3apaun ¢ pewenust no Auckpetnn Crpyktypu (© Munko Mapkos

VYIPAYKHEHUE 4 110 JIUCKPETHU CTPYKTYPU, KH2, 3UMEH CEMECTHP 2015-2016 T.

NHOVKINUS, OYVHKINN, KOMBUHATOPUKA

1 WMuagykiua

Samaya 1. Jlokaxkere 110 UHIYKITHS, 1€

vn e N* : i(—ni# — (—=1)"n (”T“>

i=1

Pemnitenne: Ille jjokazkeM TBBHPAEHUETO C UHIYKIUS 10 L.
Baza: 3an =1 tBbpuennero e

1
. 1+1
. 1-2: 1\ -
Sene= 0 (45)
JIsaBara cTpana e:
(=112 =—1

lgacarara crpana e

(=" (%) = —1

Tebpaernero B 6a30BUs ciydail € BApHO. v/
NnnyknuonHo npefamosioxkenne: Jlomyckame, e

S v = ()

3a HIKOE IISJI0 ITOJIOKUTETHO TL.
NunykmuonHa crboka: Ille mokaxkem TBBPIEHNETO 3a CTOWHOCT Ha aprymenTa N+ 1. Tebp-
JIEHUETO €:

n+1

>0t = 0 e (252 )

i=1
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PasmexmaMe JidBaTa CTpaHa:

HZHH 2 =

(i(—l )! iz) + (=" (n+1)72 = (CHIVIACHO HHAYKIMOHHOTO IPe/IOIOKeHHe)
(1" (“T“) )M 1) =

)" m+ 1) (F-n+1) =

JlokazaxMme Upe3 eKBUBAJIEHTHH IIpeo0pa3yBaHus U WHIYKIIMOHHOTO IIPEJIIOJIOKEHNEe, Ue JisiBaTa
crpana Ha (1) e paBHa Ha JgCHATA. O

3amaga 2. Heka X e mpou3BOJIHO peaiHO YHCJIO, TaKoBa de X > —1. Jlokakere 110 UHIyKIUS, H€e
VvneNT: (1+x)">1+nx

Pemenne: Ille mokazkeMm TBbPAECHUETO C MHIYKIIAA 10 M.

Baza: 3an =1 tebpaenunero e
T4+x>T1T+x

KOETO € TPUBHUAJIHO BAPHO. v/
NuayknmonHo mnipejmosioxkenne: [lomyckame, 1e

(1T+x)">1+nx

3a HIKOE IOJIOKUTETHO M.
NunykmuonHa crboka: Ille mokakeMm TBBPIEHNETO 3a CTOWHOCT Ha aprymenTa 1+ 1. TBbp-
JIEHUETO €:

(T4+x)™" >14+ n+1)x (2)

PaBFJIe}K,ZLaMe JIiddBaTa CTpaHa:

(T4 = (T+x)™(1 +x) > (ChIVIACHO MHJIYKIIMOHHOTO IPEJIIIOJIOKEHIE )
(1T4+nx)(1+x) =

T4+x4+nx+nxt =

T4+ 4+ 1)x+nx > (Twit KaTo nx* > 0)

T4+ (mn+1)x

JlokazaxmMe 4Upe3 eKBUBAJCHTHU IIPeoOpa3yBaHUsl, WHIYKIIMOHHOTO IPEJIINOI0KEHUE U OYE€BUIHU
HEepaBEeHCTBa, Ue JIgBaTa cTpaHa Ha (2) e Mo-ToJIsIMa UM PABHA HA JSICHATA. U

2
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Sama4va 3. Jlokaxkere 1o uHayKims, 9e 11" — 6 ce e Ha 5 3a BCAKO ISIJIO TIOJIOXKUTETHO L.

Perenne:

Basza: Bazosusar cayyaii e 3a n = 0. Tebpaennero crasa, “11° — 6 ce genn Ha 57, KOETO OUEBHIHO
€ BSIpHO.

NunykruBHa xunore3a: /la jomycHeM, de TBBPJIEHUETO € BIPHO 3a MPOU3BOJHO €CTECTBEHO
TUCTIO M.

NuaykTuBHA cTbiKa: Jla pasriegaMe TBLPICHAETO 32 CTOMHOCT Ha apryMenTta n+1: “11M1 —6
ce nean na 5”. Ho

N —6=11x11"—6=(10+1) x 11" —6=10x 11"+ 11" —6

OueBnnao 10X 11™ ce nesmm vHa 5, a 11" —6 ce jesu Ha 5 OT WHIYKTUBHOTO Tpe o tokerune. Cymara
Ha 4ucjIa, JIeJAIIA ce Ha 5, 3aab/kurento ce aean Ha 5. C Koero mokaszaxme, 4e TBLPIACHUETO
“TM*1 — 6 ce menm Ha 57 e BsAPHO. Il

Samaua 4. Pasrjejaiite cjaeHOTO JI0KA3aTEICTBO 110 UH/LYKITHS:

IIle nokazkem, e 5n 4+ 3 = 5(n — 2) 4+ 8 3a Becsiko ecrectBeHo uncso n. Jla jjorycHeM,
ye TBBPJIEHHETO € BSPHO 3a HIKAKBO eCTecTBeHO M. Pasriexkjave TBbPIEHHETO 3a
CTOHHOCT Ha aprymeHta n + 1:

5m+1)4+3=5(n+1)-2)+8 < m+54+3=m+5—-104+8
Gn+3)+5=n—10+8)+5 < OGn+3)=Gn—10+8) «
Sn+3=5n—-2)+38

Ho nocsietHoTo paBeHCTBO € HMEHHO HHJIYVKITHOHHOTO IIPEJIIIOJIOXKEHHE H KaTO TaKOBa
e Bspuo. CienoBaTe/IHO, TBbPJEHUETO € BSIPHO 38 BCSIKO €CTeCTBEHO M.

KakBso 6uxre Kazajau 3a TOBa ,ZLOKaSaTeJICTBO?

Pemenne: TBbpiaeHnero 09eBUIHO € HEBAPHO: OTBOPETE CKOOUTE BIISICHO U U3BaIETE STL OT JABETE
crparu. [Ilom TBbpAeHHETO € HEBIPHO, HIMa KaK JI0Ka3aTe/ICTBOTO Jia € BaJuJHO. |'pernkara B
TOBa “I0Ka3aTesIcTBO” e Jimicara Ha 6a3a. Haucruna, ako ce onurame Jia pasriegame 0a30B Cirydait
38 IPOU3BOJIHO KOHKPETHO €CTECTBEHO YUCJIO M, e HOJIYYUM HEBSIPHO TBbPJICHUE. O

. n . n N
Bamaga 5. [loxaxere mo muayknud, e vn > 1 : () ; Ay = [Ji_; Ai. Moxere ja nosssare
HArOTOBO U3yYaBaHUTE B UaC CBOWCTBa Ha OIEPAINUTE BbPXY MHOMKECTBA.

Pemmienne:
Basza: 3 i N_ A =U_ A

aza: 3aMecTBaliku aprymMenra n ¢ e/JiHUIa, Hoslyvasame TBbpienneto ()i Ay = [J;_; Ay, Koero
e C¢bIoTO KaTo A7 = Aj, KOETO € TPUBUAJIHO BSPHO.
NuaykTuBHa Xumiore3a: TBbpAeHNeTO e BAPHO 3a MPOU3BOJIHA CTORHOCT N > 1 Ha aprymeHTa.
NunykruBHa cTboka: /la pasriesame TBbP/IEHNETO 3a CTOHHOCT Ha aprymenTa N+ 1. JIssara
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cTpaHa e:

n+1
ﬂ A= (OT acoIMaTUBHOCTTA HA CEYEHUETO)
i=1

(ﬂ Ai> ﬂ Anil = (or 3akona Ha Jle Mopran)
i=1

n
(ﬂ A-l) U Anil = (OT MHJI. TIPeJIIOIOKEeHNE)
i=1

n
U A U Ang = (or acoruaTuBHOCTTA HA OOEINHEHUETO)
i=1

n
1
Bagaua 6. okakere 1o wHIYKIMUs, de Vi > 1 : Z — > n.
o VK
Perienne:
Baza: 3amecTBaiiku aprymMmenTa n ¢ eJUHUIEA, [OJIydaBaMe TBbPIEHUETO ZL:1 \/LE > /1, Koeto e

C'BITOTO KATO \iﬁ > /1, KOeTo e TPUBUAHO BSIPHO.
NunaykruBHa Xutiore3a: TBbpAeHNeTo e BAPHO 3a MPOU3BOJIHA CTORHOCT N > 1 Ha aprymeHTa.
NunykruBHa crboka: /la pasriesame TBbPIEHNETO 3a CTOHHOCT Ha aprymenTa N+ 1. JIssara

n+1
CTpaHa € Zk:] \/]_E CJIe,ZLHaTa IIOCJIEA0BATE/IHOCT OT HEPpAaBEHCTBa U PAaBEHCTBa € B CHJIA:

=
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n
Bamaya 7. /lokaxkere mo muyKIims, qe vn > 1: Z Hy = (n+ 1)H, —n, kbjaero Horarusara H,
k=1

osnauasa H, = Y | ;1.

Perenne:

. 1
Basa: 3amecTBaifku apryMenTa N ¢ eIMHAUIA, HOIyIaBaMe TBbpaerneTo y _ H = (1+1)H;—1,
Koero e cbuoro Karo Hy = 2Hy — 1, koeto e ¢bioro kato 1 = 2 X 1 — 1, KOeTo e TpuBUAIHO
BAPHO.

MuaykruBHa xunore3a: TBbPIEHUETO € BAPHO 3a IIPOM3BOJIHA CTORHOCT N > 1 Ha apryMeHTa.

NMuaykruBHa crbnka: /la pasriejame TBbDIEHAETO 3a CTORHOCT Ha aprymenTa N + 1. Jlssara
1

crpana e Y 1) Hy. CresHara mocIeI0BaTeTHOCT OT PABEHCTBA € B CIIA:

n+1
Z Hy = (ot ompenenernero Ha Hy)
k=1
n
(Z Hk> +Hog = (OT MHJI. TPeIIOIOXKEHNE)
k=1
Mm+1)H,—m+H,y = (ot ompenenernero Ha Hy)

(n+])Hn_n+Hn+1 +(n+])Hn+1 _(n+1)Hn+1 =
M+TDHy—n— M+ THy + (n+2)Hy g =
Mm+2)H 1 +n+1)(H,—Hyyy) —m = (or ompejenennero ua Hy,)

M+2)H g+ (m+ 1) (Hn—Hn—L> —n=
n—+1
1
M+2)Hyy—T—n=
M+2)H —(m+1)

CutetoBaTeHo, ZEL] Hi=Mm+2)H, . — (n+1). O O

Samaya 8. [lokakere 1o WHAYKIMs, Y€ 3a BCIKO KPAHO HEIPA3HO MHOXKECTBO A, OposT Ha
IIOJMHOYXKeCTBaTa Ha A ¢ YeTeH OpPoil ejleMeHTH e paBeH Ha Oposi Ha IOJMHOXKeCTBaTa C HeYeTeH
Opoitl eJeMeHTH.

Pemenne: Hexka 2* crenennoro muoxkecTBo Ha A. Jledbunnupame, de:
2 ={X|X € 2* u |X| e werHo wmco.}
28 = {X|X € 2* u [X| e neuerno uucio.}

BajlauaTa ce ChCTOU B TOBA, Ja ce JoKaxke, ue VA, takosa ue A # (), |22 = 22|, TTokazaTescrsoro
e ¢ MHAYKIms 110 [Al.
Baza: |A| = 1. Torasa

2A = {®> A}
OueBuHO

2% = {0}

zé = {A})
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Taka ue 22| = 22| e Bapwmo.
MuaykTuBHA XUnoTe3a: Heka TBbPICHIETO € BAPHO 3a BCAKO MHOMKECTBO A, Takosa de |A| = n.
Toecr,

VA, Taxosa ue |A| =n: 2} = 2] (3)

NuaykTuBHA cTblika: Pasriexiame mponsBoJIHO MHOXKeCTBO A, TakoBa 4de |A| = n + 1. Heka
a e npoussosieH ejqemenT Ha A. Odesuno 22 ce pazbuba Ha CleIHATE YeTHPH HOIMHOMKECTBA:

B. ={X €2 a e X u |X| e uerHo uncio}
B, ={X €2"|a € X u |X| e meuerno unco}
C.={Xe2*a¢&Xu |X| e gerHo unco}
Co={X€e2 a ¢ X u|X| e Heuerno umcsio}

OueBuaHO

2} =B.UC,

28 =B, UG,
Toit kato B N Ce =0 u B, N Cy, = 0,

28] = [Bel + |C| (4)

1231 = [Bo| + Cal (5)
Heka A’ = A\ {a}. CbriacHo unykTuBHaTa Xunoresa (3),

281 =12 (6)
OgeBnano e, ge 2?/ =Cen 2?’ = C,. CremoBaresHo,

Ce| = ICol (7)
I1le mokaxkem, 4e |B.| = |B,|. 3abenexere, ge

Bel =[Gl (8)

IIOHEZKE NMa 6I/IeKTI/IBHO CbOTBETCTBUE ME2K/Y €JIEMCHTUTE UM:
® BCEKH eJIeMeHT W Ha B, ce mosiyuaBa oT To4YHO eauH ejgemenT v Ha C, 4upes ,aobaBsaHe” Ha
a; no-popmasino, u = v U{a},
e Bcekn ejleMeHT W Ha C, ce mojiydaBa OT TOYHO €JIUH eJIeMeHT z Ha B, upe3 ,Maxane® Ha a;
no-opmasao, w = z \ {a}.
Anasornano,
|Bo| - |Ce| (9)
IOHEKe MMa OMEKTUBHO ChOTBETCTBUE MEXKY €JIeMEHTUTE HM:
® BCeKHM ejieMeHT U Ha B, ce mosydaBa oT TouHO e/uH ejnemeHT V Ha C, upe3 ,jqo0aBsaHe” Ha

a; no-gpopmasno, w =v U {a},

e Bcekn ejeMeHT W Ha C, ce mojydaBa OT TOYHO €IMH eJIeMeHT z Ha B, upes3 ,Maxane“ Ha q;
no-gpopmaano, w = z \ {a}.

Ot (8), (7) u (9) caensa, 1e |B| = [Col = |Ce| = [B,|, & OTTYK ChIVIACHO TPAH3UTHBHOCTTA HA
PaBEHCTOTO MMaMe:

|Be| - |B0| (10)
Ot (7), (10), (4) u (5) cnemsa, qe |22 = 2. O
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1.1 3acmaBaHe Ha TBbPJAEHUETO, KOETO JIOKa3BaMe

B mskoun cirydan 10Ka3aTeICTBOTO Ha JIaI€HOTO TBbPAeHHUE “He M3/1u3a’, BbIIPEKH Y€ TBHPIAECHUETO
e BApHO. B TakbB ciIydaii MoKe J1a OlrTaMe eqHa TeXHUKA: 14 JTOKayKeM 110 WHYKIUs TBbPACHHIE,
KOETO € IO-CHJIHO OT TOBa, KOETO HU € JajeHo. [lo MpUHIII o-CHIHITE TBbPAEHUS Ce JTOKA3BaT
[O-TPY/IHO, HO B HAKOM CJIy9aru—KOJIKOTO W MapaIOKCAJHO Ja 3BYIH—IIO-CUJIHUTE TBbLPIAEHUS Ce
JIOKa3BaT I0-JIECHO, aKO TOJI3BaMe WHLYKITUSI.

Sagada 9. lokaxkere, de

1 3 2n—1 1

— X X ... 11

2737 T T U (1)
1

Pemenne, mbpeu onut: Basara e 3an = 1. JIasarta crpana e 5, a JscHara e \/lg eiicTBuTeiHO
JiiBaTa CTpaHa € Io-MaJjKa OT JisgcHaTa. BasoBudT ciaydail e JoKa3aH.

Sa Bcarko n > 1

Jlorryckame, 1e TBBLPJICHUETO € BAPHO 3a HIKAKBA CTOWHOCT Ha apryMeHTa T, U pa3lJIezKaMe
TBBP/IEHNETO 3a CTONHOCT Ha apryMeHnTa N + 1. 3a Ta3m CTOWHOCT, TBHPIECHUETO €

13, o1 1 (12
247 2n 2n+2 3m+1)
A
C’]:FJI&CHO NHAYKIOUOHHOTO IIPEAIIOJIOZKEHUE, N3Pa3bT, O3HAYEH C A, € IIO-MaJIbK OT \/Lin HpI/IJIa-

3
raifku ToBa K'bM JisiBaTa CTpaHa Ha HepaBeHCTBO (12), mosryuaBame

><2n+1< 1 ><2n+1
2n+2  /3n 2n+2

Janau obaue

1 2+l 1
Van 2n+2 B+

A

C rpuBnasHa anrebpa ce yoexkjaBame, de He € BSIPHO:

1 2n+1 1
Van mt2 " 3(n+1)
2n+1< n o
2n+2 n+1
n? +4n+ 1 n
—

M entd “ntl
I AP An +an? Han 4+ 1 <4nd 4 8nf 4 4n —

In+1<0

HpOBa.H'bT Ha J0Ka3aTEJICTBOTO HE 03Ha41a6a, 1€ TBbPDACHUECTO € HEBAPHO, a CaMO Y€ HE CMe YCIIEeJIN
Ja I'O JOKazKeM 710 mo3u Ha“YUH.

Pemnienne, Bropu onut: Ille jjokaxkeM 110 MHIYKIUS CJAETHOTO TBbHPECHUE

2n—1 1
BaBCHKonZZ:—xéx n <

coo X
2 4 2n V3n+ 1

Bazara e 3a n = 2. JIaBara crpana e % X % = %, a JsIcHaTa e % JleiicTBUTETHO JIsiBaTa CTpaHa

e TIo-MaJIKa OT JIFCHaTa. ba3oBugaT caydail e jJoKa3aH.

(13)

7
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ormyckame, 4e TBBLPJEHNETO € BIPHO 3a HIKAaKBa CTOMHOCT Ha apryMeHTa M, U pa3lJiezKjaMe
TBBP/IEHUETO 3a CTOMHOCT HA apryMenTta N + 1. 3a Ta3u CTOWHOCT, TBBHP/IECHUETO €

1 3 n—1 2n+1 1
=X = X ... X X < (14)
2 4 2n , In+2 3(n+1)+1
A
CbriacHo WHIYKIIMOHHOTO MIPE/IIOIOKEHNEe, M3Pa3bT, O3HATEH ¢ A, € MO-MaIbK OT \/ﬁ [Ipuna-

raifki ToBa K'bM JisiBaTa CTpaHa Ha HepaBeHCTBO (14), mosrydaBame

X2n+1< 1 XZn—H
2n+2  /3n+1 2n+2

OcraBa J1a JIOKaxKeM, e

1 " n+1 < 1
V3In+1 2n+2  /3n+4
eiicTBATEIHO,
1 2n+1 1

VIl m+2 " \Bn+a
2n—|—1< [3n+1 o
2n+2 In+4

M +4dn+1 3n+1
1 8ntd " 3ni4

2R+ 12 +3n+16n°+16n+4 < 1212 + 242 + 12n+4n’* +8n+4 PN
19n < 20n

C rToBa jokazarencrBoro Ha (13) mpukmousa. Popmasao, TebpieHue (13) He Biede TBbpIEHUE
(11), zamoro (13) e 3a n > 2. Ho siecro ce Buka, de (13) 3aeqno ¢ gokasarescrsoro Ha (11) 3a
n =1 ca no-cuno TBBLPAeHUE or (11). U

EnHo uHTYHTHBHO OOsICHEHME 3alll0 TEeXHUKATA ChC 3aCH/IBAHE HA TBBPJEHUETO (IIOHSKOra)
paboTu e, 4e JT0Ka3aTeJCTBO 110 MHIYKINS IpUInda Ha KaTepeHe II0 CTbhjba: Hue cT'hblIBaMe Ha
MHYKTUBHOTO IIPEJIIIOJIOKEHNe U ce “KadBaMe’ eIHO HUBO Harope, JOKa3Bailku WHIYKTUBHaTa
cTbika. 1Ipn nmo-cuaHO TBBHp/IEHNE CTHIATIOTO, OT KOETO TPbIBaMe, € MO-BICOKO.

Texumnkara ¢bc 3acHIBaHe HA TBHPJAEHUETO € C36CEM PA3AUYHO HEUL0 OT JIOKA3ATEJICTBO Upe3
TaKa HApedeHaTa CUJIHA WHJLYKIIUs, KOTATO JOIyCKaMe TBbP/IEHUETO He IIPOCTO 3a N, a 3& BCUUKU
CTOMHOCTU Ha apryMeHTa, MO-MaJjK{ WJIN PABHU Ha T.

2  Dyukun

Samaua 10. /lokaxkere, 1e MHOKECTBOTO

LSS

e n3bpoumo Oe3kpaiino. [Ipuemar ce caMmo 1moapoOHN JI0Ka3aTeICTBa, CJIeABAIN CTPUKTHO OIpe-
JIEJICHHETO 3a n30ponMo Oe3KpaitHo MHOKeCTBO. N 03HadaBa MHOYKECTBOTO OT €CTECTBEHUTE YHCIA

N=1{0,1,2,...}.
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Pentenmne: Jla pasrinename ciennara ¢pyakiums f : A — N, KbaeTo BXOIbT a € IPO3BOJIEH
eJIeMeHT Ha A:

f(a) {
k = 0;
while (kx(k+1)/2 < a) {
k ++; }

return k; }

Tosa e nporpamen ko (6sim3bK 70 C), a Ta3u nporpaMua (dbyHKIusg f e peajusarysi Ha MaTeMa-
Trdeckara dpynakimd 1. OueBnaHoO €, Ue 3a BeAKo Unciao a or A, f(a) BpbIa UMEHHO TOBA, UHCIIO
N, 3a KOETO %n(n + 1) e paBHO Ha a.

QaxTbT, ye f BpbIA €CTECTBEHN YUCIA U CAMO €CTECTBEHH YHCa, € OYeBUJICH, TaKa de KO-
noMelabT AeficrBurenHo e N. CbIo Taka e 09eBUJIHO, Ue (DYHKIHUATA € TOTaJHA, MOHeXKe HAMA
orpaHMYeHHe 3a TOBa, Koe 4ucjo or A e Obje mojageHo Ha Bxoga i. Ille moxkaxkewm, ue f e 6u-
eknus. [lo nmedununus, egHa yHKIUs e OMEKIUg ToraBa M CaMO TOraBa, KOraTo € WHEKIIUsS U
ciopekius. Ul Taka, moka3aTecTBOTO, de (DYHKIUATA € OMEKINsl, ceé ChCTOW OT JIBe JaCTh: JI0Ka-
3aTEJICTBO, Y€ € MHEKIUs, U JOKA3aTEeJICTBO, Y€ € CIOPEKITUS.

Hoxkaszarencrso, ye f e nneknus. da pasriuegame f(a) u f(b) 3a nponsBoHN pasaudHy eJIeMEeHTH
a,b € A. Illom Te ca pa3judHu, eAUHUIT € MMO-TojasAM oT apyrus. Illom ca ememenTn Ha A, TO
Te ca 4ucjia OT BUJA %k(k + 1) 3a ecrecrBeno k. Heka a = %ka(k(1 +1)unb= %kb(kb +1). bes
orpaHMYeHne Ha oOIHOCTTa, HeKa a < b. Toraa oueBmmao k. < Kp. OdeBHIHO mporpamuara,
dyuknus £ ¢ Bxoj a me BbpHe K, 1 ¢ Bxo b 1mie BbpHe k,. KakTo orbenrszaxme, k, # ky. Tosa
JIOKa3Ba, Ue (pyHKIUATA € HHEKIUs: 38 PA3JIMIHNI CTOWHOCTH OT JIoMeiiHa, oOpa3uTe OT KOJoMeiHa
ca pa3IuvHUd.

[Ile mokaxkem, 1e f e ciopexiusi. ToBa o3Ha1aBa, e BCSIKO €CTECTBEHO YHUCJIO L € 00pa3 Ha HSKOit
enemen Ha A. Hawmcruna, Heka ja pasriiegame npousBosied N € N. Heka a e gucioro %n(n +1).
Torasa, cbriiacHo Beue HalpaBeHOTO HabJo/IeHe, hyHKIUATa £ ¢ BXOJI A Ile BbpHE UMEHHO L.
1 raka, pyHKIUATA € HHEKIUs U CIOPEKIHs, ceoBaTe/Ho e onekius. [Tlom nma Ouekims Mexty

A U ecTecTBEHUTE YUCA, 10 Jedunuiusa A e n30pouMo Oe3KpaitHo. U

3 KomMmbunaropuka

3.1 IIpunnun ma Dirichlet

Bamaua 11. B 8 yekmekera nma 87 mosmsa. Oupejeere Hali-roJassMOTO II51JI0 YKCJIO T, TAKOBa
4e 3aILJZKUTEIHO UMa YeKMe2Ke ¢ TL MOJIUBA.

Permnrenue: uavte kazaHo, ThpCcUM YUCIOTO N, TAKOBa de TBbpiaeHnero “Csuecmeysa nove edno
yexmeodxnce ¢ L Moausa” € 3aTbJIKUTETHO BIPHO, HO TBbpAeHueTO “Couiecmsysa none edno uek-
medoce ¢ n+ 1 moausa” moxke u na He e BapHO. CbritacHo 0000mmenus: npunmun Ha Dirichlet,
cbinecTByBa dekMmeke ¢ 11 moua. OT apyra cTpaHa, MOXKe Jia HiMa YeKMeKe ¢ 12 MomBa—
koraro Bcmdku Kytuu nmar 1o 10 wiu 11 mosmsa. Otrosopsr e n = 11. U

Bagaga 12. [azena e peauma or N2 + 1 4uciia, HITO J1Be OT KOUTO HE ca paBHH. Jla ce 1oKaxKe,
Ue Tasyh PEJINIA ChbIbp:Ka MOHOTOHHA IMOPEINIA C Ib/KIHA L+ 1.

tTesn nBe Hema: MaTemaTmueckaTa (hYHKIUS I HIKAKBA HEiHA PeaM3aIus Ipe3 KOHKPETHA IIPOrpaMa, He ca
€JIHO W ChINO Hemo. Pa3iukara e aHAJJOTUYHA HA PA3JIMKATa MEXKJLy YUCJIO W KOHKPETEH 3aINC Ha TOBA YHCJIO B
KOHKpeTHa OpoiiHa cucTeMa.
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Hosacnenue: “MonHoToHHA” O3HaYaBa WM HapacTBalla, min Hamasssaiia. “[lopemguna” o3na-
JaBa dncia OT PeuliaTa, KOUTO He ca HEIIPEeMEHHO C'bCe/IM B PeIuliaTa, HO ca HAIMCAHU B CbIaTa
IIOCJIeI0BATEIHOCT, B KOSITO ca B peaurara. [Ipumepro, ako n = 3 u peaumnara e

4,7,11,2, 8,3, 14, 1,6, 9

MOHOTOHHA& IOpeauIia ¢ abkuna 4 e 4,7, 8, 14:

M, @ 1,2, 83, 4 1,6 9

Pentenmne: /la jomycHeM mpoTUBHOTO: BCIKa MOHOTOHHA Hopeauna € ¢ abokuna < n. Heka A
O3HaYaBa Jla/IeHATa P ¢ IhiKaHa N + 1:

A =ap,dyy...,0n24
3a Bcako 1, Takosa ue 1 < i < n? + 1, nedunmpame nBeTe IOAPEIUIIN :

i
Al = Qi Qiggy ey Q2

Ai=a,Qy...,Q4

3a BcgKO TakoBa 1, HeKa $; € JbJDKHHATA Ha Hali-Ib/ra pacTdila [MOpeaula B A; ¢ IocjeneH
eJIEeMEHT 0; U Heka tj e Jb/KMHATa Ha Hali-Ib/Ira HaMaJjsBalla Hopejna B Aj ¢ IPbB €JIeMEHT
a;. OueBumno, Vi(s(i) > 1A t(i) > 1), Tbil KaTo TaKMBa HOPEJIUIM ChIbLPXKAT IIOHE .

Ot HavaaHOTO Jl0oMycKaHe cieasa, de Vi(s; < n /Aty < n). Ciuegosaresso,

1<s;<n
1§ti§n

3a Beako 1. T'wbit KaTo S; m t; B3eMaT I1en CTOMHOCTH, CJIejBa, e 3a BCAKO OT TAX CTOWHOCTTa
My € eJlHa OT Hail-MHOro M BbL3MOXKHU. [[pmraraiiku mpuHinia Ha yMHOXKEHUETO 3aK/TI0UaBaAME,
e HapejeHaTa JBOMKa (Si,t;) MMa CTONHOCT M3MeXKy Haii-MHOIO n? u3moxxau. Ho i-tara ca
n? 4+ 1 na 6poit. Chriracuo npunmuia na Dirichlet, CBHIECTBYBAT JIBE PA3JIUYHU CTOMHOCTU Ha
IIpoMeH/IuBaTa i, j1a ru HapedeM j u k, Takusa de (sj,tj) = (s, ty), Toect

§5 = Sk

t = ti

a pasriename ejleMenTHTe Ha A, KOUTO ca Ha IIO3UIMNU j 1 K, KOUTO HUE HapuiaMe ChOTBETHO (;
1 ai. Tbit KaTo BCHIKNM eJleMeHTH Ha A ca Pas3jindHH, a; # ay. [la jomycrem, ge 6e3 orpanndenne
Ha oOIHOCTTa, e j < K. 3Ha4#, a; U ax ca PasloyoxKenu B A Taxa:

A_

I IIvpso ma momycmem, ge a; < ax. Tbil KaTo §; € Ab/KUHaTa Ha Hali-/Ibjira pacTdiia IOPeIula,
3aBbpIIBaIA C Qj:

VT
HapacCTBallla IIopeauiia C IbJIZKHHa Sj

f3a paznuka or mopeua, IPU MOAPEIUIA Ce UCKA eJIEMEHTUTE Ja Ca ChCeId B A

10
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1 a; < ag, T0 B A MMa HapacTBallla IIOpeJIlia ¢ Ib/KUHA Sj + 1, 3apbplIBalla ¢ dy; a UMEeHHO,
ChCTOAIIA Ce OT Beve CIOMeHaTaTa IOpeMIa, 3aBbpliBalla ¢ dj, IJI0C Ay HaKpasd:

HapacTBallla IIopeauiia ¢ IbJI2KHHA Sj

'
HapacTBallla IOPeIUulla C JIbJIXKUHA Sj+1

Ho rorasa sy > sj, KoeTo IpoTHBOpeyn Ha (paKTa, 4e 10 KOHCTPYKIUS Sj = Si.
IT  Cera na jomycuem, de a; > ay. T'bit Karo ty e Jb/eKuHaTa Ha Hali-Ibara HaMaJlgBalla
MTOpEJIATIA, 3aII0YBAINA C Ay

N
HaMaJIABalla IOPEaHIla C Ib/RKAHA ty

1 a; > ax, ToO B A nMa HaMaJIgBallia IIope/una ¢ JbKuHa ty + 1, 3amousamma ¢ aj; a IMEHHO,
CBCTOAIIA Ce OT Bede CIOMeHaTaTa MOPeJHIa, 3aIlo9Bala ¢ Ay, IUIOC 4; B Ha9aJI0TO:

HaMaJIsBaIlla TOPEINIa C IbJIKUHA Ty

Vv
HaMaJIgBallla Iopeaula ¢ IbJKuHA t+1

Ho rorasa tj > ti, Koero npoTusopeun Ha QakTa, Ue 10 KOHCTPYKIu tj = ty.
CremoBaTesiHO, I'bPBOHAYAJIHOTO HE JIOIyCKaHe, Ue Haii-Ibjrara MOHOTOHHA IOPEIHUIa He € I10-
JIbJITA OT M, € MOTPENTHO. ]

Bamaua 13. Heka A = {10,11,...,99}. /lokaxkere, 4e BbB BCAKO JIECET €JIEMEHTHO MOJIMHOYKECTBO
Ha A CBIIECTBYBAT JABE HEIIPA3HU HEIPECUYIAIIN Ce IIOJAMHOKECTBA ¢ eHAKBA CyMa Ha, eJIEMEHTUTE.

Pemenne: Besko 10 esementHo momMuozkecto uMa 2'0 — 1 = 1023 HempasHu HOIMHOXKECTBA.
Or gpyra crpana, VB C A, takosa ue 1 < |B| < 10, e B cuia:

10§Zx§90+91+...99:935

x€B

OrTyk BUKIAMe, te erB X uMa He noede oT 935 paznumunu croitnoctu. Ho Torasa GposT Ha
BBH3MOXKHUTE CyMU € IO-MaJI'bK OT Opost Ha mojaMmuoxkecTBaTa. [Ipuiarame npuniuna na Dirichlet
U BUZKJIaMe, 9e TIOHe JIBe MOJMHOYKECTBa UMaT €JIHa U ChIa CyMa. U

3amaua 14. IIpodecop X. TBBLpaU, Ue € ¢b31a]1 TOJKOBA J00pa KOMIIpecHpala IporpamMa, 1e ¢
Hest MoxKe J1a “‘cBue”’ mpousBoJieH aiisl MoHe ¢ eInHuIa. Bb3MOKHO 11 € ToBa?

Pentenne: IIpodecopbT abiKe, ako cTaBa JgyMa 3a KoMmIipecus: 6e3 3arybda na nndopmarius. [To
“KomIIpecupaliia mporpama’ ce pa3dbupa Takapa IIporpama, KOWTO MOKe Ja Bb3CTaHOBU II'bPBOHA~
qaHus ¢aityi ¢ TouHocT J10 eauH 6ut. Besgka KoMmIipecupalnia mporpamMa € 4acTudHa (OyHKIUS OT
JaJIeHO MHOKECTBO CHMBOJIHH TTOCJI€IOBATETHOCTH (CTPHHIOBE) B JIDYTO MHOYKECTBO CTPHHIOBE.
[MIom mpodpecopbT TBBHP/IM, Ue HEroBaTa IporpaMa padoTH BbPXY BCUYKHU (hailjioBe, 3HAYN 38 Ja-
JleHa JIbJKUHA N Ha daiiia (KoiiTo 1me Obie “cBuBan”), KOMIpecupalaTa nporpama peajusupa
momaana Gyukima f ¢ joMmeiin ¢ MomuocT q™ 1 Kojgomeitn ¢ momuocT q"3am <n—1. Tyk q e
OposIT Ha CUMBOJIM BbB (dailioBeTe; € JBe, aKo pasriexjgame daiioBere KaTo OyjieBU BEKTOPH,
HO aKo pasriexkgame ailloBeTe KaTo IocaeI0BaTeHOCTH oT OaiiTose, ¢ e 28 = 256. Kommpecu-
paIuTe IporpaMu TpsioBa Jia peajn3upaT UWHEKIINNA, aKO CTaBa JIyMa 3a KoMIpecus O6e3 3aryba Ha
nndopmarusg. He e 3a,1b/KuTes IHO J1a ca OUEKITIT, TOECT MOXKe JIa He ca CIOPEKIINU, TOECT MOXKe Jia
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nMa CTPUHIOBE, KOUTO He ca 00pas3u Ha HUKOU CTPUHIOBE, HO MHEKTUBHOCT € 3aIbJIzKUTe/Ha. AKO
KOMIIpecupaliara mporpamMa peajn3upa He-UHEKIINdA, Bb3CTaHOBSIBAHETO HA OPUTIMHAIHUS (Dailil B
HAKOU CJAydYau 1€ € HEBb3MOXKHO.

CreleHHESAT IMOKa3aTe/l B U3pa3a 3a MOITHOCTTA Ha KOAOMeHa € Io-MaIbK OT Tl 3apa/Iil TBbp-
JICHHETO Ha Ipodecopa, de ImporpaMara My CBUBa BCEKHU (haili — B YACTHOCT, Ts NIPaBU OT BCEKU
daiisr ¢ roslemuHa N Ipyr daita ¢ rogemuna < n. ToraBa KOJOMEHHBT UMa MOIHOCT, ITO-MaJIKa
OT Ta3" Ha JOMEKHA.

Coriracao npunnuna Ha Dirichlet, He cbimecrByBa TOoTaHA MHEKTHBHA (DYHKIIAA, IURTO T0-
MENMH UMa II0-TOJIIMa MOIIHOCT OT KOJIOMENHHA. ]

3amaga 15. B npoabikenune Ha ejHa rojguHa or 365 jena Ban ce ynpaKHsBa 10 KOMOMHA-
TOpHUKA, PelaBaiiku 3ajadu. Beceku JieH OT Ta3u rojinHa TOH periaBa MOHE eHa 3ajada, HO He
perraBa oBede ot 500 3a1at; 001110 3a rojauHaTa. /Jlokaxkere, e mpe3 Tasu rOJMHA UMa, HHTEPBAT
OT TOCIe/IOBATETHY JIHU, 1Tpe3 kKouTo VBan perasa To4uno 229 3amaqn.

Pentenune: Heka x; j1a e Opoar 3ajaqun, pemtenn ot MBan Ha jeH 1 mm npean Hero, 3a 1 < 1 < 365.
OueBHIHO TIOCIEI0BATE/IHOCTTA

A= (X1)X2)°°'>X365)

e CTPOro HapacTBallla, OT KOeTO CJIe/[Ba, 4e B Hed HaMa ejgHakBu dncia. Ocsen ToBa, Vi, 1 <1 <
365: 1 < x; <500. [a pasrieane apyra mocjie[0BaTeTHOCT:

B = (X] + 229, X2 + 229, <. ey X365 + 229)

Ts cbIo e cTporo HapacTBallla U B Hes CbINO HaMa enxHakbu dnciaa. Ocsen ToBa 230 < x4+ 229 <
729. Cera ma pasriegame MIOCIEI0BATETHOCTTA,

C = (X1,X2y ..+ y X365, X1 + 229, %2 + 229, ..., X365 + 229)
A B

OueBnano enementure Ha C ca Touno 730 Iean MOJOXKUTETHU duCaa, moHexke C ce ¢hCcToMm OT
komue Ha A, cieneno ¢ konue Ha B. Ho 3a Bceku esnement na C uma He mosede or 729 BbH3MOXKHI
croitnoctu. CbrytacHo koMmOumHaropuust npunnun na Dirichlet, numa momne gsa enementa na C ¢
eJlHa W ChIa cToiHOCT. KakTo Bede ycTaHOBHXMe, eJIeMeHTHTe Ha A ca JBa 110 JIBa Pa3/IMIHU
u eneMenTuTe Ha B ca maBa mo mpa pasznmunm. CremgoBaTesHo, BCsIKa JBOiKa enemenTn Ha C ¢
eJIHaKBa, CTOMHOCT C€ CbCTOM OT €IUH eJIEMEHT OT KOIMEeTO Ha A U OT €IUH eJIEMEHT OT KOIIMETO
na B. C apyru jaymu, cbiectByBar nnjekcn j u k, takuBa e 1 < j <365 u 1 < k < 365 u
Xj = X + 299. Tosa osznauasa, ue VMBan e permmr Touno 229 3amauan ot jgen K + 1 BKIIOYATETHO
JIO JIeH ) BKJIIOYUTEJTHO. O

Samaua 16. /lokaxkere, Ue 3a Bcekn n300p HA IET TOYKHU C [IEJIOUNCTEHN KOOPIUHATH B PABHUHATA,
CBITIECTBYBAT TIOHE JIBE TOYKU A M b U3MeXkKJIy IeTTe, TaKUBa Ue cpejaTa Ha OoTcedKaTa ¢ Kpaula
a u b uma 11e/109UCIeHN KOOP/IMHATH.

Pemienne: C’I)HleCTBYBaT TOYHO Y€THUPHU PA3/JIMYIHU Bb3MOXKHOCTHU 38 Y€THOCTTa Ha KOOPpJAMHATUTE
Ha 1IeTTe TOYKU. A NMEHHO, 3a BCdKa OT IIeTTe TOYIKH, Jla 1 HapedeM P = (q], qz)i

1. g7 e 9erHno u (; e 4eTHo,
2. (p e HeYeTHO, a (2 € YeTHO,

3. (1 € 4eTHO, & (2 € He4YeTHO,

12
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4. g7 e HEYETHO U (2 € HEYETHO.

Ot npuaiuna Ha Dirichlet cirenpa, ge mone aBe oT TOYKHUTE MMAT €IHA M ChIa YETHOCT Ha KO-
OpJIVHATUTE CU: WM U JBETe KOOPJAMHATHU Ca JYeTHW, WJIM U JiBeTe ca HedeTHH. [la HapedeMm Te3un
TOYKN a4 U b u Heka a = (X1,Y7) u b = (x2,Y2). Heka cpejara Ha orcedukara ¢ Kpauiia a u b e
Touka C. Il3Becno e, ye ¢ = (%, %ﬁ) [loMm X 1 X; UMAT e€IHa U CbIIa YeTHOCT, CyMaTa UM €
YETHO 1UC/I0, Taka de X172 ¢ nsto uucso. Hambano ananoruano, Y% ¢ nsmo wucio. O

3.2 CsoiicTBa 1 NpUJIOKEHNST HA OMHOMHUA KOeUIINEeHT

Bamaua 17. /lokaxere, de

()

k=0
Pemrenne:
L n
—1)k -
Y )(k)
k=0
k(M K (m _
5 (1)<k) ooy (1)(k> _
ke{0,1,...,n} ke{0,1,...,n}
k getHO k HedeTHO
n n
> -1 = () (15
ke{0,1,...,n} ke{0,1,...,n}
k getHO k HedeTHO

WsBecTHO €, ge (E

MmHOKecTBO A. Torasa, oueBHIHO,

) e 6POHT Ha IIOJMHOXKeCTBaTa, MMallll k ¢JICMCEHTa, Ha KOoe Ja € M-eJIEMCEHTHO

n
E (k) e OposAT Ha MOJIMHOXKeCTBaTa Ha A ¢ deTeH Opoil eleMeHTH

kefo,1,...,n}
k gerHo

n
E ( k) e OposT Ha IOJAMHOXKecTBaTa Ha A ¢ HedeTeH OpPoii eJleMeHTH

kef{0,1,...,n}
k HeuerHo

CoritacHo 3ajaua 8, Tesu jBe cymu ca eganaksu. Crespa, de u3passr (15) e myia. U

Bama4ga 18. Kosko ca OyseBuTe BEKTOPHU C ML €UHUIA W T HYJIH?

Pentenme: Jla pasrieiaMe Te3M BEKTOPU KATO XapaKTEPUCTUYHU BEKTOPH BHPXY MHOXKECTBO
¢ N+ m ejgementa. CbImecTByBa OYeBHUHA OMEKIINST MEXKJIy TE3W BEKTOPH, OT €JIHA CTpaHa, 1
MIOJIMHOZKECTBATA C MOIITHOCT M, OT JIpyra. M3BecTHO €, 9e OPodT Ha TE3W IMOIMHOXKECTBA € (“Tlm),
KOETO € ChINOTO KaTO (n;m). ChbritacHO NPUHIUIIA Ha OUEKIIUATA, OTTOBOPBT € (”Tlm). U

3agaua 19. B kosko OyseBu BEKTOPH € ML €IUHUIN U T HYJIH, CJIe BCAKA €IMHUIA CJIE/IBA TTOHE
ejiHa Hys1a?

13
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Pemmenue: Vo6Ho e Jja TpeTupaMe BCEKH TOJABEKTOD €IMHUIA-HYIa KAaTO €JIHO HeJIeJINMO OJIOKe
. [Ipumepno, ako BekTopsT € 10001010010, 12 cu ro npejicraBuM HE KATO [TOCJIEI0BATETHOCT OT
eIMHAJIECET eJIEMEHTA, & KATO IIOCJIE/IOBATE/IHOCT OT CEJIEM eJIeMeHTa: YeTUPH OJI0Ka eIMHUIA-HYJIa
U OITle TPHU HYJIH MEXKIy TX:

110]00[10][10]0[10]

BaauaTa ce CBeXKIa JI0 3a/[a9aTa, KOJIKO BEKTOPH OT Tl eJIEMEHTa OT eJIiH BH/L (OJI0K1IeTa eIMHIIIA-

HyJIa) 1 T — N ejeMenTa or Japyr Buj (‘cBoboaan” Hyu) uma. C 1€ M0-SCHO TpejicTaBsiHe Ha

pereHneTo, HeKa CMEHIM CHUMBOJINTE U KayKeM, e HOBaTa 33J1ada €: KOJKO BEKTOPU OT P eJIeMeHTa

OT eJIMH BUJI U ( esleMeHTa OT JipyT Buj nma. Ho Hue 3HaeM oTroBopa — chryiacHo 3ajada 18, Toit
P+q - n+m-ny __ /m

e ( » ) SamecTBaMe p C N U ¢ M—N U IOJIyIaBaMe ( o ) = (n) Babesiexkere, Y€ OTTOBOP'BT

e IpaBHUJIeH JIOPU KOTraTo M > M. ToraBa OMHOMHUSAT KOE(PUITUEHT (?11) e HyJia, KOETO € TOUYHUAT
OTIOBOP. Il

Samaua 20. Konako OyieBr BEKTOPH ¢ N €AUHUIIA U T HYJIA UMa HIMAT CbCETHU €TMHUIN !

Pemmenune: 3amadara npuimda Ha 3ajgada 19, HO He e cbimara. B Ta3m 3aga9a otropopsT “Opon’”
1 BEKTOPH, 3aBbpIIBaliy Ha eauauia, npumepao 10101, kouro ne 6uBar “Opoenn” or 3amaqda 19.
Heka S e MHOXKeECTBOTO OT BEKTOpHUTE, 3a KOMTO CTaBa JyMa B Tasu 3ajada. S ce pasbuba Ha
S’ u S”, kbuero S’ ca BekTOpHTE, 3aBbPIIBAINKA Ha HyJa, a S” ca BeKTOpUTE, 3aBbLPIIBAILU Ha
equnuia. CbrylacHo npunHnuiia Ha pasdousanero, |S| = |S’| 4+ [S”|. Ho uue 3maem kosiko e |S'],
3aI0TO BEKTOpHUTE OT S’ ca TOYHO Te3u, 3a KOUTO cTaBa jyMa B 3ajada 19: |S'| = ('2)

Ha pasriegame S”. Beekn BekTop oT S’ 3aBbpIBa Ha €IMHUIA, KATO BJISBO OT Hesl UMa 34, IbJI-
JKUTETHO Hysa (MHade 6U MMAJIO JiBe CbCe/iHU euHum). ToraBa ChbIIeCTBYBa OYeBUIHA OUEKITHST
Mexkly BekTopure orT S” m OysieBuTe BeKTOpH M — | €IUMHUIM W T HYJIHU, B KOUTO CJIeJ BCAKA
eJIMHATIA CJIeJiBa ToHe eHa Hy/aa. CbriaacHo 3ajada 19, mocieaaure ca (nT1). Ot npunnuna Ha

OuekuaTa ciaensa, de |S”| = (n"j1).
Orrosopsr e [S| = () + (™), KoeTo cbracHo 100pe M3BECTHO CBOMCTBO Ha OHHOMHUTE
KoepUImeHTH e (mTT]). O

3agada 21. n Ha Opoit Xopa crodT B peaunia. 1o Koako Haumaa MoxKeM j1a m3bepeM K oT THX,
k < mn, Taka 4Je ma He u3bepeM HUTO JBaMa JIYIIH, KOUTO Ca eIdH JIO APYTr B peauiara’

Pemenme: Bceku n36op Ha Kk 1oBeka oT 00IIO N, KOUTO Ca MOJPEIEHN JUHEHHO ¢ (pUKCcupaHa
noJipeiba, oTroBapsi OMEKTUBHO Ha XapaKTEPUCTUYEH BeKTOp ¢ N — k emwnurm u k myaum. Jlo-
I'bJIHATETHOTO YCJIOBHE Jia He ObJIAT MOJ0PAHN ChCEJIH ce “TIpeBeK/ia’ TaKa: XapaKTePUCTUIHUAT
BEKTOD Ja HAMa cbeeaun eaunniy. Cohriacao 3agada 20, OTTOBOPHT € (Ei) 3abesexkeTe, Ue TO3U
OTrOBOP OCTaBa BepeH Jopu Korato k > m. ToraBa 6mHOMHUAT KOoedHUIIUEHT UMa JTOJIEH UHIEKC
HyJIa, TOPEH UHIEKC IO-TOJISIM OT HYyJIa, U CAMHUST TOI e HyJia, KOeTO TOYHO ChOTBETCTBA Ha (aKTa,

Je TaknBa m3060pu 1mpu K > N ca HEBb3MOXKHU. ]

Bama4va 22. Kosiko 6ysieBu BEKTOpH € JIbJKUHA L He ¢bibpkaT HUTO 11, HuTo 00 KaTo moIBex-
Topu?

OtroBop: Axko n =0 uMa TOYHO €/IMH TaK'bB BEKTOP: MPA3HUAT. B MpOTUBEH cjIydail ca TOIHO
JiBa

10101010...0 w 01010101...1  1upwm YerHo n
10101010...1 u 01010101...0 1upwm "HederHO N
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3ama4da 23. Kosko OyjieBrn BEKTOPH € JIbJKHHA L He Cbabpzkar 11 KaTo moasekTop?

Pemmenue: OueBniHO €, Ye aKO IMHUINTE BbB BEKTOPH ca “IpeKajeHo MHOT0”, TO TOIBEKTOPU
11 ca Hemsbexkun. MakcuMaTHIAT OPOIi e IMHUIIN, IIPU KOWTO MOXKe Jia HsAMa mojasekTop 11, e (%W ,
HIPUMEPHO:

10101010:  koraro n = 8, naii-mHoro 4 = ’— -‘ eJINHUITN

8
2
101010101 :  koraro n = 9, Haii-mMHOrO 5 = {%W €JIMHAIN

Heka p e Opodr na exunuiure, a g e 6poar Ha nysanre. OT ycaosuero umame p + q = n. Toky-111o
ycranoBuxme, qe p € {0,1,..., [Tz—ﬂ }. Ba Bcekr KOHKDETHH P U (, OPOAT HA ThPCEHUTE BEKTOPH €

(q;ﬂ) cbriacuo 3asada 20, ToecT ("*EH). CbriiacHO IPUHIUIIA HA PA30UBAHETO, OTTOBOPDLT €:

(n—p—H)
= p

—
NE

he]

U
Onpenenenne 1. Kpbros BeKTop we Hnapuuame 8eKmop, wa KoUMO Nspeama u nocaeonama
nosuyua (cowo) ce cuumam 3a cscednu. AKo Kps206UAM 6EKMOP € A1y Ay ..., Ay, 68 HE20 CBCEIC-
meama ca Ay ¢ Az, Ay ¢ A3, ..., Qn 1 C Qn, Ay ¢ Q1. Kpseosume sexmopu He ca eKEUBAAECHMHU
cnpamo pomayus, mai xamo umam rvomepupary noduyuu; 0001 uw 0010 ca pasauvnu kpseosu
8EKMOPU. U

Bama4da 24. Kosko KpbroBu Oy/IeBH BEKTOPHU C L UHUI W M HYJIX HIAMAT CbCEIHN €THHUIH !

Pemtenne: la pasrieame MHOXKeCTBOTO S OT JmHeiiHuUTE (TOECT, “OGMKHOBEHUTE”) BEKTOPHU C
N eauHUIM 1 M Hyau 6e3 cbheennn eauannu. Ot 3agada 20 3HaeMm, ve |S| = (m:]). Heka S e
IIOJIMOKECTBOTO Ha S OT Te€3M BEKTOPH, KOUTO 3aIll0YBAT U 3aBbPIIBAT C €JIWHUIA. |'bPCEHUAT B
Tasu 3a4aua 0TroBop e |S| — |S|, Thit KATO0 KPbroBHTE BEKTOPH 063 CHCEJHH €IMHHUIN €A TOUHO
Te3U JINHeTHN BEKTOpHU 6e3 CbCeHN €IMHUIIN, KOUTO OCBEH TOBa HAMAT €JUMHHUIN B Hali-js1BaTa 1
Hall- 1gcHaTa TMO3UITNN.

Tla pasrename S. Jla nedunupame, e p = n+ m. OueBngno, p > 3. Axko p = 3, 10 S ce
c¢beron camo oT euH BekTop: 101. Ako p > 4, TO BCceKn BEKTOp OT S e or Buna:

JbJKuHA p—4

Vv
AbJIZKUHA P

[TocouenudaT mojaBekTOp € HbKHHA P — 4 uMa N — 2 eguHunu, M — 2 HyJIHM U €JIUHCTBEHOTO
OorpaHuveHue e, 9e HaMa cbeeun eauaunu. CreoBaTesiHo, ako p > 4, To nMa 0ueBUIHA OUEKITNsT
MEXKJIy S ¥ MHOXKECTBOTO Ha JIMHEWHWTE BEKTOPU C N — 2 eJWHUIM, M — 2 HyJd 1 6e3 ¢bCeIHn

exunuty. ChbritacHo 3ajada 20, mocaeHuTe nMaT Opoii (m;z;]) = ('::2]) To3u pesynrar e B cuita

Jlopu Korato p =3: toraBan =2 m=1mu (?:21) = (g) =1.
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W Taka, oTrOBOPBT Ha 3aJadaTa €

o () (501

_ (m+T1)! (m—1)!
T (m—n+Ninl (m—-1—mn-=-2)(n=2)!
B (m+1)! (m—1)Inn-1)
T (m—n+DInl  (m—m+1)Inl
:mxiiﬁimﬂm+nm—nM—U)
— 1)

- (m(—mn—H))!n! (m2+m—n2+n)

(m—T1)!

(m—m)(m+n)+ (Mm+n))

C(m—m+1n!

_(m—=1l(m+n)
 (m—n+T1)In! (m—n+1)
(m—1!(m+n)

(m—n)!n!
m+n m!
= X
m (m—mn)in!

o m+n/m
m \n

Samaua 25. Punapure Ha KpbIviara Maca ca 12. Te BuHarm csgmgar oKOJIO Macara II0 €IUH U
CbhbIII HaYMH. OCBeH TOBa, ME2KY pUIlapuUTe MMa BpazKJIH: BCEKU pUIlap € BbB BpazxK/Ja C TOYHO
TE3U JIBaMa PHUIApH, KOUTO Ca HETOBU C'bCEIN OKOJIO MacaTa. 1o KoJIKO HadmHa MOXKe da Obmar
moopanu 5 puriapst ot 12-Te 3a MuCHsA, aKO HCKaMe B m30paHaTa rpyma jga HsIMa BParKIu’?

U

Pemenue: Bcegako uzdbupane Ha 5 or 12 punaps MoxKe Jia ce IpeJICTaBU upe3 XapaKTePUCTUIeH
BEKTOD OT 5 euHuiy u / Hy/u. BeKTopbT obade He € JIMHEEH, a KPbroB, U He TPAOBa Jia ChIIbp-
JKa ChCEJIHU €JIUHUIIA — TOBa CJIeJIBa OT “KPbrOBOTO BpaK lyBaHe Ha PUIAPUTE OKOJIO MacaTa U
M3UCKBAHETO Jla He Ob/iaT n30paHy BPazK/LyBallll PUIIADH.

BajiauaTa e chblara Karo 3ajadara, KOJKO KPbroOBU BEKTOPA C 5 eIMHUIM U 7/ HYJIH HE CbIbp-

xKar cbeenan exuanim. CbriacHo 3aada 24, OTTOBOPBT € % (;) = 36. ]

3amaua 26. Heka n e meuerno, Toect N = 2Kk + 1 3a maroe k € N. Pazrienaiite 6mHOMHIS
KOeUIeHT (L‘)

1. Jokaxkere, 4e (’;) = (kL).

n

2. JlokazkeTe, de (l?,) < (E) 3a Bedko K/ < k u (k,,) < (kil) 3a Bcdko kK’ >k + 1.

3. JokaxkeTe, te (']Z) e HedeTHO YHCJI0 TOTaBa M caMo Torapa, Koraro n = 2™ — 1 3a HaAKoe
m e N*.

Perrenne:

L) =) = = G = ()
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2.
n n nn—-1--nn=-k"+17) nn—-1)---(m—k+1)
(k’)< (k) “ K/l < K
nn—-1)---n—-k+1) nnh—-1)---n—-kK+1)n-k) - (n—k+1)
Kl < Kk—1)--- (K + 1) K/l
Mm—k) - (n—k+1) [T n—i [T " n—k—i
TS N S D oo T | S

k—k’/—1 )
n—k'—1i

1< 1;(!: T (16)

Ho “Tgi,i_i > 1, monexke k >k’ u n > 2k:

K i
%m G n-kK—isk—ion-kK>k o n>ktk

[ITom obIusIT MHOYKHUTEST HA MPOU3BEJIEHUETO B JIsiCHATA CTpaHa Ha HepasBeHCTBO (16) e mo-
roJIIM OT €JIHO, TO IIFJI0TO IIPOU3BEJIEHHE € II0-I'0JIIMO OT €JJHO U HePpaBEHCTBOTO € BSIPHO.

DaxTbT, Ue (kT},) < (kL), ce JI0Ka3Ba aHAJIOTUYHO.
3. Pazriexame (E), KOETO € (Zk]:“ 1):

2k+1\  (2k+1D)2K)2k—1) - (k+3)(k +2)
( k )‘ k(k—1)(k—2)---3-2-1

O‘IeBI/IﬂHO MHOXKHUTEJINTE B 3HaMeHaTeJ/Id B HapaCTBalll ped, IIOC/IeIBaHu OT MHOXKHUTEJINTE B
YUCJIMTENsT B HapacTBall pell, obpa3yBaT HapacTBalla HEIPEKbCHATA MOCIEI0BATETHOCT OT
1 10 2k + 1 = n ¢ exgno uskinovyenue: jaumcsa K + 1.

Cera Jla pa3rjieJaMe eCTeCTBEeHUTEe IIOJIO2KUTE/IHU YHhCJIa B HapaCTBalll Pel U 110 BCAKO OT
TAX, 6pOSIT Ha HEroBUTe MHO}KI/ITGJ'II/I—,HBOfIKI/I B 9EPBEHO.

3456 7 8 92 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
co20103017 0 2 01 0 4 0 1 0 2 0 1 0 3 0 1 0

o —
— N

Yeppenarta peuiia or OpoeBeTe Ha MHOXKHUTEINTE-IBONKN HE € TMEePUOIUTIHA, HO JIECHO Ce
3abeJIsI3Ba cileiHaTa 3aKOHOMEPHOCT. [la HapeueMm depBeHaTa peuiia, g, a, dy, - - -. I's1 e be3-
KpaiiHa, HO BCsKa HeliHa KpaiiHa nojapeuia S, oT p Ha Opoil moc/eoBaTe/IHi CTORHOCTH,
3a1049Balla OT do:

Sp = Qo, A1, A2y -+ y Ap

KbJeTo p e uuciao or Bujga 2™ — 1 3a makoe m € NT,| ce monmyuasa or “cienBanero” Ha
nojpemIaTa 8,1, YUCJAOTO P, I OTHOBO TojpeaunaTa S, i:

SP = SP*UP) Spq

Ako KaxkeMm ocBeH TOBa, de Sy e 0, mMamMe WHAYKTUBHA JeUHUNNA 3a KpaitHuTe peaunn Sy,
Sy, 83 U Taka HaTATbK:

So=0
Sp = Spq,p,Sp,] 3ap > 0
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[Ipumepmo,
So=0
S$1=0,1,0

S, =0,1,0,2,0,1,0
S;=0,1,0,2,0,1,0,3,0,1,0,2,0,1,0
S, =0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0

Jla ce BbpHEeM Ha OMHOMHUS KOe(UIIMEHT

2k 1\ (2k+T1)(2K)(2k—1)--- (k+3)(k +2)

k N k(k—1)(k—2)---3-2-1
KiiouoBoro nabsrosienune e, e ako cu npejcraBuM pejaunara 1,2,--- k,k + 1,k + 2,k +
3, -+, 2k+1 6e3 juncsaiio 9nucio, HeifHaTa CbOTBETHA PEJINIA OT OPOMKUTE Ha MHOKHUTETUTE-

JBOMKH € 9acT OT HAKOf Sy, KOsATO ce IPOCTHUPa OT JIeBUdA Kpail Ha S, JOHAKb/IE.

[TbpBo ga momychem, e 1 = 2K + 1 e uucino or suga 2™ — 1 3a nakoe m € NT. Torasa
quneBammoTo uncyo k 4+ 1 e 2™ Tebpaum, ge B TO3U ciydail OpoiikuTe Ha MHOXKUTETHTE-
JIBOMKHU B YUCAATE IS W B 3HAMEHaTess ca PaBHU, OT KOETO BeJHara cjejBa, ue Jpo0Ta e
HEYeTHO Ync/io. a Bujmm 3armmo re3u Opoitku ca paBuu. /la ¢bocraBuM eJIeMeHT 110 eJIeMEHT
pemurure 1,2, ...,2k, 2k + 1 (6e3 surcsario 9uciao) u Sy, 1:

123 -+ k k4+1 k+2 k+3 -+ 2k 2k+1
Smpag= 010 -+ 0 m—1 0 1 e ] 0

Kakro Beue Bumsixme, Sy, 1 ce ¢bCTOM OT €IHO Komme Ha Sy, -, CJIeIBAHO OT M — |, ciem-
BaHO OT JIpyTo Komwme Ha Sy, ». Ho amcioro k + 1, Ha Koeto chorBeTcTBa M — 1, JUIICBa B
OuHOMHMsT KOepUIIUEHT (TaKbB MHOXKUTEJ HIMa HUTO B YUCIUTENs, HUTO B 3HAMEHATEIsI ),
CJIEJIOBATE/IHO HIMa MHOXKHUTE/I HUTO B YMC/IUTE/IA, HUTO B 3HAMEHATe I, KOHTO Ja uMa m— |
MHO)KHTe.HH—,Z[BOﬁKH. A 3a BCEKH OT MHOXKUTEJIUTE B YHUCJ/JIUTEJIA MMa CbOTBETECH MHOXKUTEJI
B 3HAMeHaTeJIsI, KOMTO nMa TOYHO ChINUs OPOil MHOXKUTEJIN-/IBOMKN, KOETO CJIe/Ba BeHara
OT HAJMIHETO Ha JABe Konnsd Ha S, - B S;_1. Hokazaxme, ge korato n = 2k + 1 e unciio or
Buga 2™ — 1 3a aakoe m € N, 6GunomauaT KoedUIUeHT e HeIeTHO YHCIIO.

Ha pasrinemname anrepnarusara: N = 2k + 1 He e uucio or Buga 2™ — 1 3a ugaxoe m € N7,
OTHOBO peguiiaTa OT MHOXKUTEJIUTE-JIBOWKHM 38 3HAMEHATE/Isi U UHUC/IUTE/sT € JacT OT He-
Koe Sy, 1, HO TO3U II'bT JIUICBAIOTO 4dncyio k + 1 choTBeTcTBa He Ha M — 1, a Ha HIKOI
IpyT or ‘“gepBeHure’ ejiemeHTu. BejiHara ce BuKjia, e OpoOiiKUTe Ha MHOXKUTEIATE-IBOMKN
B UHCJIATEsI U B 3HAMEHATEJsI He Ca PaBHHU, TaKa e OHHOMHUST KOeUIEHT e deTeH (3Ha-
eM, 9e OMHOMHUSAT KOe(MUIUEHT € I5JI0 YHUCJIO, TaKa Y€ HAMa KaK MHOXKUTEJIUTE-/IBOUKH B
3HAMEHATEJIsl Jla ca [OoBeve; MOBEUYEeTO MHOKUTEIU-IBONKN Ca B UUC/IUTEIs). O

3.3 Ilpunnunu na komGuHaropukara (6e3 BKI-U3KJ)

3amaua 27. Pasrienaiite MHOXKECTBOTO OT I'bpPBHUTE 2N IEJN MOJOXKHUTETHH [ncaa. 1o Koiko
HaYMHA MOKe Ja O'bJIaT HapeJIeHn B Peulla, Taka e 3a BCsIKa JIBOMKa ChCEeJIHM JHC/Ia B PEINAaTa,
cyMaTa Ha Te3W YHUCJa He € 9eTHO YUCJI0?

Pemienne: CyMaTa Ha JAB€ YHCJIa € Y€THO YUCJIO TOr'aBa M CaMO TOI'aBa, KOraTO MJIM U JIBETe
qucJja Ca 4Y€THHU, WJIN U JBETe YucCJ/ia Ca HEYEeTHU. CJIGILOB&TGJIHO, BbLB BBIIPOCHUTE Hapen61/1 HdAMa
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JIBE ChCEJHU YETHH YHC/Ia U HAMA JiBe ChCedHn HedeTHH uncia. C JIpyrd JyMu, BCsiKa OT Te3U
peuny e ajaTepHupalia pejiuia OT BrIa

YeTHO He4YeTHO 4YeTHO He4YeTHO ...... YeTHO He4YeTHO
njian
HedYeTHO dYeTHO HeYeTHO YeTHO ...... HEeYeTHO YeTHO

Pe,ILI/IHI/ITe OT II'bpBUA B Ca n!x TL!, peaunuTe OT BTOPpUA BU Ca CbIIO TOJIKOBa, TaKa 1€ OTTOBOPBT

e 2(n!)? O

Bamaua 28. [la jomycaem, ye BbB Beceku Kypc Ha @MU (rbpBu, Bropu, TpeTu 1 9€TBbPTH) UMA
eJINH U cbIu Opoii N cTyaeHTH. 1o KoIKo HaunHa MOYXKEM J1a pa3breM MHOYKECTBOTO OT CTYJIEHTUTE
Ha @MU wa 9eTBOPKM, KATO BHB BCsIKA YETBOPKA MMa 110 TOYHO €JMH CTYJEHT OT BCEKH Kypc?
YerBOopKUTE HAMAT HapeI0a, HUTO UMa Hapeada MEXKJly YeTBOPKHTE.

Pemenune: /[la cu npejcraBuM, de reHepupamMe IeTBOPKUTE IMOC/IEI0BATETHO. 3 IIbpBaTa deT-
BOpKa mMaMe n300p OT M I'bPBOKYPCHUKA, T BTOPOKYPCHUKA, L TPETOKYPCHUKA U T Y€TBBHPTO-
KypcHuka. Mma n* maunna ja m3bepeM IO €IMH CTYIEHT OT BCEKH Kypc, KOeTOo Ipasé obmo n'
HavWHA 3a I'bPBaTa YeTBOPKA. 3a BTOpaTa YeTBOpKa HaumHuTe ca (n—1)*, 3a Tperara ca (n—2)%,
U Taka HaTaTbK, 32 HOCjeqHaTa deTBopka uMma 14 = 1 mauuma. YMHoaBailKu Te3n KOJIMYCCTBA,
roJiyyaBame

nMxm=1'xmn—=-2*x---2"x1* = (n)?

Ho ToBa He e BepHHAT OTTOBOD, 3AI0TO BCIKA OT Y€TBOPKUTE OuBa OpoeHa N! rbTu B TO3U U3pas.
3a Jia oIy IuM BEPHUSIT OTTOBOP, TPsIOBa Jla pa3jeuM ToBa Kojandectso Ha nl. U taka, orroBopbT
e

(nd)*

n!

= (n!)?®

g

Samaua 29. /lagena e emekrpudecka MalimHa ¢ 26 Bxojga n 26 nsxoja. Ha Bceku BXoz oTroBapst
TOYHO ejHa OyKBa OT JaruHcKaTa a3dyka | A, B, ..., Z|, Karo ToBa CbOTBETCTBHE € (PUKCUPAHO 1
He MoxKe Jia Obae mpoMensino. Kaszsame, 1e BbB Bxoz 1 “Bimsa’ A, BbB Bxox 2 “Bimsa” B, n Taka
HATATHK, BB BX0J 26 “Binza’ Z. I3xoaure ca HOMEpUPAHU U HA BCEKHU U3XOJ ‘U338 TOYHO €JTHA
OT JIATMHCKUTE OyKBH, HO CbOTBETCTBUETO MEXKy M3XOAM M OYKBU He e (PUKCHpPAHO, a MOXKe JIa
ObJle TPOMEHSTHO OT OllepaTopa Ha MalllmHaTa IO CJIeIHAs HadwH. MalmuHaTta nMa uexepnamHen:
IaHeJl BbPXY JIMIEBaTa CTpaHa Ha MalllMHATa, BbPXYy KOWTO mMa 26 MajKiu KpPbIVIK OTBOPA C
eJHAaKbB JuaMeTbp. Bcekn oTBOp Ha IaHes a € MapKUpaH C TOYHO eHa OT JIATUHCKUTE OyKBU.
Omneparopbr pasmnosara ¢ 13 egnmaksu Kabeadera, BCAKO ¢ JABa Hakpaiinuka. /ageno kaberde ce
M3II0J13Ba, KATO HAKPAHUIINTE MY Ce I'bXaT B JBa OT OTBOpUTE. B equH oTBOp He MOXKe j1a ObIaT
I'bXHATH JBa HaKpaitanka. OmepaTopbT Moxke Ja n3nosssa Mexk 1y 0 u 13 kaberdera. Kaberaerara
ca JIOCTATBIHO JIbJITH, 33 Jia CBbpKAT W Haii-oTgajedeHnTe OTBOpu. KdekThT oT m3moa3BaHeTo
Ha Kabeyderara € CJICIHUSIT:

e Axo He ObJie M3MOI3BAHO HUTO €HO Kabesrde, Ha u3xon 1 manmsa A, Ha u3xon 2 nsnmsa B,
U Taka HaTaTbK, Ha U3X0J 26 u3n3a Z.

e AKo O'bJIe M3II0JI3BAHO TOYHO €1HO Kabesrde, eheKThbT € TOBa U €IMHCTBEHO TOBA, Ue OYKBUTE,
KOUTO TO CBbpP3Ba Ha IleKepliaHea, OMBaT pasMeHeHu. lIpuMepHO, akKO Ha IEKepIIaHe/a
kabesraero cebp3Ba C ¢ T, To Ha u3xon 3 msmsa T, Ha m3xo 20 u3immsa C, a Ha BCEKN JAPYT
U3XOJI U3JIM3a ChIaTa OyKBa, KOATO OU M3/IM3a/1a, aKO Ha IeKepIaHe/'bT HaMallle Kabedera.
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e AKo ObJAT M3MOA3BAHU TOYHO JBe KabeadeTa Ha IMeKeplaHesa, TeXHUTe ChOTBETHU OYKBU
O6uBaT pasMeHeHHd, ocTaHaJMTe OyKBU M3JIM3aT BCe €JHO HaMa Kabeadera. [IpumepHo, ako Ha
mekepIiafesia e HoTo Kaberde cebp3Ba C ¢ T, a apyroro cebp3sa A ¢ M, Ha uzxoj 1 uzimsa
M, na usxon 3 uzmusza T, "Ha uzxon 13 uzmusza A, ma usxoxn 20 uzimuza C, a Ha BCEKHU JAPYT
U3XO0J] U3U3a ChIlaTa OYKBa, KOsITO OM M3/IH3a/1a, aKo Ha IeKepIiaHe/I'bT HaMale Kaberdera.

e Axo Obgar nsnossBann Bcudky 13 Kabesrdera Ha IIeKeplaHesia, BCHIKK JIBORKN OYKBH OMBAT
pa3MeHeHH 110 JIBOWKH ChIVIACHO TOBa, KO C KOsi OyKBa € CBbp3aHa Ha IIeKepIiaHea.

OueBniHO, TA3M MalllMHA peain3upa pa3MecTBaHe Ha OyKBHTE MeXKy BXoJja M m3xoja. Kosko
pa3/IndHA Pa3MeCcTBaHUs Ha OYKBHUTE MOXKe Jia Ob/iaT peaju3upanu npu uinosssane na 10 kabes-
veta? A npu usnosizeaHe Ha 13 kaberdera? CpaBHeTe TE3M YNUC/IA ¢ BCUYKU TEOPETUIHO Bb3MOXKHI
pasmecTBanus Ha 26-Te OYKBU — cTaBa JiyMa He 3a pa3MeHnnTe, KOUTO Ma3u MallliHa Pean3upa,
a MaKCUMAJHUAT OpOil pazmMecTBaHUs, KOUTO Ca TEOPETUIHO BB3MOKHHU. Ha KakBO ce Ib/iKu
roJisiMaTa pasjinKa MeXKJy I'bPBUTE JIBE YUC/Ia U TPETOTO?!

Pemenne: Axko ce nonssar 10 kaberdera, To TouHo 20 OYKBH y9acTBAT B pa3MeCTBAHUS 110 JIBOTI-
K1, a 6 OykBu He ydacTBar. Ma TodHO @g) = (266) BBH3MOKHOCTHU 3a U300p Ha OYKBU-yUIACTHUIIN.
3a Bceku OT Te3u W300pHU, HAYUHUTE Jia ObJAT CBbP3aHu OYKBUTE-YIACTHUI 0 JBOWKHU Ca

10
1917 x15x -~ x3x 1=]]2i—1) =654729075

i=1

Pazcbxaenunero e cieqHoTo: rbpBaTa OyKBa MOXKe J1a ObJie CBbp3aHa C JIBOMKa ¢ KOs J]a € OT OCTa-
nasmre 19, cien TroBa ocraBar 18 6ykBu, 3a wrbpBara uMa 17 OYKBU-KaHIUIATH, 1 TaKa HATATHK.
Orrosopsbt 3a 10 Kabesmuera e

26 10 ) 14.2
(6) X H(Zl— 1) = 150738274937 250 ~ 10

i=1
Amnajytornvno, orroBopbT 3a 13 kabemuera e

13
H(Zi —1) =7905853580625 ~ 10'*?

i=1
Ot apyra crpaHa, BCHIKHU IepMyTalun Ha 26 OYKBHU ca

26! = 403291461126 605 635584 000 000 ~ 10%>°

[IpaBu BreuaTIeHHe, Y€ TOBA YMUCIO0 € MHOIO IIO-TOJISIMO OT Oposi Ha HEpPMyTallluTe, KOUTO pe-
aJIM3upa BblIpocHaTa MarmHa. OYeBUIHO MaIIUHATa PEAJM3Upa CaMO HHUIOKHO MAaJIKa 9acT OT
BCUYIKHU Bb3MO2KHU ITEPpMYTallH. MaH.IHHaTa peajsin3upa nepMyTanuu 9pe3 pa3MeHdHe Ha MecTaTa
Ha JBoiikm ejeMenTu. He Besika mepmyTarus Mozke Jia Objie Torydena 1mo To3u nadnt. [Ipumepno,
nmepMyTanusaTa, npu kosato A otuBa Ha MsictoTo Ha B, B ormBa Ha Mmscroro Ha C, ..., ) oTuBa
Ha MsicTOTO Ha Z u Z oTuBa Ha MACTOTO Ha A He Moxke Ja Obje TosydeHa upe3 (eJHOKpaTHA)
pasMsHa Ha JBONKHU cbhbceaHu ejgeMeHTH. Iloydennre dmciieHn JaHHM HaBEXKIAT HA MHUCHJITA, de
IepMyTalliuTe, KOUTO Ce IoJIydaBaT 4upe3 pa3MeHsiHe Ha JBOMKU ca HUIIOXKHO MaJiKa 4acT OT
BCUYKU TIEPMYyTAIlUU, TIPUA TOJIAM OpOil Ha ydacTBaIUTe €JIEMEHTH. U
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3.4 HpI/IHI_[I/IH Ha BKJIIOYBaAHETO N M3KJIIOYBaHETO

3amayga 30. B rpyna ot cTyaeHTH BCEKH BJIa i€ TIOHE €/INH €3UK OT aHJINHCKU, (PPEHCKU U HEMCKU.
Heka Ag e 110MHOXKECTBOTO Ha CTYJIEHTHATE, BJIaJleel aHIJIMHCKT, A € TIOJIMHOXKECTBOTO Ha CTY-
JIGHTUTE, BjaJieenn (ppeHcKr , a Ag € TOJIMHOYKECTBOTO Ha CTYJACHTHUTE, Biajeentn HeMcku. Heka
AgF € TIOJIMHOXKECTBOTO Ha CTYJEHTUTE, BJIAJIEEIN aHTTTUHCKI U PPeHcKn, Agg € MOJMHOXKECTBOTO
Ha CTYJEHTUTE, BJIAJICENI aHTJINUCKA U HEMCKH, a Afrg € MOJAMHOXKECTBOTO Ha CTYJAEHTUTE, BJla-
neemu pperHcku u Hemcku. Heka Agpg € MOAMHOXKECTBOTO Ha CTYJIEHTUTE, BIAJICEI aHIIUACKHT,
dpencku u memcku. lajeno e, 1e

[Ag| =19
|Af| = 25
|Agl = 21
|Agrl =13
|Aecl =7
[Arcl =9
|Agrgl =3

OT KOJIKO CTyJIEHTa Ce ChCTOU I'pynaTa’

Penienne: Heka A e MHOXKECTBOTO OT BCUUKH CTYJIEHTH B Tasu rpyna. 1'bit kKatro A = AgUAFUAG,
A

—A —A _—A
MOXKe J1a cMaTame, 9e A e yausepeyMbT 1 A NAF NAg = (. Or npunnuna Ha BKJIIOYBaHE U

U3KJII0OYBaHE€ 3Ha€EM, 4de

— A —A_ —A
A NAF NAg | = A= (|Ael + |AH + [Agl) + (|Aer] + |Agcl + |Arcl) — [Agrcl
TOECT

O=[Al—(194+254+21)4+(13+7+9)—3

OTK'bJIETO
Al =39
O
Bamaua 31. [Ipu ycimoBusra Ha 3amada 30,
® KOJIKO CTyJCHTa 3HadT TOYHO JIBa eBI/IKa?
® KOJIKO CTYJEHTa 3HAsT aHIVIMICKU, HO He 3HAAT HUTO (PPEHCKM, HUTO HEMCKHU’
Perrenne: OTropopbT Ha IIbPBUSA BBIIPOC €
|Aerl + |Aegl + |Argl = 3|Aergl =13 +7+9—-3x3 =20
OTroBopbT HA BTOPUS BBIIPOC €
|Ael — (|Agr| + [Aegl) + |Aergl =19 = (13 +7) +3 =2
O
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Bagaua 32. Jlazena e rpymna ot 100 crymenta. U3BectHo e, 1e 37 cryjaeHTa ydar aHrauiickm, 35
crysenTa ydar dgpencku, 33 cryjeHTa ydaT HeMcKHU, 38 CTyIeHTa ydaT UCHAHCKU, 16 CTyJIeHTa
y4aT aHrJnickn u (ppeHcku, § ydar aHIIMICKU U HeMCKHU, 18 ydar aHrIniicKu u UCHaHcku, 13
y4aaT GpeHCcKu u HeMcKHu, 9 ydar hPEeHCKN U UCIAaHCKHU, 13 y9uaT HEMCKHM U UCIAHCKHU, D CTYy/IeHTa
yUaT aHrIniicKn, (DPEHCKN 1 HEMCKH, 6 CTYJIEeHTa YIaT aHTIHHCKH, HEMCKI U UCHAHCKH, 5 CTY/IeHTa
y4aT (ppeHcKu, HEMCKH U UCIIAHCKH, a 3 CTYJEHTa yIaT aHIVIMICKI, HEMCKH, (DPEHCKH U UCITAHCKH.
Konko crymenTta ygar anrimiicku, (ppeHCKN U MCIIAHCKHU, ako 14 crTyjeHTa He m3ydaBaT HUKAKBU
e3uru’

Pemtenne: Heka tmbpcenudar 6poit e x. [lo npunIua Ha BKIIOYBAHETO W U3KJIIOYBAHETO MMAME:

14 =100
— (37 435+ 33+ 38)
L (164+8+18+13+9+13)
—(54+64+5+x)
+3

TOECT
14=21—x & x=7
O

3amaua 33. Kosko ca toramnute dpyukimn f : X — Y, kbjero X u Y ca KpaiilHu MHOXKeCTBa U
X=muY=n?

Pentenne: CbriiacHo IpuHIKAIIA HA YMHOXKEHHETO, OTTOBOPHT € n™. Il

Samaua 34. Kosiko ca yactuunure dpyukimu f : X — Y, kbjgero X u Y ca KpaifHu MHOXKeCTBa U
X=mnY=n?

Pemenne: Heka muoxkecrsoro or resu dyukuuu e F. Heka z e esleMenT, KOATO He ce ChIbpKa
B Y. Heka Z = Y U{z}. Heka F7z e muoxkectBoro or torajuure ¢pyukuuu f: X — Z. Tpusuaino
e JIa ce MOoKaxKe, Ue ChINeCTBYBa Omeknuda Mexkay J u Fz — 3a Bcaka pyuknuda or f € F, KodaTo e
TOTAJIHA, ChINECTBYBA TOYHO ejHa (GyHKIMA OT g € F7, TakaBa de:

Va € X,g(a) = f(a)

a 3a Bcgka GyHkiusa f € F, KoATO € He e TOoTajIHa, ChIeCTBYBa TOYHO ejHa dyHKIuA g € Fz,
TakaBa 4e:

f(a), ako f(a) e gedpunupano

Va € X,g(a) =
z, B IIPOTHBEH CJIy4Yaii
CwobritacHo upennara 3agada, | Fz| = (n+ 1)™. CbriacHo npuHiuia Ha OMEKIUSTa, OTTOBOPHT €
\Fzl = (mn+1)™ O

B cieBamuTte 3a7a4qn, o ‘GyHKImMs pazdupame “ToraaHa QYHKIUI .

3amaua 35. Kosnko ca ciopektupnute dpynkiuu f: X — Y, Kbjero X u Y ca KpailHu MHOXKeCTBa
nX=mmuY=n’?
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Pemntenue: /la BbBesem cieanute o3nadenusi. Heka N e Opodar na Bcuuku dyuknum. Ot 3aja-
ya 33 3naem, ye N = n™. Ako or To3u Opoii u3BaauM Oposi Ha He-CIOPEKTUBHUTE (DYHKIMH, IIe
Oy 9uM Opost Ha cropekiuuTe. ToBa Ime HallpaBUM ITOETAITHO, ChIVIACHO IIPUHITUIIA Ha BKJIFOUBAHE
1 U3K/II0YBaHe. 3a BCeKU ejleMeHT a € Y, Heka N, e OposaT Ha QpyHKIUNUTE, KOUTO ‘HE MOKpUBAT”
a, TOeCT Te3M, IIpU KOUTO A He e oOpa3 Ha HUTO eanH ejeMeHT oT X. ToBa He 3HAYHU, Ue BCUIKU
oCTaHaJIM eJIEeMEeHTH OT Y ca IMOKPUTH, & Y€ ChC CUT'YPHOCT A He € MOKPUT — 3a OCTAaHaJUTe ejie-
MeHTH OT Y He ce Kazsa uumo. Ouesuano Ng = (n— 1)™, 3amoro ToBa € 6podT Ha (YHKIUATE C
nomeitn X u komomeiin Y \ {a}, 3a Besgko a € Y. Tbil Karo a B3eMa N CTOMHOCTH, UMaMe CyMaTa
ot Bcmuku Ng e n.(n—1)™ . Ho pasiaukara

n"t—nmn-1" (17)

He e npaBuIHEAT 0TroBop (ocsen ako M He e 1), Toit N, u Ny, 3a pasmmunu a; € Y, a; € Y ne
OposT QPYHKIMHI, KOUTO Ca HEIIPEMEHHO Pa3/IMYHU — BesgKa (DYHKIMsS, KOSITO He IMOKpUBa HUTO A,
HATO @y, Iie Ob/e npebpoeHa KaTo eIuHnIa BeIHbK 0T Ng, n Beaubxk or Ng,. Wrade kazamno,
(27) e mO-MaJIKO OT BepHUsI OTTOBOP — U3BAJMIN CM€ IIPEKAJIEHO MHOTO.

Heka Ngp e Opoar Ha GyHKIUATE, KOUTO He MOKPUBAT Ipou3BoJHE a,b € Y, a # b. Kaxro
U Ipean, MOXKe Ja UMa W APYTH HEelMOKPUTHU eJeMEeHTH OT Y; ¢bC CHI'YPHOCT IIOHEe a U b He ca
nokputi. Ngp = (N — 2)™, mbit KaTo ToBa € Oposar Ha dynkimure o X B Y \ {a,b}. Cymara or
BCUYKH TakuBa Ngyp, 10 BCHYKH JBYyeJeMEHTHH HoaMHO)KecTBa {a, b} C Y, e (TZ‘) (n—2)™. Ho

n™—n(n—1)"+ (’21) (n-2)™ = (1)° (g) (n—0)"™+(~1)’ (‘11) (n—1)m+(—1)2(;> (n-2)™ (18)

BCe OIIle He € BePHUAT OTrOBOp (OCBEH ako M He e 2), Makap |e ¢ 1mo-6;m30 oT (27). (22) e moseue
OT BEPHHS OTTOBOP, Tbil KATO C —i—(’;) (n—2)™ cme gobaBuin oBeYe, OTKOJIKOTO TpsibBa, KbM (27).
Ananornyno, Ngp. € 6podaT Ha (yHKIUUTE, KOUTO He HOKPUBAT IIPOM3BOJIHN a,b,c € Y,

a#b#c#a Ngpe=(n—3)"u cymara or Bcuaku TakuBa Ngyp ¢, 0 BCHUKH TPUEIEMEHTHH

noaMHOXKecTBa {a,b,c} C Y, e (2) (n —3)™. Ako m e J0CTATBLYHO TOJISIMO, TO

=00 (g )= o 1 ()= vm e 1 (5 ) in- 2 12§ ) -3 a9

BCe OIll¢ HE € BEPHUST OTTOBOP, MakKap de € OIlle Mo-0J1u30.
ChbrirtacHO NIPUHITAIIA Ha BKJIIOYBAHETO W M3KJ/IIOYBAHETO, BEPHUST OTTOBOP €

(—1)0(8) (m—0)™ 4 (—1)' (T]‘) (n—1)™+ (—1)2(;) (M—2)™ ...+ (20)
(—1)“-‘( n )(n— (n—1))"+ (—1)“(“) (m—m)"

n—1 n

[TocneanoTo cbOupaeMo e Hyja, KOeTO ChOTBETCTBA Ha pakTa, e nMa Hysda (PYHKIIUNA, KOUTO He
MMOKpUBAT HUTO €JIUH ejeMeHT. HaKpaKkTo, BEepHUAT OTTOBOP €

n
n
—1)k n—km
> (1) (k) (n—Kk)
k=0
O
Bamaua 36. Kosiko cTpuHra ¢ Jb/KHHA L UMa HaJl JaTHHCKaTa ad3yka {a,b,...,z}, Takusa 4de

BCEKHU CHUMBOJI C€ CPeIla IIOHE BeIHDbHIK !
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VYnsmeane: Pasrinenaiite crpuaroBere 6e3 orpaHudeHusi KaTo (PyHKIMH OT MHOXKECTBOTO Ha
MOBUIHATE K'bM MHOXKECTBOTO OT cuMBoJtTe (a He obparHoro!). OrpanndyeHnero 3a Buja Ha CTPUH-
roBeTe Hajara OrpaHUveHre BbPXY BUJA HA (DYHKIMATE — KAKBU TPsAOBa Jia ca Te?

Bamaua 37. Kosko nmepmyranuu Ha guciara ot {1,2,...,n} uMa, B KOUTO HUTO €JINH €JIEMEHT
He cu e Ha MsacToTo? Ymeaoro i cu e Ha MACTOTO, aKO Ce HaMUpa Ha i-Ta MMO3WIMsl, IPUMEPHO B
nepmyTanuaTa 2 1 35 6 4, aucyioro 3 c¢u e Ha MICTOTO W HEHKOe JIPYTO YUCJIO He CH € Ha MSICTOTO.

Pentenue: Bposar na nepmyraruure 6e3 orpanndenus e n!. Ille usBagum ot n! Oposar Ha rep-
MyTaIIUTe, B KOUTO HAKAKBU €JIEMEHTH Ca CH Ha MscToTo. ToBa Ie MpaBUM IOETAIIHO, ChIJIACHO
IPUHIIMIIA Ha BKJIIOYBAHE U U3KJIIOYBAHE.

[TepmyTanmuure, B KOUTO JNaJCH €IEMEHT € Ha MSCTOTO CA U HAMa JIPYyTH OrPAHMYCHUS, Ca
(n — 1)! ma 6poit. 3a Bcekn JApyr PUKCUPAH eJIEMEHT, aHajorudto, nMma (n — 1)! mepmyranuu, B
KOMTO TOI CM € Ha MSCTOTO W HAMA JIPYr'd OorpaHudeHus. Thil KaTo mMa T eJIeMeHTa, OT KOUTO
Ja (pukcupame ejleMeHT Ha TO3WIMsA, U 3a BeeKu ejieMeHT umame (1 — 1)! mepmyranuu, cymara
or nocyieanure e n.(n — 1)!. Ecrecrseno, n(n — 1) = n! »e e nupaBuinugaT orrosBop 3a 6post Ha
HepMyTAIMUTE, B KOUTO IIOHE eAUH €JIEMEHT CH € Ha MICTOTO, Thil KaTo OPOU HAKOU IIEPMYTaIllun
noseue or eaud ubT. C Apyru ayMu, pas3jimKaTa

n—nmn-—1)!

e Mo-MajKa OT BepHUs OTrOBOp (O0CBeH ako N He e 1: HawmcTuHa, ipu N = 1 orroBopsbT e 0).
ChbrilacHO NPUHIUIIA Ha BKJIIOYBaHE W M3KJIOYBaHe JI00aBsgMe Oposi Ha IEPMYTAIIMUTE, B KOUTO
JIBa eJIeMeHTa ca CH Ha MecTaTa W HdaMa JIpYyTrW orpaHmydeHus. Te3m JBa ereMeHTa MOXKEM Jia

n) HauunHa, 3a Beeku n3bop umame (n — 2)! nepmyranuu. Ho cymara

n3depeM 110 (2

nl—nn-—1)"0+ (n—2)!

2

e Mo-roJisiMa OT BEPHUs OTIOBOD (OCBEH ako M He e 2), Taka 4e MPOjbJizKaBaMe aHAJOIUIHO, 10
IIPUHITATIA Ha BKJIIOYBAHETO W W3KJIOYBAHETO:

nl—nn-—1)+ <;>(n—2)!+...+(—1)n1n(n—(n—1))!+(—1)”(n—n)! =

(—1)°<g>(n—0)!+(—1)](T)(R—U!Jr(—1)2(g>(n—2)!+---

.+(—1)n—‘< " >(n—(n—1))!+(—1)n<2>(n—n)!:

n—1

S (P

k=0
Tosa e BepHUAT OTTOBOP. U
Samgada 38. Kosiko nepmyranun Ha yucjara or {1,2,..., N} uMa, B KOUTO TOYHO M €JIeMEHTa Ca,

CH e Ha MsICTOTO 3a Hsikoe M, TakoBa 4e 0 < m < n, ako
e Te3U M ejieMeHTa ca (PUKCUpPaHU,
e Te3M M ejieMeHTa He ca (PUKCUpaHHU.

Bamaga 39. zmexay 100 cryaenta:

e 72 nocemasatr npaktukyM 1o C,
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e 60 mocemasaT MpakTUKyM 10 Java.
Jokazkere, e moHe 32 OT T€3U CTYJIEHTH MOCEIABAT U JBATA MPAKTUKYMA.

Pentenne: Heka A u B ca MmuoxkecrsaTta OT CTYJIEHTUTE, IMOCETABAIIN ChOTBETHO MPAKTUKYMUTE
o C n Java. Heka U = A UB. [Ipuiaraiiku npuHinna Ha BKIIOYBaHE W U3KITIOYBAHE CIIPSIMO TO3U
YHUBEPCYM, U3BEXKTaMe

o = [U| — (JA] + [B]) + A "Bl

HsMa €JIEMEHTHU B JOII'bJIHEHHUETO
Orryk

IANB| = |A|l + |B] —|U] =132—|U|
~— =~

72 60
Twit karo [U| < 100, To |A N B| > 32.

Bazga4a 40. ITo KoJIKO HAUMHA MOKE Jia, ce OLBETAT KBaApaTderaTa Ha IPaBObIbJIHA MPexKa T X 1L
(m pesa u n Kosionu) B k 1BsTA

a) 6e3 orpaHUYEHNUS;

6) ¢ eJIMHCTBEHOTO OrpAaHMYEHUE, Ye BbB BCEKU PeJl HIMA ChCEHU KBAJPATUETa C €JHAKbB
BT,

B) C €JIMHCTBEHOTO OTPaHUYEHNE, Y€ BbB BCEKU PEJI € U3MO0JI3BaH BCEKH OT [[BETOBETE.
Peurenne:

a) k™ monexe BCAKO OIBeTsIBaHe € (DYHKIHs OT MHOXKECTBOTO Ha KBAPATIETATA B MHOKECT-
BOTO OT 1iBeToBeTe. Mma o610 mn kBajiparderan K msgara. [Ipurarame dpopmystara 3a 6post
Ha dynkiuuTe 6e3 orpanndenus (3and. 8).

6) OrmpersiBAaHETO Ha MPOM3BOJIEH PEJ| € HE3aBHCHMO OT OIBETSIBAHUSATA HA JPYTUTE DEJIOBE.
CnenoBarenno, ako N e OposaT Ha HaUIMHUTE J1a ObJe OIBETEH IMPOU3BOJIEH PEJl, OTTOBOPBT
N™ 1o npuHIHIIa Ha YMHOXKEHUETO.

Jla pasriieaMe OIBETBAHETO HA PEJ 1, KbAETO 1 € MPOMU3BOJIHO YUC/I0, TakoBa 9e 1 < 1 < m.
a pasriemame Koe a e KBaapardye B pel i, npuMepHo kBajparde (i, 1). 3a mero umame k
Bb3MOKHOCTH 3a OIBETsIBAHE 3apaJii HAJUIHETO Ha K Bb3MOXKHU IBSATA. 38 CbCETHOTO MY
kBajparye (i,2) umame k — 1 Bb3MOXKHOCTH MOPaJM OIPAHUYCHUETO Ja HE Ce MU3IOJI3BaT
eJIHAKBHU IIBETOBE Ha ChCEJIHM KBaJjpardera. AHAJOIMIHO, 3a KBajpardera (i,3), (1,4), ...,
(i,n) mmame k— T Bb3MmozkHOCTH. KaTo 115710, 32 peji 1 Bb3MOKHUTE Pa3IMIHN OIBETSBAHUST
ca k(k —1)™". Cremnosaresnno, N = k(k — 1) u orrosopsr e k™(k — 1)™n1),

B) OrpersiBaHETO HA MPOM3BOJIEH PEJ| € HEe3aBHCHMO OT OIBETSIBAHUSTA HA JPYTUTE DEJIOBe.
CunenoBarenno, ako N(k,n) e 6posT Ha HaunHUTE Ja Obje OlBETEH IPOU3BOJIEH PEJl, OTTO-
BopbT (N(k,n))™ mo npunnuna na ymuoxenunero. N(k, ) Moxke j1a ce MOaydn BegHara or
dopmynara 3a 6post Ha CIOPEKIUUTE, HO TYK IIe 'O U3BEJAEM OT OCHOBHHUTE HPUHIIHIIN.

Jla pa3sriegamMe OnBETSIBAHETO Ha PeJl 1, KbIAETO 1 € IPOU3BOJIHO 9KCjo, TakoBa e 1 < 1 <
m. Heka U e MHOXKeCTBOTO Ha BCHYKH BbH3MOXKHHU OIBETsABaHWS Ha pex i ¢ K 1BdaTa 0e3
orpanndenus. |U| = k™. Heka Sj e MHOXKecTBOTO OT Bb3MOKHHUTE OIBETABAHUATA Ha PeJL 1, B
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KOMTO IBAT j He ce M3M0JI3Ba, 3a BCudKy j, Takupa de 1 < j < ki. Hexa Sj,j2 € MHOZKECTBOTO
OT Bb3MOXKHUTE OIBETIBAHUATA HA PeJI 1, B KOUTO IIBETOBE j1 U j, HE C€ M3IOJI3BAT, 38 BCUYUKU
j1 1 jo, TakuBa ve 1 < j; < j, < k. Jla nanpaBum ciegnaTta jjedUHANNS, KOATO C€ sIBSIBa
00001IIeHne HaA IIPEJIHUTE JIBE 3a IIPOU3BOJIEH OPOil IIBETOBE.

Onpenenenue 1. 3a BCUYUKM TEIU TOJOKUTETHHA 1, j2, ..., ji, TakuBa de 1 < j; < j; <
... <Jjt < k, MHOKECTBOTO OT Bb3MOKHUTE OIBETABAHUS Ha PeJ 1, B KOUTO IIBETOBE j1, j2,

i 1 o
., jt He ce U3IOMI3BaT*, € S5, 5, s g

ITo HIPUHIMITIa Ha BKJIIOYBaAHETO W USKJIIOYBAHETO,

N (k) n) = U

— > 1S5l

1<j1<k
—_—

[IOHE eJUH IBST HE CE U3IIOJI3BA

+ Z |Sj] N S]'2|
1<j1<j2<k

v~
IIOHE JIBa IIBATa HE Ce U3II0JI3BaT

- Z |Si1 N sz N Si3|

1<91<92<53<k
NV
IIOHE TpI/I IIBdTa HE Ce U3II0JI3BaT

+(=1D > 18,NS8,N...N S,

1<51<§2<...<jt <k

Vv
1IoHe t uBATa HEe ce U3I0JI3BAT

+ (—=1D)k! > S;, NS, N...NS; |

151 <2< <15k

NV
noHe k—1 mBsiTa HE Ce UIIOJ3BAT, TOECT U3MOJ3Ba Ce caMoO | IBAT

+ (=1)* S;, NS, N...NS;,|

k OBsATa HE Ce€ U3II0JI3BaT, TOECT HAMAa OIBETABaHE I/I306I_U\O; TOBa TpﬂﬁBa Ja e 0.

TebpanMm, de 3a Besako t, TakoBa ge 1 <t <K,
k n
1S5, NS, N...NS;l = ¢ (k—1) (21)

Tosa e Taka, 3aI0TO 3a Ja OIpeIeTuM HAUUHUTE Ja Ce OIBETH pel 1, Taka de t nBsaTa 1a
HE ce II0JI3BaT, € JOCTAThIHO Ja HaMepuM Opos Ha HAUMHUTE Ja ce rnojbepar t mssra or
k—ro3u Gpoii e (l:)—ﬂ OpodAT HAaUYMHU Ja Ce OIBETH peja ¢ ocTaHajmre K — t mBaTa—r031
6poii e (k —t)". 3pas (26) cienBa BeaHara 1o MIPUHIUIA Ha YMHOKEHUETO.

fMoske a mMa U APYTH IBETOBE, KOUTO HE Ce M3MO/I3BaT. LIBAT j He ce M3IOM3Ba CoC CuYpHOCT.
fMoxe na uma u JPYTHU IIBETOBE, KOUTO He ce u3ros3Bat. Ilserose j1, j2, ..., ji HE Ce U3IOI3BA CBC CUYPHOCT.
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Torasa
- k : k
NGy == 3 (10 - = (v
k—1
= (1)t (]E) (k —t)", roit karo (—1)* (E) (k—k)"=0

t=0
Banaya 41. 3a yuusepcurera XYZ ce TBbPIH, Ue:

e lma obmo nma 6525 cryaenra.

Ot 1ax 5025 He ca MbPBOKYPCHUITH.

3222 crymenTa ca B3eau Kypca 1o AHaju3.

1332 crynenra ca B3ean Kypea 1o Juckperan Crpykrypu (1C).

1821 crynenta He ca WbPBOKYPCHUIN U Ca B3eau AHayms.

1050 crynenta ca B3esm Ananus u JIC.

603 crynenTa He ca bpBOKypcHuUIU u ca B3ean J1C.

429 crynenTa He ca IbLPBOKYpcHUIM u ca B3eu Anaaus u JIC.
Bb3MOXKHO Jin € Te3u JIAHHU JIa ca BEpHU?!

Pemenune: Illom crynerTure ca o6mo 6525 n ot tax 5025 He ca mbpPBOKYPCHUIH, TO
OpoaT Ha WLPBOKypcHunuTe € 6525 — 5025 = 1500 (22)

Heka MHOXKECTBOTO OT CTYJEHTUTE, KOUTO HE Ca IIbPBU KYpC U ca B3eau AHajms, e X, a MHO-
JKECTBOTO Ha CTYJEHTUTE, KOUTO He ca mbpsu Kypc u ca B3esm JC, e Y. Crynenrure, KouTo
He ca I'bpBU Kypc, npejcrasiagsar yausepcyM U, cbabprkam kakro X, taka u Y. Ilo yciosue
Ul = 5025, [X| = 1821, |Y| =603 u XN Y| =429. Ilo upuniuia Ha BKIOYBAHETO U U3KJIIOYBA-
HETO 10 OTHOIIIEHNE Ha TO3W YHUBEPCYM € U3I'bJIHEHO

IXNY| =5025— (1821 + 603) + 429 = 3030

U rtaka, 3030 cryqenTtu He ca mbpBU Kypc u He ca B3esn HuTo Anasaus, uuro /IC. Torasa 5025 —
3030 = 3495 cryjenTu ca MOHE €JIHO OT TPUTE: IIbPBOKYPCHUIM WU B3€IU AHAIN3 WK B3eJn
JIC. Heka A e MHOXKeCTBOTO OT CTYJIEHTHUTE OT I'bPBU Kypc, B ca Te3um, kouTo ca B3ejn AHajus,
a C ca te3u, B3eau JIC. Toky-mo nokazaxme, ge [A U B U C| = 3495. Ilo ycnosue |B| = 3222 u
|C] = 1332, a or (22) 3naem, ve |[A| = 1500.

[Tlom 3222 crynenta ca B3eaun Ananu3 u 1821 He-rbpBOKypcHuim ca B3enun Ananms, To 1401
wbpBoKypcHuny ca B3ean Anasms. [lom 1332 crynenra ca B3enu JIC u 603 He-I'bpBOKYpPCHUIIN
ca B3eu Anasms, To 729 nbpsokypeuuiu ca B3eau JC. Torasa |[A N B| = 1401 u |A N C| = 729.
ITo yciosue, |B N C| = 1050.

ChbritacHO MPUHITAITA, HA BKJIIOYBAHETO M U3KJIIOYBAHETO,

IAUBUC|=|A|+B|+IC|—(JANB|+|ANC|+|BNC|)+]ANBNC|
3495 = 1500 + 3222 + 1332 — (1401 + 729 +1050) + |ANB N C| «
IANBNC| =621
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OTHOBO HpuaaraMe IPUHIMIIA Ha BKJIIOYBAHETO U U3KJIIOUBAHETO, 3a Ja mnpecmerHem [(A N B) U

(ANC):

(ANB)U(ANC) =|(ANB)|+|(ANC)—|ANBNC|e
I(ANB)U(ANC) = 1401 + 729 — 621 = 1509 (23)

U cera zabensazsame nporuBopedne Mexxiay (22) u (23): mbpBOTO Kas3Ba, BCHUKU I'bPBOKYPCHUII
ca 1500, BTOpoTO Kas3Ba, Ue IMbPBOKYpCcHHUIMTE, B3eau moHe eaud or Anamms3 u C, ca 1509.
CremoBaresiHo, JaHHUTE Ca HEBEPHH. O

3amaga 42. [lo KoJKO HaYMHA MOTAT Jla CEJIHAT OKOJIO KPbIVIa Maca ¢ HOMEDPUPAHHU CTOJIOBE
Xopara OT N Ha Opoii KeHeH! JBOMKN (OUeBHIHO cTaBa JyMa 3a 2N JIyIIH), TaKa Y€ ChIPY3UTe OT
HUTO €JIHa JIBOWKA JIa HE CEJST HA CbCEJIHU CTOJIOBE?

Pentenue: Heka aBoiikure ca cq, C, ..., Cn. Heka S; o3Ha1uaBa MHOXKECTBOTO OT BCHYKHU Bb3-
MOXKHU CsiJIaHUs, B KOUTO CBHIPY3UTE OT Ci CEIAT HEIO3BOJIEHO, TOECT €IUH JO JPYT, KbIETO
i e {1,2,...,n}. Heka U e ynuBepcyMbT B Ta3u 3ajada, & UMEHHO, MHOXKECTBOTO OT BCHYKMH

BDb3MOZKHHU CdJaHNA Ha TE3U ZTL AyHIin OKOJIO MacaTa (663 orjieJl Ha IPUHAIJIC2KHOCT KbM CbII-
pyxkecku JBoiikn). Tbpcernsar orrosop e [S1NS; N ... NS, |. Tlo npuHnuna Ha BKIIOYBAHETO U
U3KJIIOYBAHETO,

S1NS;N...NnS. =u|

— Z |Ss

1<i<n

+ > Isinsy

1<i<j<n

+(=DMS1NS;N...NS,

Jlecno ce Bmzkia, ge |U| = (2n)!, Tbit KaTo TOJAKOBa ca HaYMHUTE, 2N YOBEKa Ja ceJHar Ha 21
pasmmauMu (HoMepupaHn) MecTa 6e3 HUKAKBH OrDaHUIeHHs.
[Ile mokazkeM, Ue BCIKa OT CyMHUTE

> 1S, NS, N...N S|

]Si] <iz<...<i.t§n

KbJeTo t e HsIKoe 15110 unciio, TakoBa 4e 1 < t < n, e paBHa Ha

(Tt‘) 2n.(2n—t—1).2¢

Taszu cyma e paBHa Ha 6pos HaUMHU t JIBOWKM Ja ca CeIHAJN HEIO3BOJIEHO, 10 BCHYKH Bb3MOXKHI
HauuHK Ja Obaar mogdpanu t asoiiku or {Cy,Ca,...,Cn}. MaMe cieguuTe YeTUpU HE3ABUCUMUI
CbOOPaYKEHUsI.

n
e Ilo (t> HadnHa MOXKeM J1a 1moaoepeM t JIBOKM oT 00IIo M.

e [lo 2n maumna mMozxkeM Ja n3depeM Ba CTOJIA 3a I'bpBaTa JIBOIKa OT Te3u t JTBOUKM.
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e 3a ocranasure t—1 apoiiku, o (2n—t—1)! HaunHa MOXKeM J1a PA3IOIOKIM XOpaTa OT Te3U
t — 1 xBoiiku, Taka 4e XopaTa OT BCsKa OT Te€3U JBONKHU Ja Ca ChCeIy, ¥ OCTAHAJIUTE XOPa
(Te3m, KOMTO He ca B HUTO €JiHa OT BBIIPOCHUTE t JBOKM) 1O ocTaBammuTe (CJe1 CsIaHeTo Ha
rbpBaTa JIBOMKa) crosose. [Ipmanaara ToBa Ja e Taka e, de rieJame Ha Te3u t — 1 aBOWKM
KaTo Ha ,,0JI0KOBe", TOeCT eHa TaKaBa JIBOWKAa € eIuH ODEKT, a BCEKH YOBEK, KOWTO He € B
HSIKOSI JIBOIiKa, e camocToaTesien 06ekT. O0Io obekTuTe ca Ha Opoii

n—2
—
TOJIKOBA Ca XOpaTa 3a HaCTaHsBaHE CJIEJ| CSIAHETO Ha I'bpBaTa JBONKA
- 2(t—1)
~—
oT TexHus Opoit BaguM 6post Ha xopara B t—1 nBoiiku
+ t—1 =2n—t—1

~——

TOJIKOBa ca OOEKTHUTE OT BUJL , JIBOMKA"

CrenoBaresHo, 3a/1a49aTa 110 KOJIKO HAYMHA MoraT Ja cegHar Te3n t— 1 JIBOMKY HEeIo3BOJIEHO
Ha ocTaBaluTe MecTta (Cjiejl CAJJaHeTO Ha I'bpBaTa JBOIKA) € chlllaTa KaTo 3ajadara, 110
KOJIKO HaYMHa MOXKEM Jia pas3noyokuM 2n —t — 1 obekTa B penuia.

e 3a BCKa OT Jlocera HalpaBeHHWTE MOJOOPKM Ha MecTa 3a CsijlaHe Ha t JIBOHKHU 10 BCUYKHU
BbL3MOXKHI HEIIO3BOJIEHN HAYMHM, 38 BCsSIKa JIBOMKA MOXKEM Ja Pa3IOJIOKUM XOopaTa OT Hes
1o 2 HaYuHa Ha jJBaTa u3bpanu crosa. O6mo Tosa ca 2' BL3MOXKHI HAYMHA.

CJ’I@,ZL KaTO yCTaHOBUXME, 4€

Y Sy NSyN...nSyl= Tt‘.zn.(zn—t—nz.zt

]Si] <iz<...<i.t§'ﬂ

OTTOBOPBT CJIEJIBA Ja €

SiNSzn..NS =+ Y (=04 ( 7 ) 2nen—t— 12t
t=1

_ i(_nf. Tt‘ 2n.(2n—t—1)1.2"

t=0

(S (—1)t. ?).(Zn—t—ﬂ!.zt
=0

t

d

Samaua 43. Ilo Ko/JKO HadmHa MoOraT Ja CeJIHAT OKOJIO KpbIVIa Maca ¢ HOMEPHPAHH CTOJIOBE
xopaTa OT N Ha 6poii KeHeHN JBOMKHN (OYeBHIHO CTaBa JiyMa 3a 2N JIyIIH), TaKa Y€ ChIPY3UTe
OT HUTO eJIHa JIBOIKa Jla He CeIdT Ha ChCeJIHN CTOJOBE U OCBEH TOBa OKOJIO MacaTa Jia Ce peJlyBaT
JKEHU U M'bKe, TaKa 4e Jla HaMa HUTO JIBaMa MbKe eJUH JI0 JIPYT, HUTO JIBe KEeHU eHa 70 apyra’

Pemtenne: Heka crosiosere okojio macara ca Homepupanu ¢ 1, 2, ..., 2n. Heka nbpBo cegnar
mamuTe. OUeBUIHO, T€ MOraT Ja CeJHAT WU CaMO Ha YeTHHUTE, WK caMO Ha HeUYeTHHUTE HOMepa.
Ha gernure HOMepa Te morar ja cegHaT 1o N! Haumaa. Ha meuernure, chbiro n! Haunaa. Q6110
puMa 2n!’ HaumHA, 10 KOMTO MOraTr ja ceiHAT JaMUTe, KaTo JOTYK HE CMe HAPYIINIA C HHIIO
OTpaHMYEeHMATa Ha Ta3W 3ajada, CJIeJ0BaTeJTHO BCEKHM OT Te3n 2Nn! HauWHa € Bb3MOXKHO HaJaJIo

2nl e 2 x (n!), a me (2n)!.
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Ha IIpoIleca Ha csigaHe. 3a BCeKH OT Te3u 2n! HaumHa, MbyKeTe MOraT Jia CeJHaT Ha CBOOOIHUTE
CTOJIOBE—CIIA3BAKN OIpaHUYEHUsITa Ha 3ajadara—IIo eJIuH U cbhbiiu Opoit Haunnu. /la Hapedem
to3u 6poit g(n). Orroopsr e 2nlg(n) u cera Tbpcum g(n).

Heka jamure ca Dy, Dy, ..., Dy, a Mbxkere ca Hy, Hy, ..., H,,. Be3 orpanmyenue na obmnaocTTa,
HeKa JIaMATe Ca CelHa/l Taka (KpbroBere 03HAYABAT HE3aeTUTE CTOJIOBE):

Heka nmpenomepupame MecTaTa, KOUTO Ca OCTaHAJIN CBOOOTHM C S7, S2, ..., Sy TaKa:

Heka S o3navaBa MHOXKECTBOTO OT BCHYKHM BBL3MOXKHU, N! Ha OpOil, HAYMHA JIa CeIHAT MbIKETE.

Hsaxowu or Ts1x ca pasperenn, apyru ca 3adbpanenu. Besiko csgane oT S MoXKe j1a UMa, WK J1a HIMa
BCAKO OT CJIEJHUTE CBOWUCTBA:

P]Z H] € Ha S7.

Pz: Hz € Ha S).

P.: H, e na s,.
Q1: H] € Ha Sp.
Qz: Hz € Ha S7.

Q3: H3 € Ha §).

Qn: Hy ena sy .
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Ha osnaumm MHOKeCTBOTO {P1, P2y ..., Py Q1,Qz, ..., Qn} ¢ P. Tosa ca “Bpeguure” cBOMCTBA 110
OTHOIIIEHNE HA HAIIATA 3aja4a, Te Ca CBbpP3aHu Chc 3abpanenute csijganus. OdueBuaao g(n) = [S|,
K'bJIETO

S ={x € S| uuro eaHo CBOHCTBO OT B He e B cuta 3a X}

BabesexkeTe, de He BCAKa KOMOMHAIIMSI OT Te3W CBOMCTBA € Bb3MOXKHA, IIPUMEPHO HAMA KaK €IHO
canane ja uma Pp u Q,, 3amoro Py /\ Q, o3nHavaBa, 4e Ha S| CEJAT €HOBPEMEHHO JBaMa, YN
(Hy u Hy). Coimo Taka HiMa Kak eqHO csijiane ga uMa Pp /A Qq, 3amoro ToBa 61 03HaYaBaJIoO,
qe H; cemu eaHoBpeMeHHO Ha S7 U S,. CBoiicTBa, KOUTO € BB3MOXKHO Ja ObJIAT €IHOBPEMEHHO
U3II'bJIHEHH, Il HapudaMe Co6MECMUMU.

IIpedu da npodsiostcum ¢ pewernuemo, edno noacnenue. Hawama ues e da namepum
oposam Ha Havurnume K mosorce da cednam Ha 3abpaneHu 3G MAT MeCma, U nocae 0a
NPUAOHCUM NPUHUUNG HA BKAOUEAHEMO U usk0usanemo. Ecmecmecmeeno, myk ce
uma npedsud noHe K msorce da ca cednaau Ha 3a0paHEHU 30 MAT MECMG — MONCE
da uma u Opyau msiHce Ha 3a0PAHEHU MEeCma, Ho B¢ cu2yprocm K ca Ha 3abpanenu
mecma. Hamepum au mosu 6poti, 006BpuLEAHEMO HA PEULEHUEMNO € HEULO AECHO.

B masu 3adaua 3abpanenume Konpuaypauuu—a umenHo csdanemo wa K msoice Ha
3a06PaHENU MECTNA—CA NO-MPYOHU 3G NPEOPOABAHE 8 CPABHEHUE, NPUMEPHO, CBC 3a0Pa-
Henume xonduzypayuu 3a X wucaa 6 3adawa 37. B 3adava 37 bewe aecho: 3a 6CaAKo
YUCAO UMGULE €THO 3aOPAHEHO MACMO, MAKA “e No (E) Havuna udbupame K wucaa,
KOUMO 00 CAOHCUM HA 3A0PAHEHU MECTA, OCTNAHAAUME YUCAL MOHCEM 00 CAOHCUM TO
obwo (N —Xk)! nawuna, u csbupaemomo 6 Kpatinus 0M2060p, KOEMO CBOMEEMCMEA Ha
k sabpanernu caazanus, e (—1 )k(']l) (n—X)!. B masu 3adaua obaue 3a 6CEKU MBIAHC UMA
JIBE 3a0pamnenu Mecma, omksdemo udsam YCAOAHCHEHUAMA: NBPEO, MOT He MoxHce Ja
2U NOA36a OHOBPEMEHHO, U 6MOPO, 34 BCAKO MACMO UMG 08AMG MBHCE, 0 He EOUH
MBIHC, 30, KOumo mo e 3abpaneno. Bassescdanemo na 2opecnomenamume 21 ceotlicmasa
HU 0a6a 863MOACHOCT, 0a OPOUM cucmemMamuyHo 6poam na 3abparume cadanus Ha K
MBIHCE.

KaKTO Be4de Ka3axmMe, TTbpCUM 6pOH Ha CAdaHuATa Ha Mb2KEeTE, KOUTO HAMaT HUTO €JIHO CBOICT-
BO OT m Hle 'O HaME€pHUM CBbIVIACHO IIPUHIUIIA Ha BKJJIIOYBAHETO U N3KJ/JIIOYBaHETO, HO ITPUJIO2KEH 110
oTHOIIIeHHe Ha ejeMenTuTe Ha P. Heka 1y e OpodT HaunHu ja mnojaoepem k csemecmumu CBOMCTBaA
ot PB. OueBuaHO Ty € OPOAT Ha HAUMHUTE K MbXKe Ja ceHaT Ha 3abpaHeHu MecTa. lTorasa

gnm)=nl—rn—=1)+rn-=-2)—...+ (1) "ry(n—n)!

PemmaBanero Ha 3ajadara ce cBeXKa JI0 HAMHPAHETO Ha Ty, Karo pyHKIud Ha Kk u n. O4UeBUIHO
T1 = 2N, 3aI0TO KOTaTo CTaBa JyMa 3a €JHO CBOWCTBO, HECHBMECTUMOCT HsiMa, Taka de 11 = [P| =
2n. Kosko e 1,7 IIbpBo jia chobpasum, 1ue HechbBMecTuMu J1BoiiKn coiictsa ot P ca Qi u Py, Py u
Q2, QuPy, PouQs, ..., Py uQpn, Qnu Py, Py Q. ToBa ca 0610 2n (HeHape/eHN) TBOHKH.
Jla mHapucyBame ciieJHaTa auarpaMa Ha eJeMeHTHTe Ha I3 3aeHO ¢ HECHBMECTUMOCTUATE MEKLY
TAX:

"""""""""""""" Pn
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Yeppennre JuHUN oTpa3sBaT (akTa, 9e Ha eIUH CTOJ He MOXKe Ja CeJHe IOoBede OT €INH MbiK.
BejleHnTe JUHUU OTpa3dABaT (pakTa, de eIuH MbK He MOXKE Jia CelHe Ha II0BeYe OT €JIUH CTOJI.
Babesiexkere, e TOBa € KPbI'OB BEKTOp ¢ 2N eyieMenTa. Jla nmurame KOJIKO € T; € ChIIOTO KaTo Ja
nmuTaMe 1o KOJIKO HadmHa MOXKeM Jia m30epeM J1Ba HeChCeIHU eJleMeHTa OT TO3U KPbIOB BEKTOP.
OT1roBopbT 04eBUIHO ¢ 2n(2n — 3), Thbil KaTo 3a IbpBUdA U30paH uMaMe 21N Bb3MOXKHOCTH, a 34
BTOpUs, caMo 2n — 3.

Ja pasriemame 1y. [la murame KOJIKO € Ty € ChIIOTO KaTo Jia IATaMe 10 KOJIKO HAUMHa MOXKEM JIa
u3bepeM k ejileMeHTa OT TO3M KP'bI'OB BEKTOP, HUTO JIBA OT KOUTO He ca cheeu. Ha cBoit pej Toa e
C'BIOTO KATO JIa MUTaMe, KOJIKO KP'bI'OBI OYJIeBI BEKTOPA C IbJRKIHA 2N uMmat K equanmy u 2n—k
Hy/IM 1 HAMaT cbeeqan equannm. ChrmacHo 3aiada 20, OTTOBOPBT e 2“2;%;‘(2“; k) = ZTZL—f]<(2“]: k)
CrenoBaresHo,

. n 2n—k
“Toam—k\ k

Ipu k = 2 To3u u3pas crasa ;o (2“2_ 2) = 72 X (znf?x(fni?’) = 2n(2n — 3), Koero chBHaJA C Bede
U3BEIEHOTO 3a T;. U Taka,
2n (2n—1 2n (2n—2 2n (2n—n
S S DY Il 21— e —n)!
gn)=n! 2n—1< : )(n ])'+2n—2< 5 >(n Dl— (1) 2n—n< o >(n n)!
TOECT
= 2n [2n—k
n) =3 (-)——~ n—k)!
gl =3_ e G L

1 OTrOBOPDBHT Ha 3aja4daTa €

2nl Z(—nsz—ik (an— k) (n—K)!

k=0
U

Bamaua 44. Kosko crpunra uma Haj azoykara {0, 1,2}, B KouTo mMa TOYHO JBe OYKBH OT BCEKU
BUJI I HAMA ChCEJIHU €JIHAKBU CUMBOJIH !

Pentenune: bBes nociieHoro orpanndenne, OposiT Ha CTPUHIOBETE ChIVIACHO IIPABUIIOTO 38 OPOsI
Ha IIEPMYTAIlUN C TIOBTOPEHUS €

6!

32121 =0

Hexka ynuepcymbr U a € ToBa MHOXKECTBO — CTPUHIOBETE ¢ TOYHO JIBE (-Ta, JIBe b-Ta u JiBe C-Ta.
Hexka nedunupame cieannre moaMaoxkecTsa Ha U.

e N; e OposAT Ha CTPUHIOBETE C €IMH W ChIU CHMBOJI Ha MMO3UIMN 1 1 2,

® Nz € 6pOHT Ha CTPpUHI'OBETE C €JMH 1 CbIIU CUMBOJI Ha ITO3UIIUA 2u 3,

N3 e OpodT Ha CTPUHIOBETE C €IMH U ChIU CUMBOJ Ha mo3uiuu 3 u 4,

N4 e OposT Ha CTPUHIOBETE C €IWH W ChIMU CHMBOJI Ha mo3uiun 4 u 5,

N5 e OpodT Ha CTPUHIOBETE C €IMH U C'hIU CUMBOJI Ha HO3UIUNA O U 6,
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e N3 e OpoAT Ha CTPUHIOBETE C €JMH U CBIIU CHMBOJI Ha HO3UIMU | ¥ 2 U eIuH U CbIH
CUMBOJI Ha, o3unuu 3 u 4,

e N;4 e OpoAT Ha CTPUHIOBETE C €IWH W CBHIIM CHMBOJ Ha MO3UIHUA | U 2 U €JWH U CbIIH
cUMBOJI Ha no3uiun 4 u 5,

e N;5 e OpoAT Ha CTPUHIOBETE C €IWH M CHIIM CHMBOJI Ha IO3UIHMA | U 2 U €JWH U CbIIH
CHUMBOJI Ha, TIO3UIAKA 5 1 6,

e Ny, e OpodAT Ha CTPUHIOBETE C €JUH W CHIIM CHUMBOJI Ha IO3UIMA 2 U 3 U €JUH U CbIIH
CUMBOJI Ha, mo3unuu 4 u 5,

e N5 e OpodAT Ha CTPUHIOBETE C €JMH U CBIIU CHMBOJ Ha HO3UIMU 2 ¥ 3 U €IUH U CbIH
CHUMBOJI Ha HO3UIUNA 5 U 6,

e N35 e OpoAT Ha CTPUHIOBETE C €IWH W CBHIIM CHMBOJI Ha HO3UIMA 3 U 4 U €WH U CbIIH
CHUMBOJI Ha TO3UIUN 5 U 6,

e Nj35 ¢ OpodAT Ha CTPUHIOBETE C €IUH U CHIIU CUMBOJ Ha HO3UIHUKA | ¥ 2 U eIUH U CbIIH
CHUMBOJI Ha, TO3UIMNA 3 U 4 1 €JIMH U CbIY CUMBOJI Ha IO3UIUU 5 1 6.

C%FHaCHO HpI/IHLLI/IHa Ha BKJIIOYBAaHE 1N H3KHIOLIBaHe7 T%pceHI/IHT OTFOBOp (§]
N=[U—(N;+Ny+...4+Ns5)+ (Ny3+Nyjs+... +N35) —Ny35

Babenrsassame, ue Np = 3 X (i), Tbil KATO UMa TPH BbH3MOXKHOCTH 3a CHMBOJIA Ha I'bpPBa U BTOPA
MO3UIINS, & Ha OCTAHAJUTE UeTUPH IO3UIUU CJaramMe JIBa CUMBOJIA OT JPYT BUI U JIBA OT TPETH
Buj. Torasa Ny = 18. 3abenazsame, ue Ny = N, = ... = Ns.

Ocsen ToBa, Ni3 = 3 X 2 X 1 = 6, 3a110T0 UMaMe TPH BBH3MOKHOCTU 3a CUMBOJIA Ha II'bPBa
1 BTOpa IO3UIUsI, OTTYK JIBE Bb3MOXKHOCTH 3a CHMBOJIa Ha TPeTa W YeTBbPTa IMO3UIMSI, U CaMO
eJlHa Bb3MOXKHOCT CIIPSIMO JIOCETa HallpaBeHUTe M300py 3a CUMBOJIA Ha ocTaHajuTe (IeTa u ImecTa)
nosunuu. Cbimo Taka, Ni3 = Njg =... = N35.

Hakpas, Nj35 = 6 ¢ anajgornunn cbobpazkenud. Vmame

N =90—(5x18) + (6 x 6) — 6 = 30
0

Sagada 45. KoJiko pasjaudnu HapejeHu MeTOPKHU (X7, X2, X3, X4, X5) OT €CTECTBEHU YUCTA YJIOB-
JIETBOPSBAT

X1+ X2+ X3+ %4+ x5 =100

Pemenue: Crasa gyma 3a koMOuHaTopuu kondukyparun 6e3 Hape/0a, ¢ IOBTOpEHue, ¢ roJjie-
vuna 100 HaJ[ OMIOPHO MHOXKECTBO C 5 eJIeMeHTa: MOXKEM Ja MUCJIUM 3a Ta3W CyMa KaTo 3a CTO
CHMBOJIa, BCEKH OT KOUTO € eJUH OT {X7, X2, X3, X4, X5}, KATO BCEKU €JINH CHUMBOJI UMa IIPUHOC €1~
aura. CbrlacHO M3BEJIEHUS Ha JIEKITUH Pe3yJITaT 3a Opos Ha Te3n KOMOMHATOPHN KOHMUTYPAIIUH,
OTTOBOPBT €

100 +5—1

KH(5,1OO)=( 5

> =4598126

AnrepHaruBHO 00sICHEHEE, MOYXKe O I0-SICHO U HATJIETHO, € Ype3 “TONKW W KyTuw . 3ajadara e
C'bINATA KaTo 3a/1a9aTa, 10 KOJIKO Pa3/IMIHI HaYnHa MOraT ja ce moctaBaT 100 Hepas3mIuMu TOIKN
(ToBa ca crore exuHuNH, dniiTo cbop e cymara 100) B meT pasgndHA KyTHH (TOBA Ca XUKCOBETE).

O
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Sagada 46. Kosiko pasjaudHu HapejaeHu MeTOPKHU (X7, X2,X3,X4,X5) OT €CTECTBEHU YUCTA YJIOB-
JIETBOPSBAT

X1 +X2+X3+%x4 +x5 =100
0<% <30
0<x,<30
0<x3<30
0<x4<30
0<x5<30

Pentenne: 3agadara e momgobHa Ha 3agada 45, HO cera KyTUUTE UMaT “KalaluTeTH : Hail-MHOTO
30 tonku B KyTmsa. Heka B; e MHOX)KecTBOTO OT KOH(DUTypanunte-perieans or 3ajgatda 45, B KO-
uTo KyTnd i e “Hapymmurenr —toecT B Hesd mMa moHe 31 Tonkm—3a 1 < 1 < 5. T'bpcum 6pos Ha
KOH(pUTypaIuuTe, B KOUTO HAPYIIEHUs HsiMa 38 HUTO efaHa KyTusd. C JIpyru JiyMud, ThbPCUM

By "B, N B3N By N Bs|
CbritacHO IPUHITUITA HA BKJIIOYBAHETO M U3KJ/IIOYBAHETO,

BinBaNB;NByNBs|=[U— > [Bil+ D> [BiNBj— Y [BiNBNBil+
1<i<5 1<i<j<5 1<i<j<k<5
> [BinB;jNBNB|—|BNB;NB;3NBsN By

1<i<j<k<t<5
NG

ToBa e 0

"
ToBa e 0

kbsero U e yausepcymsr Kpp(5, 100). Kakro nokazaxme B 3agaga 45, [U| = 4598 126. fcuo e 3amio
HOCJICIHATE JIBe ChbOUpaeMu ca Hy/Iu: HaMa Kak upu obma cyma 100, 4eTrpu uin neT IpoMeHInBI
na ca none 31. CremoBaTe/IHO, ThPCEHUSIT OTTOBOP €

[BiNB,NBsNBsNBs| =4598126— > [Bil+ > [BinBj— >  [BinNByNBy (24)

1<i<5 1<i<j<5 1<i<j<k<5
Ot 06mu cbobpaxkenus e sicio, 4de |By| = |By| = |B3| = |Bs] = |Bs| u [ByN By =...=|B4NBs| u
10 TakuBa
By "B, N B3| =...=|B3N By N Bs|. Tbpcennsar orrosop e:
10 T;;(PIBa
4598126 — 5 x |B1| + 10 x |B1 N Bz| — 10 x |B] NB;N Bg| (25)

Kouko e |B4|? ITlom x; e curypen HapyiuTes Ha KarnamnureTa (1 HsaMa JpyT CATYPEH HAPYIIUTEI),
TO € BAPHO, Ye

X1+ X2+ X3+ %4+ x5 =100
31 <xq
0<%,
0<x3
0 <x4
0 < x5
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Ha mpencrasum x; karo X1 = x; + 31. Torasa ycmosuero 31 < x; e cbmoro karo 0 < Xq, a
X1+X2+x3+x4+%5 = 100 craBa x{ +314+%, +x3+x4+x5 = 100, Toect x| +Xx2 +X3+ X4 +Xx5 = 69.
UsBenoxne, de |By| e MorHOCTTA HA MHOYKECTBOTO OT HAPEJCHUTE IETOPKH (X ], X2, X3, X4, X5), KOUTO
YJIOBJIETBOPSBAT:

X{ + X2 + X3 + Xq + X5 = 69
0<x4
0<%,
0 <x3
0 < x4
0<xs

Ho nue 3naem xosiko Takusa Hapeenu neropku uma: |Ki(5,69)] = 1088 430.
Hambaro ananoruano, |[B; N B, = |Kp(5,38)] = 111930 u [B; N B, N B3| = |[Kp(5,7) = 330.
BamectBame B (25) u mosrydaBaMe KpaitHust OTTOBOD

4598126 —5 x 1088430+ 10 x 111930 — 10 x 330 = 271976
4

Samaua 47. [lnoukamKkus TpsaOBa jJga IMOKpHe ¢ IJIOYKH cTeHa ¢ pasmepu 2 M. Ha 4 M. Begka
mwiouka e ¢ pasmepu 20 cm. Ha 20 cM., a MBETHT U € Wn 3ejeH, win depeH. OOIIO MmiIouKknTe
ca 200 ua opoit: 80 zeneru n 120 uepBenn. Ilmoukure ce pegdar MILTHO €IHA JIO JApyra U HE €
paspelreHo Jia ce pexkar, CJIeIoBaTeTHO TPA0Ba 1a ObJaT HapeaeHn B KoHduryparmus ot 10 pega n
20 kostonu. 3ejIeHUTE IIOYKH Ca HEPA3IUIUMU [TOMEXKLY CA U Y€PBEHUTE IJIOYKHU Ca HEPASIMINME
momexk 1y cu. Ilo Kojko HaunHa MoxKe Jia O'bjie HAIIPaBEHO IMOKPUBAHETO, aKO:

e Hama orpannvenus.
e BB BCeKH peJi 3eJIeHUTE IIJIOYKH, aKO NMa TaKHBA, Ca BJISIBO OT YepPBEHUTE, aKO NMa TaKNBa.

Pentenue: B mbpBoTO 1OJIyC/IOBHE € JIOCTATBIHO Jla choOpa3uM, Ue JByMepHaTa Hapejda Ha
IJIOYKHUTE HIMa HUKAKBO 3HAYEHNE 3a ThbPCEeHUsi OPOil Ha Bb3MOXKHUTE MOKPUBAHKA. Bb3MoKHITE
MOKPUBAHUs Ca TOYHO TOJKOBA (IO NMPHUHIUIA HA OHEKIHsITA), KOJKOTO Ca Bb3MOXKHOCTUTE JIa
Obaar Hapeaenn B JmHeitHa Hapeada 80 3emern u 120 geppenu mirouku. C Apyru ayMu, TOBa ca
BBb3MOKHOCTHTE 11a m3bepeM 80 mroukn o obmmo 200. Bposr e

(28000> — 1647278652451762678788128833 110870712983 038446517 480945400 ~ 10>

BbB BTOpOTO 10JIyC/I0OBHE, I'BPBO ChobpasdBaMe CaeAHoTo. KakTo u B IPEIUITHOTO O/IyCJIOBHIE,
pasIo/IaraHeTo Ha 3eJIEHUTE IIJIOUYKN HAIIbJIHO ONPEIes PA3IOIaraHeTo Ha I€PBEHUTE — 9€PBEHUTE
ce cinarar Ha 120-Te cBOOOMHN MecTa. Ho B ceramrHoTo mojyc/ioBue, 3eJIeHUTE IJIOUKH CE PEJIsT
ITBTHO BJstBO. Ha HsAKOM pejioBe MOxKe W300IO Ja HsIMa 3€JIeHH IJIOYKH, Ha JIPYTH MOXKe Ja
ca caMoO 3eJIeHH IIJIOYKH, a aKO MMa W OT JIBaTa BHJA, 3€JIEHUTE ca BJIABO. JICHO e, Je 3a BCeKH
pes, OpoiikaTa Ha 3eJleHnTe IJIOYKA—YNCI0 MEXKIY HyJIa W JIBaJIeCeT BKIIOUUTETHO—OIIPe/Ie I
HAITbJIHO TIOJIPEKJIaHeTo B To3u pejl. Torasa msiarta Hapejba (BbPXY CTEHATA) Ce OHpPEJIesist OT
JIeCeT 9HC/Ia, BCSIKO OT KOETO € MEXK/Iy Hysa W JBaJIeceT BKIIOUYUTETHO, M BCHIKHA Te3U JYUC/a Ce
cymupar j10 80.

Bunmanne — pegopere ca paznuanmu! [Ipumepno, ciaaranero #Ha 19 3e/1eHn JI0YKH Ha IIbPBU
pen, 13 Ha BTopu ¥ 110 6 Ha BCUYKU OCTAHAJIU PEJIOBE € PA3JIMIHO cjiarafe or 13 3ejIeHn II0YKN
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Ha IbPBU pel, 19 Ha BTOpU 1 110 6 Ha BCHYKHU ocTaHaau pejgose. CregoBaTesiHo, cTaBa JyMa He
3a MHOYKECTBO OT YHCJa, & 338 BEKTOP OT YHCja, KOUTo ce cymupat 10 80.

Sag:naqafra € ChlllaTa KaTO 3a;[aana, KOJIKO peH_IeHI/IH B €CTeCTBEHU 4YHUCJIa UMa ypaBHeHI/IeTO
X1+ X2 + X3+ X4 + X5+ Xg + X7+ Xg + Xo + X190 = 80
pU OTPAHUYICHUATA

0<x; <20
0<x,<20
0<x3<20
0<x4 <20
0<x5<20
0<x<20
0<x,<20
0<xg<20
0 <x9 <20
0<x10<20

Ako orpanmuenusTa 0sixa camo 0 < x;, 1 <1 < 10, orroBop®bT IMIele ja e

80+10—1 89
( 101 ) = (9> = 635627275767

Thil KaTO MpH Te3u (IO-IPOCTH) OIPAHMYEHUS CTaBa JyMa 3a KOMOWHATOPHHU KOHMUTyparmn 6e3
Hapebaa, ¢ moBrapsine, ¢ pasmep 80 HaJ OMOPHO MHOXKECTBO ¢ MomHOocT 10: Bce eIHO mMaMme
JmHeitHa Hapeaba or 80 eIMHUIIM U ce THUTa, [0 KOJKO HAaIMHA MOXKE J1a CJIOXKHUM 9 pasjemreis
MEKJIy TAX.

[Ipu mo-cioxkuure orpanndenns ot Buga 0 < x; < 20, 1 <1 < 10, KakBUTO ca HaIIaTa 3ajada,
MOXKe JIa MUCJIMM 338 MHOYKECTBOTO OT (899) pemenus karo 3a yumBepcyM U. Heka B; € U e
MHOKECTBOTO OT Te3H pelrenus, B kouto X; > 20, 3a 1 < i < 10. OueBuano uue TopenM |B; N By N
B_3 N B_4 N B_5 N B_6 N B_7 N B_3 N B_9 N B_ml. IIo npuHIMIIa Ha BKJIIOYBAHETO M U3KJIIOYBAHETO,

BiNBN...NBl=U— Y B+ > [BinBjl—...+ (=B NByN...N Byl

1<i<10 1<i<j<10

Cera ma cbobpasmum, Ue HsMa Kak IoBede OT TPH Xi-Ta Ja Obaar mo-rojeMu oT 20: ako YeTUpu ca
mo-rosiemu oT 20 Besiko, To cyMarta 1ie HaaxBbp/an 80. C apyru JyMu, JOCTATHIHO € J1a Pasriieame
Te3n ¢hbOMpaeMu B M3pas3a Ha BKJIIOYBAHETO W M3KJIFOYBAHETO, B KOMTO MMa CeUeHMe Ha Hail-MHOTO
Tpu B-ra:

BiNB;N...NBpl=IU— > [Bf+ > [BiNBj— > [BinB;NBy
1<i<10 1<i<i<10 1<i<<
k<10

Ot ob1u cbobpazkeHus e sicHO, Ye B-TaTta nMar eHa 1 ChbIa MOIIHOCT U CEUEHUATA UM II0 JTBOMKI
UMaT €JIHA W ChIa MOITHOCT M CEYEHUATa 1O TPOUKHW MMAaT €JIHA W C'bIa MOITHOCT U CEUECHUITA
UM 110 YeTBOPKM MMAaT eJIHa U ¢bina MomHocT. Clie10BaTe Ho,

. - 10 10 10
’B1ﬂBzﬂ...ﬂB10’:‘u,— (1)“31’—}— (2>’B1ﬂ32’— (3>’B1ﬂ82ﬂ83’
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Ba ga noayunm |Bq| e gocrarbano mga cbobpasuM, de Gpoiikara pelneHust Ha yPaBHEHHETO
X1+ X2+ X3+ X4 + X5+ X6+ X7+ Xg + Xo + X190 = 80
IIPU OIpaHUYCHUATA

21 < xq

0<x,<20
0<x3<20
0<x4<20
0<x5<20
0<x<20
0<x;,<20
0<xg<20
0<x<20
0 <x10<20

e chlaTa KaTo OpoiiKaTa Ha PelleHrATa Ha YPaBHEHHETO
X1+ %2+ X3+ X4 + X5+ X6+ X7 + Xg + Xo + X790 = 59
IIpU OTrPaHUICHUATA

0 < xq

0<x,<20
0<x3<20
0<x4<20
0<x5<20
0<x<20
0<x;,<20
0<xg <20
0<x<20
0<x10<20

CrenoBaresno,

B[ = (59;9) _ (698> 49280065120

Ananornano,

B, N B,| = (38;9> - (497) — 1362649145

1749 26
!B1ﬂBzﬂ83|:< ;>:(9>:3124550

Kpaitausar orrosop e
- S 89 10 /68 10\ /47 10\ /26
momnnmi=(5) - (V) (5) + (2)(5) - (3)(5) 5
203770890092
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Bapgaua 48. Pasrienaiire Benuku jgymu ¢ abiekuaa 100 Hax Obiarapekara azbyka (uma 30 6ykBsn).
“Jlyma” B ciyuast e Beska mociieoBaressHocT oT 100 OyKBHU, & He UCTUHCKA JIyMa OT ObJIrapCKus
e3uK (Hali-MaJIKoTO, Ha O'bJIrapCKE HsIMa, JyMHU C TOJKOBa OyKBH). A30yKara uMa eCTeCTBEHA MO/
peniba Ha OYKBHUTE OT & K'bM 5.

Kosko ca paznumanuTe jgymn, B KOUTO CpeIlauTe ce OYKBH ca BbB BB3XO/IN Pe/l (OTIABO
HAJISICHO) !

Kouko ca pasimuanure JyMu, B KOUTO BedKa OyKBa Ce cpela IOoHe BeIHbLXK U OyKBUTE Ca BbB
BB3XOJIAI peJ| (OTIIsIBO HAJSACHO)?

Konko ca pazauanuTe qymu, B KOUTO BCsIKa OyKBa Ce Cpelra MOHe BeTHDK !

Konko ca paziaumanure jymu, B KOSITO BCAKa IVIacHA ce Cpelia mone BeanbK?! lutacnure ca

@), [ [0). [y] [e] n [u]

Pemrenne:

MozkeM J1a MECJIIM 3a Te3U JyMI KaTo 3a MyJITHMHOXKecTBa oT 110 100 ejleMeHTa Ha/I OIIOPHO
MHOKecTBO oT 30 enremenTa. ToBa ca kouduryparun 6e3 Hapeada, ¢ MOBTaApPsSHE 1 OPOST UM
e

100 430 — 1
30—1

) = 60284731216 266553294577 246 880

Mozkem j1a MUC/IUM 3a Te3W JIyMH KaTo 3a MyJTUMHOXKecTBa oT 110 100 ejremenTa Hal Omop-
HO MHO2KecTBO oT 30 ejleMenTa, KaTo MYJITUMHOYKECTBATA ChIbPKAT 38/ bIKUTETHO MTOHE
[0 €JIUH €JIEMEHT OT OMOPHOTO MHOXKeCTBBO. OUEBUIHO TE€3U MYJITUMHOMXKECTBA Ca KOJKOTO
mysrtumHozkecTBaTa ¢be 100 — 30 = 70 enemenTa Haj onmopHo MHOXKeCTBO OT 30 ejieMeHTa.
Bposar e

(70+30—1

301 ):8811701946483283447189128

Besika oT Tesn jyMm ChOTBETCTBa Ha TOYHO eHa ciopekiusa cbhe 100 eleMeHTeH HOMERH 1
30 enemenTen KogoMeitH. C IPUHIINAIIA HA BKJIIOYBAHETO M U3KJIIOYBAHETO JIECHO Ce TOKa3Ba,
4Je OpOAT Ha CIOPEKIIMUTE ¢ T eJIeMEHTEH JIOMEHH U ML eJIEMEHTEH KOJIOMEIH €

5 () m—wr
k=0

Torasa TbpceHUAT OTTOBOD €

30
Z(_] )k(”?f) (30 o k)IOO

k=0

YucnenusT orrosop nma 148 necernunn nucpu:

1725811513043 979316767 735372 054 850 360 566 139
467 808 929 990837 105470974 552 361 365 055 161 249
233420623 865 343 547 300 656 708 665 607 104 743 811
933447 546470400000 000
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o [lak c IIPUHIMITIa Ha BKJIIOYBaHETO W U3KJ/JIIOYBAHETO, OTTOBOPDLT €

: 6
Z(—nk(k) (30— k)"
k=

0

Karo gncio, orroBopst uma 148 necernunu mudpu:

4186 848268232717 069508448 697 546 078 643779 703
210653 217 353 880557 117558 817 629 650 196 245 532
260080014 829123 140299115253 887760051 816719
640425 081 283 359 354 880

g

Samaua 49. Ilo koiko nauanaa moxke /gm0 Kosena na pazgane 19 pasinaau mogapbKa Ha 6 JIena,
Taka Je BCAKO JieTe Ja MOJIYUM IIOHEe JBa IojapbKa’

Pemntenune: 3ajadara e 9yacTHEH ciiydail Ha 3ajadara, KoJako ca ¢yukmuute f : X — Y, Takuba
ye Ve € Yda,b € X:a #b/Af(a) =f(b) =c, ako [X] = m u [Y| = n. Moxkem j1a HapedeM Te3u
dyHKINU, “IBYKPATHUA CIOPEKIINN ', Thil KATO BCEKU €JIEMEHT OT KOoJIoMeliHa TpsAOBa ja € “NoKpuT’
OT IIOHE JIBa PA3JIMYHU eJIeMeHTa OT JOMeHHA.

Permenunero ce nosiydaBa dpe3 HMpUHIMIA HA BK/IIOYBAHETO W M3KJIFOUYBAHETO, aHAJOTUIHO HA
obukHoBeHuTe ciopekiun. Cera obade TpsaOBa Jia ChOOPA3UM I10 KOJKO PA3JIMIHU HAYUNHA MOXKE
JIaJIeH eJIeMeHT OT KoJoMeitHa 1a Obiae “Hapymmuresn . [Ipn 0OnKHOBEHUTE CIOPEKIINN JIa eH eJIEMEHT
MOXKe Jla e “HapymuTes’ 10 eJIWH HAadYuH: ja He e oOpa3 Ha HHUKOW ejeMeHT OoT joMeiiHa. lIpu
JIBYKPATHUTE CIOPEKITMU MOXKe Ja € “HapymuTes 10 JBa HaYMHA: Ja He € MMOKPUT U3001110, WIn J1a
e TMIOKPHUT caMo BedHbK. OTroBopbr-dopMmysia e

£ (o QE( ) o)

CpaBrere T03u n3pa3s ¢ popmysara 3a OPOsT HA CIOPEKITUUTE:

> () e 7

0

Ja aprymentupanme (26). Yacrra | Y ¢ (—1)%(}) | e cbmara B (26) u (27), 3amoro e cbp3ana ¢

[PUJIAraHeTO Ha MTPUHIUIA Ha BKJIIOYBAHETO U N3KJII0YBaHETO: HapymuTeanTe ca ot 0 1o n, 3a k Ha
6poil HapymuTes cLOIpaeMoTo e che 3HaK (—1)%, u nma (le) HavunHa J1a nu3depeM K HapymmTes

ot 0610 N esiementa. [lo ornorenue Ha (27), pascbkiaeHneTo 3a MuoxkuTessd | (N — k)™ | e MmHOTO

IPOCTO: TOBa € GPoAT Ha BCUYKU PyHKIUHU, 6€3 OrpaHudeHus, OT M-ejJeMeHTeH JoMeiin B (n —k)-
eJIEMEHTEH KOJIOMENH.

[To ornorenne Ha (26), pa3scbKJACHUETO 38 MHOKHUTEJIsT Z]f:o ((]f) ( ;g(m — t)) (n— k)m_l>
e T0-CJI0KHO. Beekn oT Tesnm kK HapymmTens MoxKe Ja € HapyIIuTes 110 eJIUH OT JBaTa HaduHa:
MOZKE JIa € He € HOKPHT M300I10, MM MOXKEe JIa € IIOKpUT exHokparno. Heka | e 6podar na Tesu
HAPYIIUTE/N, KOUTO ca HOKpuTH exnokparno. Cymupame 3a 1 = 0,...,K ¢be ciaegnnre cnobpa-
ZKEHUdd.
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e [Ipu 1 = 0 Bcuukm k HapyImTe/ M He ca MOKPUTH M300II0, U CHOUPAEMOTO CTaBa

0—1
(E) [[m=t) -k =1x1xn-K"=n-K"
t=0

TOECT TOYHO KOJIKOTO € CbOTBeTHUsT MHOKHUTEN B (27). Tyk mMame nurepupaHo mpon3BeieHne
01 .
—o(M — 1), B KOeTO nHJIEKCHATa IIPOMEHJIMBA B3€Ma CTONHOCTH OT IIPa3eH MHTEPBAJI; 110

nedbuHAINSA, TAKOBa pon3seienue e 17,

e [Ipu 1 = 1 mmame TOYHO eqWH HAPYIIUTE, KOUTO € MOKPHUT €IHOKPATHO, & OCTAaHAIUTE
HAPYIIUTE/IN He ca MOKPUTU n300Im0. To3u HapyImmTea MOXKeM Ja u30epeM IIo (]]‘) =k
HaurHa. Tbif KaTo e MOKPUT eIHOKPATHO, HAPYIIUTE/IAT € 00pa3 Ha TOTHO €IUH €JIEMEHT OT
JIoMeftHa, KOMTO MOYKeM Ja n30epem 1o 1_[,1;(1) (m—t) = m maunna. MuoxkuTeaar (n—k)™'
nJBa OTTaM, Ue 3a OCTAaHAJUTEe eJeMeHTH OT KOJOMelHa—Te3W, KOUTO He Ca HapyIInTe n—
pasriiexkiaMe BCuIKn GyHKImn 6e3 orpanudenust oT (m—1)-eleMeHTeH JOMEeRH B TAX. 30
(m — 1)-esleMenTen? — 3aI0TO TOYHO €AWH eJIeMEeHT OT JoMelina OuBa “m3nosssan’, 3a Ja
Obie n300pa3eH B eUHCTBEHUsI HAPYIIATE, KOHTO € IMOKPUT eTHOKPATHO.

CnbupaemoTo craBa

1-1
(k> H(m —t) | m=—kK)™"T=kxmx (n—k™!

1
=0

e [Ipu | = 2, mapymmrenure, MOKPUTH €THOKpATHO, ca 2. Tax MoxkeMm jga m3bepeM 1o (;)
HaurHa. [fo m(m — 1) maunHa MoxkeMm jia u3bepeM J(Ba ejleMeHTa OT JIOMeiHa, KOUTO Ce
n300pa3gBaT B Te3W JiBa HapylmTess. Baxno e ga 6bje pasdpano, de To3u 6poil € MMeHHO

m(m—1), ane (g‘), 3aI[0TO MMa 3HAYEHUE KOii eJleMeHT (0T J[BaTa) OT JIOMeiiHa BbPXY KO OT

2-1
JBaTa Hapymuress ce n300passasa. C apyru gymu, Muozkurensr e | [,—,(m—t) = m(m—1).
Tbit KaTo Beve U3MO3/IBaAXMe JIBa €JIeMeHTa OT JIoOMeifHa, ocTaBaT M—2 eJieMeHTa OT JloMeiiHa,
TaKUBa 4e 3a IOCJIeHAST MHOXKUTE Pa3riekiaMe BCUIKU (DYHKIMUNA OT TAX BbpXy (n—Kk)-

eJIeMeHTeH KOJIoMeilH, KouTo ca Ha 6poit (n — k)™ 2. CnbupaemoTo crasa,

K\ (3= K
(Z) H(m—t) (n—k)mz:(z)><m(m—1)><(n—k)m2

t=0

K

e [Ipu | = 3, mapymmrenure, MOKPUTH €THOKpATHO, ca 3. Tax moxkem jga m3depeM 1o (3)
naunna. [To m(m—1)(m—2) naunna MozkeM j1a n30epeM TPH eJIeMeHTa OT JIOMeiiHa, KOUTO ce

. m 3—1

n300pa3saBaT B T€3U TPU HAPYIIUTE/IsI; & He 110 ( j ) C apyru mymn, maoxkuressar e | [;_j(m—
t). Tbit Karo Bevye M3MO3IBAXMe TPHU €JeMeHTa OT JIOMeiiHa, ocTaBaT M — 3 eJleMeHTa OT
JIoMeiiHa, TaKUBa Ue 32 TOCJIeHIsT MHOYKUTEJT PasriiekiaMe BCUIKN (DYHKIMAU OT TIX BbPXY
(n — k)-esieMeHTeH KOIOMEIH, KOUTO ca Ha Opoii (. — k)™ 3. CnéupaeMoTo cTasa

K\ (1 3
(3> [[m-t |- = (3) xm(m—1)(m—2) x (n—km™?
t=0

e 11 Taka HATATDBK.

TToit karo 1 e HEyTPAJHHAT eJIEMEHT Ha ONEPAIUATA yMHOYKEHHE. AHAJIOIMYHO, HTEPHPAHO CyMUDAHE, [P
KOeTO MHIEKCHATA IPOMEHJ/INBA B3€Ma CTOHHOCTHU OT Ipa3eH mHTepBad, € 0, monexe 0 e HEyTPATHUAT €JIEMEHT Ha
cbHOUpPAHETO.
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C ToBa 000OCHOBaXME MHOXKUATEJIA

k k -1
> (1) (TIom=v) =

1=0 t=0

Ia pasriemame MarbK IpuMep, MO-MaIbK OT TO3U B 33jiadara. Heka joMeilHbT uma 8 ejreMeHTa
u KojloMeiiHbT nma 4 eementa. O4UeBUIHO, NBYKPATHN CIOPEKIUU NMa. TeXHUST Opoit e

+1x (1 x1x4%

—4x (1 x1x3%+1x8x3

+6x (I x1Tx224+2x8x2"4+1x x 2°)

—Ax(Ix1x1¥4+3x8x1"+3x x 14+ 1 x x 1°)
FIx(IxTx0P®+4x8x0°4+6x X 0° +4 x x 0°+ 1 x x 04) =
2520

B TpHU pa3/INIHU IBATa Ca OIBETCHU TPUTE MHOXKHTEJIA Ha

(TL o k)mfl

U raka, obocHoBaxme dopmyrara (26). Ako 3amectum m ¢ 19 u N ¢ 6 U U3BBPIIUM U3YUCIIE-
HugTa, noaydaBame orropop 183421913 875200. Tosa e OpodT Ha HAYMHHUTE 3a pa3jgaBaHe Ha
OJIapBITUTE. O

3.5 JlokaszarejicTBa ¢ KOMOMHATOPHU Pa3ChKJIECHUS

3amaga 50. /lokaxkere ¢ KOMOMHATOPHU Pa3ChKICHUS, 1€

n 2
Z n n
k n
k=0
Pemenue: Heka A e muoxectBo ¢ 2n enementa. Heka Bceku ejemeHnT or A mMma aTpuOyT-
I[BAT, KATO T eJIeMeHTa ca 0esn, a ocTaHaiauTe M, dyepHU. 1lo KoJKO HaumHa MOXKeM j1a TojdepeM

pPa3JanvdHM II0JMHO2KECTBa Ha A c 110 N ejeMeHTa?
Or €/lHa CTpaHa, TOBa MO2KE€ JIa CTaHe I10

() (25)

HaYMHA, Thil KATO TOBa ca KOMOMHATOpHM KOH(Urypamun 06e3 moBTopenne n 6e3 Hapeda — TyK
He oOpbIllaMe BHUMAHHUE Ha I[BETOBETE Ha MOAOpaHUTE eJIEMEHTH.

Ot spyra cTpaHa, MOXKeM Ja pazdueM MoJAOUpaHuATa 110 Oposi Ha €JIEMEHTUTE OT €/IMHUS BT,
Jta peueM Oenns. Besmre eleMeHTH, KOUTO ToNaIaT B 1aIeHO oadoupane, Moxke ja ca O win 1 uin
...mwm n. CraemoBaTesno, j1a mnmogdbepeM M ejaeMeHTa OT O0INO 2N B Ta3uW 3aJada € ChIIOTO KaTo
na nojoepeM k ejleMeHTa M3MEXKy BCUUKHUTE T Oesn U Jia 1oj0epeM N — K eJeMeHTa U3MeXK 1y
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BCHYKHUTE N depHU. 3a jajeHo k, takoBa de 0 < k < n, 6podT HaIUMHU Ja MMOJA0EpEM N eJIeMeHTa
oT 001110 2N, Taka de k u3Mexkiay rnojdpaHuTe ja ca 6ein, e, 10 MPUHIUIIA Ha ITPOU3BEIEHUETO:

n n
X
k n—k
— —_—
OposiT HaunHU K ejieMeHTa OT 00O N ga ca Geu OpOsIT HAYMHU OCTAHAJIUTE €JIEMEHTH J1a Ca YEPHU

Twit karo k ce menu or 0 0 N u nojdbupanusita ce pasdousar 1o k (npu pasauder 6poit Gesm
eJIEMEHTH B JIBe MOJOUPAHUS, T€ 3a/[bJIKUTEHO Ca Pa3INIHH), o0mmsT 6poii modnpaHus e:

> (06"

Ho 3naem, ue (nilk) = (E), cJIeI0BATEJIHO OOMMAT Gpoil Ha HOoAOUpaHus e:
n n 2
> (%) 29
k=0
Uspasure (28) u (29) 6GposAT €IHO U CHINO KOJUIECTBO, CIEOBATEHO Ca PABHU. O

3amaga 51. /lokaxkere ¢ KOMOMHATOPHU Pa3ChK/ICHUS, e

=y (n) n_m(—nk(“;m) (n—m— k!

m=0 k=0

Pemenne: Jlgsara crpana Opon BCUYKM IEpMyTalliid Ha M eleMeHTa, ja Kaxkem {1,2,...,n}.
O4eBuIHO TOBa MHOXKECTBO MOKe Ja Obie pasdumTo Ha M + 1 Helmpas3Hu MTOAMHOXKECTBa 110 TOBA,
TOYHO KOJIKO eJieMeHTa ca cu Ha Msgctoro: O mwan 1 wim 2 wim ... win n. JsgcHara crpana 6pon
CBITOTO MHOXKECTBO TEPMYyTaIlui, HO TO-JeTailJTHO, ChbIJIACHO CIIOMEHATOTO pa30uBaHe: mMa (:1)
HadnHa J1a n30epeM TOYHO KOU eJIeMEeHTH Jia ca CH Ha MecTaTa, 3a OCTaBalluTe T — M IIO3UIINHI
1oJI3BaMe Bede u3BejieHaTa (popMysia 3a Opos Ha HEePMyTalluuTe, IPU KOUTO HUTO €JIUH €JIEMEHT

He Chu € Ha MACTOTO. ]

Sagada 52. /lokakere ¢ KOMOMHATOPHU PA3ChXKICHUS, U

n! = i(q )k(;{‘) (n—k)"

Pentenune: Beue jokazaxme, de OpodT Ha CIOPEKIUUTE OT T B N €JIEMEHTHO MHOXKETBO €
Y ro(—T )k(z) (n — k)™ IIpu m = n noaydaBame u3pasa or JgcHara crpaHa. Ho ako n = m, To
Te3M CIOPEKIINN BCBHIMHOCT ca OMEKIMUTE MEXKIYy JABeTe MHOKecTBa. A OposdT Ha OuekmuuTe € M!,
KOETO € JIgIBaTa CTpaHa. ]

3amaga 53. /lokaxkere ¢ KOMOMHATOPHU Pa3ChK/ICHUS, e

n2v ! = ; k(n)
2
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Perrenune: 2" e 6posT Ha Bcuuku OyjieBu BeKTopu ¢ Ab/kuHa M. OueBnano n2™ e obiusT Opoi
Ha eJIeMEeHTHTEe BbB BCUUKH OyJIeBU BEKTOPH ¢ AbjkuHa .. OT Te3u 2™ ejleMeHTH, [T0JIOBUHATA Ca
HYyJIU, a JIpyTara II0JIOBUHA, eJMHUIM. 1031 (hakT ce n3BeK1a TPUBUAJIHO OT Hail-00Iu chobpaKke-
HUS: aKO MHBEpPTUpaMe IMOONTOBO BCUYKU BEKTOPH, IIOJIyUaBaMe ChIIOTO MHOXKECTBO, KATO OPOAT
Ha ¢JIMHUIUTE B HAYAJTHOTO € paBeH Ha Opod Ha HYJUTE B MOJYYEHOTO, HO IOHEXKE MOJTYICHOTO €
C'BIIOTO KATO HAYAJIHOTO, OPOAT Ha €JUHUIMTE € paBeH Ha Opod Ha HYJIUTE B HETO.

[MTom mosioBuHATA OT M2™ ejleMeHTa ca €JIUHHUIM, TO €JUHUIITE Ca TOTHO %nZ“ = n2v ',
Tosa e yisiBaTa cTpaHa Ha THXKIECTBOTO, KOETO JI0Ka3BaMe. JlsgcHaTa cTpaHa 0O9eBUIHO ChIO Opoun
eJIMHUIIATE BbB BCUYKU OyJIeBU BEKTOPHU C JIbJKUHA T, HO I'0 IIPaBU IO-TI0IPOOHO: k(‘;) € TOYIHO
OpoiikaTa Ha eIUHUIINTE B IIOAMHOXKECTBOTO BEKTOPU, UMAIIU TOYHO K €JIMHUIIN. O

3.6 PekypeHTHU OTHOIIIEHUS

Bamaua 54. /J[éouuen b6posay ¢ N nosuyuu e BekTop or N apomdnu uucsa (0 wiam 1), Koiito ce
HHTEPIPETHPA KATO THCI0, 3aIIMCAHO B JIBOMYHA ITO3UIIMOHHA OpoifHa cucremMa. BposabT OuBa yBe-
JmndaBaH ¢ 1 B IUCKpPeTHN MOMEHTH BbB BpeMmeTo. B HauamHus MOMeHT to OpOTIBT ¢bIabpPrKa CAMO
HYJIA, TOECT TPeJCTaBIABa 9ncjoTo 0 B JIBOMYHA CHCTeMa, K'bM Hero ce jobasst 1 m B MOMeHT t4
TOI IIpeJICTaB/IsIBa YUCJI0TO | B JIBOMYHA CHCTEMa, K'bM Hero ce Jobapst 1 u B MOMeHT t; Toil mpe-
CTaBJIIBA YUCIOTO 2 B JIBOMYIHA CUCTEMA, KbM HEro ce go0aBst 1 1 B MOMEHT t3 TOil mpejcTaBisiBa
YUCJIOTO 3 B JBOMYHA CHUCTEMA, U TaKa HATATbK:

tp: 00 -+ 000
t: 00 - 001
t: 00 -+ 010
t3: 00 - 011
ty: 00 -+ 100

N3001m0, B MOMEHT ty OpOAYBT ChIbpKA JBOMYHUSA 3AlUC HA HYUCIOTO K. YBeJImdYaBaHETO HA
Oposiva ¢ 1 mporb/KaBa, JOKATO TOH CbIbprka IMOoHe e/iHa HyJa. Korato 6posgabT ¢hirbpKa camo
€JIMHUIIN:

11 - 111

/

n ua 6poit
yBeJIin9aBaHETO CIIMpPa 1 6pOH‘I'bT OCTaBa B TOBa CbCTOAHUE. OTFOBOpeTe Ha CJeJHNTE BBIIPOCH:

1. Koe e uncioro (B JBoMdHa MO3UIMOHHA OPOIfHA CHCTEMa), KOETO OCTaBa 3alliCcaHo B Gposda
CJIeJ CIIUPAHETO My

2. Bumoso obpsujane Hapudame Besako npemuHaBade or 0 B 1 wiam or 1 B 0 oT gagen t; KbM
crnenpantus ti1. [Ipumepno, npu npemunnaBaneTo oT ty B t; mMa TOYHO €IHO OUTOBO OOPb-
ImaHe, a UMEHHO B Hail-JAscHaTa IO3UINA; IPU IIpeMUHaBaHeTo oT t; B t; mMa TOYHO JBe
OouTOBM OOPBINAHKSA, & UMEHHO B JIBeTe Hali-IeCHU MO3UIUH ; [P IIpEeMUHABaHeTO OT ) B t3
UMa TOYHO eIHO OMTOBO OOpbINaHe; IPHU IIpeMHHaBaHeTO OT t3 B t4 mMa TOYHO Tpu OUTOBH
obpbinanust; n Taka HaTaTbk. Heka T, e OposiT Ha BecuYIkyu OUTOBU OOPBIAHUS 3a JIBOUTEH
OpodY ¢ M TO3UIMHU — OT MOMEHTa ty 70 TOC/IeTHIUS MOMEHT, B KOUTO YBEJINIaBAHETO CIIHPA.
Harmnumere pekypeHTHO OTHOIIEHUE 3a |, U JlaiiTe KpaTKa apryMeHTallds 3a Hero.

3. Pemrere PEKYPEHTHOTO OTHOIICHHE Ipe3 METO/Ja C XapaKTECPUCTUIHOTO yYpaBHEHHUC.
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Pernrenue:

1. Yucjgoro e 2™ — 1.

2. Ako n = 1, 6uToBOTO OOpPBINAHE € caMO €HO. 3a MO-TOJIeMU CTOWHOCTH Ha M 3abesisi3BaMe,

de JIOKATO CTAapIuaT OuT (Hail-isBo) e O ce M3BBLPIIBAT BCUYKHM OMTOBH OODbBINAHUS HA
nonoposia ¢ AbJKuHA N — 1, mocie ce u3BbpmBar N 6uroBn obpbmanusg u or 0171 ...11
opossabT ctaBa 100 ...00 u mocsie, 1oKaTo cTapiusaT OuT € 1, ce M3BLPIIBAT BCUYKNA OMTOBU

oOpbIaHus Ha MOJAOposda ¢ abjkuna N — 1. U raka:

T =1
T.=2T, 14+n zan>1

AjrrepHaTUBHO, HAYAHOTO yCJIoBHE MOXKe ja e 1o = 0, ako J1o1mycKkaBe mpaseH Oposid.

3. Pemennero e T(n) = 2™ —n — 2.

3.7 Ywucaa ua Fibonacci

3amaga 55. Yucnara na Oubonadu ce jgedUHUPAT Upe3 CJICIHOTO PEKYPEHTHO OTHOIIECHUE:

Fo=0
F=l
Fo.=F._1+F, > zan>1

[Ipeacrapere cu crbiabda ¢ n crbuaga. [IpejacraBere cu 1oBeK, KOTO n3KatuBa cThbioaTa. Toit
WJIN T WJIA B3eMa CThIIajJaTa €/IHO 0 eHO, WK 110 JIBe CThIIaja Ha BeJIHDbIK, HO He TIOBeYe.
Kaxksa e Bpb3kara Mexk 1y Opos Ha pa3IMIHATE HAYUHU TO3M YOBEK Jia U3KAYM CThadaTa u
qncaaTa Ha Pudbonadn?

[IpencraBere cu MpaBOBIBIHUK 2 X ML CAHTUMETPa W N Ha OpOil MaJIKA MPaBObI'bIHAIETA
1 x 2 cantumerpa. [TokpuBane Ha rojieMusi TPABOBbI'LJIHAK C MAJKUTE IPABObI'bJIHIYETA €
BCSIKO TSIXHO CJIaraHe BbPXY IOJIeMUs IIPaBOBbI'bJIHUK, TAKOBA Y€ HUTO T€ C€ NPUIIOKPHUBAT,
HIATO OCTaBa HEIIOKPHUTA 9acT OT T'OJIEMES IIPaBObIbJIHUK. OueBuIHO Opoifkara Ha MaJIKUTE
IPaBOBI'LIIHIYETa € JIOCTATHIHA, 3a Ja MOKpueM rojemus. Hermo mopede, HAUMHNATE 34 TTOK-
puBaHe Ha TOJIeMUsI Ca MHOI'O, aKO TL € TOJIsIMO 4uncjo. KakBa e Bpb3KaTa MexK 1y HAUUHUTE
na ObJie IMOKPUT IoJIeMUsl IPABObIbLIHUK U unciaTa Ha PudboHadn?

3. Jlokaxere, de

F_n+n—1+n—2++0
0 1 2 n

Perrenue:

1. Heka OpogaT HaumHu 1a W3Ka4Iu CT'hJI0A ¢ N cTbliaja € S,. AKO CTBIAJIOTO € CaMo €IHO, TMa
€/IMH Ha4duH Ja Ka4dl CT'bﬂ6aTa. AKO CT'bIIaJiaTa Ca JABE€, UMa JBa Ha4YlWHa: UK C JBE MaJIKN1
CTBIKY (OT MO €JIHO CT'BIAJO), WK C €JJHA TOJIgMa Kpadka (JiBe CThllajla HaBeJIHbXK ). Taka

e S1=1u$, =2

HpI/I moBe4de OT JAB€ CTbllajia, MOXKE JJa 3all0o9He MJIM C €JHa MaJiKa CT'bIIKa, IIPpU KOETO IIe
ocraBarT M — | CT'bllaJla, KOUTO MO2Ke Ja Ce HM3KadaT IIO Sn—] Ha4dnHa, WJIx C €JHa I'OJIdMa
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Kpadka OT JIBe CThbIaJa, IIPU KOETO IIIe OCTaBaT N — 2 cTbllajia, KOUTO MOXKE JIa Ce M3Kadar
o S,,_, HaunHa. QYeBUIHO MHOXKECTBOTO OT U3KAYBAHMUATA Ce Pa3bMBa Ha JBE IOIMHOMKEC-
TBa: T€3U, KOUTO 3all0YBaT ¢ MaJIKa CT'bIKA, U Te3U, KOUTO 3allo4uBar ¢ rojsgMa Kpadka. Ilo
IPUHIMIA Ha pa3dumBaHeTo, S, = S,_1 + Sn_s.

Buxmame, ve S, = F .y 3an>1.

2. Hexka Oposat na te3u nokpupanus e C,,. [la cu mpejcraBum rojeMus mpaBoIrb/ITHUK HAPUCYBAH
XOPU3OHTAJIHO U MOKPUT ¢ KBajpardera 1 X 1:

Besiko OT TIOKpHUBAIIUTE [IPABObLIbJIHIYETa TPIOBa JIa OKPUE TOYHO JiBe CheeHn (¢ obIma
cTpana) KBajpardera. [la cu mpejcraBuM, Ue MOKPUBAHETO 3amo4uBa oT/isgBo. KBajgpardero
B TOPHUSI JIaB bI'bJI TPsiOBa Jia Objie mokpuTo. Mma TouHO JBa HavyuHa Jia cTaHe ToBa. llpu
II'bPBUST HAYNH:

m

Tpﬂ6Ba 3aIbJIZKUTEJIHO Ja IIPOABLJIZKUM TaKa:

U CBeKJaMe 3aJiadaTa JI0 3a/a4a 3a MOKPUBaHe Ha MPaBObI'bJHUK 2 X (N — 2). [Ipu Bropus
HAYWH:

cBeXKJIaMe 3ajiadara 10 3aJa4a 3a HOKpUBaHe Ha HpaBobIbJHUK 2 X (N — 1). Jlokazaxme,
e 38 BCUYKHU JOCTaTHIHO Tojiemu croitHoctr Ha N, C,, = C 1 + C,,_5. OgeBumao C; =1 u

C, =2

Buxmame, ve C, = F gy 3an > 1.

3. e mokazkeM THXKJECTBOTO ¢ KOMOMHATOPHU pa3cbxkienusd. Heka T, e OpodaT Ha BcuUKH
OyJIeBU BEKTODPHU C JIbJIZKUHA T, B KOUTO HsiMa cbeeaun equnaniu. [le mokaxkem, 1e T, = F .o
zaBegko N > 1. OueBnyno Ty = 2, a T, = 3, 3a10To ot yetupuTte OY/I€BU BEKTOPA C IbJIKIHA
2, Touno 11 He oTroBaps Ha YCJIOBHETO.

Ba n > 2, chobpassgBaMe, Ue BCEKHM TaKbB BEKTOD MOXKE J1a 3aIll0UBa C €IMHNIA, HO TOraBa
BTOPUSAT MY €JIEMEHT 38 IbJIZKUTETHO € HyJIa U cJjiejiBa OyJIeB BEKTOP C JIb/KHHA N — 2 6e3
CbCEJIHN €IMHUIM, WM JIa 3all04YBa C HyJa, KaTo cjej Hes nMa OyJIeB BEKTOD C IbJIZKHHA
n — 1 6e3 cbeenan equaunu. [lo npuniuna xHa pasousanero, I, = T, 1 + T,_2. Jlokazaxwme,
ge T, = F2 3a Beako n > 1.

Torasa F.,q e T,_;, Taka d4e JjigBaTa cTpaHa Ha TbXKJIECTBOTO Opou OyjIeBUTE BEKTOPU C
obkuHa N — 1 6e3 cbeennn equmaunu. Ille mokazkem, de AsicHaTa cTpaHa OpPOM CHITOTO
MHO>KECTBO, HO IO-IIOJPOOHO.
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Enunr nmomomen dgakt: OposaT Ha OyjieBHTe BEKTOPH C JbJDKAHA M — 1, KOUTO ChIbpKaT

TOYHO M eJUHUIM (TOBa O3HAYABA, TOYHO T — | — M HYJIM) U HIMAT CbCEJIHU EJMHUIIM, €

(TH“). Tosa ce mokassa MHOro JiecHo. IIbpBO Ja cu npegcTaBUM eIUHUNIATE, HAIMCAHU B
m

pe/iiiia, KaTo BesKa OT TaX 6e3 ImocjeaHaTa OuBa ciie/BaHa OT HyJa (3a ja HaMa CbCeIHH

enumHUIM). 3Haun wMamMe M — 1 obeKTa OT THIl “eJuHuIA-HYIa" 1 eJInH ODEKT OT THII

€JIMHUIIA ; 06110 M obekTa. Te ca Hape/ieHH Taka:

m—1 "ynu ca Beue “3aern” u octaBar n—1—m—(m—1) = n—2m “cBo6oaHN" HY/IU, KOUTO
“Biuzar’ B “IpasHUTE MPOCTPAHCTBA’ MEXK/Ly U OKOJIO CIIOMEHATUTE 00EKTH, 3a Jia 0pOpMAT
Bektopure. [Ipasuure mpocrpancTa ca m+ 1 Ha 6poit (3amoTo 06eKTHTE ca M) U caaraMe
0010 N — 2M HyJIM B TsIX, KATO BCAKO CJIaraHe Ha HYJIM HU JaBa TOYHO €IUH OT YKeJaHUTe
OyaeBr BEKTOPU. 3HAEM, Ue MOKEM Ja CJI0KUM N — 21 aHOHUMHHI TONKKA B M+ 1 nMeHyBaHM

KYTHHI 110 TOYIHO (n—Znn:,:]ni-&]J—]) = (".™) naunna.

Craen KaTo cMe JoKasaJn IMOMOIIHHS (aKT, PENIeHNeTO € TPUBHAIHO. BesKo chOmpaemo
BJIICHO OPOHM TOYHO BEKTOPHUTE C JIbJZKUHA L — |, KOUTO UMAT M €INHUANNA U HIMAT CbCEIHN
equnuiy, Kbjgaero m € {0, 1,...,n}. ITo npunnuna va cubupaneTo, cymara oT Te3u OPOHKN €
TOYHO OPOST Ha BEKTOPUTE C JIb/KUHA N — | 0e3 cheeqau equauim. Hakon or chbupaemure
ca HyJM, & UMEHHO Te3W, IPpU KOoUTo N —m < m < n < 2m. Toa uma xomOuHaTopeH
CMUCHJI: TIpA M < 2M mMa HyJla BEKTOpa C Jb/DKUHA M — | U TOYHO M €JIWHUIM, KOUTO
HsMAT CbhCEIHU €IUHUIIN.
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