Nurerpasnen Kpurepuit 3a cyMu

I. KakBo npeacraBiisiBa KPUTEPUSIT:

Umame acumnroTudHo nojoxuresnta dysxus f(X), M0oI0KUTeIHa OT Ny HATATHK U 38 N > N,

HCKaMe Ja ITOKazKeM CJIEIHOTO:

Z £ = f Fdx

i=ng
II. 3a kakBu (bYHKIUU € B cuJja:

IIle pasriename caMo HIKOM YACTHU CIYYaH, IPU KOUTO KPUTEPHUAT € MPUJIOIKUM.
B peiicrBuTesiHOCT, TOM € TMPUIOKKUM 32 MO-IMTUPOK KJIAC OT (DYHKIUHU, HO JOKA3aTEJCTBOTO HA

TOBa MHUHaBa IIPE3 CIIenuaJIHA (byHKLH/II/I OT KOMILJIECCHUA aHaJINU3.

Heka f e acMMIITOTHYHO MOJIOXKUTEIHA (PYHKIUA:
Ing ENVn =ng:f(n) >0

H HCK. K H HU 1
OcBsen TOBa 1€ UCKaMe T Ja € TaKa JIa Ce KarxKe 5 00pe pasmpeeeHa’ Mex, ecTecTrBe
PeaJIHu 9UCJIA:

AM>0IM >0Vn=nem.f(n) < e min _f(x) < rg:ﬂl]f(x) <M. f(n)

[n,n+1]
Ero makomko mpumepa:
IIpumep 1: f(x) = x?

3a Bcekn mHTEPBAT OT Buia [n,n + 1] MuHUMYMBT Ha f ce JOCTHUra B TOYKA N M TOH € TOIHO

n?, a MAKCIMyMbT ce JOCTHTa B Touka 1 + 1 u Toit e (n + 1)2.

Cera umame TPUBHUAJIHOTO HEPABEHCTBO:

vn=>1:1.n><n? = min f(x) r[nai(q]f(x) =(n+1)? <4.n?
ElInn

x€[n,n+1]
Tosa e ropuara gedpuruima c m=1u M = 4.
Ipumep 2: NU306mpo 3a f(x) = x*
IIpu a = 0 umame:

> . a< a — — a< a a
vn=>1:1.n*<n xeglnnr}rl flx) < gll%)il]f(x) n+1)*<2%n

IIpun a < 0 umame:

> . Da a< a — i < a
vn=1:2n*<(n+1) xermlr}d]f(x) xeﬁ%)iﬂf(x) n*<1l.n



Ipumep 3: f(x) = a*
IIpn a = 1 umawme:

vn>1:1l.a"<a"= min f(x) < max f(x)= a™l < q. "
x€[nn+1] x€[n,n+1]

IIpu 0 < a < 1 umame:

> 1- n < n+l — — N <
vn=>l:a.a<a xerzlnnrll]f(x) r[na)illf(x) a 1.a™

Ipumep 4: f(x) = x*
Tosa e mpumep 3a PpyHKIMA, KOSITO HE € TakaBa/

vn>1:1.n"<n"= min f(x) < max f(x)—(n+1)"+1 < M.n"
x€[n,n+1] x€[n,n+1

TakoBa M obaue mHsama, Thil KaTO:

VM >03n, eNvnzn,:(n+1).(n+1D">mn+1).n"=>Mn"

II1. Toka3zaTesicTBO:
Jla mamuimeM OTHOBO cBoiicTBaTa Ha f:
1.Ing eNVn=ny:f(n) >0
2.3m >03IM > 0Vn = ng:m. f(n) < Minyepn) f(X) < MaXyepmnir) f(X) < M. f(n)
Hexka cera n > ny. Broporo cBoiicTBO € BApHO 3a Bcu4ku i = ng,ng + 1,...,n — 1.

mame:

mfO < min fQ)< max f()<M.f(D)

x€[i,i+1]

CyMI/IpaMe IO BCUYKHU TAaKWUBa [ U noJryvaBaMme:

n-1 n-1 n-— n—-1

) < < < 1

D WIOED W IICER W SR o
1=ng 1=ng l=Tl0 1=ng

JlBere cymu B cpemarTa mpeacTapigBaT cyMmu Ha JapOy 3a murepsana [ng, n] u muamersp Ha

pasouBane 1. Mexay Tsx ce HaMUpa CbOTBETHUSIT WHTETPAJ:

m, Z f) < Z min () < f f)dx < Z Jmax, fG) < M. Zl 10

i=ng i=ng i=ng i=ng



Topa omnpeness, 4de:
[ reax=e| Y 1

, KOETO Iopa/ii CUMETPUYIHOCTTa Ha @7 MO2ZKe JIa Ce 3alliuIlIe 1M KaTo:
n-1 n

> s =o( [ reax)

i=ng o

(Babenexkka: Kpurepuar moxe Ja ce u3nosssa u B To3u Byl Taka Toil nasa mo-mgo6pa

TOYHOCT Ha AlpOKCcHMAanuATal)

OcraBa ma HampaBuM IIpexojia OT cyMa 3a n — 1 kbM cyma 3a n. mame ciretHOTO:

m.f(i) < min f(x)sf(i+1)Sxerﬁeili(l]f(x)SM.f(i)

x€[i,i+1]

OTHOBO cymupame 10 { = Ny, ..., — 1, caen Koero mpubassime TOJ0KUTETHOTO f(Ng):

n-1 n-1 n n-1 n-1
> m Y fO=m Y fFO+f) < D FOSM Y fFO+[0) < M+1D. ) Q)

i=no I:=TLO I:=110 I:=110 I:=110

Koero bk onpenerts, de:

i f=e Z £

I:=110 i=Tl0

Cera or TpaH3UTHBHOCTTA Ha O nmMame:

S f=0 hen

i=ng



IV. Ilpunoxkeuwusi:

IIpumep 1:

Tasu cyma e 3a ¢pyHkiusa oT Buma X%, a 3a Hesl Beue BUJAXME, Y€ CA U3II'bJIHEHU UCKAHUTE
CBOICTBA.

B cayyag ¢ = —1 u umame:
n
1
Z—= (J. —dx—lnn)
l=1l

IIpumep 2:

Taszu cyma e 3a f(x) = x_%:
- 1
Z (f —dx—ZV_—Z):@(\/ﬁ)
l=1 x
IIpumep 3:

n
1
D=1

i=1

~.

Tasu cyma e 3a f(x) = x~2:

=1 nq 1
27=® f —dx=1-=)=0(1)
L . X n
i=1

M306mm0, 3a x* numame:

n n o) ,a> -1
Zi"‘:@(f x“dx)z O(lnn) ,a=-1
i=1 1 0(1) ,a<-1

IIpumep 4:
n
Z Ini =nlnn
i=1

Oyuknugara Inx e monoxkurena 3a n = 2. Toit karo In1 = 0, To IbPBUAT WIeH Ha cymMaTa
MO2Ke J1a ce rporrycHe. la pa3riename Jau ca U3IMIbJIHEHN UCKAHUTE CBOWCTBA!

Inx e pacrama GyHKIM, Taka 4e 3a BCEKH MHTEpBaJ oT Buga [n,n + 1]:

min Inx =Inn, max Inx =In(n+ 1)
x€[nn+1] x€[n,n+1]



Ocgen 1oBa In(n + 1) < Inn? = 2Inn 3a Bcsgko n = 2, Taka ge:

vn=2:Inn<lnn= {mn flx) < r[na)il]f(x)—ln(n+1)<21nn

Cera npujtaraMe KpuTepusl U TIOJIy 9aBaMe:

n n n
Zlniz@)(f Inxdx = xlnx—x] )z@(nlnn)
i=2 2 z

Ilo To3m mHaumna moxke ma ce mokaxke u 4e Inn! = nlnn, Toit Karo cymara OT J9BO

pecTaBAIBa TOIHO Inn! :
Zlni =In24+In3+ .. +Inn=Inn!
i=2

IIpumep 5:

Inx
OyHKIUATA — € TIOJIOKHTENHA 3a n = 2. OTHOBO 1I1e TPOITyCHEM IIbPBUA JIEH U I

pa3rJjiejaMe NCKaHuTe CBOMCTBA:

Inx
— ¢ HaMaJaBama dyHKIuA 3a N = 2, TaKa 4e 3a BCeKUM MHTepBaJ oT Buja [n,n + 1]:

- Inx In(n+1) Inx Inn
min —=———, max —— =—
xe[nn+1] x n+1) xe[nn+1] x n

OcBeH TOBa 3a BCAKO N = 2 MMaMe:

Inn Inn In(n+ 1)
—=< <
n-(n+1) n+1)

B rakbB cayuait:

v >2_lr1n<1n(n+1) ) < ) 1nn<lnn
n=sors (n+ 1) xE[n&lr-ll—lfx xe[mnal)il]fx _T T

Cera npujiaraMe KpUTEpHs U IOy YaBaMe:

n

- Ini "lnx 1
Z—.=® j —dx=—ln2x]
’ i 2 X 2 2

) = 0(n?n)



