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1 Jloka3aTejicTBa MO WHLYKITUS

1.1 OOmKHOBEeHA WHIYKITUS

3agagya

n

1. JlokakeTe 110 MHJIYKITHS, Y€

ENF: )Y k2*=m—-12M"+2
k=1

Permrenne.

Basa: 3an =1 mebpuennero e 1 x 2! = (1 —1) x 2% + 2. Jlasara crpana e 2. [acuara
crpana e 2. TBbpaeHneTo B 6a30BuUs caydail € BAPHO. v/

NuaykTuBHO nipe/moJioxkenue: Jlomyckame, 9e TBbPIEHNETO € BIPHO 3a Hsikoe N > 1.

WuaykrtuBaa crbnka: Ille jokaxkeMm TBBLPACHUETO 3a CTOHHOCT Ha aprymenTa M + 1.
Tebpaenuero e:

n+1

D K2k =n2m 42
k=1
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JIsaBara cTtpana e:

n+1
Y K2k =
k=1
n
Z K2k 4+ (4 1)2"" = (cB2nacH0 UHOYKMUSHOMO NPEINOAOHCEHUE)
k=1

(m—120Y 42 4 (n4+1)2v" =
nz(nJr]) o 2(n+1) +24+ nz(n+1) o 2(n+1) —
2n2m 42 =

nm 2= v

Banmaua 2. Jokaxkere no uuaykius, 4e Yn € N*: 3 ' k(k!) = (n+ 1)1 —1.
Pemenne.

Baza: 3an=11ebprenneroe 1 x (1N =(1+1)—-1. ¢
NuaykTuBHO npejaiiooxkenue: /[lomyckame, Ue TBbPIACHUETO € BAPHO 3a Hsikoe 1 > 1.
NuaykTuBHa cTbnka: Pasriexkpame TBbpaeHHETO 3a N+ 1.

n+1

D k(kl) =

k=1
k(k)+(n+1)((n+ 1)) = (cBenacto undykmuenomo npednosodtcenue)
k=1
M+ =T+MN+1)((n+1)) =
T4+MMm+1))((n+1))—1=
M+2)(n+1H—=1= (cvenacho dedpunuyuama wa daxmopuena)
m+2)—-1=
(m+1)+1) =1 v

Bamaua 3. Jlokaxkere o nHayknud, 4e Vn € Nt : 4™ 4 521 ce nesn ma 21.
Pemienne.

Basza: 3an =1 mebpuennero e: 4> +5' =16+5=0 (mod 21). vV
NuaykTuBHO mpejaiiooxkenue: Jlomyckame, Ue TBbPICHHETO € BAPHO 3a Hsikoe 1 > 1.
NuaykTuBHa crbnka: Pasriexkmame TBbpaeHneTo 3a N+ 1.

4(n+1)+1 + 52(n+1)71

4477 4 5250 =

4.4 425521 =

4.4™7 1 (44 21).5" " =
4.4 4451 L2155 =

4 4n+1 + 52n71 + 21 -527171 v
( —_—— ) e —
nenu ce Ha 21 CbIJIACHO MHI. TIPE/I. 0o4eBUIHO ce nesn Ha 21
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O
e 1 2 3
Bagaua 4. JlokaxkeTe 1o nHAyKIus, 9e vVn € N, Z k(k+1)(k+2) = n(n+ )(n4—l— J(n+ ).
k=1
Perienne.
1-2-3-4
Baza: 3an =1 m8bpienuneroe: 1-2-3 = Ts v

NuaykTuBHO nipe/roJioxkenue: Jlomyckame, 9e TBbPIEHNETO € BAPHO 3a Hsikoe N > 1.
NuaykTuBHa crbnka: PasriexxpaMe TBbpeHHETO 3a N+ 1.

n+1

D k(k+1)(k+2) =
k=1

Z k(k+1)(k+2)+(n+1)(n+2)(n+3) = (cBenacto und. npednosoorcerue)
k=1
nn+1)(n+2)(n+3)

7 +MM+1n+2)(n+3)=
(n+1)n+2)n+3) (%H) _
m+T1)(n+2)(n+3) (“TH) _
M+ ((n+D)+1)(n+1)+2)(n+1)4+3) %
4
Ul
Banada 5. Jlokaxkere 1o nHaykimd, 9e vn € N1, Z(2k+ 12 = (n+ 1)(271;‘ 1)(2T1+3)'
k=0
Pentenwne.
Baza: 3an =1 reopaerneroe: (2-04+ 12+ (2-1+1)2 = (+DE-1T+1)2-1 +3). v/

3

NuaykTuBHO nipe/moJioxkenue: Jlomyckame, 9e TBbPIEHNETO € BIPHO 3a Hsikoe N > 1.
NuaykTuBHa cTboKa: Pasriexxgame TBbpaennero 3a n + 1.
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n+1

D (2k+1) =

k=0

S @K1+ 2+ 1) +1)2 =

k=0
i(Zk—l— 12+ (2n+3)?% = (cBenacro und. npeon.)
k=0

M+1)2n+1)(2n+ 3)
3

((n+ N2n+1)

3

(2n +3) +(2n+3)

(2n + 3) <

nP4+n+2n+1 +6n—|—9)

(2n+3)(n+2);2n+5) _
M+2)2n+3)(2n+5)

3
M+ +1)2M+1)+1)2n+1)+3)
3

v

Samaua 6. Jlokazkere 110 WHIYKIS, e

vn € NT: i(—])iiz =(=1)"n (nT—i-]>

i=1
Pernrenune.

Baza: 3an =1 tBbpuennero e

1
Y (D=1 (%)
ﬂHBaTa CTpaHa €:
(—1)'1% =1
IsgcHTara cTpaHa e

(=)' G) =1

Tebpaennero B 6a30Bus ciaydail € BApHO. v/
NuaykTuBHO npesaiosoxkenue: [lomyckame, 1de

S vt (2
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38 HSKOE II5JI0 ITOJIOKUTETHO TL.
NunykruBHa crbnka: [lle gokaxkem TBbpAEHHETO 3a CTOWHOCT Ha aprymenTta N + 1.
Tebpaenuero e:

n+1

>0 = e ) (252 0

i=1

PaBFJ'Ie}K,ZLaMe JigdBaTa CTpaHa:

n+1
D (F1it=
i=1
<Z(—1 )t iz) + (=) n+1)72 = (CBIIIACHO MHIYKTHBHOTO IIPE/IIOIOKEHNUE)
i1
1 (P ) I e 1 =
n

Jokazaxme 4pe3 eKBUBAJEHTHU 1IPeoOpasyBaHusi U WHYKTHBHOTO IIPEJIIOJIOKEHUE, Ue JisiBaTa
crpana Ha (1) e paBHa Ha JgicHATA. O

3amada 7. Heka X e H#AKOe peasiHO 4ucyio, TakoBa 4de X > —1. Jlokaxkere 110 MHJIyKIUS, 1€

VneN":(1+x)">1+nx

Perrenune.

Baza: 3an =1 tebpaenunero e
T+x>1+x

KOETO € TPUBHUAJIHO BAPHO. v/
NupykTuBHO nipesarosoxkenue: /[lomyckame, ve

(1T+x)">1+nx

3a HAKOE IOJIOKUTETHO TL.
NunykruBHa crbnka: [lle jgokaxkem TBBLPIAEHHETO 3a CTOWHOCT Ha aprymeHTa N + 1.
Tebpaenuero e:

T+ > 14+ (m+1)x (2)
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Pasriiexxtame JisiBata crpana:

(14 = (1T 4+x)"(14+x%x) > (CBIJIACHO WHJIYKTUBHOTO IIPEJIIOJIOXKEHUE )
(1T4+nx)(14+x) =

T+x+nx+nx? =

T+ Mm+1x+nx?> (Tit kKaTo nx* > 0)

T4+ (n+1)x

,HOK&S&XMG 49pE3 €EKBUBAJICHTHU Hp606pa3}/BaHI/IH, NHAYKTUBHOTO IIPEAIIOJIOZKEHNE 1 OYE€BUIHU HE-
paB€HCTBa, Y€ JidBaTa CTpaHa Ha (2) € IIO-T'OJIdMa WJIM paBHa Ha JgdACHaATa. ]

Bama4va 8. Jlokaxkere 10 UHIYKIWs, Je 3a 3™ — 1 e 4eTHO 9HCI/IO 38 BCSIKO €CTECTBEHO .
Peurenne.

Baza: Bazosuar cay4ait e n = 0. Tebpaennero crasa, “3° — 1 e 4eTHO”, KOETO OYEBHIHO €
BSAPHO.

NuaykruBHO npeamnojioxkeHne: Jla momycneM, 9e TBbPACHHETO € BIPHO 3a HIKOe eCTec-
TBEHO YHCJIO M.
NuaykTuBHa crbinka: /Jla pasriegame TBbPIAECHHETO 3a CTOMHOCT Ha aprymeHTa M + 1:
— 1 e werno gucao”. Ho

3T 1 =3x3"—1=024+1)x3"—=1=2x3"+3"—1

<c3n+1

OueBnao 2 X 3™ e WeTHO YMCIO 3a BCIKO ecTecTBeHO N, a 3™ — 1 e 4eTHO OT WHIYKTHUBHOTO
npesnosiozkenne. CyMaTa Ha YeTHH YUC/Ia 38/ IbJKATEHO € YeTHO dncjio. C KoeTo mokasaxme, ge
TBBpAeHneTo “3™! — 1 e werHo umMcI0” € BAPHO. U

Bama4ga 9. Jlokaxkere 1o uuyKims, de 11" — 6 ce jgesm Ha 5 3a BCSIKO eCTECTBEHO M.
Pemienne.

Basza: Bazosuar cay4aii e n = 0. Tebpaennero crasa, “11°—6 ce gem Ha 57, KOeTo 09eBHIHO
e BSIPHO.

NuaykTuBHO mpeaiongoxKenue: [la jomycHem, 9e TBbPIEHUETO € BSIPHO 3a HIKOe eCTec-
TBEHO YHUCJIO M.

NunykTtuBHA cTbhKa: Jla pasrienaMe TBBLPIECHUETO 3a CTOMHOCT Ha apryMeHTa N 4+ 1:
“11+1 — 6 ce e wa 5. Ho

M —6=11x11T"—6=(10+1) x 11" =6=10x 11" 411" —6

Oueuano 10 x 11™ ce mem Ha 5, a 11 —6 ce geu Ha 5 0T MHAYKTUBHOTO IIpemnosioxKenne. Cymara
Ha YHCTIa, JIEISINN ce Ha 5, 3aIbJKUTENHO ce jien Ha 5. C KoeTo mokaszaxme, Ue TBbPICHHETO
“11™1 — 6 ce mesn Ha 57 e BSIPHO. O

3amaua 10. Pasrienaiite cieIHOTO JOKA3aTEJICTBO IO WHLYKITHS:

Ille nokaxxem, 1e 5n + 3 = 5(n — 2) 4+ 8 3a Bcsiko ecrecTBeHo 4yucyIo N. [a jgomycHen,
4ye TBBPJEHHETO € BIPHO 3a HIKAKBO €CTEeCTBEHO M. Pasrjexkjiame TBbDJIEHHETO 3a
croitHOCT Ha aprymeHra n+ 1:
5m+1)4+3=5(n+1)-2)+8 & mM+5+3=m+5—-104+8
Gn+3)+5=6n—10+8)+5 < (Gn+3)=6Gn—10+8) «
Sn+3=5n—-2)+38
Ho mocsieiHOTO paBeHCTBO € UMEeHHO MHJIyKTHBHOTO MPEJIITOJIOXKEHHE U KATO TAKOBA €
Bsipro. CiejoBaTe/IHO, TBbPIEHUETO € BSIPHO 38 BCSIKO €CTECTBEHO T.
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Kaxso buxTe Kazajm 3a TOBa JI0KA3aTEICTBO?

Pemmenune. TBbpaeHneTro 09eBHIHO € HEBSIPHO: OTBOPETE CKOOMTE BJISICHO U M3BaJIeTe SN OT JABeTe
crpanu. [IloM TBBpIEeHNETO € HEBSIPHO, HAMA KaK J0Ka3aTeJCTBOTO Ja € BaJugHO. ['perikara B
TOBAa “JIoKa3aTesIcTBO” e jiuicara Ha 6a3a. Haucruna, ako ce onmurame J1a pasriejamMme 0a30B ciiydait
34 HAKOE KOHKPETHO €CTECTBEHO YUCJIO T, IIE IOJYYUM HEBAPHO TBLPJICHUC. U

Bamaua 11. [lokaxkere mo mHAyKIWms, e vyn > 1 : ﬂ{; A = U{; A;. MoxkeTe nma mojsBaTe
HaroToBO U3yvYaBaHUTE B dacC CBOHCTBa Ha OoIepanmunuTe BbPXY MHO2KECTBA.

Permrenne.

Baza: 3amecTBaiiku apryMenTa n ¢ eJIMHAIA, T0JydIaBaMe TBbPICHIETO ﬂL] A= Ui]:1 A,
KOETO € C’BIIOTO KaTo A = Aj, KOETO € TPUBHAJIHO BSIPHO.

NuaykTuBHO npejamnosioxkeHune: Jlomyckame, 9e TBbP/IEHUETO € BIPHO 3a HIKaKBa, CTOI-
HOCT N > 1 Ha aprymeHTa.

NunykTuBHa crbika: /[la pasriesame TBbPIAECHHETO 3a CTOWHOCT Ha aprymeHTa M + 1.
JIsaBara cTpana e:

n+1
ﬂ A = (0T acoIMaTUBHOCTTA HA CEYEHUETO)
i=1
n
m A ﬂ Anil = (or 3akona Ha Jle Mopran)
i=1
-
ﬂ A; U A = (OT MHJI. TIpeJIIOJIOKEeHNE)
i=1
n
UKU Ansl = (or aconmaTUBHOCTTA HA O0EJIMHEHNETO)
i=1
n+1

OJ
n
1
Samaya 12. /lokaxkere 1o uHaykius, ae Vi > 1: Z — > n.
o vk
Pemnenne.
Baza: 3amecTBaiiku aprymMenTa N ¢ €JIMHUIA, ITOJTydaBaMe TBbP/IEHUETO ZL:] \/LE > V1,

KOETO € CBHIOTO KaTo \Lﬁ > /1, KOETO € TPUBUAIIHO BSIPHO.

WNuaykTuBHO nipeamnosioxkenne: Jlomyckame, 9e TBbPIEHUETO € BAPHO 38 HAKOS CTOWHOCT
n > 1 Ha aprymenra.

NunykruBHA cTbnka: Jla pasriegame TBbPJIEHUETO 3a CTOMHOCT Ha aprymenta N —+ 1.



3apgaun ¢ pewenuns no Auckpethun Ctpyktypu, KH2, ®MUN-CV, 2016-2017 r. © Munko Mapkos

n+1
Jlsaara cTpana e ) ,_, \/le Ciennara 1ocIeJ0BaTeTHOCT OT HEPAaBEHCTBA U PABEHCTBA € B CHJIA:

3
=

T
5~

(oT acormaTUBHOCTTA HA CHOUPAHETO)

M =

_|_
v

(OT MHJI. TIpE/IIOIOKEHNE)

W

i
=)
+

: —
] ¢ &
+
— 2=
i
Il

5

=)
_|_

+
=
+

Il

;SN
2+
s153);
T+ T+

3
+

=
+

=)
+

Crenosaresno, ZQL] ﬁ >vn+1. O

n
Bamava 13. Jlokaxkere mo wHyKnus, de Vn > 1 : Z Hy = (n+ 1)H,, —n, kbiero HOTAIUATA
k=1
_ no1
H, osnauasa Hy =} ", ¢.

Peurenne.

Baza: 3amecTBaiiku aprymenTa n ¢ eJuHUIEA, [OJIydaBaMe TBbPIEHUETO
1

> Hi=(1+1H —1

k=1

KoeTo e cbinoro Karo Hy = 2H; — 1, Koero e ¢bIoro Karo % =2x % — 1, Koero e TpuBHATIHO
BSIPHO.

NuaykTuBHO mpeamosioxenue: Jlomyckame, 4e TBbPACHUETO € BAPHO 38 HAKOS CTOWHOCT
n > 1 "a aprymenra.

NuaykrtuBHa crboka: Jla pasriesame TBbPIEHHETO 3a CTOMHOCT Ha aprymenTa M + 1.
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n+1
Jlasara crpana e ) ,_; Hy. Cieanara mocsenoBaTeIHOCT OT PABEHCTBA € B CHJIA

n+1
Z Hy = (or ompegesiennero ua Hy,)
k=1
n
(Z Hk> +Hug = (OT WH/I. IPE/IIIOJIOKEHNE)
k=1
m+1)H,—m+H.y= (or ompesesiennero ua Hy,)

(n+])Hn_n+Hn+1 +(n+”Hn—H _(n+1)Hn+1 =
(M+1H, —n— (4 DHp + (4 2)Hy =

Mm+2)Huy+(n+1)(Hy,—Hppy) — = (or ompesesiennero ua Hy,)
(n+2)Hn+1+(n+n(Hn—Hn—L)—n:
n+1
1
2)H, ) -n-=
(m+2) +1—|—(n+1)( n+1) n

(n+2)Hn+1 —1l—-—n=
M+2)Hp —(n+1)
CrenoBaTesHo, ZE}] He=n+2)Hu g — (m+1). O

Samaua 14. JlokaxkeTe 1o WH/YKIUs, Y€ 38 BCIKO KpaflHO HEIPasHO MHOXKeCTBO A, OpodT Ha
IIOJIMHOXKECTBaTa Ha A ¢ 4eTeH OpPOil ejleMeHTH e paBeH Ha Oposi Ha MOAMHOXKECTBaTa C HEYETEH
Opoil ejleMeHTH.

Pemenne. Hexka 2* cremennoro MuoxkecTsBo Ha A. Jedbunmpame, we:
2} ={X|X € 2* u |X| e uerno uuco.}
28 = {X|X € 2* u [X| e neuerno uucio.}

Bajlauara ce ChCTOM B TOBa, Ja ce Jokaxe, e VA, takosa ye A # (), [22| = 22|, TokazaTencTeoTo
e ¢ MHJYKIWs 110 [Al.

Baza: |A| = 1. Torasa

28 ={0,A}
OueBuHO

28 ={0)

25 ={A},

Taka ue |22 = 21| e BapHo.
NuayKTuBHO IIpeamoJoxkenue: Heka TBLpAeHIETO € BAPHO 3a BCAKO MHOXKECTBO A, Ta-
koBa 4e |A| = n. Toecr,

VA, Taxosa ue |A| =n: 2} = 2] (3)

NMuagykruBHA cTbika: Pasriexjame Hsakoe MHOXKecTBO A, TakoBa de |A| =n+ 1. Heka a
e mpon3BoJieH eeMeHT Ha A. OdeBumno 27 ce pasbuBa Ha CJI€IHUTE YETHPH IIOIMHOMKECTBA!

B. ={X € 2*|a € X u |X| e uerHo unciio}
B, ={X € 2*|a € X u |X| e Heuerno uncio}
Ce={Xe2* a¢Xu|X| e uerno ancio}
Co={X€e2*a¢ Xul|X| e neuerno unco}
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OueBnaHO
28 =B.UC,
28 =B, UG,

Toit kato B N Ce =0 u B, N Cy, = 0,

23] = [Be| + ICe] (4)

1201 = [Bo| + |C| (5)
Heka A’ = A\ {a}. CbriacHo MHIYKTUBHOTO Mpenosioxkenue (3),

20 =123 (6)
OueBnaHo e, 4de ZQ/ =C.u Zé\/ = C,. CremoBaresHo,

Ce| = ICo (7)
IIe nokazkem, de |B.| = |B,|. abenexere, ue

Bel =[Gl (8)
[OHEKE UMa OMEKTHBHO ChOTBETCTBUE MEXKJLY €JIeMEHTHTE UM:

® BCEKHM eJIeMeHT U Ha B, ce mosrygaBa oT To4dHO ejun ejiemeHT v Ha C, 4upes , mobaBsHe” Ha
a; no-gpopmasno, w =v U {a},

e Bcekn ejleMeHT W Ha C, ce mojiyyaBa OT TOYHO eIUH eJeMeHT z Ha B, upes ,Maxane" Ha q;
no-gpopmasao, w = z \ {a}.

Anaornano,
|Bo| = |Ce| (9)
MOHEYXKe NMa OMEKTUBHO ChOTBETCTBHUE MEXKJIY €/IEMEHTUTE UM:

® BCEKHM eJleMeHT U Ha B, ce mojydaBa or TodHO enuH ejemeHT V Ha C. 4upes , mobaBsHe” Ha
a; no-gpopmasno, w =v U {a},

e Bcekn ejleMeHT W Ha C, ce mojiydaBa OT TOYHO €JIMH eJIEeMEeHT Z Ha B, upes ,MaxaHe" Ha Q;
no-gpopmasao, w = z \ {a}.

Ot (8), (7) u (9) cuensa, 1e |B| = [Col = |Ce| = [B,o|, & OTTYK CbIVIACHO TPAH3UTHBHOCTTA HA
PaBEHCTOTO MMaMe:

|Be| - |B0| (10)
Ot (7), (10), (4) u (5) cnempa, qe |22 = 2. O

Bamaua 15. Jlajiena e kBajpaTHa JbcKa ¢ pazmepu 2™ X 2™ caHTUMETpa, 3a HAKOE eCTECTBEHO
qucyio n. JI'bckara e pazueprana Ha eIHAKBYU KBajpardeTa ¢ padmepu 1 X 1 cantumersbp. Benukn
KBaJipaTdeTa ca 0e/u ¢ M3KJ0YeHne Ha €JIHO, KOeTO € YepPHO, KOeTO Ce HaMUpPa Ha NPou3soAHO
macmo. Kaszpame, 1e gepHOTO KBajparde e “mynkara’. ETo mpmmep 3a TakaBa ;ibcKa 3a N = 2:

10
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Hanenn ca n HeorpanndeHo MHOTO ['-o0pa3uu hopmu, BCsAKa OT KOUTO Ce ChCTOU OT TPU KBaJl-

patdera, Bcsko 1 X 1 caHTUMeTBbD, JIOJIETIeHN €TO TaKa: 'l [-obpaznute popmu Moxke j1a ObiIaT
Bbprenn Ha 90, 180 wmm 270 rpajiyca u j1a 6bJaT cjiaraiu Bbpxy J'bCKaTa, Taka e Besgka ['-gpopma
Jla TIOKpUe TOIHO Tpu HeltHu besu KBajpardera. Jlynkara He Moxke j1a Obje nmokpubana. Jlokarke-
Te, e BCsKa JTbcka 2™ X 2™ ¢ JIylKa Ha IPOM3BOJIHO MSACTO MOKe Ja Oble HMOKpuTa ¢ ['-obpas3Hu
dopmu, KouTo He ce 3acTbIBaT. Hanpumep, mokasanara abcka 4 X 4 mMoxke j1a ObJe IMOKPHUTa €TO

TaKa:

Pentenune. Ille mokakeM TBbpAeHHETO ¢ HHAYKINA 110 N. Bazata e 3a n = 1. ToraBa abckara
e 2 X 2 1 UMa YeTHPHU Bb3MOXKHOCTH 3a MSICTOTO Ha, JyIKaTa:

e E ™

OueBuHO 3a BCSIKA OT TsIX JbCKaTa MOXKe Jia Obje mokputa oT ['-06pasuu dpopmu (M MO-TOUHO,
camo eJiHa (bopMa, HO TOBA HsIMa 3HAUEHNE).

Jla pasriemame HIKOe eCTECTBEHO ML U JIa JIOIYCHeM, de ibcKaTta 2™ X 2™ Moxke j1a Objie MoKpuTa
¢ ['-obpaszun gopmu He3aBUCHMO OT TOBa, Kbjle e aynkara. Cera jga pasriengaMe TBbPIECHHETO 34
croitnoct Ha aprymenta N+ 1. Pazriexame abeka 2™ x 2™ i cu npejicraBsaMe, de T4 ce ChCTOM
OT YeTUPH MOIbcKU 2™ X 2™ joJienenn eiHa 10 JIpyra:

Jlynkara ce HaMUpa B TOYHO €JIHA OT Te€3U YETUPU IOJILCKU. Be3 orpanumyenue Ha OOIHOCTTA,
HeKa JIyIKaTa € B TOpHATa JIsIBa MO/ ThCKA!

Tbit KaTo ocTaHaaInTE Tpu HOAABCKU HAMAT AYIIKHW, UHIYKTUBHOTO IIPEAIIOJIO2KEHUE HE € JITUPEKTHO
IIPUIIO2KHUMO. ILa CJIO2KHM olIe TpHu AYIIKH, IIO €/IHa BbB BCAdKa OT OCTaHaJIUTE IIOAABCKU €TO TaKa:

Cera Beue NHAYKTUBHOTO IIPEAIIONIO?KEHNE € B CUJla 3a BCdKa OT 4YeTupuTe HOJIbCKH. CopriacHo
HETro, BCAKa OT TAX MOXKE [a 6’]:;,&6 IIOKpUTa C F—06pa3H1/1 (bOpMI/I, IIp1 KOETO BCAKa OT JAYIIKHUTE
OCTaBa HEIIOKPpHUTa:

11
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Cera ciarame orme egaa ['-o6pasna ¢opma, MTOKPUBARKKM TPUTE YK, KOUTO J0O0ABUXME U3KYCT-
BEHO:

Koucrpynpaxme mwbeka ¢ pasmepu 2™ x 2 kostTo nMa m1yIKa Ha IIPOU3BOIIHO MCTO U € HOKPUTA
¢ ['-obpazuu dpopmu. O

1.2 CwrHa UHIYKITUAS

3amada 16. JoxkaxKkere, 4e ako paslojaramMe ¢ HEOIPAHUYEHU KOJIMYECTBA TO IIOIIEHCKH MapKu
110 4 1 5 CTOTUHKHU, TO C TAX MOXKEM Jia IIOCTUI'HEM IIPOU3BOJIHA CyMa PaBHAa Ha WU HAJIXBbLPJIAIIA
12 croTmHKH.

Pemenune. Tebpau ce, de 3a BCsiKa 3a/1aJieHa TIeHA HAJl WK paBHA Ha 12 CTOTHHKH MOYKEM J1a
u3bepeM MapKy U3MEK/Iy JI@JIEHUTe, 9UsITO CyMa OT IIeHW € paBHa Ha 3aJajeHara. Hanpumep, 3a
Jla TTOCTUTHEM 12 CTOTMHKM B3eMaMe TPU MapKu 1Mo 4 CTOTHHKH, 3a Jia IMOCTUTHeM 13 CTOTHHKM
B3eMaMe JiBe 10 4 CTOTUHKHU W €/IHa OT 5 CTOTMHKHU, U Taka HaTaTbk. Ille jmokazkeM TBbLpIeHHETO
C'bC CUJIHA MHILYKITHS.

Baza: Ille usnosnsBame yetupu 6a30BU Cirydasi, TIOHEXKe MAaOJOHBT Ha Cb3/laBaHe Ha MPO-
M3BOJIHA II€HA Ce TOBTaps Ipe3 deTupu equuunn. Ako 3agagaenara meHa e 12, ro 12 =3 x4+0 x 5.
Akoe 13,1013 =2x441x5. Akoe 14, 7014 =1x44+2x5. Akoe 15, 10 15 =0x4+3 x 5.

NuaykTuBHO mpeanosioxkenue: /[la jgomycHem, de 3a HAKOS CTOWHOCT N > 15, 3a BCAKO
k € {12,13,...,n} MoxkeM jia u3bepeM MapKu CbC cyMapHa IeHa K CTOTHHKH.

NuagykruBHa crbika: Ille pokaxkem, de MoxKe ja um3bepeM MapKH ChC CyMapHa IeHa
n + 1 croruaku. Twit kato N+ 1) —4 > 12, 1o (n+ 1) —4 € {12,13,...,n} ¥ UHIYKTUBHOTO
npejnosioxkenue e B cuia 3a (n+ 1) — 4. Ho Torasa Hue Moxkem Jia n3bepeM MapKu ChC CyMapHa
nera (n+1)—4 crorunku. Jobapsiiku ejgHa MapKa OT 4 CTOTHHKH, IOy daBaMe MHOYKECTBO MapKU
C¢'bC cyMapHa IeHa N + 1 CTOTUHKH. O

3amaua 17. Urpara Nim mMa pa3HOBUJIHOCTH, €JHA OT KOHWTO Ie pasriemame Tyk. Jlagenu ca
JIBe KyIIYUHM OT HIKAaKBU Hella, Jla KaxkeM Kambiera. Kambaerara ca wHepazimaumu. Urpara ce
urpae or JBaMa Urpadu, KOUTO Ce PeayBaT — BCEKU Urpad, KOTaToO € HErOBUAT WJIN HEHHUAT Pe,
B3eMa HIKOJKO KaMbierTa, IIOHE €JIHO, OT €JHa OT KyIIuHUTe (HO He MOXKe Jla B3eMe H OT JBeTe
Kyranan). [ledesm urpaabt, Koiito B3eme mocsesien. /Jokazxkere, de ako B HAYAJTHNST MOMEHT JIBETE
KYITYUHU CbIbPKAT €JHAKbB OPOil KaMbieTa, TO ChIECTBYBa MEYEINBINA CTPATETWA 38 BTOPUS
urpad. C apyru IyMu, TOH WM TS 38 TbJXKUTETHO TIeYe/l, aKO Urpae OIMTHMAJIHO.

12
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Pentenne. Heka Bcsgka Kynmamaa cbIbpzKa TOYHO N Kambuera. e qokaxkem TBBP/IEHNETO ChC
CUJTHA MHIYKIWs 110 N. BasoBusar ciy4vait e 3a n = 1. ToraBa mbpBuAT urpad Moxke jia HAIpaBu
caMo €JIHO HeIo — Jla B3eMe eJIMHCTBEHOTO KaMbie OT HAKOsI OT KYIMYNHUTE, HIMa 3HATEHNE KOs
ToraBa BropuaT B3eMa €JMHCTBEHOTO KaMbie OT JIpyrara KylunHa u nedein. v

Ja momychem, 4e 3a HSKOe IO HOJOKUTETHO T 1 Beako k € {1,2,...,Mn} e BIpHO, Ye uma
cTpaTerusi, ¢ KOATO BTOPHUSAT UI'Pad Ieve/id, aKO BbB BCIKa KyIMuHa uMa TOIHO k Kambiera. Jla
pasruie/iaMe Urpa ¢ Jie KyImauHu, Beska ¢ 1o N+ 1 kambaera. [I'bpBuaT urpad e Jrbken J1a B3eMe j
KaMbIeTa OT HIKOS KYITIMHA. '10raBa BTOPUSIT UTpad pasiojara ¢ JiBe KyITIuHd, eHaTa OT KOUTO
chbpka N+ 1 —j Kambuera, a jpyrarta, n + 1 kambiera. Ako j = n + 1, Toect ako ejnara
KyIIYuHa € IIpa3Ha, OYEeBUHO BTOPUAT WUrPAY I€YesU, B3EMAWKN BCHYKH KaMmbiera OT Jpyrara
KymauHa. B npoTusen ciydait BTopusaT urpad MoKe Jia B3eMe TOYHO j KambieTa OT KyIduHaTa C
N + 1 KambUeTa U 10 TO3U HAYUH OTHOBO UT'PATa € B ChCTOSHEE, [P KOETO JIBeTe KYITIUHU MMAT
0 €JINH U CbIu Opoit KambueTa, a uMenno N + 1 —j. CbryiacHo UHIYKTUBHOTO IIPE/IIIOJIOKEHIE,
BTOPUAT €YU B Ta3U CUTYAIIHI. U

1.3 3acuaBane Ha TBbPAEHNETO, KOETO JOKa3BaMe

Bb3MOKHO € j1a TpaBuM JI0Ka3aTeICTBO M0 MHIYKINS U TO (J0KA3aTeIcTBOTO) [a “He ce Moy dn’,
BBIIPEKU Y€ TBHPIEHNETO, KOeTO UCKaMe J1a JOKayKeM, € BIPHO. B TakbB cIydail MOXKe Jia OTTuTaMe
eJTHA TeXHUKA: J1a JIOKaXKeM I10 HHLYKINA TBbPJIeHNE, KOETO € TI0-CIJIHO OT TOBa, KOETO HU € JIaJIEHO.
[lo mpuHIUII TTO-CUJIHUTE TBBHPJEHUS Ce JOKa3BaT IO-TPYIHO, HO B HIKOWM CJIyIal—KOJKOTO U
apaJIOKCAJHO JIa 3By YN—IIO-CUJTHUTE TBbPIEHUs e JOKa3BaT IO-JeCHO, aKO IT0JI3BaMe MHTYKITHSI.

agaga 18. Jloxkazkere, de
2n—1 1
<
2n V3n
1

Pemenne, mbpeu onut: Bazata e san = 1. Jlasara crpana e 5, a JidacHara e \/lg JleficTBuTe 1HO
JIgBaTa CTpaHa € Mo-MaJiKa OT JsgcHaTa. basoBUAT caydail e JI0Ka3aH.
Jlonmyckame, 4e TBBHPJEHUETO € BAPHO 3a HIKaKBa CTOWHOCT Ha apryMeHTa T, U pa3liek/iaMe

TBBPJECHUETO 38 CTOMHOCT Ha apryMeHTa N + 1. 3a Ta3u CTOWHOCT, TBBHPJAECHUETO €

(11)

Sa Bcako n > 1 x%x---x

N —

><3>< ><2n—1><2n+1< 1
4 2n  2n+2 3(+1)

(12)

N —

-~
A
CbriiacHo WHIYKTHBHOTO ITPE/ITOIOKEHNE, M3pa3bT, O3HATEH ¢ A, € TO-MaIbK OT \/1—371 [Ipunaraitku

TOBa K'bM JISIBaTa CTpaHa Ha HepaBeHCTBO (12), mosyuaBame

><2n+1< 1 ><2n+1
2n+2 v3in 2n+2

Jlaau obawe

1 2+l 1
Van  2n+2 B+
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C TpuBnasHa anrebpa ce ybexkaBaMme, Ue He € BAPHO:

1 ><2n+1< 1
V3n 2n+2 3n+1)
2n+1 n
<4\ — —

n+2 n+1
An? +4n +1 n
in? 4+ 8n+4 < n+1
M4+ 44 +4an+1 <41’ +8n +4n “

In+1<0 X

—

HpOBaII’bT Ha JIOKa3aTeJICTBOTO HE 03HaA“a6a, Y€ TBbPACHUETO € HEBAPHO, a CaMO Y€ HE CMeE yCIIe/ I
Ja I'O JOKazKeM 1o mo3u HaY“UMH.

Pentenune, Bropu onut: Ille jokaxkeM 110 MHIYKIUS CJIETHOTO TBbPJCHUE

BaBCHKOnZZIlX§X n—1 ]

. 1
2 %7 T S B (13)

Bazara e 3a n = 2. JlaBara crpana e % X % = %, a JscHATA € —=. JIeflcTBUTENHO IsBaTa CTPaHa

oA
€ IIO0-MaJIKa OT JddcCHaTa. BazoBuar cnyqaﬁ € JOKa3aH.

Jlorryckame, de TBBLPJIECHUETO € BIPHO 3a HIKaKBa CTOWHOCT Ha apryMeHTa T, U pa3lJiexKjamMe
TBBP/IEHNETO 3a CTONHOCT Ha apryMmenTa N + 1. 3a Ta3u CTOWHOCT, TBbPICHUETO €

1 3 n—1 2n+1 1

=X = X ... X X < (14)

2 4 2n  2n+2 3n4+1)+1

A
CbracHO WHIYKTHUBHOTO MPEIIIOIOXKEHNE, N3PA3bT, O3HAUEH C A, € IMO-MaTbK OT ﬁ [Ipuna-
raifku ToBa K'bM JisiBaTa CTpaHa Ha HepaBeHCTBO (14), nosyuaBame
n+1 1 n+1
A

X < X
n+2  V3Antl In+2

OcraBa ga JI0KaxKeM, e

1 X2n+1< 1
V3in+1 2n+2  /3n+4
[eiicTBuTe HO,

1 n+1 1

X < —
Vin+1 2n+2  /3n+4

2n+1< n+1 o
2n+2 n+4

M2 +4n+1  3n+1 .

I i8ni4 3ni4
3+ 12n +3n+16n°+16n+4 < 1212 +24n? + 12n+4n° + 8n+ 4 P
19 < 20n

C rTosa jokazarencrBoro Ha (13) npukimousa. Popmasno, Tebpierue (13) He Bjede TBbpIEHUE

(11), samoro (13) e 3a n > 2. Ho Jsiecro ce Buka, 4e (13) 3aeqno ¢ jgokasarescrsoro Ha (11) 3a
n =1 ca no-cuno TBBpPACHUE OT (11). O

14



3apgaun ¢ pewenuns no Auckpethun Ctpyktypu, KH2, ®MUN-CV, 2016-2017 r. © Munko Mapkos

EfHO MHTYUTHBHO OOsICHEHME 3alll0 TEXHUKATA ChC 3aCU/IBAHE HA TBBPJEHUETO (IIOHSKOra)
pabotu e, 4e J0Ka3aTeJICTBO 110 MHJIYKINS NPUIAYa Ha KaTepeHe 110 CThJOa: Hue CThbIIBaMe Ha
WHJIYKTUBHOTO IIPEIIIOJIOKEHNEe U ce “KauBaMe’ eJIHO HUBO Harope, JOKa3BallKu WHIYKTHUBHATA
crbiika. [Ipu 1o-cuyiHO TBBPJIEHHE CT'BIIAIOTO, OT KOETO TPbI'BaME, € I0-BUCOKO.

Texnukata cbhc 3acuiiBaHe Ha TBBLPJIEHUETO € CBECEM PA3AUUHO HEW,0 OT JTOKA3aTEeJICTBO Ype3
TaKa HapedeHaTa CUJIHA WHJIYKIUs, KOTaTo JOIyCKaMe TBbPJIEHUETO He ITPOCTO 3a N, & 3a BCUYUKHU
CTOWHOCTHU Ha apryMeHTa, IIO-MaJIKi WM PaBHHU Ha M.

2 KowmbOunaropuka

2.1 IIpunmun Ha Dirichlet

Samaua 19. [lagen e kBajpar che crpana 1 M. Jlokazkere, 3a MPOU3BOJIHE €T TOYKHA B HETO €
BHpHO, qge C’leeCTByBaT AB€ TOYKHN I/ISMG)K,ZLy HeTTe, TaKNBa 4€ Me}K,Z[y TAX (,ZLBeTe) paSCTOHHI/IeTO
e He moseye oT 1 M.

Pemenme. Jla cu npejictaBuM juaroHaJiiTe Ha KBaJipaTa U IOJYUYeHUTE YeTUPU PaBHOOEIPEHU
IPaBOBI'LJIHE TPUbI'bJIHIKA, KOUTO IMOKPUBAT KBaJapaTa. O4eBUIHO BCEKN OT TE€3U TPUbIbJIHUII
ce BIIMCBa B OKPDBHXKHOCT C JUaMEThp €IWHUIA, CJIEJOBATETHO BCEKHM JBe TOYKM B HETO ca Ha
pascrosinue He 1oBede oT eaunauia. CbryracHo npuHIUIa Ha upuxiie, 3a MPOU3BOJIHA I1€T TOYKU
B KBaJipaTa, IIOHE JBe OT TAX Ca B €IUH OT T€3U TPUbI'bJHUIIMN, KOETO O3HAYaBa HA PA3CTOAHUE HE
roBeye OT €JIMHUIIA €Ha OT JIpyTra. ]

Samaua 20. aznen e kBajpar c¢be crpana 14 m. JHokazkere, ye 3a npousBoau 50 TOYKN B KBa/l-
parTa, IIOHe JBe OT TAX Ca Ha Pa3CTOSHUE He IMO-TOJIAMO OT 3 M.

Pemmrenune. Jla nmokpuem KBajpara ¢ KBaJpaTdeTa 2 X 2, TaKa de MPOU3BOJIHA JIBe OT TAX Ja UMaT
IIPA3HO CeYeHre N CeYeHre-CTpaHa, HO HUTO JBe Jia HaMaT O0Ia BbTPEIIHa TOYKa. 3a BCIKO OT
Te3M KBaJIpaTdera € BIpPHO, Ue IIPOU3BOJIHA HEI'OBH JIBe TOUKU Ca Ha Pa3CTOATHE He IoBede OT TPHU
eJHa OT Jpyra. 3a Ja cbhobpas3uTe 3aIro, 3abeexkere, Ue BCAKO KBajparde nMa jJuaroHas < 3,
CJIEJIOBATETHO Ce BIMCBA B OKPBXKHOCT ¢ auamerbp < 3. KBaaparderara ca o6mo 49. ChbriaacHo
npunnuna Ha Jupuxie, 3a nponssosau 50 TOYKM B rojieMus KBaJpaT € BAPHO, Ue MOHe JBe OT
TAX ca OT eHOo OoT 49-Te KBajipaTdera, TOECT Ha pa3CcTOsdHNe < 3 €JiHa OT JIPYTa. O

3amaua 21. B 8 yekmemkera nma 87 mosmsa. Omupeeere Hai-roassMOTO IIs1JI0 9HCJIO T, TAKOBa
Ye 3abJIKATETHO UMa YeKMeZKe ¢ T MOJIUBA.

Pemmenne. Inave kazaHo, ThpCUM YHUCIOTO N, TakKoBa 4e TBbpaeHnero “Couiecmsysa noue
edno wexmedatce ¢ N Moausa” € 33 TbJIKUTETHO BAPHO, HO TBbpaeHueTo “Couecmesysa none edHo
wexmedoice ¢ 1+ 1 moausa” Moxke u j1a He e BsapHo. CbriacHo o6o0menns npusiun Ha Dirichlet,
cbiecTByBa dekMe ke ¢ 11 momBa. OT apyra cTrpana, MOXKe J1a HIMa YeKMe ke ¢ 12 MojuBa—
koraro Bcmuku Kytuu umar 1mo 10 wiu 11 mosmsa. Orrosopsr e n = 11. U

Bagadga 22. Jlajena e peauna or N2 + 1 4nciia, HUTO JIBe OT KOUTO He ca paBHH. Jla ce joKaxe,
Ye Tasyh PEJINIA ChbIbp:Ka MOHOTOHHA IMOPEINIA C Ib/IKIHA L+ 1.

Hosacnenue: “MonHoToHHA” O3HaYaBa WM HapacTBalla, nin Hamasssaiia. “[lopemguna” o3na-
JaBa dncia OT PeIuliaTa, KOUTO He ca HeIIPEeMEHHO C'bCE/IM B PeIuliaTa, HO ca HAIMCAHU B CbIaTa
IOCJIEJIOBATETHOCT, B KOSTO ca B pejuniara. Hampumep, ako N = 3 u pejunara e

4,7,11,2, 83,14, 1,6, 9
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MOHOTOHHA TIope/iutia ¢ abkunaa 4 e 4,7, 8, 14:

.) .) ]]) 2) .) 3) -) 1) 6) 9

Pentenne. Jla ponycHeM IpOTUBHOTO: BCAKA MOHOTOHHA MOPEIUNA € ¢ JIbikuaa < M. Heka A
O3HaYaBa JlaJIcHATA PEHIA ¢ IhiKaHa N + 1:

A =ay,0y ..., 024
3a BesKo 1, TakoBa 4e 1 < i< n?+ 1, nedunnpame nBeTe HOIPEIUIIN :

i
A" = Qi Qig1y .y Q2

Ai=a,Ay,...,Q4

Ba BcAKO TakoBa 1, HeKa $; € JbJDKHMHATA Ha Hali-Ib/ra PacTdila [MOpeaula B A; ¢ IocjeneH
eJIeMEHT Q; U HeKa ty e JI'b/DKUHATA Ha Hali-bJra HaMaagBalla nopeauna B Al ¢ IpbB ejleMenT
a;. OueBugno, Vi(s(i) > 1A t(i) > 1), Tbil KaTo TaKMBa HOPEJIUIM ChIbLPXKAT IIOHE .

Ot HayaaHOTO JloMycKaHe cieasa, de Vi(s; < n /Aty < n). Cregosaresso,

1<si<n
1§ti§n

3a Bcako 1. T'bit KaTo S; m t; B3eMaT e/l CTOMHOCTH, CJIejBa, e 3a BCAKO OT TAX CTOWHOCTTA
MYy € eJIHa OT Haii-MHOTO N Bb3MOxKHU. [Ipuraraiiku mpuHIUIIA Ha YMHOXKEHHETO 3aK/II0daBaMe,
Jye HapejeHaTa JBOMKa (Si,t;) MMa CTONHOCT M3MEXKy Haii-MHOIO n? Bu3moxuu. Ho i-rara ca
n? 4+ 1 na 6poit. Ceriracro npunmumia na Dirichlet, cbimecTByBaT JBe pasinyHn CTOHHOCTH Ha
IpoMeH/IuBaTa i, 1a ru HapedeM j u k, Takusa de (sj, tj) = (s, ty), Toect

§5 = Sk

t = ti

[a pasrieiame ejleMeHTHTe Ha A, KOUTO ca Ha IIO3UIMNU j 1 K, KOUTO HUE HapuyaMe ChOTBETHO (;
1 ai. Tbit KaTo BCHIKNM eJleMeHTH Ha A ca Pa3indnd, a; # ayx. [da momycrem, ge 6e3 orpanndenne
Ha OOIIHOCTTA, e j < K. 3Ha4u, aj U ax ca PasloyoKeHn B A Taxa:

I IIvpso ma momycmem, ge a; < ay. Tbil KaTo $; € Ab/KUHATA Ha Hali-/I'bjira pacTdila IOPeIula,
3aBbpIIBaIA C Qj:

A_

HapacTBallla IIopeauiia ¢ IbJIZKHUHa Sj

1 a; < 0y, TO B A MMa HapacTBallla IIOPEJIUIa ¢ IbKAHA Sj + 1, 3aBbpIIBalia C Ay; & IMEHHO,
ChCTOMAIIA Ce OT Beve CIIOMeHaTaTa IOPeINIa, 3aBbpliBalia ¢ a;j, IJI0C Ay HaKpasd:

HapacTBaIla MOPEIUNA C JbJIZKAHA Sj

HapacTBAINA MOPEeJIUIA C AbIKIHA §j+1

f3a pasiuka or mopeuma, IpU MOAPENHUIA Ce UCKa eJIEMEHTHTE Ja Ca ChCEId B A
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Ho Torasa sy > s;j, koeTo nporusopeun Ha ¢paxTa, 4e 10 KOHCTPYKIUS Sj = Sy.

II Cera jga gomycHem, 4ye a; > ay. I'bil KaTo ty € Jb/KUHATA Ha Ha-Ibjra HaMaJjsBallla,
; j

opeIuIa, 3al09YBaIla ¢ dy:

HaMaJIsIBaIlla OPEINIa C IbJIKUHA Ty

I a; > ax, TO B A nMa HaMaJgBallla IIOpe/IuIa ¢ JbKAHA ty 4 1, 3amousama ¢ aj; a IMEHHO,
CbCTOAIIA Ce OT Beve CIIOMeHaTaTa IOpeAuIa, 3aIovBalia ¢ di, IJIOC 4; B Ha4aJI0To:

HaMaJIsBaIlla TOPEIHIa C IbJIKUHA ty

NV
HaMaJIsIBallla TOPeIuIa C IbJKUHA ty+1

Ho rorasa tj > ti, Koero npoTusopeun Ha QakTa, Ue 110 KOHCTPYKIud tj = ty.
CreioBaresiHo, IbPBOHAYAIHOTO HU JOIyCKAHE, e Hali-bJiraTa MOHOTOHHA TOPE/IUIA HE € I0-
JUbJITA OT M, € TOT'PEITHO. ]

Bamaua 23. Heka A = {10,11,...,99}. Jlokaxkere, 4e BbB BCSIKO JECETEIEMEHTHO MOJMHOKECTBO
Ha A CBIIECTBYBAT JABE HEIIPA3HU HEIPECUYIAII Ce IIOIMHOKECTBA ¢ eHAKBA CyMa, Ha, eJIEMEHTUTE.

Pemenne. Besko 10 esrementro momMuozkectso uMma 2'0 — 1 = 1023 Hempasnu m0OIMHOXKECTBA.
Heka B e Hsikoe HempasHO MOAMHOXKECTBO Ha A € He IoBede OT jeceT ejeMenTa. Jla pasriemname
cymara OT eJIeMeHTUTe Ha B u J1a jajem TOYHM J0JIHA M MOpHA IPAHUIA 38 Hesd:

10§Zx§90+91+---+99

xX€EB

Ho 90 + 91 4 --- 4 99 = 945, orkbjaeTo caeisa, 4e ) | p X MOXKE Ja HMa He IoBede oT 945 —
10 + 1 = 936 paznuunnu croitHoctu. Ho ToraBa 6posiT Ha BH3MOKHUATE CyMHU € IMO-MaTbK OT OpOost
Ha noaMmHoXKecTBaTa. [Ipmrarame npunmumna Ha Dirichlet n Bk 1ame, de mmoHe JaBe IMOIMHOXKECTBa,
UMaT eJIHa U ChIa CyMa. O

3amauga 24. [Ipodecop X. TBBLPH, Ye e ¢b3/1aa TOJTKOBA J100pa KOMIIpeCUpaIla nporpamMa, de ¢
Hest MOKe Jia “‘cBue”’ mpousBosicH daii none ¢ eauHuma. Bbo3aMoxkHaO 1 € ToBa?

Pemenmne. Ilpodecopbr /ibxKe, ako cTaBa jayMa 3a KoMmIiipecus 0e3 3aryba nHa mHdopmarus. [1os
“KomIIpecupaliia mporpama’ ce pa3dbupa Takasa Iporpama, KOWTO MOXKE Ja Bb3CTaHOBU II'bPBOHA~
qajHus (aityi ¢ TOYHOCT J10 euH 6uT. Besika KoMmIipecupaliia mporpamMa e dacTudHa pyHKIUS OT
JAJIEHO MHOYKECTBO CHUMBOJIHH TMOCJIEJIOBATETHOCTH (CTPUHIOBE) B JIDYIO MHOYKECTBO CTPHHIOBE.
[Mlom mpodbecopbT TBBP/IM, Y€ HeroBaTa IporpaMa paboTH BbPXY BCUYKHU (hailjioBe, 3HAUN 34 JTa-
JIeHa JIbJKUHA M Ha (aiiia (koiiTo 1mie 6bje “cBuBan”), KOMIpecHpaliaTa mporpaMa peajun3npa
momaana Gyukimsa f ¢ gomeiin ¢ momuoct ™ u Kojgomedin ¢ momaocT qm3am <n—1. Tyk q e
OpoaT Ha CHMBOJIN BBbB (ailyioBeTe; e JBe, aKo pasriiekgaMe (daiijoBere KaTo Oy/IeBI BEKTOPH,
HO aKo pasryiexkaame dailoeTe KaTo MOCIeI0BaTeTHOCTH OT Oaiitose, q e 28 = 256. Kommpecn-
paIuTe IporpaMu TpsiOBa Jla peajau3upaT UHEKIINNI, aKO cTaBa JIyMa 3a KoOMIIpecus 6e3 3aryba Ha
undopmarus. He e 3a1bmKuTe1HO J1a ca OMEKINN, TOECT MOKE Jia He Ca CIOPEKIIUU, TOECT MOXKe JIa
UMa CTPUHTOBE, KOUTO He ca 00pa3u Ha HUKOU CTPUHIOBE, HO MHEKTUBHOCT € 38 IbJIKUTe/THa. AKO
KOMIIpecupaliaTa IporpaMa peaan3nupa He-UHEKINsl, Bb3CTAaHOBSIBAHETO Ha OPUTMHAJIHUS (aii B
HSIKOU CJIyYa’ Ie € HEBb3MOKHO.

CrerteHHEAT MMOKa3aTe/l B U3pa3a 3a MOITHOCTTA Ha KOJIOMeiHa e TI0-MaJIbK OT Tl 3apajid TBbP-
JIEHHETO Ha Ipodecopa, de ImporpaMara My CBUBa BCeKH (ailyi — B 9aCTHOCT, Tsl IIPABH OT BCEKU
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daiin ¢ roslemuna M apyr daitn ¢ rosiemuaa < N. ToraBa KOJOMEHHBT MMa MOIITHOCT, ITO-MAJIKa
OT Ta3W Ha JIOMENHA.

Cwraacao nmpuniuna Ha Dirichlet, He cbiecTByBa TOTa/HA MHEKTHBHA (DYHKINS, IUATO O~
MeNH MMa II0-TOJISIMa MOIIHOCT OT KOJOMeITHA. O

Samaga 25. B npoabikenue Ha ejHa rojguHa oT 365 jena Ban ce ynpaKHsBa 10 KOMOMHA-
TOPHUKA, PelaBaiiki 3ajadu. Bcekn JIeH OT Ta3W IoJIMHA TOH pelrraBa MOHE eHa 3aJada, HO He
perraBa moBede ot 500 3a1at; 001110 3a roguHaTa. /Jlokakere, Ue mpe3 Ta3uw TOMHA UMa HHTEPBAT
OT TIOC/Ie/IOBATETHY JIHU, ITpe3 KouTo VBaH pernaBa TouHo 229 3a/a4n.

Pemtenne. Heka x; ja e 6posar 3agaqu, pemtenn ot VBan Ha JeH 1 wian upean Hero, 3a 1 < i <
365. O4eBUIHO X365 € OpOAT Ha BCHYKHU 3aja4du, pemrenn oT Vpan npes roamnara. OcBeH TOBa,
IIOCJIEIOBATETHOCTTA,

A = (X1,X2y ..y X365)

e CTpOro HapacTBalla, OT KOeTO CJIe/Ba, Ye B Hes HaMa eJHakBU duciaa. ajgeno e, ge xzg5 < 500,
ot Koeto cienBa, de Vi, 1 <1< 365:1 < x; <500. [a pasrieganme apyra mocjie10BaTeTHOCT:

B = (x; +229,x2 + 229, ..., X365 + 229)

Ts cbIo e cTporo HapacTBallla U B Hesd CbINO HaMa exHakbu dnciaa. Ocsen ToBa 230 < x4+ 229 <
729. Cera ma pasriemame MIOCIEI0BATETHOCTTA,

C = (x1,x2y... s X365, X1 + 229, %2 + 229, ..., X365 +229,)>
A B

KOSITO ce mojydaBa oT “ciaenBanero’ Ha A u B. OueBuano enementure Ha C ca Touno 730 mesan
MOJIOXKUATEIHN 4arcia, nmonexke C ce chberonm oT Komme Ha A, cieneHo ¢ komme Ha B. Ho 3a Bcekn
enemenT Ha C mma He moBede oT 729 Bb3MOKHM cTOHOCTH. CbIIACHO KOMOMHATOPHWS TTPUHITATT
na Dirichlet, numa mone jBa eemenTta Ha C ¢ eana u cbina croifHocT. KakTo Beue ycTaHOBUXME,
eJleMeHTHTe Ha A ca JiBa 110 JBa Pa3IudHu U ejjeMeHTATe Ha B ca aBa mo npa pasmumaau. CiemnoBa-
TEJIHO, BCIKa JIBOMKa ejaeMenTr Ha C ¢ eJHaKBa CTOMHOCT €€ CbCTOU OT €IUH €JIEMEHT OT KOIIIETO
Ha A U OT eJuH ejleMeHT OoT Korwmero Ha B. C jpyru jiymu, CbIIecTByBaT MHJEKCH j U K, TaKuBa
ge 1 <j <k <365 uxx =%+ 229 & xx — x5 = 229. Tosa oznauasa, 4e Ilpan e pemmsa ToIHO
229 zagaqu ot jieH j + 1 BKIIIOYUTEHO JI0 JeH K BKIIOUUTEHO. O

Ba,z[aqa 26. ,ZLOKa}KeTe, qe 3a BCEKU I/1360p Ha II€T TOYKHU C IEeJIOYUC/IEHU KOOP/IMHATU B paBHUHAaTa,
ChIIEeCTBYBaT IIOHE JBC TOYKH A U b U3MeXKJy IieTre, TaKnBa 49€ Cpe/laTa Ha OTCe€YKaTa C KpaHulla
au b uma IeJI09ucjaeH KOOpAUHaTH.

Pemienne. C’leeCTByBaT TOYHO Y€THUPHU PA3/JINYIHU Bb3MOXKHOCTHU 3a Y€THOCTTa Ha KOOPpJAMHATUTE
Ha 1IeTTe TOYKU. A NMEHHO, 3a BCdKa OT IIeTTe TOYKH, J1a d HapedeM P = (q], qz)Z

1. 7 e 4yeTHO U (2 € YeTHO,
2. (7 e HeYETHO, a () € YeTHO,
3. (1 € 4eTHO, & (2 € HeYeTHO,

4. g7 e HEYETHO U (2 € HEYETHO.

Ot npuaiuna Ha Dirichlet cirenpa, ge mone aBe oT TOYKHUTE UMAT €IHA M ChIa YETHOCT Ha KO-
OpJAMHATHUTE CU: WX U JIBeTe KOOPJIWHATHU Ca UYeTHU, WJIK U JBeTe ca HedeTHH. /la Hapedem Te3u
TOYKN a4 U b u HeKa a = (X1,Y7) u b = (x2,Y2). Heka cpegara Ha orcedkara ¢ Kpauiia a u b e
Touka c. MI3BecHO e, 1e ¢ = (@, W) [Mlom X7 1 X; UMAT eHA U ChIA YeTHOCT, CyMaTa UM €
YEeTHO YHCJIO, TaKa e % e 110 uncsio. Hamrbino anajioruydHo, L}“‘Q € ILsJIO YUCJIO. Ul
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2.2 CpoiicTBa 1 TPUJIOXKEHNS HA OMHOMHUSA KOeUITNEHT
3amaua 27. /lokaxere, de

(™) o

XS (+)
Pentenwne.

S ()

n
k=0

s o) (2o )-

ke{0,1,...,n} ke{o,1,...,n}
k geTrHO k HedyeTHO
n n
SO = 19
k k
ke{0,1,...,n} ke{0,1,...,n}
k geTHO k HewyerHo

WssecTHo e, ge (E) e OposAT Ha MOAMHOXKECTBaTa, UMAIIM K e/leMeHTa, Ha Koe Ja € N-eJeMeHTHO
muokecTBo A. Torasa, 0ueBHIHO,

n
E (k) e OposT Ha MOJIMHOXKeCTBaTa Ha A ¢ deTeH Opoil eJleMeHTH
ke{0,1,...,n}
k geTHO
n [X]
E K e OpodAT Ha MOJMHOXKECTBaTa Ha A C HedeTeH Opoil eleMeHTH

ke{0,1,...,n}
k HeueTHO

Cworuacao 3ayada 14, resu e cymu ca ennaksu. Ciesia, de uzpasbr (15) e Hyia. O
Bagaua 28. Kosiko ca OyseBuTe BEKTOPH € ML €UHUINA U T HYJIH !

Pentenme. Jla pasriieaMe Te3M BEKTOPH KAaTO XapaKTEPUCTHUIHU BEKTOPH BHPXY MHOXKECTBO
¢ N+ m enemenrta. CblnecTByBa O4YeBUIHA OMEKIUsST MEXKJIy Te3W BEKTOPH, OT €JIHa CTpaHa, u
MIOJIMHOZKECTBATA C MOIITHOCT M, OT japyra. 3BecTHO €, 4e OpPogaT Ha TE3W MOIMHOXKECTBA € (nflm),

Koeto e ¢bmoTo Karo ("1™). CbrmacHo npuHiua Ha Gnekuusra, orropopst e (M1M). O

Bagauan 29 u 30 Moxke ja ObJAT PEIeHd U 10 JPYT, MO-TIPOCT HAYMNH — KATO CJAraHUsl Ha TOIKU B
kyTuu. Bmxkre 3agaqan 79 u 80.

3agaua 29. B kouiko Oy/ieBu BeKTOpa ¢ N €JIUHUI U T HYJIH, CJIe]l BCAKA €JINHUIA CJIe/[BA TTOHE
eHa HyJI1a”!

Pemenue. VYo6HO e jja TpeTupamMe BCEKH TOABEKTOP €IMHUIA-HYIa KATO €/IHO HEJIeJIUMO OJIOKe
. Hampuwmep, ako BektopsT € 10001010010, 18 cu ro mpejicraBuM He KaTO MOCIEI0BATETHOCT OT
eIMHAIECET €JIEMEHTA, & KATO MOCJIEIOBATE/IHOCT OT CEJIEM eJIEMEHTA: YeTUPH OJI0KA eIMHUTIA-HYJIa
U OIlle TPU HYJIU MEXKJLy THAX:

110]00[10][10]0[10]
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Bajiauara ce cBeXkKJIa JI0 3a/[a9aTa, KOJIKO BEKTOPH OT Tl eJIEMEeHTa OT eJ[iH BHI (OJI0K4IeTa eInHIIIA-

HyJIa) 1 M — M esleMeHTa oT npyr Buj (‘cBobomun” Hysm) mma. C 1es mo-siCHO TpejicTaBsiHe Ha

pelIeHneTo, HeKa CMEHNM CIMBOJINTE U KayKeM, Ye HoBaTa 3a/1a9a €: KOJTKO BEKTOPHU OT P eJIeMeHTa

OT eJIWH BU/JI U ( eJleMeHTa OT JipyT Bu nMa. Ho Hue 3HAaeM oTroBOpa — ChIVIACHO 3ajada 28, Toit
P+q - n+m-n\ __ /m

e ( » ) SamecTBaMe P C N U  C M —TN U [OJIyYaBaMe ( o ) = (n) BabesexkeTe, U€ OTTOBOPBLT

e TpaBUJIeH JIOPU KOTATO N > M. ToraBa OMHOMHUAT KOePUIINEHT ('T’:) e HyJla, KOETO € TOYHUAT
OTT'OBOP. U

Bamaua 30. Koiko OymeBr BeKTOpa ¢ ML €IMHAIM W M HYJIH HIMAT ChCEIHN €IMHIIN

Pemmenune. 3amagara npuimda Ha 3ajada 29, HO He e cbiaTa. B Ta3m 3aj1a9a OTroBOpbT “Opou’”
1 BEKTOPH, 3aBbpIIBaiiy Ha eauauia, Hampumep 10101, kouro ne 6uBar “Opoenn” or 3amada 29.
Heka S e MHOXKeCTBOTO OT BEKTOpHUTE, 3a KOMTO CTaBa JyMa B Ta3W 3ajada. S ce pas3buBa Ha
S’ u S”, kpuero S’ ca BekTOpHTE, 3aBbPIIBAINK Ha HyJa, a S” ca BeKTOpUTE, 3aBbLPIIBAILU Ha
equnuia. CbrylacHo npuHnmiia Ha pasdousanero, |S| = |S’| 4+ [S”|. Ho uue 3maem kosiko e |S’],
3aI0TO BEKTOPHUTE OT S’ ca TOYHO Te3H, 3a KOUTO cTaBa jyMa B 3ajada 29: |S'| = (':)

Ha pasriename S”. Becekn BekTop or S” 3aBbpilnBa Ha €JIMHUIA, KATO BJISBO OT Hes UMA
3a)IbJDKUTEHO HyJla (MHAaYe OM MMAJIo JBe CbheedHu eiuHuim). ToraBa CbIIECTBYBa OYEBHIHA
Ouexnust Mexky Bekropure or S” u Gysesure BeKTOpH M — 1 €JIMHUI U M HYJIH, B KOUTO CJIE/I
BCSIKa €JIMHUIA CJiejiBa oHe ejHa Hysta. Cbracuo 3ajada 29, mocjieHuTe ca (nT]). Ot upuniuna

Ha GuexnusTa crensa, de [S”| = (™).
m

Otrosopsr e |S| = (n) + (n“j]), KOETO CbIVIACHO JI00pe M3BECTHO CBOWCTBO Ha OMHOMHUTE

KoepUIMeHTH € (mf) . O

3agada 31. n Ha Opoit Xopa croaT B peauria. 1o Koako HaumHa MoOXKeM j1a u3dbepeM K oT THx,
k < mn, taka 4Je ga He u3bepeM HUTO JBaMa JIYIIH, KOUTO Ca eIdH JIO APYTr B peauiara’

Pemntenue. Bceekn nsbop Ha K goBeka oT 00IO N, KOUTO Ca IOJAPEIeHN JUHEHHO ¢ PUKCHPaHa
noJipe16a, OTroBaps OMEKTUBHO Ha XapaKTepUCTHYeH BeKTop ¢ k eimauniy u n—Xk mymu. Jonbianm-
TEJTHOTO YCJIOBHUE JIa He ObJIaT MoJA0paHu Cheein ce “IpeBexKia’ Taka: XapaKTepUCTUIHUAT BEKTOP

na "HaMma cbeeann equnnny. Cobriaacno 3agada 30, OTTOBOPBT € (“_]EH). Il

Samaua 32. Kojiko OysieBu BEKTOPH € IbJKHHA N He ¢babp:KkaT HUTO 11, HuTo 00 KaTo moaBek-
Topu?

Pemenne. Axko n = 0 uma TOYHO €/IMH TaK'bB BEKTOP: MPA3HUAT. B mpoTuBeH cirydail ca TOIHO
JiBa

10101010...0 w 01010101...1  1pwm yeTHO N
10101010...1 n 01010101...0 1pwm HederHO N

Bama4da 33. Kosko OyjeBrn BEKTOPH € JIbJKUHA L He Cbabpzkar 11 KaTo mogBekTop?

Pemenune. OueBuaHO €, e aKo eIUHHUINTE Ca MTPEKAJEHO MHOI'O CIIPSIMO T, TO mojBeKkTopu 11
ca nHenzbexkuu. MakcumayinuaT Opoil eUHUIU, IPU KOWTO MOXKe jia HeMa mojBekTop 11, e (%W,
HAIPUMED:

10101010:  xoraro n = 8, Haii-mHOrO 4 = { W eJIMHUIIA

8
2
101010101 :  koraro n = 9, Haii-mHOrO 5 = (%W €JIMHUIN
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Heka p e 6podar na exunuiure, a g e 6poar na nyanre. Ot ycaosuero umame p + q = n. Toky-110

ycranoBuxme, ge p € {0,1,...,[n/2]}. 3a Bceku KOHKpeTHN P 1 (, GPOAT HA ThPCEHUTE BEKTOPU
1 —

e (q: ) cbritacHo 3astada 30, ToecT (“ EH). CbriacHo TpUHIMIA Ha Pa3OMBAHETO, OTTOBOPHT €:

S0

p=0

Ha pasriiegame 6uHOMHUS KOEDUIUEHT (“*EH) ot m3pasa (16) B KpaiiHus ciydail, B KOUTO p =
[n/2]. Toect, na pasriename (”_([:;;]H)

e Ako n e verno, Toect n = 2k 3a ugkoe k, ro [n/2] = [2k/2] = [k| = k u Torasa

(“}T@H) = (ijf H) = (kf) = k+1. U nancruna uma touno k+ 1 BeKTopu B TO3U CIIydaii.

Ba mocTpaliys, HeKa N = 6 u ToraBa BekTopute ca Toaro 101010, 101001, 100101 w 010101.

e Ako n e Hederno, Toect N = 2k + 1 3a maxoe k, o [n/2] = [(2k+1)/2] = (k—l— %] =k+1
1 TOraBa (“_([:/%H]) = (2k+1;(+k]+ ”H) = (Eﬂ) = 1. I nauctuna uMa TOYHO | BEKTOPH B TO3M

caydait. 3a miocTpalins, Heka N = 7 u ToraBa BekTopure ca Touno 1010101,

Babesiexkere, de He e rperka Ja 3anuieM (16) u karo

Fe)

p=0
[0 pOCTaTa MPUYNHA, Ye aKo P € {(n/Z] +1,[n/2] + 2,... ,n}, TO OMHOMHHAT KOCPUIUEHT
—p+1
(") e myma. O
P
Omnpenenenne 1. Kpbros BeKTOp we Hnapuuame 8eKmop, Ha KoUMO Nspeama U nocAeonama
nosuyua (cowo) ce cuumam 3a cocednu. AKo Kps206UAM 6EKMOP € A1y gy ..., Ay, 68 HE20 CBCEIC-
meama ca a4y ¢ Az, Ay € A3, ..., Qn_1 C Qn, Gy € Q1. Kpseosume eexmopu He ca eK6UBANCHMHU
cnpamo pomayus, mesi kamo umam womepupary noduyuu; 0001 w 0010 ca pasauunu kpseosu
B8EKMOPU. Ul

Samaua 34. Konko Kpbrosu OyaeBr BEKTOPH ¢ T €IMHUIA U TN HYJIA HIMAT CbCEIHU €IUHUIIN !

Pemtenne. /la pasriename MHOXKeCTBOTO S OT JimHeitHuTe (TOECT, “OOMKHOBEHUTE”) BEKTOPHU C
N eauHUIM U M Hyan 6e3 cbheeann eaunnnu. Ot 3agada 30 3uaeMm, ve |S| = (m:]). Heka S e
IIOJIMOKECTBOTO Ha S OT Te€3M BEKTOPH, KOUTO 3aIll0YBAT U 3aBbPIIBAT C €JIMHHUIA. |'bPCEHUAT B
Tasm 3a1ada orrosop e |S| — |S|, Thil KaTo KPBbroBHTE BEKTOPH (63 CbCEHH €UHUI OTTOBAPIT
OMEKTUBHO Ha TOYHO TE3U JIMHEHHM BEKTOPU 0€3 ChCeIHH €IUHUIM, KOUTO OCBEH TOBa HAMAaT
eJIMHUIA HUTO B Hall-JIsgBaTa, HUTO B Hali-IsicHATA, ITO3UIIHSI.

Tla pasruename S. Jla nedunupane, de p = n+ m. OueBugno, p > 3. Axko p = 3, 10 S ce
cberon camo ot enud BekTop: 101. Ako p > 4, TO BceKH BEKTOD OT S e or Buza:

ObiKuHa p—4

I'bJI2KAHA, P

[TocouenusaT mogBeKTOp € Jb/KHHA P — 4 uMa N — 2 eauHANU, M — 2 HYJIM U €JIUHCTBEHOTO
OrpaHUYeHMe e, 4ye HaMa CbeeHN eauaunu. CregoBaTesiHo, ako p > 4, To nMa oueBn/IHA OMEKIINs
MEXKJIy S ¥ MHOXKECTBOTO Ha JIMTHEHHUTE BEKTOPH ¢ M — 2 eIUHUIM, M — 2 HyJn U 0e3 CbCeTHI
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L (m—2+1 —1

equanmy. ChbriacHo 3agada 30, mocaeIHuTe nMaT Opoii (mn_; ) = (1‘_2). Tosu pesynrar e B cuita
-1

qopu korato p =3: ToraBan =2 m=1mu (TT:.L—Z) = (8 =1.

N taka, oTroBOpbT Ha 3ajiadaTa €

o () (521

B (m+1)! (m—1)!
T m—n+Dinl (m—T—m-=2)!(n-2)!
B (m+1)! (m—1)Inn-1)
(m—m+1)In! B (m—m+1)In!
— (m(—mn_—|—11);!n! (m+T)m—mn—1))
—1)!
— (m(—mn+1))!n! (m*+m—n’+n)
(m—1)!

(m—m)(m+n)+ (Mm+n))

C(m—mn+1n
m—1!(m+n
- ((m—T)LEI-U!TL!) (m—n+1)
_(m—=1l(m+n)
 (m—m)In!
m+n>< m!
m (m—n)!n!

_m+nm
. m n

3amaua 35. Punapure Ha Kpboyiara Maca ca 12. Te BuHarm csgmgar oKoOJI0 Macara II0 €IMH U
coiu HadwH. OCBEH TOBA, MEXKJIy PUIIAPUTE MMa, BPaXKJIM: BCEKU PHUIAD € BbB BPaKIa ¢ TOIHO
Te3W J[BaMa PHUIApH, KOUTO ca HETOBH ChCEIM OKOJIO MacaTa. [lo KoKo Hadmna MoxKe Ja Obiar
nojiopanu 5 puriapu ot 12-Te 3a Mucus, ako MCKaMme B nu3dpaHaTa rpyma Ja HaMa BpaK/m’

g

Pemtenne. Bcesko usbupane Ha 5 or 12 punapu Moxke Jia ce IpeJiCcTaBu 9pe3 XapaKTePUCTHIeH
BEKTOp OT 5 eaununu u 7/ Hyau. BekTopbT obade He € JUHEEH, a KPbroB, U HE TPIOBa J1a ChIbp-
JKa, CbhCEJIHU €JIMHUIIA — TOBa CJIe/IBa OT “KPbI'OBOTO BpakKjyBaHe Ha pHUIAPUTE OKOJIO MacaTa u
U3UCKBAHETO JIa He Ob/iaT N30paHu BPaXKyBallll PUIAPH.

BajiauaTa e chiara KaTto 3ajadara, KOJKO KPbrOBA BEKTOPA C 5 eJIMHUIM U / HYJIN He CbIbp-

Kar cbeeaan eauauim. CobriaacHo 3ajgada 34, OTTOBOPBT € 7—;5 (;) = 36. O

3amada 36. Heka n e meuerno, Toectr n = 2k + 1 3a uakoe k € N. Pasrienaiire 6mHOMHMS
KoepuIeHT (E)

1. Jokaxere, 4e (E) = (ki]).

2. Jlokazkere, 4e (k“,) < (L‘) 3a Beako K/ < k u (]?,,) < (kL) 3a Beako K7 >k + 1.

3. Jlokaxkere, 1e (n) € HEeYeTHO YHCJIO ToraBa M caMo ToraBa, Koraro n = 2™ — 1 3a HsaKoe

K
m € N*.

Permrenne.
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1. (n) _ (2k+1) (k) (2k+1) _ ( n )

k k kl(k+1) 7 \k+1 k+1
2.
n n nn—1--nn—-k"+1) nn—-1)---(m—k+1)
(k’)< (k) “ K < K
n(n—])---(n—k’—H)<n(n—1)---(n—k’+1)(n—k’)---(n—k+1)
1l K(k—1)--- (k' + 1)K/
N el L o DR
1<(n K)o (n /k+1) P 1<—1}_:k‘f’_]n 1. “ 1<Hl:°k_k,T_l1 k. k
k(k—=T1)-- (k" +1) [y k—i [ k-t
Tk —i
1 _ 1
< ]I (18)

i=0

Ho “Tﬁi—i > 1, nonexke k >k’ u n > 2k:

ki
%m G n—kK—isk—ion-k>k o n>ktk

[TTom 06T MHOXKUTEN Ha [TPOU3BEIEHIETO B JFCHATA CTpaHa Ha HepaBeHcTBO (18) e mo-
rOJISIM OT €JIHO, TO ISIJIOTO IIPOU3BEIEHUE € TO-TOJISIMO OT €JHO M HEPABEHCTBOTO € BSIPHO.

n

QaxTbT, Ue (kT},) < (k+1

), Ce JJOKa3Ba aHaJIOT'MYHO.

2k+1) .

), KOETO € ( «

3. Pasrexgame (E

2k+1Y  (2k+1D)2K)2k—1) - (k+3)(k +2)
( k )_ k(k—1)(k—2)---3-2-1

O‘-IeBI/I,Z[HO MHOXKHUTEJINTE B SHaMeHaTeJ/Id B HapaCTBalll ped, II0oC/Ie/IBaH OT MHO2KHUTCJINTE B
YUCIUTE IS B HApacTBall pejl, obpa3yBaT HapacTBalla HEIPEKbCHATA [I0C/IEI0BATETHOCT OT
1 10 2k + 1 = n ¢ exno uskaodenue: juncsa k + 1.

Cera Ja pas3rjiejaMe eCTeCTBeHuTe IIOJIO2KUTE/JIHN YMCJia B HapacCTBalll pe/ 1 1101 BCAKO OT
TAX, 6pOHT Ha HEroBuUTe MHO)KHTG.HH—,ILBOIZKI/I B 9EPBCHO:

345 6 7 8 92 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
co2010301 0 2 01 0 4 0 1 0 2 0 1 0 3 0 1T 0

O —
— N

Yeprenara pejuiia oT OpoeBeTe HA MHOXKHUTE/JIUTE-IBONKN HE € MePUOJIMIHA, HO JIECHO CE
3a0eIsa3Ba ciiejiHaTa 3aKOHOMepHOCT. Jla HapedeM yepBeHaTa pejiuiia, Ao, i, Az, - - -. 1 e 6e3-
KpaiiHa, HO BCsKa HefiHa KpaiiHa nojpeuia S, oT p Ha Opoil 1oc/eoBaTe/IHi CTORHOCTH,
3aro4Bala oT dy:

Sp = Qo, A1, A2y, Ap—1

KbJEeTO P e qucyio or Buga 2™ — 1 3a Hakoe m € Nt ce momyuasa or “cienBanero’ Ha
nojpeunaTa 8,1, YUCJAOTO P, U OTHOBO IojJpeaunaTa S,_i:

Sp = Sp-1, P Sp1

AKo KaxkeMm oCBeH TOBa, 4e Sy e 0, uMaMe MHIYKTUBHA JeUHUINS 38 KpalHuTe peauna Sy,
S», §3 U Taka HaTATbHK:

So=0
SP = SP—UP)SP—1 sap >0
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Hampuwmep,
So=0
S§1=0,1,0

S, =0,1,0,2,0,1,0
S;=0,1,0,2,0,1,0,3,0,1,0,2,0,1,0
S, =0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0

Jla ce BbpHEeM Ha OMHOMHUS KOe(UIIMEHT

2k+1) 2K+ 1)Kk — 1) (k+3) (k+2)

k k(k—1)(k—2)---3-2-1
KirogoBoTo nabiiiojienue e, de ako cu mpejcraBum pequnara 1,2,--- k,k + T,k + 2,k +
3, -+, 2k+1 6e3 jumcBalio 9nc/io, HeifHaTa ChOTBETHA PeIUIla OT OpOKUTE Ha MHOKUTETUTE-

JBOHKH € 9acT OT HAKOA Sy, KOATO ce IPOCTUPa OT JIeBUA Kpail Ha S, JOHAKB/IE.

[TbpBo ga momychem, e N = 2k + 1 e uucio or suga 2™ — 1 3a nakoe m € NT. Torasa
mmncsamoTo uncio k+ 1 e 2™ TebpauM, e B TO3U caydail GpoifKuTe Ha MHOMKHTEINTE-
JIBOIKYM B YHC/INTENIsT ¥ B 3HAMEHATE ISl Ca PABHM, OT KOETO BeJHAra CJIe/Ba, 1ue JpodTa e
HeYeTHO 1ncyio0. Jla BujnM 3armo Te3u Opoiiku ca paBHE. [la ¢bIIoCTABUM €JIeMEHT 0 eJIEMEHT
peaunure 1,2, ...,2k, 2k + 1 (6e3 jurcBaiio 9ucio) u Sy, 1:

123 -+ k k4+#1 k+2 k+3 -+ 2k 2k+1
Smpa= 010 -+ 0 m—1 0 1 e ] 0

Kakro Beue Bumsixme, Sy, 1 ce ¢bCTOM OT €IHO Komme Ha Sy, o, CJIeIBAHO OT M — |, ciem-
BaHO OT Jipyro komme Ha S, >. Ho wmcioro k + 1, Ha KoeTo choTBeTCTBA M — 1, JINIICBA B
OuHOMHMsT KOeUIUEHT (TaKbB MHOXKUTEJ HIMa HUTO B YUCIUTENs, HUTO B 3HAMEHATEJIsI ),
CJIEJIOBATE/IHO HIMa MHOXKHUTE/I HUTO B YMC/IUTE/IA, HUTO B 3HAMEeHATe I, KOHTO Ja uMa m— |
MHOXKUTEJIA-IBORKHA. A 38 BCEKU OT MHOXKHUTEJNUTE B UUCAUTE/IA UM CHOTBETEH MHOXKUTE
B 3HAMeHaTeJIsI, KOMTO UMa TOYHO ChINUs OPOil MHOXKUTEJIN-/IBOMKN, KOETO CJIe/[Ba BeHara
OT HAJIMIUETO Ha JABe Konnd Ha S, - B S 1. Hokazaxme, ge korato n = 2k + 1 e anciio or
Buga 2™ — 1 3a agakoe m € NT, 6GunomauaT KoedUIUeHT € HeIeTHO IHCIIO.

Ja pasriemame agrepnatusara: 1 = 2k + 1 He e uncio or Buga 2™ — 1 3a makoe m € NT.
OTHOBO pemuIiaTa OT MHOXKHUTEINTE-IBONKN 3a 3HAMEHATE ST W JHCIUTENIS € 9acT OT He-
kKoe S, 1, HO TO3M II'bT JIMIICBAIOTO 4ucjiao K 4+ 1 cworBercrBa He Ha M — 1, a Ha HIKOH
JIpyT oT “depBeHnTe’ eeMeHTH. BegHara ce BHKa, de OPOMKHTE HA MHOMKUTEIUTE-IBONKN
B UHCJIATEs] U B 3HAMEHATEJsI He Ca PaBHHU, TaKa e OMHOMHUST KOehUIEHT e deTeH (3Ha-
eM, 4e OMHOMHUSIT KOePUIUEHT € Is1JI0 UKUCJIO, TaKa Y€ HAMA KaK MHOKUTEINTE-IBONKHI B
3HaAMeHaTeJIsl Jia ca ToBeve; MOBEYeTO MHOKUTEN-BOMKI ca B YUCTUTE]I). O

Samaua 37. /lokaxkere ThbXKIECTBOTO

=y (1) T]Z . n>0k>0n>k
k=0

n—1
m

3a npocrora pasriejaiire caMo cirydasi, B KOUTO MM e HeueTHO (KOeTO 3HaUH, Ue CyMaTa UMa YeTeH
6poii dieHoBe).
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Pemenme. Heka m e veuerno. llpencraBere cu 1isgiaTa cymMa CbC CIEJIHUTE T'PyNAPAHUS Ha
cbOMpaeMuTe 10 JTBONKM:

zr()-

0

k
n n n n n n n n
()= () () = (0 s) (g = () e () -(6) oo
—_
rpyna 1 rpymna 2 rpymna 3 rpyma %

VssectHo e, ue

(:1) N (nn_l]) - <r1:11> (20)
Anasiorio,

R S R 1)
Pasmmkara exay (20) u (21) e

()= () = () = (R 22)

Ho (1) — (") e rpyna 1 B u3pas (19). Ba rpyna 2 nvanme aHAJOTHIHO

(n2) = () = (a22) - ()

3a rpyna 3:
n B n (=1 B n—1
m—4 m—-5/ \m—4 m—6
N raka mHatarbK. 3a mpejrocaeHATA IPyTIa TMaMe
ny (n\ _ n—1 B n—1
3 2) 3 1
3a mocsennara rpyna (¢ Homep (m+ 1)/2) umame
ny (n 1 n—1
1 0) N 1

AKko 3amecTuM MOJIyUeHaTa CTORHOCT 3a BCsAKa Tpyla B u3pa3 (19), moayvaBame
() -G G- o)+ o) -G+ () -0 ) - ()

Tbil KATO BCUYIKU cbOupaemu 6e3 (n;]) ce cbkpamasar. [Toayunxme
m
Z (_1 )mfk n . n—1
k m
k=0

25



3apgaun ¢ pewenuns no Auckpethun Ctpyktypu, KH2, ®MUN-CV, 2016-2017 r. © Munko Mapkos

2.3 Ilpunmunu sa kom6uHaTopukara (6e3 BKI-U3KJI)

3amaua 38. Pasriemaiite MHOKECTBOTO OT I'bpPBHUTE 2N IEJN MOJOXKHUTETHA [ncaa. 1o Koiko
HaIMHa MOKe Jia ObJIaT HapeJIeHn B PeInIla, TaKa de 3a BCAKa JBOMKA ChCEIHN YUC/Ia B peIuIara,
cyMaTa Ha Te3W JHUCJIa He € 9eTHO YUCJIO?

Pentenne. Cymara Ha JBe YHCIa € 9eTHO YHUCJIO TOTaBa M CaMO TOraBa, KOTaTO WJIM U JIBETE
qucJia ca YeTHH, WM U JABeTe 4dmcia ca HederHu. CjeoBaTe/IHO, BbB BbIIPOCHUTE HAPEJIOU HsIMa,
JIBE ChCEIHN YETHHW YNC/Ia W HAMA JBe ChCedHn HedeTHH unciaa. C Ipyrn JTyMu, BCsIKa OT Te3U
peuiy e aJaTepHupallia pejiuia OT BUIa

YeTHO He4YeTHO 4YeTHO He4YeTHO ...... YeTHO HeYeTHO
nJjm
HedYeTHo dYeTHo HedYeTHO YeTHO ...... HEe9IEeTHO YE€THO

Pe,ILI/IHI/ITe OT II'bpBUA B Ca n!x TL!, peaunuTe OT BTOPpUA BU Ca CbIIO TOJIKOBa, TaKa 1€ OTTOBOPBT

e2(n!) O

Bagada 39. /la nomycHem, de BbB Beekn Kypc Ha @MU (rbpBu, Bropu, TpeTu u 9eTBbPTH) UMa
eJIMH ¥ cbIn Opoit N cTyaenTH. [lo Koako HaumHa MOXKeM Ja pa3dreM MHOXKEeCTBOTO OT CTYAEHTUTE
na @MU ma 4eTBOPKM, KATO BbHB BCSIKA YeTBOPKA MMa 10 TOYHO €JIMH CTYJIEHT OT BCEKH Kypc?
YerBopkuTe HAMAT HAPE/0A, HUTO UMa Hapeda MeXKJIy YeTBOPKUTE.

Pemenue. /[la cu upejcraBum, de renepupamMe 4eTBOPKUTE IIOCJIEIOBATETHO. 3a IIbPBaTa deT-
BOpKa mMaMe n300p OT T I'bPBOKYPCHUKA, T BTOPOKYPCHUKA, L TPETOKYPCHUKA U T Y€TBBHPTO-
KypcHuka. Mma n* maunma ja m3bepeM MO eIH CTYIEHT OT BCEKH Kypc, KOeTo Ipasu obmo n'
Ha4MHA 32 I'bpPBaTa YeTBOPKA. 3a BTopaTa deTBOpKa HaumunTe ca (n—1)%, 3a Tperara ca (n—2)%,
W TaKa HATATbK, 3a MOCJEIHATA YeTBOpKa nMa 14 = 1 Haumna. YMHOMKaBailKi Te3N KOJMICCTBA,
OJIy YaBaMe

Mxnm—1xm—=2)"x---x2"x1"=(n)?

g

MawwnHaTa, 3a kosiTo cTaBa gyma B 3agadva 40, e uctuncka. ToBa e repmMaHckaTa KpunTupalia ma-
wuHa Enurma, koHcTpympaHa okono 1920 r. n n3nonsBaHa WNMPOKO NO BpemeTo Ha BTopaTa cBeTOBHa
BoliHa. EHurma crtana ocobevo nonynsipna cneg cdunma The Imitation Game, 6asupan (poHsikbae)
BbpPXY UCTMHCKATa UCTOpUs 3a paboTaTa Ha DpuTaHckuTe KpunToaHanuTuum B Breuwnn napk no epe-
Me Ha BOWiHaTa, MEXAy KOUTO € 1 YOBEKBT, KOWTO B Hali-rofiiMa CTEMeH MOXE Aa Ce Hapede balia
Ha KOMMIOTBPA — reHnanHuaT matemaTuk u aHanusatop Alan Turing. KoHCTpyKumMsiTa Ha MCTUHCKM-
Te EHUrmMu e MHOro no-cnoxHa ot ToBa, KoeTo e onucaHo B 3agada 40. [pegn BCcu4ko, Ma MHOro
BugoBe MawmHn EHnrma, kato He BCUYKM ca MManu BBNPOCHUS Liekepnanen (steckerbrett Ha Hemc-
Kn); MOBEYETO Ca MMaN LLEKeprnaHes, HO Toli e bun camo HacT oT KpunTupawara cuctema. [loseve
nHpopmauums 3a mawmnHute EHurma nma Ha caiita Ha Crypto Museum.

Samaua 40. /lagena e emekTpudecka MalinHa ¢ 26 Bxojga n 26 n3xoja. Ha Bceku BXO oTroBapst

TOYHO e/THa OYKBa OT JIATHHCKATa a3dyKa , KaTO TOBa CHOTBETCTBUE € (PUKCUPAHO U

He MozKe Jia Obje mpoMensino. Kaszsame, de BbB Bxoz 1 “Bimsa’ A, BbB Bxoj 2 “Bymsa” B, n Taka
HaTaTbK, BbB BX0/1 26 “Biin3a’” Z. I3xoanTe ca HOMEpUPAHH U Ha BCEKU U3XO “U3/113a” TOUHO €/IHa,
OT JIATHHCKUTE OyKBH, HO CbOTBETCTBUETO MEXKJy M3XOAU M OYKBHU He € (PUKCHpPAHO, a MOXKe JIa
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ObJle IPOMEHSTHO OT OllepaTopa Ha MalllnHaTa 10 cJiejHus HadwH. MaluHarta uMa uexepnamen:
IaHe/I BbPXY JIMIEBaTa CTPaHa Ha MalllMHATA, BbPXYy KOWTO mMa 26 MajKu KpPbIVIK OTBOPA C
€IHaKbB JUaMETbP. BCQKI/I OTBOP Ha ITaHeJIa € MapKHpaH C TOYHO €/JHa OT JIATUHCKUTE 6yKBI/I
OmneparopbT pasnosnara ¢ 13 egHakBu Kabedera, BCAKO ¢ JABa Hakpaitauka. /lajgero kaberde ce
M3I0J13Ba, KATO HAKpaHUIUTE My Cce II'bXaT B JBa OT OTBOpUTe. B e oTBOP HE MOXKe J1a Obaar
I'bXHATHU JBa HaKpaiinuka. OnepaTopbT Moxke Jia u3nos3sa Mexk 1y O u 13 kabesraera. Kabererara
Ca AJOCTAaTb1HO AbJITHU, 3a Ja CBbpPzKaT U Haﬁ—OTﬂaﬂequI/ITe OTBOpPH. ECbeKT'bT OT M3IIOJISBBAHETO
Ha KabejJdeTaTa € CJIeIHUSIT:

e Axo He ObJie M3MOI3BAHO HUTO €HO Kabesde, Ha u3xon |1 manmsa A, Ha u3xon 2 nsnmsa B,
U Taka HaTaTbK, Ha U3XOJ 26 u3im3a Z.

e Axo ObJIe M3MOI3BAHO TOTHO €HO Kaberde, eeKThT € TOBa U €IMHCTBEHO TOBa, Y6 OYKBUTE,
KOHNTO TO CBbP3Ba Ha INeKepliaHeja, OuBarT pa3meHeHun. Hampumep, ako Ha IeKepraHesa
kabeaero cebp3Ba C ¢ T, To Ha u3xoj 3 usm3a T, va usxoy 20 uzimmsa C, a HA BCEKH JPYT
U3XO0J] U3JIN3a ChIaTa OyKBa, KOATO O m3/n3aJsa, ako Ha IeKeplanea HaMmaiie Kaberdera.

e AKo ObJAaT U3MOA3BAHN TOYHO JIBe KabeadeTa Ha IIeKeplaHesa, TeXHUTEe ChOTBETHU OYKBHU
ouBaT pa3MeHenu, ocTaHAJINTe OyKBY U3JIU3AT BCe €IHO HaAMa Kaberdera. Hampumep, ako na
meKepIaneia eHoTo Kaberde cebp3Ba C ¢ T, a apyroro cebp3sa A ¢ M, Ha u3xos 1 usmunsa
M, na usxon 3 mzmuza T, Ha usxon 13 mzmusa A, #Ha usxon 20 uzmusa C, a Ha BCEKHU JPYT
U3XO0J] U3JIM3a ChIlaTa OyKBa, KOATO O m3/n3aJia, ako Ha IeKeplaHea HaMalie Kaberaera.

e Axo Objar nsnomsBann Becrndkn 13 Kabesrdera Ha IeKepIaHesia, BCUIKN JIBORKN OyKBU OMBAT
pa3sMeHEeHN TI0 JBOIKN ChIVIACHO TOBA, KOS C KOs OYKBa € CBbp3aHa Ha IeKepIiaHea.

OueBu/iHO, TAa3u MAIMHA Peajn3upa pa3MecTBaHe Ha OYKBHUTE MEXKy BXoja W m3xoja. Kosko
pa3/InYHA Pa3MeCcTBaHUs Ha OYKBUTE MOXKe jia Ob/iaT peajn3upanu npu ni3noJssane na 10 kabdes-
gera? A npu usnossBane Ha 13 kabeaera? CpaBHeTe T€3M YUCIA C BCMIKU TEOPETUIHO Bb3MOKHU
pa3mecTBanus Ha 26-Te OYKBU — cTaBa JiyMa He 3a pa3MeHnuTe, KOUTO Ma3u MallliHa Pean3upa,
a MaKCHUMAJIHUAT OpOil pasMecTBaHWs, KOUTO Ca TEOPETUIHO BB3MOXKHU. Ha KakBO ce Ib/IKN
roJigiMaTa pa3jinKa MeXKJy I'bPBUTE JIBE YUCJIa U TPETOTO?!

Pemmrenue. Axo ce nonssar 10 kabergera, To Touno 20 OYKBH yIacTBAT B pa3MeCTBaHUs 110 JIBOIi-
K, a 6 Oyksu He yudactsar. Vma Touno @g) = (266) BBH3MOXKHOCTH 3a U300p Ha OyKBU-yYACTHUIIH.
3a Bceku OT Te3u n3b0pu, HAUMHUTE a8 ObJIAT CBbpP3aHu OYKBUTE-YIACTHUIN T10 JIBOWKH Ca
10
19%x17x15%x---x3x1= | |(Zi—1) = 654729075

i=1

Pazcbixenuero e ciieHoTo: mbpBata OyKBa MOXKe Jia O'bJIe CBbp3aHa ¢ JBOWKA ¢ KOs JIa € OT OCTa-
nasmre 19, cien ToBa octaBar 18 Oyksu, 3a wbpBata uMa 17 OYKBU-KAHUJIATH, U TAKa HATATHK.
Orrosopsbr 3a 10 kaberaera e

10

26\ [ J2i—1) =150738274 937 250 ~ 10"
i=1

6

Amnajytornvno, orroBopbT 3a 13 kabemuera e

13
[[2i—1) =7905853580625 ~ 10'*

i=1
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Ot npyra crpana, BCHUKH [epMyTanuu Ha 26 OYKBU ca
26! = 403291461126 605 635584 000 000 = 10%*

[IpaBu BrIeUaT/IeHMe, Y€ TOBA YUCJIO € MHOTO TO-TOJIAMO OT OPOs Ha IEepMYTallMUTe, KOUTO pe-
aJm3upa BbIpocHaTa MarmmHa. OYeBUIHO MaIlliHATA PEAJM3Upa CaMO HHUIOKHO MAaJIKa IacT OT
BCUYKH Bb3MOXKHU TlepMyTaruu. Maraara peajan3upa IepMyTaIlund Ipe3 pa3sMeHsdHe Ha MecTara
Ha JBoWiKM ejieMeHTH. He Beska nepMyTtarus Mozxke Jia O'bjie orydena 1mo To3u nHauna. Hampumep,
nepMyTanuaTa, npu kKosato A oruBa Ha Msicroro Ha B, B oruBa Ha mscroro Ha C, ..., ) oruBa
Ha MsICTOTO Ha Z U Z OoTMBa Ha MsCTOTO Ha A He MOxke Ja Obje ToydeHa upe3 (eJIHOKpaTHA)
pa3MdAHa Ha JIBOUKM cbhbceaHn eneMeHTH. [loydennTe daucienn qanHN HaBeXKIaT HA MUCHJITA, de
epMyTaInunuTe, KOUTO ce ToJIydaBaT 4dpe3 pa3MeHsHe Ha JABOHKHU ca HUIOXKHO MaJjKa 4acT OT
BCUUKU HEPMYTAIUN, IPU TOJIIM OpOil HA yUIACTBAIIUTE €JIEMEHTH. U

Banaya 41. Kumxkapuunara npojasa detupu Bujga ydeouumnn: {uckperan Ctpykrypn, Arannms,
Aure6pa u I'eomerpus. Or Beekn Byt uMa o 10 ekzeMIuisipa (09€BHIHO HEPAIMYUMU TOMEZK LY
cu). Tlo konko HaumHa MoXkKe Jla Objaar noapeienu Beuuku 40 ydueOHUKA HA €JUH XOPU3OHTAJIEH
padT, ako:

a) HAMa ODAHUYICHNSI;
6) yuebHurmre o Asrebpa TpA6Ba 1a ca euH J0 APYT W HIMa JPYTH OrPaHUICHS;
B) y4ueOHUIMTE OT BCEKU BUJ TPsOBa Ja ca €JIUH JI0 JAPYT U HAMA JPYTU OrPAHIICHUS;

r) Hukoil yueOHuk 1o Jluckpernun CTpykTypu m HEUKOI yueOHUK 110 AJsirebpa He MOxKe jia Obje
BJISICHO OT To3uiius Homep 20 u HIMa JPYTH OTPaHUUICHUST;

1) ydebnunure o Asrebpa TpsaGBa ja ca BIsIBO OT yuebHunuTe 1o [eomeTpust u HAMa Jpyrn
OTpaHUICHHSI.

Perrenune.

a) Crasa jyma 3a nepmyraiuu ¢ noproperre. OTroBOpbT € MyJITUHOMHUAT KOeDUIIUEHT

40!

10l < 10! % 10! x 10! =4705360871073570227 520

6) YuebHurmre 0 Asrebpa mMoraT ja 6'bJIaT TOPEIeHN eJINH JI0 IPYT caMo 1o equH HaduH. Crey
TOBa TUle/laMe Ha jeceTTe yIeOHUIM 1Mo ajredpa KaTo Ha eIuH HeJe UM eleMeHT. 10o3u ejeMeHT
TpsAOBa J1a Pas3oIoKuM 3aeH0 ¢ 30 APYTH ejleMeHTa B PeJiiiia, KaTo Te3U JPYTH ca B TPU I'PYIHU
110 JIeCeT, BbB BCAKA I'PyIa HEPa3InIuMu euH oT ApyT. OTHOBO NMaMe IIepMyTAIliU ¢ IIOBTOPEHHE,
TO3U I'bT Ha 31 Helma, 0T KOUTO JIeceT ¢a Hepa3IndnMU ITOMEK/Iy CH U OIIE JIeCeT Ca Hepa3InInMu
HIOMEXK/Ty CH ¥ OITIE JIECET Ca HEePA3IMIUME [OMEZK Iy CH U UMa OIIe €JTHO Herlo (6JOKBT OT Jecerre
yuaebnnka mo Asrebpa). OTroBopbr e:

31!

ST 1o g = 172080900531540

B) YueOHHUIMTE OT KOl J1a € BHJI MOXKe Jia ce CJIOXKaT eJIuH J10 JApyr mno ejauH Haund. Ciej ToBa
MOZKe JIa IyIejlaMe Ha [MOPeIniaTa OT JlecceTe yIeOHMKa OT KOii jia € BUJ] KATO Ha HEJICTUM €JICMEHT.
Nwma 4! naunnaa na cooxkum Te3u 4 eneMmenta B peania. OTroBopsbT e

41 =24
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r) Vuebuunure o Asrebpa n JlucKpeTHH CTPYKTYpH 3aeMaT TOIHO Haifi-teBure 20 mMo3uImm, Taka
€ MHOYKECTBOTO, YHATO MOIIHOCT ThPCUM, € JI€KAPTOBOTO IMPOU3BEJEHUE OT Pa3lo/araHuATa Ha
Haii-tesute 20 mosunun Ha yaebuumuTe 1o Anrebpa n Jluckperau cTpyKTypu u Ha Hail-gecante 20

|
IIOSHUIIMMN Ha OCTaHaJIuTe IBa BH/a. Besako ot Tesn MHOXKeECTBa UMa MOIIIHOCT % Permennero e:

20! 20!
101 % 101 < 701 01~ oH 134779536

a) B rasu nojzajada BCLIMHOCT UMaMe CaMO TPU Pa3/IMdHU BUJa YIeOHUIIN, KOUTO TpsibBa Ja
pasriexxaame: Jluckperau CTpykrypu, AHAIN3 U TPETHAT BU/I, KOHTO € 0bequHeHneTo ot Arebpa
u [eomerpus. [Ipuannara j1a He pasrpanmdaBaMe B pelreHneTo cu yuebnunute mo Ajiredpara ot
Te3u 110 ['eomerpusTa e, de MoOM ajaredpuTe ca BJIsIBO OT MeoMeTpuuTe, ako 3HaeM 20-Te mo3unn
Ha OOe/IMHEeHNeTO UM, HUe 3HaeM M TOYHO KOW OT TsX (a mMmeHHO, Haii-iesure 10) ce 3aemMar oT
asrebpure u Ko, orT reomerpunte (odeBuno, ocranaaute 10). Pemennero e:

40!

201 < 10l <101 — 25467 973 278 667 920

g

Basada 42 W310/13Ba HESIBHO HOHATHUSITA ‘TIPABObIbJIHA MpexKa’ U “IPUABMKBaHE B IPABOBI'bJIHA
Mpexka”. He ocobeno dpopmasino, npasoszeana mpesca ¢ pasmepu M X N ce ¢bCTou OT M+ 1 Xopu-
SOHTaJIHN OTCEYKM, BCAKa C AbJI2KUHa T ¢IUHUIM, PA3IOJIOZKEHU ¢JHa HaJd Apyra Ha pa3CTOdHUA
eJIMHUII, U OIle M + | BePTUKAJIHA OTCEYKH, BCAKA C JTB/KAHA T eIMHUIN, PA3IOJJIOKEHN eTHA
JI0 JIpyra Ha Pa3CTOAHUs eIUHUIM, TaKa 9e OT IPecHIaHeTo Ha XOPU30HTATHUTE C BEPTUKAJHUATE
OTCEYKHM Ce IOJIyIaBaT M X L KBaJIpaTa CbC CTpaHa eIuHUIA. KTo npuMep 3a npaBobIbIHA MPEKa

2 x4

Muciamm 3a nmpaBObIbJIHATA MpeXKa KaTo 3a YANIHA Mperka OT M + 1 yaunm B HallpaB/IeHne
U3TOK-3aI1a/] 1 OItle N+ 1 yJIuiy B HallpaBJIeHne CeBep-Ior, KaTO Te3N JIBe I'PYIIH YIIUIH Ce IIPecuyar,
KaKTO € ToKaszaHo. [IpejcraBere cu 4oBek, KONTO ce HAMHpA B IOTO3ANAJHUS BI'bJI (JKBITOTO
kpbrue). Toit wim st TpsibBa J1a ce NPUJBUKE JI0 CEBEPOU3TOUHUS bI'bJI (3€JIEHOTO KPbIUe), KATO
Ha BCAKO KPbCTOBUIIE MOKE Jia IMMOeMe WJIM Ha, CeBep, WM Ha M3TOK, HO HUKOTa Ha IOT U HUKOTA
Ha 3armaj. '1oBa ce Hapuda npudeurceaHe 6 NpasossAHAMA MPEHCA.

Bamaua 42. Jlajenu ca tpu yiuaan mpexu (yuiy moj nupas brbja) A, B u C, nmokazanu joiy.
BbB Besika OT TAX crapTEpaTe B JIOMHUS JISB bI'bJ (C YKBJITO KPbIde OKOJO HEro) u TpsadBa
Jla, IPUCTUTHETE B TODHUSI J€CEH bI'bJl (ChC 3€JI€HO KPbIde OKOJIO HEero), Karo e JIOMYCTUMO Jia
ce MPUJIBIKBATE CAMO Ha/SCHO WJIM HArope. A e MpoCcTO MPaBObI'bJIHA MPexkKa. B mMa mo-cjaoxna
dopma—MoKeM JIa CHU S IIPEJICTABUM KATO ITPABOBILIHA MPEZKa € JIUICBAIIN YACTH—HO IIPaBUIATA
3a MPUJIBI2KBAHE Ca ChIINUTE, CAMO Harope min HaJscHo. C nMa nmpaBobrbaHa (hOpMa, HO UMa €THO
3a0paHeHO KP'BCTOBUIIE — TOBA € YePBEHUS KP'bI' OKOJIO HETO. 3a BCSIKA OT MPEXKUTE OIIpeIesieTe 1o
KOJIKO Pa3/IMIHN HAYMHA MOXKETe J1a ce MPUJIBIKITE B MPeXKaTa OT YKBJITOTO JI0 3€JIEHOTO KPbIUe,
karo B C He MuUHaABaTe Ipe3 3a0paHeHOTO KPbCTOBHUIIIE.
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A B C
® ® ps ®

Pemenne. 3a oOMKHOBeHa HPaBObIbJIHA MpPEKa M X TL OTTOBOPBLT € (m:“), 3aI0TO BCAKO
IPHJIBUZKBAHE ce OIIpe/iesisd Hall'bJIHO OT T Ha Opoii Xoja Harope n 1 Ha Gpoil Xo/1a HaJIACHO, KaTO
Te3U JBa BHUJIA XOJOBE Ca CMECCHH B eJHa JuHeiiHa napenba ¢ rojemuna m + n. C apyru jrymu,
3aJa9aTa € ChllaTa KaTo 3ajadaTa, 10 KOJIKO HAYMHA MOKE Jia HApeIyuM M HyJId U N eIUHUIN B
suneitna Hapeba (Buxkre Samada 28). CremoBareto, 3a A peleHueTo e (6;5) =462.

Jla pasriename B. JlecHo ce BmKa, 9e 3a Jia CTUTHEM OT K'bJITaTa J0 3ejeHaTa TOYKa, TPAOBa
Jla MUHEM IIpe3 IOHe eJIHa OT TPUTE CUHU TOUKMU:

Hero oBede: He € Bb3MOXKHO J1a ce MUHE IIpe3 IMOBeYe OT e€JJHa OT CHHUTE TOUKH, CJIeJIOBATETHO
ce MUHaBa IIpe3 TOYHO €JiHa OT TdAX. VHadye Ka3aHO, MHOYKECTBOTO OT IPHU/IBUKBAHUATA MEKILY
XKDbJATAaTa U 3ejieHaTa TOYKa ce pa3duBa Ha TPU IOJIMHOYXKECTBA CBIVIACHO TOBa, IIPe3 KOs CHHS
Touka ce muHaBa. [lo npunnuia Ha pazdUBAHETO, OTTOBOPBLT € cyMaTa OT MOIIHOCTUTE Ha Te3U
TpU MHOXKecTBa. [la pasriie/iaMe TpoM3BOIHA CUHS TOYKA, HAIPUMeED Ta3u:

MHO0>)KeCcTBOTO OT IpuABU2KBaHWsATa, MUHaBallll IIPpE€3 Hesd, € JCKapTOBOTO IIpOMU3BEACHUE OT
IpuABHU2KBaHUATa B YepBeHaTa IIOAMPEKa ME2K/1Y K'bJITaTa U CUHATa TOYKa, 1 B KaCbHBaTa IO IM-
pexKa MexKAy CUHATa U 3eJIeHaTa TOYKa:
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445 6
B uepBenara mojmMpexka Te ca ( Z ) = 126, a B kadsBara, ( ;3) = 84. 3a Ta3u cuHg TOUKA

nmame 126 x84 = 10584 npuasmkpanus. 3a IpyruTe JiIBe CHHU TOYKU HAII'B/ITHO aHAJIOTTIHO MMaMe

CIYx (1) =15876 u (°F%) x (*1°) = 10584. OrrosopnbT 3a Mpeska B e 10584+15876+10584 =

37044.

Ha pasriemame C. MHOXKECTBOTO OT NpUJIBUKBAHUATA, HEMUHABAIIU 1IPE3 UepBeHaTa TOYKA, €
pa3/mKaTa MeXKJIy BCUYKHU MPUJIBUZKBAHUS MEXK/Yy K'bJITaTa U 3eJIeHaTa TOYKU 0e3 OrpaHmdeHus
(KomTO ca, KaKTO BHUsIXMe, 462) 1 Te3u, KOUTO MUHABAT IIpe3 YepBeHaTa ToUKa. 1o HaduH, HAIIb/I-
HO aHAJIOTMYEH Ha U3BEXKJ/IAHETO Ha OTroBOpa 3a B, mokasBame, 4e MPUIBMKBaHUITA, MUHABAIIT

[pe3 YepBeHaTa TOYKa, Ca (3;“4) X (3T1) = 140. Otroeopwsr 3a C e 462 — 140 = 322. O

Permenuero na 3ajaua 43 usno/3pa o3HadeHneTo JX 3a HaAKakBu (DUKCHPaHU CTOMHOCTH Ha K 1 M.
Ha cu npunomunm, 1ge J, ={0,1,...,n— 1}. Torasa

I]:l:!nx]nx”'xlrg

k MuOX)KUTEISA

Bajaua 43 MoXKe Jla ce pelu 1 Upe3 peKypeHTHU ypaBHEHUs: BIK 3ajatia S6.

Bagaga 43. Usmexxay umcnara 1,2,...,10°, Kou ca mosede: Tesm, uumTo 3amuc (B JeceTHdIHa
HO3UIMOHHA OpOiiHa cucreMa) chbpKa udpara 9, Win ApyruTe, THATO 3alUC He ChbpKa 97

Pentenune. CobimecTByBa ecTecTBEHA OMEKITNS MEK/LYy T€3U TUCIA U BEKTOPUTE OT ]}8: BCSIKO IHCJIO
¢ m3xmouenne Ha 10'° choTBeTCcTBa HA TO3U BEKTOp, KOITO ce MOJIydaBa OT 3allica Ha YHCIOTO B
JleceTUYIHa TO3UIMOHHa OpoifHa cucreMa ¢ j106aBsiHE—aKO € HeOOXOINMO—Ha BOJIEIN HYJIN, TaKa
Je Ib/DKHHATA Ha 3ammca ja crane Touno 10; a 10'° cworsercrsa Ha 0000000000. Anasjornyso,
CHINECTBYBA GCTECTBEHA OMEKIINA MLy umciaara msMexay 1,2,...,10'° xonto HaMar HUTO
eJlHa JIeBATKA B JIeCeTUMHUs cu 3amuc, u sekropure ot Ji°. O6mo uucnara 1,2,...,10'° ca 10™
na 6poit. Bexropure ot Ji° ca 9'° ma 6poit, ciegosaresnno unciaTa, KOUTO HAMAT HUTO eHA
neBaTKa B 3ammca cu ca 90 = 3486784401, cienoBaTesHO 4HcIaTa, KOUTO MMAT IOHE €IHA
neaATKa, ca 1010 — 910 = 10000000000 — 3486784401 = 6513215599. Buxname, ue unciara,

HMallli IIOHEe €/Ha JeBATKa, Ca SHaAYUTE/IHO IIOBEYEe. ]

2.4 HpI/IHI_[I/IH Ha BKJIIOYBAaHETO N N3KJIIOYBAHETO

Samava 44. Jla ce pery, N3MOJI3BAKN IIPUHIINNA HA BKJIIOYBAHETO W U3KJIIOYBAHETO,
KOJIKO ca HederHure [ncia or marepsasa [1000,10000], kouro usamar mosrapsamm ce mudpu B
JleceTUYIHa MTO3UIMOHHA OpOoifHa cucTeMA.

Pemtenne. 3amagara mMa M3KIIOUATETHO mpocTo pemrenne 8§ X 8 X 7 x 5 = 2240, Koero ce
[OJIydaBa, ako cboOpa3uM, de craBa JyMa 3a ducjaara ¢ TOYHO deTupu Iudpu (odeBugHO 6e3
BOJIeIa HyJIa; bpBaTa mudpa e or 1 10 9), jiBe 1O JBe Pa3jIunIHu, KOUTO 3aBbpiuBar Ha 1 wim 3
win 5w 7 wian 9. Ilpunarame KoMOMHATOPHUST IPUHIIAIL HA YMHOXKEHUETO I10 ITOIXOISI, HAUNH:
nMa TOYHO 5 m30opa 3a mnocjeaHara nudpa, 3a BCEKA OT TIX TOYHO 8§ m300pa 3a IrbpBaTta, 1pu
u3bpaHu mocseiHa U bpBa mudpa nva TouHo 8 m3bopa 3a Bropa mudpa (Ta Bede mMoxe ja e 0),
3a BCEKH OT Te3U TPHU u3bopa, nMa TOIHO / u3bopa 3a Tperarta nudpa.

Ho B Tasm 3a/1a1a ce mcKa pelenne ¢ MPUHIAIIA Ha BKIIOYBaHETO 1 n3KrouBanero! /la o3Hadmm
¢ U muOKecTBOTO OT HeuerHuTe yncsa ot uarepsasa [1000, 10 000]. Ja o3nauum ¢ S MHOKECTBOTO
or meuernure yuciaa or unrepsasia [1000,10000], kouro maMar nosrapday ce mudpu. 3a BCIKO
x € U, oueBUIHO X ce MpeJicTaBsl B JleCeTUIHa OPOiftHA crcTeMa KaTo

X =0a1Qaasqy
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kbiero a; € {1,2,...,9}, ap,a3 € {0,1,...,9}, a4 € {1,3,5,7,9}.
Heka:

e B; e mmoxkecTBoTO OT umcaara or U, 3a Kouto a; = da,

e B, e muoxkecrBoTO OT uncsara or U, 3a Kouro a; = as,

e B3 e muoxkecTBoTO OT Wmciaara or U, 3a Kouro a; = dy,

e B, e muoxkecrBoTO OT uncsara or U, 3a Kouro a, = as,

e Bs e muoxkecTrBOTO OT uMcsara or U, 3a KouTo a, = ay,

e By e mmoxkecTBoTo or umciaara or U, 3a KouTo az = ay.
OueBuaHO:

S=U\(B;UB;UB3UB;UB5sUBg) =B UB,UB3UB4UBsUBs

[Ipunarame obomenus 3akon wHa /e Mopran u mosryuasame:
S=B;NB,NB3NB;NBsNBg
HO IIPpUHIMIIa Ha BKJIIOYBAHETO W U3KJIIOYBaHETO:
S| = (U] (22)

— (IB1] + [Bz2| + [Bs| + [B4| + [Bs| + [Bg|)

+ (IB1 N Ba| + By N B3| + [By N Byl+
[B1 N Bs| + [By N Bgl + B, N B3|+
B2 N Ba| 4 [B2 N Bs| + [B2 N Bgl+
B3 N B4l + [B3 N Bs| + B3 N Bg|+
B4 N Bs| 4 B4 N Bg| + [Bs N Bg)

— (IB1 N B2 N B3|+ By N B2 N Byl + By N B, N Bs|+
IB1 N B2 N Bgl + By N B3 N Byl + By N B3 N Bs|+
IB1 N B3 N Bg| + |B; N B4 N Bs| +|B; N By N Bg|+
|B; N Bs N Bg| + |B> N B3N Byl + B>, N B3 N Bs|+
B, N B3 N Bg| + [B, N By N Bs| + [B, N By N Bgl+
|B, N Bs N Bg| + |B3 N B4 N Bs| + |B3 N By N Bg|+
IBs M Bs N Bl +[B4 N Bs N Bg)

+ (IBy N B2 N B3N Byl + [By NB, N B3N Bs| + By N B, M B3 N Bgl+
By "B, N B4 N Bs| + |B; N B, N Bs N Bg| + |B; N B, N Bs N Bgl+
IB; N B3 N B4 N Bs| +|B; N B3 N By N Bg| + [B; N B3z N Bs N Bg|+
|B; N B4y N Bs N Bg| 4+ [B2 N B3 N By N Bs| + [B, N B3 N By N Bg|+
B2 N B3 N Bs N Bg| + [B2 M B4 N Bs N Bg| + [B; N B4 N Bs N Bgl)

— (IBi N B2N B3N By N Bs|+ [By N B, N B3 N By N Bgl+
IB; N B, N B3 N Bs N Bg| + |B; N B3 N By N Bs N Bgl+
B, N B3N Bs N Bs N Bgl)

+|B; N BN B3 N By N Bs N Bg|

Heka nedunupame, qe:
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e Aj, e MHOXKeCTBOTO OT umuciaTa or U, 3a KouTto a; = ay,
® A]Y3 € MHO>KECTBOTO OT HucJ/iaTa OT U., 3a KOUTO i as,
° A1‘4 € MHOXKEeCTBOTO OT 4HucJjaarTra OT U, 3a KOUTO Q; ay,
e A3 e MHOXKeCTBOTO OT umuciaTa or U, 3a KouTo a; = as,
e A4 € MHOXKECTBOTO OT umcjaTa oT U, 3a Kouto a; = as,
e A3, e MHOXKecTBOTO OT ducjara or U, 3a KonTo az = ay,

b

e Aj,3 e MHOXKecTBOTO OT 4nciara oT U, 3a xouro a; = a; = as,
e Aj,4 € MHOXKeCTBOTO OT 4nciaaTa oT U, 3a Kouro a; = a; = ay,
® Aj34, € MHOXKECTBOTO OT uncsara oT U, 3a KOUTO a1 = a3 = a4,
® Aj34 € MHOXKECTBOTO OT unciaTa oT U, 3a KoUTo a; = az = ay,

® Aj,34 € MHOMKECTBOTO OT uduciaTa oT U, 3a KouTo a1 = a; = az = ay.

OueBuaHO:
|A] 2| = 9 X 10 X
’ ~~— ~~
9 BB3MOXKHOCTHU 38 A1=0 10 Bb3MOXXHOCTH 3a A3 5 BB3MOXKHOCTH 33 (4
’A] 3‘ = 9 X 10 X
’ ~~ ~~~
9 BB3MOXKHOCTH 3a (1=03 10 BB3MOXKHOCTH 3a a2 5 BBb3MOXKHOCTHU 3a (4
|A] 4| = 5 X 10 X
) ~— ~—
5 BBb3MOXKHOCTH 3a (]=04 10 Bb3MO>KHOCTH 3a A2 10 BB3MOXKHOCTH 3a A3
’Az 3‘ = 9 X 10 X
’ ~~ ~~—
9 BB3MOXKHOCTH 3a (] 10 Bb3MOXKHOCTH 3a A2=03 5 BBb3MOXKHOCTHU 3a (4
Az 4| = 9 X 10 X 5
| ’ | ~— ~— ~—
9 BB3MOXKHOCTHU 3a (] 10 Bb3MOXKHOCTH 3a a3 5 BBb3MOXKHOCTHU 3a () =04
’Ag, 4‘ = 9 X 10 X
’ ~~ ~~~
9 BB3MOXKHOCTH 33 a1 10 BB3MOXKHOCTH 32 A 5 BB3MOXKHOCTH 32 A3=04
A123] = < X 2 =45
9 BB3MOXKHOCTH 3a A1=0)=03 5 BB3MOXKHOCTHU 3a (4
’A] 24 | = 5 X 10 50
- ~~ ~~
5 BB3MOXKHOCTH 3a a1=0=04 10 Bb3MOXKHOCTH 3a 03
Aizal = \5/ X \19/ 50
5 BBb3MOXKHOCTH 3a 0]=03=04 10 Bb3MOXKHOCTH 3a Q)
|A2 3.4 | = 9 X 5 45
= ~~ ~~
9 BB3MOXKHOCTH 33 Q1 5 BB3MOXKHOCTH 33 Q)=03=04

A4 | =5 it kato Aj,34 ={1111,3333,5555, 7777, 9999}

OueBuaHO:

Ul = 4500
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3a CyMaTa OT roJieMHUHUTE Ha MHOXKe€CTBaTa UMaMe:

D [Bil =5 x 450 + 500 = 2750 (24)

Cera TbpCUM CyMaTa OT I'OJIEMUHHUTE Ha CECHEHHATa JIBE 110 JIBE. Jlecno e Ja ce C%06pa3p1, ge:

BiNBy=A1,3
BiNB3s=A1,4
Bi N By = Aj)4
BiNBs = Ai,4
BN B3 =Ai34
B, N By =Aj,3
BN Bs=Ai34
B3N Bs = Aq4
B3N Bs = Ai34
BsNBs = Aj34
Bs N Bg = Aj34
Bs N Bs = Az34

Bennara cienpa, ge:

|IB1 N B,| =45
|B; N B3| =50
|B1 N Byl =45
|B1 N Bs| =50
|B, N B3| =50
B, N Byl =45
|B, N Bg| =50
|B3; N Bs| =50
B3 N Bg| =50
B4 N Bs| =45
B4 N Bg| = 45
|Bs N Bg| =45

Ocrasa na onpegenum |B1NBg|, |BoNBs| u [B3NBy| npu ceuennara ase o ase. BiNBg e MHOXKeCTBOTO
OT YHCJIATa C 4y = Ay ¥ A3 = Q4 — TO HE € eJ1HO OT Ayj m Ayjx . [B1NBg| = 9 x5 =45 zapau 9-Te
Bb3MOKHOCTH 38 0] = 0, ¥ HE3aBUCUMUTE 5 Bb3MOXKHOCTH 38 a3 = d4. |BoNBs| = 9x5 = 45 3apaau
9-Te BL3MOXKHOCTH 38 ] = (3 U HE3aBUCUMUTE 5 BL3MOKHOCTHI 3a 0y = d4. |[B3N Byl = 10x5 =50
zapaan 10-Te Bb3MOXKHOCTH 3a () = (3 W HE3aBHCHMHUTE 5 BBH3MOXKHOCTH 3a a7 = dg4. 0010 3a
cymara OT TOJIEMUHHUTE Ha CEYEHUSATa JIBe 10 JIBE NMaMe:

> BiNBj|=8x45+7x50=710 (25)
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Cera TbpcuM cymaTa OT TOJIEMUHUTE Ha CedeHusITa 110 Tpoiku. JlecHo e ja ce cbobpasu, de:

BiNBxNBs=A1,34
BiNB,NBys= A3
BiNB2NBs = Aj34
Bi N BN Bs = Ai234
BiNB3NBs = Aj,34
BiNB;NBs =A 154
Bi N B3N Bs = Ai234
BiNBsNBs =Aj234
BiNBsNBs=A1234
BiNBsNBs = Ai234
BN B3N By = Aj234
B NB3MNBs =Aq234
BoNB3;NBg=A134
BN BsNBs = Aj234
BN BsNBg=A1234
BN BsNBg = Ai,34
B;NBsNBs =Aq234
Bs;NBsNBg=A1,34
B3N BsNBs = Aj34
BsNBsNBg =As34

06110 3a cymaTa OT TOJIEMUHUATE HA CEUEHUSTA 10 TPOWKHU MMaMe:
D BiNBjN By =16 x5+2 %4542 x 50 = 270 (26)

Cera ThbpcuM cymMaTa OT FOJEMUHHUTE Ha CEUCHUSTA 110 YeTBOPKU. BCUYKHU cedeHus 10 IeTBOPKHU
ca paBHM Ha Aj334 , TOECT:

BiNB;NB.NB =A,34
O6m0 3a CyMaTa OT IroJiIeMHMHUTE Ha C€YE€HHUATa 110 9€TBOPKU MMaMe:
> BiNB;NB.NB|=15x5=75 (27)

CeFa T’prI/IM CYMaTa OT T'oJIEMMHHUTE Ha CeYeHUudATa IIO HeTOpKI/I. BCI/I‘{KI/I ceuyeHud 110 HeTOpKI/I
CBIIO ca paBHU Ha Aj)34 , TOCCT:

Bi N Bj N Bk N B1 N Bm = A1’2’3y4
O6HLO 3a CyMaTa OT I'oJieMUHUTE Ha C€HYEeHUATa 110 Y€TBOPKU NMaMe:

> BiNBjNByNBINBy=6x5=30 (28)
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Cedennero Ha BCHYIKHUTE IIECT MHOXKecTBa By, ..., Bg e:
BiNnB,NB;NB;NBsNBg = A1‘2,3)4
lonemunara My e:

IBiNB,NB3;NBs,NBsNBgl =5 (29)

Bamecrsame (23), (24), (25), (26), (27), (28), (29) B (22) u moayvaBame
S| = 4500 — 2750 + 710 — 270 + 75 — 30 + 5 = 2240
U

3amaya 45. B rpyna ot cryaeHTH BCEKH BJIa i€ TIOHE €/INH €3UK OT aH/JINHCKU, (PPEHCKU U HEMCKU.
Hexka Ag e 110JIMHOXKECTBOTO Ha CTYJEHTHUTE, BIAJICCIN aHTJINACKHA, Af € TIOJIMHOYKECTBOTO Ha CTY-
JIGHTUTE, BJaJieenin ppeHcKn , a Ag € IOJIMHOYKECTBOTO Ha CTYJACHTHUTE, BaJjeenn HeMcku. Heka
AgF € TIOJIMHOYKECTBOTO Ha, CTYJAEHTHUTE, BJIaJICCN aHIIUCKN 1 (ppeHCcKr, Agg € IMMOAMHOXKECTBOTO
Ha CTYJICHTHUTE, BJIaJICCI aHIVIMICKN M HEMCKHU, & Afg € IOJIMHOXKECTBOTO Ha CTYJICHTHTE, BJia-
neer (pbpeHckn n HemMckn. Heka Agpg € TOAMHOXKECTBOTO Ha CTYJAEHTHUTE, BJIaJleel aHIJINIHCKH,
dpencku u Hemcku. lajeHo e, ye

|Ag| =19
|Af| =25
|Agl = 21
|Age| =13
|Arcl =7
|Arcl =9
|Agrcl =3

OT KOJIKO CTyJIeHTa ce ChCTou rpynara’

Pemenme. Heka A e MHOXKECTBOTO OT BCUYKHU CTYJAEHTHU B Ta3u rpyna. 1Tbit kato A = Ag UAFU

_A —_ —_
Ag, MOXKe Ja cMaraMme, de A e yausepcyMbT 1 Ag NAF NAg = (. OT nupunnuna Ha BKIIOUBAHE
U U3KJIIOYBAHE 3HAEM, 4e

A NAS NAG | = Al = (A&l + IAf + 1AG) + (Aerl + [Aa] + [Arel) — [Aergl
TOECT

0=]A|—(194+25+21)+ (13+74+9)—3
OTK'bJIETO

Al =39

Bamaua 46. [Ipu ycinoBusTa Ha 3amada 45,

® KOJIKO CTYJEHTa 3HadAT TOYHO /IBa e3nka’
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® KOJIKO CTY/JIEHTa 3HAsT AHTJINHCKU, HO He 3HAAT HUTO (PPEHCKU, HUTO HEMCKU?

Pemenne. OTropopbT Ha I'bPBUS BLIPOC €
|Aer|l + |Aegl + |Argl = 3|Afrgl =134 74+9—-3x3 =20
OTrosopbT Ha BTOPUS BBIIPOC €
Al = (|Aer| + [Aggl) + [Agrcl =19 - (13+7) +3 =2
Ul

Bama4va 47. anena e rpyna or 100 crymenrta. UspectHo e, e 37 cTymeHTa ydaT aHIJIACKHA, 35
cryqenTa yaar dbpeHcku, 33 cTylaeHTa ydar HeMcKd, 38 CTyjeHTa ydaT WCIAHCKU, 16 CTyaeHTa
y4aT aHrJInicKu u (ppeHcku, § ydar aHIVIMICKA U HeMCKHU, 18 ydar aHriumiicku u ucraHcku, 13
y4aaT GpeHcKr u HeMcku, 9 ydar bpeHCKd U UCIAaHCKHU, 13 y4uaT HEMCKM U UCIAHCKHU, D CTYy/IeHTa
yUaT aHIJINICKN, (DPEHCKN U HEMCKH, 6 CTYIeHTa yIaT aHTJINHCKN, HEMCKH U UCIIAHCKHU, D CTYy/IeHTa
yaar bPEeHCKH, HEMCKHU ¥ UCHAHCKH, a 3 CTYJIeHTa y9aT aHlJInICKN, HEeMCKHU, (PPEHCKN U UCITAHCKU.
Kosko crymenta ydgar anrimiicku, (ppeHCKN U MCIIAHCKHU, ako 14 cTyjieHTa He m3ydaBaT HUKAKBU
esnnu’

Pentenune. Heka tbpcenusar 6poit e x. [lo mpunIuia Ha BKJIIOYBAHETO W U3KJIIOYBAHETO MMAME:

14 =100
(37435433 +38)
L (16+8+18+13+9+13)
—(5+6+5+x)
+3

TOECT
14=21—x & x=7
OJ

3amaga 48. Kosiko ca toramnute dyunkiun f: X — Y, kbgero X n Y ca KpaiiHu MHOXKECTBa U
X=munY=n?

Pentenune. CobryiacHo MpUHIUIIA HA YMHOXKEHUETO, OTTOBOPHT € ™. O

Bamaga 49. Kosako ca gacruaaure dynkiun f: X — Y, kbgero X u Y ca KpaitHu MHOXKECTBA 1
X=munY=n?

Pentenne. Heka muokecTBOTO OT Te3u ¢pyukimu e F. Heka z e ejleMenT, KOANTO He ce CbhIbpKa
B Y. Heka Z = Y U{z}. Heka F7z e mHO)ecTBOTO OT ToTasauTe pyukiuu f: X — Z. Tpusuaano
e JIa ce MoKaxKe, Je ChIeCTBYBa Oneknud Mexk iy F u Fz — 3a Beaka yuknusa or f € F, KodaTo e
TOTAJIHA, CHIIECTBYBa TOYHO eJHa (PYHKIU OT g € Fz, TaKkaBa de:

Va € X,g(a) =f(a)

a 3a Bcdka dyHkiug f € F, KodTO € He e TOTaJHa, ChIIeCTBYBa TOYHO ejHa GyHKIUA g € Fz,
TaKaBa de:

Va € X, g(a) = f(a)’ aKo f(a) e neduHIPaHO

z, B IIPOTUBEH CJIy4aii
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Cwriacuo npegnara 3aja4a, |[Fz| = (n+ 1)™. CbryiacHo npuHnuia Ha OUEKIUSTa, OTTOBOPBLT €

|Fzl = (n+1)™. g

B cieppamute 3ama4qm, o “‘GyHKIms pasdupame “roraaHa QyHKIU .

Samada 50. Kosko ca ciopekiuure f: X — Y, kbaero X u Y ca kpaiiuu MmHoxkecTsa 1 |[X| = m u
Y| =n?

Pemmenue. Jla BbBenem ciempante o3uadenus. Heka N e 6posar wa Bcuukn dyukiun. Ot 3ama-
qa 48 3naem, e N = n™. Ako or 1031 Opoit m3Ba MM Oposi Ha He-CIOpeKTUBHUTE (DYHKINH, IIIe
OJIy9uM Oposi Ha ciopekiuuTe. ToBa Imme HallpaBUM ITOETAITHO, ChIVIACHO IPUHITUIIA HA BKJIIOUBAHE
U U3K/II0UYBaHe. 3a BCeKU ejjeMeHT a € Y, Heka Ny e OposaT Ha QyHKIUNTE, KOUTO “HE MOKPUBAT”
a, TOeCT Te3M, IIPU KOUTO A He € oOpa3 Ha HUTO eJnH ejleMeHT oT X. ToBa He 3HAYM, Ue BCUIKU
OCTaHAJIM eJIEeMEeHTH OT Y ca MOKPUTH, & 9€ ChC CUTYPHOCT A He € MOKPUT — 3a OCTAHAJIUTE eJie-
MeHTH OT Y He ce Ka3Ba Huo. OueBnano Ng = (n— 1)™, 3amoro ToBa € 6posiT Ha (PYHKIUUTE C
nomeiin X u kopomeitn Y \ {a}, 3a Besko a € Y. T'bit KaTo a B3eMa N CTORHOCTH, UMaMe CyMaTa
or Benuku Ny e n.(n — 1)™ . Ho pasziukara

nm

—nmn-—-1m (30)
He € npaBuIHAAT 0TroBOp (ocBeH ako M He e 1), Thit Ng, u N, 3a pasmumann a; € Y, a; € Y ne
OposAT DYHKIHH, KOUTO Ca HEIPEMEHHO PAa3/JNIHU — BCsIKa (DYHKITUS, KOSITO HEe OKPUBA HUTO A1,
HHUTO 0, Ie Obje npedpoena KaTo eauHuIa BeJHbK 0T Ny, 1 BegabK oT Ng,. Mnade kazano,
(30) e mo-MaJIKO OT BepHUsI OTTOBOP — U3BAJIUIIN CM€ ITPEKAJIEHO MHOTO.

Heka Ngp e 6poar Ha dyHKIMATE, KOUTO HE IIOKPUBAT IpousBojHH a,b € Y, a # b. Kakro
U Ipeand, MOXKe Jia UMa U JPYyrd HEIOKPHUTH eJIeMeHTH OT Y; ¢'bC CUTYPHOCT IIOHE a u b He ca
nokputi. Ngp = (N — 2)™, roit KaTo ToBa € Opoar ma dyukmuure or X B Y \ {a,b}. Cymara or

BCUYKU TakuBa Ngp, 10 BCHUKU JIByeJIeMEHTHH HO/IMHOX)KecTBa {a, b} C Y, e (121) (n—2)™. Ho

n n n n
n"—n(n—1)"+ (2) (n—2)" = (—=1)° (O) (n—0)"+(—1)" (1 ) (n—1)"+(—1)? (2) (n—2)™ (31)
BCe OI1le He € BePHUSIT OTTOBOP (OCBEH ako M He e 2), Makap 4e e mo-6sm3o or (30). (31) e moseue
OT BepHUs OTrOBOP, Tbil KaTo ¢ + (1) (n—2)™ cnme gobaBuiu moBeye, OTKOIKOTO Tpsibba, KbM (30).
Ananornyno, Ngp. € 6podar Ha (GyHKIUUTE, KOUTO He HOKPUBAT IIPOM3BOJIHU a,b,c € Y,
a#b#c#a Ngpe=(n—3)"u cymara or Bcuiku TakuBa Ngyp ¢, 10 BCHUKH TPUEIEMEHTHH

nojamHo)KecTBa {a,b,c} C Y, e (2) (n—3)™. Ako m e J0CTATBLIHO TOJISIMO, TO

=00 )= o 1 ()= vm e 12 (5 ) inm 2 12 ()= 3m (e

BCe OIll¢ HE € BEPHUIT OTTOBOP, MakKap 4e € OIlle Mo-0JIu30.
CbritacHO NPUHITUIIA Ha BKJIIOYBAHETO W M3KJ/IIOYBAHETO, BEPHUAT OTTOBOP €

(—1)0(‘;) (n—0)™ 4 (=1)' <’]1) (n—1)"+ (—1)2@) (M—2)"+...+ (33)

R B [ e LA T G LSl
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[Tocnenroro crOUpaemo e HyJia, KOETO ChbOTBETCTBa Ha hakTa, de nma Hy/1a (QYHKINH, KOUTO HE
IIOKpHUBaT HUTO €I1MH CJIEMCHT. HaKpaKTO, BEPpHUAT OTTOBOD €

> ()

k=0
U

Bazaya 51. Kosko crpurra ¢ Ib/KHHA N UMa HaJ| JJaTHHCKaTa ab3yka {a, b, ...,z}, TakuBa 1e
BCEKH CHMBOJI Ce Cpellia TIOHe BeJIHbK

Ynsmeane: Pasrnenaiite crpunrosere 60€3 orpaHmyeHust KaTo (DYHKIMH OT MHOXKECTBOTO Ha
HO3UIUITE K'bM MHOYKECTBOTO OT cuMBoJuTe (a He obparroTo!). OrpaHndeHnero 3a Bujia Ha CTPHH-
roBeTe Hajara orpaHudeHne BbpXy BUja Ha (DYHKIUUTE — KaKBU TpsOBa Ja ca Te?

Bamava 52. Heka X n Y ca kpaitan muokectBa u [X| = m u |[Y| =n. Heka Z C Y u |Z] = p.
Kounko ca dyuknunre f: X — Y, kbaero Vb € Z da € X : f(a) = b?

Pentenne. Te3u dynknuu ca, B HIKAKbHB CMUCHJI, “HEI'bJIHU CIOPEKIIUN ; 3AIOTO TYK HE Ce
HCKa MEeJINAT KomoMeiH Y jga Obe “HoKpuT’, a caMo HIKAKBO HEMOBO IOAMHOXKeCTBO Z. 3aToBa 1
OTrOBOPBT MHOIO IPUJINYA Ha OTTOBOpa 3a Opos Ha CIOPEKITUUTE.

Bewukn dyuakiun ¢ gomeitn X u kojgomeitn Y ca n™ na Opoit. /la pasriemame 1mpousBoJieH
a € Z. Konko ¢yuknun we ro nokpusar! Odeswano, (m — 1)™. Ilo KoJKO HauMHA MOXKEM JIa
u30epemM Hernokput ejement ot Z7 Ilo p = (‘]’) N Taka, dpopmysiata 3amodsa ¢

nm— (?)(n—])m

Bposr Ha dyHKIMUTE, KOUTO HE MOKPUBAT JiBa (PUKCUPAHW eJIEMEHTa, Jla T HapedeM d W b, OT
Z, e (m—2)™ a6posaT Ha HaunHUTE Ja u3bepeM a u b e (E), Taka e I'bPBUTE TPU ChOUpaeMu ca

n™— (?)(n—])m—k (g)(n—Z)m

Hemmar orrosop e

Hakparko,
P
Z(—nk(p) (n— 1™
k
k=0
O
Bagaua 53. Kosiko nmepmyranuu Ha guciaara ot {1,2,...,n} uMa, B KOUTO HUTO €JINH €JIEMEHT

He cu e Ha MAcToTo? UmesioTo 1 cu e Ha MsICTOTO, aKO Ce HAMHUpa Ha i-Ta MO3UINsl, HAIIPUMED B
nepmyTanuaTa 2 1 35 6 4, aucyioro 3 cu e Ha MICTOTO W HEHKOE JIPYTO YUCJIO He CU € Ha MSICTOTO.
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Pemenue. Bposr na nepmyranuure 6e3 orpanntenus e n!. [lle uzsagum or n! 6posar wa mep-
MyTAIIMUTE, B KOUTO TIOHE €JIMH €JIEMEHT CU € Ha MsCTOTO. 10Ba Ie MPAaBUM ITOETAITHO, ChIVIACHO
MPUHITATIA Ha BKJIIOYBaHE U U3KIIOUBAHE.

[lepmyTarunTe, B KOUTO JIaJIeH €JIEMEHT € Ha MICTOTO CH U HAMAa JIDYTW OTPAHWYEHHUs, ca
(n — 1)! na 6poii. 3a Bceku Jpyr pUKCHPAH €JIEMEHT, aHaJIOTnYHO, uMa (n — 1)! mepmyranuu, B
KOUTO TOW CM € Ha MSCTOTO U HAMA JIPYru orpaHudeHus. Tbit KaTo mMa M ejieMeHTa, OT KOUTO
Ja (pukcupame ejleMeHT Ha TO3WINsA, W 3a BCeKH ejeMeHT mmame (1 — 1)! mepmyranuu, cymara
ot nocseauure e n.(n — 1)!. Ecrecrseno, n(n — 1)! = n! #e e upapmwinugar orroBop 3a 6post Ha
HEePMyTAIMATE, B KOUTO TIOHE €IMH €JIEMEHT CH € Ha MICTOTO, Thil KATO OPOU HAKOU IIEPMYTAIlUN
noBeue oT eguH wbT. C Apyru jyMu, pas3jimKara

nl—nmn-—1)!

e mo-mMaJika OT BepHHs OTroBop (ocBeH ako M He e 1: mamcruna, npu N = 1 orroBopsbT e 0).
CbriacHo NPUHIMIIA Ha BKJIIOYBaHE M U3KJIIOYBaHE j106aBsiMe Oposi Ha IepMyTallidTe, B KOUTO
JABa €JIEMCHTa Ca CH Ha MeCTaTa W HAMa JAPYyTru OI'PpaHUYeHU:d. TeSI/I JBa eJIeMEHTa MOXKEM JIa
n3bepeM 1o (Tz‘) HauMHa, 3a Bceku u3bop umame (n — 2)! nepmyramunu. Ho cymara

n!—n(n—])!—i—(;)(n—Z)!

e Mo-roJisiMa OT BEPHUsI OTIOBOD (OCBEH ako M He e 2), Taka Ye MpOojbJzKaBaMe aHAJOIUIHO, TI0
MIPUHITATIA Ha BKJIIOYBAHETO U W3KJIIOUBAHETO:

nl—nn-—1"+ (;)(n—ZJ!—l—...—i—(—1)“_1n(n—(n—1))!+(—1)“(n—n)! =

(1)°<g>(n0)!+(1)1<T>(n1)!+(1)2<;>(“2)!+---

..—1—(—1)“1( n >(n—(n—1))!—|—(—1)”(2)(n—n)! =

n—1
= n
—1k n—%k)!
> (1) (k)( )
k=0
Tosa e oTroBoOpHT. Il
3amada 54. Kosko nepMyraruu Ha uuciaara or {1,2,...,N} uMa, B KOUTO TOYHO TN YHCJIa Ca CU

€ Ha MsICTOTO, aKo:
e Te3r M Yunc/ia ca (puKcupaHu,
® Te3M M Yuc/a He ca (PUKCUPAHHU.
[Ipuemere, e 0 < m < n.

Pemenne. Ako Te3um m uucia ca GpUKCHpaAHU IIPEIBAPUTEIHO U Ca CU IO MeCTara, TO TpsbBa
HUTO €JHO OT OCTAHAJMTE M — M 9Yucjia Ja He cu e Ha Mmscroro. CieoBaTesiHo, 3ajadara ce
cBEXKJIa JI0 TOBa, KOJKO ca HepMyTalunTe Ha udmciaara or {1,2,...,M} UMa, B KOUTO U3MEXKLy
T — M IpeIBAPUTETHO OIPEJIe/IeHN YNCjIa, HUTO €JIHO He CU € Ha MACTOTO. CbhIVIaCHO PEIeHneTo
Ha 3ajiada 53 (3amecTBaMe M ¢ L — M), OPOAT HA TE3U HEPMYTAIUH €:

E(—nk(“ ;m) (n—m—Kk)! (34)

k=0
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AKo obaue Te3m M umcia He ca (DUKCHPAHU IIPEIBAPUTETHO, HAE MOYKEM Ja T'H H30epeM OT
BCHUYKHUTE Tl YHCJIa IIO (TT;) HaYMHAa. HO MHOZKECTBOTO OT BCHUYKHU HepMyTaHI/II/I, B KOHUTO TOYHO
M 4mcJIa ca CU Ha MSCTOTO, KATO Te3M M HYhC/a He ca IIPeIBAPUTEIHO (DUKCHPAHHU, ce pa3buBa
Ha (1) HOIMHOKECTBA CBIVIACHO TOBA, KOETO € IIOJMHOKECTBOTO OT HHC/IaTa, KOMTO Ca CU Ha
MACTOTO. 3a BCAKO M30Mpane Ha 4nCJaTa, KOUTO Ca CH Ha MACTOTO, BBLIPOCHUTE IEPMYTAIIH Ca

o (=DM ™) (n —m —X)! ceraacuo (34). Ocsen ToBa, 3a BCeKH JBe n30UpaHUsT HA T MUCIIA,
KOHUTO Ca CH Ha 1\/[5{(3'1‘0':[‘07 6pOﬂT Ha B'prOCHI/ITe HepMyTaLLI/II/I € €IMH U C'bIIIN. TOFaBa OTFOBOp']:)T e:

n—

m
n n—m
(—1)k K (n—m—Xk)!
m/ =
O
Bamaga 55. 3a nmpousBo/HA MepMyTaIus Ha duciaara 1, 2, ..., N, Ka3Bame, 9e € HenocAedosa-
meana, aKo B Hes He ce cpemta uuto 12, uuro 23, ..., nuro (n — 1) n. Hanpumep, nexka n = 4;

HeroceoBareHa mepMmyramnusa e 3142 a nepmyranusra 1342 He e Heloc/ie10BaTeIHA, TOHE-
ke B Hes ce cpema 34. Heka X, o3nauaBa Oposi Ha HEMOC/IEIOBATE/IHUTE HEepMyTanuu Ha 1, 2,

., n. Hamepere dopmysa 3a X,,, u3noi3Baiiku KOMOMHATODHUSI MPUHIIUAII HA BKJIIOYBAHETO U
U3KJIIOIBAHETO.

Pentenue. Ilo orHomrenune Ha jgajeHa mepMmyTaius Ha 1, 2, ..., N, Ja HapedeM BCsIKa JIBOMKA
qucsta ot Buga i (i+ 1), oocmpyruyus. Uma obmo n— 1 oberpykmuu: 12,23, ..., (n—1)n. Tbpcn
ce OpodT X, Ha mepMmyTaluuTe 6€3 HUTO eJHa OOCTpyKIndA. Beraku nepmyrtaruu ca n! Ha Opoii.
Tesu oT TsX, KOUTO UMAT TOHE enHa obcTpyKiwms, ca (N — 1)(n — 1)!, 3amoro mo n — 1 Hauuna
MOXKEM JIa 11o/10epeM OOCTPYKIIMsITa U CJIeJ] TOBa Ja IylejaMe Ha Hesl KaTo Ha OJI0KYe, a Ha BCSIKO
OT OCTAHAJIATE YKCJIa CHINO KATo Ha O/0KYe; obIo nma 1 +n—2 = n — 1 6yioKk9eTa, KOUTO MOXKE
Ja Obaar Hapeaenu 1o (M — 1)! Hauuna B penuiia.

[TepmyTarnuuTe ¢ 1oHe JgBe OOCTPYKITHH Ca, (“;1) (n—2)! na 6poit, 3a10To JABETE OOCTPYKIMHA MO-
JKEeM J1a Io106epeM 110 (n;]) Ha4YMHA, CJIel KOETO Ja I'M pasriekIaMe KaTo 6/l0KdeTa, a OCTaHaIuTe
qncja ChbIo Karo OjoK4era. HesaBucumo oT ToBa jram

e Te3n JiBe OJIOKYeTa ce NMPUIIOKPHUBAT, HAIpUMep IPU HAJUINETO Ha 123 B IepMyTamnusaTa
nMa JBe OJIOKIeTa-00CTPYKINK, a UMeHHO 12 n 23, KOUTo ce IPUIIOKPUBAT B JBOIKaTa,

e Wi Te3u OJIOKYETa He ce MPUIIOKPUBAT, HAIIPUMED pH Hajauduero Ha 12 u 56 HsaMa Kak
Te3u OJIOKIeTa-O0CTPYKIUN JIa Ce IIPUITOKPUBAT,

001110 nMa N — 2 610K49eTa, KOUTO MOXKe Ja Obaar Hapejgenn 1o (n — 2)! nauuna B peauia.

Obobmasame, e uma (n; ]) (n — k)! nepmyranuu ¢ none k obcrpykimn. ChIryIaCHO TPUHIAIIA

Ha BKJIIOYBaHETO U U3KJ/JIIOYBaHETO, OTTOBODPDBT €

n—1
Z(—Uk(“]:])(n—k)!

k=0

3amaga 56. Uzmexay 100 crynentra:
e 72 nocemasar npaktukym 1o C,

e 60 mocemasaT MpakKTUKyM 10 Java.
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Jlokaxkere, de moHe 32 OT Te3U CTYIEHTHU IIOCEIIAaBAT U JABaTa IMPAKTUKyMa.

Pemenue. Heka A u B ca MHOXKECTBaTa OT CTYJIEHTUTE, [TOCENIABAIIN ChOTBETHO TPAKTUKYMUTE
o C u Java. Heka U = A UB. [Ipuiaraiiku npunnuia Ha BKJIIOYBAHE U U3K/IIOYBAHE CIIPIMO TO3U
YHUBEPCYM, U3BEXKIaMe

O = UJ— (JA] +[B)) + A N B

HAMa €JIEMEHTH B JOII'bJIHEHUETO

Orryk

IANB| = |A| + |B] —|U] =132 —|U|
~— =~

72 60

Twit xaro [U| < 100, To |A N B| > 32.

YemoBuero Ha 3ajiada H7 Ha MPBB IOIVIE U3IMO/I3BA MOHATHETO ‘TPABOBI'bJIHA Mpexka', jpedu-
HUpaHo npean 3ajada 42. AKo cu HapucyBaMe Ma bK IPUMEpP 3a MPaBObI'bJIHA MpPeXKa KaTo B
Bajiada 42 n MaJ'bK pUMeEp Ha MOKPUTHUS ¢ KBaJpaTh MPABOBI'bJIHUK OT 3aJjada H7, Te Ie u3r-
Jgexar anajgornann. Obade B MpaBObIbJIHATA MPeXKa OT 3a/ada 42 BaXKHU Ca OTCEIKNUTE MEXKLY
KBa/[paTUTe, 3aIl0TO IIPUJIBUKBAHETO cTaBa 1o TaX. JlokaTto Tyk ca BayKHU caMuTe KBaJIPaTH.

Bagaua 57. [IpaBobIbjHUK ¢ pa3Mepu M X N e MOKPUT ¢ KBajparu 1 X 1, Taka de Bceku JBa
pa3/IndHA KBaJpaTa WM UMaT IPA3HO CedeHre, Win obOIa CTpaHa, HO HUKOra ODIa BBLTPEITHA
Touka. Te3m kBajpaTu obpaszyBar M peja U N KojaoHu. [lo KOJKO HAUYMHA MOXKE JIa Ce OIBETAT
KBaJIpaTuTe B K 1BATA

a) 6e3 orpaHUYEHNS;

6) ¢ eJIMHCTBEHOTO OrpaHWYeHVe, Ye BbB BCEKH PeJl HIMa ChCEIHU KBAJPATdeTa C €HAKbB
IIBAT;

B) C €JIMHCTBEHOTO OTPaHUYEHNE, Y€ BbB BCEKH PEJi € U3MO0JI3BaH BCEKH OT [[BETOBETE.
Pemrenne.

a) k™" monexke BCAKO olBeTsiBaHe € (DYHKIMs OT MHOYKECTBOTO Ha KBaJjparderara B MHOKEC-
TBOTO OT 1BeToBeTe. MMa 06mo mn kBajparderan k msgara. [Ipumarame dpopmystara 3a 6post Ha
dbyukiumTe 6e3 orpanndenus (3azg. 8).

6) OrmpersBaneTo Ha MPOM3BOJICH PEJ| € HE3ABHCHMO OT OIBETSBAHUSATA HA JPYTHTE DEIIOBE.
Cnenosaresnno, ako N e OpodaT Ha HaurmHUTE J1a O'bJIE OIBETEH IIPOU3BOJIEH Pejl, 0TroBOPBT N™ 110
IIpUHINUIIa Ha YMHOXKEHUETO.

Jla pasriemame onBeTssBaHETO Ha PeJ 1, KbJIETO 1 € Hakoe dmcyao, TakoBa de 1 < 1 < m. /[la
pasriieJlaMe Koe Jia e KBaJparde B pej i, Hanpumep kBajparde (i, 1). 3a Hero umame k Bb3MOXK-
HOCTHU 3a OIBeTsBaHe 3apa/ii HaJUIMeTO Ha K BB3MOXKHU IBATA. 3a CbCEJTHOTO MY KBaJpaTde
(1,2) umame k — 1T BBb3MOKHOCTH IIOPaIU OIPAHUYIEHUETO J& He Ce U3I0/I3BAT eJHAKBY I[BETOBE Ha
CbCeIHM KBaJpardera. AHAJIOIMYHO, 3a KBajpardera (i, 3), (1,4), ..., (i,n) umame k— 1 Bb3MOK-
noctu. Karto namo, 3a pef i BbL3MoKHENTe pasimdan onperasanud ca k(k — 1) 1. Crenosaremnno,
N =k(k — 1) u orroBopsT € k™(k — 1)™n=1),
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B) OHBeTHBaHeTO Ha IIPOM3BOJIEH D€/ € HE3aBUCHUMO OT OIBETABaHUATa Ha JAPYyrure peaoBe.
CnesroBarento, ako N(k,n) e 6posar Ha HaurHUTE J1a O'bJIE OIBETEH IIPOU3BOJIEH PEJI, OTTOBOPHT
(N(k,n))™ o npuniuma #Ha ymaoxkernero. N(k,n) Moxke ja ce mojydu BejHara or (opmysiara
3a Opos HA CIOPEKIINUTE, HO TYK IIe I'0 U3BeJEeM OT OCHOBHUTE IPUHITUIIH.

Jla pasriesame oIBeTSIBAHETO Ha PeJl 1, KbJIeTo 1 e Hakoe ducyo, Takoa 4e 1 <1 < m. Heka U e
MHOYKECTBOTO Ha BCUYKU BBH3MOXKHU OIBeTsaABaHus Ha pej i ¢ k npsara 6e3 orpanmyenus. |[U| = k™.
Heka S; e MHOXKeCTBOTO OT Bb3MOKHUTE OLBeTABAHUATa Ha PeJ| 1, B KOUTO IBAT j He ce U3I0JI3Ba,
3a Benmuky j, Takuba 4e 1 < j < ki, Hexa Sj,j, € MHOXKECTBOTO OT BB3MOXKHHUTE OIBETABAHUATA
Ha peJl 1, B KOUTO IIBETOBE j1 U j; HE Ce M3IOJI3BAT, 32 BCUYUKHU j1 U jz, TakuBa 1de 1 < j; < j, < k.
Jla HampaBuMm ciiegHaTa IeUHAINS, KOSITO Ce sSIBsiBa 00O0DOINEeHNe Ha IIPEIHUTE JIBe 38 IPOU3BOJIEH
Opoii 1BETOBE.

Omnpenenenne 1. 3a BCUYKM 1EJU MOJOXKUTETHHA j1, j2, ..., jt, TakuBa de 1 < j; < jo < ... <
j+ < k, MHO2KECTBOTO OT BB3MOXKHUTE OI[BETSIBAHUSA Ha PeJI 1, B KOUTO IBETOBE j1, j2, ..., )¢ HE Ce
usnos3sart, e S; Il

1 »ij")jt
HO HpI/IHLLI/IHa Ha BKJIIOYBaAHETO U U3KJ/IIOYBAHETO,

N (ka Tl) = |U|

- > 1Sl

1<j1<k
—_——

IIOHE eIUH IBAT HE Ce U3I0JI3Ba

+ Z |Sj1 N S]'2|
1<j1<j2<k

g
IIOHE [Ba IBATa HE Ce€ U3II0JI3BaT

- Z ‘Sjl N sz N S)’3’

1<51<92<j3<k

-~
IIOHE TPpHU IIBATa HE C€ U3II0JI3BaT

+(=1 > 18,NS8,N...N S,

1<551<j2<..<jt <k

J/

Vv
none t IIBATa HE Ce€ U3IoJI3BaT

+ (=1 > S;, NS5, N...NS; |

151 <2< <1<k

NV
none k—1 mBsiTa HE Ce UBIOJ3BAT, TOECT U3MOI3Ba ce caMoO | IBAT

+ (—1)¥ 1S;, NS, N...NS;,|

k IOBsATa HE Ce€ HU3II0JI3BaT, TOECT HAMAa OIBETABaHE 1/13061_110; TOBa TpﬂGBa Ja e 0.

Tebpanm, ve 3a Beako t, TakoBa ge 1 <t <K,
k n
S;, NS, N...NS;l = ¢ (k—1t) (35)

Tosa e Taka, 3aI0TO 3a Ja ONpEJIE/JNM HAYMHUTE Jla Ce OIBETH peJl i, Taka de t 1BdaTa J1a He ce
[I0JI3BAT, € JIOCTAThIHO Jla HAMEepUM Oposi Ha HAYUHUTE ja ce mojdepat t npsara or kK—ro3u Opoit

tMoske ma mMa U APYTH IBETOBE, KOUTO HE Ce W3IMOI3BAT. 1IBAT j He ce M3IOM3Ba B¢ CUZYPHOCT.
Moske /a MMa 1 PYTH IBETOBE, KOUTO He ce m3mos3Bat. LIBerose j1,j2, - -+, jt HE ce U3MOI3BA CBC CULYPHOCT.
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e (]:) —u OPOAT HAYMHM Jia Ce OIBETH peja ¢ ocTtaHamure k —t nara—ro3u 6poii e (k —t)™. Wspas

(35) cieaBa BejHArA 110 IPUHITAIIA HA YMHOXKEHHETO.

Torasa
- k - k
NGy == 3 (10 = (o
. t k n o k n
= 2 (—1) (t) (k —t)™, Tbit KaTo (_])k(k) (k—=k)"=0

Banaya 58. 3a yuusepcurera XYZ ce TBbPIH, Ue:

e lma obmo nma 6525 cryaenra.

Ot 1ax 5025 ne ca bPBOKYPCHUIH.

3222 cryzenTa ca B3eJqn Kypca 1o AHajms.

1332 crymenra ca B3eaun Kypca o dunckperan Crpykrypu ([C).

1821 crynenTta He ca bPBOKYPCHUIM U Ca B3eu AHaH3.

1050 crynenta ca B3esm Ananus u JIC.

603 crymenTa He ca WbpBOKypcHUIM un ca B3ean JC.

429 crynenTa He ca IbPBOKYpcHUIM u ca B3esn Anaaus u JIC.
Bb3MoxkHO Jin € Te3u JIAHHY Jia Ca BEepHU!

Pemmenune. Illom crynerTure ca o6mo 6525 n or tax 5025 He ca MbpPBOKYPCHUIH, TO
OposT Ha WLpPBOKypcHUIUTE ¢ 6525 — 5025 = 1500 (36)

Heka MHOXKECTBOTO OT CTYACHTHTE, KOUTO He Ca I'bPBU KypC M ca B3eau Anaams, e X, a MHO-
JKECTBOTO Ha CTYJIEHTHTE, KOUTO He ca bpsu Kypc u ca s3ean JIC, e Y. Crymenrure, Kouto
He ca I'bpBU Kypc, npeacrabiagsar yausepcyM U, cbabpzkam kakro X, taka u Y. Ilo yciaosue
[U'| = 5025, |X| = 1821, |Y| = 603 u |X NY| = 429. Ilo upunnuna Ha BKIIOYBAHETO U U3KJIIOYBA-
HETO 110 OTHOLIEHNE Ha TO3M YHUBEPCYM € M3II'bJIHEHO

X NY| =5025— (1821 + 603) + 429 = 3030

N raka, 3030 crymeHTH He ca MbPBU KypC U He ca B3egn Anayums u He ca B3ean J1C.

Torapa 6525 — 3030 = 3495 crymeHTH ca TOHE €JHO OT TPUTE: IIbPBOKYPCHUIA WA B3€JN
Anamms nin Bzesmm JIC. Heka A e MHOXKECTBOTO OT CTYJI€HTHTE OT IIbPBU Kypc, B ca Te3u, konto
ca B3esn Anams, a C ca re3u, B3enau JIC. Toky-1mo nokazaxme, ye |AUBUC| = 3495. Tlo ycioBue
|B| = 3222 u |C| = 1332, a ot (36) 3naem, e |A| = 1500.

[Mlom 3222 crynenta ca B3enn Anayms u 1821 He-rbpBOKypcHunm ca B3egn Anamus, To 1401
wbpBOKypcHuim ca B3eaun Anamms. [Tlom 1332 crymenta ca B3enu JIC u 603 He-rbpBOKYpPCHUIIN
ca B3esin Ananuz, o 729 wbpBokypeaunu ca B3esm JIC. Torasa |[A N Bl = 1401 u |[A N C| = 729.
ITo yciosue, |B N C| = 1050.
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CorytacHo IIPUHIMIIa Ha BKJIIOYBaHETO U USKJ/IIOYBaAHETO,

IAUBUC|=|A|+B|+IC|—(JANB|+|ANC|+|BNC|)+]ANBNC|
3495 = 1500 + 3222 + 1332 — (1401 + 729 +1050) + |ANB N C| «
IANBNC| =621

OTHOBO TpuJIarame IMPUHIMIA HA BKJIOYBAHETO W M3KJIOYBAHETO, 3a Jjia rnpecMernem [(A N B) U

(ANC):

(ANB)UANC)=[(ANB)+|(ANC)|—]IANBNC|
(ANB)U(ANC)| =1401+ 729 — 621 = 1509 (37)

U cera zabenszsame nporuBopedne Mexkay (36) u (37): mbpBOTO Kas3Ba, BCHIKU II'bPBOKYPCHUII
ca 1500, BTOpOTO Kas3Ba, Ue MbpPBOKypCcHHUNUTE, B3eau moHe eand or Anamms3 u JIC, ca 1509.

CremoBaTesino, JaHHUTE Ca HEBEPHH. O
Bajaua 59 usnonsea osHadenuaTa |, u I,. la cu npunomunm, ge J,, ={0,1,...,n—1}u I, ={1,2
,...,n}. ToraBa

]ﬁ:lnxlnx“'xln

k MHOXKUTEIIST

k=L xIyx-xI,

kK MHOXKUTEIS

Samada 59. Kosko japageceTnindpenn JeCeTUIHN THCIa MOKEM J1a 3aIliIIeM

a) 6e3 orpaHUYEHNUS;

6) c aeserre ucpu 1,2, 3,4, 5,6, 7, 8, 9, Taka ue BesiKa J1a ce cpelra [OHEe eJINH IIbT;
B) ¢ geserte nucdpu 0, 2, 3,4, 5,6, 7, 8, 9, Taka e BesiKa J1a ce cpelra MOHe eJINH IIbT;
r) c jecerre nudpu, Taka de Besika udpa Jla ce cpela TOYHO JIBA I'bTH.

B zammc Ha 9ucjI0 He ce JIOIYCKaT BOJEINM HYJIM, OCBEH aKO TO He € HyJla.

Pemienne.

a) Ywucnoro Tpsibsa Ja mMa TouHO jBajecer nudpu. OTroBopbT e, 1Mo HPUHIIUIA Ha eKapTOBOTO
npoussesienne, 9 x 10" Thit KATO MHOXKECTBOTO OT 3anucuTe Ha unciaTa e lo x J17.

6) Tbit kKaro HysaTa He ydacTBa, 3ajadara e cbllara Karo 3ajadara, KOJIKo ca ciopekiuure ¢ 20
esleMeHTeH JoMeiiH n 9 esementen Kogomeiin. OTroBopsT e (BrmkTe 3agada 50):

9
ZZ}—J)k(i)(9—-kV°::4358654246117808000
k=0

110 IIPpUHIINIIa Ha BKJIIOYBAHETO U U3KJIIOYBAHETO.
B) MozkeM J1a permmM ToBa MOJYCJIOBUE C JTUPEKTHO 3aMeCTBaHe B PEIeHneTo Ha 3ajada 52, HO
HEKa Jla PeIIrM I0/lyCJIOBUETO OT IbpBu npuHImnu. Mma 8 Bb3MoXKHOCTH 3a Bojemara nudpa,

IOHeKe HyJsiaTa He MOxKe Ja e Bojemia. Cjiell KaTo BeJIHbXK u3depeM BojelaTa udpa, Bede He
e 3aIb/IKUTETHO, BBIPEKH Y€ OCTaBa Bb3MOXKHO, Td Jla Ce IOsIBH Ha ocTaHajauTe 19 mo3ummu.
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CaemoaTesiHo, ThbpcuM 6post Ha pyHKIMUTE ¢ 19 ejleMeHTeH JOMeH OT MO3UIIUTE, [1a TO HapedeM
X un 9 enmemenTeH KOJOMeEWH OT 1udpuTte, j1a ro HapedeMm Y, TakuBa de 8 JajeHN e/IeMEHTa OT
JnoMeiiHa 1a ObJaT 38 IbJIXKUTETHO N300parkeHns. Pa3cbKaIeHnsTa ca I1aK ¢ MeTo/1a Ha BKJII0UYBaHe
¥ I3KJTII0UBaHe. Y HUBepCyMbLT HMa MorraocT 917 — Toskosa ca Bemakn Totassmn dynkmmm f: X — Y.
3a BCeKH OT 3a,IbJKUTEJIHHTE 8 ejeMeHTa, (BYHKIMUTE, KOUTO He ro “mokpusar’, ca (9 — 1)17.
Paznmukara

919_8_(9_])19

obade e 1mo-mMaJjKa OT BEPHHUsl OTTOBOP, 3aIOTO BaJU HAKOU (DYHKIIUU IO IOBEYE OT €JUH ITbT.
[IpomgbmkaBamMe ¢ pa3CbrKIEHUSITa CbHIJIACHO IPUHIUIIEA HA BK/IIOYBAHETO W HM3KJIIOYBAHETO: 34
BCSIKa, JIBOMKA OT 3a/IbJKUTETHUTE § eJleMeHTa, a uMa (2) TaKNBa JIBONKM, (PYHKIUUTE, KOUTO HE
nokpusar resu exeMent, ca (9 —2)". u taxka mararbk. Iloayuasame

91 _8.(9—-1" + (i)w—z)‘?— (§>(9—3)“"+...— <§)(9—7)‘9+ (Z)(‘?—S)“’

nJjm HaKpaTKO

: 8
> -y )i -w

k=0

koeto e 484 294 916 235 312 000. CrobpassaBame, e TOBaA € CaMo 3a eHa OT OCEMTE Bb3MOXKHI BOJIE-
1 i pH, U oy daBame Kpaitaus orrosop 8x484 294 916 235312000 = 3 874359329 882496 000.

r) Bogemara mudpa e Ko jia e, pa3jndHa OT HyJaTa. 3a BCAKa OT Te3u 9 Bb3MOKHOCTH umame 19
MO3UIINN, HA KOUTO IOCTaBsAME €/iHa 1udpa OT BUja, KONTO CJIOKUXME B HAYAJIOTO, U OIIE JEBET
nBoitku g pu. OTroBOpbT ce MojydaBa KaTo MPOU3BeIeHre 0T 9 U MyJITHHOMEH KOe(hUITHEeHT:

19!
T2 2% x 2] = 2138292780624 000

9 nbTH

9

g

3amaga 60. Ilo kosKO HaUMHA MOTAT Jla CEJIHAT OKOJIO KPbIVIa Maca ¢ HOMEPUPAHHU CTOJIOBE
xopaTa OT M Ha OpOil YKeHeHN! JBOWKY (OYEBUIHO CTaBa JyMa 3a 2N JyIn), Taka e ChIPY3UTe OT
HUTO €JIHa JIBOWKA JIa HE CEJsIT HA CbCEIHU CTOJIOBE?

Pemenne. Heka japoiikure ca 1, €, ..., Cp. Heka S; o3HauaBa MHOYKECTBOTO OT BCUYKU Bb3-
MOXKHU CSJIAHNSI, B KOUTO CBIPY3UTE OT Ci CEJAAT HEIO3BOJIEHO, TOECT €IUH JIO APYT, KbIETO
i e {1,2,...,n}. Heka U e yHuBepcymMbT B Ta3u 3ajada, a UMEHHO, MHOKECTBOTO OT BCHYKU
Bb3MOXKHU CsIaHUs HA Te3u 2T JIylId OKOJIO Macara (6e3 orjel Ha MPUHAJJIEXKHOCT KbM Cbll-
pyzecku apoiikn). Tbpcennar orrosop e [S1 N S; N ... N S,|. [To npumuIa Ha BKIOYBAHETO I
U3KJIIOYBAHETO,

SyNS;N...NS, = Ul

— Z |Si

1<i<n

+ Z |Siﬂ5j|

1<i<j<n

+(=1"MS NS N...NS,
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Jlecno ce Bmxkga, ue [U| = (2n)!, Toii kaTo TOMKOBa ca HauumHHUTE, 2N YOBEKA Ja CEIHAT Ha 2N
pasamauMu (HoMepupaHu) MecTa 6e3 HUKAKBH OrDaHUICHHS.
[Ile mokazkeM, 1Ue BCAKa OT CyMUTE

> 1S, NS, N...N S|

]Si] <iz<...<i.tSTl

KbJeTo t e HsIKoe 151710 uncio, TakoBa de 1 <t < n, e paBHa Ha
x2nx (2n—t—1) x 2

Taszu cyma e paBHa Ha Opos HaUMHU t JIBOWKM Ja ca CeIHAJM HEIO3BOJIEHO, 10 BCHYKH Bb3MOXKHI
HauMHK Ja Obaar mogdpanu t asoiiku or {Cy,Cy,...,Cn}. MMaMe cieguure 4eTUpU HE3ABUCUMU
CbOOpaKEHUsI.

n
e Ilo ¢ HadnHa MOXKeM Jia 1o0oepeM t JIBOKKM OT 00IIo M.

e [lo 2n maumna MoxkeM Ja n3depeM JBa CTOJIA 3a I'bpBaTa JIBOIKa OT Te3u t JTBOUKM.

e 3a ocranasure t—1 gpoiiku, o (2n—t—1)! HaunHa MoOXKeM J1a PA3IOIOKIM XOpaTa OT Te3U
t — 1 aBoiiku, Taka de XopaTa OT BCAKA OT TE€3U JIBOMKHU J1a ca ChCeId, U OCTAHAJIATE XOpa
(Te3m, KOMTO He ca B HUTO €JIHa OT BBIIPOCHUTE t JBOIKM) 1O ocTaBammuTe (el CsIaHeTo Ha,
bpBaTa JIBOMKa) crosose. [Ipmanaara ToBa Ja e Taka e, de TieJame Ha Te3u t — 1 aBOWKM
KaTo Ha ,0JI0KOBe", TOeCT eJHa TaKaBa JBOWKAa € eInH O0EKT, & BCEKU UOBEK, KOHTO He € B
HsIKOs1 JIBOIiKa, € camocTosgTesien 00ekT. Q01110 obekTuTe ca Ha OPOI

n—2

—
TOJIKOBA Ca XOpaTa 3a HaCTaHsIBaHe CJIEJ| CSAAHETO Ha I'bpBaTa JBOWKA
- 2(t—1)

—
oT TexHus Opoit BaguM 6post Ha xopara B t—1 nBoiiku
+ t—1 =2n—t—1
~—~—

TOJIKOBa ca OOEKTHTE OT BUJL ,,IBOIKA

CaenoBaresHo, 3a1a4aTa 110 KOJIKO HAYMHA MOoraT Ja cegHar Te3n t— 1 JIBOMKY HEeIo3BOJIEHO
Ha ocTaBaluTe MecTa (Cjiejl CaJJaHeTO Ha I'bpBaTa JBOIKa) € chlillaTa KaTo 3ajadaTa, 110
KOJIKO HaYMHa MOXKEM Jia pas3noyiokuM 2n —t — 1 obekra B penuia.

e 3a BcsKa OT Jlocera HallpaBeHHWTe ITOJ0OPKM Ha MecTa 3a csajaHe Ha t JBOMKHU 110 BCUIKHU
Bb3MOYKHI HEIO3BOJIEHN HAYMHM, 38 BCIKA JIBOMKA MOXKEM Jla Pa3loJIOKUM XopaTa OT Hes
1o 2 HauuHa Ha ApaTa u3bpanu crosa. O6mo Tosa ca 2' BL3MOXKHU HAYMHA.

CJ’IG,IL KaTO yCTaHOBUXME, 4€

Y Sy NSyN...nSyl= 22n(2n—t—1)!2t

1<ii<iz<..<it<n
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OTTOBOPBT CJIEJIBA JIa €

— — b n
|S1ﬂSzﬂ...ﬂSnlz(Zn)!JrZ(—])t ) n(2n—t—1)12

t=1

_ i(—nf Tt‘ n(2n—t—1)12t

—2n i(-])t(*t‘) (2n—t—1)I2t

t=0
U

3amaua 61. Ilo koJKO HaumHa MoOraT Ja CeJHAT OKOJIO KpPbIVIa Maca ¢ HOMEPHPAHH CTOJIOBE
xopaTa OT N Ha 6poii KeHeHn JBOKHN (OYeBHIHO CTaBa JiyMa 3a 2N JIyIIH), TaKa de ChIIPY3UTe
OT HUTO eJIHa JIBOIKa Ja He CedT Ha ChCeJIHNA CTOJO0BE U OCBEH TOBA OKOJIO MacaTa Jia Ce pPeJlyBaT
JKEHU U M'bKe, TaKa de Jla HaMa HUTO JIBaMa MbKe eJUH JI0 JIPYT, HUTO JIBe KEeHU eHa 70 Apyra’

Pentenne. Heka crooBere okojo macara ca Homepupanu ¢ 1, 2, ..., 2n. Heka nbpBo cemgrar
nmamuTe. OUeBHIHO, T€ MOraT Ja CeJIHAT WM CaMO Ha YEeTHHUTE, WK caMO Ha HeUYeTHHTE HOMepa.
Ha 4gernure Homepa Te morar ja cegHaT mo n! maumna. Ha meuernure, cbio n! maunna. O6110
nMa 2 X n! HauumHA, IO KOMTO MOraT Ja CeIHaT JaMUTe, KaTo JOTYK He CMe HapyIIUIN ¢ HUIIO
OorpaHMYEeHHUATa Ha Ta3W 3aJadva, CJIeJI0BATEIHO BCEKH OT Te3n 2 X ! HaumHa € Bb3MOKHO HadIaJI0
Ha IpoIeca Ha csaHe. 3a BCEKH OT Te3:u 2 X N! HaumHa, MbrKeTe MoraT Ja CeIHAT Ha CBOOOIHUTE
CTOJIOBE—CIA3BAKN OIpaHMYEHUsITa Ha 3ajadara—IIo eIuH U Chbiu Opoit Haunnu. [la Hapedem
to3u 6poit g(n). OtroBopsbr e 2n! X g(n) u cera Tbpcum g(n).

Hexka namure ca Dy, D3, ..., D, a Mmbxkere ca Hy, Hy, ..., H,. Be3 orpanndenne Ha obmHocTTa,
HeKa JIAMUTe Ca CeJIHAJN Taka (KPbroBeTe O3HAUYaBAT HE3aeTUTE CTOJIOBE):

Hexka nmpenomepupame mectata, KOUTO Ca OCTAHAINA CBOOOIHU C S7, S2, ..., Sy TaKa:
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Heka S o3navaBa MHOXKECTBOTO OT BCHYKHM BBH3MOXKHU, N! Ha OpOil, HAUYMHA Jla CeIHAT MbIKETe.
Hsaxowu or Tsx ca pasperenn, apyru ca 3adbpanenu. Besiko csgane oT S MoxKe j1a UMa, WIn J1a HIMa
BCSIKO OT CJIEJTHATE CBOWCTBA:

P]t H] € Ha S7.

P2: H; e na s;.

P.: H, e na s,.
Qi: Hy e na s,
Qz: Hz € Ha S7.

Qgi H3 € Ha S).

Qn: Hy e Ha 517.

Ha osnaamm MuHOKeCTBOTO {P1, P2y ... Py Q1,Qz,..., Qn} ¢ P. Tosa ca “Bpegaure” cBOICTBA 110
OTHOIIIEHNE Ha HalllaTa 3aj@ada, Te ca CBbp3aHu Che 3abpaHenure csjanus. Ouesugao g(n) = S|,
K'bJICTO

S = {x € S| muro exnHO cBOICTBO OT P He € B cuia 3a X}

Babesexkere, e He BCAKa KOMOMHAIINA OT T3 CBOMCTBA € Bb3MOXKHA, HAIIPUMED HSMA KaK €IHO
canane ja uma Py u Q,, 3amoro Py /\ Q, o3navyaBa, 4e Ha S| CEJAT €JHOBPEMEHHO J[BAMa, JIYIIN
(Hy m Hy). Coimo Taka HsiMa Kak eIHO csjane ga uMa Pp /A Qq, 3amoro ToBa 61 O3HaYaBaJIoO,
ye H; cemu emnoBpeMeHHO Ha S7 M S,. CBoiicTBa, KONTO € BB3MOXKHO JIa ObJAT €IHOBPEMEHHO
U3II'bJIHCHH, 16 HapudaMe C6MECTNUMU.

IIpedu da npodsiosicum c pewenuemo, edno noacnenue. Hawama ues e da namepum
oposam wa Havwurnume K msorce da cednam ma 3a6paneny 3a MAL Mecma, u nocae da
NPUAOAHCUM NPUHUUNG HA BKAIOUGAHEMO U U3KkM0u6anemo. Ecmecmecmeeno, myk ce
uma npedsud moHe K moorce da ca cednaau Ha 3a0paHEHU 36 MAT MECMG — MOINCE
da uma u dpyeu Mmsoce HA 3a0PAHEHU MECTA, HO CBC cu2ypHocm K ca Ha 3a0paHeHu
mecma. Hamepum au mosu 6poti, 0065pUEAHEMO HA PEULEHUETNO € HEULO AECHO.

B masu 3adava 3abpanernume xKonpuaypauuu—a umMerHo cadanemo wa K Mmsorce Ha
3a06paHEHU MECTNA—CA NO-MPYOHU 3G NPEOPOABAHE 6 CPABHEHUE, HANPUMED, CBC 3a0pa-
Henume xonduzypayuu 3a K wucaa 6 3adava 53. B 3adava 53 bewe aecno: 3a 6caKo
YUCAO UMGULE E€JTHO 3a0PAHEHO MACMO, MAKAE “e No (E) Havuna udbupame K wucaa,
KOUMO 00 CAOHCUM HA 3A0PAHEHU MECTA, OCTNAHAAUME YUCAY MOHCEM 00 CAOHCUM TO
obwo (N —X)! nauuna, u csbupaemomo 6 Kpatinus 0M2060p, KOEMO CBOMEEMCMEA HA
k sabpanernu crazanus, e (—1 )k(z) (n—Kk)!. B masu 3adaua obaue 3a 6cexu MsaHC uMa
JIBe 3a0pamnenu Mecma, omrsdemo udsam YCAOAHCHEHUAMA: NBPEO, MO He MoxHce Ja
2U NOA36G OHOBPEMEHMO, U 6MOPO, 34 BCAKO MACMO UMGL 08AMAG MBHCE, 4 He €OUM
MBIHC, 30 KOumo mo e 3abpaneno. Basseocdanemo na 2opecnomenamume 21 ceotlicmasa
HU 0a8a 863MOHCHOCTL 04 OPOUM CUCTNEMATMUNHO OPOAM HA 3a0paHeHume CAIGHUL HA
k wmzorce.
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KaKTO Be4de Ka3axmMe, TTbpCUM 6pOH Ha CAdaHuATa Ha Mb2KEeTE, KOUTO HAMaT HUTO €IHO CBOICT-
BO OT m IHG 'O HaME€PpHUM CbIVIACHO IIPUHIUIIA Ha BKJIIOYBAHETO U U3KJIIOYBaHETO, HO IIPUJIO2KECH 110
oTHOIIIeHHE Ha ejieMenTuTe Ha P. Heka 1y e OpodT Havunnu ja mnojgoepem k csemecmumu CBOMCTBA
ot B. OgeBuHO Ty € OpPOAT Ha HAUMHUTE K MbXKe Ja ceJHaT Ha 3abpaHeHu MecTa. Torasa

gnm)=nl—rn=1)+rn=-2)—...+ (1) "ry(n—n)!

PemmaBanero Ha 3ajadara ce cBexKja JI0 HAMUPAHETO Ha Ty Karo GyHKIud Ha k u n. OdUeBuIHO
T1 = 2N, 3aI0TO KOraTo CTaBa JyMa 3a €JHO CBOWCTBO, HECHBMECTUMOCT HsIMa, Taka de 11 = [P| =
2n. Kosko e 1,7 IIbpBo jia cbobpasum, ue HechbBMecTuMu J1BoiiKK coiictsa or P ca Qi u Py, Py u
Q2, QuuPy, PouQs ..., Py uQn, Qnu Py, Py Q. ToBa ca 0610 2n (HeHape/ieHN) TBONKY.
Jla HapucyBame ciieHaTa JuarpaMa Ha eeMeHTHTe Ha J3 3aeHO ¢ HEChBMECTHUMOCTHUTE MEKTY
TAX:

P] Pz """"""""""""" Pi """"""""""""" Pn

Yepsenure JTUHAN OTpa3sBar (PakTa, e Ha eJUH CTOJ He MOXKe Jla CejHe MMoBede OT €IUH MbiK.
SesieranTe JUHUE 0Tpa3dBar (akKTa, de eJUH MbK HE MOXKE Jla CeJiHe Ha MoBede OT €JIUH CTOJI.
Babesiexkere, 9e TOBa € KPbIroB BEKTOD € 2N ejieMeHTa. Jla muTaMe KOJIKO € T € ChIIOTO KATO Jia
nmuTaMe Mo KOJKO HAadmHa MOYKEM Jia m30epeM J1Ba HeChCeIHH eJIEMEHTa OT TO3U KPbI'OB BEKTOP.
OrroBopbT 04eBHIHO € 2n(2n — 3), Thit KaTo 3a WbpBHUsA U30paH nMame 2N Bb3MOXKHOCTH, a 3a
BTOpUs, caMo 2n — 3.

a pasriiemame 1. Jla murame KOJIKO € Ty € CbIOTO KATO Jia THTaMe 110 KOJIKO HadlHa MOYKEM J1a
u3bepem k ejleMenTa OT TO31 KPbroB BEKTOD, HUTO JIBa OT KOUTO He ca cheean. Ha cBoit pesr ToBa e
CBIOTO KATO JIa TUTaMe, KOJIKO Kp'broBHU OyJIeBI BEKTOpa € IbJKHHA 2N uMaT K ejuaum u 2n—k
Hyu 1 HaAMaT cbheeaun equaunu. Cbriaacuo 3azada 30, OTTOBOPHLT € %(ZT k) = ﬁ—ik(zng k)
CrenosaresHo,

. n 2n—k
KT oam—k\ ok
n (21172) — n (2n—2)(2n-3) — ZTL
2

[Ipu k = 2 To3u uzpas crasa 575 (", S X 5
U3BEJIEHOTO 3a T,. U Taka,

n 2n—1 n 2n—2 n 2n 2n—n

(2n — 3), KoeTo cbBIAIA C BeUe

TOEeCT

gn) = (-1 )“ZnZ—T_Lk (an— k) (n—%)!

k=0

1 OTrOBOPDBHT Ha 3ajavdaTa €

= 2n [2n—k
k=0
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Bamaua 62. Kosko crpunra uma #aj asoykara {0, 1,2}, B KouTo mMa TOYHO JBe OYKBH OT BCEKU

BUJI U HAMA ChCEJIHU €THAKBY CUMBOJIMI

Pemenne. bBes nociiegnoro orpanndenne, OposIT Ha CTPUHIOBETE CbIVIACHO IIPABUJIOTO 3a Opost

Ha IepMyTalliui C IIOBTOPEHU:A €
6!

32121~ 70

Heka yauBepcymsbT U 12 € TOBa MHOXKECTBO — CTPUHIOBETE C TOYHO JBE A-Ta, JIBE b-Ta 1 JiBe C-Ta.
Hexka nedunupame ciaeanure mnoamuoxkecrsa Ha U.

® N] € 6pOHT Ha CTPHMHI'OBETE C €JIMH N CbhbIIXM CMMBOJI Ha

e N, e OposIT Ha CTPUHIOBETE C €IUH U CbIIU CUMBOJI Ha

e N3 e OposIT Ha CTPUHIOBETE C €IUH U CbIUA CUMBOJI Ha

e N, e OposIT Ha CTPUHIOBETE C €IUH U CbIU CUMBOJI Ha,

e N5 e OposAT HA CTPUHTOBETE C €JIMH W CHIU CUMBOJI HA

mo3unyu 1 u 2,

nosunun 2 u 3,

no3unyu 3 u 4,

no3utuu 4 u 5,

MO3UIN 5 U 6,

e N;3 e OpoAT Ha CTPUHIOBETE C €IWH W CHITM CHMBOJ Ha Io3uluu 1 u 2 u eauH n
CUMBOJI Ha 1o3uruu 3 u 4,
e N;4 e OpoAT Ha CTPUHIOBETE C €IWH W CHIIM CHMBOJ Ha IO3UIMU |1 n 2 U eIuH 1
cuMBOJI Ha no3uiiun 4 u 5,
e N;5 e OpoAT Ha CTPUHIOBETE C €IWH W CHIM CHMBOJ Ha IO3UIMU |1 U 2 U eIuH H
CHUMBOJI Ha HO3UIUNA 5 U 6,
e N,4 e OpoAT Ha CTPUHIOBETE C €QWH W CbHINM CHMBOJ HA IO3UIMN 2 U 3 U €IUH U
CcUMBOJI Ha no3uiun 4 u 5,
e N,5 e OpPoAT Ha CTPUHIOBETE C €QWH W CbHIIM CHMBOJ HA IO3UIMU 2 U 3 U €IUH U
CHUMBOJI Ha HO3UIUNA 5 U 6,
e N3s5 e OpoAT Ha CTpHUHIOBeTe C €QWH U CBIIW CHMBOJI Ha Ho3unuu 3 u 4 n enuH n
CHUMBOJI Ha HO3UIUNA 5 U 6,
e Nj35 e OpoAT Ha CTPUHIOBETE C €IUH W CBIIU CHMBOJI Ha HO3UIMU 1 ¥ 2 ¥ eJuH U
CHUMBOJI Ha HO3UIKA 3 U 4 1 €IUH U CbIIU CUMBOJ Ha IIO3UIUU 5 1 6.
ChbriracHO IPUHIUIIA Ha BKIIOYBAHE W U3KJIIOYBAHE, ThPCEHUSIT OTTOBOP €
N = |U|—(N] +N2—|—...+N5)+(N1’3+N1’4+...+N3,5)—N113’5
4 ..
BabenszBame, ve N = 3 X (2), Thil KATO UMa TPU Bb3MOKHOCTHU 38 CHMBOJIA Ha IIbPBa U

Imosunus«d, a Ha OCTaHAJIUTE Y€TUPHU IIO3UIMU CJlaraMe JIBa CUMBOJIa OT JpPYyI' BUJJI U JIBa OT

Buj. Torasa Ny = 18. 3abenazsame, ue Ny = N, = ... = Ns.

C'bIIU

C'bIIU

C'hbIIU

CbIIHA

ChIIH

ChIIN

ChIIN

BTOpa
TpeTn

Ocsen ToBa, Ni3 = 3 X 2 X 1 = 6, 3a10T0 UMaMe TPH BB3MOKHOCTU 3a CUMBOJIA Ha II'bPBa
1 BTOpa IO3UIUsI, OTTYK JIBE€ Bb3MOXKHOCTH 3a CHMBOJIa Ha TPeTa W YeTBbPTa IMO3UIMSA, U CaMO
eJlHa Bb3MOXKHOCT CIIPSIMO JIOCETa HallpaBeHuTe M300py 3a CUMBOJIA Ha OcTaHauTe (IeTa U ImecTa)
nosunuu. Cbimo Taka, Ni3 = Njg =... = N35.
Hakpas, Nj35 = 6 ¢ anajgornuan cbobpazkenud. Vvame

N =90—(5x 18) + (6 x 6) — 6 = 30
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Bamaua 63. Pasrenaiite Benuku jaymu ¢ abikuna 100 Hag 6birapekara azdyka (nma 30 6ykBn).
“Jlyma” B ciydast e Besika rocsegoBaresHocT oT 100 OYKBU, a HE UCTHHCKA, JyMa OT ObJIrapCKUs
e3uK (Hafi-MaJKOTO, Ha O'bJIapCKU HsIMa JyMHU ¢ TOJIKOBa OyKBH). A30yKara nMa ecTecTBeHa MOJI-
pesiba Ha OYKBUTE OT & KbM 4.

e KoJuko ca pasimdHATE JyMHU, B KOUTO CPEIIANUTe ce OYKBU Ca BbB Bb3XOMLIN el (OTISIBO
HAaJIsICHO) 7

e Kosko ca pasmuaauTe J1yMu, B KOUTO BCAKA OYKBa Ce Cpella IIOHe BeJIHbK 1 OYKBUTE Ca BbB
BB3XOJISII peJ (OTIISIBO HAJSACHO)?

e KoJuko ca pa3jmIHuTe AyMHu, B KOUTO BCAKa 6yKBa Ce Cpe€llla IIOHE Be,ﬂH’b}K?

e Kosiko ca paszmumaHUTE JIyMH, B KOSTO BCsSKa IJIaCHA Ce Cpella MoHe BeIHbkK! [JtacHuTte ca

@), (=] [0} [y} [e] u [u]

Perrenune.

o MoxkeM Jjta MUCTIUM 32 Te3W JIyMI KaTo 3a MyJITHUMHOXKecTBa oT 1o 100 ejlemenTa HaJT OIMIOPHO
MHO)KecTBO oT 30 entemenTa. ToBa ca kKouduryparun 6e3 Hapeda, ¢ MOBTapsSAHEe U OPOSIT UM
e

(100+30—1

30— 1 ) = 60284731216266553294 577 246 880

e MokeM Jla MUCIUM 3a TE3W JIyMU KaTo 3a MyJITuMHOXKecTBa OT 110 100 ejlemenTa HaJI OTIOP-
HO MHOXKeCTBO OT 30 ejleMeHTa, KaTo MYJITHMHOXKECTBATA ChIbPKAT 38 bJIZKUTETHO TTOHE
[0 €JIMH €JIEMEHT OT OMOPHOTO MHOXKeCTBBO. OUEBUIHO TE€3U MYJITUMHOMKECTBA Ca KOJKOTO
myaruMuokecTBata ¢be 100 — 30 = 70 eyremenTa HaJl OMMOPHO MHOXKECTBO OT 30 ejieMeHTa.
Bposar e

(70+30—1

N ) — 8811701946483 283447189128

e Bcgka or Te3n mymu ¢bOTBETCTBA Ha TOYHO e1HA ciopekiust ¢be 100 eremenTen momeitn u 30
enemMeHTeH KojomeitH. KakTo Bujsgxme B perrennero Ha 3ajiada 50, OposiT HA CIOPEKITHUTE C
M eJIeMEeHTeH JIOMEeH 1 M eJleMeHTeH KOJIOMEHH e

i(—nk(n) (1
k=0 k

Torasa TbpceHUAT OTTOBOD €

30
Z(-W(?) (30— K)'°

k=0

Yucyrenust orroBop uma 148 mecernannu mudpu:

1725811513043 979316767 735 372054 850 360 566 139
467 808 929 990 837 105470 974 552 361 365 055 161 249
233420623 865 343 547 300 656 708 665 607 104 743 811
933447 546470400 000 000
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e OTroBopbT ce MoJIydaBa KaTo B 3a1ada 52, KaTo JoMeiHHbT X ca CTOTe MO3UINN, KOJOMERH BT
Y ca tpuyecerre OyKBHU, & MHOXKECTBOTO Z ca IIeCTTe IJIaCHU:

° 6
Z(_] )k (k) (30 . k)]OO
k=

0

Karo uucso, orroopst uma 148 neceruvnu mudpu:

4186 848268232717 069 508 448 697 546 078 643 779 703
210653217 353 880557 117558 817 629 650 196 245 532
260080014 829123 140299115253 887760051 816719
640425081 283 359 354 880

3agada 64. Pazrienaiite ciaeanara IpaBObI'bIHA MpexKa:

-

Pasriietaiite Bcmaku mpuBMKBaHUs B Hed, B KOUTO TPbI'BATE OT JIOJHUA JISIB 'bI'bJI, MAPKUPAH C
JK'BJIT KPBI, U IPUCTUTATE B TOPHUS JICCEH bI'bJI, MApKUPaH C¢'bC 3eJIeH Kpbr. Pazperenn ca xojioBe
caMo Harope WJd HaJSCHO IO MperKaTa, ChIo KakTo B 3ajada 42. Kojko or Te3u npuIBuzKBaHUs
MHUHABAT IIPe3 MIOHE eJIHa OT TPUTE IIPECedKH, O3HAUYEeHH ¢ KadsaBU KPbrope?

Pemenue. /la Homepupame TOYKUTE P, P2 U P3:

@ -

¢

Heka Ny e MHOXKecTBOTO OT NPUJIBMXKBaHUATa, MUHABAIIM 1pe3 Px, 38 1 < k < 3. Toupecum
IN7 U N3, U Nj|. CbriiacHO IpUHIMIIA Ha BKIIOYBAHETO W U3KJIIOYBAHETO,

IN7 U N2 UN3| =[Ny 4+ [Naf + N3/ — (IN7y NNz + [N2 N N3+ [Ny A N3|) + [Ny N N2 N Ng|
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Nnmanme:
NG| = <3;2) <105+5> = 30030
N2 = (6:4> <7§3> = 25200
N3] = <105+5> (3;2> = 30030
N7 NN = <3;L2> (3;2> <7§3> = 12000
IN2 N N3 = (6:4) <4T1)<3—;2) = 10500
N7 N N3 = (3;2> <7§3> (3;2> = 12000
Ny AN, (NG| = (3;2) <3JZFZ) <4T1>(3;2> — 5000
Otrosopsbr e 55760. O

3amaua 65. Ilo koiko naunna moxe Jlsmo Kosena na pasgane 19 pasiananu nogapbKa Ha 6 JIena,
TaKa e BCIKO JeTe Ja MOJIydu IOoHe JiBa MojapbKa’

Pemmenume. 3ajadara e gacTeH ciaydail Ha 3ajadaTa, KOJKO ca ¢yukiuure f : X — Y, TakuBa e
Ve € Yda,b € X:a #bAf(a) = f(b) = ¢, ako |[X| = m u |Y| = n. MoxeM j1a HapedeM Te3u
dyuknu, “IByKpaTHU CIOPEKINK, Thil KATO BCEKU €JIEeMEHT OT KojioMeiiHa TpsiOBa jia e “nokput”
OT TIOHE JIBa PA3JIUYHU eJIeMEeHTa OT JIOMeifHa.

Permtennero ce mosydaBa 1Upe3 NPUHINIEA HA BKJIIOYBAHETO U M3K/IFOYBAHETO, aHAJOTUIHO HA
obukHoBenuTe ciopeknun. Cera obade TpsiOBa Ta ChOOPA3UM IO KOJIKO Pa3IUIHU HAYIMHA MOXKE
JIaJIeH eJIeMeHT OT KojioMeitHa j1a Obae “Hapymmuresn . [Ipn oOuKHOBEHUTE CIOPEKINN JIa/IeH €JIEMEHT
MOXKe Ja € “HapymmTe 10 eJIWH Ha4YWH: Ja He e obpa3 Ha HUKOH ejJeMeHT oT Jomeiina. Ilpwm
JIBYKPaTHUTE CIOPEKINH MOXKe JIa € “HapymuTe,r 10 J[Ba HAYMHA: J]a He € TIOKPUT U300110, WiIn J1a
e TOKPHUT caMo BeIHBbK. OTroBopbT-hopMyia e

£ (@ (0 f=-o) o)

Cpapnere To3u u3pas ¢ popMmysaara 3a OposT Ha CIOPEKIINNATE:

S (P m-wr (39

k=0

Ja aprymentupanme (38). Yacrra | Y ¢ o(—1)%(}) | e cbmara B (38) u (39), 3amoro e cbp3ana ¢

[IpUIaraHeTo Ha IPUHIUIIA Ha BKIIOYBAHETO M N3KJIFOYBaHETO: HapymuTeauTe ca oT O 10 n, 3a K Ha
Opoit HapymmTeasa ChOIpaeMoTo e che 3HaK (—1)%, 1 nma (E) HavMHAa Jla n3depemM K HapyImTe s

ot 0610 n ejementa. [lo orHomenne Ha (39), pascbxKaennero 3a MHOKHUTENS | (M — k)™ | e MHOTO

IIPOCTO: TOBA € OPOAT Ha BCUUIKHU PYHKIWMH, €3 OrpaHudeHus], OT M-eJeMeHTeH gomeiin B (n —k)-
eJleMeHTeH KOJIOMEITH.
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1
e To-cJIoXKHO. Beekn or Tesm k HapyHmiuTe/id MOzKe Jla € HapyHaiuTe I 110 €JUH OT JiBaTa Ha4YMWHa:

MO2Ke JIa € He e TIOKPUT M300I10, I MOXKe Jia € MOKPUT enHokparHo. Heka 1 e 6poaT na te3n
HAPYIIUTE/U, KOUTO ca MoKputu egnokparuo. Cymupame 3a 1 = 0,...,k cbe ciegaure cbobpa-
JKeHUs.

[To orHormenne Ha (38), pa3scbKICHUETO 38 MHOKHUTEJIST Z]f:o ((k) ( i;z)(m — t)) (n— k)m_l>

e [Ipu 1l =0 Bcuuku k Hapymmre/m He ca MOKPUTU U300I10, U CHOMPAEMOTO CTaBA

01
(g) H(m—t) M-k ?=1x1xn=-k™=Mn-—k™
t=0

TOECT TOYHO KOJIKOTO € CboTBeTHUs MHOXKHUTE B (39). Tyk nMame urepupaHo mpousseieHue
0-1 .
t—o(M — 1), B KOETO MHJIEKCHATa IIPOMEHJIMBA B3€Ma CTONHOCTH OT IIPa3eH MHTEPBAJI; 10

neduHIII, TAKOBa TIpou3BeeHne e 17,

e [Ipu 1 = 1 umame TOYHO €JUH HAPYIIUTET, KOHTO € MOKPUT €JHOKPATHO, & OCTaHAJIUTE
HAPYIIUTEN He ca MOKpuTH n300mo. To3m HapymmTen mMoxkeM jga u3bepeM o (]]‘) =k
HadnHa. T'bif KATO € MOKPUT €IHOKPATHO, HAPYIITUTEIAT € 00pa3 Ha TOYHO €JIUH €JIEMEHT OT
JIoMeifHa, KOMTO MOXKeM Ja u30epeM 110 Hl;g(m—t) = m Haunna. MuoxkuTeaar (n—k)m’
UJ[BA OTTaM, Y€ 3a OCTAHAJIATE €JIeMEHTH OT KOJIOMeiiHa—Te31, KOUTO He ca HapyHIIuTe Ti—
pasriiexkiaMe BCHIKn GyHKI 6€3 orpanudenust oT (m—1)-eJleMeHTeH JJOMeH B TAX. 310
(m — 1)-erlemenTen? — 3aI10TO TOYHO €IMH €JIeMEHT OT JoMeiiHa OuBa “M3nossBan’, 3a Ja

Objie M300pa3eH B eIMHCTBEHUsI HAPYIIUTE, KOWTO € TIOKPUT €THOKPATHO.
CbbupaeMoTO cTaBa
1-1

[[m-t)m-—K""=kxmx n-km™'

t=0

k
1

e [Ipu | = 2, mapymmreaure, MOKPUTH €IHOKpATHO, ca 2. Tax MoxkeMm a m3bepeM I10 (]2‘)
HaurHa. [To m(m — 1) maunna moxem ja usbepeM JBa ejleMeHTa OT JIOMeHHa, KOUTO Ce
n300pa3sgBaT B TE3W JiBa HapymTess. Baxuo e ga Objae pa3dpano, de To3u Opoit € uMeHHO

m(m—1), a me (g‘), 3aI0TO NMa 3HAYEHNe KOii eJleMeHT (OT JiBaTa) OT JIOMeiiHa BbPXY KOif OT

JIBaTa HapymuTessd ce nzobpasssa. C Ipyru IyMu, MHOKUATEIAT € Hf;(]) (m—t) =m(m-—1).
Twit KaTO Bede U3MO3JIBaXMe JBa €JIeMEHTa OT JOMeiiHa, ocTaBaT M—2 eJIeMeHTa OT JOMEHHA,
TAKUBa 1€ 3a IIOCJeIHAS MHOXKNTE Pa3rieskaMe BCUIKI (DYHKIMAN OT TAX BbpXy (n—Kk)-
eJIeMeHTEeH KOJIoMeiiH, KouTo ca Ha 6poit (n — k)™ 2. Cnbupaemoro crasa

2-1

[[m-t | n-—K)m"?=

t=0

k

m—2
) xm(m—1) x (n—k)

2

o [Ipu | = 3, mapymmre/nure, MOKPUTH €THOKpaTHO, ca 3. Tdax moxkeM Jja mzdepem 110 (13‘)

naunna. [To m(m—1)(m—2) naunna MoxkeM j1a u3bepeM TPU eJIeMEHTa OT JOMeHa, KOUTO Ce
3-1

n300pa3sgBaT B T€3U TPU HAPYIIUTE/Is; & HE 110 (g‘) C apyru ;ymu, maozxuressr e | [_, (m—

t). T'bit KaTO Bede W3IO3/IBaXMe TPHU eJIEMEHTa OT JOMeifHa, ocTaBaT M — 3 eJleMeHTa OT

tToit karo 1 e HeyTPAJHHAT €JEMEHT Ha OIepAIUATa yMHOYKeHHe. AHAJIOIMIHO, HTEPHPAHO CyMHUpPAHE, HIpH
KOETO MHJIEKCHATa TPOMEHJIMBA B3eMa CTONHOCTH OT mpas3eH uHTepBa, e 0, monexke 0 € HEyTPAJIHUSAT €JIEMEHT Ha,
cbOUpaAHeTO.
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JloMeiiHa, TAKUBa 9e 3a TOCIeTHUS MHOKHUTET PA3IJIeK/1aMe BCUIKN (PYHKIIUAU OT TAX BbPXY
(n — k)-esiemenTeH KojioMeiin, Konto ca Ha 6poit (n — k)™ 3. CnbupaeMoTo crasa

K\ (35 k
(3> [[m-t |-k = (3) xmm—1)(m—2) x (n—k)™3
t=0

e Il Taka mararbkK.

C ToBa 0O00CHOBaxXMe MHOXKUTEJIS

k k -1
> (1) (TIom—0) =

1=0 t=0

[Ja pasrnegame manbk npyuMep, No-Manbk OT TO3U B 3aga4aTa. Heka AoMeliHBT nMa 8 enemeHTa 1 KOLOMERHBT
nma 4 enementa. O4eBMAHO, ABYKPATHN CIOPEKUMM UMA. TexHUsT bpoii e

+1x (1 x1x4%)

—4x (I1x1x3%4+1x8x3)

+6x(1x1x224+2x8x2"+1x x 2°)

—4x (Ix1Tx184+3x8x1 43 x x 1041 x x 17)
+1x(I1x1x0%4+4x8x0°+6x x 0% 44 x x 07+ 1 x x 01) =
2520

B TPWN Pa3INyHN UBATA Ca OUBETEHN TPUTE MHOXWUTENA Ha

(n_k)ﬂ’l L

U raka, obocHoBaxme dhopmymnara (38). Ako 3amectum M ¢ 19 U M ¢ 6 W U3BBPIIAM U3TUCTIC-
HusTa, noaydaBame orroBop 183421913875200. Tosa e OpodaT Ha HaYMHUTE 3a pa3jaBaHe Ha
OJAPbIIUTE. O

Samaua 66. lagenu ca muoxecrsara A = {ay, ay}, B ={by,bs}, C ={c1,c2}, D ={d;,d2} u E =
{e1, ez}. la ru mapegem dometinume. Kosko ca pesamuure ot Buga R C A x B x Cx D x E? 3a kojko
OT THX € U3II'LJIHEHO, Ue 3a BCEKHU JIOMEH, BCEKH HErOB €JIEMEHT Ce CPeIla B IOHe eIUH eJIeMEHT
Ha penanustal I Ha aBaTta BbIpoca or Bac ce odakBa jia JiajieTe OTTOBOP-OpMYyIa, KONTO J1a
Obe 106pe 060CHOBaH, IMOCJEABAH OT OTIOBOP-YUCIO0. AKO MMare IpaBujeH OTrOBOp-(opMyIia,
JIaBAHETO Ha YKCJIEH OTTOBOP € TpuBHAaJIHO. Moxkere Jia M3II0/I3BaTe OOMKHOBEH KAJIKYJIATOP HJIM
KaKbBTO 1 Jia € codTyep, 3a Jia MOJIyInTe TUCIATA.

Pentenme. Bceudku BBb3MOXKHE peJlallui ca 225, noneske ejgeMmernTuTe Ha A X B x C x D X
E ca 2°, u BCeKM OT TAX MOKE Ja IPHCHCTBA MM J1a HE NPHCHCTBA B PETAIIATA HE3aBHUCHMO
or jpyrute. /Ipyr HauuH Jla ce u3Beje PE3yaTaTbT € HaOJIIOJIEHUETO, e ChINEeCTBYBa OYEBHU/IHA
OuekIust Mexk 1y OyseBuTe (PYHKIMHU Ha II€T IPOMEHJIUBUA U BBIPOCHUTE pejlaluu. UucjIeHusT
otrosop e 4294 967 296.

3a Jia MoJIyIuM BTOpPUsI OTTOBOP, OT TO3U OPOil Ie m3BaJuM Opos Ha pejallinTe, 38 KOUTO €
BSAPHO, Y€ He ChIbpKAT MOHE €JUH eJIeMEeHT OT IoHe eJuH oT joMmeiinute. ToBa 1me cTopuM cbr-
JIaCHO MeTOJIa Ha BKJIIOYBAHETO M u3K/I0UYBaHeTo. Ma enna ocobenoct: yauBepcyMbT U HaAMa 1a
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€ MHOYKECTBOTO OT BCHYKH PeJIallfii, & MHOXKECTBOTO OT BCHUKHU peJaliun 6e3 mpasHaTa peJia-
must. Cieosarenno, [U|l = 22 1. Heka TA € MHOXKECTBOTO OT Te3M HEIPA3HU PeJIallii, KOUTO
HE CbAbp2KaT IIOHE €IUH CHUMBOJI OT A, TB € MHO2KeCTBOTO OT Te3U HEIIpa3HMH peJjallii, KOUTO He
CbIbPrKAT IIOHE €JIMH CUMBOJI OT B, 1 Taka HataTbk. Hue Tbpcum |ﬂﬂT_BﬂT_CﬂﬁﬂT_E‘. CrrytacHo
IIPUHIIAIIA HA BKJIOYBAHETO U U3KJIIOYBAHETO,

TAaNTeNTcNTo NTe| = Ul — (ITal + [Ts] + [Te| + [Tol + [Tel)
+(TAaNTR +TaNTel +TaNTpl +[TANTe| + ...+ [Tp N Te|)
—(TanTeNTe|l+...+[Tc NTp N Te|)
+(TaNTeNTcNTp|+...+[TeNTcNTp N Te|)
—TanNnTgNTcNTp N T

Ot 061 ¢cboOparkeHus e SICHO, 9e BbB BCsIKa OT CyMUTEe B CKOOM ChbOMpaeMuTe Ca paBHU, TaKa de

i 5
|TAmTBmTCmTDmTE|:|u|—(])|TA|

5
+ (2) |TA N Tg

5
- <3) I[TANTg N Tcl

5
+ (4)|TAQTBﬂTcﬂTD|

5
— (5)|TAQTBOTCHTDQTE|

Ha mamepum |Ta|. Tbit KaTo pasriexgaMe Hellpa3HUTE peIalldd HaJl IeTTe JoMeiiHa, IoHe eJIuH
eJIeMeHT OT A NPUCHCTBA BbB BCEKU €JIEMEHT OT KOs Jia € OT pasriexkganure pejanuu. Crenosa-
TEJTHO ThPCUM OPOsi Ha peslalliuTe, B KOUTO MPUCHCTBA TOYHO €JIuH OT {a7, a;}. Beuukn HenpasHu
peJianyu, B KOUTO KaTo IIpeJcTaBUTeN Ha A e caMo dp ca pra AHaJTOrMTIHO, BCUYKI HEIIPA3HN
pesannun, B KOUTO KaTo MPeJICTaBUTe)l Ha A e caMo a; ca 22" — 1. Tesn MmoKecTBa HAMAT o0TII

4 4 4
eJIEMEHTH, CJIeI0BATE/HO 10 IPUHINIA Ha pasousaneto, |Ta| =22 — 1422 —1 =21 <22 — 1).

Ha mamepum [Ty NTg|. C aHaIOrnuHN pa3chKIAEHUS CTUraMe JI0 U3BOJIA, e KaTO IIPEJICTaBUTE
Ha A IpUCHLCTBa TOYHO €IUH OT {d7, Az}, a KaTo mpeacrasuTes Ha B, Touno exun or {by, b,}. Tosa
JlaBa, O0OIIO YeTUPHU Bb3MOXKHOCTH 34 TOBa, KOUTO IpejcTaBuTean Ha A u B ce cpemar. 3a Beska

OT T4X, HeIIPa3HUTEe PeJIalliu ca, 22 . Crenosarenno, [Tx N Tg| = 22 (223 —1).
C anasormynu pascbxiaenud, [Ta N Tg N Tel =23 (222 — 1>, TANTgNTcNTp| =24 <22] — 1)

nTaNTgNTecNTp N T =2° <220 — 1). 3a IpoBepKa, HOCICIHIAT U3pa3 € 2°, KOeTo € TOUHMAT

Opoil Ha Helmpas3HUTE peJsiallui, HeChIbPKAIN TOTHO €JINH eJIEMEHT OT BCEKU JIOMEIiH.
1 taka, orroBopbT-hopmyia e

> 5
—1yR () 2x (22“ - 1)
> -0(;)
k=0
OrroBopbr-uncio e 4 294 321 153. Toit mozke Ja ce MoJIydn JIECHO C JIPKOOEH KaJIKyJIaTop, HO MOXKe

Jla ce M3I0JI3Ba U clienuaan3upan codpryepen naket, Hapumep Maple ¢ komamnara

sum((-1) “k*binomial (5, k)*2"kx(2~(2~(5-k))-1), k =0 .. 5);
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g

3ajsaua 67. Heka A e 3arBopenusT unrepsai [a, ..., b], kbaero a,b € NTua < b. Heka k € N*
n k < a. Koako uncia or A ce gensar Ha K7

Pentenue. Heka ny e Tbpcenoro KomdectBo. JlecHo ce BukKJa, de Hall-MaJKOTO YUCJIO, T0-
roJIsIMO MJIM PABHO Ha A, JeJdIo ce Ha k, e k - (%W, 1 Hail-rOJISIMOTO 9HCJIO, ITO-MAJIKO WJI PaBHO
Ha b, gessno ce Ha b, e k- L%J . ToraBa My e TOYHO OPOAT HA LEJIUTE YUCIA B 3aTBOPEHUST HHTEPBAJI
[k . {%w N \_%H, KOETO € Ha, CBOIl peJjl e ChbIMOTO KaTo OPOoAT Ha Ie/UTe YucC/ia, JeIAIH ce Ha
k, B 3aTBOpEHMSI NHTEPBAJI HH yeees L%H, TOECT L%J — (%W + 1. O
Bagada 68. VsnoasBaiiku pesysnrara or 3ajgada 67, oTroBopere KoJKo JeBeriudpenn (B Jece-
TUYHA [TO3UINOHHA OPOiiHa CHCTeMa) IhuC/Ia Ca B3aUMHO MPOCTH ¢be 1657 [IBe 1esin motoKuTe T
YHCJIa Ca B3aMMHO IIPOCTH T.C.T.K. Haii-roJIEeMUSAT UM OOII JIe/uTell e equauiiara. He e Heo6xomumo
Jla JaBaTe duCjeH OTTOBOP.

Pemenue. 165 uma ciennarta dhakropusaius Ha npoctu MHOXKuUTem 165 = 3 x 5 x 11. Tlura
ce, KOJIKO Iesin umucsia ot unrepsaa [100000000,...,999 999 999] e ce nensar auro Ha 3, HATO
Ha 5, uuro Ha 11. Heka My e 6posT Ha 4ymcaaTa OT TO3M WHTEPBAJI, JEJAIIN ce Ha K, 3a HIKAKBO

IIS1JI0 TIOJIOYKUTEJIHO K.
CwriacHo pesynartara oT 3ajada 67:

. 9999?9999 ‘1000(1)0000‘ 1 900000000
. 9999;9999 ‘moogoooo‘ 1 300000000
e 999929999 ‘100020000‘ 1 180000000
- 9999]919999 ‘10001010000‘ 181818 18]
e _999119999_ ‘10001050000‘ 1 60000000
N 99993939999 ‘100(2()30000‘ = 27272727
ng = | T 95959 799 | _ | 100000000 05050 0001 41— 16363637
sl = —999?2999 ‘_100(1)22000‘ +1 = 5454546

CorytacHo IIPpUHIUIIa Ha BKPIOYBaHE€ U U3KJIIOYBaHE, OTTOBOPBHT €

Ny — (M3 + 15 4+ 1) + (M3xs + N3xir + Nsxar) — Naxsxar = 436363 637

2.5 JlokazarejicTBa ¢ KOMOMHATOPHMU Pa3Ch2KJIEHUS

3agada 69. Heka {L‘}T o3HavaBa Opos Ha pa3dMBaHUATA HA N-eJIeMEHTHO MHOXKECTBO Ha K I0/I-
MHO)KeCTBa (CbracHo JeduHunuaTa Ha “pasbuBane’, Te3u k MOAMHO)KeCTBaA ca HenpasHu). Jloka-

tToma ce mapmua wucao na Cmupaune om émopu pod I ce deTe N-TIOIMHOKECTBO-K.
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JKeTe ¢ KOMOMHATOPHU PA3ChiKJIEHU, de

n n—1 n—1
— > >k >
{k} k{ K }—i—{k_]}Ban_ZHn_k_Z

Pemenne. Jla pa3sriemame HsIKOe MHOXKECTBO A ¢ IIOHe JBa ejeMeHTa. [la pasriemame mpons-
BOJIHO pas3buBaHe Ha A Ha K IOJIMHOXKeCTBa 3a HAKoe Kk > 2 um ja HapedeM ToBa pasbubane, C.
a dukcupame mpousBosern a € A. OdeBuaHo nMa TOYHO eauH ejeMeHT Ha C, Ja ro Hapedem
B, koiiTo chabp:ka a. VMa jBe B3aMMHO M3K/IIOYBALIU ce Bb3MOxKHOCTH: mau B = {a}, niu B
C'bJIbpKA TIOHE OITle €JINH eJIEMEHT OT A OCBEH .

CreioBaTeTHO, MHOXKECTBOTO OT BCUYKM pas3OmBaHus Ha A ce pa3duBa Ha JiBe: Te3u pa3duBa-
HUsI, KOUTO ChIbPKAT eJIeMeHT {a}, 1 Te3u pasbuBaHus, KOUTO He ChIbprKaT {a}.

e Pasbusanusara, chiabpxkamm {a}, ca {Tl:]]} Ha Opoii, 3amoTo ocraHaauTe N — 1 ejgeMenTa

1
(ocBen a) busar pasbusann Ha k — 1 mogmuoxkecrsa 1o {} |} HaduHa.

e PasOuBaHusiTa, KOUTO HE ChbPKAT {A}—C APYrU JiyMu, pasdbuBaHusTa Ha A, B KOUTO A € B
MIOJIMHOZKECTBO C TIOHE OIIle €JINH eJIeMEeHT—ca K X {“;1} C'bIJIACHO CJIEJIHATE CHOOPaYKEHUS.
Jla MaxHeM a OT BCAKO €JIHO OT Te3u paszduBanusd. Tbil KATO A B HUTO €JIHO OT TE3U Pas-
OuBaHMsI He e ‘CaMOTeH eJIeMeHT , TO BCIKO OT Te3U pa30dMBaHUsI CH OCTaBa ¢ K MHOXKECTBA.
W raka, moayunxme TouHO Te3n pasdousanus Ha A \ {a}, kouro mmar ToYHO Kk MHOXKECTBA.
Texuusar 6poit e {“;1}. Cera 512 BbpHEM @, 3 Jla MOXKEM OTHOBO JIa TOBOPUM 3a pa30uBame
Ha A. O4eBHIHO, 38 BCSIKO OT Te€31 pa30MBaHMs, eJIEMEHTHT A MOXKe Ja ObJlie CIIOXKEH B Koe
J1a € OT HeroBuTe K MHOXKeCTBa, OTK'bJIETO € U MHOXKUTEIT K.

[To npunnuna Ha pa3zduBaHeToO, {E} = k{n:} + {Ej . O

Bamaya 70. lokaxkere ¢ KOMOMHATOPHU Pa3ChKICHUS, e

n = m n
mis - :é(—nk L) m=K)

Pemenue. Coriacuno 3anaqda 50, fascrara cTpana Opou CIOPEKIUUTE OT M-eJIEMEHTEH JOMEeNH B
M-eJIeMeHTEeH KOJIOMEIH — MPOoCcTo pa3MeHeTe M u N B 3aja4a 50 u 11e MoJIyIuTe TOTHO JIICHATA
cTpaHa Ha KeJJAHOTO T'bXKIeCTBO. BesKa cropekins 3a/1aBa 110 ¢CbBCEM eCTeCTBEH HAUNH pas30nBaHe
Ha JJIOMeHA Ha TOJIKOBa MHOXKECTBA, KOJIKOTO € MOIIHOCTTa Ha KOJOMeITHA; 8 UMEHHO, BbB BCAKO
MHOKECTBO-€JIEMEHT Ha TOBa pa3dUBaHe Ce CbIbpPKAT TOYHO TE3U €JIEMEHTHU OT JIOMEHHAa, KOUTO
ce m300pa3saBaT BbpPXY €JIMH U CHINNA eJIEeMeHT OT KojoMeiina. Thit KaTo ciopeknuurTe “moKpuBaT’
1eJIns KOJIOMEIH, TOBa TapaHTupa, e pasbuBaHero (Ha JOMeHHa) HsMa [Pa3HU eJIEMEHTH.

Ho OposiT Ha cropekiunTe OT N-e€IeMEHTEH JTOMEHH B M-eJIeMEHTEH KOJOMEHH € TO-TOJISIM OT
Opos Ha paszduBaHUsATa Ha M-€JIEMEHTHO MHOYXKECTBO Ha M mojMHOXKecTBa. [Ipuunnara e, ye MHO-
ro CIOPEKIINKA OTTOBApST Ha €IHO W CbINo pa3dbuBane. ClOpeKIUUTE ca MoBede OT pa3dUBaHUsATA,
3aIlI0TO €JIEMEHTUTE Ha KOJOMeiiHa ca pa3jIMdHM, TaKa de BCIKa CIOPEKIs 3aJ/iaBa HeIo KaTo
“nosipejieHo pasbusane’, B KOETO ejleMeHTuTe My (Ha pa3sOUBaHETO) ca WHJICKCUDAHU C €JIEMEHTUTE
Ha KojloMeitHa. A jeduHnIMATa Ha pa3dbUBaHe €, MHOXKECTBO OT IOJMHOXKECTBA, TOECT ODEKT,
YUATO €JIEMEHTHU He ca 1nojipejienn. I taka, Bcuaku m! CIOpeKIuu, pu KOUTO €JIEMEHTUTE Ha JI0-
MeiiHa ca “TPpYNUPaHU 3a€/HO” 110 €JIMH U C'bIIU HaYUH, OTTOBAPIT OMEKTUBHO Ha €JIHO pas3duBaHe
Ha KoJioMeiHa. ]

Bamaya 71. lokaxkere ¢ KOMOMHATOPHU Pa3ChKICHUS, e

nnz_Zn
ék_n
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Pemenue. Heka A e muoxectBo ¢ 2n enementa. Heka Bceku ejement or A mma aTpudyT-
IIBSIT, KQTO N ejleMeHTa ca Oen, a octaHajuTe N, depHu. [[o KoJIKO HaImHA MOXKEM Jia 110/10epeM
PA3JIMIHN TTOJIMHOXKECTBa Ha A ¢ 110 N eJleMeHTa’

Ot exHa cTpaHa, TOBA MOXKE Jia CTaHe I10

n

N (40)

HAaYMHA, Thil KATO TOBa ca KOMOMHATOpHM KOH(Urypamun 06e3 noBTopeHne n 6e3 Hapejda — TyK
He oOpbIllaMe BHUMAaHHUE Ha I[BETOBETE Ha MOAOpAHUTE eJIEMEHTH.

Ot apyra cTpana, MOXKeM Jia pasdueM MoI0MPaHUsITa IO OPOsT Ha eJIEMEHTHUTE OT €JINHUSI IIBAT,
n1a pedeM Genusi. Bemmre ejeMeHTH, KOUTO MOIAJIAT B JIaJIeHO mogdupane, Moxke 1a ca 0 win 1 wim
...mwm n. CiemoBaTesiHo, ja mogdbepeM M ejJeMeHTa OT O0INO 2N B Ta3W 3ajJada € ChIOTO KaTo
na mojbepeM k ejleMeHTa M3MEXKy BCHUKHUTE T Oesin U Jia 1oj0epeM N — K eJeMeHTa U3MeXK 1y
BCHYKHUTE N depHU. 3a gajeHo kK, takosa de 0 < k < n, 6posT HAYWMHU Ja IOAOEPEM T eJIeMEHTa,
oT 06110 2N, Taka 4Ye k m3Mek Iy mojgOpaHuTe ja ca Oesn, e, 0 MPUHIUIA Ha ITPOU3BEIeHNeTO:

n n

K x n—k
— —_——

OposiT HaunHU K ejieMeHTa OT 0010 N ga ca 6eu  OpOSAT HAYMHU OCTAHAJIUTE €JIEMEHTH Ja Ca YePHU

Twit karo k ce menn or 0 10 N u nojdbupanusita ce pasdousar 1o k (mpu pasiauder 6poit Gesm
eJIEMEHTH B JIBe MOJOUPAHUs, T€ 33 [bJIKUTETHO Ca PA3JINIHM), o0muaT 6poil mogbupanusi e:

> (06"

Ho snaewm, we (") = (1), cregosarenno obmusr Gpoit Ha noAbupaHus e:
n n 2

41
> an
k=0

Uspasure (40) u (41) 6podT €HO U CHINO KOIUICCTBO, CIICJOBATEHO CA DABHU. O

agada 72. /lokakere ¢ KOMOMHATOPHU PA3ChIKICHUS, U

n n—

n=Y :1 Zm(—nk “;m (n—m—k)!

m=0 k=0

Pemenne. JlgBara crpana Opowm BCHYKM IIEpMyTalliid Ha M eJeMeHTa, Ja Kaxkem {1,2,...,n}.
Jlsgcnara crpana 6pou ChIMUTE HEPMyTaIldd, HO IO-JIeTailyiHo. A MMeHHO, 3abejsi3BaMe, de BbB
BCAKa mepMyTanus Ha {1,2,...,M}, HIKOM YMCIa ca CH Ha MACTOTO, a JApyru, He. PasdOupame
MHOXKECTBOTO OT BCHYKHUTE IEPMYTAIUU 0 TOBa, TOYHO KOJIKO eJIeMeHTa CHU ca cu Ha MsacToTo: 0
win 1 win 2 win ... um . 3a Beceku Gpoif M Ha eJleMeHTH, KOUTO ca Ha Msctoro (m € {0,1,,...,

n}), 6posiT Ha IepMyTalUUTe CHIVIACHO pelenneTo Ha 3agada bd e (1) > P (—1)* (" ™) (n—m—
k)!. ITpuiarame KOMOMHATOPHUS IIPUHIMI Ha Pa3bUBAHETO U HOJIydaBaMe TOYHO JiCHATa CTPaHa,

Ha 2KeJIaHOTO Tb2KIECTBO. ]

3amaga 73. lokaxkere ¢ KOMOMHATOPHU Pa3ChK/ICHUS, e
n
n=> (=% )Jm—Kk"
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Pentenue. Beue pokazaxme, 4e OpodT Ha CIOPEKIMATE OT T B T €JIeMEHTHO MHOXKETBO €
Y o= () (n — k)™ IIpu m = n noxyuaBame u3pasa oT AgcHaTa cTpada. Ho ako n = m, To
Te3U CIOPEKITNU BCBIMHOCT ca OMEKIMNUTe MeXK Iy JIBeTe MHOyKecTBa. A OposT Ha Omekiuure e n!,
KOeTO e JIsIBaTa CTPaHa. O

3amaua 74. /lokaxKere ¢ KOMOMHATOPHU Pa3ChHXKJICHUS, de

n2" ' = nkn
24\

Permrenue. 2" e 6posT Ha Bcuuku Oy/eBu BeKTOpH ¢ ab/krHa M. OueBnHo n2™ e obusT Opoit
Ha eJIEMEHTHTE BbB BCUUKN OyJIeBU BeKTOpH ¢ Ab/KrHa .. OT Te3u 2™ ejeMeHTH, IIOJIOBUHATA Ca
HYJIM, & JpyraTa [10J0BHHA, eJuHuIm. To3n hakT ce m3BeK1a TPUBUAIHO OT Hai-00IH chodpaszke-
HUsI: aKO MHBEpTUPaMe IOOUTOBO BCHYKH BEKTOPH, IIOIydaBaMe ChIOTO MHOXKECTBO, KATO OPOST
Ha eIMHUIINTE B HAYAJIHOTO € paBeH Ha Opos Ha HYJINUTE B IOJYIEHOTO, HO IOHEXKE IOJIYIEHOTO €
CBIMOTO KATO HAYAJIHOTO, OPOSAT HA eIMHUIINTE € PaBeH Ha Oposi Ha HYJIUTE B HETO.

[ITom mosioBuHaTa or M2™ ejeMeHTa ca €IUHWUIM, TO €IUHUITE Ca TOTHO %nZ“ = n2v '
ToBa e ngBaTa cTpaHa Ha ThXKIECTBOTO, KOETO JoKasBaMe. JlsgcHara cTpaHa 09eBUIHO ChINO Opon
eJIMHUIIITE BbB BCUYKU OYJIEBH BEKTOPH C IbJIKHUHA T, HO I'O IPABH IO-IOIPOOHO: k(L‘) € TOYHO
OpoAT Ha €IUHUIIUTE B IIOJIMHOXKECTBOTO BEKTOPH, UMAIIA TOYHO K €TUHUIIN. ]

2.6 CJiaranust Ha TONIKA B KyTHUU

CrenaTa Tab/uia moKas3Ba 110 KOJIKO HAUUHA MOXKE J1a ObJAT CJI0KEHU M TOIKH B L KYyTHH, [IPU
pasmmdaHn ycsoBust. KyTunre Moxke fa ObJarT pasinauMi Wi HEPA3InIuMu (eJHAKBH ), TOIKWTE,
C'BINO, KOETO JlaBa YeTHPH BapuaHTa Ha 3ajadara. Bcekn oT Te3m deTnpu BapuaHTa ce pa3duBa Ha
TPU TOJBapHaHTa B 3aBUCHMOCT OT TOBA, JIaJW HAMA IOBevYe OTPpAHWYEHUS WM He MOYKe TOBede
OT €JiHa TOIKA B KyTHUs WJIM HE MOXKe Jla MMa Ipa3Ha KyTus. BapuanTbT ¢ pasjnydHu TOIKH U
pa3/InYHU KYyTHH, TOCCT CUHATA YacT OT TabJ/uIaTa, TOYHO OTroBapsl HA TOTAJIHUTE (DYHKIUUA OT
M-eJIeMeHTeH JIOMefiH (TOIKUTE) B N-eJIeMEHTEH JIoMeliH (KyTuure), a nogsapranture ¢ < 1 Tomka
B KyTusi ¥ > | TOIKa B KyTHUsI TOYHO OTTOBAPSIT ChOTBETHO HA WHEKITMUTE W CIOPEKITUUTE.

B ocrananuTe Tpu BapuaHTa, B KOUTO IIOHE eJMHUAT B OOEKTHU Ca €IHAKBU, TOECT KadsaBaTa,
UepBenaTa u 3ejieHaTa 4acTu oT TabJIMIaTa, ChbOTBETCTBUETO C TOTAJHNTE (DYHKINH € JIOCTa YCIOB-
HO. B Te3u BapuaHTH, IIOHE €JTHOTO OT JIOMEHA WM KOJOMEeNHHA € MyJITHMHOYKECTBO, B KOETO €JINH
€JIMHCTBEH eJIEeMEHT ce MmoBTaps M min N nbru. Hamara dopmanna nedunuius na “GyHkims’
HE MTO3BOJISIBA JIOMEHHBT WM KOJOMEHHBT Jla ca MYyJITUMHOXKECTBA C TIOBTApSIn ce ejemernTn. Ho
€ HAITBJIHO MUCJIIMO JIa 3JI0ynoTpeOuM ¢ dgopMmasnarta jeduHunmud Ha ‘QyHKIAA , JTOMYCKANKI
MYJITUMHOYKECTBA C TIOBTAPSAIIN Ce eJIeMEeHTH KaTo JIoMeitH mim Kojomelin. ToraBa MoxkeM 1 B Ka-
dsiBaTa, UepsenaTa u 3ejeHaTa 9YacTU Ha TAOIUIATA JIa MUCIUM 3a Pa3MOJIAraHusATa Ha TOIMKUTE
B KyTUUTE KATO 33 TOTAJHU (DYHKIUU WJIM UHEKIIUU UJIU CIOPEKIINN.

Tazu Tabuma Moxke Jia ObJie pa3lupsaBaHa ¢ OIle MOJIBAPUAHTH, HAIIPUMED KYTUHUTE Ja UMaT
najieHn Karanurern (MakCHUMasieH OPOif TOIKM) WM PebT Ha cjaraHe HA TONKUTE B KyTHHUTE Ja
nMa 3HaueHue (P PasIUnIMMU TOIKHU, ECTECTBEHO).
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M TONKN

n KyTun
pa3nyumMm ‘ Hepasan4uMm
6 nm 6 S {v}
€3 orpaHuyeHus €3 OrpaHnYeHms k=1 Lk

s

< <
= | = 1 Tonka B KyTUSA nm < 1 Tonka B KyTUs Hm S Tl]]
% (nHekuym) (nHekuyn)
o n
4 > 1 Tonka B KyTusi 2 (_] )k n (Tl o k)m > 1 Tonka B KyTUs {m}

(cropekuun) — k (cropekumn) n

m+n—1 n

s 6e3 orpaHnyeHns ( m ) 6e3 orpaHuyeHus Zk:1 p(m, k)
s
I|= 1 Tonka B KyTUS (TL) < 1 Tonka B KyTuA Hm < Tl]]
S | (nuekyun) m (nHekunn) —
(9]
o
2 | > 1 tonka B KyTus (m—]) > 1 Tonka B KyTuSA
I - -

(ctopekuun) m-—n (ctopekuun) P (m’ Tl)

ObgcHenne Ha HOTAIIMUTE:

e N™ e KpaTbK 3alliC 33 TPOU3BEIEHNETO H?:_o] (n—X%). C apyru mymu,

nNt=nxn—1)xM—2)x...x(n—m+1)

def
OueBnno e, ve N™ = 0 npu m > n. OcBen ToBa, UMa CMHCDHJ Ja ce gedunupa nd = 1,
Thil KATO eIUMHUIATA € HeyTPAJeH eJIeMEeHT Ha olepalidTa yMHOXKeHne. N ce dere N Ha
nadawa cmenen m (N to the m falling wa aurymiickn).

m [43 29 m
{n}—que ce “M-TIOAMHOXKeCTBO-N"—e wucao Ha Cmupiure om emopu poo. {n} e bposdT
Ha HAYMHHUTE 3a pasduBaHe Ha M-€JIEMEHTHO MHOXKECTBO Ha M IOJAMHOXKecTBa. B cuia e
PEKYPEHTHOTO ypaBHEHNE

=" R
=n + sam>0um>n
n n n—1

¢ TPAHUYIHU YCJIOBHSI {t} =13ak>0m {g} = 03a k > 0 — Bmx 3agaua 69. ChiecTByBa
ciaeHaTa BPb3Ka MeXKy dnciaara Ha CTUPIUHD OT BTOPU POJ U OPOAT Ha CIOPEKIMUTE:

g(—nk@) (n—k)™ = n!{’:}.

0

3a ma ce ybeamm, Ue e Taka, Ja pasriemaMe perneHneTo Ha 3asgada 70 ¢ pa3MeHeHn M U M.

e p(m,n) e 6posiT Ha 1EIOUNCIEHITE PA30UBAHKS HA YUCIOTO T HA N YacTu (HA aHIJIMACKH,

number of integer partitions). Ileaouucaeno pasbusare Ha M Ha T 4acMu € BCSIKa CyMa OT
T HOJIOKUTENHE ecTecTBeHN 4uciaa (Kbaero 1 < n < m), paBHa Ha M, KbJETO PEIIbT Ha
cymmnpane HaMma 3Hadenue. Torasa ) ., p(m,K) e Gposar Ha nesounc/ienure pasouBaHust Ha
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qucsioro m. Hampumep, gmncioro 4 nMa meT 1ne/IouncieHn pa30nBaHms:

4=1T+T+1+1

4=14+1+2
4=2+2
4=1+3
4=4

Owueuno, p(4,2) = 2.

B cua e peKypeHTHOTO ypaBHEHHUE
¢ rpaanyann yeaosust p(k,k) =13ak >0u p(k,0) =03ak >Tup(t,k)=03at<k.

e [q], xbaero q HAKaKbB U3pa3 ¢ OyJjeBa WHTEPIpPETAIus, ce JeUHIpPaA Taka:

1, ako g e ucruna

[q] =

0, B mpoTHUBeH Ciyvail.

Hanpuwmep, [m < nj e pasuo na 1, korato m < n, a BbB Bcuuku ocranasu caydan e 0. Tasu
HOTAIUs ce Hapuda Homauusa Ha lverson.

3amaua 75. Kosiko pa3ziuynu perennsi B €CTECTBEHU YUC/Ia UMa YPaBHEHHETO
X1+ X2+ X3+ %4 + x5 =100

Pemenne. Tbpcu ce GposaT Ha HapeIeHUTE TETOPKHU (X1, X2,X3, X4,X5) OT €CTECTBEHU YHUCIIA,
YUUTO eJIeMeHTH UMaT cyMa CTO. B TepMUHUTe Ha TONKH B KYyTUH, 33/1a9aTa €, 10 KOJTKO Pa3JInIHN
HaunHA MOXKeM Jia cyioxkuM 100 HepazmIuMu TONKY (CTO eJMHKIM) B [IeT Pa3/JIudHu KyTuu (1erre

HpOMeHIII/IBI/I). Ot dqepBcHaTa YacCT Ha Ta6.,1mua'ra 3HaeM, Y€ MM €JHaKBH TOIIKM MOXKE Jia 6’]3,ZLaT

CJIOZKCHU 110 (m:j; 1) HAYMHA B N pa3jndau Kytuu. Ml taka, OTTOBOPBT €:

100+5—1
5—1

) =4598126

g

Sagada 76. KoJsiko pasjudHu HApeJIeHu MeTOPKHU (X7, X2,X3,X4,X5) OT €CTECTBEHU YUC/IA YJOB-
JIETBOPSBAT

X1+ X2+ X3+ %4+ x5 =100
0<x <30
0<x,<30
0<x3<30
0<x4 <30
0<x5<30
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Pentenne. 3agadara e 1momgobHa Ha 3agada 75H, HO cera KyTUUTE UMaT “KalaluTeTH : Hail-MHOTO
30 Tonku B KyTusa. Heka B; e MHOX)KecTBOTO OT KOH(DUTypanunTe-perieans or 3ajgatda 75, B KO-
uTo KyTnsd i e “Hapymmurenr —TtoecT B Hes mMma moHe 31 Tomkm—3a 1 < 1 < 5. Tbpcum 6post Ha
KOH(UTypaIuuTe, B KOUTO HAPYIIEHUs HsMa 38 HUTO efaHa KyTusd. C JIpyru JiyMu, ThbPCUM

By N B, N B3N By N Bs|
CbriacHo IPUHINIA HA BKIOYBAHETO U M3KJIOUYBAHETO,

BiNBzNB;NBiNBsl=U— Y [Bil+ > [BinBj— »  [BiNBNBil+

1<i<5 1<i<j<5 1<i<j<k<s

> [BinB;jNB.NB|—|B;NB;NB;3NBsN By

1<i<j<k<t<5
A\

P ToBa e 0

ToBa e 0

KbgeTo U e yHHBEpCYyMBbT OT BCUYKHU CJIaraHUs Ha CTO €IHAKBHU TOIKN B IMET PA3JIMIHUA KyTHN
6e3 orpannuennsd. Kakro nokazaxme B 3agada 75, U] = 4598 126. Scno e 3amo nociaeaaure jase
chbupaeMn ca HyJId: HaMa Kak mnpu odbima cyma 100, deTupu wim mer IpoMeHJIMBH Jia ca 1moHe 31.
CiieioBaTesIHO, THPCEHUAT OTTOBOP €

[BiNB,NBsNBsNBs| =4598126— > [Bil+ > [BinBj— >  [BinBjnBy (42)

1<i<5 1<i<j<5 1<i<j<k<5
Ot 06mu cbobpazkenus e scuo, de |By| = [By| = |B3| = B4l = [Bs| u [BiN Byl =...=|B4NBs| u
10 T;;(I/IBa
By "B, N B3| =...=|B3N By N Bs|. TbpcennsT orrosop e:
10 ’I;;I/IBa
4598126 — 5 x |B]| + 10 x |B1 N Bz| — 10 x |B] N Bz N Bg| (43)

Kozko e |B4|? Illom X; e curypen HapyInmuTes Ha KananuTera (M HsaMa JPYD CUTYPEH HAPYIIUTe),
TO € BSIPHO, 4e

X1+ X2+ X3+ %4+ x5 =100
31 <xq
0<%,
0<x3
0 <x4
0 < x5

Ha mpencrasum x; karo X1 = x; + 31. Torasa yciosuero 31 < x; e cbmoro kKaro 0 < X{, a
X1+X2+Xx3+x4+%x5 = 100 craBa x{ +314+%, +x3+x4+x5 = 100, Toect X] +X2 +X3+X4 +X5 = 69.
U3Begoxme, de [Bi| e MornocTTa Ha MHOYKECTBOTO OT HAPEIEHUTE IIETOPKH (X], X2, X3, X4, X5), KOUTO
YJIOBJIETBOPSIBAT:

X1 + X2+ X3+ Xg4 + X5 = 69
0<x
0 <x;
0 <x3
0<xq
0 < x5
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69+5-1
Ho Hme 3HaEeM KOJIKO TaKuBa HapeJIeHU METOPKU UMa: ( 5+_] ) = 1088430.

Hanbano amamormuno, |By N By = (38;5;1) = 111930 u |B; N B, N B;3| = (723;1) = 330.

BamectBame B (43) u mosrydaBaMe KpaitHusE OTTOBOD
4598126 —5 x 1088430+ 10 x 111930 — 10 x 330 = 271976

g

Bamaua 77. Ilmoukamkus TpsiOBa Jia MOKpHUE C IUIOUYKKM CcTeHa ¢ pasmepu 2 M. Ha 4 M. Beska
mwiouka e ¢ pasmepu 20 cm. Ha 20 cM., a IBETHT A € Wian 3ejeH, win depBeH. OOIIO IIOYKATE
ca 200 na opoii: 80 zenernu n 120 gepBenn. Ilmoukure ce pegdr MILTHO €IHA JIO Jpyra W HE €
paspelreno Jia ce pekar, CJIeIoBaTeTHO TpsA0Ba 1a ObaaT HapeaeHn B KoHduryparms ot 10 pega n
20 koJtonu. 3ejleHUTE IIOYKH Ca HEPA3INIUMU [TIOMEXKLY CA U Y€PBEHUTE IVIOYKHU Ca HEPA3IMINME
noMexk1y cu. Ilo Koiko HaumHa MOXKe j1a O'bjie HAIlpaBEHO MOKPUBAHETO, aKO:

e Hama OIr'paHHMYCHUA.
e B1B BCekn pea 3ejienuTe IJIOYKU, aKO UMa TaKHBa, Ca BJIABO OT Y€pBEHUTE, aKO MMa TaKuBa.

Pemenue. B mbpBOoTO 10/yCI0BHE € JIOCTATBHIHO Jla ChOOpa3uM, Ue JIByMepHaTa Hapeda Ha
IJTOYKHUTE HIMa HIKAKBO 3HAYEHNE 33 ThPCEeHUsT OPOil Ha Bb3MOKHUTE TOKPUBaHNA. Bb3MoKkHITE
MOKPUBAHUS €& TOYHO TOJKOBA ([0 TMPHUHIMIA HA OHEKIUATA), KOJIKOTO €4 Bb3MOXKHOCTUTE JIa
ObaaT Hapeaenu B JmHelHa Hapeada 80 zestenn u 120 gepBenn miodku. C Apyru JgyMu, TOBa ca
Bb3MozkHOCcTUTE Ja u3bepem 80 rrouku ot obimio 200. Bposr e

(28000) = 1647278652451762678788128833110870712983 038446517 480945400 ~ 10°

Broporo noayciaoBue ce pemasa TodHO KaTo 3amada 76. [I'bpBo cbobpassiBaMe CIeHOTO: KAKTO 1
B IIPEJIUIITHOTO TO/IYCJIOBHE, Pa3lojiaraHeTo Ha 3eJIEHUTe TJIOYKN HAIThJIHO OIpeJIesis pasioJara-
HETO Ha YepBeHHTEe — YepBeHuTe ce ciaaraT Ha 120-Te cBoboanm Mecta. Ho B ceramHoTo 1moryciio-
BHe, 3eJICHUTE IIJIOUKHU Ce PEJIAT IIbTHO BJsiBo. Ha Hskon pesioBe MoxKe M300110 j1a HsIMa 3eIeHI
IUIOYKM, HA JPYTH MOXKE Jla Ca CaMO 3eJIeHH ILJIOUKH, & aKO MMa U OT JBaTa BUJA, 3€JICHUTE Ca
BJIIBO. ZICHO €, de 3a BCceKU pejl, OPOSAT Ha 3e/I€HNTE IJIOYKU—UUCI0 MEXK/Iy HyJIa U JIBAJIECET
BKJIOUNTETHO—OIPEJIeNsl HAITbJIHO MOJIPEKIaHeTo B To3u pej. Torasa msimarta Hapenba (BbpXy
cTeHaTa) ce ONpeJielis OT JIECET YKCTa, BCSIKO OT KOETO € MeXKJly HyJIa U JIBaJIeCeT BKJIIOYUTENHO,
U BCUYKH Te3U ducja ce cymupat 10 80.

Buumanue — pegopere ca paziamunMu! Hanpumep, ciaaranero #a 19 3ejieHn IJIOYKH Ha I'bPBU
pex, 13 Ha BTOpH U 110 6 Ha BCHYKU OCTAHAJIHN PEJOBE € PA3JIMYHO cjaraHe or 13 3ej1eHn II0YKI
Ha bPBHU pej, 19 Ha BTOpHW U 10 6 HA BCUIKHU ocTaHau peaose. CremoBarenHo, cTaBa JyMa He
3a MHOYKECTBO OT YHCJIa, & 38 BEKTOP OT YhCja, KouTo ce cymupar jo 80.

Baﬂaqafra € CblllaTa KaTO 3a/adaTa, KOJIKO pelieHusd B €CTECTBEHU YUCJ/Ia UMa YPaBHEHUETO

X1+ X2 + X3+ X4 + X5+ Xg + X7+ Xg + Xo + X190 = 80
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IIPA OT'PAHUYICHUATA

0<x; <20
0<x,<20
0<x3<20
0<x4 <20
0<x5<20
0<xs<20
0<x,<20
0<xs<20
0<% <20
0 <x50<20

Axko orpanmdenusTa 0sxa camo 0 < xi, 1 <1 < 10, oTroBopbT wIele J1a e

80+10—1 89
( 101 ) = (9) = 635627275767

Thil KaTO MpH Te3u (IMO-IPOCTH) OIPAHMYEHUs CTaBa JyMa 3a KOMOMHATOPHU KOHMUTyparmn 6e3
Hapebma, ¢ mnoBrapgHe, ¢ pasmep 80 HaJ OIMOPHO MHOXKeCTBO ¢ MomrHocT 10: Bce eIHO MMaMe
JmHeitHa Hapea0a oT 80 eUMHUIN U ce MHUTA, 110 KOJKO HAUYMHA MOXKE Ja CJIOXKHUM 9 pasienureis
MEKJTY THAX.

[Ipu mo-cioxkuure orpanndenns ot Buga 0 < x; < 20, 1 <1 < 10, KakBUTO ca HaIaTa 3ajada,
MOXKE JIa MHCJIMM 33 MHOYKECTBOTO OT (899) pemenus kKaro 3a ynmBepcyM U. Heka B; C U e
MIHOKECTBOTO OT T€3H pelenust, B kouTo X; > 20, 3a 1 < i < 10. Ouesnamo e topenn [B; N B, N
B_3 N B_4 N B_5 N B_6 N B_7 N B_g N B_9 N B_ml. [To npunnuIa Ha BKIIOYBAHETO W M3KJIIOUBAHETO,

BiNByN...NBpl=U— > [Bf+ Y [BinBj—...+(=1)"°ByNByN...NBy

1<i<10 1<i<j<10

Cera ja cbobpas3uM, 9e HIMa Kak II0BevYe OT TPU Xi-Ta Ja Obaar mo-rojgemu oT 20: ako JeTupu ca
no-rojiemu oT 20 Besiko, To cyMaTta 1e HaaxBbp/an 80. C apyru JyMu, JTOCTATHIHO € J1a Pasriieame
Te3u chOMpaeMu B U3pa3a Ha BKJIOYBAHETO U U3KJIIOYBAHETO, B KOUTO UMa CeYeHUe Ha Hail-MHOTrO
Tpu B-Ta:

BiNB;N...NBpl=IU— > [Bf+ > [BiNBj— > [BiNB;NBy
1<i<10 1<i<j<10 ]§i<12)<
<

Ot obmu cbobpazkeHus e sicHO, Ye B-Tarta uMar ejjHa 1 ChbIa MOIIHOCT U CEYEHUATA UM 110 JIBOMKHI
UMaT €JIHa W ChIA MOITHOCT M CEYEeHUITa 10 TPOUKM MMaT €JIHA W C'hIa MOITHOCT U CEUEeHUsITa
UM 110 YeTBOPKM MMAaT eJHa U cbina MomHocT. Cjie10BaTe Ho,

. S 10 10 10
!B1ﬂBzﬂ...ﬂB10|:|U!— (1)|B1|+ (2>’B1ﬂ82|— (3>’B1ﬂBzﬂBg|

Ba ja noayanm |Bq| e gocrarbaHo ga cbobpasuM, de GposT pelleHns Ha ypPaBHEHUETO

X1+ X2+ X3+ X4 + X5+ X6+ X7+ Xg + Xo + X190 = 80
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IIPA OT'PAHUYICHUATA

21 <xq

0<x,<20
0<x3<20
0<x4<20
0<x5<20
0<x<20
0<x;,<20
0<xg<20
0<x<20
0<x10<20

€ CbllaTa KaTO 6pOHT Ha pelIeHuAdTa Ha YpaBHEHUETO
X1+ X2+ X3+ X4 + X5 + X6+ X7 + Xg + Xo + X190 = 59

IIpyu OrpaHuvYCHUATA

CarenoBatesHo,

By| = (59;9) _ (698> — 49280065 120

Anajornaso,

4
IB; N B, = (38;9 = (97) — 1362649145

2
By (B, B = (17; 9) _ (96) 3124550

Kpaitaugar orrosop e
- - 89 10 /68 10\ /47 10 /26
s (5)-(5)8) - (5)(5) ()3 -
203770890092
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Bamaga 78. Tyk craBa jiyma 3a CTaHIAPTHU KYyOMYHU 3apoBe, BCSIKA CTPaHA HA KOUTO € Map-
kupana ¢ To9Ho ejgHo ot () (7 (I €3 () 6. Tesu cumBosin Hapuuame auyama. Koraro kazsame “n
pa3nudHu 3apa’ 3a HAKAKBO M, UMaMe IIPeIBHI, Ue HsMa JBa eIHAKBHU 3apa — HallpUMep BCEKH
3ap € OI[BETEH B I[BST, PA3JIMUEH OT IBETOBeTe Ha Jpyrure 3apose. Koraro roBopum 3a 3apoBe OT
€JIMH U CBINU IBAT UMaMe IIPEJIBUJI, Y€ T€3U 3apPOBe Ca HEPA3IUUUMUI.

a) ITo KoJIKO pasanyHu HAYMHA MOXKEM Jla XBBLPJIUM IIeCT Pa3JndHu 3apa’
6) Ilo KOJIKO pas3/mdHu HAYMHA MOYKEM JIa XBbPJIUM IIECT €JJHAKBH 3apa’

B) I[lo KOJIKO pa3jMyHN HAYMHA MOYKEM Ja XBbDJUM IIECT 3apa, TPU OT KOUTO ca Gejid, euH e
YepBeH, eJIMH € 3eJIeH U eJIUH € CUH!

r) ITo KOJIKO pas3/inuHu HAauYMHA MOYKEM Jla XBBHPJIMM TPU DPA3jIMYHU 3apa, Taka 4de cyMara OT
qucaata € 9 BbB BCIKO XBbpJisiHe?

) o KoJIKO pasiuyHu HAYMHA MOXKEM Jla XBbLPJUM TPU €JHAKBHU 3apa, TAKUBa Y€ cyMmara OT
qucjiata € 9 BbB BCIKO XBbpJisiHe?

e) Ilo KOJIKO pasinIHu HaYWHA MOYKEM Jla XBbPJIUM TPHU OeJIM U TP YepHU 3apa, TaKUBa, 9€ BCAKO
OT JIUIATa Ce TOSBABA MTOHE BEJIHDBIK

Perrenune.

a) 3ajadara ce peraBa TPHBUATHO KATO 3a/1a9a 3a CJlaraHe Ha TOIKH B KyTHH, AKO ChOOPA3MM, e
kyrunte ca jurara () ) 1 ) 6 6 a Tonkure ca mecrre 3apa. O4eBUIHO U KYTHHATE, U TOTKNATE
ca pasIMYMMH, TAKa 4de CMe B CHHeATa 4acT Ha Tabsunara. OTroBopbT ¢ 6° = 46 656.

6) OTHOBO MOKEM Jia CBeJIEM 3aJ1adaTa JI0 cJaraHe Ha TONKU B KyTun. OTHOBO, KyTHHTE ca JIHIATA,
G, 63,60, 63,6263, a ronkure ca mrectre 3apa. Cera KyTunmre ca MaK pPa3IHIUMU, HO TOIKHUTE Ca

eJTHAKBH, TaKa de cMe B depperara dacT Ha tadbsmnriara. OTroBopbT e (iﬁ;l) =462.

B) /la cu npejcraBuM, Ye XBbPJIsIME HE3ABUCHMO I'bPBO OeJIMTE 3apOBe, KOETO MOXKEM [l HAIpa-
BUM 110 (32571) HaYMHA 1 [OCJIe TBETHUTE 3apOBe, 33 KOETO Bb3MOXKHOCTHTE ca 6°. OTroBopbT ce

[OJIyYaBa 0 MPUHIIAIIA Ha YMHOXKEHHIETO (32571) x 6% =12096.

r) OrroBopbT MOXKe Jla ce ToJydn Karo B 3ajadara “Kosko nesmoducienn pereHust nmMa ypasHe-
Hrero X1 + X2 +x3 = 9, ako 1 < x; < 677, KogTO Ha CBOIl pej MMa CbIMUs OTTOBOP KaTo 3ajadara,
“KoJIKO 1IeJIOIKCIIeHN PEIleHnsl UMa ypaBHeHneTo X1 + X2 + X3 = 6, ako 0 < x; < 577 (cpasuere
cbe 3agada 76). OrroBopbT 25 MOXKe Jia ce MOy Il KATO (6;?;1) —3 x 1 = 25 upe3 npuiarane Ha
MPUHIIAIIA HA BKJIIOYBAHE U U3K/IIOUBAHE.

Tbit KATO MHOXKECTBOTO OT PEIIEHUATA HE € I'OJIsiMO, MOXKEM M Jla KOHCTpyupaMme siBHO, 6e3 Jia
1oJI3BaMe IIpUHITNIIA Ha BKJIIOUBaHe W uM3KJoUBaHe. Heka 3apduerara ca 0651710, 1€pBEHO U YEPHO.

@ ] - &) -1 ] -1 &3] -] @Bl -1.
LEs UEes &) B8] -] &) -] HEO
@] )] &3] CEm &3].-] -
] 8] ] &)1 )] -
@: il EBm &) -

)] -
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ﬂ) Nma mecT TaknBa XBBbPJIAHUA, KOUTO MOZKEM JIa OIIMIIIEM fBHO:

6
G
GEIE
G
GEE
G

e) Ilpwu mect 3apa u mecr JmI@, BCSIKO JIAIE Ja Ce HOSABIBA TIOHE BEJIHDBK € ChIIOTO KATO BCSKO
JINIIE JIa Ce TOsIBSIBA TOYHO BEIHDBIK. 3a/1a9aTa € ChIlaTa KaTo 3aa9aTa, 10 KOJIKO HAIMHA MOYKEM
Jla, OIBETUM IIIECT PA3/IMIHU 00EKTa Taka, de TPH Ja MoaydaT Odj1 1BAT U Tpu, depeH npat. Jloc-
TATHTIHO € JIa OIPedeInM KOHU ca, HallpuMep, OenTe 00eKTH, OCTaHAJINTEe TPsIOBa 1a ca IepHUTe.
MozkeMm ja mogbepeM 3 06eKTa OT OOIIO 6 110 (g) = 20 HaunHa, KOETO € U OTTOBOPBT.

g

Bagaan 79 u 80 ca cwumre Karo 3amaqn 29 u 30. Tyk mperarame pererust, KOUTO Ce MMOJIyIaBaT
KaTO CJaraHusi Ha TOIKH B KYTHUH.

3amaua 79. B koyko OyJieBU BEKTOpa ¢ ML €JIMHUAIIA U M HYJIA, CJIeJl BCAKA €JUHUIIA CJIe/IBA TTOHE
eHa HyJI1a?!

Pentenne. llpejscraBsme cu n Ha O6poit OJ0KIeTa , OKOJIO KOUTO TPAOBa Jia “‘HacureM’ OIle
M—n Hy/IH, 3a Ja ToJIy9IuM ob1o m nyau. Hysmnre ca nepazimanyu TONKH, MecTaTa 3a cjaarame—

060 n + 1 na 6poit—ca pasmmanvu Kytuu. OTTOBOPLT € ((m_glrgi](?j”_‘) = (™). O

Bamava 80. Kosko Oy/ieBrn BeKTOpa ¢ N €IMHATIA U T HYJIM HIMAT ChCEIHU €INHUATIN !

Pemenue. IlpejgcraBsame cu 1 — 1 wa Opoit Oj0K49eTa 1 Ollle €JIHO OJIoOKYe HaKpasd.
O6mmo 610k4yeTaTa ca N Ha O6pos. Okoao Tax TpsiOBa ga “Hacumem” m — N + 1 mynu. Hymmre ca

HEPA3/JININMA TOIKHU, Pa3IHINMUTe KYyTUU ca KOJKOTO B 3ajada 79 — mak n + 1. OTroBopsT e
((m—n+1)+(n+1)—l) - (m+1)
(n+1)—1 —\n /-

4

2.7 Sampling with/without replacement, with/without order

Bagada 81. [ajeno e MHOXKecTBO A 0T N o6ekTa. 3BbpIiBamMe 1ocseoBaTeIHo Teriere (sampling)
Ha M 00eKTa U3MexK Iy Tdax. TersieHeTo MoXKe J1a uMa CJIeIHITe XapaKTePUCTUKU

e PebT Ha m3reriisine Mozke Jla MMa 3HaYEHHUE, IPU KOETO Ka3BaMme, de TEerJIEHETO € HapeJie-
Ho (with order), wiam pexbr Ha TersieHe MOXkKe Jla HIMa 3HAYEHUE, TIPU KOETO Ka3Bame, de
TerjieHeTo e HeHapejieHo (without order).

e Benubk u3rersien 06eKT MOxKe BeIHara (IIpey CJIeIBAIOTO TerjieHe Ha 06eKT) jia Oble
BPBIAH B A, KOETO O3Ha4YaBa, 9e Ha CJIeABAIlOTO TerjeHe MOXKeM IIaK Ja U3TErJINM Hero — B
TO3M CJIydail Ka3BaMe, Ue TerjieHeTo e ¢ Bpbinane (with replacement); anrepHaruBHO, MOXKe
BeJIH'bK M3TErJIeH 00eKT jia He ObJie BPbIaH, KOETO IIPaBU HEBB3MOXKHO Jia O'bJie U3TerJieH
OTHOBO — B TO3W CJIydYail Ka3BaMme, de TerjaeHero e 6e3 Bpbiane (without replacement).
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Begka oT mbpBUTE JBE BBH3MOXKHOCTU MOXKe Jia O'bJie ChieTaHa B BCAKA OT BTOPUTE JIBE, TaKa de
001110 ca JeTupu Bb3MOXKHOCTH. J[la ce orpesenn 3a BeIKa OT YETHPUTE Bb3MOXKHOCTHU, 10 KOJIKO
HadYnHa MOXKe J1a O'b/le U3BbPIIEHO TErJIeHEeTO.

Pemtenne. [la pasriieiame BCsiKa OT 9€THPUTE Bb3MOKHOCTH U JIa 51 CBEJIEM JI0 HSIKAKBO CJIaraHe
Ha TOIKH B KyTUU. BbB BCAKa OT T€3U YeTUPHU BH3MOXKHOCTU, KYTHUTE ca OOEKTHTE OT A, CJe0-
BATEJIHO Ca M Ha OpOii, a TOIKATE ChOTBETCTBAT HA OTIEJHUTE M3TEIVISHUA, CJICIOBATEIHO Ca M
ra Opoit. Tbit kKaTo obexTHTe OT A OUEBHHO Ca PA3IMYNMHU, PA3IJIeK/aMe CJIAraHns Ha TOIKN B
pasjmauMu KyTuu (JsgBaTa 9acT Ha TabJurara).

e Hapesnenu reryienus ¢ Bpbimane. Te cboTBeTCTBAT HA C/IaraHud Ha M Pa3/IUIHU TOIKH B T
pPa3/IMIHN KyTHH, KOETO MOXKe Ja ce HalpaBu 1o N™ HaynHa. TonKuTe ca pasjmdHu, 3aIio-
TO peJIbT Ha TerjieHe MMa 3HAueHue, KOeTo O3HAYaBa, de OTJEeJHHUTe TerjeHus (TOINKH) ca
Pa3InINMU.

e Hapenenn rersenns 6e3 Bpbiane. Te chOTBETCTBAT Ha CIaraHusd Ha M pa3jIndIHUd TOIKU B
T pa3/jMvHu KYTUU [IPU yCJOBUE, Y€ MMa He IoBedUe OT ejHa TOIKa B KyTud. ToBa ycjioBue
TOYHO ChOTBETCTBA Ha (aKkTa, de BCeKH 00EKT MOKe Jia O'bJe M3TEerJIeH Hail-MHOTO BEJIHbIK.
MozkeM Aa M3TErIuM Taka Io N™ HaduHA.

e Henapesenn rernenus 6e3 Bpbinane. Takusa ca, Hanpumep, rerienusta B Toro 2 (6 or 49).
Te croTBETCTBAT Ha C/IATAHWA Ha T HEPA3IUINMU TONKN B T PA3/JINIHNA KyTUN [P YCJIOBHE,
Ue UMa He TI0BeYe OT eJiHa TOIKa B KyTus. ToBa yc/IoBHE TOYHO ChOTBETCTBA Ha (aKTa, tue
BCeKN 00EKT MOKe Jia O'bjie M3TerJieH Hail-MHOro BeJHbK. MoxKeM Jja M3TeryimM Taka 1o (:1)
HAYNHA.

e Henapenenu reryienus ¢ Bpbliage. Te ¢hOTBETCTBAT HA CIaraHisd Ha M HEPA3IUIUMEI TOIKI
1
B M pasjinuHu KyTuu 6e3 orpanndenus. MoxkeM Jia U3TerIuM Taka, 110 (mt: ) HaupHa. [

3amava 82. B maraszun 3a ra3upaHu HaIUTKHU C€ IPOJIABAT CJACTHATE HAITUTKH: KOKA-KOJIa, TOHIHK
u crpaiit. ima TouHo meT OyTHIKN KOKa-KoJia, ceJieM OyTUIKU TOHUK U JieceT OYTHUJIKU CIIPAMT.
Uckame na kynum detupu Oytuiku. [lo Koiko Haunna MOXKEM Jla CTOPUM TOBA, AKO:

1. Bewuku 6yTmiiku ca pasiamauMu (HanmpuMep, nMaT HIKaKBU YHUKAJTHA HOMepa) U PeIbT Ha
KyIlyBaHe HMa 3HadeHue! .

2. Benukn OyTHIKE ca Pa3/IMYUME, HO PEIbT Ha KyIlyBaHe HeMa 3HAUYeHUe.

3. ByTI/IJIKI/ITe OT Ja/ieH BUJ Ca HEPpa3/IMYUMU IIOMEXK/1y CH, HO PeAbT Ha KYIIYyBaH€ MMa 3Hade-
HHE.

4. BYTI/LHKI/ITG OT JaJeH BUJ Ca HEPpa3/JIMYUMM IIOME2K/1Y CH U pedbT Ha KYIIyBaHe HAMa 3Ha4e-
HHeE.

Peurenne.

1. O6mpo Oyrunkute ca 5+ 7 + 10 = 22 u B TOBa MHOJIYCJIOBUE Ca pa3iuduMu. TyK craBa

JyMa 3a HapeJIeHU TervIeHHs 6e3 BpbinaHe Ha 4 Hema or obmo 22. OrrosopsT e 224 =
22 x 21 x 20 x 19 =175 560.

2. OrHOBO pazriexgame 22 pasjuauMu OYTUJIKH, HO cera TErJIeHWATa ca HeHapejeHu u 0e3
2
BpbIane. OTroBOPBT € ( 4) = 7315.

t3Byun crpanno, Ho e BL3MOXKHO. Hanpumep, Ban3aMe 4eTHPH I'bTH MOCIEIOBATETHO B MAra3MHa U IIPH BCIKO
BJIM3aHe KyIyBaMe TOYHO e/lHa OyTusIKa.
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3. U Tasm moazagada MOXKeM Jda CBeJIeM JI0 CjaraHdsl Ha TOIKH B KYTHH, HO Cera KyTHUUTE
He ca 22-Te OyTHIKHU, a 3-Te BHIa HAIUTKU. Bce eHO ce muTa, M0 KOJIKO HAUMHA MOXKEM 14
c0KUM 4 pa3IMIuMi TOTIKY B 3 pa3imauMu KyTuu. Tbit KATo OT BCEKHW BUJ] HAITUTKH MMaMe
JIOCTaTBLIHO OPOMKHU, 3a Ja OCHINECTBUM KyIlyBaHe Ha 4 OyTWJIKM OT JaJieHusl BUJ, HAMA
3Ha4YeHNEe TOYHO KOJIKO OpOsi mMa OT BCEKHM BHU/] — BayKHOTO €, 4e MMa JOCTATHIHO.
OrrosopsT e 3% = 81.

Babesezkere, e ako MCKaMe JIa CBeJIeM Ta3M I10/[3a/1a49a J10 TerJaeHus Ha obekTn (sampling),
cTaBa JyMa 3a HeHapeJeHW TerjeHus 0e3 BPbITaHe.

4. Bce eHo ce nmuTa, M0 KOJKO HAYMHA MOYKEM JIa CJI0KUM 4 Hepa3IuIuMU TOIKU B 3 pa3IndHu
KyTuu. KyTunre u TONKUTE UMAT CHIMUAT CMUCH/I KATO B MUHAJIATA 3a/1a9a, HO Cera TOIKUTE
ca Hepa3/JIMINMU, [TOHEXKe PebT Ha KyllyBaHe HsMa 3HadeHue. OTroBopbT € (ﬁiﬂ) = 15.
To3u oTroBOp € JOCTaTBHLIHO MAJIKO YUCJI0, TaKa de OMXTe MOIJIU Jla HAITUIIEeTe B IBEH BU/I

OAJI0OTO MHOZKECTBO OT TerJieHMdA.

Babesiezkere, e ako MCKaMe Jia CBeJIEM Ta3u 110/[3a/1a49a JI0 TerjeHus Ha obekTu (sampling),
cTaBa JiyMa 3a HeHapeJIeHU TerJIeHUsl ¢ BPbIIaHe.

g

2.8 PekypeHTHU ypaBHEeHUS

Baga4da 83. /lsouuen b6poaw ¢ M nosuyuu e BeKTOop oT N jpowdrn qucia (0 wim 1), KoiTo ce
MHTEPIIPETHPA KATO IUCI0, 3alMCAHO B TBOMIHA MTO3UIINOHHA OpoiiHa cucrtema. BposabT 6uBa yBe-
JmdaBaH ¢ 1 B JIMCKPETHN MOMEHTH BbB BpemeTo. B HagasHuss MOMEHT ty OPOSTIBT ChIIbPrKa caMo
HYJIM, TOECT IpejicTaBsgBa ducaoro O B JBOMYHA CUCTEMa, KbM Hero ce jg00aBst 1 1 B MOMEHT t;
TOI IIPeACTaB/IsiBa IUCJI0TO |1 B IBOMYHA CHCTEMa, KbM HEero ce a00aBs 1 1 B MOMeHT t; Toii mpei-
CTaBJIABA YUCIOTO 2 B JIBOMYHA CHCTEMa, KbM HEro ce gobaBst 1 1 B MOMEHT t3 TOil mpejcTaBisiBa
YUCJI0OTO 3 B JABOMYHa CUCTEMa, U TaKa HaTaTbK:

to: 00 - 000
th: 00 - 001
t,: 00 - 010
t3: 00 - 011
ty: 00 -+ 100

N300mmo0, B MOMEHT ty OpPOAYBT ChIbPKa JBOMYHUSA 3AlMC HA HYHUCIOTO K. YBeJImdaBaHETO HA
oposida ¢ 1 mporb/KaBa, JOKATO TOH Cbbprka MOoHe e/iHa HyJa. Korato 6pogabT ¢birbpKa camo
€JIMHUIIN:

17 - 111

J
Vv
n Ha Gpoit

yBE€JIN9aBaHETO CIIMPa 1 6pO§I‘{'bT OCTaBa B TOBa CbCTOdAHUE. OTFOBOpeTe Ha CJjieJHHUTE BBIIPOCH:

1. Koe e gncnoro (B JBOMYIHA TO3UIMOHHA OPOITHA CHCTEMa), KOETO OCTaBa 3allMCaHO B Gposda
cJIeT CIIUpPaHeTo My?

2. Bumoso obpswane napudame Beako npemuHaade or O B 1 wiam or 1 B 0 or mazen t; Kbm
cineaBamus ti,q. Hampumep, mpu npemuaaBanetro ot to B t; mMa TOYHO €HO OUTOBO OOPH-
IaHe, a UMEHHO B Hail-JgCHaTa IO3UIMS; IPU IpeMUHaBaHeTo OoT t; B 1, mMa TOYHO JBe
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OUTOBU OOpBINAHUS, & UMEHHO B JIBETE Hali-JIECCHU TO3UINN ; IPU IIPEMUHABaHETO OT t) B 13
“Ma TOYHO €JIHO OMTOBO OOpPBbINaHe; P IIpeMuHaBaHeTo oT t3 B t4 uMa To9HO Tpu OUTOBU
obpbinanus; n Taka HaTaTbK. Heka T, e OposiT Ha BCMYIKM ONTOBU OOPBIMAHUS 3a IBOUTIEH
OpOSY ¢ ML HO3UIMHU — OT MOMEHTa to 70 TOC/IeIHIS MOMEHT, B KONTO YBEJINIaBAHETO CIIHPA.
Harnumrere pekypenTHo ypaBHHUHE 3a I, 1 JaiiTe KpaTKa apryMeHTaIUs 3a Hero.

3. Permtere pekypeHTHOTO ypaBHEHUE Upe3 METOJA ¢ XapaKTePUCTHIHOTO ypaBHEHHE.
Pemrenne.
1. Yucyoro e 2™ — 1.

2. Ako n = 1, 6uToBOTO OOpPBINAHE € caMO eHO. 3a MO-TOJIEMU CTOMHOCTH Ha M 3abessg3BaMe,
de JIOKaTo craprmsT 6ur (Haii-BasBo) e 0 ce M3BBLPIIBAT BCHYKH OUTOBU OOPBINAHUS HA
nosOposva ¢ aAbJKuHA N — 1, mocie ce u3bpuBar N ouroBn obpbmanusd u or 0171 ... 11
oposabT ctaBa 100 ...00 u mocste, 10KaTO cTapuusaT OUT € 1, ce N3BbPIIBAT BCUIKU OUTOBU
oOpbIaHus Ha HoAOposda ¢ abjzkuaa N — 1. W raka:

T =1
T.=2T7+n 3an>1

AJITepHaTHBHO, HAYAIHOTO YCJIOBHE MOXKe Ja € To = 0, ako JoIycKaMme Ipa3eH Oposd.
3. Pemennero e T(n) = 2" —n — 2. O

Sanaya 84. B makakBa JI0 TO31 MOMEHT CTEPUIHA XPAHUTE/HA CPejia Momaia bakTepus B 8 daca
cyTpuHTa. BakTepunre ce pasMHO)KaBAT Ype3 JejeHe: Ha BCEKH TOJIOBHH Yac BCsKa OAKTEpUs ce
qesin Ha jBe. [Ipuemere, ve GakTepun HE yMUPAT.

1. Hamumere pekypenTHo ypasHenue 3a S(n), Kbjaero S(n) e 6posT Ha GaKTepuuTe B MOMEHT
n x 30 munyTu cien 8 cyrpunrta, a n € N.

2. Permere 1moJiy4eHOTO PEKYPEHTHO YpaBHEHUE YPE3 METO/Ia ¢ XapaKTEePUCTUIHOTO YPaBHEHHE.
Pemtenns upe3 1pyru MeTon He ce JIOIMYCKAT.

3. Koako bakrepun 1me numa B 8 4aca Bedepra Ha ChIIAA JIeH?

Pemenne. PekypeHnTHOTO ypaBHEHUE €

S(0) =1
Sn)=2S(n—1) zamn>1

XapaKTepUCTUIHOTO YpaBHEHUE €
x—2=0

¢ euHCTBEH KOpeH 2. OOIIOTO peleHre Ha PeKyPEeHTHOTO ypaBHEHUE €
S(n)=A2"

3a HaKakBa KoHcTanTa A. Twit kato S(0) = 1 1o ycioBue, nmame
1=A2

Crenoarenno, A =1 u S(n) = 2". B 8 Beuepra Gakrepunte 1me ca 22208 = 16777 216. [l
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Samaya 85. Taszu 3aja1a e yenoxuenue na 3ajaqda 84. Cera joryckame, e DaKTepUUTe yMUPAT,
KAaTO MPOIb/IKATETHOCTTA HA YKUBOTA Ha BCsKa DakTepus e TOYHO eanH dac. [lomyckame ocBen
TOBa, 4e TpH JejleHe Ha DaKTepus He ce Cbh3JaBaT JiBe HOBH (C Bb3pacT Hy/a) GaKTepuu, a OT
craparta GakTepusi ce OTJe/Is eJlHa HOBa (C Bb3pacT HyJa), KaTo crapara GakTepus WK IPOJIbJi-
JKaBa Jla YKIBee, aKO Bb3PACTTa I € MO-MaJIKa OT eJUH Yac (TOeCT, MOJIOBUH Yac), WK YMHUPA, aKo
e “Hapbpumia’ ejud dac. (O4YeBHIHO Besika OaKTepus OTJess HOBa DaKTepHsi TOYHO JBA I'bTU U
BeslHAra cjejl Toa ymupa). Jlenenero wa 6akrepun e muraoBeHo. [IbpBara 6akrepus e (Tasu B 8
cyTpuHTa) € Ouiia Ha Bb3pacT HyJa, MolajaiiKi B CpejiarTa.

1. Hamwmmere pekypenTHo ypaaenue 3a T(Nn), Kbjaero T(n) e 6podT Ha ocTaBalUTe J1a JKUBEST
b6akTepun B MoMeHT N X 30 MunyTu cjes 8 cyrpunta, a n € N.

2. Pemere 1momy4eHOTO PEKYPEHTHO ypaBHEHUE.

3. Komko 6akrepun me nMa B 8 9aca 1 1 MUHyTa BedepTa Ha Cbinud JeH! He e 3a1b/KuTeIHO
oTroBOpbT Bu j1a e mosrydyen 4ypes3 3aMecTBaHe B PENIEHUETO Ha PEKYPEHTHOTO YPaBHEHHUE;
MOXKe Jla u3BejeTe Opost, U3MOA3BalKi CaMOTO PEKYPEHTHO YpaBHEHUE, a He PEIIeHUeTO MY.

Pentenne. Pekypentnoro ypasHeHnue He € yHHKaJIHO. EjiHa Bb3MOXKHOCT €:

Tn)=2Tn—1)—T(n—3) zamn>3 (44)

Pazcbxaenunero e ciaeqnoro. Heka necdunupame, ge momenm 3a eJinTe Ha TOBA PEIIEHUE € KPbI'bJI
Jac WId KpPbI'ba 9ac u 30 MUH. ¥ HUIIO JAPYTo, 3all0UYBAKN OT 8 4. cyTpuHTa. 10ecT, MOMEHTUTE
ca to = 08:00, t; = 08:30, t; = 09:00, u Taka HataTbK. B ty 9aca mma ToYHO emgHa OGaKTepus,
I'bPBOHAYAJIHO IO HAJIATa, Ha Bb3pacT Hy1a. B t; Ta ormenst HoBa baxkrepus. B t, or mbpBoHA-
JaJIHaTa ce OTJIesIsl BTOPO HEWHO KOIIMe U Ts BeJHara yMUPa U BTOpaTa ChIIO OT/EsIsI CBOE KOIIHe.
N raka mararbk. Craemgrara purypa mirocTpupa TOBA.

to t t; t3 14 {5

baxTepus 1

GakTepust 3

GakTepus 5

. ]
GakTepust 2
bGakTepusi 6 °
6akrepus 4
g
bakTepus 7 o
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BbBe Bceknu ciaeaBar MmoMeHT t, OposiT Ha OaKTEpUUTE € JBa II'bTU II'bTU IO-TOJIAM OT OPOsT UM
B t,_1, HO HE BCHYKN OT TAX OCTABAT »KUBH. 1€31, KOUTO YMHUPAT, Ca TOYHO DAKTEPUNUTE, POACHU B
tn_2 (posmeHuTe TIpeN Yac); TeXHUAT Opoil e paBeH Ha GpOsi HA BCHYKKM OAKTEPUH B MOMEHT t,_3.

3abesexkere, Ue DaKTEPUUTE, KOUTO YMHUPAT, HE ca BCUYKH OakTepuu OoT t, 2, a caMo podenume
Bty 2. B t,_7 ocBen Tax mMa u jipyru 6aKTEpun, KOUTO MEXK/IyBPEMEHHO ca yMpeJn (& UMEeHHO, B
tn_1). CiemoBarenno, pekypenraoro ypasuenue e T(n) =2T(n—1) — T(n — 2) ne e pewenue na
ma3u 3adava.

XapaKTepuCTUIHOTO YpaBHEHHUE €

X} —2xr+1=0

Ypes merosia Ha XopHep (haKTOpU3UpaMe JIgBaTa CTpaHa 110 (x 1 ) (x2 —x—1) u ciey pemrasaHeTo

Ha KBaJ[paTHOTO ypasHeHne x2 —x—1=0c¢ KOpeHI/I 1+v5) u —+/5) roJiydaBaMe CJAeTHOTO

MYJITUMHOZKECTBO OT KOPEHUTE Ha XapaKTepI/ICTH‘{HOTO ypaBHeHHe

1 1
1, 5(1+V5), 5(1—V5)
2 2 M
Torasa 001I0TO perieHre Ha PEKYPEHTHOTO YPaBHEHUE €

Tm)=Ax 1"+ B x (%(1+\/§)>H+Cx (l

zm;ﬁo

kbaero A, B u C ca uakaksu koncrauTu. Tsx orpejesisme, U3MOI3BANKE HATATHUTE YCIOBUS

1:A+B+C
2=A+— <+\/_> %(—ﬁ)
3:A+z@ % V)

¢ pemennsg A =0, B = % + %\/5 C= % — %\/_ 5. 11 raka, pereHneTo Ha peKypeHTHOTO YpaBHEHUE

e
1 3 1 "
T(n) = + f (1+5) S —=V5) (50 -V5) (45)
2 10 2
B 8 yaca u enHa MUHYyTa BedepTa Ha CbIIU JeH OpoaT Ha bakrepumte mie e 1(24) = < ; + 3 5)

10

24 24
(%(1 + \/5)) + (% — % 5> (%(1 — \/§)> . Moxkem ma ompoctum To3u u3pas g0 121393, Ho
TOBa ONpOCTABaHe O6u OMJIO TPYIHO W JIOCAJIHO, KO ce IpaBu Ha pbKa. llo-yecHo e j1a ce pasBue
peKkypeHTHOTO ypaBHenue (44), jokaro cruraem o n = 24:
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n [ T) |
0 |1
1 12
2 13
3 |95
4 |8
5 |13
6 |21
7T | 34
8 |95
9 189
10 | 144
11 | 233
12 | 377
13 | 610
14 | 987
15 | 1597
16 | 2584
17 | 4181
18 | 6765
19 | 10946
20 | 17711
21 | 28657
22 | 46368
23 | 75025
24 | 121393

B 8 4. u enna munyTta me uma 121393 baxrepun.

Nurepecno nabioyienne e, 4e Tabaurara cbabpxKa dncia Ha Pudbonadn, a uMeHHo Fy, ..., Fag,
K'bieTo yncsiara Ha PudoHatn ce gedpuHUpaAT Upe3 pekypeHtHorTo ypasuenne Fo = 0,F; =1, F, =
Foo1+Fazsan > 2. C apyru aymu, TabjiunaTa HE HaBeXKja Ha MUChATa, 4e T(n) = F(n + 2).
Tosa He e cydaitHO CbBIaJEHIE: TPUBUAJHO Cce JO0Ka3Ba 110 MHIYKIMs, de ducaata Ha Pubonadn
VJIOBJIETBOPSBAT pPeKypentHoro ypasuenue F, = 2F, ;1 — F, 3 3a n > 3. Buxkname, 1ue enna u
C'bITA PEJIUIA OT YUCJIa MOXKe Ja ObJie opejeieHa OT PA3/IMYHU PEKYPEHTHU YpaBHEHUS. O

Bajaua 86 e cpmara karo 3ajada 43. Tyk npejiarame JIpyro perieHue.

Bagaga 86. Usmexxay umcnara 1,2,...,10'"°, Kou ca mosede: Tesm, 4umTo 3amuc (B JeceTHdIHa
HO3UIMOHHA OpOiiHa cucreMa) ChibpKa udpara 9, Wi ApyruTe, THATO 3alUC He ChbpKa 97

Pentenune. TBbpiuM, 9e peKypeHTHOTO yYpaBHEHHE
T 1, ako n =1
" 9T 10T, akon > 1

JaBa Oposd Ha YucJIaTa ¢ He IMoBede OT N HMudpHu B JeceTndHa OpoiiHa cucremMa, YUUTO 3allliC UMa
MMOHEe eJHa JeBsTKa. ApryMeHTaIusTa €, e MHOKeCTBOTO OT Te3W YHCIa ce pasdbuBa Ha TpU
IIOJIMHOYKECTBA:

e Tesu c ne noseue or N — 1 nudpu. Te ca T, na 6poii.
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e Tesu ¢ Touno n nucpu, dusaTo Bojema udpa He e geser. Te ca 8T, jHa Opoii, 3a10TO Ce
[oJiygaBaT OT 4HucjaTa OT I, 1 4pe3 [oCTaBsHe BJISIBO KaTo Bojema Iudpa Ha HAKOS OT
mucdpure {1,2,3,4,5,6,7,8} u BIsicHO OT Hesl, 3alUca Ha YHUCJIOTO OT I, _1; MPU TOBA, aKO
TO3H 3alliC UMa MO-MaJKO oT N — 1 mudpu, momrb/iBa ce ¢ HeoOXoauMus Opoil HYJIM MeZK Ty
BojlemaTa mudpa u Hero, Taka 4e obIara JIbIKIHA & CTaHe TOYHO M.

e Tesu ¢ Touno n mudpu, dusTo Bojemnia mudpa e geser. ToBa MHOXKeCTBO nMa MorHoceT 10!
110 OYEBUTHU ITPUIUHH.

Pemtennero wHa ToBa pekypenTHO ypaBHenue e T, = 10™ — 9™

B3an = 10 Tosa crasa 10" — 910 = 6513 215599. TosikoBa ca uuciara ¢ HoHE eqHa nudbpa JIeBer.
Torasa Te3u 6e3 HUTO enHa 1udpa jgeset ca 3486784401, KoeTo € 3HAYUTENTHO TTO-MAJIKO. U

2.9 Ywucaa ma Fibonacci

Yucnara na Pudbonaun ce jiepuHUpaT Upe3 CJACTHOTO PEKYPEHTHO YpaBHEHHE:

Fo =0
Fi=1
F.=F. 1+ F.2 zan > 1

Sagada 87. [Ipexcrapere cu crbibda ¢ n crbnasa. [IpeacraBere cu 90BeK, KOWTO M3KaIBa CT'bJI-
bara. Toit mimm Ts WM B3eMa cTbIAJaTa €/IHO 10 €JIHO, WU 110 JIBe CThIlaja Ha BEJIHDBIK, HO HE
noBevue. OTKpuiiTe Bpb3Ka MEXKIy Oposi Ha Pa3/JUIHUTE HAYMHU TO3M YOBEK Jla U3KAUIU CThIdaTa
n dnciata Ha PuboHAYM M JJOKaXKeTe Ta3u BPb3Ka.

Pemmenue. Heka 6posiT HaunHN 18 n3kadu crbii0a ¢ N crbiasia e S,. [lle nokakem 1mo wHIyKIms,
ge S, =F 1 3an>1.

AKoO cTbIIaIoTo € caMo €JIHO, UMa eUH Ha4YuH Jia Kadu cTbjbara. AKo cTblajara ca JIBe, NMa
JIBA HAUYMHA: WJIA C JIBE MAJIKU CTBIKHU (OT [0 €JHO CTHIAJO), WK C eJIHA IojiMa Kpadka (jBe
crbraia HaBedHbK). Taka ae S; =1uS; =2. HoF, =1uF; =2 rakawe S; =F, u S; = F;.
ToBa e Oazara Ha JOKA3aTEJICTBOTO.

Jomyckame, de 3a HAKoe M > 2 e BapHO, 4e S, 1 = F, u S, , = F, ;. [lle moxkaxkem, qe
S = Fny1. IIpu nmoBede o1 e1HO cThITAI0, MOXKE JIa 3all09He WK C eJIHA MaJKa KpadKa, IIPU KOeTO
me ocraBaT M — | cTrblaja, KOUTO MOXKE Ja ce M3KadaT o S, 7 HauuMHa, WX C edHa ToJIsIMa
KpadkKa OT JBE CTbIaja, IPU KOETO Ie OCTaBaT N — 2 CTbIaja, KOUTO MOXKE JIa ce Hm3KadaT I10
S, HaunHa. O4YeBUIHO MHOXKECTBOTO OT M3KAUBAHUATA ce pa30MBa Ha JIBe ITOJAMHOYKECTBA: TE3M,
KOHUTO 3aIl09BaT C MaJIKa CTbhbIIKa, U Te3W, KOUTO 3all0vuBaT ¢ rojgMma Kpadka. [lo mpuHnnma Ha
pasbuBanero, S, = S;,_1 + S,,_2. T'bit kKato momycuaxwme, e S, 1 = F, u S, » = F,_1, T0 cenBa,
ge S, = F,+ F.1. Ho Fy + F,,_; e paBuo na F, ;. ToraBa S, = F, .1 3an > 1. O

3amaua 88. IlpencraBere cu MpaBobI'bJIHUK 2 X T CAHTUMETPA U N Ha OPOit MAJIKN IPABOBI'bJI-
Huvgera 1 X 2 cantuMmerpa. [lokpruBame Ha To/leMusT TPABOBI'BJIHAK ¢ MAJIKUTE TPABObIbIHATIETA
€ BCAKO TAXHO cjlaraHe BbPXY TOJIEeMUs IIPaBObI'bJIHUK, TAKOBA Y€ HUTO T€ Ce MPUIIOKPUBAT, HUTO
0CTaBa HEIOKPUTA YacT OT FOJIeMUs IMPaBObIbJIHUK. OUeBHIHO OpOsi Ha MaJIKUTE IPABOBIbJIHU-
JeTa € JOCTaTbiHa, 3a Jia IMOKpueM rojeMus. Herno moBevde, HAUMHUTE 3a MOKPUBAHE HA INOJIEMUS
ca MHOI'O, aKO Tl € ToJIAMO Yucjio. KakBa € Bpb3KaTa MeXK/1y Ha9uHUTE J1a ObJie IMOKPUT NOJIEMHUST
IpaBOBI'LIHUK ¥ drcaara Ha Pubonadm?

Pentenne. Hexka Oposit Ha Te3u nokpuBanus e C,. [la cu mpegacraBuM rojieMust paBOTbJIHIK
HapHUCYyBaH XOPU30HTAJHO U IMOKPUT ¢ KBajgpaTrdera 1 X 1:
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Besiko 0T mokpuBaiuTe mpaBobIbIHAYETa TPAOBA Ja MOKPUe TOTHO JBe CbeeTHN (¢ 0bIa cTpaHa )
KBaJipaTdeTa. Jla cu mpejcTaBuM, Ue IMOKPUBAHETO 3all0vBa OTJIABO. KBaJjipaTdeTo B TOpHUSA JIaB
bI"bJI TPsAOBa Ja Objie mokpuTo. Mima TouHo jaBa HaunHa Jjia ctane ToBa. [Ipu mbpBust HAUMH:

m

Tp5{6Ba 3aIbJI2ZKUTE/JIHO Ja IIPOABLJIZKUM TaKa:

U cBeXKJIaMe 3ajadaTa J0 3a/1a49a 3a MOKPHUBaHe Ha IPaBobIbJHUK 2 X (n—2). IIpu Bropus Hauum:

cBeXKIaMe 3ajadara JI0 3ajada 3a HOKpUBaHe Ha IpaBobI'baHuk 2 X (n — 1). Jokazaxme, e 3a
BCUYKHM jjocTarbano rojemu croinoct Ha n, C, = C,_1 + C_5. OueBugno C; =1u C, = 2.
Bmxgame, ve C, = F13an > 1. O

3anaga 89. Jlokaxere, e

= (o) () (5 ()

Pemenne. Ille mokakeM TbHXKIeCTBOTO ¢ KOMOMHaTOpHHU pas3cbxkieHus. Heka T, e Opodar Ha
BCHYKHU OYJIeBU BEKTOPHU C JIbJKUHA M, B KOUTO HAMa cbheeann exuauim. e mokaxkem, ge T, =
Fri23aBeskon > 1. OueBuano Ty = 2, a T, = 3, 3ammoro oT derupure OyJIeBH BEKTOPA € JIbJIXKIHA,
2, Touno 11 He oTroBaps Ha YCJIOBHETO.

Ba n > 2, cbobOpassiBaMe, Ue BCEKHM TaKbB BEKTOD MOXKE Ja 3all04uBa C €IUHUIA, HO TOraBa
BTOPUSAT MY €JIEMEHT 33 TbJI2KUTEJTHO € HyJIa U CjiejiBa OyJIeB BEKTOP C JIbJIKUHA N — 2 6€3 ¢'bCeTHI
eJIMHUII, WK JIa 3all09Ba C HyJla, KaTo CJIel Hes uMa OyJIeB BEKTOp C Ib/KuHa N — 1 6e3 cbeeann
equnnny. [lo mpunnuma va pazousanero, T, = T, 1 + T, 2. lokasaxme, e T, = F.,, 3a Bcako
n>1.

Torasa F,.1 e T,,_, Taka 4e JisiBaTa cTpaHa Ha THXKJIECTBOTO OpoU OYJIE€BUTE BEKTOPH C JIbJI-
kHa N — 1 6e3 cbheeann eqnanim. 1le mokazkem, de jsgicHaTa cTpaHa OpOM CHIIOTO MHOXKECTBO,
Ho mo-roapoono. Ho 3ajada 33 Hu KasBa KOJKO Oy/IeBU BEKTOPU C JIbJXKUHA T HAMAT CbCETHU
enuaumu. Axo 3amectum ¢ 1 — 1 B (17), e moJayIUM TOYHO JIICHATA CTPAHA HA ThKJECTBOTO,
KOETO JIOKa3BaMe. Ol

7



3apgaun ¢ pewenuns no Auckpethun Ctpyktypu, KH2, ®MUN-CV, 2016-2017 r. © Munko Mapkos

Buaropapuoctu. bBiarogaps na CrosH ToMuIuH 3a OTKpuUTaTa I'DEIIKA B PENIEHHETO HA
Bajtada H8 u 3a JAPYyru OTKPUTHU HETOUHOCTH B M3Kaza. Biaromapst na AJsiekc AJieKcaHIPOB 3a
OTKPUTHTE U KOPUTUPAHU T'PEIKN B pertennsaTa Ha 3agada 31 n Samada 39.
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