuickSort

1. YckopsiBaHe Ha pa3aeJssHeTO:

[ItpBoTO TpaKTHUYECKO T0I00pEHNE He 3acsra HeJAOCTATbK Ha aJirOpPUThMa, TO € BCBIIIHOCT OPHUIH-
HaJIHATA MpOoIeaypa mo pasgendae wa Hoare:

HOARE _PARTITION(A[L,2,...,n]: array; [, h: indices in A)
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1 splitter < A[h]

2 1+ 1—1

3 j+« h

4 while TRUE do

) repeat

6 14— 1+1

7 until Afi] > splitter
8 repeat

9 j+ 7—1
10 until (A[j] < splitter) V (j < i)
11 if i <j
12 swap(Ali], Alj])
13 else swap(Ali], A[h])
14 return 1

Anamm3bT 32 KOPEKTHOCT Ha TOPHATA MPOIEAypa € TO-CIOYKEeH OT BepcuaTa Ha Lomuto w 1me g
OCTaBUM HA YNUTATEJIS.

Bpost cpasHeHust Ha eJIeMEHTH J1a IBATA aJTOPUTHMA 38 pa3jessHe e MpUOIN3UTETHO paBeH. Aro-
purbMbr Ha Hoare npaeu cpejjHo 0K0JIO 1.5 I'bTH 10-MAJIKO CPABHEHUSI M yBeIMYaBaHUsl/ HAMAJISTHUST
Ha waAekcu. Bpoar swap-ose npu Lomuto cberaga ¢ 6posi Ha MajakuTe ejeMenTu, npu Hoare ToBa e
OpogaT Ha NOJEMUTE €JIEMEHTH, KOUTO 33€MAT II'bPBOHAYAIHO MECTATa HA MAJKU €JIEMEHTH, T.€. CPEIHO
e 2-1rbTy 110-6'bP3 10 TO3U MOKA3ATE.

2. Hamangane Ha u3mnoJ3BaHaTa [IAMET:

Kaxkro 6emie orbesisizano no-rope, B JIOMIUS Caydail 6pogdT HAa PEKYPCUBHUTE M3BUKBAHUSA MOXKE A
nocrurie O(n), CbOTBETHO JIOIbJIHUTEIHO W3n03BaHaTa namer crasa O(n), KaTto craBa JyMa 3a cTe-
KOBa IaMeT.

B mskon omepannonHu cucteMu (uau codTyepHU Cpeu B M0-00MIMs CIydaii) MOKe /1a UMa Orpa-
HUYEHHWs 33 pa3Mepa Ha cTeka. B TakaBa cpejia [0Ia/laHeTo B JIONIN CJy4ail He caMmo Ie yBeJIuyn
U3I0/I3BaHaTa ITaMeT, & MOXKE Jla IIPEeJU3BUKa IIPEIIbJIBAHE Ha CTeKa U IPEeKbCBAaHE Ha U3N'bJIHEHUETO
Ha aJrOPUTbMA.

Pemennero wa T03u mpobsiem e M3M0I3BAHETO HA Omamkosa pekypceus (tail-pexypcus). Tosa e Tex-
HUKA 32 3aMsHA Ha PEKYPCHBHO U3BUKBAHE C IIUKbJI, KOTATO PEKYPCHUBHOTO U3BUKBAHE € B Kpast (Omalll-
kara) Ha JgeduHUIMATA HA NPONeypa i PyHKnus. Hakon KOMIMJIATOPU M MHTEPIIPETATOPU ABTO-
MaTHU3WPAT TaKaBa 3aMAHA, HO Ta3W BBb3MOXKHOCT € CBbP3aHa C M3NCKBAHUS KbM CTEKa W KOMAHIUTE
3a yOpaBJjeHNe Ha KOHKpPeTHAaTa apXUTEeKTypa Ha U3UUCJUTETHATA CUCTEMA.

Hsama ja obebikgame B TeTaliin TeXHUKATA Ha OMAIIKOBATA PEKYPCHsI, CAMO e TOKAYKEM KaK Tsl Ce
npuiara KbM agaropurbma QuickSort. AaropuThbMbT 3aBBPINBA ¢ PEKYPCUBHO OOPBINEHHE KbM cebe
CH, TOECT, HAJIUIIE Ca YCJOBHUs 3a IpUJIAraHe Ha TeXHUKATA.

Eto kak usrnimexa Monuuimpana Bepcus Ha aJrOPUTbMA:

TAILRECO _QUICKSORT(A[L,2,...,n]: array; [, h: indices in A)
1 whilel < h do

2 m < Partition(A, 1, h)
3 TailRec0 QuickSort(A,l,m — 1)
4 [+ m+1

Hosara Bepcust TailRec0  QuickSort m3pbpIiBa cbImTe H3IUCICHIS KaTO OPUTHHATHATA (/T0KAaXKeTe
ToBa!), HO IPaBMU PEKYPCUBHO U3BUKBAHE CAMO IIPU COPTHPAHETO Ha, JIEBHsl MOJAMHTEPBAJ (EIEMEHTUTE
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MO-MAJIKW OT pasjenurens splitter).

Bce ome ¢bInecTByBa pUCK J1a TOTAJJIHEM B JIOII CJIyYail, TpW KOWTO JE€CHUS WHTEpBaJ (KOWTO obpa-
foTBaMe B IUK'BJI) [1a CE CIY9BA JIa € KPATHK, a JEeBUAT (KOHTO 06paboTBaMe peKypCUBHO) /14 € JbJIbT
" Ja MOJIYYAM MHOTO HUBA Ha PEKYPCUBHU M3BUKBAHIS.

Pemennero e pexkypcuBHOTO OOpDBINEHHE Ia C€ IPABU KbM IO0-K'bCHS HOIUHTEPBAJI, & II0-IbJICHSIT
ma ce 0obpaboTBa B IWKBJI Upe3 MEXaHW3Ma Ha OMAITKOBATa pekypcus. ToBa € Bb3MOXKHO, MOHEXe
HaMa 3HAYEHNE B KaKbB PEJl COPTUPAME MATKUTE W TOJEMHUTE EIeMEHTH CJe] PA3JIeIsIHeTO CIPsSMO
splitter m MoXKeM j1a pasMeHsMe pefla Ha peKypcuBHUTE u3puKBanus Ha, QuickSort B opurmnasHus
aJIrOPUTHLM. Taka IpH BCAKO PEKYPCHBHO M3BHKBaHE PasMepbT Ha 06paboTBaHmsI MaCHB IIe HAMAJIABa,
[IOHE HAIIOJOBUHA U JIbiabounHaTa Ha u3noassanus crek e 6bae O(lg(n)).

Ero momudukanmsara, kosro rapanrupano usnonssa O(lg(n)) monbanurenna namer:

TAILREC _QUICKSORT(A[L,2,...,n|: array; [, h: indices in A)
1 whilel! < h do
2 m <— Partition(A, [, h)
3 itm—-Il<h—m
4 TailRec_ QuickSort(A,l,m — 1)
) I+ m+1
6 else TailRec QuickSort(A,m + 1, h)
7 h+ m-—1

3. CayyaeHn n360p Ha pa3/IeJIUTeJI:

Jlomusr caydait npu paborara Ha ajaropurbma QuickSort Bb3HUKBA KOraTo U30paHUAT pasiesiu-
Ten splitter wMma ekcTpeMasifHa Wian OJM3KaA 0 eKCTpeMaJIiHa CTOWHOCT (T.e. TOW € Hal-MaJKUAT, Hal-
TOJIEMUSAT WK OJIU3bK JI0 TSIX €JIeMEHT B U3CJIeIBaHUsT WHTepBaJI). Torapa HHTEPBAIBLT ce pas3fesis Ha
€JTHa, MHOTO MaJIKa ¥ JAPYTa MHOTO TOJIIMa JaCT, U IPU CEPUST OT TAKUBA AOWU PABIETAHUSA CJI0KHOCTTA,
napactsa 10 O(n?).

Ha mpakTuka decto ce cjiyuBa MOTPEOUTENAT [1a TOJAJe K'bM COPTHPAIUAT aJITOPUTHM BEUYEe COp-
TupaH MacuB. Ho ToBa e TouHO Haii-jomugT caydait 3a agsropurbma QuickSort, B HeroBara ocHOBHA
peaJit3allud, U3JI0KEeHa B HA4aJ0TO Ha TA3W IJIaBa.

Moxke ma IpMIOKEM HAKAKBA CTPATErHs 33 N30IrBaHEe HA MOA00HA HEMPUATHA CHTYAIHs, IPUMEPHO
dbyukiuara Partition ma u3bupa 3a splitter ne xkpaen, a cpemen esement. ToraBa BB3HHUKBA APYyTa
OIACHOCT: XaKep, 3all03HAT C JeTAHIn Ha HAIATa peaan3alldd 13 MOJa1e KAaTO BXOTHU JAHHU TaKa,
oApeIeH MacuB, ue HoBaTa Hu Gyuknug Partition Bunaru na n3bupa 3a splitter MakCuMaHUAT €JIEMEHT
Ha 00paboTBaHNda MHTEPBAJ W OTHOBO 13, HE BKapa B JIOIIMS CJIydail.

Enmo oT Bb3MOXKHATE CpeCTBA 33 MPEIOTBPATIBAHEe Ha HEMPUITHATE CUTYAIINN, OMUCAHHU MTO-TOPE,
e ma m3bmpame cayucen emeMeHT 3a pazgenuren. ToBa Moxke ma crane BbB dyHkiumaTa Partition —
usbupame ciaydaed ungekc i (I < i < h), u paborum ¢ pasgemuren splitter = Ali]. Ipyr yao6en meros
e TIpeIM HAYAJIOTO Ha COPTUPOBKATA Ja PasObpKaMe CJYUIARHO eJTEMEHTHTE Ha BXOIHUS MacuB A.

Texuukara Ha n300p HA CAYYEH PA3EJIUTE/] HE HAMAJIABA BEPOSTHOCTTA 3a BJAM3AHE B JIOII CAydail,
TSI TPOMEHS JIOMTHs CIydaii OT MpeBapUTETHO COPTUPAH MACUB B ApyT (caydaiino mapesgen). Ta mpe-
JIOTBPAaTABa Bb3MOXKHOCTTA 33 XaKePCKa aTaKa, CTUTa XaKepbT Ja He 3Hae KaKBa CjaydaiiHa mopegulia
u3no3BaMe 3a n3bopa Ha pazgenuren (Mam 33 pazbbPKBAHETO HA MACHBA B HAYAIOTO).

4. llo-no6bp pazaenuTest.

Mennama Ha MacuB OT YHCJA IIe HapUIaMe TO3W eJIeMeHT, KOUTO 3aeMa cpelHaTa MO3UINS B COp-
TUPAHUS MaCUB, T.€. €JIEMEHT, KOUTO € MO-TOJIIM WU PaBeH Ha IOJIOBUHATA €JeMEHTH HAa MacuBa U
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IIO0-MaJI'bK UJIN PaBE€H Ha APYTaTa IIOJIOBHHA.

AgnropurbmMbT QuickSort gocTura Hali-roasMa epEKTUBHOCT KOTATO PA3IETUTENAT € BJAUIDK 70 Me-
JraHaTa. CprBa CHl, KOraTO BXOOAHUAT MACUB € CPAaBHUTEIHO T'OJIAM, Jda B3eMEM HAKAKBO KOJIUYICCTBO
HETOBHU €JIEMEHTH, Ja HAMepUM TAXHAaTa MeanaHa U Ja s uzbepeMm 3a paszgenuresn. Mma manc Taka
MBYUCTCHUS PA3TENTUTESN 1a € TO-0T1M30 710 CHITHHCKATA MEINAHA U TT0-Tajed OT KPAWTIATa Ha MacHBa.

Hait-npocruar cayuaii Ha Takaa mogndukammus (Hapuda ce cpeden om 3) e 1a ce B3emMaT 3 eJIleMeHTa
(mpumepro A[l], A[|(I + h)/2]], Alh], nam oK 3 corydaitHo n30paHn) U CPEHUAT O TOJEMHHA Ja Ce
[OJI3BA 33 Pa3/Ie/IUTEIL.

ITpu obukHOBeH M360P HA pa3meanTes TOM € C PABHA BEPOATHOCT KO /13 € OT eJIEMEHTUTE HA BXOIHUST
MaCHB OT 7 €JIEMEHTa, a MaTeMATHIeCKOTO OYaKBaHE 3a pasMepHUTe Ha MOJUHTEPBAINTE (MaJbK U
TOJISIM) CJIEJ] PA3JEISTHETO € ChbOTBETHO %n u %n.

IIpn m360p ma pazmesmren mo Merona cpeden om 8 CHLOTBETHHTE OUYAKBAHUA CA i7’L 148 Qn KOoeTo
16 16"

npub/mKaBa MaJko (Ha %671) pasmenTeNsd J0 MeIUaHaTa.

BepositHOocTTa OGMKHOBEHUST pa3/Ie/UTe/l Ja € MOMaJHe CJIe]| Pa3jiessHero B mosunus 1...7 (1a e
B JIeBUA Kpafl Ha Macupa, 6/IM30 J0 MuHEMaIHATA crofinoct) e Pr[Partition(A,1,n) < i = L. Tlpu
MeToa cpeden om § CbOTBETHATA BEPOSTHOCT e orpanudena oT ¢(L)? sa HKaKBa KOHCTAHTa ¢, KOETO
SHAUATETHO HAMAJISIBA IAHCA Ja Ce TTOJIYIN MHOTO JIOMo pasjesste. ChiuTe paschK/IeHus BaXKaT 1

3a JeCHUA Kpail Ha MacuBa.

Ome 1mo-100py pe3ynTaTy me ce Mojydar, ako ce m30upa PajennTes 0T TMO-TOIsIMa U3BaIKa (pu-
MEpHO CPEJIEH OT 5 WJIH 7), HO M3YNUC/ISIBAHETO HA TAK'bB PA3JEJUTE U3UCKBA, TOIbLIHUTEHO BPEME U
MOYKe JIa Ce TOJI3BA, CaMO KOTATO BXOJHWS WHTEPBAJ € TOJISM.

5. Mankure mogmacuBu ce coprupar ¢ InsertionSort.

Koraro B Hstkoit mogmacus octanar okoso 10 esementa, 6bp3ute aaropurmu (QuickSort, MergeSort,
HeapSort) ca no-needexkrusan or InsertionSort, Tbit Karo IPaBAT MHOIO PEKYPCUBHU M3BUKBAHUS
kbM cebe cu (QuickSort, MergeSort), min pasmecrBar needexrusno enementure cu (HeapSort).

AsroputbMbT InsertionSort e Maako mo-6bp3 3a MaabK Opoit eementn n QuickSort Moxke 1 ce Mo-
muduImpa Taka, de Koratro o6paboTBaHUST WHTEPBAJ CTAaHe TO-K'bC OT HaKakBa KoHcTaHTa (CemKynk
npenopbasa 10-16), Toit na 6bae coprupan ¢ InsertionSort.

6. KomOuHuUpaHe ¢ IpyT aJropuTbM:

WznonsBanero Ha ciydyaeH pasjiejuTest nomara Ha ajaropurbma QuickSort na uw3berue Biam3aHeTo B
JIOIUS CAydYall Tpy HakoW OOWYaliHm Cjyvan Ha BXOIHW JTAaHHW WM IPU XAKEPCKa 3j0yrnorpeba, HO
HapyIIaBa CBOWCTBOTO OHpe,Z];eJIeHOC'IEI (IleTepMUHIPAHOCT) HA AJTOPUTHMA.

[TsaHOTO M306ATBAHE Ha JIONTHS CAyYali W 3ala3BAHETO Ha OIPEIJIEHOCTTA Ce TTOCTUTA Ipe3 KOMOMHI-
panero Ha QuickSort ¢ apyr asropurbm (Ha npakruka ce nonssa HeapSort). B mauanoro copruposkara,
3aro4sa ¢ ajropurbMa QuickSort, karo ce cienu pazMepa Ha U3CIEABAHUS UHTEPBAJ U JIbJIDOUNHATA
Ha pekypcusita (uam 6posi Ha UTEPAIMUTE [IPY TPUJIAraHe Ha OMAIIKOBA PEKYPCHs). AKO pa3sMepbT Ha
WHTEPBATa He HAMAIABA 3HAYUTEHO MTPHW HAPACTBAHE HA ThIAOOUWHATA Ha PEKYPCH, CIelBa, Te CMe
BJIE3IN B JIOIIHA CJIy9ail — ToraBa OCTABANIUST WHTEpBaJ ce coptupa ¢ HeapSort. Ilomobua cxema ce
npujara B ChbBpeMeHHaTa ajroputMmuuna, bubimoreka STL 3a esuka C++.

! Onpenenenocrra H3UCKBa U BCAKO CTAPTUPAHE C CIHE U CHINY JAHHE AJTOPHTHLMBT 2 JABA eIMH ¥ ChII pesyJ-
TaT ¥ Ja NPOBEXKIA MIUNCICHUATA [T0 eJHAKbB HAdMH. B Hammar caydait QuickSort Bumarm me momgpema KOPEKTHO
BXO/HUS MaCHUB, HO U300PBT HA CIydaeH Pa3fe/uTesl Iie JOBeIe 0 PA3INTIHN BPEMEHA 3a U3IIb/IHEHNE U [0 eBeHTYAJIHO
pasMecrBaHe B U3x0omHud (Hailyl Ha eJIeMEHTH C €JHAKDB KJIIOq.
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